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SUMMARY

Transformation towards renewable energy sources and reduction of greenhouse gas emis-
sions to mitigate climate change are among the most severe challenges of humankind
today. Energy storage bears the potential to enable this transformation when applied as
grid energy storage, which could enhance the utilization of renewable energy sources.
Electrification of the transport sector by energy storage can potentially further reduce
greenhouse gas emissions. Secondary batteries are promising energy-storage systems
for these purposes and lithium-ion batteries (LIBs) are already applied. However, LIBs
often rely on critical raw materials such as cobalt, raising sustainability concerns for
growing larger-scale application. To partially overcome these issues, materials that do
not contain critical raw materials are researched. Under these sustainability measures
sodium-ion batteries (SIBs) are discussed as a promising alternative to LIBs due to the
high abundance of sodium and the possibility to reduce the critical/costly elements in
batteries. For both of these battery technologies, the cathode materials dominate their
electrochemical performance and layered oxides are among the most promising mate-
rials. In general, layered oxides allow for tailored tuning, raising the demand for rational
design approaches by in-depth characterisation and efficient pre-selection of interesting
compositions. This can be achieved by first principles simulation studies on the atom-
istic scale that usually involve three simulation steps, namely configuration selection,
geometry relaxation/evolution, and electronic structure calculation. In this thesis, com-
putational techniques to study cathode materials are discussed and for each of these
simulation steps relevant methods are developed, tested, and applied. The last chapter
describes several practical examples how computational studies, in concert with exper-
imental results, can advance the understanding of cathode materials for LIBs and SIBs.
The contents of the chapters are as follows:

In Chapter 2 the first simulation step of configuration selection is discussed. This
problem arises due to partial occupations on crystal sites that need to be described by
just full occupancies to apply further simulation steps. For complex materials (many
substituents) configurational optimization is a formidable combinatorial problem. First,
it is highlighted that the relative energy of various configurations in ionic crystals such
as layered oxide cathodes can be efficiently assessed in terms of simple pairwise elec-
trostatic interactions. Due to the pairwise character of electrostatic energies, an opti-
mization problem with pre-computed energy terms can be formulated. This implies
that there is a computationally inexpensive proxy to obtain low(est) energy configura-
tions for follow-up simulations by optimizing the total electrostatic energy. The opti-
mization is enabled by implementation of various efficient Monte Carlo-based and Ge-
netic Algorithm-based optimizers and also an interface to external solvers is pointed-
out. These implementations ultimately result in a new code, GOAC (Global Optimiza-
tion of Atomistic Configurations by Coulomb), that is significantly faster than existing
software for the given problem. Application to multiple extremely large configurational
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optimization problems proves the efficiency of the code, providing a valuable tool for
computational material, and especially cathode material, research.

Chapter 3 discusses the selection of a structural model but with a focus on stack-
ing phase. Layered oxide cathodes in SIBs show various phases in terms of the stacking
sequence and relative shift of the layers towards each other. These phases significantly
influence their electrochemical performance such as capacity and/or sodium diffusivity.
Moreover, transitions between the phases happen during operation of the cathode ma-
terials, causing degradation and capacity fading. However, the phase stability and phase
transitions can be optimized by tuning the cathode composition and therefore it would
be highly desirable to relate compositions to the associated most stable stacking phase.
Here, it is shown that comparing the electrostatic energies of different stacking phases
at their respective lowest energy configurations can be an efficient ab initio predictor
of phase stability. In order to increase the predictive power of this computationally in-
expensive approach, electrostatic parameters such as lattice parameters and inter-layer
distances are optimized to maximize the correlation of relative phase energies to den-
sity functional theory (DFT) calculations. The established prediction scheme allows for
high-throughput studies while still being fully ab initio and achieves a prediction accu-
racy of 80 % on experimental data. Moreover, the method allows to capture ordering
phenomena (transition metals (TM) and sodium) and to consider all kinds of stacking
phases, e.g., O1, 02, 03, P2, P3, OP2, OP4. Therefore, the method is useful to design
novel cathode materials with tailored phase stabilities for further experimental or simu-
lational studies.

In Chapter 4 the phase stability in layered oxide cathodes for SIBs is studied further.
Next to the thermodynamic phase stability also the process and mechanism of phase
transitions (kinetics) is important to understand. In order to simulate phase transitions,
a Coulomb-Buckingham potential is fitted to reproduce interatomic interactions in the
Na,CoO; cathode material. An extensive dataset of DFT reference calculations is created
and the potential is fitted to energies and forces. As a novelty, the potential was fitted as
a function of sodium-concentration, thus allowing to capture the cathode material at all
states of charge. Results show that the phase-transition barrier for the O2-P2 phase tran-
sition decreases on desodiation (charging). It is further shown that in dynamic molecu-
lar dynamics (MD) simulations at finite temperatures the barrier is lowered even further
and that the transition mechanism involves gliding of a TMOg layer. As a highlight, the
02-P2 phase transition in Naj 67C00 is directly observed on atomistic scale and at stan-
dard lab conditions (NpT with 300 K and 1 bar) on the us time-scale. Finally, the sodium
diffusivity as function of progress of phase transition is analyzed, showing satisfactory
agreement to experimental values reported in the literature. In conclusion, new insights
on the phase transitions of layered oxide cathodes for SIBs are described and the applied
classical potential approach is shown to boost computational battery materials research
by allowing for larger and longer simulations.

Chapter 5 is about the electronic structure calculation of layered oxide cathode ma-
terials. Electronic structure calculations of TM oxides are known to be challenging but
are extremely important for cathode materials to comment about their redox mecha-
nism. To improve on this issue, different electronic structure calculations are thoroughly
benchmarked here. Namely, hybrid functionals and their Hartree-Fock mixing parame-
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ter a is assessed and optimized by the so-called GW calculations. It is shown that espe-
cially the hybridization of 2p oxygen orbitals and 3d TM orbitals is affected by «, which
substantially influences the assigned redox mechanism of a cathode material. By apply-
ing different levels of GW calculations and providing various hybrid functional starting-
points, two promising ranges for a are determined. The first range is highlighted to show
satisfactory agreement to experimentally reported band gaps but corresponding « val-
ues of approximately 8.5 % are significantly lower than the default of 25 % employed in
most hybrid functionals. However, the other determined range yields an a of approxi-
mately 22 % which is fairly close to the aforementioned default value. Finally, the results
give some guidance on electronic structure calculations of layered oxide cathodes by
summarizing effects and optimization strategies for varying the a parameter.

The last chapter (Chapter 6) focuses on the combination of experimental and theo-
retical studies on cathode materials. First, a work on a lithium-rich layered oxide cathode
for LIBs is shown that aims to improve energy density over conventional cathodes. Espe-
cially the determination of the redox mechanism by computational studies is discussed
while also configurational optimization by electrostatics and MD simulations to observe
structural evolutions are performed. In the second work, large-scale configurational op-
timizations are leveraged to study lithium iron phosphate (LFP) that is discussed as a
more sustainable LIB cathode material. The optimizations successfully reproduced the
single-phase/two-phase charging mechanism in LFP on the multi-nanometer length-
scale, proving the value and necessity of large-scale configurational optimizations by
electrostatics. In the third example, it is shown how a layered oxide SIB cathode can be
stabilized by surface modification in terms of a coating. Experimental results highlight
significantly improved cycling stability due to the coating and ab initio MD simulations
reveal the degradation of the bare cathode material by electrolyte species while the coat-
ing is found to be mostly inert. The last presented study focuses mainly on the determi-
nation of the redox process from electronic structure calculations in layered oxide SIB
cathodes. It is highlighted that detailed electronic structure analysis can be directly re-
lated to experimentally observed effects such as subtle, yet important, changes in the
shape of the voltage curve.

In summary, all of the case studies presented in the last chapter highlight how the
methodologies developed in the previous chapters and computational methods in gen-
eral can contribute to improved characterization of novel cathode materials. Ultimately,
these introduced methodologies in conjunction with the detailed insights on specific
cathode materials and comparisons to experimental data might contribute, together
with many other works in the literature, to more rational cathode material design in the
future that enables tailoring the next generation of batteries to specific needs such as
sustainability and higher energy density.






SAMENVATTING

De transitie naar hernieuwbare energiebronnen en de vermindering van broeikasgase-
missies om klimaatverandering tegen te gaan, is een van de grootste uitdagingen waar de
mensheid vandaag de dag voor staat. Energieopslag biedt mogelijkheden om deze tran-
sitie mogelijk te maken door energieopslag in te zetten om het gebruik van hernieuwbare
energiebronnen te vergroten. Elektrificatie van de transportsector door middel van en-
ergieopslag kan mogelijk leiden tot een verdere vermindering van broeikasgasemissies.
Secundaire batterijen zijn veelbelovende energieopslagsystemen voor deze doeleinden
en lithium-ionbatterijen (LIBs) worden al routinematig toegepast. LIBs zijn echter vaak
afhankelijk van kritieke grondstoffen zoals kobalt, wat vragen oproept over de duurza-
ambheid bij toepassing op grotere schaal. Om deze problemen gedeeltelijk op te lossen,
wordt onderzoek gedaan naar materialen die geen kritieke grondstoffen bevatten. In het
kader van deze duurzaamheidsmaatregelen worden natrium-ionbatterijen (SIBs) gezien
als een veelbelovend alternatief voor LIBs vanwege de grote beschikbaarheid van na-
trium en de mogelijkheid om het aantal kritieke/dure componenten in batterijen te ver-
minderen. Voor beide batterijtechnologieén domineren de kathodematerialen de elek-
trochemische prestaties en behoren gelaagde oxiden tot de meest veelbelovende mate-
rialen. Over het algemeen maken gelaagde oxiden flexibele afstemming mogelijk, waar-
door de vraag naar rationele ontwerpbenaderingen toeneemt door middel van diep-
gaande karakterisering en efficiénte voorselectie van interessante samenstellingen. Dit
kan worden bereikt door simulatiestudies op basis van eerste principes op atomaire
schaal, die gewoonlijk drie simulatiestappen omvatten, namelijk configuratieselectie,
geometrische relaxatie/evolutie en berekeningen van de elektronische structuur. In dit
proefschrift worden computationele technieken voor het bestuderen van kathodemate-
rialen besproken en voor elk van deze simulatiestappen worden methoden ontwikkeld,
getest en toegepast. Het laatste hoofdstuk toont ook verschillende praktische voor-
beelden van hoe computationele studies, in combinatie met experimentele resultaten,
het begrip van kathodematerialen voor LIBs en SIBs kunnen bevorderen. De inhoud van
de hoofdstukken is als volgt:

In hoofdstuk 2 wordt de eerste simulatiestap van configuratieselectie besproken.
Dit probleem ontstaat door gedeeltelijke bezettingen op kristallocaties die alleen door
volledige bezettingen kunnen worden beschreven om verdere simulatiestappen toe te
passen. Voor complexe materialen (veel substituenten) is configuratieoptimalisatie een
enorm combinatorisch probleem. Allereerst wordt benadrukt dat de relatieve energie
van verschillende configuraties in ionische kristallen, zoals gelaagde oxidekathodes, ef-
ficiént kan worden beoordeeld in termen van eenvoudige paarsgewijze elektrostatis-
che interacties. Vanwege het paarsgewijze karakter van elektrostatische energieén kan
een optimalisatieprobleem met vooraf berekende energietermen worden geformuleerd.

This text was translated from the English text in the previous section with the help of translation software, and
checked by a native Dutch speaker. For possible unclarities it is referred to the original English version.
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Dit impliceert dat er een computationeel goedkope proxy is om configuraties met de
laagste energie te verkrijgen voor vervolgsimulaties door de totale elektrostatische en-
ergie te optimaliseren. De optimalisatie wordt mogelijk gemaakt door de implementatie
van verschillende efficiénte op Monte Carlo en genetische algoritmen gebaseerde opti-
mizers, en er wordt ook gewezen op het gebruik van externe solvers. Deze implemen-
taties resulteren uiteindelijk in een nieuwe code, GOAC (Global Optimization of Atom-
istic Configurations by Coulomb), die aanzienlijk sneller is dan bestaande software voor
het gegeven probleem. Toepassingen op diverse, waaronder extreem grote, configuratie-
optimalisatieproblemen bewijzen de efficiéntie van de code, waardoor deze een waarde-
vol hulpmiddel is voor computationeel materiaalonderzoek, en met name onderzoek
naar kathodemateriaal.

Hoofdstuk 3 bespreekt de keuze van een structureel model, maar met de nadruk op
de stapelfase. Gelaagde oxidekathodes in SIB’s vertonen verschillende fasen wat betreft
de stapelvolgorde en de relatieve verschuiving van de lagen ten opzichte van elkaar. Deze
fasen hebben een aanzienlijke invloed op hun elektrochemische prestaties, zoals ca-
paciteit of natriumdiffusie. Bovendien vinden er tijdens het gebruik van de kathodema-
terialen overgangen tussen de fasen plaats, wat leidt tot degradatie en capaciteitsverlies.
De fasestabiliteit en faseovergangen kunnen echter worden geoptimaliseerd door de
samenstelling van de kathode aan te passen. Hier wordt aangetoond dat het vergelijken
van de elektrostatische energieén van verschillende stapelfasen bij hun respectievelijke
laagste energieconfiguraties een efficiénte ab initio voorspeller van fasestabiliteit kan
zijn. Om de voorspellende kracht van deze computationeel goedkope benadering te
vergroten, werden elektrostatische parameters zoals roosterparameters en interlaagafs-
tanden geoptimaliseerd om de correlatie van relatieve fase-energieén met berekeningen
op basis van de dichtheidsfunctionaaltheorie (DFT) te maximaliseren. Het vastgestelde
voorspellingsschema maakt studies met hoge doorvoer mogelijk, terwijl het nog steeds
volledig ab initio is en een voorspellingsnauwkeurigheid van 80 % op experimentele
gegevens bereikt. Bovendien maakt de methode het mogelijk om ordeningsverschijnse-
len (overgangsmetalen (TM) en natrium) vast te leggen en rekening te houden met alle
soorten stapelfasen, bijvoorbeeld O1, 02, O3, P2, P3, OP2, OP4. Daarom is de meth-
ode nuttig voor het ontwerpen van nieuwe kathodematerialen met op maat gemaakte
fasestabiliteit voor verdere experimentele of simulatiestudies.

In hoofdstuk 4 wordt de fasestabiliteit in gelaagde oxidekathodes voor SIB’s verder
onderzocht. Naast de thermodynamische fasestabiliteit is het ook belangrijk om het pro-
ces en het mechanisme van faseovergangen (kinetiek) te begrijpen. Om faseovergangen
te simuleren, wordt een Coulomb-Buckingham-potentiaal aangepast om interatomaire
interacties in het Na,CoO, kathodemateriaal te reproduceren. Er wordt een uitgebreide
dataset van DFT-referentieberekeningen gemaakt en de potentiaal wordt aangepast aan
energieén en krachten. Als nieuwigheid werd de potentiaal aangepast als een functie
van de natriumconcentratie, waardoor het kathodemateriaal in alle laadtoestanden kan
worden vastgelegd. De resultaten tonen aan dat de faseovergangsdrempel voor de O2-
P2-faseovergang afneemt bij desodatie (opladen). Verder wordt aangetoond dat in dy-
namische moleculaire dynamica (MD)-simulaties bij eindige temperaturen de drempel
nog verder wordt verlaagd en dat het overgangsmechanisme gepaard gaat met het gli-
jden van een TMOg-laag. Als hoogtepunt wordt de O2-P2-faseovergang in Nag 57Co0;
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direct waargenomen op atomaire schaal en bij standaard laboratoriumomstandigheden
(npT met 300 Ken 1 bar) op de tijdschaal van us. Ten slotte wordt de natriumdiffusiviteit
als functie van de voortgang van de faseovergang geanalyseerd, wat een bevredigende
overeenstemming laat zien met de experimentele waarden die in de literatuur worden
gerapporteerd. Concluderend worden nieuwe inzichten beschreven over de faseover-
gangen van gelaagde oxidekathodes voor SIBs en wordt aangetoond dat de toegepaste
klassieke potentiaalbenadering het computationele onderzoek naar batterijmaterialen
stimuleert door grotere en langere simulaties mogelijk te maken.

Hoofdstuk 5 gaat ten slotte over de berekening van de elektronische structuur van
gelaagde oxidekathodematerialen. Berekeningen van de elektronische structuur van
TM-oxiden staan bekend als een uitdaging, maar zijn uiterst belangrijk voor kathodema-
terialen om iets te kunnen zeggen over hun redoxmechanisme. Om dit probleem aan te
pakken, worden hier verschillende berekeningen van de elektronische structuur grondig
getoetst. Namelijk, hybride functionalen en hun Hartree-Fock-mengparameter « wor-
den beoordeeld en geoptimaliseerd door middel van zogenaamde GW-berekeningen.
Er wordt aangetoond dat met name de hybridisatie van 2 p-zuurstoforbitalen en 3d-TM-
orbitalen wordt beinvloed door a, wat een aanzienlijke invloed heeft op het toegewezen
redoxmechanisme van een kathodemateriaal. Door verschillende niveaus van GW-
berekeningen toe te passen en verschillende hybride functionele uitgangspunten te
bieden, worden twee veelbelovende bereiken voor a bepaald. Het eerste bereik wordt
gemarkeerd om aan te tonen dat het in overeenstemming is met experimenteel ger-
apporteerde bandgaten, maar de overeenkomstige a-waarden van ongeveer 8,5 % zijn
aanzienlijk lager dan de standaardwaarde van 25 % die in de meeste hybride functione-
len wordt gebruikt. Het andere bepaalde bereik levert echter een a op van ongeveer 22 %,
wat vrij dicht bij de bovengenoemde standaardwaarde ligt. Ten slotte geven de resultaten
enige richtlijnen voor elektronische structuurberekeningen van gelaagde oxidekathodes
door de effecten en optimalisatiestrategieén voor het variéren van de parameter @ samen
te vatten.

Het laatste hoofdstuk (Hoofdstuk 6) richt zich op de combinatie van experimentele
en theoretische studies naar kathodematerialen. Eerst wordt een werk aan een lithium-
rijke gelaagde oxidekathode voor LIBs getoond dat tot doel heeft de energiedichtheid
ten opzichte van conventionele kathodes te verbeteren. Met name de bepaling van
het redoxmechanisme door middel van computationele studies wordt besproken, ter-
wijl ook configuratie-optimalisatie door middel van elektrostatica en MD-simulaties
wordt uitgevoerd om structurele evoluties te observeren. In de volgende studie wor-
den grootschalige configuratie-optimalisaties gebruikt om lithiumijzerfosfaat (LFP) te
bestuderen, dat wordt beschouwd als een duurzamer LIB-kathodemateriaal. De op-
timalisaties hebben met succes het eenfasige/tweefasige laadmechanisme in LFP op
de multi-nanometerlengteschaal gereproduceerd, wat de waarde en noodzaak van
grootschalige configuratie-optimalisaties door middel van elektrostatica aantoont. In
het derde voorbeeld wordt getoond hoe een gelaagde oxide SIB-kathode kan worden
gestabiliseerd door middel van oppervlaktemodificatie in de vorm van een coating. Ex-
perimentele resultaten wijzen op een aanzienlijk verbeterde cyclische stabiliteit dankzij
de coating, en ab initio MD-simulaties tonen de degradatie van het onbeklede kathode-
materiaal door elektrolytspecies aan, terwijl de coating grotendeels inert blijkt te zijn. De
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laatste gepresenteerde studie richt zich voornamelijk op de bepaling van het redoxpro-
ces op basis van elektronische structuurberekeningen in gelaagde oxide SIB-kathodes.
Er wordt benadrukt dat gedetailleerde elektronische structuuranalyse direct kan worden
gerelateerd aan experimenteel waargenomen effecten, zoals subtiele, maar belangrijke
veranderingen in de vorm van de spanningscurve.

Samenvattend laten alle casestudy’s die in het vorige hoofdstuk zijn gepresenteerd
zien hoe de methodologieén die in de voorgaande hoofdstukken zijn ontwikkeld en
rekenmethoden in het algemeen kunnen bijdragen aan een betere karakterisering van
nieuwe kathodematerialen. Uiteindelijk kunnen deze geintroduceerde methodolo-
gieén, in combinatie met de gedetailleerde inzichten in specifieke kathodematerialen en
vergelijkingen met experimentele gegevens, samen met veel ander werk in de literatuur
bijdragen aan een rationeler ontwerp van kathodematerialen in de toekomst, waardoor
de volgende generatie batterijen kan worden afgestemd op specifieke behoeften, zoals
duurzaamheid en een hogere energiedichtheid.
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INTRODUCTION

1.1 Motivation and Background

The increasing demand for energy in combination with greenhouse gas emissions as-
sociated with energy production requires innovative energy supply strategies [1-5]. The
strategy of decoupling electricity generation from its use with the help of secondary bat-
teries can facilitate a transition to a more sustainable energy supply. Such batteries store
energy via reversible charge/discharge reactions, allowing them to be reused for several
cycles [1, 2]. Applied on an industrial-scale, batteries enable storing energy from re-
newable sources when it is abundant, for example, when it is windy for wind turbines
or sunny for photovoltaics, and releasing it on demand. Thus, pairing renewables with
batteries helps to reduce energy production from fossil fuels [1, 2, 4-8]. Moreover, the
sector of transportation currently relies heavily on fossil fuels, but there are efforts for
its electrification through batteries [3, 9, 10]. The sectors of grid energy production and
transportation are known to contribute substantially to the global greenhouse gas emis-
sions [9-11]. Therefore, (secondary) energy storage systems are commonly believed to
be crucial to limit emissions and to ultimately slow down global climate change in the
future [3-10, 12].

The applications and demand of secondary energy storage significantly increased
in the past decades and are expected to continue growing [3, 4, 6, 7, 13-17]. While
the growth was governed by consumer electronics, for example, laptops or mobile
phones/tablets, in the past, it is assumed that it will be dominated by the markets of
electrification of transportation and industrial-scale stationary energy storage in the fu-
ture [3, 6, 7, 12, 17, 18]. The different sectors of the secondary energy storage market
along with selected specific applications and their expected market trends are visualized
in Figure 1.1. To summarize the economic perspectives on secondary batteries, there
will most likely be a strongly increasing demand driven by ecological challenges, e.g.,
greenhouse gas emissions.

Historically, the market of secondary batteries was started in the 19" century
with the lead-acid battery and gradually evolved by nickel-cadmium and nickel-metal-
hydride and finally lithium-ion batteries (LIBs) while an average yearly growth in gravi-
metric energy density of 3 Wh kg~! from 1950 to 2010 was achieved [19, 20]. Since the
commercialization of LIBs by Sony in 1991, they became the major technology in sec-
ondary energy storage applications [3, 18, 19, 21, 22]. Due to the great importance of
LIBs in today’s applications of secondary batteries along with the huge impact that this
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Figure 1.1: Possible applications of secondary energy storage divided into three sectors. For each sector sev-
eral selected specific applications are shown and on the outer circle market maturity and trend is indicated for
each sector. Contents and figure design were mostly recreated from Ding et al. [3].

technology had and has on humankind, three of the pioneers of energy storage research,
namely John B. Goodenough, M. Stanley Whittingham, and Akira Yoshino, were even
honored with the Nobel Prize in Chemistry in 2019 [18, 23-25].

The working principle of such LIBs is sketched in Figure 1.2 and can be described
as follows: There are two host structures that can accommodate lithium, the anode and
the cathode, with an electrolyte in-between them that are separated by a separator and
connected via an external electronic circuit. During operation, the Li-ions (Li*) travel
from one host structure to the other through the electrolyte while electrons (e”) move
through the external circuit. To ensure there is no short circuit for the electrons to travel
directly between the anode and cathode, a separator (electronic insulator) is employed.
However, the separator can be passed by the Li-ions and the traveling of Li-ions is facil-
itated by an electrolyte with dissolved lithium salts. On charge, an external potential is
applied to the electronic circuit pulling the Li-ions from the cathode towards the anode,
or more specific, the lithium is deintercalated from the cathode that is oxidized (loss of
electron) and then lithium is intercalated into the anode. On discharge, the opposite
reaction takes place accompanied by a flow of electrons in the external circuit, thus al-
lowing to extract the stored electric energy. The cycle is enabled by a difference in the
chemical potential of the reactions taking place at anode and cathode side (difference
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in Gibbs free energy of the electrochemical reactions) that manifests in the voltage of
the cell [6, 12, 26, 27]. Neglecting any possible side reactions, the charge and discharge
process is also fully reversible and thus constitutes a secondary energy storage. Also
in reality with careful design thousands of charge cycles can be achieved before failure
and severe capacity loss [4]. For such a performant and safe battery each basic battery
component (cathode, anode, electrolyte, separator) must be optimized and a harmonic
interplay of them must be secured to mitigate capacity fading, gas generation, increased
internal resistances, short circuits, or even a thermal runaway during continuous cy-
cling [27, 28]. Consequently, past and present research focuses to improve each of these
components [26, 27, 29-35]. Despite the importance of all components, the focus of this
thesis lies solely on the cathode materials, which also contribute, depending on the ex-
act material, around one-third of the total cell costs [13]. Therefore, only cathodes are
discussed further in the following.
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Figure 1.2: Schematic representation of a secondary battery. In this example a layered oxide cathode is shown
and its structure motif is labeled in the zoomed circle along with its general chemical formula AxTMO> with
A (yellow) being the charge carrier, TM (blue) a transition metal, and O (red) oxygen. For the anode a hard-
carbon structure is indicated. Parts of the figure inspired by Yabuuchi et al. [36].

Among various different material classes that have been researched for LIB cathodes,
layered oxide materials have become the most widely used technology as of today [13,
26, 37, 38]. In Figure 1.2 a layered oxide type cathode material is schematically drawn.
Layered oxides follow the general chemical formula A,TMO, with A being the charge
carrier (e.g., Li) and TM a transition metal. The material is assembled from layers of
TMO, that consist of edge-sharing TMOg octahedra. The unit cells for layered oxides
are usually defined such that the TMO, layer lies within the ab-plane and the layers are
stacked in an alternating ABCABC... pattern (letters indicate 3 different relative oxygen
shifts in the ab-pane) along the c-direction. Therefore, layered oxides can be considered
as 2D materials. Between the TMO, layers charge-carrier ions such as Li are reversibly




4 1 INTRODUCTION

(de-)intercalated while (mainly) the TMs are oxidized (reduced) [26, 37, 39]. Also the
first commercialized LIB that was mentioned before leveraged a layered oxide cathode,
namely LiCoO» (LCO). While this material enabled the first LIBs and is still used today, its
practical reversible capacity is limited below its theoretical one, the long-term capacity
retention is low, and it has a rather low ignition temperature for a thermal runaway (poor
safety) [6, 37]. These disadvantages render this cathode material less practical for the
discussed future use cases in transportation and large-scale stationary energy storage.
However, to mitigate these issues novel layered oxide cathode materials have been de-
veloped in the past and the currently most promising candidates and widely employed
ones are Li[NiyCoyMn; _ ;_ y]O2 (NCM) and Li[NixCoyAl; - - y]O2 (NCA) [3, 6, 28, 37,
38]. These compositions highlight another advantage of the layered oxide class, their
wide tunability by optimizing the TM composition which opens many directions for fur-
ther research. It should be mentioned that next to optimization of the cathode material
also surface modifications have proven to be effective in boosting the cathode perfor-
mance; those are not the main focus of this thesis and are thus omitted here in favor
of the bare cathode materials [37]. Despite substantial advances since the introduction
of the first LIBs, there are still challenges and new challenges arising, especially, when
facing the aforementioned expected market growth and intensified focus on sustainabil-
ity [3, 12, 16, 40]. Therefore, challenges and possible directions for the next generation
of (layered) cathode materials are outlined in the next section.

1.2 Challenges and Perspectives for Cathode Materials

There are still many challenges to overcome in cathode-material research while also
promising perspectives exist. As mentioned before, LIBs are already successfully com-
mercialized since several decades while Sodium-ion batteries (SIBs), that will be in-
troduced in this section, are not broadly commercially available today. Due to the ex-
changed charge-carrier ions and the different market readiness it appears useful to dis-
cuss the challenges separately for LIBs and SIBs and this is done in the following sub-
sections.

1.2.1 Lithium-Ion Cathodes

As discussed before, modern LIBs meet many of the most important market require-
ments regarding energy density/capacity and safety for now, while new applications al-
ways demand improvements on these performance metrics. Especially for a broader
usage in the electric-vehicle market an increased energy density is highly desirable and
adirection of current research on LIBs. Besides further tuning of the NCM (especially Ni-
rich) and NCA materials another approach for high energy cathode-materials for layered
oxide cathodes are lithium-rich materials with the general formula of Li[Li, TM; _ »]O>
with 0 < x < 0.33 [39]. These Li-rich materials offer the opportunity for extremely high
energy densities due to the increased lithium content while they suffer from capacity
loss, voltage hysteresis, and a poor rate performance. Regarding the structure it is de-
bated whether these materials are single-phase solid solutions or two-phase domain
materials. However, it is commonly assumed that in the Li-rich phase a LiTMg (mainly
TM=Mn) honeycomb ordering with Li in the center of a TMg comb is formed in the TM
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layers of Li-rich layered oxides [39, 41]. Moreover, the additional capacity is generally
attributed to the activation of anionic redox (oxygen redox from 0?~ to 0>~ *%) which
allows for the extraction of excess lithium because the TMs are usually not oxidized be-
yond a charge of 4+. During long-term cycling, these materials possess the risk for TM
migrations and irreversible anionic redox, e.g., formation of oxygen dimers that leave the
cathode material. Ultimately, these mechanisms can lead to undesirable phase transi-
tions to a spinel phase causing capacity degradation [39, 41, 42]. To conclude, Li-rich lay-
ered oxides are an interesting perspective for high energy cathode-materials but several
challenges on the material side such as phase transitions, TM migration, and irreversible
oxygen redox need to be overcome to improve their long-term cyclability.

Next to the desired increase in energy density another challenge frequently discussed
for LIBs is the sustainability perspective. Current LIBs rely on relatively rare, toxic ma-
terials such as Co whose supplies are spread unevenly over the world (strategic supply
risk), which is considered to be mined under critical conditions, and which is officially
classified as critical raw material. Also the lower relative abundance of lithium itself and
respective difficulties to efficiently source it, is sometimes considered problematic. Fi-
nally, the sourcing processes of the raw materials for LIBs are often described as harm-
ful to the environment [3, 13, 16, 26, 40, 43]. These constitute direct limitations and
challenges in the large-scale application of LIBs as it would be required for the electri-
fication of transportation and grid energy storage to mitigate climate change. Also, an
increasing demand for energy storage and limited raw materials (shortage of materials
supply) could cause high costs for batteries thus limiting their application potential [13].
Moreover, energy costs associated with the manufacturing and recycling of LIBs are also
high, lowering the possible environmental benefits of energy storage applications dis-
cussed in the previous section. However, when used long enough (a few hundreds of
charge and discharge cycles), classical LIBs still can have a beneficial effect on energy
consumption and greenhouse gas emissions [12, 44]. Another huge challenge for LIBs is
therefore to improve their sustainability by relying on more abundant, cheaper, and non-
critical materials, and especially eliminating or reducing cobalt in the compositions. It
should be mentioned that the high energy, Li-rich cathode materials discussed before
as well as modern NCM and NCA cathodes already improve on this issue to some ex-
tent as they mainly rely on low cobalt contents [6, 37, 39, 41, 42]. Furthermore, also
different cathode chemistries than layered oxides are discussed to mitigate the depen-
dence on costly metals and an interesting material is lithium iron phosphate (LFP) [45].
LFP shows excellent cycling stability, is more safe than layered materials, and utilizes
abundant and economically-friendly materials, especially iron. The lower cost of LFP
compared to LiCoO; rendering it a promising cathode material while its lower voltage,
capacity, ionic conductivity, and electronic conductivity still introduce additional chal-
lenges [3, 26, 28, 46]. Despite the cost reduction and improvements in sustainability by
using iron instead of cobalt, this still does not improve on the possible cost (price fluc-
tuations) and supply issues of lithium [43]. Therefore, technologies that not just replace
rare TMs by more abundant ones but also exchange the charge carrier from lithium to
more abundant (alkali-)metals are desirable. An interesting direction in that regard are
the aforementioned SIBs that are discussed in more detail in the next section [40].
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1.2.2 Sodium-Ion Cathodes

SIBs provide an interesting alternative to LIBs as sodium is more than 1000-times more
abundant on the earth than lithium, which secures a steady, cheap, and more sustain-
able supply. Moreover, SIBs might reduce usage of critical materials as a broad variety of
metals is electrochemically active in SIB cathodes and materials relying, for example, on
Na, Mn, Ti, and Al can be designed [4, 47-49]. SIBs further allow to replace the copper
current collectors by cheaper aluminum as sodium does not alloy with aluminum and
the expensive graphite anode in LIBs can be replaced by cheaper and more sustainable
hard carbon (cf. Figure 1.2). It should be mentioned that currently a transition to SIBs
does not significantly reduce the cost per capacity unit, but with increasing demand in
the future and further technological advancements, SIBs can become cost-competitive
with LIBs [4, 13, 50]. From the performance perspective, SIBs can advance over LIBs
for some properties such as charge rates and (lower) operating temperatures. However,
especially the capacity and the operating voltage is lower compared to LIBs because of
the smaller redox potential and larger atomic mass/ionic radii of sodium compared to
lithium [13, 48]. Therefore, a significant challenge for the future development of SIBs is
to improve the insufficient battery performance especially by increasing the reversible
energy density [50]. Due to the possibility of more cost-efficient and more sustainable
batteries compared to LIBs, research on SIBs intensified significantly during the last
decade while before the commercial success of LIBs they were also similarly intensely
studied as LIBs [51].

Among different cathode materials for SIBs layered oxides were studied most as they
are direct analogues to the most successful LIBs discussed before. For SIBs, layered cath-
ode materials offer among the highest capacities and voltages along with decent elec-
tron conduction and reasonable rate performance. Their similarity to the current market
standard of LIBs could further allow to use existing production lines once this technol-
ogy is brought to the market. Despite the considerable research that was already spend
on layered oxide cathodes for SIBs, the ultimate step towards (broader) commercializa-
tion remains challenging as of today [48, 50, 51]. One of the major challenges with lay-
ered oxides for SIBs is the increased variety of phases compared to LIBs due to the larger
ionic radius of sodium over lithium. Sodium shows less preferences for a certain oxygen
environment-coordination and can be stable in both, an octahedral and prismatic oxy-
gen coordination. These coordination environments can be realized by different shifts of
the TMOg layers relative to each other in the ab-plane, thus introducing different stack-
ing sequences of the layers along the c-direction. The different phases resulting from
these stacking sequences were classified by Delmas et al. [52] based on their sodium
coordination (O for octahedral or P for prismatic) and periodicity in terms of TMOg lay-
ers along the c-direction. The most commonly synthesized phases for layered oxide SIB
cathodes according to this nomenclature are P2, P3, and O3. The structures can be fur-
ther classified by their oxygen layer stacking out of three different oxygen layers (A, B,
C), each shifted by 1/3 in the ab-plane [47, 51]. The most common phases obtained in
layered oxide SIB cathodes along with their sodium-coordination and oxygen stacking
labels are presented in Figure 1.3.

The stability of the phases is strongly related to the sodium concentration and P-
phases are usually observed in the intermediate sodium-concentration range and O-
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Figure 1.3: Stacking phases of layered oxide sodium-ion battery (SIB) cathodes. The top row shows the most
commonly synthesized phases while arrows and the lower row highlight phase transitions that are often ob-
served on charging (desodiation). For each phase structure models are visualized and the oxygen layers as well
as the sodium coordination-environments are labelled in the structures. The purple color indicates transition
metal (TM) layers and yellow color sodium layers. At the bottom detailed structures of the octahedral (left)
and prismatic (right) sodium coordination environments are shown. Parts of the figure inspired by Zhang et
al. [47]. Structure models were visualized with VESTA [53].

phase at the high and low sodium concentrations. Furthermore, P-structures have two
sodium sub-lattices in the sodium layers while at higher concentrations only one of them
is occupied due to the electrostatic repulsion between the sodium ions. The inter-layer
spacing in P-phases is also larger than in O-phases as the oxygen ions are positioned face
to face in the prismatic coordination. These characteristics of the different phases also
go along with altered properties of the cathode material. While its high sodium content
increases the capacity of O-phases (O3 phase), the P2 phase shows better sodium con-
ductivity due to the two sodium sub-lattices and also better cycling stability [47]. This
proves that the electrochemical performance characteristics of a layered oxide cathode
for SIBs are strongly correlated to its phase. While the presence of more different phases
for layered oxide cathodes in SIBs is intrinsically not a problem, phase transitions dur-
ing operation of cathode material are. Transition between the phases during cycling
goes along with drastic volume changes of the cathode material because of the afore-
mentioned different inter-layer spacings. Such volume changes can yield degradation of
the cathode material and steps (multiple plateaus) in the voltage profile because of the
different properties of the phases, e.g., sodium diffusivity. Phase transitions also might
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be irreversible which limits the cyclability of the cathode materials. Moreover, sodium-
vacancy orderings can influence the shape of the voltage plateau, the phase transitions,
and sodium diffusion significantly [47-50]. The most commonly observed phases ob-
tained during charging are also indicated in Figure 1.3. It should be noted that the phases
are not fully interconnected and usually transitions that just require layer gliding and no
breaking/formation of TM-oxygen bonds are observed [48]. However, next to the bare
phases presented in the figure, also smaller distortions that reduce the symmetries of
the structures often take place during operation and associated phases are commonly
indicated by adding a dash to the phase name. Regarding the commercialization of SIBs
it can be concluded that the capacity degradation due to phase transitions is among the
biggest challenges for layered oxide cathodes [47-50].

To mitigate phase transitions and their negative effects on the electrochemical per-
formance of layered oxide SIB cathodes, the materials can be tuned by element substitu-
tion in the TM sites [47]. This highlights the importance of optimizing the composition,
while also other strategies such as phase-mixtures are proposed to approach the phase-
stability challenges of SIBs [49]. In order to improve the capacity and voltage of SIBs
as well and to make them more competitive to LIBs, utilization of anionic redox is fre-
quently proposed [54]. The general principle was already described for the Li-rich LIB
cathodes and the oxygen redox also can enable additional capacity at high voltage in
SIBs. The voltage is increased as the oxygen ions are oxidized instead of the TM cations.
While the additional capacity and the increased voltage are appealing, anionic redox
also possesses the risk of oxygen dimerization and ultimately irreversible oxygen loss
that leads to degradation of the cathode material. Moreover, oxygen redox can facili-
tate irreversible migration of TMs to the sodium layers and finally also affect the phase
stability and transition behavior. The existence and strength of anionic redox in layered
oxide cathodes is also closely related to the TM composition [47, 54]. It can be concluded
that tailored design of the cathode-material composition (mainly TM mixture) of layered
oxide SIBs can significantly improve their electrochemical performance in terms of ca-
pacity, voltage, and cyclability, and it is therefore a promising and interesting research
field. It should be mentioned that also poor air/water stability and interfacial reactions
with the electrolyte are challenges as well that can be (partially) addressed by element
substitution. Another strategy to improve on these challenges are surface modifications,
especially for the electrolyte interface. Coating layers were reported to show improved
cycling stability and water resistance [48].

All of these challenges and potential directions for improvements result in a huge
number of possible cathode-material combinations (compositions) to explore and it
would be desirable to design the materials with more rational to obtain deeper un-
derstanding as well as to pre-screen the most promising materials before experimental
synthesis. For exactly these purposes, computational studies can be leveraged and are
therefore discussed in the next section [55].

1.3 Computational Methods to Study Cathode Materials

Overcoming the aforementioned challenges of LIB and SIB cathodes purely by exhaus-
tive experimental studies might be time-consuming and expensive, given the broad
compositional and structural space of cathode materials that requires sampling many
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combinations. Designing a limited number of the most promising cathode materials
for further tests by experimental synthesis would be a more efficient approach. How-
ever, such rational design requires atomistic insights of the cathode materials which are
difficult to obtain even by advanced experimental characterization methods. Modern
computational studies can provide these insights and are therefore inevitable to fully
understand cathode materials and thereby enable more rational design. So-called first
principles or ab initio techniques leverage known physical concepts such as quantum
mechanics for cathode material simulations. The great advantage of these methods is
that they do not rely on experimental parameters such that they can be readily applied
to any (not yet synthesized) cathode material and are not influenced by possible exper-
imental characterization errors. Moreover, the computational studies are usually less
expensive and time-consuming than experimental synthesis and thus can allow for ef-
ficient screening of candidate cathode materials [56, 57]. Consequently, first principles
calculations became an increasingly important tool for the characterization and predic-
tion/selection of novel cathode materials for LIBs and SIBs [55, 57-65]. Especially in
combination with experimental studies these computational tools can be highly valu-
able in the thorough characterization of novel cathode materials as they often provide
insights complementary to experiment. Properties that can be approached by computa-
tional methods are, for example, crystal structures, cation orderings/disorderings, cation
migrations, defect energies, phase diagrams (stability and transition), grain facets, me-
chanical characteristics, interface reactions, ion transport behaviors (diffusivity), elec-
tronic features (e.g., band gaps), redox mechanisms as well as operating voltage and ca-
pacity [57-59, 64, 65]. Thus, first principles simulations can allow for both, prediction
and characterization of cathode material properties [55, 56, 58].
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Figure 1.4: Three-step simulation procedure employed in ab initio simulations of cathode materials. In the
first simulation step a distinct configuration with full occupancies is selected for the further simulation steps.
In the second simulation step the structure is optimized by relaxation and/or structural evolution. Finally,
in the third simulation step the electronic structure of the relaxed geometry is calculated and analyzed. The
combined insights of all of these three simulation steps can predict numerous important properties of cathode
materials and some of them are listed in the output box.

Ab initio calculations for cathode materials can follow a general three-step proce-
dure. It should be noted that some materials might require different procedures or
fewer/additional steps but the computational studies performed in this thesis follow a
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three-step simulation framework for cathode materials. This framework is discussed in
detail in the following and the corresponding workflow is visualized in Figure 1.4.

In the very beginning of computational studies on cathode materials usually a de-
sired composition that should be tested is provided along with a crystal lattice. In case
of a layered oxide cathode this could be the sodium concentration and the TM compo-
sition as well as the unit cell of the structure. Of course, multiple cells can be tested to
assess, e.g., the stability of different phases. These inputs go then through the three-step
simulation procedure with the configuration selection being the first step.

1.3.1 Configuration Selection

To represent a desired multi-element cathode composition in a crystal lattice it appears
useful to assign the fractional occupancies to each lattice site. The combination of el-
ements of various types with the given ratio (composition) results in partial occupancy
of a corresponding lattice site. While this approach is useful for representation of the
structure, in reality it is nonphysical as multiple species cannot occupy a single site and
it cannot be used by the methods typically employed in the following simulation steps
as they require just full occupancies on each site. Moreover, only if the partial occupan-
cies are distributed to full occupancies important phenomena such as charge-carrier,
e.g., Li or Na, orderings or TM super-structures can be observed [55, 57, 58]. Therefore,
the supercell approach can be applied to model the given composition using a multi-
ple of the unit cell with full occupancies distributed over the lattice sites such that the
overall composition of the supercell matches the desired composition (cf. Figure 1.4).
This generates a combinatorial problem of arranging atoms on a fixed lattice and each
arrangement is a configuration of the system [66]. As mentioned before, novel cathode
materials comprise of several TMs along with partial Li or Na occupations that need to
be considered simultaneously, resulting in a combinatorial explosion for the total num-
ber of configurations in a supercell. Thus, selection of a suitable configuration can be
extremely challenging [66, 67]. A suitable configuration can be either the most random
structure, e.g., Special Quasirandom Structure [68], or for battery materials, where order-
ing is expected, the lowest energy configuration [55]. No matter how suitability is defined
for the configuration search, the huge number of possible configurations in complex sys-
tems requires heuristic search methods such as Monte Carlo algorithms or evolutionary
approaches. Moreover, often evaluation of many configurations is required such that a
computationally in-expensive proxy to the total energy of a configuration needs to be ap-
plied. Commonly leveraged methods are cluster expansion (CE) [69] that tries to mimic
higher level of theory calculations or the utilization of strongly simplified energy models
such as the electrostatic energy [55, 58, 66, 67, 70].

In general, it can be concluded that the configuration selection is a challenging com-
binatorial optimization problem that needs to be addressed to continue with any of the
further simulations steps for cathode materials. More details about this problem and
how to approach it are discussed in Chapter 2. Once a configuration with just full occu-
pancies is selected, structural relaxation can be employed in the next step.
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1.3.2 Structure Relaxation & Evolution

Given a suitable configuration with just full occupancies, the structure can be optimized
by quantum mechanics methods in the next step of the three-step simulation proce-
dure (cf. Figure 1.4). At this step lattice parameters, lattice angles, and atomic positions
are optimized through relaxation or their evolution over time at a finite temperature is
studied. These structural optimizations are usually conducted by density functional the-
ory (DFT) calculations that are described next.

Density Functional Theory (DFT)

DFT aims to approach the time-independent, non-relativistic, many-body Schrodinger
equation that determines the quantum mechanical properties of a system such as its
ground-state energy. In its most simplified form, the Schrodinger equation can be writ-
ten as [55, 71]:

HY =EVY, (1.1)

with the many-body wave function ¥, the Hamilton operator H, and the ground state
energy E. The equation constitutes an eigenvalue problem. In this case, ¥ depends
on the coordinates of both, the electrons and nuclei in a system of atoms introducing
a high-dimensional numerical problem. To reduce the dimensionality, the significantly
different masses of electrons (lighter) and nuclei (protons and neutrons) as well as the
corresponding different time scales of their movement can be leveraged to separate the
movement of electrons and nuclei. This famous simplification is known as the Born-
Oppenheimer approximation [72] and transforms the nuclei positions in the many-body
Schrodinger equation from variables into fixed parameters. By writing the Hamilton
operator explicitly and applying the Bonn-Oppenheimer approximation, the electronic
Schrédinger equation can be derived for a system of N electrons [55, 71]:

hz N N N N
—— Y VE+Y V) + Y. Y Ulri,rj) | ¥ =EVY. (1.2)
2m 5 i=1 i=1j<i

The first term denotes the kinetic energy with m being the mass of an electron and %
reduced Planck’s constant. The next term describes the electrostatic interaction of the
electrons and (fixed) nuclei and the last term every pairwise electrostatic interaction be-
tween two electrons. It should be mentioned that the middle term also contains the
positions of the nuclei (R) but due to the aforementioned separation only as parameters
and not as variables (due to the fixed geometry). To obtain the total energy also an addi-
tional term that describes the electrostatic interaction between the fixed nuclei needs to
be considered. Moreover, r; is defined as the general coordinates of the electrons includ-
ing, next to the spatial dimensions, also the spins of the electrons. Thus, the wave func-
tion W is still high dimensional despite the utilization of the Born-Oppenheimer approx-
imation. However, ¥ might be approximated by a product of separated electron wave
functions ¥; (Hartree product) but the electron-electron interaction (U) still requires to
consider the interaction of one electron with all other electrons simultaneously (many-
body character). Still, this description of ¥ allows to define the density of electrons n
as [55, 71]:




12 1 INTRODUCTION

n(r)=2) Wi (¥, (1.3)

with V7 being the complex-conjugate and the factor of 2 accounting for the two possible
spins of electrons. For the density n(r), r indicates just the three spatial dimensions ren-
dering n(r) alow (3) dimensional property compared to ¥ (ry, 12, ..., rv). Hohenberg and
Kohn [73] proved that the ground state energy of the Schrodinger equation is a unique
functional (a function of a function) of the electron density. This highlights that the
ground-state energy of a system can be expressed by its electron density which is just
3-dimensional and not high dimensional as V. This greatly reduces the complexity of
the initial Schrédinger equation and Hohenberg and Kohn [73] showed even further that
finding the electron density that minimizes the total energy is the true electron density
and therefore the full solution of the Schrodinger equation. While it is proven as well
that an exact functional exists, its precise functional form is unknown. However, with
Equation 1.2 several known contributions can be defined but with integrals instead of
sums as a density is considered. All quantum mechanical effects that are not captured
in the known terms can finally be summed up in an additional term, Exc[n(r)]. This
term is the exchange-correlation functional which needs to be approximated to leverage
the dimensionality reduction of considering an electron density. However, determin-
ing the electron density holistically is still challenging (orbital-free DFT) and Kohn and
Sham [74] finally showed that the problem can be expressed by a set of single-electron
equations [55, 71]:

2
—zh—mV2+V(r)+VH(I‘)+ch(r) \Pi(r):e,-‘P,-(r). (1.4)

In the Kohn-Sham equations V is the interaction of electrons and nuclei, Vi is the
Hartree potential that describes the interaction of an electron with the total electron
density, and Vxc is the derivative of Exc that accounts for additional quantum mechan-
ical effects. It becomes evident that the Hartree potential introduces a self-interaction
error as the electron interacts with the total electron density that includes the elec-
tron itself. Therefore, the unknown Vx¢ part should also correct for this error. To solve
these equations an initial electron density can be guessed and the single electron wave-
functions are determined by the Kohn-Sham equations. The corresponding new elec-
tron density can be calculated from the single electron wave-functions. To obtain the
ground-state electron density this process is repeated iteratively in a self-consistent
manner until the initial electron density is the same as the new one calculated from
the single electron wave-functions. Practically, comparing the energies is more straight-
forward to achieve than comparing the densities directly. In summary, these steps and
equations define the theoretical core of DFT calculations [55, 71].

The crucial part to perform DFT calculations within this scheme is to define an
approximation for the exchange-correlation functional. The most simplistic approach
for that purpose is the local density approximation (LDA) that includes the exchange-
correlation energy of a homogeneous electron gas for a given local density value. Thus,
LDA is a local functional. To overcome this locality, generalized gradient approxima-
tion (GGA) functionals were developed. As the name suggests, these functionals not
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just consider the local electron density but also its gradient and thereby indirectly over-
come locality (GGAs are considered semi-local). The most renown GGA functional that is
also mostly employed in this thesis is the Perdew-Burke-Ernzerhof (PBE) functional [75].
However, as the exact exchange-correlation functional is unknown, numerous further
approximations (functionals) exist that are not discussed here and it cannot be simply
determined which is the most accurate for a given problem [55, 71].

Some further considerations must be made for periodic systems such as the cathode
materials discussed in this thesis. For simulations under periodic conditions it is com-
putationally beneficial to perform the calculations in reciprocal (k) space rather than in
in real (r) space. Furthermore, the wave functions must obey the same periodicity as
the simulation cell and according to Bloch’s theorem [76] the solution of the Schrédinger
equation can be written as a sum of plane waves of the following form [71]:

Di(r) =exp(ikr)ui(r). (1.5)

Here uy(r) is periodic within the supercell and the Schrodinger equation can be solved
separately at each k and integrals that are computationally demanding in the DFT pro-
cedure can be evaluated more efficiently. Technically, the u;(r) can generate an infinite
amount of plane waves that satisfy the periodicity constraint, constituting a complete
set of plane waves that must be considered for each point (k) in reciprocal space. As this
is not practical, the set of plane waves is only considered up to a kinetic energy cut-off.
For actual DFT calculations in periodic systems this means that the results need to be
converged in both, the k-point sampling and the energy cut-off. When converging the
energy cut-off, core electrons require high cut-offs while providing usually the least in-
sights (valance electrons are more important to describe most properties). To overcome
this imbalance in value of insights and computational cost, pseudo-potentials are em-
ployed. These potentials freeze the core together with its core electrons (frozen core ap-
proximation) and replace it by a smoothed effective potential. The smoother (softer) the
pseudo-potentials, the lower are the required energy cut-offs. These pseudo-potentials
must be, however, designed in a transferable way such that a database with potentials
for each element can be simply leveraged to perform DFT calculations on a system of in-
terest. There are different approaches to construct pseudo-potentials but, in this thesis,
the projector-augmented wave (PAW) method from Bléchl [77] is employed. Carefully
designed pseudo-potentials are able to reach the accuracy of calculations that consid-
ered all electrons while drastically reducing the computational costs. The described DFT
methods therefore finally allow to study solids such as cathode materials [71].

Geometry Relaxation and Molecular Dynamics

As described before, in DFT initially the energy of given positions of atoms is determined.
In order to allow for actual structural optimization, the atoms in the cell need to be dis-
placed and corresponding energies must be calculated. As also the energy is changing
on moving the atoms, the derivative of the energy with respect to the atom coordinates
corresponds to the forces acting on the atoms. With the forces, gradient-based methods
can be applied that move the atoms strategically (e.g., choice of proper step size) along
their forces until a convergence criterion is fulfilled, e.g., the forces on all ions are be-
low a certain threshold. By that procedure, DFT calculations allow to perform structural
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optimizations. Moreover, similar optimization strategies based on stresses can be em-
ployed on lattice parameters and lattice angles such that simultaneous optimization of
all degrees of freedom can be achieved for periodic systems like cathode materials [71].

By just following the energy gradient to the next minimum no kinetic energy and dy-
namic evolution of the atoms is considered and thus no temperature (zero temperature).
To simulate the system at a finite temperature Newtons second law can be applied to the
nuclei [78]:

v d*r

ar ~"Mae
Here V is the interatomic potential, r the spatial atomic coordinates, m the particle mass
and ¢ the time, and F is the force and a the acceleration. To evolve a system of particles,
the equation must be solved numerically by defining a small time step At. With help ofa
Taylor expansion and the current particle positions (r;) the positions at a short time step
before (r;_;) or after (r;11) can be determined [78]:

=F=ma. (1.6)
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In this expansion the first derivative corresponds to the particle velocity and the second
derivative to its acceleration. By utilizing the descriptions for r;_; and r;;+; and cutting

the expansion off at the second (third) order an expression for r;.; is derived [78]:

Fiv1 = @ri—ri-) +a; (AD% (1.8)

This equation is known as the Verlet algorithm [79] and allows to perform evolutions
over time of a system of particles while the previous particle positions (r—;) before the
starting point (ry) can be obtained by introducing an initial velocity vy. There are slightly
different equations to the ones shown here that bring some numerical advantages while
the key assumption always is that a sufficiently small time step At (smaller than the
fastest process in the system) must be chosen to render these equations accurate. Conse-
quently, systems must be propagated in very small time steps and simulations over long
time-scales are demanding. Such simulations over time are referred to as molecular dy-
namics (MD) simulations. The total energy E during the simulations is given by the sum
of kinetic and potential energy while the kinetic energy is proportional to the associated
temperature of the system. Thus, the simulations run at finite temperatures. Depend-
ing on the properties that are fixed during the simulations, different ensembles can be
considered such as NVE, NVT, or NpT with the particle number N and system volume
V while for the latter also thermostats and barostats must be introduced to control the
temperature T and pressure p, respectively. Several strategies to implement such ther-
mostats and barostats were proposed that are not discussed in detail here. More impor-
tant is the fact that to apply the Verlet algorithm, a potential (more precisely the deriva-
tive of it which is the force) is required. This potential can be realized by different levels
of theory, including also the aforementioned quantum mechanics approach in DFT cal-
culations. Such simulations are called ab initio MD (AIMD) simulations. However, also
classical potentials (also called force fields) comprising simple analytical terms can be
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considered for the potential in MD simulations (actually also for the geometry optimiza-
tion described before) [78]. An example for that is discussed in more detail in Chapter 4
of this thesis. More recently, also (on-the-fly) machine learning force fields (MLFF) be-
came popular in MD simulations. MLFF are trained on ab initio calculations and aim
to reproduce their accuracy at significantly reduced computational cost by leveraging
machine learning techniques. On-the-fly MLFF further try to estimate the uncertainty
of the current MLFF prediction and perform an ab initio calculation if the expected un-
certainty is large [80]. Independent of the underlying potential, MD simulations allow
to study the evolution of a system over time at a finite temperature and also can enable
more strong structural distortions than geometry optimizations. These properties can
be highly valuable for cathode materials when phenomena such as cation migration or
oxygen dimerization are expected.

1.3.3 Electronic Structure Calculations

After obtaining a satisfactory relaxed geometry, electronic structure calculations can be
performed, constituting the third and last step of the three-step simulation workflow (cf.
Figure 1.4). Strictly speaking, electronic structure calculations were already performed in
the previous steps as DFT is an electronic structure method. The calculations in this step
also mostly employ DFT. However, accurate electronic structure descriptions of TM ox-
ides such as layered oxide cathode materials are known to be challenging and therefore
more accurate functionals than the ones discussed in the previous section (e.g., PBE) are
required. In particular, GGAs over-delocalize the electrons due to the aforementioned
self-interaction error resulting in unreasonable descriptions of the d-orbitals that are im-
portant to correctly asses the redox mechanism of cathode materials [81]. Besides DFT,
another famous approach to approximate the Schrédinger equation exists: The Hartree-
Fock (HF) method [82, 83]. While the details are not discussed here, this approach does
not consider a density but directly the wave function. By design (Slater determinant),
it is ensured that the wave function obeys Pauli’s exclusion principle. Mathematically,
HF shows the opposite tendency to GGA-DFT in the electronic structure, namely the
over-localization of electrons as no correlation is included in the method. However, in
contrast to DFT, the exchange part is described exactly. Due to the fact that both meth-
ods are complementary and a combination could benefit from compensation of errors
as well as the consideration of a portion of exact exchange, mixed DFT/HF methods were
developed. These methods are so-called hybrid functionals and are of the general form
of [78, 84, 85]:

Exc = aEF + (1 — ) ERPE + EEPE. (1.9)

Through the inclusion of exact exchange obtained from the HF method more accurate
descriptions of the electronic structure in layered oxides can be achieved, even though at
significantly increased computational costs. The choice of the mixing parameter a and
more advanced designs that further separate the contributions in short- and long-range
are discussed more detailed in Chapter 5 of this thesis [55, 78]. Also, more elaborated,
yet even more computationally demanding methods within the random phase approxi-
mation (RPA) exist that are also briefly discussed in the aforementioned chapter. For the
three-step simulation procedure applied to study cathode materials in this work, DFT
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with hybrid functionals was utilized to study their redox mechanism from the electronic
structure. While it is conceptually possible to also employ these functionals during the
structure dynamics in the second step, this is usually prohibitively expensive in terms of
computational cost, giving rise to a separate step for the electronic structure calculation.

To summarize, cathode materials can be modelled by the three-step procedure
sketched in Figure 1.4 while at each step unique challenges arise that need to be tackled
by suitable and feasible methods. As also pointed out, a full simulation of a cathode ma-
terial including all three steps can deliver valuable insights on several properties of the
material and thereby significantly contribute to its characterization and materials pre-
diction. How exactly this thesis relates to the presented three-step simulation framework
is outlined in more detail in the next section.
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1.4 Thesis Objectives

The objective of this thesis is to explore and develop new methods for the computational
exploration of cathode materials for LIBs and SIBs, especially layered oxides. While most
of the work builds up on existing and well-established computational methodologies
such as Monte Carlo simulations, Ewald summation, Buckingham Potentials, DFT
calculations, and GW calculations, new approaches with a focus on cathode materials
are evaluated and implemented. The thesis is therefore centered around methodology
developments to improve computational studies of battery materials. These improve-
ments can be assigned to two main objectives:

I) The reduction of computational costs to allow for more, larger, and faster sim-
ulations that offer new insights or support rational materials selection.

II) The assessment and advancement of the calculation accuracy to improve the
understanding of fundamental mechanisms in layered oxide cathode materials.

However, also practical case-studies that showcase the applicability and relevance
of the newly developed methods are presented in this work. Thus, the third objective of
the thesis is:

III) The utilization of computational methods in close combination with experi-
mental measurements to support characterizations and to enable more rational
materials design.

In the previous introduction section about computational methods for studying
cathode materials a three-step modelling procedure that consists of 1. Configuration
Selection, 2. Geometry Relaxation and Evolution, and 3. Electronic Structure Calculation
was introduced (cf. Figure 1.4). The objectives of the thesis include contributions of
methodical advancements to all of these three steps. Consequently, the chapters and
their corresponding specific objectives are also aligned to this trinity of simulation steps.
This allows to specify the objectives of the thesis more precisely for each presented
contribution.

As outlined before, for the first step extensive configurational optimization is re-
quired and the thesis aims to address this challenge by introducing a new software with
efficient implementations of several heuristic optimizers. The goal of the thesis in this
modelling step is to speed-up configurational selection and thereby enable faster mate-
rial screening in computational studies while also expanding the use of such optimiza-
tions to much larger systems. Thus, enabling new atomistic insights for systems and
particles at the length-scale of several nanometers that were not accessible before due
to prohibitively high computational costs.

As also pointed-out in the introduction, for SIBs the phase stability in terms of the
stacking sequence of the layers along the c-direction is rather important and can in-
fluence many electrochemical properties of the cathode. Therefore, it would be highly
desirable to have a computational tool that can estimate the phase stability of a given
layered oxide SIB cathode at low costs and another aim of this thesis is to provide such a
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tool. To that extend, the aforementioned developed code for configurational optimiza-
tion is employed and a new scheme to evaluate the stability of different phases is deter-
mined. This part of the thesis bears the opportunity for more rational cathode design
for SIBs and therefore constitutes another contribution to the first step of the three-step
modelling procedure (cf. Figure 1.4) while mainly targeting the first thesis objective (I).

Another goal of the thesis is to go beyond thermodynamic stability of the layered
oxide phases and to also explore the actual phase-transition mechanism under realistic
simulation conditions, at long time-scales and at large length-scales. Thus, classical po-
tentials are developed and employed that enable direct observation of phase-transitions
under standard lab conditions. This specific contribution therefore also focuses on the
objective of reduction of computational costs to allow for larger and longer simulations
of battery materials which can yield novel and fundamental insights that are also of rel-
evance to experimental studies. As dynamic structural relaxations are performed, the
method is assigned to the second-step of the general three-step simulation hierarchy
(cf. Figure 1.4).

To achieve the second objective of assessing and improving the accuracy of the com-
putational methods, higher level of theory calculations of the electronic structures of
layered oxides are performed. Precisely, GW calculations are conducted and electronic
structures are compared to those of various hybrid functionals while also their Hartree-
Fock mixing parameter is scanned. These tests can deliver valuable insights for the last
step of the three-stop modelling procedure (cf. Figure 1.4) at which mostly hybrid func-
tionals are applied. The redox mechanism is determined in these calculations and com-
parisons to higher level of theory calculations can help to understand how well default
hybrid functionals describe the electronic structure of layered oxide cathodes and if it
might be worth and justified to alter their Hartree-Fock mixing parameters. While these
considerations are crucial to perform accurate electronic structure calculations in sim-
ulation studies, they are also extremely valuable when a comparison of the predicted
redox mechanism to experimental data is aimed for.

To specifically address the third and last objective of the thesis, several collaborative
studies with experimental experts are performed, each involving the whole three-step
simulation protocol (cf. Figure 1.4). These specific contributions aim to highlight how
simulations provide insights that cannot be obtained from experiment and that a combi-
nation of theory and experiment is required to fully understand the mechanisms in novel
cathode materials. These studies also highlight the predictive power of computational
approaches and how they can be applied in discovering new materials. Furthermore,
next to targeting the third objective of the thesis, case studies serve as a motivation and
proof of concept for the computational methodologies that were developed throughout
this thesis. A more detailed overview of how all these specific contributions relate to
the chapters of this thesis as well as more details on their contributions to the different
thesis objectives and advances in the three-step modelling procedure (cf. Figure 1.4) for
cathode materials is given in the next section.
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1.5 Thesis Outline

The thesis is outlined into 7 Chapters with the first (current) chapter (Chapter 1) being
the introduction that motivates the thesis topic by highlighting the urge for the develop-
ment of secondary batteries. Some general background information on the research of
cathode materials and applied computational methods are given and the objectives of
the thesis are outlined as well. The following 5 chapters compile the main contributions
of the thesis. Their relation between the previously mentioned three-step simulation
procedure (cf. Figure 1.4) and the thesis objectives listed above is sketched in Figure 1.5.
It can be seen that the thesis and its chapters are structured along both dimensions, the
simulations steps and thesis objectives.

Simulation Steps

Configu.ration Structural  Electronic
Selection Relaxation _ Structure

Chapter 2

Chapter 4

-~
Cost
Reduction

Chapter 3

Chapter 5

Thesis Objectives
Im;r’ove

1)) Chapter 6

Case Studies Accuracy

Application in

Figure 1.5: Matrix of thesis objectives (given in previous section) and simulation steps (given in Figure 1.4).
While the contributions (chapters) often contribute to multiple fields of the matrix, they are located in the
matrix fields with their strongest contribution.

Chapter 2 mainly addresses thesis objective I) and the first simulation step (cf. Fig-
ure 1.4) by introducing a code to achieve the configurational optimization problem in
ionic crystals. An efficient implementation of various heuristic optimizers is provided,
coupled with pre-calculated electrostatic energy terms. It is shown that such configu-
rational optimizations are crucial in model selection for further DFT calculations. The
focus of this contribution is on the efficient, parallel, and holistic implementation of sev-
eral heuristic solvers that allow tackling significantly larger configurational problems in
drastically reduced computational time. Such advancements are required for the com-
putational research on cathode materials due to the ever-increasing complexity in terms
of richer TM substitutions in combination with Li-/Na-vacancy orderings (especially for
Na and P-phases) that are crucial to capture the material’s properties correctly. Ulti-
mately, the computational tools developed in this chapter are provided to the commu-
nity of computational (battery) material researchers by an easy-to-use command-line
tool.
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The next chapter (Chapter 3) also mainly focuses on the first thesis objective (I) and
the first simulation step (cf. Figure 1.4). The chapter employs the configurational opti-
mization methodology developed in the previous chapter and extends it by considering
the layered oxide phase in SIBs in terms of the stacking sequence of the layers along
the c-direction as well. By optimization of electrostatic parameters to DFT references, it
is aimed to develop a computationally inexpensive scheme to predict phase stabilities
for a given cathode composition. Promising agreement to DFT data is achieved, which
enables the method to pre-select phases for further DFT calculations of novel materi-
als. As the determination of the most stable phase also goes beyond the bare configu-
rational selection, this chapter also partially contributes to the second simulation step.
It is outlined that the developed predictor matches reasonably well with experimentally
observed phase stabilities as an overall prediction accuracy of 80 % is achieved on more
than 270 experimental compositions. Thus, this chapter also targets thesis objective III).
In conclusion, this chapter presents an efficient ab initio predictor for the phase stability
of layered oxide cathodes for SIBs.

In Chapter 4 a Coulomb-Buckingham potential for layered oxide cathodes for SIBs
is fitted and applied. Again, a focus on phase stability is targeted, but in contrast to the
previous chapter, in a fully dynamic manner in terms of MD simulations. The chapter
therefore aims to provide improvements for the second step of the general simulation
procedure (cf. Figure 1.4) while its main objective is to also reduce the computational
costs, corresponding to thesis objective I). The fitted Coulomb-Buckingham potential is
applied in large-scale MD simulations allowing to directly observe phase transitions un-
der standard lab conditions (NpT with 300 K and 1 bar) on the ps time-scale. This consti-
tutes a significant advancement to existing studies as such simulations are prohibitively
expensive with computationally less efficient methods. Moreover, also practical con-
clusions such as the decrease of the transition barrier on desodiation are made that are
helpful for experimental studies and therefore contribute to the third thesis objective
(IT1) as well. In summary, this chapter shows how the application of classical potentials
to battery materials can allow simulations that are not possible by other, more expensive
yet more accurate, methods while delivering valuable insights for experimental studies.

Chapter 5 is a deep-dive into the third step of the three-step modelling procedure
for cathode materials (cf. Figure 1.4), namely the electronic structure calculation, while
it is targeting thesis objective II). In particular, the chapter highlights that hybrid func-
tionals, often used for electronic structure calculations, have at least one parameter, the
Hartree-Fock mixing parameter a, that can be easily tuned. For evaluation of the hybrid
functionals higher level of theory calculations within the so-called GW approximation
are performed and the influence of a is thoroughly checked. Conclusions on how to
choose a suitable a-value for the special material class of layered oxide LIB cathodes
are made that can be of use in future simulational studies. It is also shown how the a-
parameter affects the predicted redox mechanisms which is crucial in comparison to
experimental studies and thus constitutes a contribution to the third thesis objective
(I1D) too. To conclude, the accuracy of electronic structure calculations in layered oxide
cathodes is assessed and directions for improvements are given.
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The following chapter (Chapter 6) aims to combine all simulation steps (cf. Fig-
ure 1.4) into holistic computational studies of cathode materials. These studies can have
significant contributions to the understanding and interpretation of experimental re-
sults. Therefore, this chapter mainly covers the third thesis objective (III). In particular,
this chapter aims to showcase possible and actual applications of the methodologies de-
veloped in the previous chapters. To that extent, four case studies are shown of which
three highlight how extensive computational simulations can yield insights on novel
cathode materials that cannot be (easily) obtained experimentally, but help to identify
and understand experimentally observed phenomena. Another case study is fully com-
putational, proving that advancements made through the developed methods can allow
for new simulational insights. In summary, this chapter motivates the method develop-
ments conducted in the previous theory chapters by highlighting direct applications in
various studies. It is pointed out that these new methods and computational studies in
general can contribute significantly to the in-depth understanding of cathode materials
which is of great help for experimental studies and to allow for more rational material
design in the future.

In the last chapter (Chapter 7) the main conclusions of the works presented in this
thesis are summarized and some proposals for possible future research directions are
made. The thesis is closed by listing all publications and conference contributions of the
author followed by a brief self-introduction of the author as well as the acknowledge-
ments.
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CONFIGURATIONAL OPTIMIZATION:
OPTIMIZATION OF COULOMB ENERGIES IN GIGANTIC
CONFIGURATIONAL SPACES OF MULTI-ELEMENT IONIC

CRYSTALS

Most of the novel energy materials contain multiple elements occupying a
single site in their lattice. The exceedingly large configurational space of
these materials imposes challenges in determining low(est) energy struc-
tures. Coulomb energies of possible configurations generally show a satis-
factory correlation to computed energies at higher levels of theory and thus
allow to screen for minimum-energy structures. Employing an expansion
into a binary optimization problem, an efficient Coulomb energy optimizer
is obtained using Monte Carlo and Genetic Algorithms. The presented opti-
mization package, GOAC (Global Optimization of Atomistic Configurations
by Coulomb), can achieve a speed up of several orders of magnitude com-
pared to existing software. In this work, heuristic optimization on various
material classes is performed. Thus, GOAC provides an efficient method for
constructing low-energy atomistic models for ionic multi-element materials
with gigantic configurational spaces.

This chapter is published as: Koster, K., Binninger, T. & Kaghazchi, P. Optimization of Coulomb energies in
gigantic configurational spaces of multi-element ionic crystals. npj Comput Mater 11, 202 (2025). The article is
licensed under a Creative Commons Attribution 4.0 International License (http://creativecommons.org/
licenses/by/4.0/). No changes were made to the original article except formatting and change of pronouns

to match the thesis format.
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2.1 Introduction

Many state-of-the-art solid-state high performance materials are composed of several
different types of elements sharing the same lattice sites. Examples for application ar-
eas are, but not limited to, energy conversion and storage systems[1-11] as well as other
special-purpose applications[12-16]. In some of the most interesting materials for these
applications (e.g., layered oxides, ionic conductors), numerous element types with var-
ious concentration ratios are combined in a single-crystal phase. While such composi-
tions can be represented with the help of partial site occupations, the configurational
complexity becomes a severe challenge for simulation methods that require structural
models with integer site occupations, such as commonly used density functional the-
ory (DFT)[17, 18]. The problem of determining reasonable atomistic configurations out
of all possible configurations therefore constitutes a serious challenge for modelling and
simulation[19-24]. To represent complex compositions with integer occupations the so-
called supercell approach is frequently employed, where multiple periodic images of the
unit cell are treated explicitly. For computational studies it is often of interest to deter-
mine low(est)-energy atomistic configurations which can be a hard combinatorial prob-
lem for large supercells. For complex compositions it is generally infeasible to evaluate
all possible configurations (even when accounting for symmetry), especially when using
high-level methods such as DFT. Therefore, special techniques such as the Coherent Po-
tential Approximation (CPA) [25], Special Quasirandom Structure (SQS)[26], Cluster Ex-
pansion (CE)[27, 28], Virtual Crystal Approximation (VCA) [29], or Small Set of Ordered
Structures (SSOS) [30] have been developed that approximate the energy and/or are able
to find special atomistic configurations that have relevant properties for further investi-
gations. Approximations such as CE where many-particle interaction terms up to a cer-
tain order are taken into account can reduce the computational demand drastically[31].
Other approaches that try to mimic highly accurate energies at low computational costs
include machine-learned potentials and/or try to reduce the amount of configurations
that must be evaluated with other machine learning approaches, e.g., active learning[32-
37].

Naturally, the number of possible configurations becomes higher if the supercell
contains more sites, more positions per site, and also when more elements can occupy
a site, especially when elements are mixed in equimolar amounts. All of these factors
generally apply to novel energy materials and yield a combinatorial explosion of the to-
tal number of possible configurations. For highly symmetric cells, this number can be
reduced by several orders of magnitude if symmetry operations are taken into account
and only symmetrically irreducible configurations are considered[38]. There are several
software packages and methods such as the site-occupancy disorder (SOD) code[39],
ENUMLIB[40] (also accessible through PYMATGEN[41]), the solid-solution tools[42, 43] in
the commercial CRYSTAL code([44], the so-called SUPERCELL software[45], the DISOR-
DER code[46] and its recently published tree search algorithm([38], and the SHRY pack-
age[47] that all focus explicitly on determining symmetry in-equivalent structures. The
number of available software and considerable computational effort spent highlights
the importance of the atomistic combinatorial problem in computational materials re-
search.
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For ionic crystals, the Coulomb energy with ionic point charges represents a sim-
ple energy model allowing to evaluate numerous atomistic configurations with limited
computational resources. In practice, the model requires the assignment of the ion va-
lencies and the electrostatic energy is calculated by Ewald summation [48] to obtain
the exact Coulomb energy of the periodic lattice[49]. This allows to consider plenty
of atomistic configurations explicitly and, in some cases, even the complete enumera-
tion of all possible configurations for practical simulation supercells. This full enumer-
ation approach, sometimes also referred to as brute force method or exhaustive sam-
pling, is implemented with Coulomb energy evaluation in the so-called SUPERCELL soft-
ware([45]. More recently, the EWALDSOLIDSOLUTION software[50] was released offering
the brute-force approach with an option for sparser sampling of the density of states
based on Coulomb energy evaluation. In addition, EWALDSOLIDSOLUTION also features
a post-processing gradient-descent-like algorithm for optimizing atomistic configura-
tions. However, treating complex combinatorial problems as they appear in modern
energy materials by brute forcing is computationally very demanding, even for simple
Coulomb energy evaluation. Therefore, classical optimization approaches and the use
of heuristics is commonly required.

The atomistic combinatorial sampling can be considered as a general optimization
problem and commonly used meta heuristics can be applied. Do Lee et al.[51] applied
some well-known heuristics, including genetic algorithms, particle swarm optimization,
harmony search, cuckoo search, bayesian optimization, and deep Q-networks, to config-
urational optimization in argyrodite utilizing Coulomb energies. Out of the vast amount
of meta heuristics especially the Genetic Algorithm (GA)[52] should be mentioned that
is known to be effective for the atomistic combinatorial problem([51, 53], as well as for
global optimization of complex chemical structures in general[54]. Next to these classi-
cal approaches, more physically motivated approaches such as Monte Carlo (MC)[55]
simulations were also shown to be efficient in approaching the atomistic configura-
tions problem[32, 56-58], with the respective Monte Carlo methods implemented, e.g.,
for determination of SQS in the MCsQSs code[59] as part of the ALLOY THEORETIC AU-
TOMATED TOOLKIT (ATAT)[60] or for general cluster expansions within the recently re-
leased STATISTICAL MECHANICS ON LATTICES package[61]. Binninger et al.[56] recently
also demonstrated that the configuration problem can be solved on existing quantum-
computing hardware by formulating it as a binary optimization problem that can be
mapped onto a quantum annealer.

The aforementioned software and approaches for determining lowest energy atom-
istic configurations are either effectively or explicitly limited in the size of the configura-
tional space[39, 41-43, 45, 51, 56, 61] or do not specifically aim to determine the low(est)
Coulomb energy structures by optimization[38, 40, 46, 50, 59]. As modern high perfor-
mance materials introduce more and more species, approaches are required that can
reliably and quickly optimize even large combinatorial problems comprising of ten to
the power of several hundreds of configurations. For that purpose, either heuristics or
general purpose optimization software can be used while the latter one bears the op-
portunity for exact global optimization within limited computational resources. Even
though some works already employed heuristic optimization methods to the configura-
tion problem, as discussed before, there is still, to the best of our knowledge, no pub-
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lished tool that allows for optimization of such complex problems yet. Efficient energy
evaluation methods, even faster than the commonly applied Ewald summation, along
with specifically tailored heuristics must be employed to achieve optimization in diffi-
cult atomistic combinatorial problems within reasonable computation time. Creating
optimized atomistic configurations for complex problems in a high-throughput manner
allows for efficient structure pre-selection for computational studies, such as DFT calcu-
lations, of novel materials and thereby offers the opportunity to enhance computational
materials discovery in several important research fields.

In this work, the atomistic combinatorial problem in novel energy materials is ap-
proached as an optimization problem utilizing a basic but reformulated Coulomb energy
model. A Python-based code, termed GOAC (Global Optimization of Atomistic Config-
urations by Coulomb) is presented, that enables to interface any configuration problem
of ions with distinctive valancies given as a crystallographic information file (CIF)[62] to
existing (free or commercial) optimization software. CIFs are read with help of the py-
MATGEN[41] package. Moreover, several Fortran-based routines are introduced that can
be called from the Python code to apply various heuristics to the configurational opti-
mization problem, including GA and MC. To provide a highly efficient implementation,
the Coulombic energy is expressed by a binary optimization problem and the optimiza-
tion heuristics are parallelized using OpenMP[63]. The methodological details of the im-
plementations and the capabilities of the GOAC code are discussed in the next section,
followed by a discussion of the results and benchmarking to alternative methods.

2.2 Results

2.2.1 Implementation and Theoretical Background

A supercell is assumed comprising S sites with partial occupations and each site having
P positions within the cell. Moreover, a site should be occupied by N;. ions of the
element e while in total E; elements can occupy the given site s. The total number of
possible configurations C in the supercell, without considering any symmetries, is then
given by:

S P!
s
c=1] ———. 2.1
s=1 Heles,e%

For a given problem, the Global Optimization of Atomistic Configurations by
Coulomb (GOAC) code aims to determine low(est) energy atomistic configuration(s) out
of all possible configurations employing various optimization techniques. To this end,
GOAC offers a command line interface to provide a CIF with partial occupations and as-
sumed charge states (valencies) for the different ions. The general workflow of GOAC is
sketched in Figure 2.1.

In a first step, GOAC calculates the required pairwise Ewald energy matrix-elements,
which is discussed in the next section. Then, a binary optimization problem is con-
structed by expansion to site-specific terms that can be either interfaced to external
optimizers, e.g., the GUROBI solver[64], or solved by internal Fortran heuristics. Both
approaches are discussed in the following sections. Finally, the n lowest energy atom-
istic configurations are outputted as a CIF along with the respective Coulomb energies.
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Figure 2.1: Schematic workflow of the GOAC code and connection to external packages.

It should be noted that, in its current implementation, GOAC is not able to identify
symmetry-equivalent structures and all optimizers run on the full configurational space.
However, filtering by energy is possible to only include structures that are different in en-
ergy, which can be useful for many problems but might exclude symmetry in-equivalent
structures in some problems.

Pre-Calculation of Coulomb Energy Terms

As optimization methods generally require evaluating the energy of many different
atomistic configurations, GOAC implements an ionic Coulomb energy model due to the
low computational demand. Naturally, such simple point charge models cannot account
for quantum mechanical effects and there is no guarantee that the order of different
ionic configurations by Coulomb energy is aligned with the one obtained by more ac-
curate calculations, e.g., based on DFT. However, several studies showed that structures
with a low Coulomb energy are often also good candidates for low DFT energies[50, 51,
56, 58, 65]. As an example, a satisfactory correlation between DFT and Coulomb ener-
gies at randomly selected configurations is shown in Figure 2.2 for ionic configurations
in the layered oxide Na[Lip33Mng g7]02 (assumed ionic charges: Na: +1; Li: +1; Mn: +4;
O: —2) that was synthesized by Wang et al.[66]. The relative energies show a strong cor-
relation between DFT and Coulomb models and the linear fit well matches the diagonal
representing perfect correlation. A commonly employed approach therefore consists in
pre-selecting a certain number of low Coulomb energy structures to be used for more
accurate DFT calculations and eventually determine low DFT energy configurations|[65,
67-70].

Following this approach, GOAC utilizes point-charge Coulomb energies and expands
them into a binary optimization model with site coefficients up to the second order. It
is noted that for the specific case of the point-charge Coulomb energy this expansion is
exact due to the pairwise character of Coulomb point-charge interactions. This allows
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Figure 2.2: Correlation between relative DFT (details are described in the Method section) and Coulomb en-
ergies of different ionic configurations for Na[Lip 33 Mng 67]02. Coulomb energies were obtained with the fol-
lowing ionic valencies: Na: +1; Li: +1; Mn: +4; O: —2. A linear fit of the data points is shown as a red dashed
line, along with the ideal correlation diagonal (black solid line).

for an efficient evaluation of different atomistic configurations during optimization as
the energy can be expressed as a sum of pre-calculated coefficients. In periodic systems,

a

@)

-

Coulomb energies are, however, difficult to converge and the Ewald summation tech-
nique is required for the energy calculation.
— .Q: X X, S.B8::xXx; X X;
Etot = Econst + Z| a; X X; + ZI Zj Bu X; % X;
000 ( fé jz :E j )
P A
Figure 2.3: The energy calculation approach. Schematic visualization of the expansion approach to binary
variables for iterative sites for the energy calculation of atomistic configurations along with the simplified en-
ergy formula and an example on how to map specific atomistic configurations on a binary vector. Arrows
indicate pairwise interaction terms in the Ewald matrix while for the constant term only interactions for one
site are shown exemplary.

The procedure of expressing the atomistic combinatorial problem as a binary opti-
mization problem is sketched in Figure 2.3. The total energy (E;;) of a given atomistic
configuration can be expressed as a sum of the energy of the fixed ions (zero-order term,
Econst), the interaction of each placed iterative ion with the fixed ions as well as its self-
interaction due to periodic boundary conditions (first-order term, «), and all particle-
particle interactions between all placed iterative sites (second-order term, §). All inter-
actions in the resulting binary optimization model can be pre-calculated for efficient
energy evaluation during optimization. In order to do this, the elements of the pairwise
interaction matrix of the Ewald energy x°%@l can be calculated by:[71]

erfc(n-d;;) 2.2)

R =gy YT

l]
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In these equations i and j are the indices of two sites, 7 is their position, g their
charge, and d;; the Euclidean distance between them. The cell volume is denoted as
V, Lis the sum over all real-space lattice vectors and k over (non-zero) reciprocal-space
lattice vectors within the respective cut-off radii and 7 is the screening length. While the
theory and implementation of Ewald summation is already extensively discussed in the
literature, for example by Faber et al.[71], it should be highlighted that for the energy cal-
culation of configurational optimization problems, the real-space and reciprocal-space
terms can be split into an charge-dependent (g-dependent) and position-dependent
(r-dependent or d-depended) term. The computationally demanding parts are in the
position-depended expressions as the sum over all real-space (L) and reciprocal-space
(k) lattice vectors has to be considered. As the pre-calculation of all pairwise interactions
of a configurational optimization problem requires to evaluate multiple charges on fixed
positions, the position-dependent terms of the real- and reciprocal-parts only have to be
considered once for each site-pair. This can result in an additional speed-up compared
to standard Ewald summations of different configurations as not just every pairwise in-
teraction is only considered once, but also the computationally demanding summations
over lattice vectors are only performed once for each pair of different positions. GOACs
implementation to calculate the pairwise interaction Ewald summation energy matrix
for configurational optimization problems utilizes this shortcut and in addition paral-
lelizes the calculation of the matrix elements. From the Ewald summation matrix it is
straight forward to construct the binary optimization problem by summing up the ma-
trix elements that correspond to the black arrows in Figure 2.3 to obtain the values for
E.ons: and all expansion coefficients & and . It is noted, that this expansion can be con-
sidered as special case of a general second-order cluster expansion without the require-
ments for any distance cut-offs as periodic pair-wise interactions are considered exactly
by Ewald summation. Thus, cutting the expansion at the second interaction order yields
the exact Coulomb energy of a configuration.

GOAC also allows to consider Gaussian smeared charges instead of point-charges by
applying to following correction to the point-charge energy-terms:[72]

erfc (ﬂd )
ij
. 1 \/oro?
Xij=JCf)jOlm_5qiqud—H]. (2.6)
L ij

In this equation o is related to the smearing width 6 of the Gaussian shaped charge
by 1/(v/20). It should be noted that no correction to the self-energy is applied to ensure
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a convergence towards the point-charge energy for 6 — 0. This does practically also do
not influence the configuration search as the self-energy cancels out when two different
configurations are compared.

For the exemplary problem in Figure 2.3 with two sites that are both occupied by
50 % by two different species, all possible configurations can be expressed by a binary
solution vector x that has a position for each site for each species. A possible solution
would than have a 1 on every position where a species is placed and a 0 everywhere else.
By that, the total energy of a given instance becomes a simple sum of products of pre-
calculated first-order () and second-order (f) coefficients and the binary solution vec-
tor x. To ensure that only second-order terms are counted where both ions are placed,
the B-coefficients are multiplied by the two corresponding positions in the binary solu-
tion vector. Due to the pairwise character of Coloumb energies such an expansion to a
binary optimization problem is able to give the correct periodic energy for each config-
uration by pre-calculated coefficients.

For implementing the binary optimization problem, a slight reformulation of the
equation in Figure 2.3 appears to be practical where the solution vector x has two di-
mensions, one for the site-species (i) and one for the positions this site-species can oc-
cupy (j). Consequently, the expansion coefficients ¢ and  become higher in dimen-
sionality as well. By reformulation of the sums it is ensured that each interaction is only
counted in one direction and just one half of the diagonal @ and B matrices must be
stored. Lastly, for a full optimization problem the constraints have to be defined. Be-
yond the binary constraint for the x variables (Equation 2.10) it must be also ensured
by additional constraints that the desired total occupancy (O;) is matched for each site-
species i (Equation 2.8) and that a certain position j is not occupied by multiple species
i (Equation 2.9). In summary, the optimization problem of atomistic configurations is
implemented in GOAC as shown in Equation 2.7-2.10.

S P
min Etot:Econst+Z Z Qi,j-Xij+ 2.7
tot i=1j=1
S P P
> Bi,ji, - (Xij-Xi )+
i=1j=11=j+1

S
> 2 Bk (i j - Xe)

subject to:
Py
Y x,j=0; VieS (2.8)
j=1
S
Y xijs1  VjeP (2.9)
i=1

x;,; €{0; 1} VieS, VjeP; (2.10)
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Even though Coulomb (Ewald summation) calculations are computationally com-
parably inexpensive, for high-throughput evaluations of atomistic configurations Equa-
tions 2.7-2.10 represent a significant speed-up compared to a full Ewald summation for
each atomistic configuration. Moreover, by storing the expansion coefficients (@ and
B), the pre-calculated energy terms conveniently allow to test multiple optimization ap-
proaches without performing energy calculations every time.

2.2.2 Optimization Strategies for Atomistic Configurations

Two main categories of optimizers, namely exact and heuristic optimizers, can be dis-
tinguished. A successful run of an exact optimizer guarantees that the global optimum
is found or, if specified, not just the global optimum but the n lowest energy structures
while n can be freely chosen by the user. The heuristic optimizers guarantee to output
avalid, low energy structure that might be the global minimum or just a local minimum
or no minimum at all, depending on the optimizer. The focus of heuristics is to cre-
ate valid, high-quality solutions fast, while exact optimizers spend significant effort on
proving optimality without improving the actual minimum solution. Depending on the
needs of the user, both approaches can be valuable and are accessible via the GOAC code
as described in the next sections.

Interfacing to External Exact Optimizers

Generally speaking, Equations 2.7-2.10 describe a so-called mixed integer non-linear
programming (MINLP) problem with the special circumstance that all variables are not
just integer but binary variables which technically allows for a reformulation to a mixed
integer linear programming (MILP) problem. Problems of the same type frequently ap-
pear in the context of business economics under the collective term Operations Research,
where the aim is, e.g., to determine the optimal (shortest/fastest) delivery route[73] or to
optimize production planning[74]. Due to the economic value connected to this prob-
lem type plenty of optimizers exist[75]. Their aim is to find the global optimum and also
prove that the global optimum was found employing advanced mathematical strategies
that can be faster than a full enumeration of all possible solutions (brute forcing), which,
by definition, is also an exact optimization method.

For a given atomistic combinatorial problem, GOAC can create a standard MINLP
with the help of the licensed Gurobi[64] software and the full problem statement is
written to a standard MPS (Mathematical Programming System) file. By default, GOAC
passes this MINLP also to Gurobi for solving, however, it should be noted that the MPS
file can be used to run the problem in other (commercial or free) optimization soft-
ware. GOAC supports interfacing to the Gurobi optimizer and its solver parameters. It
is worth noting that Gurobi (and other software) is technically capable of linearizing the
quadratic terms in the MINLP to an MILP due to the binary character of the integer vari-
ables. This is not done by default in GOAC but was found to be efficient for some prob-
lems. Such a reformulation can also allow the use of other standard optimization soft-
ware that are not capable of general MINLPs. However, results for exact optimizations
presented in this work were obtained with the default Gurobi parameter set in GOAC,
which was found to be most robust for different configuration problems. It should be
noted that the MPS file of the problem can be also handed to non-exact heuristic solvers.
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Internal Fortran Heuristics in GOAC

The core of the GOAC code offers different heuristic optimizers for the atomistic com-
binatorial problem that are all tailored for this specific problem and implemented in
Fortran. All of these heuristics are capable of generating valid low energy structures.
The following methods are currently supported in the GOAC code: a random structure
generator, a Greedy Heuristic, a Gradient Descent algorithm (GD), a Metropolis Monte
Carlo code (MC)[55], a simulated annealing extension of the MC code (SA), a Replica Ex-
change Monte Carlo scheme (REMC)[76], and a Genetic Algorithm (GA)[52] with roulette
wheel selection[77]. The random structure generation occupies sites randomly and re-
sulting structures are not as random as structures obtained by, e.g., SQS. It is also pos-
sible to combine some of the aforementioned heuristics to a hybrid approach. Such
combinations were already proposed and proven successful for chemical optimization
problems([78, 79] and a combination of the REMC and GA heuristic is benchmarked and
referred to as HY in the following. The functionalities of the different algorithms are dis-
cussed in more detail in the manual and the code can be directly accessed within the
project repository (see Code Availability Statement).

Most heuristics that are directly implemented in the GOAC code are of stochastic na-
ture and it can be useful to run the same heuristic multiple times. By that procedure, the
probability and confidence that the global minimum and other low energy structures are
found can be increased. For convenience, GOAC allows to run the same heuristic mul-
tiple times in parallel with the help of OpenMP[63] which allows to achieve an statistic
ensemble over multiple runs with the same heuristic. Moreover, trivial parallelizations
such as, e.g., parallelization over the different temperatures in REMC are also imple-
mented via OpenMP in GOAC to further boost the performance of the code. The scaling
behavior of the different algorithms is also sketched in Supplementary Figure 2.7. Fi-
nally, the internal heuristics in GOAC offer abortion by run time or heuristic steps with-
out improvement on the global minimum. More detailed descriptions of GOAC'’s fea-
tures and how to employ them can be found in the manual inside the project repository
(see Code Availability Statement).

2.2.3 Performance of Exact Optimization Methods

As explained above, GOAC has the possibility to interface to external optimization soft-
ware for exact optimization of atomistic configurations. For this benchmark, the Gurobi
optimizer, which utilizes an advanced branch-and-cut method, is employed with the de-
fault parameter set GOAC uses to interface to Gurobi. This parameter set enforces strong
pre-solving of the model (Presolve=2) along with a focus on proving optimality (MIPFo-
cus=2). It also ensures that the n lowest energy structures are found by setting the con-
vergence boundaries to zero (MIPGap=0 and MIPGapAbs=0) and the “PoolSearchMode”
to 2. To the best of our knowledge, the existing software for exact optimization of config-
urations, i.e., including proof of optimality, employ the full enumeration approach. An
efficient implementation of the latter can be found in the SUPERCELL software, which is
used as a reference for timings of full enumeration. Here it should be noted that the su-
PERCELL software only considers the symmetry in-equivalent structures which reduces
the number of explicitly considered atomistic configurations drastically compared to the
total number of configurations when ignoring symmetry.
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Figure 2.4: Scaling of full enumeration versus optimization. log;,-log; representation of run time (estimated
from outputted timings of the software) to find the global optimum atomistic configuration versus number of
total possible configurations using the full enumeration approach and external optimization software.

The SUPERCELL software and the optimization with Gurobi of the model pre-
pared by GOAC were tested on a layered-oxide sodium-ion-battery cathode mate-
rial (Na[Li;;3Mny/3]10,)[66] with one layer in the c-direction and partial occupations in
both the transition-metal and sodium-ion sites, cf. Figure 2.4. By changing the sodium-
ion stoichiometry from 1.0 to 0.52, configuration combinatorics with steadily increas-
ing number of total possible configurations ranging from ca. 107 to 10'* were created
and evaluated by both approaches. Such variation of the sodium concentration is also a
practical example as it is a common task of battery material simulations to find sodium
configurations at various concentrations that are suitably low in energy to predict ac-
curate operation voltages.[80] Charge states of Na*, Li*, Mn** and a variable oxidation
state of oxygen ranging from —2.0 (for a Na stoichiometry of 1) to —1.75926 (for a Na
stoichiometry of 0.52) to ensure charge-neutrality were assumed as the compound is re-
ported to show anionic redox from 0%~ to 0"~ (n < 2)[66]. As both approaches guarantee
to determine the global optimum after a successful run, it is only of interest to bench-
mark the run time of both methods. The timings on 128 physical processor cores are
plotted against the total number of configurations in Figure 2.4. For smaller problem
instances with up to ca. 10° configurations, full enumeration was faster than optimiza-
tion due to the overhead of interfacing to an external optimization code combined with
the capability of the SUPERCELL software to reduce the solution space to just symme-
try in-equivalent structures. However, it should be noted that timings on these problem
instances are well below 10 seconds and therefore computationally inexpensive in both
approaches. For more complex problems the full enumeration approach scales perfectly
linearly while run time of the branch-and-cut optimization method increased more ir-
regularly from the small offset caused by the overhead. In general, the computation time
of the branch-and-cut optimization was significantly lower for more complex instances
of this problem and also appeared to scale lower towards problems with many config-
urations. Overall, a speed-up of up to three orders of magnitude was achieved by the
optimization with Gurobi compared to full enumeration with the SUPERCELL software at
the most difficult considered problem instance with ca. 10'* total configurations. The
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respective run times to find the global optimum atomistic configuration in Coulomb en-
ergy were ca. 18 hours by full enumeration versus ca. 1.5 minutes by Gurobi optimiza-
tion.

Figure 2.4 clearly highlights the computational advantages that can be accessed by
using GOAC to formulate a general optimization problem for the combinatorial ground-
state search that can be handed to external optimization software. However, extrapolat-
ing the scaling behavior to much larger problems also reveals that even with the signif-
icant speed up achieved, still only problems of intermediate difficulty/size can be tack-
led. It must be also noted that the actual performance of the branch-and-cut optimiza-
tion is very much problem dependent. By introducing (slight) changes to the presented
problem (e.g., more species per site or more sodium sites by using a P-type layered struc-
ture[81]), problems can be constructed where optimization of the complete configura-
tion space is even slower than full enumeration of symmetry in-equivalent structures or
problems that formally have as many as 10%3° configurations, but are being optimized
within seconds, might be obtained.

In summary, the performance of applying standard optimization software to the
atomistic combinatorial problem is strongly problem (material) dependent. However,
the results indicate that especially for problems of intermediate difficulty (ca. 10 to
10?° possible configurations), such as configuration of charge carriers in rechargeable
energy storage materials, optimization can give a significant computational advantage
over full enumeration approaches, even if the full enumeration method accounts for
symmetry equivalents.

2.2.4 Benchmark of Heuristics in GOAC

As the heuristics do not guarantee to find the global minimum, a suitable benchmark
could either compare the lowest energy that is found within given computational re-
sources or the time that it takes to find a known global optimum. However, the imple-
mented heuristics are of stochastic nature which makes it important to average their
performance over multiple runs. Such comparisons of the different internal heuristics
in GOAC are discussed for several examples with various complexity in the following.
Moreover, an additional benchmark of FeSbO, is shown in the supplementary informa-
tion (Supplementary Table 2.2). All examples in the following were executed on the same
hardware and run times (given in real time) were estimated by the CPU time required to
perform each calculation.

Atomistic Configurations in NaCl

The site occupation in NaCl is not a true combinatorics problem as the unit cell con-
tains two distinctive sites, one for Na and one for Cl. However, for testing purposes both
sites can be modified such that each site is occupied by 50 % of each species, yielding an
atomistic combinatorial problem. With this model, in a 3x3x3-supercell the total num-
ber of possible configurations is ca. 10%, a rather difficult combinatorial problem. As the
global optimum still remains trivial, a perfectly alternating pattern of Na and Cl in all di-
mensions, this problem statement is a rather suitable benchmark. Moreover, calculation
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of the Madelung constant[82],
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is straight forward and convergence to the literature value of M = 1.74756...[83] can be
tracked for the different heuristics over run time. In this equation, €y is the electric con-
stant, r the lattice distance of two neighbouring sites (2.81A), E the Coulomb energy of
the considered structure, Njons the total number of ions in the structure (216), and e the
elementary charge.
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Figure 2.5: Heuristic optimization in NaCl. Single-Core (1 physical CPU core, 1 OpenMP thread) performance
of the MC (a), SA (b), REMC (c), GD (d), GA (e), and HY (f) approaches as implemented in GOAC on the atom-
istic combinatorial problem of NaCl in a 3x3x3-supercell with 10%* possible configurations. All heuristics
were run for 300 seconds and averages over 16 independent runs along with their statistics (standard devia-
tions, minimum, maximum) and the obtained minimum structure are shown in the plots. For MC, averages
and standard deviations over 16 runs are visualized for 10 different temperatures, respectively. The tempera-
ture evolution for SA is shown in the respective inset and the REMC parallel temperatures are indicated in the
corresponding plot.

The convergence towards the Madelung constant for the heuristics implemented in
GOAC is plotted in Figure 2.5. It is observed that the Gradient Descent heuristic requires
some time before the first solutions can be obtained. In this algorithm, the first solution
is written as soon as the local minimization from a random starting point is finished
and then the next random starting structure is optimized. The time required to reach
this first solution is also different for random starting structures as different amounts of
optimization steps are necessary to reach a local minimum. Therefore, in the beginning
of the GD plot, averages over less than 16 runs are contained, which also explains the
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drop in the average caused by more independent runs that obtained their first solution
beingincluded. Even though the average becomes flatter and standard deviations as well
as min-max differences become smaller towards the end of the 5 minutes run time, no
run was able to find the global minimum. This highlights the problem of this algorithm
as it guarantees to find a local minimum but on shallow energy surfaces with many local
minima it becomes highly unlikely to find the global minimum as there is a high chance
to get trapped in another local minimum. However, in other use cases one might also be
interested in studying these local minima.

The same tendency can be observed in Figure 2.5 for Monte Carlo performed at low
temperatures (ca. 0.1-0.5eV) as the average quickly flattens to a constant value since
the algorithm gets trapped in local minima at a low sampling temperature, similar to the
outcome of the GD method. At higher temperatures (ca. 0.6-0.8 eV), however, the aver-
ages are observed to get closer to the Madelung constant (corresponding to the global
energy minimum) over time as local barriers can be passed with a certain probability to
eventually find lower minima. At high temperatures (ca. 0.9-1.0 eV) the algorithm is able
to pass even higher energy barriers, thus spending only short times for local optimiza-
tion and resulting in a decrease of average performance. In this example, the best result
(on average) was obtained at a temperature of 0.8 eV and the performance was quite sen-
sitive to the simulation temperature, even though multiple runs at various temperatures
were able to find the global optimum within five minutes of run time. To overcome these
temperature sensitivity, methods that make use of temperature variation to improve the
optimization performance are discussed next.

The average performance of Simulated Annealing was similar to that of MC at lower
to intermediate temperatures with a relatively high variance in solutions, as some runs
returned the global optimum. This behaviour can be explained by the rather fast cooling
rate chosen, which exponentially decreased from an initial simulation temperature of
1.0 eVto almost 0 eV during the run time (cf. inset in Figure 2.5). Such a high cooling rate,
which was required to scan a sufficiently large temperature range within the given run
time limit, makes it more unlikely that a sufficient temperature is present at the crucial
optimization steps leading to a high risk of local minima trapping. Nevertheless, SA was
able to find the global optimum in some runs.

The last tested approach from the MC family, namely Replica Exchange Monte Carlo,
shows a better performance than SA. The algorithm showed a pronounced optimiza-
tion, especially in the first ca. 100 seconds, before almost constant values for average,
standard deviation, and min-max were reached. This behaviour indicates that the opti-
mization got trapped in local minima for some runs, while in other runs the global opti-
mum was successfully reached. As only about one third of the run time (ca. the first 100
seconds) was effectively used for optimization, the performance might be improved by
using more than four temperatures in REMC, including also largely-different and higher
temperatures. Compared to the other heuristics, REMC performed very well within the
given run time.

Among the approaches compared in Figure 2.5, the Genetic Algorithm shows the
slowest increase in average performance versus run time. Several generations and se-
lection procedures are required to obtain more optimized structures resulting in the
steep improvement of average energy. Even though some GA runs successfully reached
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the global optimum, the average over all runs was still substantially below the correct
Madelung constant after 300 seconds of run time, showing that some runs got trapped
in local minima. The trapping also goes along with high standard deviations and a large
min-max difference. This occurs if the structural variation in the generations becomes
low and centered around a deep local minimum. Another problem can be that the gen-
eration consists of symmetry equivalents of the same local minimum or if the local min-
imum is so deep that it can not be exited at small mutation rates which are required for
a systematic optimization.

To overcome these limitations the Hybrid approach can be employed which provided
the best performance among the methods compared in Figure 2.5. Here, a pre-trained
(from REMC) generation was used for the GA which greatly improved the average per-
formance within the first seconds of the run. Moreover, the REMC steps between the GA
runs can help to improve the variation in the generation pool of the GA. Vice versa, the
GA offers a systematic procedure to make rather large steps on the potential energy sur-
face that cannot be efficiently achieved by pure REMC. Therefore, both approaches can
complement each other and the results demonstrate that HY was very effective with the
average of 16 independent runs being fairly close to the correct Madelung constant after
just 5 minutes of run time and with many runs ending in the global optimum. Moreover,
the average kept increasing at longer run times indicating that most of the runs would
eventually converge to the global optimum. Notably, the HY strategy performed better
than the two individual approaches (GA and REMC) and was the best out of all inves-
tigated methods, indicating that a beneficial synergy effect between GA and REMC was
achieved.

Li-Site Occupation and Ta Doping in LLZO
Li;La3zZr, 01, (LLZO) is a widely studied electrolyte for all-solid-state batteries and there-
fore of high practical interest. However, the global minimum energy structure or in gen-
eral low energy configurations are rather hard to approach computationally due to its
large unit cell (8 formula units). The computational challenge becomes even more se-
vere when dopants and defects are introduced that require even larger supercells. For
these cases, the configurational space is extremely large, representing an interesting test
for GOAC to obtain optimized atomistic configurations in terms of Coulomb energies.
As an example, LigLas 969710906 Ta1.094012 (Charges: Li'*, La3*, Zr**, Ta%*, 0%7) is con-
sidered which can be modelled by a 2x2x1 supercell (32 formula units). The modelled
composition is in good agreement with the experimental one reported by Redhammer et
al.[84]. The structure is defined such that all lithium ions can be placed in both the tetra-
hedral and octahedral sites, resulting in a total of ca. 10! possible atomistic configura-
tions. The corresponding structure model is also shown in Supplementary Figure 2.8.
Performances over 10 independent optimization runs are visualized for each heuris-
tic of GOAC in Figure 2.6. As discussed previously at the example of NaCl, the GD algo-
rithm requires some time before the first local optimizations are finished and therefore
the average plot begins at ca. 1000 seconds in Figure 2.6. The overall performance of
GD was found to be among the worst out of the GOAC heuristics. The GA solutions con-
verged to a similar average energy as GD, but also had the largest variation between the
best and worst independent runs, hinting at local minima trapping. This behavior might
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Figure 2.6: Heuristic optimization in LLZO. Average (a) and min/max (b) energies per ion for the LLZO atom-
istic combinatorial problem with ca. 10159 configurations over 10 independent runs of 1 hour at 128 physical
CPU cores (128 OpenMP threads) for GD, MC, SA, REMC, GA, and HY as implemented in GOAC. In the up-
per plot, also the average temperature profile used for the SA simulations is shown. The structure inset in the
lower plot corresponds to the minimum energy structure that was obtained across all optimizations. An en-
larged version of the minimum energy structure is also given in Supplementary Figure 2.9.

be reasoned by the different parallelization approaches as discussed in the supplemen-
tary information and the code documentation in the project repository (see Code Avail-
ability statement). However, averages shown in Figure 2.6 are still a fair comparison of
optimization performance versus CPU time, revealing that the heuristics including some
sort of MC are more efficient than a pure GA for LLZO.

The MC approach returned an intermediate average energy per ion, while the SA
and REMC methods yielded significantly lower energies after one hour of run time. For
most heuristics the convergence was rather flat beyond the first ca. 500 seconds, but
SA showed an exponential decrease over the whole run time which was matching the
exponential decrease of the respective simulation temperature from ca. 12000K to al-
most 0K (cf. Figure 2.6). Interestingly, also the variance between the best and worst runs
became rather small for the SA approach. In contrast to the results obtained for NaCl,
SA performed well for the present example due to the longer run times that allowed for a
slower cooling rate. The final average energies obtained from SA and REMC were similar,
but the energy of the best REMC run was slightly lower than that of the best SA run, and
the corresponding minimum-energy structure is shown in Figure 2.6. The superior per-
formances of SA and REMC over the other methods demonstrate that MC approaches
with some temperature variation are very effective for the complex LLZO configuration
problem. While in this example, the HY approach was not able to improve on the perfor-
mance of REMC, still a much lower average energy than for the pure GA was found. The
overall performance of HY might be increased by longer run times and adjusted heuristic
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parameters.

The determined minimum energy structure can be analysed in terms of the ratio of
lithium ions in tetrahedral versus octahedral coordination of oxygen as all lithium ions
were freely iterated over both classes of sites during optimization. A ratio of % ~ 0.67
is obtained which is in very good agreement with the ratios of 0.74, 0.64, and 0.59 (after
different treatments) and an average of 0.66 reported from experiments[84]. This high-
lights again the predictive quality of point-charge Coulomb energies for the configura-
tion of ions in complex structures and validates the approach of pre-selecting atomistic
low energy configurations by Coulomb energies for higher-level calculations. It should
be mentioned that in a practical study one might be interested in the n lowest energy
configurations as the material probably encounters some disorder in experiment. How-
ever, referencing to the lowest energy configuration is desirable to assess which meta-
stable configurations might exist at a given temperature. Moreover, the discussed LLZO
example can hardly be approached by exact optimization or computationally more de-
manding energy evaluation models proving the practicability of heuristic optimization
with Coulomb energies. To the best of our knowledge, heuristic configurational opti-
mization of Coulomb energies has not been reported before for any comparably com-
plex atomistic combinatorial problem. However, it should be mentioned that heuristic
optimization was carried out on different, more complex problem settings beyond site-
configurational optimization and Coulomb energies such as, e.g., protein folding[85].

Layered Oxide Cathode Materials
To further demonstrate the optimization capabilities of GOAC, the atomistic combina-
torial problem in a high-entropy layered sodium-ion-battery cathode material was ad-
dressed. The composition of O3-Nay,3[Li;;gFe1/6Co1/6Nij/6Mn;;3]02 was recently pro-
posed by Yao et al.[86], while O3 indicates that the structure has three layers in the c-
direction and octahedral coordination of the sodium ions[81]. The system was modelled
in a v/3-unit cell (a =5.0A, ¢ = 19.2A) assuming ionic charges of Na*, Li*, Fe?5*, Co35+,
Ni?*, Mn**, and O''7>~. The cationic charges were chosen to agree with the ones ob-
served in experiment[86] while the charge of Fe was decreased by 0.5 and the one of Co
was increased by 0.5 to ensure that all configurations are distinguishable in Coulomb en-
ergy. The oxygen charge was set to achieve a overall charge-neutral compound and can
be reasoned by the experimentally reported oxygen redox. All sodium ions were iterated
over all sodium positions in every layer (one sodium site in the whole structure with
nine positions in the unit cell) and all ions in the transition metal layers were iterated
over all positions in each layer (one transition metal site in the whole structure with nine
positions in the unit cell), allowing for the maximal configurational space. To highlight
the scalability and limitations of GOAC, this configuration problem was solved in super-
cells of different sizes ranging from 4 unit cells (2x2x1, Nay4[LigFegCogNigMn;2]072) to
108 unit cells (6x6x3, Nagag[Lijg2Fe162 Co162Ni162Mn3z24]101944). Structure models for the
smallest and largest considered supercells are visualized in Supplementary Figure 2.10.
Results for optimizing the atomistic configurations with the heuristics in GOAC within a
given run time (given computational resources) are summarized in Table 2.1.
Remarkably, all solvers were capable to find the same minimum, likely the global
minimum, for the smallest problem of a 2x2x1 supercell within just one hour of run
time. It should be also noted that most heuristics identified this minimum within the
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Table 2.1: Energies per ion of the lowest energy structures obtained for differently sized supercells of O3-
Nay/3[Liy gFe;/6Co1/6Ni1/6Mny 3102 with the different heuristics implemented in GOAC (all calculations per-
formed on 128 physical CPU cores and using 128 OpenMP threads). Even though energy differences appear
to be small as they are scaled per ion to allow for comparisons, they are very significant (usually more than
1 eV) when the energy of a whole supercell is considered. The table also shows the total number of configura-
tions (Ngopp) of the different combinatorial problems along with the required time to calculate the Coulomb
matrices and expansion coefficients (). The run times for each heuristic were limited to ¢ for the shown
problems. Minimum energies found for each of the problem sizes are highlighted in bold.

Energy per ion [eV]

V3-Cell Ncons tcls] g [h] GD MC SA REMC GA HY

2x2x1 1031 0.0 1 -22.080 -22.080 -22.080 -22.080 -22.080 -22.080
2x2x2  10% 0.0 1 -22.071 -22.082 -22.096 -22.096 -22.096 -22.096
4x4x1 1012 0.1 1 -22.040 -22.027 -22.087 -22.087 -22.042 -22.087
4x4x2  10%9 05 2 -22.013  -22.006 -22.096 -22.096 -21.772 -22.040
6x6x1 10303 05 2 - -22.003 -22.078 -22.083 -21.814 -22.029
8x8x1 10°¥® 16 4 - -21.975 -22.031 -22.022 -21.625 -21.986
6x6x2 1011 1.9 8 - -21.984 -22.040 -22.031 -21.589 -21.992
6x6x3 1090 338 16 - -21.970 -22.018 -22.006 -21.548 -21.975

first minutes (cf. the convergence versus run time plots in Supplementary Figures 2.11-
2.16). Compared to the exact solvers presented in the previous section, this represents a
huge speed up as a problem with 103! total configurations would be (almost) impossible
to solve with an exact solver in a reasonable run time, especially not within just one hour.
This highlights the practicability of GOAC as problems of this size regularly appear when
high-entropy structures or similarly complex structures are to be pre-selected for DFT
calculations. The suitability to pre-select low(est) energy structures for DFT calculations
was also checked by performing single-point DFT calculations on the 10 lowest energy
configurations obtained by the REMC approach (Supplementary Figure 2.17). This is
particularly practical as one is usually interested in selecting a sufficiently low or several
low energy configurations but in the following just the global minimum is discussed to
better compare the performances of the different heuristic optimizers.

For the next larger problem, a 2x2x2 supercell, only the more advanced heuris-
tics, namely SA, REMC, GA, and HY, were able to find the same lowest energy struc-
ture, which makes it again a likely candidate for the global minimum in Coulomb en-
ergy. The respective minimum energy is lower than the minimum energy obtained for
the smaller problem, because the increased problem size allows for larger, energetically
more favourable superstructures. The same applies to the 4x4x1 supercell where SA,
REMC, and HY obtained the same best candidate configuration for the global minimum.
As the periodicity is extended in a different direction compared to the 2x2x2 supercell,
the minimum energy is still lower than for the 2x2x1 case but higher than for the 2x2x2
supercell. For a 4x4x2 supercell, only SA and REMC were capable to find a likely can-
didate for the global minimum. The respective minimum energy is identical to the one
of the 2x2x2 problem as both consider the same periodicity, and thus same degrees of
freedom, in the c-direction. The additional degrees of freedom in a and b-direction, on
the other hand, did not seem to allow for the formation of lower energy superstructures.
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These findings highlight another aspect why it is important to consider sufficiently large
supercells in the construction of structural models with occupational disorder, because
suitable supercell sizes are required for lowest energy superstructures. To efficiently se-
lect suitable supercell sizes and to account for the fact that it becomes increasingly hard
to obtain the lowest energy configuration in larger supercells even if it is already known
from a smaller commensurately cell, GOAC also allows to systematically scan for increas-
ing supercell sizes to find low(est) energy configurations.

For an even larger 6x6x1 supercell, the GD heuristic was not able to reach any lo-
cal minimum within the given run time since more complex problems not only increase
the expected number of optimization steps required to reach a local minimum from a
random starting structure but also heavily increase the amount of neighbouring struc-
tures that need to be evaluated to follow the steepest descent path. Within the given
framework, 10%%° configurations seemed to be the maximum where GD could be applied
within reasonable computational resources, which is arguably already a quite large con-
figurational space. For the 6x6x 1 supercell, REMC returned the lowest energy structure,
lower in energy than the 2x2x1 minimum, which was expected given that the 6x6x1 is
a multiple of the 2x2x1 supercell. SA also returned a low-energy solution, albeit not the
same minimum, probably because the cooling rate was too fast for the given problem
size and run time limitation.

For all supercells larger than 6x6x1, SA found the lowest energy structure out of all
heuristics implemented in GOAC. However, the obtained minima did not correspond to
the respective global minima as they were higher in energy than the minimum energy
structures of one of the smaller problems with matching multiplicity. While it is still
possible to run optimizations on these extremely large problems, the results show the
limitations of the heuristics implemented in GOAC as one cannot expect to find lowest
energy configurations within reasonable run times for such large configurational spaces.
Due to the combinatorial explosion in large cells it is also not surprising that it is nearly
impossible to find minimum energy structures in configurational spaces with up to 1092°
configurations, a number even larger than the estimated total number of atoms in the
entire universe [87] to the power of ten (The actual number of atoms in the universe
must be estimated from measured densities and hydrogen/helium distributions and is
in the range of ca. 10% atoms).

The pure MC heuristic performed inferior to the more elaborate SA and REMC exten-
sions for all problem sizes. As it was shown for NaCl, the MC method is quite sensitive to
the simulation temperature which was not re-optimized for every problem in the bench-
mark (fixed to 0.75eV). The GA performed rather poor for problems with a complexity
of 10?®¥ or more in its current implementation. Combining the GA with REMC in the
HY approach did not resolve this issue for the larger problem sizes as the gain in per-
formance compared to the pure GA stemmed almost exclusively from the REMC part.
Therefore, the overall performance of the HY method was still inferior to using all com-
putational resources on REMC. More advanced HY combination schemes or different
crossing strategies in the GA might resolve this under-performance in the future.
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2.3 Discussion

In this work, it was shown that the problem of finding low(est) energy configurations
in the huge configurational space of modern energy materials can be effectively ap-
proached by using advanced optimization methods in combination with Coulomb en-
ergy models. The Coulomb energy variations between different configurations often
align well with energies from higher levels of theory, e.g., DFT, and sampling by Coulomb
energies is therefore an attractive method to pre-select low-energy structure candidates.
As a tool for conveniently and effectively exploring the vast configurational space of
atomistic configurations in complex materials, the GOAC code was introduced that can
be conveniently accessed as a command line tool.

The calculation of energies of different configurations was significantly sped up by
expressing the Coulomb energy cost function as an expansion to a binary optimization
problem, which enables the use of pre-calculated coefficients in the optimization pro-
cedure, thus providing significant improvements over performing Ewald summations
at each optimization step. This reformulation transforms the atomistic combinatorial
problem statement into an MINLP problem and allows to employ various advanced op-
timization methods. It was shown that the exact optimization of the MINLP, interfaced
via GOAC to existing optimization software, was several orders of magnitude faster than
the full enumeration approach often applied for the atomistic combinatorial problem,
allowing to exactly solve configuration problems for larger system sizes.

Due to the combinatorial explosion of the configurational space in complex multi-
element materials, exact solving strategies cannot be applied to more complex materials.
For such problems, several heuristics were implemented in GOAC, including Gradient
Descent, Monte Carlo, Simulated Annealing, Replica Exchange Monte Carlo, Genetic Al-
gorithms, and hybrid approaches. With these heuristics, GOAC produced high-quality
low-energy structures within limited computational resources for extremely large con-
figuration problems, which is of interest to model complex compositions and identify
possible superstructures. As a highlight, it was shown that GOAC was able to find likely
candidates for global minimum structures of problems with 1033 configurations in just
about 2 hours of run time on 128 CPU cores. It should be mentioned that this usually
implies that also the n lowest energy configurations that are of interest for further com-
putational studies are obtained as well. Moreover, it was demonstrated that for problem
combinatorics up to 10920, it was still possible to perform optimizations using the GOAC
package even though finding minimum energy configurations in reasonable computa-
tion time cannot be expected at such large problems.

For the results presented in this work, simple point-charge Coulomb energies were
employed, which represent a rough estimation that does not guarantee to coincide in
the lowest energy configuration with higher level of theory approaches, e.g., DFT. More-
over, atomistic combinatorial problems with charge-neutral ions (atoms) or ions with
identical valencies cannot be optimized on the basis of Coulomb energies alone. In gen-
eral, one can expect to get reasonable energetic alignments of DFT and Coulomb when
the charges are more localized as this is more well-described by point-charges. When
studying systems with more delocalized charges, e.g., highly charged cathode materials,
the alignment of DFT and Coulomb energies might decrease. To potentially overcome
the issue of too delocalized charges and also allow to treat different ions with the same
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charge, GOAC also supports Gaussian smeared charges. Future studies will show if or
how smearing out the point-charges can improve the accuracy of the Coulomb model
in cases with strong delocalization and help to deal with different species that have the
same valency.

Finally, it should be mentioned that GOAC can perform well on several other research
questions concerning configurations, also beyond the scaling tests and configurational
selections shown in this work. For example, GOAC might be employed to study charge-
ordering of ions that disproportionate into different valances (cf. Supplementary Fig-
ure 2.18) or charge-ordering in general. In fact, results at the example of a layered oxide
sodium-ion cathode material in Supplementary Figure 2.19 indicate that a strong cor-
relation of energies of charge-orderings of differently charged Mn ions exists between
Coulomb and DFT energies. In the case of layered oxide cathodes GOAC optimizations
also allow to study transition metal layer charge-orderings and Na-orderings in a cou-
pled fashion to get an idea if and how theses two orderings are coupled. The examples
presented in Supplementary Figure 2.20 indicate that GOAC might also be successfully
applied to this problem setting as DFT calculations show similar trends to the GOAC
optimizations. Further studies might show in more detail how GOAC can be employed
to study various types of orderings in layered oxide materials and how well the results
match selected references, e.g., DFT calculations. Lastly, GOAC was recently also applied
to study the single-phase — two-phase charging characteristics of lithium iron phos-
phate (LFP)[88]. Results showed that electrostatic optimization can reproduce the criti-
cal particle size from experiment for the switch from the single-phase to the two-phase
charging mechanism as well as the energetically most favourable interface orientation
between the two phases. This indicates that GOAC could be used to study similar mate-
rials in the future.

In summary, GOAC can be a valuable tool for computational research on novel en-
ergy materials and other complex materials to determine likely candidate structures for
low or lowest energy atomistic configurations with comparably little computational re-
sources.

2.4 Methods

2.4.1 DFT Reference Calculations

The DFT reference calculations shown in Figure 2.2 were performed with the
VIENNA AB INITIO SIMULATION PACKAGE (VASP)[89] in the projector augmented
wave (PAW) scheme[90] with the Perdew-Burke-Ernzerhof (PBE) exchange-correlation
functional[91]. An energy cut-off of 520 eV along with a convergence criterion of 107 eV,
alx1x2T-centered k-point grid, and spin-polarization was employed. Single-point cal-
culations without any geometry optimization were performed to allow for a fair compar-
ison to Coulomb energies. The exact geometries can be found in the “Examples” folder
of the project repository (see Data Availability statement). Structure models in this work
were visualize with the VESTA software[92].
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Data Availability

All raw data and input files for the examples shown in this work can be found in the
Forschungszentrum Jiilich GitLab project of this study in the "Examples* folder under:
https://iffgit.fz-juelich.de/k.koester/goac.

Code Availability

The underlying code, GOAC, that was designed for this study is openly available
on the Forschungszentrum Jiilich GitLab and can be found here: https://iffgit.
fz-juelich.de/k.koester/goac.


https://iffgit.fz-juelich.de/k.koester/goac
https://iffgit.fz-juelich.de/k.koester/goac
https://iffgit.fz-juelich.de/k.koester/goac
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Supporting Information
Scalability of the GOAC Functionalities
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Supplementary Figure 2.7: log, —log,-plot of the speed-up versus the number of CPU cores (OpenMP
threads) for the different parallelized methods in the GOAC code. Ideal scaling behavior is indicated by the
black diagonal.

The scalability plot in Figure 2.7 shows that the internal parallelizations for GD, MC,
and REMC work rather well. This is also to expect for GD and MC as the parallelization
simply consist of running multiple runs in parallel which is effectively the same as run-
ning the code multiple times manually. For REMC, however, it proves that also the inter-
nal parallelizations over the simulation temperatures are implemented effectively. For
the Coulomb calculation (Coulomb matrix and expansion coefficients calculation) the
scaling becomes slightly worse at many cores and the same applies to the GA where the
generation creation is parallelized. These lower scalabilities probably stem from the fact
that in these methods parallelization is less trivial than just running the same code mul-
tiple times. Moreover, the problems used for this benchmark might have been too simple
such that the actual scaling behavior was masked by some overhead. Nevertheless, all
methods show a suitable scaling behavior to be effectively employed on machines with
multiple cores.
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Structure Models of Ta-doped LLZO

Supplementary Figure 2.8: Input structure with partial occupations for the optimization of the Ta-doped LLZO
presented in the main text in the front (a) and perspective (b) view. A single-site was defined for the Li positions
such that all positions shown here were freely iterated for Li. The color-coding is as follows: Li: green, La: blue,
Ta: purple, Zr: orange, O: red.

Supplementary Figure 2.9: Lowest energy structure for the optimization of the Ta-doped LLZO presented in
the main text in the front (a) and perspective (b) view. The color-coding is as follows: Li: green, La: blue, Ta:
purple, Zr: orange, O: red.

Case Study on FeSbO,4
Yang et al.[50] published their EWALDSOLIDSOLUTION software very recently which al-
lows to sample the density of states for an atomistic combinatorial problem by Coulomb
energies. This technique is also able to determine minima and their code even features
a local minimization algorithm similar to GD in GOAC. In their work, they solved the
largest atomistic combinatorial problem by Coulomb that is, to the best of our knowl-
edge, reported in literature. The problem is a 3x3x 14 supercell of FeSbO, (Fe*, Sb>*,
0~20) with roughly 107° possible configurations. However, similarly to NaCl, the global
minimum is still trivial and known from smaller supercells. Timings to reach the global
optimum are shown for each heuristic implemented in GOAC in Table 2.2.

The average timings for GD to find the global optimum are rather high and also show
large deviations. The random sampling of the starting points for local minimization can



SUPPORTING INFORMATION 53

Supplementary Table 2.2: Average timings and statistics over 5 independent runs (each on 128 physical CPU
cores, 128 OpenMP threads) with GD, MC, SA, REMC, GA, and HY as implemented in GOAC on the 3x3x14
FeSbO4 supercell with ca. 107® configurations. Calculations of the Coulomb matrix and the expansion coeffi-
cients, which took 0.1 seconds, are excluded.

Run Time Statistics [s]

Method Avg. Std. Min. Max.

GD 5568 5877 3645 16610
MC 41 17 24 73
SA 17 2 15 20
REMC 45 10 33 57
GA! 100 74 29 199
HY 35 14 15 58

be quite inefficient for this problem as there is a high probability that the algorithm ends
up in alocal minima. That GOAC’s GD is still able to find the global minimum despite the
huge computational effort spend in the many local minimization steps proves that the
expansion into a binary optimization problem of the atomistic combinatorial problem
is rather efficient approach.

The other heuristics in GOAC are all much faster with GA being the slowest approach.
It must be also noted that not all GA runs did end in the global minimum and some
got trapped in local minima. This behavior might be explained by the slightly differ-
ent implementation/parallelization in GA compared to the other heuristics as the paral-
lelization is restricted to the pool creation to allow for large structure pools while for all
other heuristics multiple independent runs of the same heuristic are parallelized. The
SA heuristic performs best for the FeSbO, problem with the lowest average time to find
the global minimum and also the lowest deviation in run time. REMC and HY also per-
form well on the problem but it becomes evident that their overhead in run time is larger
than the actual gain in optimization performance for this problem.

It should be mentioned that the timings for GOAC correspond to the pure optimiza-
tion task of the lowest energy structure and do not include any search for the density of
states at higher energies. Moreover, GOAC is of heuristic nature and if the global mini-
mum was unknown some additional run time would be required to reach a convergence
criteria, e.g., n heuristic steps without improvement in the global minimum, to have
some certainty that the determined minimum is the global one.
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Structure Models and Convergence Plots for Optimization in High En-
tropy Layered Oxides

Supplementary Figure 2.10: Considered structure models of the O3-Nay/3[Li; gFe;/6Co1/6Nij;gMny/3]02
material with partial occupations. In a), the smallest simulated supercell (2x2x1) is shown and the largest
one (6x6x3) in b). Each structure contained just one class of Na and one class of transition-metal sites such
that iteration over all shown positions in the structures was performed.
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Supplementary Figure 2.11: Convergence plots for O3-Nay,3[Liy;gFe;,6C01/6Nij/6Mny/3]102 with the GD
method for increasing supercell size 2x2x1 (a), 2x2x2 (b), 4x4x1 (c), 4x4x2 (d). As discussed in the main
text, only for supercells up to 4x4x2 solutions were obtained within the given time for this method. The first
solutions start later for the 2x2x1 case as many more structures could be generated and treated in parallel by
GD than for the more complex supercells. Moreover, the timings in the 4x4x2 supercell are slightly off as less
structures could be considered in parallel than available CPU-cores to finish within the given run time con-
straint. As timings in the plots were estimated from CPU times, timings are slightly shifted in this case.
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Supplementary Figure 2.12: Convergence plots for O3-Nay,3[Liy/gFe1/6C01/6Nij/6Mn; ;3102 with the MC
method for increasing supercell size 2x2x1 (a), 2x2x2 (b), 4x4x1 (c), 4x4x2 (d), 6x6x1 (e), 8x8x1 (f), 6x6x2
(g), 6x6x3 (h). The plots nicely show that for more easy problems (small supercells) the best solution is almost
found instantly, while in larger supercells a slow convergence over run time can be observed.
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Supplementary Figure 2.13: Convergence plots for O3-Nay,3[Lij;gFe;;6Co1/6Nij/gMny;3102 with the SA
method for increasing supercell size 2x2x1 (a), 2x2x2 (b), 4x4x1 (c), 4x4x2 (d), 6x6x1 (e), 8x8x1 (f), 6x6x2
(g), 6x6x3 (h). The convergence trends are similar to the pure MC method but convergence over time is more
pronounced and even looks like an exponential decay for larger supercells. This is in good agreement with the
temperature evolution of the SA method that also decreases the temperature exponentially over run time.
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Supplementary Figure 2.14: Convergence plots for O3-Nay/3[Li;/gFe;/6Co1/6Nij/6Mn;;3]102 with the REMC
method for increasing supercell size 2x2x1 (a), 2x2x2 (b), 4x4x1 (c), 4x4x2 (d), 6x6x1 (e), 8x8x1 (f), 6x6x2
(g), 6x6x3 (h). Also REMC converges almost instantly in the smaller supercells and shows almost in all exam-
ples a steep decrease in energy within the first seconds of run time.
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Supplementary Figure 2.15: Convergence plots for 03-Nay,3[Lij;gFe1,6C01/6Nij/6Mnj/3102 with the GA
method for increasing supercell size 2x2x1 (a), 2x2x2 (b), 4x4x1 (c), 4x4x2 (d), 6x6x1 (e), 8x8x1 (f), 6x6x2
(g), 6x6x3 (h). The GA also converges within almost no run time for the small supercells. While for interme-
diate sized supercells (4x4x1 to 8x8x1) a steady, even though slowing down by supercell size, convergence is
observed. For even larger supercells the GA gets trapped in one solution after roughly half of the run time. This
highlights that the GA is prone to get trapped in local minima for complex problems.
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Supplementary Figure 2.16: Convergence plots for 03-Nay,3[Liy/gFe;,6C01/6Nij/6Mny/3102 with the HY
(REMC + GA) method for increasing supercell size 2x2x1 (a), 2x2x2 (b), 4x4x1 (c), 4x4x2 (d), 6x6x1 (e),
8x8x1 (f), 6x6x2 (g), 6x6x3 (h). For the small supercells similar trends than for the pure methods can be
observed. At larger supercells, however, the convergence is slowed down compared to the pure REMC method.
In contrast to the pure GA, even after longer run times small improvements in energy are observed. For the
most complex problems it appears that the HY approach is only beneficial for the first seconds/minutes while
at longer run times the pure REMC method clearly outperforms the HY approach.
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Supplementary Figure 2.17: The 10 lowest energy configurations of O3-Nay,3[Li;gFe;/6Co1/6Nij;6Mny ;3102
obtained by the REMC method in the 2 x 2 x 1-supercell evaluated by DFT single-points. Same DFT settings as
described in the method part of the main text were employed using just the I'-point. Apparently, the 4th lowest
energy structure is a likely candidate for a global minimum in DFT enegies in this example.
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Examples of Charge-Ordering
Another example where GOAC might be applied is to study different kinds of charge-
orderings in layered oxide materials. For example, charge orderings in the transition
metal layer can be studied alongside the ordering of Na ions in the Na-layer and how
these different orderings are coupled.

Figure 2.18 depicts the example of Naj oo [Mgo.33Mng 6710 that is expected to show
some sort of charge-ordering as Mn is known to be likely to disproportionate into ions
of different charges rather than showing a delocalized average charge. Therefore, and to
ensure charge balancing, the transition metal layer was modelled by 1/3 Mg?*, 1/3 Mn3*,
and 1/3 Mn**. It was also checked by the scan-supercell-size feature of GOAC that no
lower energy charge-ordering can be obtained in cells up to twice as large in the a- and
b-dimensions as the presented one. The optimized charge-ordering in the transition-
metal layer obtained using GOAC is shown in the inlet in Figure 2.18. The pattern shows
a superstructure that maximizes the distances between the ions of the highest charge
(minimizes Coulomb repulsion). As a sodium concentration of 1 was modelled in an O-
type stacking sequence (octahedral Na sites) along the c-direction, no different orderings
of the sodium layer can be observed in this example.
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Supplementary Figure 2.18: Charge-ordering obtained for Naj go[Mgp 33Mng 67102 by optimization with
GOAC assuming charges of Na*, Mg?* (orange), disproportionation into Mn3* (blue) and Mn** (purple), and
0%". Unpaired electrons (UPE) per Mn ion obtained from an HSE06 single-point are shown alongside their
assigned charges following ligand-field theory

To verify the obtained charge-ordering, a DFT single-point calculation using the
same settings described in the method part of the main text but the HSE06[93] hybrid
functional was performed. Initial magnetic moments for Mn were chosen to coincide
with the charge-ordering obtained in the GOAC optimization. The unpaired electrons
(UPE) per Mn ion in the optimized electronic structure prove the charge-ordering pro-
posed by Coulomb as 3+ sites in Coulomb show 4 UPE (high-spin Mn**, to,* €' elec-
tronic configuration) while 4+ sites in Coulomb show 3 UPE (Mn®*, t,° e4° electronic
configuration). Thus, the charge ordering obtained from Coulomb energy optimization
by GOAC coincides perfectly with the electronic structure obtained from DFT calcula-
tions with a hybrid functional for the depicted example. However, it should be noted
that also some bias to the initial magnetic moment exists, however, the DFT electronic
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structure was also not constrained such that the obtained result still is an indication that
the proposed transition-metal layer charge-ordering is at least a local minimum in DFT.

To further verify the optimality of the obtained Mn charge ordering, HSE06 calcu-
lations for the 16 lowest orderings in Coulomb energy were performed. Again, initial
magnetic moments were provided to coincide with the Mn ordering observed in elec-
trostatics. The calculated Coulomb energies are plotted versus their obtained DFT en-
ergy in Figure 2.19. Results are split into 2 groups: Orderings where the initial magnetic
moment was maintained in the electronic structure optimization (blue points) and or-
derings where another magnetic ordering than the initially provided one was obtained
(orange points). As it can be seen from the dashed blue line, energies of charge-orderings
where the initial magnetic moment was maintained in the electronic structure calcula-
tion are perfectly aligned to their Coulomb energies.
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Supplementary Figure 2.19: Coulomb energies of the 16 lowest energy charge-orderings obtained for
Naj 00[Mgo.33Mng 67102 versus their DFT energy within the HSE06 functional. For the HSE06 calculations
initial magnetic moments in agreement to the charge-ordering found in Coulomb were provided. For the blue
points, the initial magnetic moments (charge-orderings) were maintained during electronic structure opti-
mization while for the orange points it was not. The green crosses indicate the Coulomb energy that corre-
sponds to the charge ordering in the HSE06 calculations for the orange points.

Outliers from the alignment between DFT and Coulomb energy of different order-
ings are observed for cases where another charge-ordering was obtained during the
electronic structure optimization (HSE06 calculation). However, these points can be
corrected by calculating the Coulomb energy of the actually observed charge-ordering
(green crosses in Figure 2.19). Using the adjusted points along with the points where the
charge-ordering was maintained, a Pearson correlation coefficient of more than 88 %
between DFT and Coulomb energies can be observed proving a strong correlation be-
tween electrostatic energies and DFT energies of various transition-metal layer charge-
orderings. Most importantly, the lowest energy Coulomb energy charge-orderings are
also lowest in energy in DFT. This is particularly remarking as also different magnetic
moments due to high- or low-spin Mn were seen for the electronic structures of some
charge-orderings. The fact that the charge-orderings are still aligned to Coulomb ener-
gies indicates that electrostatics are the determining factor for charge-orderings while
other magnetic effects (e.g., high-spin, low-spin, ferromagnetic, anti-ferromagnetic)
only play a secondary role.

Finally, also the coupling of the transition-metal layer charge-ordering and the
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sodium-ordering was studied at the example of Naj;gMn; 99O2. The two lowest energy
orderings optimized by GOAC are shown in panel a) and b) of Figure 2.20. A coupling
between the Na-ordering an the transition-metal layer charge-ordering can be observed:
The sodiums are always placed on top of the transition-metal ion with the lowest charge
(Mn3*) to reduce the electrostatic repulsion. While, the two lowest energy orderings are
rather close in energy, it should be noted that the next lowest energy structure in elec-
trostatics is separated by more than 80 meV per formula unit (FU). To check the validity
of the observed pattern, two HSE06 electronic structure calculations were performed for
each of the orderings: one providing initial magnetic moments in agreement to the or-
dering observed in Coulomb (c, d in Figure 2.20) and one giving no specific initial guess
for the magnetic moments (e, f in Figure 2.20). As the results in Figure 2.20 prove, in
both cases the same ordering as in electrostatics is observed after the electronic struc-
ture optimizations with HSE06. Both configurations are also very similar in energy (in
agreement to Coulomb) while the energetic order is reversed. This highlights that it is
worth to study several low energy configurations from Coulomb to find the lowest en-
ergy configuration in DFT.

To verify the coupling between the transition-metal layer charge-ordering and Na-
ordering observed in electrostatics, the models were cross-checked by providing the ini-
tial magnetic orderings of one configuration to the Na-ordering of the other structure
(models are shown in Figure 2.20, g and h). The outcomes when optimizing the elec-
tronic structure of these cross-check models by HSE06 are shown in panel i9 and j) of
Figure 2.20, respectively. While in one case (j) the same coupling of the transition-metal
layer charge-ordering and Na-ordering is obtained, in the other case (i) only partial cou-
pling is observed. However, also the corresponding energy of the partially-coupled con-
figuration is much higher compared to the very small energy difference between the two
coupled-configurations known from electrostatics (a, b in Figure 2.20). Overall, the re-
sults suggest that GOAC can also be employed to study transition-metal layer charge-
orderings and Na-orderings in a coupled fashion as DFT electronic structure calcula-
tions of low Coulomb energy configurations are seemingly well aligned.
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Supplementary Figure 2.20: Coupling of transition-metal layer orderings and Na-ordering in electrostatics
and DFT. The two lowest energy transition-metal layer orderings and Na-orderings of Naj;gMnj goO2 as opti-
mized by GOAC (a and b) or DFT HSE06 calculations (with initial guess: c, d, and without initial guess: e, f).
g) and h) show models to cross-check the Na- and transition-metal charge-orderings and i) and j) the corre-
sponding optimized structures employing DFT HSE06.
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PHASE STABILITY PREDICTIONS:
HIGH-THROUGHPUT PREDICTIONS OF PHASE-STABILITIES
OF LAYERED OXIDE CATHODES BY OPTIMIZED

ELECTROSTATICS

Layered oxide cathodes are among the most promising materials for sodium
ion batteries. They are reported in various stacking sequences along the c-
direction such as P2 and O3. These phases can influence important mate-
rial properties such as capacity or ionic conductivity. Moreover, the layered
sodium materials are also prone to undergo phase transitions during cycling
which is considered to be a key reason for voltage fade and capacity degra-
dation. Thus, predicting the most stable phase is highly desirable to enable
rational design of layered oxide sodium ion cathodes. In this work, an ab
initio phase stability predictor that is solely based on electrostatics is pre-
sented. The approach utilizes high throughput Monte-Carlo-based heuris-
tic optimizations in huge configurational spaces (e.g., 10'%° configurations)
of a large number (15000 materials) of possible cathode compositions and
phases (01, 02, 03, P2, P3, OP2, OP4). It is shown that the resulting pre-
dictor is able to reproduce experimentally observed phase stabilities with an
accuracy of 80 % and also captures trends of phase stabilities and transitions
during desodiation correctly. Thus, the ab initio electrostatics predictor will
support the rational design of layered oxide sodium ion cathode materials.

This chapter is based on: Koster, K., ten Elshof, J. E., Huijben, M., et al. High-Throughput Predictions of Phase-
Stabilities of Layered Oxide Cathodes by Optimized Electrostatics. In Preparation for Re-Submission to eScience
(2025).
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3.1 Introduction

Sodium ion batteries (SIBs) gained significant interest during the last years as a promis-
ing, potentially more cost-effective and sustainable alternative to today’s market stan-
dard for secondary batteries, lithium ion batteries (LIBs).[1-4] Among the various types
of SIBs cathodes layered oxides are among the most promising ones as they can of-
fer high capacities. They are routinely employed in commercial LIBs. However, when
lithium is exchanged by sodium several challenges arise, mainly due to the increased
ionic size of sodium compared to lithium. This impacts especially the sequence at which
the layers are stacked along the c-direction. While lithium shows usually an octahedral
coordination, SIBs are mostly reported in a prismatic environment while also octahe-
dral coordination is found.[2] The layered oxide materials are therefore classified by the
charge carrier coordination, e.g., octahedral (O) or prismatic (P), and the stacking peri-
odicity along the c-direction.[5] Using this formalism, SIBs are mostly reported in P2 and
03 phases.[6] In contrast to LIBs, SIBs also usually undergo several phase transitions be-
tween various stacking phases during cycling which causes a stepped voltage profile.
Such phase transitions often lead to large and sudden changes in the c-lattice parameter
which can cause cracking and is believed to be a major reason for capacity degradation
during cycling.[7] A common approach is to design the composition of the cathode ma-
terial such that the desired phase is obtained during synthesis and phase transitions are
suppressed or controlled during cycling.[8-12] Next to stability, the stacking phases can
also influence other properties such as the maximal sodium concentration (capacity),
ionic conductivity, moisture sensitivity, and average voltage. In general, O-phases (03)
allow for higher sodium concentrations (possibly higher capacity) while P-phases show
better ionic conductivity at intermediate to low sodium concentrations and are often
stable over a broader voltage window. (2, 6, 13]

Thus, predictors that relate the chemical composition of a cathode material to its
most stable stacking phase are highly desirable to allow for the rational design of lay-
ered oxide cathodes for SIBs. Zhao et al. [6] published a simple yet effective predictor
named "cationic potential", based on the ionic potential [14], that relates chemical com-
positions to their most stable stacking sequence. In their work, they show that a linear
fit in the two dimensional space of sodium concentration (sodium ionic potential) and
cationic potential separates as-synthesized sodium ion layered oxides into P2 and O3.
As the ionic potential aims to quantify the charge density of ions by their valency and
ionic radii the success of the cationic potential classifier indicates that electrostatic in-
teractions and sodium concentration are the determining factor for phase stabilities in
layered oxides. Indeed, Shin et al. [15] tried to explain the stability of P over O phases
by electrostatics. For all of these approaches a guess for the valencies of the transition-
metal layer ions must be made, e.g., by their electronegativity. However, when explicit
and not only averaged electrostatics are considered, the site occupation must be deter-
mined first. This gives raise to a huge configurational space for materials where multiple
transition metals occupy one lattice site and/or sodium orderings must be determined.
This gigantic configurational space renders the main challenge in comparing phase sta-
bilities by direct electrostatics. To judge the thermodynamic stability of different phases
itis desirable to compare the lowest energy configurations of each phase which requires
configurational optimization as, for example, implemented in the recently published
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GOAC (Global Optimization of Atomistic Configurations by Coulomb) package. [16]

In this work, it is shown show that with the help of heuristic optimizations it is possi-
ble to evaluate phase stabilities at their respective lowest energy configuration by direct
calculation of periodic electrostatic interaction energies. To maximize the prediction
quality, it is shown that lattice parameters can be optimized by maximizing the corre-
lation to density functional theory (DFT) energy differences between different stacking
sequences for various layered oxide cathode materials. Thus, the prediction approach
remains fully ab initio. It is continued by employing the approach to predict experimen-
tal structures and finally prove that the approach is computationally still fast enough
to be used in high throughput studies. By such high-throughput screening a detailed
overview of the phase stabilities of several ternary cathode materials at different sodium
concentrations (15000 compounds) is provided. The ab initio predictor based on elec-
trostatics can be employed to predict phase stability of various stacking sequence phases
such as O1, 02, 03, P2, P3, OP2, and OP4 and also delivers predictions at lower sodium
concentrations (cycled materials).

3.2 Framework Electrostatic Prediction Approach

For ionic crystals such as layered oxide cathode materials it is to expect that electrostatic
interactions are the driving force for structural arrangements and that Coulomb energies
are sufficiently correlated to energies of higher level of theory approaches such as den-
sity functional theory (DFT). Even though Coulomb calculations are ab initio by defini-
tion, performing an energy calculation on a layered oxide cathode still has some param-
eters that can be, to some extend, freely chosen. Tuning the parameters can increase the
agreement to DFT energies even further. These parameters are the inter-layer separation
along the c-axis (do-na-0), the intra-layer separation (do-tMm-0), and the a-lattice parame-
ter (which is equal to the b-lattice parameter in the space group). If smeared charges in-
stead of point charges are considered in the electrostatic calculations also the smearing
width of the charges (0) is a free parameter. All parameters are visualized in the left box
in the upper part of Figure 3.1. Moreover, technically also the magnitude of the (point-
) charges, the lattice angles and the ion positions could be varied as well. Due to the
high complexity of including these parameters and the decrease of predictive power by
introducing more degrees of freedom these parameters are omitted in this work. Regard-
ing the considered geometry related parameters (do-na-0, do-TM-0, a-lattice parameter)
it must be mentioned that with Coulomb energies, unlike in other approaches such as
DFT or complete force fields, no optimization can be performed as bare Coulomb forces
would result in a collapse of the structure due to the missing Born repulsion at short
distances. Therefore, all parameters should be fixed a priori. To do so, in this work it
is proposed to fit the parameters to DFT references such that the Pearson correlation of
energies between all the different stacking sequences shown in Figure 3.2 is maximized.
By fitting to DFT data, the overall prediction approach also remains fully ab initio. To
fit the parameters of the Coulomb calculations it is desirable to apply fully optimized
DFT structures as the obtained DFT energies are usually more reliable than DFT single
points and such a fitting approach bears the potential to still capture a portion of the
energy contribution of the structural relaxation in the optimized Coulomb energies. In
summary, the framework for high throughput predictions of phase stabilities in layered
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oxides proposed in this work can be summarized by the scheme in Figure 3.1: A database
with the energies of 231 fully optimized DFT structures (cf. Figure 3.2) is used to find a
optimal set of parameters (dp-na-0, do-TM-0, @, 0) for the Coulomb energy calculations
of the undistorted structures and finally these parameters are applied to screen a broad
composition space with low computational cost. Optimality of the parameters is de-
fined such that the correlation of energies over the different stacking sequences between
Coulomb and DFT is maximized.
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Figure 3.1: Framework of the high throughput prediction scheme employed in this work. First, electrostatic
optimization was employed to find favourable configurations. Configurational energy optimization was per-
formed by Replica Exchange Monte Carlo (REMC) based on an additive function of pairwise electrostatic in-
teractions. The energy calculation is sketched in the top box of the Figure while red ions indicate oxygen, yel-
low ions sodium, and purple ions transition metals (TM). Pairwise interactions including the self-interaction
are indicated by arrows but for the constant term just for one of the oxygen ions. The total electrostatic en-
ergy of the system is constructed from interactions of fixed ions (Econst), interactions of iterative ions, e.g.,
sodium or transition metals, and fixed ions (E; orger) and interactions between iterative sites (Ex order)-
Next, with help of DFT geometry optimizations of lowest electrostatic energy configurations a DFT energies
database of 231 materials was created. Electrostatic parameters (dg.Na-0 (OXygen-layer separation around
Na along the c-axis), dg.TM-0 (0xygen-layer separation around TM along the c-axis), a (a-lattice parameter
that equals b-lattice parameter), and o (Gaussian smearing width of point charges)) were optimized to maxi-
mize the correlation over different stacking sequences to the DFT energies. Finally, the optimized parameters
are employed within the electrostatic configurational optimization framework to predict the energies of var-
ious stacking sequences of a large composition space in a high throughput manner. These energies are then
used to describe the phase-stability energy-surface as function of composition. The compositions space of
Nax[AyNizMn;_y_;]0 with x in [0/6, 1/6, 2/6, 3/6, 4/6, 5/6, 6/6], A in [Vac®, Lil*, Mg?*, AP*, and Ti**], y
in [0/12,1/12,2/12,3/12,4/12,5/12,6/12], and zin [0/12, 1/12, 2/12,3/12,4/12,5/12,6/12,7/12,8/12,9/12,
10/12,11/12, 12/12] was considered in all 7 most common stacking sequences (01, 02, 03, P2, P3, OP2, OP4).

To create the DFT database, configurational optimization by Coulomb energies was
performed with the Replica Exchange Monte Carlo (REMC) scheme followed by DFT full
geometry optimizations on the lowest Coulomb-energy configuration for 231 compo-
sitions of Na,[Nig5Mng5]02 and Nay,[Ag25TMg 75102 with A = Vac, Li, Mg, Al, Ti, TM =
Ni, Mn. Moreover, x = 3/3, 2/3, and 1/3, and all in O1, 02, O3, P2, P3, OP2, and OP4
stacking sequence along c direction (cf. Fig. 3.2), respectively. In the REMC scheme,
multiple Monte Carlo (MC) runs are performed at different temperatures and samples



3.2 FRAMEWORK ELECTROSTATIC PREDICTION APPROACH 79

are exchanged between those from different temperatures (cf. corresponding panel in
Figure 3.1). While low temperatures are well suited to determine local minima, MC runs
at higher temperatures allow to overcome local energy barriers. Thus, the combination
of different temperatures in REMC can allow efficient heuristic optimizations towards
the global minima. During the runs energies are evaluated by pairwise electrostatic in-
teractions while energy terms are split into constant as well as first- and second-order
terms to allow for efficient energy evaluation. More details of the energy calculation
and optimization methods can be found in the work of Koster et al..[16] The valencies
for the electrostatic calculations can be calculated assuming fixed charges of Na*, Vac?,
Lit, Mg?*, AI**, Ti**, and O?~ and variable charges between 2+ and 4+ for Ni and Mn
to ensure overall charge balancing for each composition. Mn was first oxidized to Mn**
before Ni was oxidized to any oxidation state larger than 2+, which yields a redox mech-
anism accordingly to the electronegativities of the transition metals. Lastly, the oxygen
was oxidized to charges higher than 2— if the structure was not charge balanced by full
oxidation to 4+ for Ni and Mn. The degrees and mechanisms of oxygen redox in layered
cathodes is a topic of intense discussion[17, 18] but in the electrostatic model simply the
charge of all oxygen anions was increased to charge balance the material (full delocal-
ization of charges). Consequently, compositions with just Ni or Mn should yield exactly
the same phase stability (correlation of energies over different stackings) if the transi-
tion metal ion type plays only a secondary role (transition metals have same charges
and similar ionic radii) and phase stability is mainly determined by electrostatics as Ni
and Mn would be indistinguishable in these compositions. Indeed, the relative phase-
energies of fully optimized DFT calculations of Mn and Ni compositions behave often
similar as it can be seen in Figure 3.2 as well as in the plots of the energies shown in
Figure 3.8. This indicates a strong correlation between Mn and Ni compositions with re-
spect to their stacking sequence which is further quantified in Figure 3.9 where the Pear-
son correlation coefficients between Ni and Mn are plotted for all compositions reveal-
ing that many compositions are strongly positively correlated (correlation greater than
0.7). Nag 67[Mgp.25TMg 75102 and especially Nag 33[Vacp.25TMp 75102 are outliers that are
weakly correlated. The particular weak correlation of ca. 0.2 for the latter composition
might be explained by the fact that too strong oxygen redox is required to charge balance
this composition which might yield to nonphysical behaviour. However, the overall very
strong correlation between Ni and Mn compositions in DFT indicates that an electro-
static model could potentially be successful in predicting the phase stabilities of such
layered oxides correctly as it seems that other effects such as local distortions, e.g., Jahn-
Teller, or magnetic orderings play only a secondary role for the phase stability.

Assuming the aforementioned fixed point charges as well as a perfect undistorted
structure with do.Na.0 = 3.4 A, do.tmo = 2.1 A, and a = 5.0 A (default parameter
set), indeed a decent correlation of Coulomb and DFT energies can be observed for
Na,[Nig5Mng 510 in Figure 3.10, especially at higher sodium concentrations. Interest-
ingly, the Coulomb energies of the perfect structures before DFT optimization show in
most cases a reasonable correlation to the ones of fully optimized DFT structures which
is especially remarkable as even energies of different structures are compared. The re-
maining strong correlation indicates that electrostatic interactions are a driving force in
phase stability of layered oxides. However, it is still worth mentioning that overall the
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Figure 3.2: Top: Most commonly observed stacking sequences (phases) for sodium layered oxides. The letters
indicate whether the sodium is in octahedral (O) or prismatic (P) coordination or if the coordination varies
between the layers (OP). The number denotes the periodicity along c-direction. Bottom: Table with relative
energies in meV per formula unit (FU) as obtained from full-geometry optimization in DFT for 11 different
compositions, each at 3 different sodium concentrations (Na = 3/3, 2/3, 1/3). Energies are normalized to the
most stable phase of each row (highlighted by a black box). In general, energy differences between the phases
decrease at lower sodium concentrations rendering predictions of the most stable phase more difficult.

Coulomb energies of the fully optimized DFT geometries are more strongly correlated
to the actual DFT energies while DFT single-point calculations of the undistorted struc-
tures are also stronger correlated to the Coulomb energies of the corresponding struc-
tures. In general, it seems promising that for higher sodium concentrations the energies
of Coulomb and fully optimized DFT calculations are mostly aligned as this offers the
possibility for a short-cut of ab initio phase stability predictions without performing ex-
pensive DFT calculations that might allows for high-throughput screening of composi-
tions. Accordingly, it was continued by calculating the correlation over different stacking
sequences between the fully optimized DFT energies and electrostatic energies of the
undistorted structures for all 231 compositions and obtained an overall Pearson corre-
lation coefficient of 0.508 (cf. Tab. 3.1). Interestingly, the correlation increases to 0.776
when the compositions with low sodium concentration (Na=1/3) are excluded from the
data set proving that electrostatic energies are indeed capable to predict phase stabilities
of as-synthesized layered oxides in fair agreement to DFT.

It was continued within the proposed prediction framework (cf. Figure 3.1) by op-
timizing the electrostatic parameters (do-na-0, d0-T™M-0, @, O) to increase correlation to
DFT energies even further. The sensitivity of the correlation to DFT energies when vary-
ing the different parameters is shown in Figure 3.11 (including Na=1/3) and Figure 3.12
(excluding Na=1/3). While all geometry related parameters fail to achieve a high corre-
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lation at Na=1/3 some optimization potential can be observed for higher sodium con-
centrations, especially at Na = 2/3 the correlation is sensitive to parameter variations. To
determine optimal parameters for the electrostatic calculations in a holistic approach a
three dimensional search on a dense grid (0.1 A) for the geometry parameters (do.Na-0,
do-tM-0, a) was performed. For each considered set of parameters the average correla-
tion over stacking sequences (01, 02, O3, P2, P3, OP2, OP4) to the DFT energies over
all compositions can be determined. Resulting correlation values are shown in Fig-
ure 3.3 (a). It can be seen that for most points of the grid search a fair average corre-
lation of more than 0.75 exists while towards small dp-na-0, small do-tm-0, and large a
the correlation generally weakens. The correlations of the electrostatic energies to the
DFT energies can also be checked per composition and sodium concentration as shown
in the matrix in Figure 3.3 (b). In this matrix correlation values are shown if the most op-
timal set of electrostatic parameters is chosen individually for every field of the matrix.
For most fields very strong correlation (greater than 0.8) exists proving that the predic-
tion approach via Coulomb energies can be successful. However, at the lowest consid-
ered sodium concentration some outliers can be identified and the correlation becomes
weaker. Especially the compositions containing Mg and Ti become weakly correlated
(even negatively correlated) at Na=1/3. This might indicate that the proposed electro-
static prediction approach is not well-suited for low sodium-concentrations as no ac-
ceptable correlation to DFT energies was obtained. The reasons for this observation can
be manifold but are most likely related to the fact that structures become more distorted
during DFT geometry optimization at lower sodium concentrations (e.g., compositions
containing Mg) which makes it more difficult or even impossible to obtain comparable
results from the undistorted structures by electrostatics. Moreover, the computed redox
mechanism (localization and delocalization of charges) can become less straight for-
ward at lower sodium concentrations and might be even captured incorrectly by the em-
ployed PBE exchange-correlation functional which may especially influence the agree-
ment for compositions containing Ti. Whether the electrostatics prediction approach
can be still employed at low sodium concentrations is evaluated in the next section by
comparison to experimental results. For the higher sodium concentrations the corre-
lation of DFT and electrostatics is strong for all compositions. Predictability would de-
crease if a different set of electrostatic parameters is employed to each composition and
sodium concentration as this would prevent effective high-throughput screening of un-
known systems. Therefore, a single, globally optimal parameter set of the electrostatic
parameters for sodium concentrations larger than 1/3 is chosen. As definition for glob-
ally optimal it is proposed to either maximize the average correlation (Figure 3.3 (c)) or
to maximize the minimum correlation observed in the matrix fields (Figure 3.3 (d)).

It can be seen in Figure 3.3 (c) and (d) that both optimization approaches for the
correlation by varying just the geometry parameters (do-na-0, do-TM-0, @) yield strong
correlations to the DFT energies, proving that phase-stabilities can be reproduced by
electrostatic calculations employing a single set of electrostatic parameters for all com-
positions and sodium contents greater 1/3. Apparently, the overall performance (agree-
ment to DFT) was slightly better when optimizing the average correlation and the corre-
sponding set of electrostatic parameters is shown in Table 3.1 as "Optimized". Table 3.1
also reveals that the average correlation to DFT for high sodium concentrations is very
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Figure 3.3: a) Grid-based search in the 3D space of considered geometry parameters (do.Na-0, 40-TM-0) @)
for the Coulomb calculations while green highlights stronger correlation to DFT energies and red weaker cor-
relation. b) Correlation achieved by using the best possible set of parameters for each composition (horizon-
tal) and sodium concentration (vertical) individually. c) Correlations to DFT energies per composition and
sodium concentration when the parameter set that maximizes the average correlation over all compositions
and sodium concentrations larger than 1/3 is chosen. d) Correlations to DFT energies per composition and
sodium concentration when the parameter set that maximizes the minimum correlation out of all composi-
tions and sodium concentrations larger than 1/3 is chosen.

high (0.852) with the optimized parameters and significantly improved compared to the
default parameters (correlation of 0.776). However, the correlation is still weak (0.552)
when also the compositions with 1/3 sodium are considered in the average even though
significantly higher than for the default set of parameters (0.508). It was checked in Fig-
ure 3.13 if including Na=1/3 and/or excluding the compositions with a vacancy, as a
vacancy is arguably very different from having different substituents in the transition-
metal layer, can improve the correlation, but no significant improvement over the "Opti-
mized" parameters shown in Table 3.1 was found. Moreover, optimized parameters were
often similar to the ones shown in Table 3.1 while sometimes also nonphysical param-
eter sets (e.g., too small layer separations or a-lattice parameters) yield a high average
correlation (cf. Figure 3.13). Finally, it was also tested if introducing two parameters for
do-Na-0 to account for octahedral and prismatic sites can improve the results as differ-
ent layer separations for these coordinations are reported experimentally [6]. However, it
was found that correlations are not significantly improved and that electrostatic energies
are in general most comparable when a single (same) parameter for the inter-layer sep-
aration is used. Consequently, only one parameter for the inter-layer distance is given in
the parameter sets in Table 3.1.
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Table 3.1: Different sets of electrostatic parameters determined and employed in this work. First, the default
parameters motivated by experimental values that were used as a reference and to obtain most favourable
ionic configurations for DFT calculations. Second, optimized parameters that maximize the average correla-
tion to DFT energies considering just geometry related parameters. Third, optimized parameters considering
also smeared instead of point-charges in the electrostatic calculations. For all parameter sets the average cor-
relation to DFT energies is given excluding or including compositions with a sodium concentration of 1/3. The
last column gives the prediction accuracy when the parameters are employed to predict P2/03 phase stabilities
in a database of 272 experimental compositions.

Name dotM-o A donao@ a(d) Smearing Cor. DFT (Na=>2/3) Cor. DFT Acc. Exp. (%)
Default 2.1 3.4 5.0 0.0 0.776 0.508 68.8
Optimized 2.4 3.5 4.75 0.0 0.852 0.552 79.4
Smearing 2.3 3.4 4.60 0.5 0.883 0.601 79.4

In order to overcome the weaker correlation at low sodium concentrations and to
further improve the correlation in general, another parameter was introduced to the
Coulomb energy calculation: the scaling factor (o) to smear the point charges to Gaus-
sian charges. In this approach all point-charges are smeared proportionally to their ef-
fective ionic radius while the radius is scaled by the aforementioned scaling factor . The
total energy in the smeared case is derived by the formulas of Gingrich et al. [19]:

erfc 7];’71‘ —d;

1
Esmeared = EPoint — 5 Z qiqj (3.1)
Here, the sum iterates over all pairs of ions i and j for all real-space vectors within the
real-space cutoff of the Ewald summation. The Euclidean distances of the ions is given
by d;; and their point-charge valencies by g; and g, respectively. Finally, n denotes the
smearing width that is derived from:
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with Rjonic being the ionic radius of the respective ion and o the scaling factor for the
smearing. It must be mentioned that a total energy calculation with smeared charges
would also include a correction to the self-energy which is omitted here to ensure that
the energy calculation is numerically stable even when converged towards the point-
charge limit. In practice, omitting the self-energy contribution of the smeared charges
does not influence the result as relative energies are compared in this work (e.g., energy
differences between different stacking sequences or configurations). Finally, the scaling
factor o can be chosen as another free parameter in the electrostatic calculations that
can be optimized. However, a constant o should be used for all ions and compositions
to keep the approach as general as possible.

The sensitivity of the correlation to DFT energies when just varying o can be seen
in Figure 3.11 (including Na=1/3) and Figure 3.12 (excluding Na=1/3). Remarkably, the
variation of o shows the highest sensitivity among all parameters. Moreover, o is appar-
ently the only parameter that can significantly improve the correlation to DFT for some

n (3.2)
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compositions, e.g. compositions containing Li, Mg, or Ti, even at lower Na concentra-
tions (Na=1/3) when a high value is chosen. To find a global optimum set of parameters
a grid-based search was applied again but now in four dimensions (do-na-0, do-T™m-0, @
0). To be consistent with the previous fitting approach that excluded smearing, the aver-
age correlation for Na concentrations larger than 1/3 was maximized. Parameter values
and corresponding average correlations of the best 30 sets of parameters are shown in
Table 3.2. It can be seen, that the maximal average correlation is not very sensitive to
different sets of optimal parameters and only changes slightly (less than 0.001) within
the top 30 sets of parameters. While some clusters of similar parameter sets can be ob-
served, it seems that due to the higher dimensionality of the parameter space (more de-
grees of freedom) also quite different sets of parameters can yield high correlations. As
changes in the average correlation are insignificant and to avoid choosing an over-fitted
set of parameters, the 8 best parameter set was chosen as the corresponding geome-
try parameters are in or close to the range of what is typically reported in experimental
or computational studies and as the o-value of the parameter set is 0.5 which is a value
commonly observed in the top 20 parameter sets. The chosen optimized set of parame-
ters that is referred to in the following as "Smearing" is given in Table 3.1 along with the
obtained correlations to DFT energies. While the average correlation (0.883) slightly im-
proves for sodium concentrations larger than 1/3 compared to the optimized parameters
excluding smearing (0.852), the correlation (0.601 to 0.552) improves more significantly
when including the low sodium concentration. However, the obtained average corre-
lation of 0.601 still indicates that the issues at low sodium concentrations are also only
partially resolved when smearing is included.

To summarize, following the framework sketched in Figure 3.1 a database consist-
ing of 231 fully geometry optimized DFT energies for various compositions and stacking
sequences (visualized in Figure 3.2) was created. This database is then used to optimize
the parameters of electrostatic calculations. The relevant fitted parameters were do.-Na-0,
do-M-0, 6, and o when smeared charges were applied. Screening of all parameters was
performed on a fine grid (0.1 A) and optimality was defined such that the correlation
over different stacking sequences to the DFT energy differences is maximized while com-
positions with low sodium concentration are excluded from the average (Na=1/3 is ex-
cluded). Following this framework two sets of optimal parameters for electrostatic calcu-
lations to predict stacking phase stabilities are obtained, one considering just geometry
related parameters (do-Na-0, do-TM-0, @) alongside with point charges and another one
including charges smeared proportionally to their ionic radius and scaled by another
parameter o. Both parameter sets deliver very high correlation to DFT energies for high
sodium concentrations (Na larger than 1/3) while the approach including smearing also
shows satisfactory correlation including the low sodium concentrations (Na=1/3).

Due to the low computational costs of stochastic electrostatic optimizations of ionic
configurations these parameter sets can be employed to perform high-throughput pre-
dictions of phase stabilities in a vast composition range. In the following, the frame-
work is used to predict P2/03 phase stabilities in a large experimental database with 272
compositions. Afterwards, it is shown how vast compositional spaces can be efficiently
screened to identify trends in the most stable stacking sequence from ab initio calcula-
tions.
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3.3 Results

To employ the proposed framework and selected parameter sets for prediction of stack-
ing sequences in sodium layered oxide materials, first the approach is benchmarked
against a set of experimental layered oxide cathodes. In the following, the approach is
used to perform high-throughput predictions of the most stable stacking sequence in a
vast compositional space.

3.3.1 Prediction of Experimental Data

The most commonly observed stacking sequences of layered oxide sodium cathodes in
experimental studies are P2 and O3 which also agrees well with the ab initio database
of DFT references (cf. Figure 3.2). To obtain a comprehensive database of experimen-
tal compositions the compilation of 104 compositions from Zhao et al. [6] was used
and extended the dataset by another 168 compositions that are either P2 or O3 from
the ICSD database [20]. To ensure that the additional compositions selected from the
ICSD database are really P2 and O3 stackings, c-lattice parameters were checked and
sodium coordinations were approximated from the structural information. The result-
ing database with experimental P2 and O3 compositions consists of 272 compositions
with various transition-metal combinations and sodium concentrations. A full list with
all compositions including their original experimental references is given in Table 3.3.

In a next step, 4v/3x4v/3x 1-supercells were created for each of the 272 compositions
and in both considered stacking sequences (P2 and O3) as well as for all three sets of
electrostatic parameters shown in Table 3.1. The rather large supercell dimensions al-
lowed to match the experimental compositions within roughly 1 % while partial occu-
pancies were considered for the transition metal as well as the sodium sites. While the
large supercells ensure that the experimentally reported composition is matched as pre-
cisely as possible, it requires sampling a gigantic configurational space (up to 10'3° con-
figurations for a single composition) which needs fast heuristic optimizers to identify
the lowest (or at least a low) energy configuration. To obtain a discrete ionic configura-
tion and to evaluate the electrostatic energies of the structures, global optimization of
the configuration in terms of Coulomb energy was attempted via the replica exchange
Monte Carlo method as implemented in the GOAC package [16]. The resulting electro-
static energy per formula unit of the most favourable configuration was finally employed
to identify the most stable phase out of P2 and O3. The calculated energy differences be-
tween P2 and O3 for all 272 experimental compositions are compiled in Figure 3.4 for
the "Smearing" electrostatic parameter set (cf. Table 3.1).

Figure 3.4 reveals that the most stable phase (P2 or O3) is predicted correctly for the
vast majority of experimental compositions, namely 216 out of 272 which yields an pre-
diction accuracy of almost 80 % (cf. Tab. 3.1). Regarding the sensitivity of the prediction
accuracy towards the different electrostatic parameter sets, the values in Table 3.1 in-
dicate that both parameter sets that were optimized to DFT data have essentially the
same accuracy while the non-optimized default parameters show a significantly lower
accuracy of 69 %. Despite the slightly improved correlation to DFT energies, discussed
in the previous section, when smearing is included in the electrostatic calculations, the
experimental prediction quality apparently did not profited from the additional param-
eter. However, considering that the prediction approach is purely ab initio, an accuracy
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Figure 3.4: Energy differences in meV and per formula unit (FU) of the most favourable ionic configurations
between P2 and O3 phases employing the "Smearing" electrostatic parameter set (Tab. 3.1) for all 272 collected
experimental compositions. A positive energy difference indicates that the electrostatic approach predicts the
03 stacking sequence to be more stable and a negative energy that the P2 phase is more stable. Colors of the
bars indicate whether the prediction is in agreement (green) with the experimentally reported phase or not
(red). Compositions for the incorrect predictions are given in the plot.

of 80 % to experimental data is very promising, especially when the overall small energy
differences (cf. Fig. 3.2) between layered phases are taken into account.

Regarding the falsely predicted compositions shown in Figure 3.4 it should be first
mentioned that some clustering of false predictions happens around energy differences
close to zero which highlights that the approach can be also interpreted quantitatively to
some extend. Moreover, the dataset also includes more exotic (complex electronic struc-
ture, possibly very different behaviour) and practically less frequent discussed materials
such as, e.g., Nag gsRhO> that is predicted in the wrong phase. Also, for some materials
multiple data points that belong to the same experimental reference are predicted in the
wrong phase which might be explained by special synthesis procedures that were em-
ployed in the corresponding studies. Finally, also three compositions that were reported
in both phases were included in the dataset such that the accuracy cannot reach 100 %.
Considering all these points the reported accuracy of ca. 80 % is a conservative estimate
and the actual prediction accuracy of the discussed ab initio framework might be even
higher. However, it is quite remarkable that almost 50 % of the wrongly predicted mate-
rials contain some fraction of iron. This might indicate that the behavior of iron is more
difficult to predict, maybe because of strong cooperative local distortions of active tran-
sition metals, e.g., manganese or nickle, that effects the phase stability. Finally, it must
be mentioned that in contrast to the DFT correlations that became weak at a low sodium
concentrations no significant decrease in the prediction accuracy of the experimental
data was observed. More precisely, for compositions with a sodium concentration of 0.5
or less a prediction accuracy of 79 % is maintained in the data set. However, the dataset
also includes just 19 compositions with such low sodium concentrations but the results
still give a hint that the electrostatic prediction approach might not be as unreliable as
suggested from the DFT correlations at low sodium concentrations. A possible reason
might be that also the DFT energies become unreliable/less comparable to electrostat-
ics at low sodium concentrations as high oxidation states are enforced to charge bal-
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ance the structure. These strong oxidations might be especially over-delocalized in the
shown DFT database as the PBE exchange-correlation functional was applied [21]. Con-
sequently, different "ion charges" are obtained in DFT and resulting energies are more
different to Coulomb energies with very localized charges. From that perspective it is
even questionable which approach might be the most predictive at low sodium concen-
trations.

To summarize, comparison to experimental data proved that the pure ab initio elec-
trostatic prediction approach with parameters optimized to DFT data is capable to cor-
rectly reproduce experimentally observed stacking sequences of P2 or O3 with an accu-
racy of approx. 80 %. Thus, it is evident that the electrostatic calculations have some
predictive power for potential experimental studies and are well-suited to be employed
in high-throughput predictions of phase stabilities which is shown in the next section.

3.3.2 High-Throughput Predictions

The developed electrostatic prediction approach was used to perform high-throughput
screening of huge compositional spaces of Ni-Mn binary mixtures with differ-
ent substituents with electrostatically distinguishable charges. Formula units of
Nay[AyNi-Mn;_,_-]0, with xin [0/6, 1/6, 2/6, 3/6, 4/6, 5/6, 6/6], A in [Vac’, Li'*, Mg**,
AR, and Ti**], yin [0/12,1/12,2/12,3/12,4/12,5/12,6/12], and zin [0/12, 1/12, 2/12,
3/12,4/12,5/12,6/12,7/12,8/12,9/12,10/12,11/12, 12/12] were considered in the study
for all 7 stacking sequences (01, 02, 03, P2, P3, OP2, OP4). In total, ca. 15,000 differ-
ent materials were included in the high-throughput screening. For all structures elec-
trostatic energies were evaluated after configurational optimization by replica exchange
Monte Carlo (REMC). All structures were calculated with all three parameter sets shown
in Table 3.1 but in the following only results for the "Smearing" parameter set, which
generally is expected to deliver the most accurate predictions also at lower sodium con-
centrations, are discussed.

Qualitative Predictions of Phase-Stability
Employing configurational optimization and comparing energy differences of the
lowest-energy configuration between all stacking sequences, the lowest energy stack-
ing sequence for each composition can be determined. Predicted most stable phases
for different sodium concentrations down to 2/3 are shown in Figure 3.5 (a). Results for
sodium concentrations down to zero are shown in Figure 3.14 ("Default" parameter set),
Figure 3.15 ("Optimized" parameter set), and Figure 3.16 ("Smearing" parameter set).
Figure 3.5 (a) shows a general tendency for O3 phases at very high sodium concentra-
tions, e.g., Na=1.00 while the P2 phase becomes by far the most dominant phase for lower
sodium concentrations. These trends are in close agreement to experiment. [2] Interest-
ingly, the predicted overall trend regarding either O3 or P2 being the most stable phase
is also consistent throughout all of the different investigated compounds. Besides the
dominance of O3 and P2 some compositions with OP2 and especially OP4 are observed
at higher sodium concentrations of Na=1.00 and Na=0.83. At lower concentrations even
some presence of P3 is observed for all substituents. Even O1 is predicted to be most sta-
ble for some compositions with a vacancy at a sodium concentration of Na=0.67. Most
importantly, these occurrences of outlier phases of the dominant phase occur for arange
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Figure 3.5: High-Throughput predictions using the "Smearing" parameter set (cf. Table 3.1) for various com-
positions including different substituents (left to right) and Na concentrations (top to bottom). a) For each
composition the lowest energy stacking sequence is highlighted in the color coding shown below. A general
trend from mainly O3 at Na=1.00 towards P2 being the most dominant phase at lower sodium concentrations
can be observed. b) Contour plots of O3 stability versus all other stacking sequences. Energies where nor-
malized such that values below zero indicate O3 being the most stable and values above zero indicate another
phase is more stable. The magnitude of the value (-1 to 1) highlights relatively how favourable of unfavourable
the O3 phase is compared to the lowest other phases according to the calculated electrostatic energies. For all
plots concentrations are shown in steps of 1/12 as 2v/3x2v/3x 1-supercells with 12 transition-metal positions
per layer were considered in the predictions.

of substituent concentrations and often in patterns that are parallel to one of the triangle
corners. This proves that these are not just outliers due to, e.g., incomplete configura-
tional optimization via REMC. However, these outlier patterns can potentially be arti-
facts of the limited supercell sizes in either the a- or c-direction which is especially likely
for the aforementioned O1 stability of the compositions with 2/12 vacancies. Still, most
of these patterns should actually give important physical insights on the phase stabil-
ity of different compositions and can provide a basis for materials that are interesting
to be considered in experimental studies. Phase stabilities in the screened phase space
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in Figure 3.5 (a) are mostly parallel to the species with the lowest charge, e.g., Vac, Li,
Mg and then Ni** for Al and Ti. This indicates that having compounds with low va-
lence elements or to design materials such that highly reduced species are present is the
most promising approach to engineer phase stability in layered oxide sodium ion cath-
odes. As valence change during cycling, doping by elements with fixed charges seems to
design phase stability. However, the phase stability predictions by the electrostatic ap-
proach of this work also indicate that it is extremely challenging to remain a single phase
to be thermodynamically the most stable at a broad range of sodium concentrations.
Finally, it must be mentioned that the electrostatic model shown in this work predicts
phase stabilities and not phase transitions, for phase transitions as they occur during
cycling also kinetic effects play a role. Ultimately, the electrostatic phase stability pre-
diction approach suggests that it is impossible to stabilize a single stacking phase over
a broad range of sodium concentrations. Therefore, the high throughput predictions
imply that kinetic stabilization of phases or cycling in a limited sodium range could be
more promising approaches to design sodium ion layered oxide cathodes with a specific
phase.

Quantitative Predictions of Phase-Stability

As the electrostatic prediction approach involves the calculation of actual energy differ-
ences between the various stacking sequences, also a more quantitative analysis than
the qualitative prediction of the most stable phase in Figure 3.5 (a) can be performed.
Figure 3.5 (b) depicts the normalized energy differences of the O3 phase towards all
other stackings which allows to draw contour plots in the ternary composition phase-
diagrams. Figures for all considered parameter sets (cf. Table 3.1) are given in Fig-
ure 3.17, Figure 3.18, and Figure 3.19 for sodium concentrations down to zero.

The contour plots of the O3 stability in Figure 3.5 (b) allow for a more quantitative
analysis of the phase stability and to see trends regarding phase stability as function
of composition more clearly. Firstly, the contour plots of the relative normalized en-
ergy also show pronounced trends in the phase stability and almost no outliers/peaking
of energy indicating the predictive power of the applied electrostatic optimization ap-
proach and also that the REMC configurational optimizations were sufficiently con-
verged. Again, the energy contours appear to be mostly parallel to one of the elements of
the phase diagram, mostly the element with the lowest ionic charge. Figure 3.5 (b) shows
that an O3 phase is for non of the studied compositions the (thermodynamically) most
stable phase over a broader sodium concentration range. However, energy differences
between the phases are smaller in the lower parts of the phase diagram (low substituent
concentration), for substituents with lower charges, e.g., Vac, Li. The results therefore
suggest that a vacancy concentration of 8 % to 25 % could potentially best stabilize an
O3 phase over a broader sodium concentration. However, to obtain O3 in as-synthesized
materials with high Na concentration, e.g., Na=1.00 or 0.83, it appears more favourable to
dope with highly charged elements such as Al or Ti as the corresponding contour plots
show some dark green areas for particular composition ranges. Interestingly, doping
with Mg for sodium concentrations less than one seems to be least beneficial for stabi-
lizing an O3 phase. Another interesting feature to mention is that the contour plots for
Na=1.00 are symmetric for Mg an Ti but mirrored along the vertical axis and that the plot
for Al is symmetric to that axis as well (cf. Figure 3.5 (b)). This behavior can be explained
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by the used charges as all of these phase diagrams have one species with a charge of
2+, 3+, and 4+, respectively. Again, this proves that the performed configurational opti-
mizations are sufficiently converged, however, it also shows that the predicted phase sta-
bilities and corresponding energies are mainly determined by the electrostatic interac-
tions and not strongly influenced by the applied smearing of the charges. In agreement,
also the contour plots with the optimized parameters without smearing (cf. Figure 3.18)
show qualitatively similar trends. This is also in agreement to the parameter optimiza-
tions shown in Table 3.1 that also indicate a small increase in correlation for high sodium
concentrations when smearing is applied. Thus, smearing is probably most beneficial at
lower sodium concentrations.

Even though the proposed electrostatic prediction approach does not consider any
kinetic effects of phase transitions, it is still worth to explore how it performs for lower
sodium concentrations. Figure 3.6 depicts the energies of the P2 stability over the
phases to which P2 is often transitioning to, e.g. 02 and OP4, at the example of
Nay[LiyNi,Mn;_,.]0,. [22-24] The results suggest that P2 is generally not stable at very
high (Na=1.00) and very low (Na=0.00) sodium concentrations. However, at intermedi-
ate concentrations a broader P2 stability is observed. This is in excellent agreement to
experimental studies that suggest a P2 stability between Na=0.7 and Na=0.3. [2]
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Figure 3.6: Energies of the P2 phase versus the O2 and OP4 phase for compositions in Nay[LiyNizMnj . z]0>.
It can be observed that the P2 phase is the most stable for intermediate sodium concentrations while being
unstable at the extreme points of 1 and 0 sodium.

When using lithium as substituent at transition metal sites it can stabilize the P2
phase over a broader sodium range and the plots in Figure 3.6 show that a lithium con-
centration of at least ca. 20-25 % is required. Compositions with such lithium substi-
tutions are calculated by the electrostatic prediction approach to be most stable in P2
for sodium concentrations between ca. Na=0.67 and Na=0.17. Thus, stabilization of the
P2 phase over broader sodium concentration ranges appears to be a promising design
methodology for layered oxide cathodes. Indeed, the predictions regarding P2 stabil-
ity and phase transition match very well with existing experimentally reported results.
Yang et al. [25] showed that P2-Nag g7 [Lig 2Nig 2Mng §]O2 shows no phase transition while
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both, Nag ¢7[Nip.4Mnge]O2 and Nags7[Nip2MngglO, exhibit a phase transition during
cycling. Another experimental example for P2 stabilization during cycling by lithium
substitution was found by Yabuuchi et al. [26] for P2-Nag g3[Lip.25Mng 75]02. Despite the
slightly higher sodium concentration, the stabilization mechanism appears to be well
captured by the electrostatic prediction approach proposed in this work.

Overall, the obtained trends regarding phase stability and composition obtained
from the high-throughput screenings seem to be quite useful to select promising cath-
ode materials in which phase stability matters. It should be mentioned that due to the
quantitative nature of the proposed electrostatic phase stability prediction approach
contour plots could be obtained for other phases besides O3 and P2 to determine
promising compositions (or ranges) where that particular phase of interest is thermo-
dynamically more stable. Although the electrostatic prediction approach does not cap-
ture any kinetics, apparently it can not only match phases of as-synthesized materials
but is also able to capture phase transitions during cycling well. The results of the high-
throughput screenings are available online (cf. Supplementary Data Statement).

3.4 Discussion

The presented results prove that the proposed electrostatic prediction approach for
phase stabilities of layered oxide sodium cathodes is capable of predictions in satis-
factory agreement to both, theory (DFT) and experiment while being fully ab initio. It
should be mentioned that the high-throughput study was enabled by using fast heuristic
optimizers (REMC as implemented in GOAC) to determine lowest energy configurations
in the vast configurational space for each composition and phase. That the phase sta-
bility should be governed by electrostatics is also assumed in the well-known cationic
potential approach [6] that aims to emulate effective electrostatic interactions by a sim-
plified formula that solely depends on the composition of interest. However, to the best
of our knowledge, no study considered the electrostatic interactions explicitly and on a
structural level for a large composition range, most likely due to the emerging configu-
rational explosion when more complex compositions are considered that is not straight
forward to handle. The cationic potential relies implicitly on electrostatics for phase
predictions, but the approach in this work considers electrostatics explicitly. Both ap-
proaches rely on the ionic charges of the different ions and also aim to include the po-
larizibility or delocalization of the ionic charges by including the ionic radii. In both
approaches, the electrostatic interaction of an ion is weaker the larger its ionic radii is.
Finally, both approaches require some fitting to reference materials to achieve some pre-
dictive power. However, the two approaches for phase stability predictions also have
some differences which come with their advantages and disadvantages. While both ap-
proaches are fitted to reference materials, the approach proposed in this work relies on
DFT data which renders the whole approach fully ab initio while the cationic potential
uses experimental data. On the one hand, fitting to ab initio data eliminates the risk to
introduce a bias to certain, potentially wrong or inaccurate, experimental data points
while fitting to experiment bears the potential for more accurate predictions that also
implicitly account for experimental effects that are not covered in ab initio data, e.g.,
temperatures, cation migrations, other kinetics related effects. More precisely, when the
cationic potential is applied to the experimental data set in Figure 3.4, a prediction accu-
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racy of ca. 90 % is achieved, which is about 10 % higher than the electrostatic prediction
approach proposed in this work. The higher accuracy must be interpreted with care
as the cationic potential was also fitted to a substantial amount of the considered data
points but it can still be concluded that the cationic potential achieves a higher accuracy
than considering electrostatics explicitly. However, the cationic potential separation line
is less interpretable than the parameters (do-na-0, do-TM-0, G, 0) and resulting electro-
static energies employed in this work . Moreover, the cationic potential is of qualitative
nature (either O3 or P2) and strictly speaking does not allow for any quantitative state-
ments while direct calculations of electrostatic energies allow for quantitative compar-
isons (energy differences) of different phase, also beyond O3 and P2 (such as O1, 02,
P3, OP2, OP4). The bare electrostatic results can also be interpreted further by look-
ing at specific pair-wise interactions or at the superstructures that are possibly found
during configuration optimization. Finally, it should be mentioned that the cationic po-
tential is probably still the best trade-off of predictive power and simplicity, e.g., can be
calculated by hand, compared to the explicit calculation of electrostatic energies as in
this work. However, another advantage of the interpretable, physics-based models is
that out-of-sample predictions, e.g., predictions of points that are not in-between the
points considered for fitting, are more likely to be successful. Therefore the approach
is potentially more transferable to different sodium concentrations. This can be seen in
Figure 3.7 where all compositions shown in Figure 3.5, but down to a sodium concentra-
tion of zero, are evaluated by the cationic potential line versus their most stable phase
(out of O3 and P2) calculated by electrostatics. While Figure 3.7 shows the results for the
"Smearing" parameter set (cf. Table 3.1), similar plots are given for all three parameter
sets in Figure 3.20.

While the cationic potential matches the predictions of the electrostatic model pro-
posed in this work rather well for high sodium concentrations (®n, larger than 6,
Na greater 0.6), the cationic potential fails to capture the trend towards O3 at very
low sodium concentrations (Na smaller than or equal to 1/3). While predictions of
phase stabilities are usually most relevant at high sodium concentrations to predict as-
synthesized phases, also thermodynamically most stable phases during cycling of the
cathode materials are of interest. Even though the fitting to DFT data of the electrostatic
prediction approach proposed in this work showed some difficulties at low sodium con-
centrations, the experimental data was still fairly reproducible for low concentrations.
The overall trend towards more O-layers (e.g., OP4 or O1) seen in Figure 3.7 is also fre-
quently reported in experiments indicating that the electrostatic prediction approach
probably still has some predictive power when investigating low sodium concentrations.
However, when a linear line is fitted to the electrostatic prediction in Figure 3.7 in the
same way as the cationic potential and for the whole sodium concentration range, the
predictive power of the linear fit at high sodium concentrations is strongly reduced com-
pared to the original cationic potential. This highlights that most likely a more complex
function is required to obtain a predictive model for the phase stability over a broad
sodium range within the cationic potential framework.

However, both approaches (cationic potential, direct electrostatics) are very useful
to study and predict phase transitions: The cationic potential for its very good trade off
of accuracy and simplicity for high sodium concentrations (as-synthesized), and use of
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Figure 3.7: Phases (O3 or P2) as predicted by the electrostatic prediction approach using the "Smearing" pa-
rameter set (cf. Table 3.1) for all compositions shown in Figure 3.5 down to a sodium concentration of zero in
the two dimensional cationic potential space as introduced by Zhao et al. [6]. Blue crosses indicate P2 and red
circles indicate O3. The linear separation line proposed by the cationic potential approach is shown as black
line while the one obtained from re-fitting to the electrostatic predictions is shown in orange. The cationic
potential matches the electrostatic data points for high ®n, (high Na content) even better than the fit over
the whole sodium range, however, the predictions differ a lot for low sodium concentrations (low ®yg). This
indicates that the whole sodium concentration range is not sufficiently described by a linear separation line in
the two dimensional cationic potential space.

explicit calculation of electrostatics as the approach can be considered fully ab initio
and is also quantitative and physically interpretable. Moreover, the use of direct electro-
static calculations for the prediciton of layered phases as proposed in this work also of-
fers the possibility to include even more phases beyond P2 and O3 as shown above which
is unique compared to the other approaches as sufficient amounts of experimental sam-
ples are missing for these phases. Finally, it should be mentioned that the accuracy of the
electrostatic approach might be further increased by using larger supercells, e.g., same
amount of layers in c-direction for all phases and/or more repetitions of the unit cell
along the a-direction, which increases the computational costs for the configurational
search rendering high-throughput screenings as performed in this work infeasible. Such
larger supercells might improve the prediction quality further as higher-symmetry (and
lower energy) superstructures can form. However, with the use of heuristic solvers such
as implemented in GOAC, which is openly provided by our group, these studies would be
feasible for certain systems of interest. Therefore, including larger supercells is expected
to further boost the predictive power of explicit electrostatic calculations for the phase
stabilities of layered oxide sodium-ion cathodes and details will be discussed in further
studies.

To summarize, an ab initio prediction model for the stability of layered oxide phases
of sodium cathodes based solely on electrostatic interactions was proposed. While the
energy evaluation by electrostatics is not very demanding, the configurational search
for lowest energy structures in materials with complex compositions is very challeng-
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ing due to a combinatorial explosion of possible configurations. However, by using ad-
vanced heuristics such as Replica Exchange Monte Carlo as implemented in the GOAC
optimizer for the configurational search, compositions of high complexity can be evalu-
ated using electrostatic model that treats atomistic interactions explicitly. It was shown
that the resulting model can be fitted to DFT data by maximizing the correlation over dif-
ferent stacking phases while varying the intra-layer distances and inter-layer distances
along the c-direction as well as the a-lattice parameter and applying Gaussian smearing
of the point charges. Results prove that electrostatic calculations with such optimized
parameters are able to reproduce DFT energy differences between various layered oxide
stackings (01, 02, 03, P2, P3, OP2, OP4) with Pearson correlations well above 80 %, indi-
cating the high predictive power of bare electrostatics. It was continued by verifying the
pure ab initio phase stability prediction model by achieving an accuracy of ca. 80 % on
an experimental data set of 272 compositions in either P2 or O3 phase. The high accu-
racies prove that electrostatics are the driving force when it comes to phase stabilities in
layered oxides. Finally, it is highlighted that due to the low computational costs the pro-
posed electrostatic prediction together with the use of heuristic optimizers for the con-
figurational search is capable to be applied in high-throughput studies by performing
calculations on 15000 compositions. While techniques fitted to experimental data sets
still achieve a slightly higher prediction accuracy on experimental data sets, it is expected
that the ab initio electrostatics approach has some advantages when considering out-of-
sample predictions, e.g. different stacking phases and more importantly lower sodium
concentrations. Regarding the lower sodium concentrations it is also worth mentioning
that reasonable agreement to experimental studies regarding phase stability and transi-
tions during cycling were found. Thus, the electrostatic prediction approach might not
only be able to predict most stable as-synthesized phases but also to predict phase tran-
sitions during cycling despite no kinetic effects are considered.

Combining all these aspects together, the ab initio electrostatic prediction approach
for the phase stability of layered oxide sodium-ion cathodes proposed in this work along
with the shown optimized parameter sets offers a highly valuable tool to study phase
stabilities in more detail while keeping the computational costs to a minimum. Thus,
the approach will enable both, prediction of interesting compositions for future exper-
imental studies as well as the possibility to screen large composition spaces for further
theoretical insights.

3.5 Methods
3.5.1 GOAC

To obtain the ionic configurations for the DFT calculations and to compare the stabili-
ties of various phases, configurational optimization of Coulomb energies was performed
assuming fixed charges of Na*, Vac®, Lit, Mg?*, AI**, Ti**, 0>~ and a variable oxidation
state of Mn and Ni between 2+ and 4+ while always the Mn was first fully oxidized to
4+ before the Ni was oxidized accordingly to their electronegativities. For compositions
beyond these elements the typical oxidation states reported by Zhao et al. [6] were as-
sumed and again full oxidation of the species with the lowest electronegativity was as-
sumed followed by oxidation of the species with the next lowest electronegativity and so
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on. It was always ensured that the overall composition is charge balanced, if this was
not possible from the transition metals alone, oxygen oxidation from 0%~ to 0>~ " was
applied. In all cases delocalized charges over all species of the same type were applied
(same average charge for all species of a type). Moreover, the configurational search was
constrained to ensure that the total composition is matched for each layer of the con-
sidered stacking. This ensures the same degrees of freedom for stackings with different
amounts of layers along the c-direction. For the DFT references and the high-throughput
screening of various compositions 2v/3x2v/3x 1-supercells were employed while for the
structures in the experimental data set 4v/3x4+/3x 1-supercells were considered. For the
actual configurational optimization the Replica Exchange Monte Carlo (REMC) heuristic
as implemented in the GOAC code [16] was used with parallel tempering at temperatures
0f0.1,0.2,0.3, 0.4, 0.6, 0.8, 1.0, and 1.2 eV, respectively. For the larger cells in the exper-
imental data set Monte Carlo steps per exchange and total run times per composition
were set by the number of total configurations: 1000000 and 90 seconds for less than
10%°, 750000 and 180 seconds for up to 10°°, 500000 and 300 seconds for up to 107 and
for even more configurations 300000 and 480 seconds. For the high throughput screen-
ing of the composition spaces always 200000 Monte Carlo steps were used along with
run times of 30 (O1), 60 (02), 75 (03, P2), 90 (P3), and 120 (OP4) seconds, respectively.
The run times correspond to machines with 128 physical CPU cores. As discussed in the
Results section, optimizations appeared to be sufficiently converged with these settings
and no evidence was found that the results suffer from unconverged configurational op-
timizations. Energies for the optimization were evaluated by electrostatics within the
Ewald summation technique and the parameters (distances and/or Gaussian smearing
of charges) described in Framework section. All energies or energy differences always re-
fer to the lowest energy configuration found during optimization for each composition
and stacking sequence.

3.5.2 DFT

The lowest energy configuration of each composition obtained from REMC runs (de-
scribed above) was considered for the DFT calculations. DFT calculations were per-
formed with the Vienna ab initio simulation package (VASP) [27] that relies on the
projector-augmented wave (PAW) [28] approach. The Perdew-Burke-Ernzerhof (PBE)
exchange-correlation functional was employed [29]. Spin-polarization along with an en-
ergy cutoff of 520 eV and an electronic and force convergence criterion of 10™* eV and
1072 eV/A, respectively, were applied. No symmetries were considered and a I'-centered
k-point grid of 2x2xn with n equals 4 for O1, 2 for 02, P2, OP2, 03, and P3, and 1 for
OP4 was applied. Standard VASP PAW potentials considering just the valence electrons
explicitly were used.

Supplementary Data

Supplementary data to this article can be found in the next section. The data calculated
in this work is accessible in an interactive way by a graphical user interface (GUI) at:
https://huggingface.co/spaces/KK-JZF/Electrostatic-Phase-Stability
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Supplementary Figure 3.8: Normalized DFT energies for various phases (01, 02, 03, P2, P3, OP2, OP4),
sodium concentrations (left to right: 0.33, 0.67, 1.00) and substituents (a, b, c: 1:1 Ni:Mn; d, e, f: 25 % Vac;
g h,i: 25 % Li; j, k, I: 25 % Mg; m, n, o: 25 % Al; p, q, r: 25 % Ti). The blue curves depict materials with Ni and
the oranges ones with Mn. Generally, same trends between Ni and Mn compounds can be observed.
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Supplementary Figure 3.9: Correlation of phase stabilities as obtained from DFT between the same compo-
sitions containing either Mn or Ni. Curves for various substituents are shown. Generally, the phase stability
between Ni and Mn compounds is highly correlated.
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Supplementary Figure 3.10: Relative and normalized DFT and Coulomb energies of NaxNig5Mng 50, at
x=0.00 (a), 0.33 (b), 0.67 (c), 1.00 (d) for different stacking sequences. The energies are given for both, a perfect
and undistorted structure and for the DFT geometry optimized structures. In general, a strong correlation be-
tween the two different energy calculation approaches is observed.
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Supplementary Table 3.3: Database of of experimentally reported cathode materials in either the P2 or O3
phase used to evaluate the performance of the electrostatic prediction approach developed in this work. Ma-
terials were collected from the work of Zhao et al. [30] and the ICSD database. [31] For the compositions in
the work of Zhao et al. [30] the original references are given or the work itself is cited where the original refer-
ence was not available. For the compositions from ICSD the corresponding ICSD Collection Code is given as
reference.

Nr. Composition Phase Reference

1 Nag 6[Mnj,0]02.,0 P2 Caballero et al. [32]

2 Nagg[CrgeTig 41020 P2 Wang et al. [33]

3 Nag g[Mng g5Nig.25C0¢.1102.0 p2 Nguyen et al. [34]

4 Nag 65[Nig.17C00.11Mng 721020 P2 Yu et al. [35]

5 Nag 65[Mno.93]02.0 P2 Zhao et al. [36]

6 Nayg g6 [Lig.22Rug.78]02.0 P2 Cao et al. [37]

7 Nag 66[Nb1.0102.0 P2 Tyutyunnik et al. [38]

8 Na() 67 [MI]() 65N10 2C00 15]02 0 P2 Lietal [39]

9 Nag 67[C0g.67Mng.22Nip 111020 P2 Valvo et al. [40]

10 Nao 67 [COQ 25Mn0 65Cr0 1]02 0 P2 Wang etal. [41]

11 Nao 67 [Mn1 0]02 0 P2 Suetal. [42]

12 Nag 67 [Mgp.2sMng 72]02.9 P2 Yabuuchi et al. [43]

13 Nag g7 [Mng.78Zng 221020 P2 Bai et al. [44]

14 Nagg7[C01,0]020 P2 Hamada et al. [45]

15 Nag67[Coo5Mng5]02,0 p2 Zhu et al. [46]

16  Nage7[Lig.22Tig.78]02.0 P2 Wang et al. [47]

17 Nag 7 [Nig 33Mng 671020 P2 Paulsen et al. (48]

18 Nag_g7[Nip. 23Mg0 1Mng 671029 P2 Hou et al. [49]

19 Nag 67[Nig.1 Cug.2Mng 7102 o P2 Wang et al. [50]

20 Na() 67 [Nl() 2621’10 ()7M].’10 67]02 0 P2 Wu et al. [51]

21 Nao 67 [Nlo 33Mn0 5T10 17]02 0 P2 Yoshida et al. [52]

22 Nao 67 [Nlo 22CUO HMHQ 56T10 11]02 0 P2 Mu et al. [53]

23 Nag7[Nip33Tip.67]02.0 P2 Shin [54]

24 Nag g7 [Feg.67Mng 33102 P2 Matsumura et al. [55]

25 Nagg7[Feq2Mng.g]O02,0 P2 Dose et al. [56]

26 Nao 67 [Mno 8Fe0 1T10 1]02 0 P2 Han et al. [57]

27 Nag,g7[Feo2Nig,15Mng,65]102.0 p2 Luo et al. [58]

28 Nag 67[Mng 5Feg 25C00.25102.0 P2 Liu et al. [59]

29 Nag g7 [Mng 65C0¢.2Nig 151020 P2 Yuan et al. [60]

30 Nag 67[Nig.4Cop.2Mng 4102 P2 Sun et al. [61]

31 Nao 67 [CI‘() 33T10 67]02 0 P2 Tsuchiya et al. [62];
Zhao et al. [30]

32 Nag 7 [Nig 67Teg.33102.0 P2 Evstigneeva et al. [63]

33 Nag7[Mn;]O29 P2 Sehrawat et al. [64]

34 Nag 7[Mng Nip.3C0¢.1102.9 P2 Yoshida et al. [65]

35 Na().72 [Lio.24Mn0.76]02.0 P2 ROl’lg etal. [66]

36  Nag.75[C01,0]102.0 P2 Huang et al. [67]; Bal-

sys [68]
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37
38
39
40
41
42
43

44
45
46

47
48
49
50
51
52
53
54
55
56
57
58
59

60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77

Nag.76[Cug 22Feg.11Mng67102.0
Nag.78[Nig.2C00.38Mng 421020
Nag g[Lig.12Nig.22Mng 66102.0
Nag.[Cog.gTip.2]02.0
Nag.g[Cop.sMny.2]02.0

Naj o[Ti.0]02.0

Naj 0[V1.01020

Nay ¢[Cr1.0]02.,0
Nay o[Feq.0]02.0
Naj ¢[Mo1.,0]02,9

Naj o[Rhy,0]O2,

Naj o[Luy 01020

Najy ¢[Cog.5Feq.5102.0

Naj ¢[Nig5Mng.5]02.0

Naj 9[Nag 33Z10.67102.0

Naj o[Nag 33Ru0.,67102.0

Naj ¢[Nag.33Pdg.67102.0

Naj o[Nag 331r9.67102.0

Naj o[Nag 33Pt.67102.0

Naj ¢[Nag 33Ru9.53Mnyg.13]102.0
Naj o[Nag 33Ru0.,55n0.17102.0
Naj ¢[Nag 2Nig2Mng 2Rug.4]029
Naj o[Nag 5Rug 51020

Naj o[Nig.67Bi0.33102.0

Nay [Nig.67Sbo.33102.0

Naj [Nig.67Rug.33102.0

Nay ¢[Cug.67Sbo.33]102.0

Najy ¢[Cro.33Fep.33Mng 331029

Naj o[Mng 33Fep.33C00.33102.0

Naj ¢[Mng_33Feo.33Nig.33102.0

Naj ¢[Nig 33Mnyg.33C00.33102.0

Naj ¢[Nig5C00.2Mng 3]02.0

Najy o[Mng 25Fep.25C0¢.25Nig.25]02.0
Naj ¢[Nig 32Feg.13C00.15Mng.4]02.0
Naj o[Nig 4Fep2Mng 2Tip.21020
Naj ¢[Nig 25C00.25Fep.25Mng.12Tig.12]02.0
Naj o[ Tig.25Feg.25C00.25Nig.25102.0
Naj ¢[Nig 33Lio.11Tio.56]102.0

Naj [Lig.331r0.67102.0

Naj o[Nag2Mng 41r9.4]02.0

Naj o[ Tio.5Nig.5102.0

p2
P2
p2
p2
p2
03
03

03
03
03

03
03
03
03
03
03
03
03
03
03
03
03
03

03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03

Li et al. [69]

Zhao et al. [30]
Clément et al. [70]
Zhao et al. [30]

Zhao et al. [30]

DiWu etal. [71]
Chamberland &
Porter [72]

Xia & Dahn [73]
Takeda et al. [74]

Ringenbach, C,
Kessler, H, Acad,
CR [75]

Hobbie & Hoppe [76]
Blasse [77]
Yoshida et al. [78]
Bréger et al. [79]
Song et al. [80]
Mogare et al. [81]
Panin et al. [82]
Perez et al. [83]
McDaniel [84]
Liu et al. [85]
Rozier et al. [86]
Su et al. [87]
Regan et al. [88]; Qiao
et al. [89]

Wang et al. [90]
Ma et al. [91]
Lietal. [92]
Smirnova et al. [93]
Cao et al. [94]
Zhao et al. [30]
Kim et al. [95]
Sathiya et al. [96]
Xu et al. [97]

Li et al. [98]
Hwang et al. [99]
Sun et al. [100]
Yue et al. [101]
Yue et al. [102]
Zhang et al. [103]
Perez et al. [104]
Zhang et al. [105]
Yu et al. [106]
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78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122

Nayp o
Nay o
NaLO
Na0.9

Feq.33Nig.33Ti.33]102.0
Nig.5sMng 2 Tip 31020
Nig.45Cug,05Mng 4Tig1]102.0
Cug.22Fep.3Mng 481029
Nag 9[Nig.45Tip.55]02.0
Nag 9[Nig.4Mnyg 2 Tip.4]102.0
Nag 9[Mng 4Feq.5Tip.1102.0
Nag g5[Rh19]102,9
Nag g3[Cro.33Feo.33Mng.17Tip.17102.0
Nayg g[Nig.4Tio.6]02.0
Nayg g[Nig.3C00.2Tip.5102.0
Nayg g[Feo gMnyg.2]02.0
Nayg g[Cro.gTig.2]102.0
Nag g[Fep.gTip.2102.0

[

[

[

Nag g[Nig.4Mng 4Tip.2102.,0

Nag g[Coo.1Feg.7Mng 2]02.0

Nayg g[Cog.2Feq.6Tip.2102.0

Nay g[Nip.6Sbo.4]02.0

Nayg 75[Lio.05Cug.15Fep.33Mng.47]102.0
Nayg.78[Nio.15Feo.48Mng.37102.0
Nag 78[Cug.2Feg.38Mng 421029
Nayg 78[Nig.2Feo.38Tip.42102.0
Nag 7[Rh1 9]0z

Nayg 7[Nig355n0.65102.0

Nag 67[Mgo.33Ti0.67102.0

Naj ¢[Lig.33Tip.17Mng.5102.0
Nag 67[Nig.17Mgo.17Ti0.67102.0
Nag 64[Mng 5Nig 34Feo.1 Mgo.06102.0
Nayg 69[Mnyg 5Nig 39Feo.1 Mgo.01102.0
Naj o[Nig.3Fep.4Mng 31020

Nay o[Nig 5Mng 3C00.19Al0.01]02.0
Nay o[Nig5Mng 3C00.18Al0.02102.0
Naj ¢[Cug 2Fep.4Mng.4]02.0

Naj ¢[Cug 2Fep 3Mng 51020
Nag 54[Ti1.0102.0

Nag.99[Ti1.0102.0

Naj 0[C01.0102.0

Nayg 73[Lio.32Tio.68102.0

Naj o[Er;.0]02.0

Nayg g[Cug.158Fep.3Mng 521020
Nayg.g5[Cug.18Fep.3Mng. 521029
Nag.9[Cug.18Fep 3Mng 52102.0
Nag.92[C01.,0]02,9

Nag 32[C01.,0102,0

Naj o[Ruy.0]O2.0

03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
p2
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03
03

Wang et al. [107]
Wang et al. [108]
Yao et al. [109]
Mu et al. [110]
Lietal [111]
Qieral [112]
Jiang et al. [113]
Varela et al. [114]
Cao etal. [115]
Guo etal. [116]
Guo etal. [117]
Thorne et al. [118]
Zhao et al. [30]
Zhao et al. [30]
Zhao et al. [30]
Zhao et al. [30]
Zhao et al. [30]
Smirnova et al. [119]
Zhao et al. [30]
Zhao et al. [30]
Zhao et al. [30]
Zhao et al. [30]
Varela et al. [114]
Wang et al. [120]
Zhao etal. [121]
Zhao et al. [30]
Wang et al. [122]
13770

13771

19572

49492

49493

49834

49835

68872

85654

96428

96670

97544

133882

133884

133885

155498

155499

170347
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123 Nag.g9[Zng 33lrg.67]02.0 03 191296
124 Nag 62 [Feg.67Mng.33]102.0 03 252021
125  Nag.46[Fep.67Mng.33102.0 03 252022
126 Nag.34[Fep.7Mng.33]102.0 03 252023
127 Na().lg [Fe0.67Mn0.33] 02,0 03 252024
128  Nag.g[Feg.67Mnp.33]102.0 03 252025
129 Nayg 52 [Feg.67Mng.33]102.0 03 252026
130 Nagge[Cug.33Iro.67102.0 03 426655
131  Nag.92[Nig331r.67102.0 03 426656
132 Nag,62[Iro.39Mng61]102.0 03 426657
133 Nag.9[Coo.331r0.67102.0 03 426658
134 Nag.g[Feg.671r0.33102.,0 03 426659
135 Nay [Al;0]02.0 03 22216
136 Najo[Tl0]020 03 25510
137 Naj 0[Sc1.0102.0 03 25729
138  Nag.75[Feq.75Tip 251020 03 27358
139 Najo[Ing 0]Oz20 03 31932
140  Naj o[Nag.33Sn9.67]102.0 03 31933
141 Nal,o [Nio_48Mn0'3Tig'gzr0.02]02.0 03 33192
142 Nal.o [Ni0_45Mn0_3Ti0_ZZr0.05]02_0 03 33195
143 Na1.0 [Nio,4Mn0,4Tio.1Cu0‘1]02.0 03 37649
144 Nal.o [Nio.gFeo.gsMno_45]Og.0 03 37671
145 Naj ¢[Nig2Fep.35Mng 47Zng 051029 03 37672
146 Nal,o [Ni0.45zn0'05Mn0,4Tio,1]02,0 03 142010
147 Naj ¢[Nig.3Feg2Mng 51050 03 147473
148 Nal.o [Nio_ngeo.19Mn0.47Ti().05]02.0 03 147474
149 Nal.() [Ni0.27Feo_lng’lo‘45Ti0.1]02.() 03 147475
150  Naj o[Nig.26Fe.17Mng 42Tig.15]02.0 03 147476
151 Nag[Mng e7Nig.22Feo.11102.0 03 147524
152 Nao.g [Mno_ggNio_ngeo.le] 02_0 03 147528
153 Naj [Nig.4Mng 4C09.2102.,0 03 257298
154 Nag.91[Nig.4Mng.4C00.2]02,0 03 257299
155 Nag.g[Nig4Snge]O2.9 03 264775
156 Nag.9[Nig.455n0.55]02.0 03 264776
157  Nay o[Nig.55n0.5]02.,9 03 264777
158  Najo[Y1.0]1020 03 291907
159 Naj o[Ho1,0]020 03 291908
160 NajolYb1,0]O20 03 291910
161 Nage3[Mng 5Nig 3Feo.1Mgo.1102.0 p2 13772
162 Nag.43[Mn;j 0]O2, p2 19654
163 Nag.44[Mnj 0]O2 P2 19656
164  Nag27[Mnj ]O2 P2 19657
165 Nap.7[MnggMgo.2102.,0 p2 19772
166 Na0.7 [MHO.BGNiO.UCOO.l?]OZ.O P2 32224

167  Nag,e2[Tip.13Mng,61Nig.13C00.13102.9 P2 32225
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168  Nag.77[Nip.33Mnge7]102.9 P2 33349
169  Nag.g[Nig.33Mng67]02.0 P2 33350
170 Nao 95 [Nio 33M1’10 67]02 0 P2 33352
171 Na() 67 [MI]() 5C00 4Fe0 1]02 0 P2 35810
172 Na() 67 [Mn045C00,3Fe0,2]02.0 P2 35811
173 Nag.74[C01.,0]02.0 P2 50301
174  Nag41[Co1,0]102 P2 55722
175  Nage7[Fep5Mng5]102,0 P2 70640
176 Nag.7[C00.33Tip.67102.0 P2 95617
177 Nag.73[C01.0]102, P2 98212
178 Nag.78[C01.0]02.0 P2 99393
179 Nag.g4[C01.,0]02,0 P2 99394
180  Nag61[C01.0102.0 P2 99830
181 Nag57[C01.0]102,0 P2 99831
182 Nag.g7[Mng.gZng.1Cup.1102,9 p2 112715
183  Nagg7[Mng.gZng.1Alp.1102.0 P2 112716
184 Nao 67 [Mno.gznollTio.l]Oz.o P2 112717
185 Nao 67 [Mno.gFeo,lcuo,l]OZ,O P2 112718
186  Nagg7[Mng.gFeq.1Alg.1]102.0 P2 112719
187  Nag.75[Mng 75Lip.25]102.0 P2 116426
188  Nag.56[Mng9]O2.0 P2 117923
189  Nag.7[Cup.2Feg.1Mng.7]02.,9 P2 127638
190  Nag.7[Co1,0]02,0 P2 138399
191 Na0,52 [Fe0,33Mn0,57] 02,0 P2 145390
192 Nag.51[FeosMng 51020 P2 145391
193 Nag.e7[MngNig.2Lip.2102.0 P2 148780
194  Nag.56[Mng 75Nig.25]102.0 P2 149048
195 Nag3[Co1,0]1020 P2 150910
196  Nag.71[C01.0]102, P2 151793
197  Nag.76[C01.0102,0 P2 151795
198  Nag.67[Nig.58Sbg.42]02.0 p2 155267
199  Nag.38[C01.0]02,0 P2 155510
200  Nag,3[C01.0]102,0 P2 159810
201  Nag4[C01,0102,0 P2 159818
202 Nag,9[C01.0]02.0 P2 162600
203 Nag.55[C01.0]102,0 P2 162845
204 Nag54[C01.0]102,0 P2 162847
205 Nags3[C01.0]102,0 P2 162849
206 Nao.ﬁg [C00,97Fe0,03] 02,0 P2 166645
207 Na0,53 [C00,5Mn0,5] 02.0 P2 192730
208  Nag.e4[MnggMgp.2102.,0 P2 196275
209  Nag.58[Mng.gMgp.2102.0 P2 196276
210  Nag.es[Mng.67Fe0.33102.0 P2 231006
211 Nag.e2[MngsFeq5102,0 P2 231007
212 Nag.47[Mng,gMgo.2]02,0 P2 235991
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213 Nage2[MnggMgp.2102.0 p2 235992
214 Nag.42[MnggMgp.21029 P2 235993
215 Nag.79[C01.0102,¢ P2 237123
216 Nag.79[Cog.7Mng 31029 P2 237125
217 Nag.34[C01.,0]102, P2 246579
218 Nag.g[Co1.0]020 p2 246584
219 Naj0[Co1,0]1020 P2 246585
220 Naggs4[Cog9Rup 11029 P2 246744
221  Nagg6[Cog.8Rug 21029 P2 246745
222 Nag.77[Cog.7Rug 31029 P2 246746
223  Naggg9[CogsRug4]02.0 P2 246747
224 Na0.72 [C00.5RU().5] 02.0 P2 246748
225  Nag.e7(Cro.67Ti0.33102.0 p2 253190
226 Na0,67 [Mno,ggFeO.ZCu0.14]Og_0 P2 259163
227  Nag.7[Cro.855b0.15102.0 p2 261554
228  Nag.71[Mng.e5C0¢.18Nig.17]02.0 P2 291156
229  Nag.g5[Nig.34Mngee]O2.0 p2 19135

230  Nag.gs[Lig.12Nig.22Mng,66102.0 P2 19136

231  Nag.g9[Mng.g92Feq.08]02.0 p2 36989

232 Nao.gg [Mn0.87F60.08Mg0_05] 02.() P2 36990

233 Nag g9[Mng g2Feg.0sMgo.1102.0 P2 36991

234 Nag.gg[Mng 77Fep.08Mgo.15102.0 P2 36992

235 Nag44[Cop.1Mngy 9]0z P2 41644

236  Nag.e7[Nip.28Mng 47Fe0.19Zr0.01102.0 P2 43092

237  Nagg7[Mng.7Nig2Mgp.1102.,9 p2 45924

238  Nag7[Mgo.15Mng g5102.0 P2 92079

239 Nag.7[Mgp.15Lip.1Mng 751029 P2 92097

240 Nag.67[C00.04Nig.29Mnyg.67]102.0 P2 93469

241  Nag5[Tio,cNio.3Feo.1102.0 P2 111262
242 Nagg7[Nig.2sMng 751020 P2 113162
243 Nag.g[MngCo0.4102.,0 P2 113711
244 Nagg6[Lig.01Mng.48Tig.01Feo.5102.0 P2 116196
245  Nages[Alg.05Mng 951029 p2 130561
246 Nages4[Alg.1Mngg]O2.0 P2 130562
247 Nag.g7[Alp.2Mng.g]O2,0 P2 130563
248  Nagg7[Mng9Co0.1102,9 P2 138209
249  Nagg7[Mng gCop.2]102,9 P2 138210
250 Nao.54 [Feo.ggMnoﬁﬂ 02.0 P2 145392
251 Nagg[Fep5Mng5]02,0 P2 145393
252 Nao,57 [Mn0,49Fe0,5Zr0,01]02,0 P2 146381
253 Nao.g [Mn0_57Nio_22Fe0,11]02_0 P2 147522
254 Na().e [Mno.sgNio.ngeohlﬁ] 02.0 P2 147526
255 Nao.g [Feo.SMn0_4an0.01]02,0 P2 147596
256 Nao.g [Fe0,5Mn0,482n0.02]02.0 P2 147597

257 Nao_se [Nio'zgzn0,05Mn0'57]Oz,0 P2 148427
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258 Na0.66 [Nio.zgznol 1 Mn0.67] 02.0 P2 148428
259 Na0,65 [Ni0.182n0,15Mn0,67]02.0 P2 148429
260  Nag.4[Mng g7Nig.13]02.0 P2 149008
261 Na0.72 [Lio_lgNi()_ngno.Gg] 02_0 P2 194426
262 Na0444 [Mno.eNi()A]Og.() P2 235714
263 Na0.44 [Mno.GNi().g Cll().l | 02.0 P2 235715
264 Na0.57 [C00,55Mn0,35]02,0 P2 237126
265  Najo[Pug.67Nag.33]02.0 03 241539
266  Naj o[Big5Nag 51020 03 414158
267  Nag.g[Nig.33Mn,67]02.0 P2 33351
268 Nag.71[C01.0102.0 P2 98211
269 Na0.65 [Lio_lego'lgMn0.74] 02.0 P2 124528
270 Na0,67 [Cu0,17NiO,17Mn0,67]Oz,0 P2 125982
271 Nag;5[C01,01020 P2 21001
272 Na0.67 [Lio_17C00.17M1’10_67]OZ.0 P2 147641
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Supplementary Figure 3.11: Sensitivity of correlation to DFT for energy differences of different stacking se-
quences for changing the free parameters a (a and ¢), do.Tm-0 (b and d), dp-Na-0 (e and g), and o (f and h).
While a, b, e, and f show the change in correlation for each tested substituent and for all sodium concentrations
of 1.00, 0.67, and 0.33, the plots ¢, d, g, and h show the average over all materials and sodium concentrations.
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Supplementary Figure 3.12: Sensitivity of correlation to DFT for energy differences of different stacking se-
quences for changing the free parameters a (a and ¢), do.Tm-0 (b and d), dg-Na-0 (€ and @), and o (f and h)
excluding Na=0.33. While a, b, e, and f show the change in correlation for each tested substituent and for all
sodium concentrations of 1.00 and 0.67 (excluding 0.33) the plots c, d, g, and h show the average over all mate-
rials and sodium concentrations.
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Supplementary Table 3.2: The top 30 parameter sets found during the grid-based screening of all four param-
eters. The correlation (excluding Na=0.33) is very high for all parameter sets and the chosen parameter set (8)

which is also close to experimental values is highlighted in bold.

Nr. O-TM-O(A) O-Na-O(A) a(d) Smearing Correlation
1 2.7 2.9 4.5 0.6 0.88304
2 2.6 3.1 4.6 0.6 0.88297
3 2.6 3.0 4.5 0.6 0.88293
4 2.6 3.2 4.7 0.6 0.88286
5 2.2 29 4.1 0.5 0.88284
6 2.2 3.0 4.2 0.5 0.88282
7 2.7 3.0 4.6 0.6 0.88279
8 2.3 3.4 4.6 0.5 0.88273
9 2.6 3.6 5.0 0.6 0.88272
10 2.6 29 4.4 0.6 0.88272
11 2.7 3.4 4.9 0.6 0.88271
12 2.3 3.3 4.5 0.5 0.88270
13 2.6 3.5 4.9 0.6 0.88270
14 2.7 3.5 5.0 0.6 0.88269
15 2.2 3.1 4.3 0.5 0.88268
16 2.7 3.3 4.8 0.6 0.88267
17 2.5 3.8 5.1 0.5 0.88267
18 2.7 3.9 5.3 0.6 0.88265
19 2.6 3.7 5.1 0.6 0.88265
20 2.6 3.3 4.8 0.6 0.88264
21 2.0 3.1 4.1 0.1 0.88263
22 2.0 3.1 4.1 0.0 0.88263
23 2.0 3.1 4.1 0.2 0.88263
24 2.0 3.1 4.1 0.3 0.88263
25 2.2 3.4 4.5 0.2 0.88263
26 2.2 3.4 4.5 0.1 0.88263
27 2.2 3.4 4.5 0.0 0.88263
28 2.2 3.4 4.5 0.3 0.88263
29 2.5 3.7 5.0 0.5 0.88262
30 2.4 3.7 4.9 0.2 0.88262
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Supplementary Figure 3.13: Correlation of optimized parameter while either the average correlation over all
materials and sodium concentrations is maximized or the minimal correlation is maximized. Fits for excluding
or including certain materials and sodium concentrations are shown along with the optimal correlation (top
left) that could be achieved if an individual set of parameter is used for each composition.
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Supplementary Figure 3.20: Phases (O3 or P2) as predicted by the electrostatic prediction approach using the
"default" (a), "optimized", and "Smearing" parameter set as discussed in the main text for all compositions
shown in Figure S7 down to a sodium concentration of zero in the two dimensional cationic potential space as
introduced by Zhao et al. [30]. Blue crosses indicate P2 and red circles indicate O3. The linear separation line
proposed by the cationic potential approach is shown as black line while the one obtained from re-fitting to
the electrostatic predictions is shown in orange.
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PHASE TRANSITION DYNAMICS:
COMPUTATIONAL STUDIES ON O2-P2 PHASE-TRANSITION
DYNAMICS IN LAYERED-OXIDE SODIUM-ION CATHODE

MATERIALS

Sodium-ion batteries have gained much interest over the past years and es-
pecially layered oxides are highly considered as cathodes for the next gen-
eration of batteries. However, there are still significant challenges to over-
come in these materials for practical applications mainly related to capacity
degradation and voltage fading. A key influence factor for these challenges
are phase transitions that occur by gliding of layers during operation of these
materials. Until now there is limited atomistic-level understanding on such
transitions as simulations of these processes are computationally demand-
ing. In this work, a classical pairwise Coulomb-Buckingham potential is
trained versus extensive ab initio data using a genetic algorithm to study
02-P2 phase transitions in Na,CoO,. The density functional theory (DFT)
and classical potential calculations show that phase transition barriers de-
crease upon desodiation and are further lowered if dynamic conditions are
considered through molecular dynamics simulations. The developed clas-
sical potential is able to capture phase transitions and its related increase
in the Na-ion diffusivity under standard lab conditions at the ps timescale
of molecular dynamics simulation. Furthermore, it is found that the phase
transition occurs gradually via various OPn phases.

This chapter is under review as: Koster, K. & Kaghazchi, P Computational Studies on O2-P2 Phase-Transition
Dynamics in Layered-Oxide Sodium-Ion Cathode Materials. Phys. Rev. B (2025). If accepted for publication
the copyright will be by the American Physical Society.
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4.1 Introduction

Layered oxide cathode active materials are among the most promising for sodium-ion
batteries (SIBs) as they are already successfully applied in the widely commercialized
lithium-ion batteries (LIBs). While LIBs are superior over SIBs in terms of total capacity
and capacity retention, SIBs can offer several advantages over LIBs when ecological and
economical/strategic perspectives are considered. The high, widely-distributed abun-
dance of Na compared to Li can yield strategic as well as cost benefits while in addition
often less critical metals are required in SIBs compared to LIBs. Despite these consid-
erable advantages of SIBs over LIBs their wide application is still hindered by there in-
ferior electrochemical performance. Key challenges in improving the performance of
SIBs are often connected to the much larger ionic radius of sodium compared to lithium
which causes more drastic changes in the host materials upon (de-)intercalation dur-
ing (dis-)charging. More precisely, for the aforementioned layered oxide cathode ma-
terials often phase transitions are observed during operation [1-5]. The phases can be
classified by the sodium-ion coordination-environment such as octahedral (O) and and
prismatic (P) and the stacking periodicity of the layers along the c-direction [6] while
the most commonly observed phases are P2 (intermediate sodium concentration) and
O3 (high sodium concentration). However, during operation of the cathode material
the varying sodium concentration often yields to (ir-)reversible phase transitions. The
most important transitions are P2 to O2 and O3 to P3 transitions while also transitions
to mixed stackings such as OP2 or OP4 are observed [4, 5].

Whilst there is a common understanding that these transitions are caused by gliding
of transition-metal oxygen slabs, there are little mechanistic insights until now as this
requires atomistic-level simulations [4, 5]. Such simulations are limited by the model
size and simulation time which can render it difficult to observe any phase transitions.
Recent studies leveraged machine learned force-field aided ab initio molecular dynam-
ics (MD) simulations at elevated temperatures and observed gliding of layers [7] or em-
ployed nudged elastic band (NEB) calculations to estimate the phase-transition bar-
rier [8]. However, detailed insights about the sodium-concentration dependency on the
transition barrier and the transition mechanism at dynamic conditions are still missing
due to the associated computational costs. Even though machine learning potentials
gained significant interest over the past years and allow for significant speed-ups over
quantum-mechanic calculations while often maintain reasonable accuracy, most ma-
chine learning potentials are still significantly slower than simple classical potentials [9-
13]. It must be mentioned that in spite of the faster simulations using classical poten-
tials often a lower accuracy than in machine learning potentials is achieved and classical
potentials are less transferable and require notorious fitting for new materials. Neverthe-
less, a few attempts have so far been made to describe (layered) oxide cathode materials
with the help of classical potentials [14-18]. More recently, also some works focused on
classical pairwise potentials to investigate sodium layered oxide cathodes [19-21]. De-
spite several challenges these classical potentials offer the opportunity to study cathode
materials at atomistic level and at timescales and system sizes that cannot be achieved
yet by other methods. To the best of our knowledge, such classical potentials have not
been applied to study phase transitions in layered oxide sodium-cathodes yet but bear
the potential for more direct atomistic insights under more realistic time and tempera-
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ture conditions.

In this work, a classical pairwise potential is developed and applied to simulate and
understand the O2-P2 phase transition in the prototype sodium-ion cathode-material
Na,CoO,. The Co-based layered oxide is among the most studied simple cathode ma-
terials with many literature reports available and is therefore a suitable material for this
study [22-26]. Moreover, Na,CoO; has less additional complexities as it is not Jahn-Teller
active and charges are usually just delocalized over all Co ions (according to higher level
ab initio calculations [27]). While the material is reported in the P2, O3, and P3 phase,
also phase transitions during desodiation are reported [22, 28] making it a suitable can-
didate to study phase transitions. Even though no full O2 phase (just irregular OP phase
at high states of charge [28]) was proposed for this material yet it still seems reasonable
to study the O2-P2 transition as the mechanisms should be similar to other On-Pn tran-
sitions and the O2-P2 case is the most simple to starting point with just one layer that is
gliding [8]. Moreover, the O2-P2 phase transition is of great relevance to layered sodium-
ion cathode-materials in general [5, 29]. To that extend, this study can be seen as a basis
to study more complex materials and phase transitions while focusing here on the most
simple cases to outline fundamentals of phase transitions in layered oxides and possible
methodologies how these could be studied.

It is begun with a detailed methodology section describing the fitting procedure of
a Coulomb-Buckingham potential for the O2-P2 Na,CoO, system. It is continued by
performing static calculations using density functional theory (DFT) and by employing
the fitted potential to learn about how the phase-transition barrier changes with sodium
concentration. Next, the fitted potential is applied in classical MD simulations to gain
mechanistic insights and to obtain the activation energy for phase transitions under
dynamic conditions. Finally, it is shown that with the help of classical potentials it is
possible to observe phase transition under standard lab conditions at the time scale of
ps. Moreover, it is also shown that the fitted potential is capable to reproduce sodium-
diffusion properties and captures the different sodium conductivity of O- and P-phases
well. The simplified workflow followed in this work is sketched in Figure 4.1.

f 1. Reference Database
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Figure 4.1: Schematic procedure of database creation, potential fitting, and application in molecular dynam-
ics (MD) for the NayCoOy cathode material performed in this work. First, more than 40000 structures with
finite displacements of lattice parameters and ion positions (indicated by arrows in the figure) were evaluated
by density function theory (DFT) calculations. Second, a Coulomb-Buckingham potential was fitted to energy
differences and forces of the reference database leveraging a Genetic Algorithm (GA). Finally, the obtained po-
tential was applied in large-scale classical MD simulations in the ps regime to study phase transitions.
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4.2 Computational Methods

The general computational methodology employed in work is outlined in Figure 4.1 con-
sisting of three steps: creation of an ab initio reference dataset, fitting of the Coulomb-
Buckinghma potential, and performing MD simulations. While the first two steps are
discussed in some more detail in the following subsections of this section, MD simula-
tions are analysed and discussed in the next section (Results and Discussion).

4.2.1 The employed Potential

The proposed potential follows a conventional Coulomb-Buckingham potential ap-
proach for all pairwise interactions in the Na,CoO, cathode material. The potential is
thus given by:

Utotal = Ucoulomb + UBuCkingham- 4.1)

The two different contributions can be further specified by:

NoX qiq)
Ucoulomb = Z —_— (4.2)

i=1j=i+1 Tij€
where the sums ensure to consider all pairwise interactions of the N ions in the sys-
tem with g; and g; being the ionic charges of the corresponding ions, r;; is their eu-
clidean distance and ¢ is the dielectric constant of the material. For the ionic charges,
always the bare formal charge (no effective charge) was applied and € was fitted as a free
parameter. Fixed charges of 1+ for Na and 2— for O were assumed and a variable charge
between 3+ and 4+ for Co to charge-balance the total structures at all sodium concen-
trations. To account for the long-range character of electrostatic interactions and the pe-
riodic boundary conditions Ewald summation [30] is applied to solve the Coulomb po-
tential contribution. As Coulomb interactions missing the Born repulsion at very short

distances, Buckingham potentials are employed that have the following form [31]:

N N Cij
UBuckingham = Z Z Ajjxexp(=rijlpij)— 5 - (4.3)
i:1j2i+l rij

In the Buckingham potential again r;; denotes the euclidean distance of the two ions
i and j that are currently considered in the double-sum over all pairwise interactions.
A;j, pij, and C;; are free parameters that need to be fitted for all pairs of different ionic
species in the system. In this work, parameters are fitted explicitly for each pair of differ-
ent species and no interpolation is applied.

4.2.2 Creation of Reference Dataset

Considering the described Coulomb-Buckingham potential approach, reference data
for fitting the potential parameters in the Na,CoO; layered oxide cathode-system is re-
quired. To capture the most important features of the material, namely different sodium
concentration, sodium orderings, sodium diffusion, phase transitions, and lattice pa-
rameter changes a broad variety of reference structures is required. Hence, structures in
02, P2, and OP2 stacking phases were modelled. Moreover, five equidistant intermediate
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structures between O2 and P2 were modelled (e.g., different shifts of the two transition-
metal layers towards each other) to account for dynamic phase transitions.

The structures were represented by 2v/3 x 2v/3 x 1-supercells containing 24 formula
units of Na,CoO,. For all of these eight phases different sodium concentrations of x
=1.00, 0.83, 0.67, 0.50, 0.33, 0.17, and, 0.00 in Na,CoO, were included in the reference
dataset. To account for different sodium orderings up to ten (e.g., there are no sodium or-
derings in x=0.00) local minimum sodium orderings were considered for each material.
The different sodium arrangements were determined by optimizing the electrostatic en-
ergies with help of the gradient decent algorithm implemented in the GOAC (Global Op-
timization of Atomistic Configurations by Coulomb) code [32] while only local minima
orderings that differ by at least 0.1 eV in electrostatic energy were chosen. This proce-
dure resulted in a total of 386 reference structures in the Na,CoO> layered oxide cathode-
system. Finally, the reference dataset was created by generating randomly distorted sam-
ples for all of the 386 structures. In order to do so, 10 % (25 % for strong distortions) of
the ions were selected and displaced randomly by up to 0.25 A. To capture sodium mi-
gration and the sodium diffusivity, 20 % (75 % for strong distortions) of the sodium ions
were selected randomly and displaced by up to 0.5 A(0.75 Afor strong distortions) with
a two times (4.5 times for strong distortions) higher magnitude for displacements along
the a- and b-direction than along the c-direction. Moreover, the lattice parameters were
distorted randomly as well in the sample structures by +2 % (+5 % for strong distortions)
in the a- and b-direction. Along the c-direction inter- (O-Na-O) and intra-layer (O-Co-0O)
separations were varied for all layers each by up to +3 % (£7.5 % for strong distortions).
These inter- and intra-layer distortions were employed as they are expected to undergo
the most pronounced changes during phase transitions and desodiation. For the strong
distortions also lattice angles were varied by +2.5 %. For the initial structures the distor-
tions were applied to, DFT optimized lattice parameters of a=b=4.875 A, do.co.0=1.95 A,
and do.Na.0=3.45 A long with perfectly symmetric ion positions were considered. These
lattice parameters were calculated as the average values of O2 and P2 stackings at x =
0.50 as obtained from DFT optimizations. To create the reference dataset for fitting the
potential parameters 104 (52 with normal and 52 with strong distortions) randomly dis-
torted samples were created for each of the 386 structures resulting in a total of 40144 ref-
erence calculations. The methodology of these distortions of ionic positions and lattice
parameters is also indicated by the arrows in the first step shown in Figure 4.1. All sam-
ple structures were evaluated by spin-polarized DFT single-point calculations employ-
ing the projector-augmented wave (PAW) method [33] as implemented in the Vienna
ab initio simulation package (VASP) [34]. The Perdew-Burke-Ernzerhof (PBE) exchange-
correlation functional [35] was applied along with an energy-cutoff of 600 eV and an
electronic convergence criterion of 10~° eV. The I'-Point and standard pseudo potentials
were employed. In addition, the D2 dispersion correction [36] was applied to capture the
long-range layer-layer interactions more precisely and as a similar term appears in the
Buckingham potential.

4.2.3 Error Metric

Using the reference dataset (cf. Figure 4.1, first step), the Coulomb-Buckingham poten-
tial parameters were fitted by minimizing the root-mean-square error (RMSE) between
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DFT-computed energy differences (for sample structures at a specific sodium concen-
tration) and each element of the force matrix. Energy differences between samples at dif-
ferent sodium concentrations were excluded as the described potential does not include
any term that could account for the ionization energy required to oxidize cobalt. Thus,
the scope of the potential is to accurately describe the dynamics, e.g., sodium diffusion
and phase transitions, at a given sodium concentration. For the RMSE calculation, the
RMSE in forces was weighted ten times more as the elements in the force matrix are
usually smaller than energy differences and forces are also rather important to obtain
correct dynamics when applying the fitted potential. In total, the error metric that was
minimized during fitting the potential parameters can be described by:

Error = —x
L

Sx
3TN T3 (fesia - fgfg)z
Sy X Ny¢x3

DFTy2
Z’Sl 1282 SI+I(AEx3132 AExSISZ)
251 IZSZ Sl+1

In this Equation, x denotes the sodium concentration and the following sodium con-
centrations were included: x ={0.00, 0.17, 0.33, 0.50, 0.67, 0.83, 1.00}. S is the total num-
ber of samples (40144) and S is the number of samples at a given sodium concentration
x. The first squared term describes the RMSE of the force matrix f relative to the DFT
reference force matrix f°F7 weighted by a factor o = 10. For the given sodium con-
centration x, all samples s, all ions 7, and all three dimensions d are considered in the
RMSE of the forces. The second squared term accounts for the RMSE in energy differ-
ences between the samples s; and s, at the given sodium concentration x. The RMSE
is normalized to per ion energies by dividing by the total number of ions in the system
(Ny). The exact formulation of the error metric is somewhat arbitrary but proved to be
efficient in fitting the potential parameters.

4.2.4 Fitting of Potential Parameters

With the potential form, the ab initio reference dataset, and the error metric described
in the previous subsections, fitting of the potential parameters can be attempted (sec-
ond step in Figure 4.1). As mentioned before, classic ionic charges (g) and no effective
charges that would require fitting were considered. Still, this approach yields 19 (1+3 x6)
potential parameters, e.g., € and 3 Buckingham parameters for 6 pairs (Na-Na, Na-Co,
Na-0O, Co-Co, Co-0, 0-0). Moreover, a different set of parameters is required for each
sodium concentration in Na,CoO,. Thus, fitting the potentials for all of the 7 consid-
ered sodium concentrations included in the reference dataset would require fitting of
133 (7x19) parameters. However, as only gc, is changing with different sodium con-
centrations, e.g., Co is oxidized and reduced between Co3* and Co**, it seems justified
to assume that Buckingham parameters for pairs that do not include Co are the same
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among all sodium concentrations. This greatly reduces the number of potential param-
eters for Na,CoO; from 133 to a total of 79 parameters. However, this assumption also
requires a coupled fitting of all sodium concentrations at the same time as certain opti-
mized parameters must be the same for all sodium concentrations. It was attempted to
fit this potential by global optimization using the genetic algorithm (differential evolu-
tion) as implemented in the scipy package[37, 38]. A population size of 512 samples (256
samples for 23 and 21 parameter models) was used along with "sobol" initialization. For
mutations dithering was employed in the range of 0.25 to 1.5 along with a recombination
constant of 0.6. The best sample of the population was optimized by the L-BFGS (limited
memory Broyden-Fletcher-Goldfarb-Shanno) algorithm [39] after each iteration. The
following boundaries for Buckingham parameters of A, p, C, and ¢ were applied: [100,
30000], [0.1, 0.5], [0, 1000], and [1, 10], respectively. The Buckingham cut-off was set to
15 Awhile electrostatics part was solved exactly by Ewald summation. Convergence of
the fitting involving 79 parameters can be seen in Figure 4.2 (a).
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Figure 4.2: Fitting plots of the process of obtaining the potential parameters. a) Convergence plots of Genetic
Algorithm for fitting different potential models with decreasing numbers of parameters. b) Dependence of p
in interactions with Co on sodium concentration as obtained from the potential model with 43 parameters.
Crosses indicate the parameter value of the best fit, circles the mean value of the first 1000 best optimized pa-
rameter sets and error bars their standard deviation. Fitted functions that were considered in further potential
models are shown by dashed lines. c) Dependence of € on sodium-concentration as obtained from the poten-
tial model with 43 parameters. Symbols, error bars and lines correspond to same quantities as in plot b).

As 79 parameters describing the Na,CoO» system are still quite inconvenient, it was
tested if it is possible to fit a potential assuming that also the C Buckingham-parameters
for pairs including Co are the same for all sodium concentrations. This assumption
might be justified by the fact that also in the D2 dispersion correction the term C/r®
is used while C is independent of the chemical environment, e.g., the ionic charge [36].
Fixing the A parameters for pairs including Co as well does not significantly reduce the
degrees of freedom in the fit as this fix can be mostly compensated by adjusting the
p parameters. Ultimately, these assumptions result in a potential with 43 parameters
and convergence of the error metric for fitting this model is shown in Figure 4.2 (a) as
well. Even though both fittings, the one of the 79 parameter model and the one of the
43 parameter model, were stopped early, their similar convergence behaviour shown in
Figure 4.2 (a) indicates that the model with 43 parameters still has enough degrees of
freedom to capture the characteristics of the Na,CoO, system.

It was further tried to reduce the parameters of the Na,CoO; potential by analysing
the variation of the remaining sodium concentration dependent parameters (0co-co,
PNa-Co» PCo-0, €) as function of sodium concentration x. The p parameters for all pairs
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involving Co are plotted in Figure 4.2 (b) and indicate that pna-co is sufficiently described
by a fixed value over the whole sodium range reducing the 7 parameters for each sodium
concentration to just 1. Moreover, pco-co has the strongest dependency on sodium con-
centration while its change is well described by a simple linear function of the form
f(x) = ax+ b. Thus, the 7 parameters per sodium concentration can be reduced to two
parameters that describe the linear function, namely a and b. Lastly, pco-0 shows a small
change on varying the sodium concentration that is apparently well described by an ex-
ponential decay of the general form f(x) = aexp(bx) + ¢, transforming the 7 fitted pa-
rameters per sodium concentration to the 3 parameters of the function: a, b, c. Finally,
the fitted dielectric constants undergo strong changes at different sodium concentra-
tions which are visualized in Figure 4.2 (c). The trend of € and sodium concentration x is
almost perfectly linear indicting that the 7 € for each sodium concentration in the fitting
can be replaced by just 2 parameters that describe the linear function, similar to pco-co-
The approach of fitting functions instead of parameters for each sodium concentration
bears two substantial advantages: I) The total number of parameters in fitting is reduced
which speed-ups convergence and II) the resulting potential is more generalized as the
functions allow to interpolate to intermediate sodium concentrations that were not con-
sidered in the reference dataset used for the fitting.

Table 4.1: Coulomb-Buckingham potential for Na,CoO fitted and employed in this work.

Pair A o C
Na-Na 101.02 0.33982 0.31577
Na-Co 701.536 0.32767 6.6555
Na-O 6276.7 0.22321 40.010
Co-Co 8582.7 0.019341x+0.27366 403.57
Co-O 11474 0.19886 41.395

0-0 4144.2 0.23746 4.1772
Charge Na Co 0]

q +1 +4-x -2
€=1.0379x+8.1337

Considering these functions and fixes for the parameters the total number of pa-
rameters in the potential fitting reduces further from the aforementioned 43 parameters
to 23 parameters and the corresponding convergence curve is shown in Figure 4.2 (a).
The pronounced and fast convergence towards errors significantly lower than the mod-
els with more parameters prove that the assumptions made for the parameter functions
do not decrease the flexibility of the potential too much and still allow for a reasonable
fitting of the potential. Ultimately, the exponential function assumed for pcy.0 became
very flat during fitting indicating that pco-o might be considered a fixed parameter over
the whole sodium range as well, reducing the total amount of parameters of the poten-
tial to just 21. Indeed, the convergence plot in Figure 4.2 (a) highlights that also with a
fixed value of pcy-0 a potential with a low error can be fitted, even significantly lower
than for the model with 23 parameters. This might be explained by the fact that an ex-
ponential function is more difficult to fit and very sensitive to small parameter changes.
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The fitting without the exponential function for pce.0 shows therefore a better conver-
gence behaviour and an overall lower error metric for the final potential. The resulting
Coulomb-Buckingham-Potential parameters which have been applied in this work are
listed in Table 4.1. Notably, also the change of pco-co With the sodium-concentration
is small, indicating the possibility of fitting Coulomb-Buckingham potentials for differ-
ent sodium concentrations of layered oxides by just varying the charges of the transition
metals as well the dielectric constant in a linear fashion. However, in this work also a
linear function is used for pco-co as the resulting potential appears to be well-fitted (cf.
Fig. 4.2 (a)) and sufficiently simplified. The fitted average (over sodium concentration)
effective dielectric constant of approx. 8.65 is in very good agreement to previously re-
ported first principles studies [40] that suggest an average (over structure models and
lattice directions) dielectric constant of 8.86 while other computational studies [41] also
reported lower values of 5.66 (for octahedral sodium coordination).

Table 4.2: Coulomb-Buckingham potential with a Buckingham potential for Na-O obtained from fitting a
Coulomb-Buckingham potential to NayO. The described potential is also applied to Na,CoO in this work.

Pair A p C
Na-O 2566.3 0.27302 67.186
Charge Na Co 0}
q +1 +4—-x -2
€=2.2733

To determine which pairwise interactions are most important and to understand
how much complexity of a potential is actually required to study phase transitions in
layered oxides another Coulomb-Buckingham potential was fitted to 100 distorted struc-
tures of Na,O. While a full potential with parameters for all pairs (Na-Na, Na-O, and O-0)
was fitted, only the Buckingham potential for the Na-O interaction was considered in the
tests and the resulting total potential is described in Table 4.2. Again, the fitted dielectric
constant of 2.27 is in comparable order of magnitude to previously reported calculations
that determined a value of 3.27 [41]. This potential can be seen as the most simplistic
potential that allows to study phase-transition barriers by only adding one Buckingham
potential to bare electrostatic interactions and by assuming that Na-O interactions are
mostly independent on structure-type and coordination. Thus, the potential has also no
dependencies on the sodium concentration in Na,CoO».

4.2.5 Calculation of Phase-Transition Barriers

Calculation of static phase-transition barriers was achieved by starting with an O2 struc-
ture and shifting one CoO; layer as a whole by a/3 along the a-axis which leads a
P2 structure. A total of 21 equidistant images along this reaction path were consid-
ered in 2v/3 x 21/3 x 1-supercells containing 24 formula units of Na,CoO,. At each im-
age, sodium-ordering was determined over both sodium sub-lattices of the P2 struc-
ture while one sub-lattice coincides with the one of O2 which was fixed and the other
was shifted proportional to the reaction coordinate. Sodium orderings were optimized
by configurational optimization of the total Coulomb energy assuming the charges de-
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scribed in Table 4.1. Replica Exchange Monte Carlo (REMC) as implemented in the
GOAC package [32] with parallel tempering at 0.1, 0.2, 0.3, 0.4, 0.6, 0.8, 1.0, and 1.2 eV
was leveraged for the configurational optimization. Obtained lowest energy configu-
rations for each image were than evaluated by DFT with the same settings described
before, the Coulomb-Buckingham potential, and the potential considering just the Na-
O Buckingham interaction and electrostatics. For comparison, the lattices of the cells
(just cell volume) at each image were relaxed by DFT with an convergence criterion of
a 107° eV change in total energy. Furthermore, the lattices were also relaxed by the fit-
ted Coulomb-Buckingham potential with help of the LAMMPS software package [42, 43].
A Buckingham cutoff of 15 Aalong with Ewald summation for electrostatic interactions
were applied. The fractional volume change was limited to 1073 for each iteration of the
FIRE algorithm [44].

4.2.6 Molecular Dynamics Simulations

For the MD simulations 4+/3 x 4v/3 x 6-supercells of Nag 5;Co0, with 576 formula units
(2112 atoms) were created. Simulations were carried out in the LAMMPS software pack-
age [42, 43] as well with the same settings described for the minimizations in the subsec-
tion before. For each simulation the structure was first fully minimized (lattice and ionic
positions), followed by an MD relaxation of 30 ps during which the temperature was lin-
earlyincreased from 0 K to the target temperature. The relaxations were performed in the
NpT ensemble with an isotropic pressure of 1 bar. Both, temperature and pressure were
controlled by a Nose-Hover-thermostat (barostat) [45, 46] with damping parameters of
0.1 ps for the temperature and 1 ps for the pressure. LAMMPS applies the equations of
motions as described by Shinoda et al. [47] along with the time integration schemes de-
scribed by Tuckerman et al. [48] while a time step of 2 fs was used in this work. After the
relaxation runs MD production runs were carried out at the fixed target temperature and
a pressure of 1 bar in the NpT ensemble and by the same settings described for the re-
laxation runs. Snapshots of the simulation were written every 1 ps and structures shown
in this work were visualized with help of the VESTA software [49].

4.3 Results and Discussion

4.3.1 Calculation of Phase-Transition Barriers by Static Simulations

First, the O2-P2 phase-transition reaction-path of Na,CoO is studied in static cells and
an exemplary energy transition-pathway is shown in Figure 4.3 (a) for the O2-P2 tran-
sition in Nag g7C00 evaluated by DFT single-point calculations. The resulting reaction
pathway shows the expected thermodynamic stabilities between the O2 and P2 phase
with the P2 phase being almost 1.5 eV more stable. This matches experimental studies
that also report the P2 phase to be stable at intermediate sodium concentrations such
as 0.67 [28, 50]. However, the reaction path also reveals a barrier for the transition of
the O2 to P2 phase while the pure O2 phase is a local minimum that is kinetically stabi-
lized through the aforementioned barrier. Thus, the reaction path allows to determine
the transition barrier (AE) between the two (local) minima in both directions (O2 to P2
and P2 to O2) as indicated by the blue and red lines in Figure 4.3 (a). The corresponding
phase transition barriers are in the following referred to as AEg,—p2 and AEpy_.o2, re-
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spectively. Due to the higher thermodynamic stability of the P2 phase, AEp,_.o2 is more
than three times larger in this example but also the O2 to P2 transition shows a con-
siderable barrier of AEp,_.p»=0.67 eV highlighting that despite the much higher stability
of the P2 phase the transition is still not barrier-free. The transition state of the phase
transition is shifted towards the O2 phase as well because of the higher stability of P2.
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Figure 4.3: Visualization of a reaction pathway and computational convergence considerations. a) Reaction
path of the O2-P2 phase transition as obtained from DFT calculations of the perfect images (no relaxation of
lattice parameters) normalized to the energy of O2 at a sodium concentration of 0.67. The O2 to P2 (AEg,—_.p2)
as well as the P2 to O2 (AEgy—.p2) phase-transition barriers can be obtained from the reaction path and are
indicated by blue and red lines, respectively. b) Convergence of the applied DFT settings with respect to energy
cut-off and k-point sampling. Energy differences to the plot in a) are shown. c) Convergence with respect to
supercell size in c-direction by treating more O-layers beyond the transitioning layer explicitly. The transition-
ing layer is highlighted by a red box in the shown structure models.

To verify that the employed DFT settings are sufficiently converged to allow com-
putation of AE for the O2-P2 phase transition, a convergence test with respect to the
energy cutoff and k-points was carried out. Results are plotted in Figure 4.3 (b) show-
ing only minor deviations of few meV in the calculated AE compared to the employed
settings. Towards higher image numbers the k-point convergence slightly worsens as
the energies were normalized to the O2 phase (image 0). Still, energy differences are
far less than 20 meV and corresponding errors in AE are even lower due to partial er-
ror cancellations. Moreover, AE are in the range of several hundreds or even thousands
of meV and therefore significantly larger than the estimated computational error. Thus,
the employed cutoff and k-points seem to be sufficiently converged to reliably conclude
the trends in AE, most likely also supported by error cancellation when normalizing the
images to the O2 phase.

Finally, from a practical point of view it is also important to check whether the long-
range interactions between the layers along the c-direction influence the obtained AE
or not. Under realistic conditions the phase transition occurs most likely gradually such
that the O2 to P2 transition happens under periodic interaction to further O-layers. In
a small cell AE might be affected be the long-range self-interactions of the gliding layer.
Accordingly, the convergence with respect to supercell-size along the c-direction was
checked by treating more and more layers explicitly that remain in the O-phase during
the transition of one layer. The results and structural models for supercells that are two-
and four-times larger along the c-direction are presented in Figure 4.3 (c). Only a small
fluctuation (below 20 meV) for all images is found which is negligible in comparison to
the absolute values of energy barriers (AEp,—.p2=0.67 €V or AEpy_.02=2.1 €V in the ex-
ample in Figure 4.3 (a)). However, for the sixth image (reaction coordinate 5) stronger
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deviations of almost 80 meV are observed. This deviation can be explained by insuffi-
cient convergence of the sodium arrangements during electrostatic optimization or of
the electronic structure during DFT calculation (or both) in the original data as also a
small deviation (irregular increase) in the relative energy in Figure 4.3 (a) can be seen.
However, Figure 4.3 (a) also shows that such small deviations usually do not affect the
obtained AE much as long as they are not at the minima or transition state. Regarding
the influence of the supercell-size along the c-direction it can be therefore concluded
that AE is not significantly influenced by the neighbouring layers. More generally, this
indicates that the phase transition of one layer is mostly unaffected by long-range in-
teractions to other layers. Thus, phase transitions should happen randomly in a layered
oxide structure in terms of which layer transitions first/last when many layers are present
along the c-direction as long as no other factors influence the transition such as inhomo-
geneous desodiation per sodium layer or defect/surface effects.
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Figure 4.4: O2-P2 phase-transition barriers in NayCoO> as function of sodium concentration x. Non-relaxed
and relaxed cells were considered and all transition barriers were obtained by DFT, the fitted Coulomb-
Buckingham potential, and by employing just a Buckingham potential for the Na-O interactions along with
full electrostatics. a)-c) O2 to P2 barriers (AEgy—.p2) and d)-f) P2 to O2 barriers (AEpy_.2) for a perfect cell (a)
and d)), for a cell with lattice parameters relaxed by DFT for each image (b) and e)), and for cells with lattice
parameters optimized with the Coulomb-Buckingham potential fitted in this work (c and f).

Following the methodology sketched in Figure 4.3 (a) to determine AE it was contin-
ued by calculating AE as function of sodium concentration in Na,CoO, (Figure 4.4). An
overall trend towards lower AE at higher states of charge (lower sodium concentration)
can be observed, which is in agreement with the fact that phase transitions are mostly
observed at lower sodium concentrations in experiment [5]. This indicates that realistic
computational predictions of most stable phases should consider both, thermodynam-
ics and kinetics as the larger AE at high sodium concentrations might allow to kinetically
stabilize a meta-stable phase under experimental conditions. Moreover, calculated AE
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are generally higher for P2 to O2 than for O2 to P2 transitions due to the higher ther-
modynamic stability of P2 over O2 for the Na,CoO, system. Besides this trend towards
lower AE with decreasing sodium concentration most graphs in Figure 4.4 show first
an increase of AE from sodium concentrations of 1.00 to 0.83. A possible explanation
might be that the P2 phase is thermodynamically less favourable at such high sodium
concentrations compared to lower sodium concentrations. This is probably because a
more favorable sodium ordering benefiting from occupation of both sodium sub-lattices
cannot be realized in the P2 phase due to the strong electrostatic repulsion at the short
distances between neighbouring positions of the two different sodium sub-lattices of
this phase. Moreover, the O2 to P2 phase transition at a sodium concentration of 0.5
shows consistently lower AEg,_.pz in DFT (cf. Figure 4.4 (a)-(c)) potentially caused by a
distinct electronic structure that is not captured in the force field approaches.

Regarding the accuracy of the potential approaches compared to DFT it can be con-
cluded that the Coulomb-Buckingham potential fitted in this work follows the trends
in the DFT AE closely while there is a tendency for under-prediction of AE at high
sodium concentrations (sodium concentrations of 0.83 to 1.00). However, especially at
low sodium concentrations the fitted Coulomb-Buckingham potential shows promis-
ing qualitative and quantitative agreement to DFT results. Interestingly, the approach
of using bare electrostatics and adding just a Buckingham potential for the Na-O inter-
action fitted in the Na, O system shows satisfactory performance for predicting AE and
its trends (despite a few outliers, e.g., the data point at x=0.67 in Figure 4.4 (c) or high
sodium concentrations in Figure 4.4 (e)). Especially at high sodium concentrations pre-
dictions are in some cases more close to DFT than the full Coulomb-Buckingham poten-
tial, e.g., Figure 4.4 (b). This highlights that AE is mainly controlled by the repulsive in-
teraction of sodium and oxygen at short distances (Born repulsion). Sodium and oxygen
ions are brought closely together when shifting an entire CoO, layer causing the Na-O
repulsion to be the determining factor for AE. However, as the Na-O interactions should
be comparable for different cathode compositions and as only electrostatic interactions
for the transition metal (Co) were considered in this model, this finding implies that ki-
netic phase stabilization through composition tuning relies on electrostatics (inter-ionic
distances and their charges).

The discussed trends in AE are also mostly consistent over different cell geome-
tries especially for the more accurate approaches such as DFT and the full Coulomb-
Buckingham potential (c.f. Figure 4.4). This proves that the approach of using perfect
cells with averaged (over O2 and P2 and at a sodium concentration of 0.5) lattice param-
eters is generally justified. However, for some sodium concentrations, the absolute AE
values change more significantly when relaxation of the lattice parameters is allowed as
the initial and final states (O2 and P2) can become thermodynamically more favourable.
In order to decrease AE by lowering the energy of the transition state, more strong re-
laxations than just the lattice parameters are required. This will be discussed in the next
section.
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4.3.2 Calculation of Phase-Transition Barriers by Dynamic Simulations
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Figure 4.5: Sodium and cobalt coordination during a NpT molecular dynamics simulation at 600 K and 1 bar
with fitted Coulomb-Buckingham potential for Nag g7C003. a) Sodium coordination-angles per sodium layer
over a runtime of 30 ps. The structure models indicate the sodium layers the bars in the plot correspond to
while the sodium coordination is given as the angle 6. As also sketched in the Figure, 6 describes the rotation
angle between the upper three (light-red) and lower three (dark-red) oxygen ions that coordinate a sodium ion
(yellow). Thus, an angle of 60° corresponds to an octahedral coordination (O2 phase) and an angle of 0° to a
prismatic coordination (P2 phase). b) Number of oxygen ions in a coordination sphere of 3 Aaround cobalt
ions over run time with the actual data in black and the running average over 1 ps in red.

To allow for pronounced structural relaxations that might occur during the phase
transition, it was continued by large-scale MD simulations with 12 layers in the
c-direction and using the fitted Coulomb-Buckingham potential. To obtain results that
are as close to experimental conditions as possible NpT simulations at 1 bar and vari-
ous temperatures were performed. The fitted Coulomb-Buckingham potential showed
promising agreement to DFT in the phase-transition barriers as discussed for Figure 4.4
but during MD runs at low sodium concentrations the layered structures collapsed after
several ps or ns. This most likely highlights that pairwise interactions are insufficient to
maintain a 2D layered structure without or little sodium and higher order interactions
(3-body and/or 4-body) are required to simulate layered oxide materials at low sodium
concentrations. Similar issues were already reported in the literature on delithiation of a
layered oxide lithium-ion cathode [18]. While this finding is important for further theory
studies that aim to improve on this issue, the Coulomb-Buckingham potential presented
in this work is still able to maintain the atomisitc structure stability during MD simula-
tions at higher sodium concentrations. As there is a strong thermodynamic-driving force
(cf. Figure 4.3 (a)) for the O2 to P2 transitions at a sodium concentration of 0.67 and
the structures do not collapse at this concentration, in the following MD results for the
Nag 67C00, material are discussed. Figure 4.5 (a) shows the O2 to P2 phase transitions
observed during an MD simulation at 600 K.Firstly, Figure 4.5 (a) proves that with apply-
ing the fitted Coulomb-Buckingham potential it is indeed possible to directly observe
the O2 to P2 phase transition of Nag g7Co0, during MD simulations. Moreover, it can
be seen that under the applied conditions the transition of a single layer happens quite
rapidly (1-3 ps) while the whole structure is gradually transitioning towards P2 via dif-
ferent (irregular) types of OPn inter-growth phases (often referred to as "Z"-phase [51]).
This consecutive phase-transition mechanism is in agreement with the current gained
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insight from experimental studies of phase transitions in layered oxide sodium-ion cath-
odes [7, 52].

The conducted MD simulations allow for more pronounced structural changes dur-
ing the phase transition and thus might alter the mechanism of gliding an entire CoO,
layer as assumed for the calculated AE in Figure 4.4. Especially the cobalt coordination
to nearest neighbor oxygen ions during the transitions is of interest as a recent com-
putational study proposed a transition state with a tetrahedral transition-metal coordi-
nation for the P2 to O2 phase transition in NayMnO,. Therefore, the coordination of
Co over simulation time is plotted in Figure 4.5 (b). The coordination, which was ap-
proximated by a 3 Acoordination sphere, is in average slightly below 6 due to artifacts at
the cell boundaries as no periodic boundary conditions were considered for the analy-
sis. Most importantly, the coordination number is almost constant over simulation time
and always significantly above 5. This proves that during the MD simulations the phase
transitions also occurred via gliding of an entire CoO; layer and no transition states with
a tetrahedral cobalt coordination exist. Moreover, the calculated AEp,_.o2 by DFT at a
sodium concentration of 0.17 is 0.54 eV which is significantly smaller than the barrier of
1.04 eV reported for a reaction path involving a tetrahedral transition-metal coordina-
tion at a sodium concentration of 0.125 [8]. The other reason for the difference in energy
barriers might be explained by the fact that a different layered oxide material has been
studied by Langella ef al. [8], namely Na,MnO,. In contrast to the studied compound
(Na,Co0y), a strong Jahn-Teller activity is expected in Na,MnO,. Further research must
show if different transition metals indeed change the phase-transition mechanism or if
gliding of an entire TMO;, layer is the more likely mechanism as indicated by the signifi-
cantly lower AE.
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Figure 4.6: Arrhenius plot for the O2 to P2 phase transition in Nag g7Co0O2 obtained from molecular dynamics
simulations employing the fitted Coulomb-Buckingham potential. Excluded points are shown in red along
with the fitted linear function (dashed red line) and the resulting phase-transition barrier (AEg2—p2).

To asses whether the increased flexibility of the system during the MD simulations
lowers AEgp,_.p> even further compared to the more static calculations in Figure 4.4,
it was continued by computing an Arrhenius plot for the O2 to P2 phase transition in
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Nag 67C00>. In order to do so, MD simulations in the temperature range of 375 K to 750 K
in steps of 25 K were performed and the time to complete the phase transition of the
whole structure (e.g., all layers have become prismatic in Figure 4.5 (a)) was tracked to
obtain the rate constants (k). The corresponding Arrhenius plot is shown in Figure 4.6. It
can be seen that for the very low temperatures (375 K and 400 K) the transition becomes
too sluggish rendering the observed rate constants unreliable while at high temperatures
(725 K and 750 K) the transition becomes so fast that it is also difficult to determine ac-
curate timings for the transition. However, in the intermediate temperature range from
425 K to 700 K a clear linear trend can be observed in the Arrhenius plot (cf. Figure 4.6).
Under the assumption that the phase transition is a first order reaction, which might be
justified by the fact that AEg,_.p, of the transition of one layer was shown to be mostly
unaffected by the other layers in Figure 4.3 (c), the activation energy (E;) can be calcu-
lated from a linear fit for the temperature region of 425 K to 700 K by multiplying the
obtained slope value by the Boltzmann'’s constant (kg) following the Arrhenius equation:

Ea

In(k) =In(A) - kT

(4.4)

The calculated AEp,—.p2 from MD simulation is 0.32 eV, which is lower than those
determined by the Coulomb-Buckingham potential in Figure 4.4 a)-c): 0.43 eV (perfect
cell), 0.42 eV (DFT-relaxed cell), and 0.64 eV (force-field relaxed cell). It is also to expect
that the full structural flexibility during the MD simulations allows for lower AEg,_.p2
than the static and just-optimized the lattice parameters calculations. This difference
in AEpy—p» shows that additional degrees of freedom in the MD simulations can lower
AEpy_p2 by more than 25 % or more than 0.1 eV. An exact quantification of how much
dynamic conditions decrease A Ep,—_.p; in general remains difficult. Still, it becomes ev-
ident that the values presented in Figure 4.4 can be understood as an upper limit, while
under experimental conditions most-likely even lower AE can be achieved due to addi-
tional degrees of freedom in the structural relaxation during the transition.

Finally, a MD simulation was performed at standard lab conditions (NpT, 300 K, and
1 bar) with the fitted Coulomb-Buckingham potential to study if it is possible to observe
the O2 to P2 phase transition under experimental conditions. The results in Figure 4.7
indeed prove that the transition can be observed under standard lab conditions on the
ps-timescale. These timescales for a system with 12 layers (576 formula units, 2112
atoms) are only accessible by simple classical potentials highlighting the value of the
Coulomb-Buckingham potential fitted in this work. Figure 4.7 shows that the O2 phase
is kinetically stabilized for the first 100 ns. Next, one layer transitions and an O10P2 inter-
growth phase remains stable for the next 250 ns. The rather long-time scale over which
the thermodynamically unstable phases such as 02 and O10P2 exist under standard lab
conditions indicates that kinetic phase stabilization can play an important role support-
ing the observation of "Z"(OPn)-phases by experiments as discussed before. Next, two
more CoO; layers glide almost exactly at the same time resulting in a O6P6 phase with
an OOPPOPPOOOPP stacking sequence. Finally, the transition of remaining O2 layers
results in a P12 structure. However, before a complete transition, an O2P10 phase is ob-
served for a short time (20 ns). The transition sequence is therefore 012-O10P2-O6P6-
02P10-P12. The sequence of phases observed during transition is symmetric and there
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Figure 4.7: 02 to P2 phase transition and sodium diffusion in Nag g7C00O2 during a 1 us NpT molecular dy-
namics simulation with the fitted Coulomb-Buckingham potential at 300 Kand 1 bar (standard lab conditions).
The top plot depicts the sodium coordination-environment by the angle 6 over simulation time for each of the
12 simulated sodium layers as indicated by the structural models at the left and right side. 6 is defined as the
rotation angle of the upper coordinating oxygen ions to the lower ones as sketched in the Figure and explained
for Figure 4.5. The middle plot shows the mean-squared-displacement (MSD) of sodium over simulation time
along with the linear fits (dashed lines) for the regions of different intermediate phases. In the lower plot the
sodium diffusion-coefficient resulting from the linear fits in the MSD plot is visualized over the simulation
time.

is a tendency towards a decreased kinetic stability (shorter times to next transition) of
the inter-growth phases towards a pure P-phase. Still, transition sequences are strongly
temperature-dependent as a comparison with Figure 4.5 (a) highlights and as discussed
before most likely also random to some extend.

4.3.3 Sodium Diffusion-Coefficients

The pus MD simulation trajectory also allows to analyse the sodium diffusivity directly at
experimental conditions as many sodium hoppings occur during the simulation time.
The mean squared displacement (MSD) of sodium ions over simulation time is shown
in Figure 4.7. From the MSD plot, it is possible to determine the sodium diffusion coef-
ficient (D) by [53]:

N dMSD @s)
T2d dr '
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Here, d denotes the dimensionality of diffusion which is 2 in the case of 2D layered
oxides and dl\gﬁD can be obtained as the slope of a linear fit in the MSD versus time plot
with an y-intercept of zero. The phase transitions significantly change the diffusivity of
sodium ions as it is known that the P-phase has a better sodium conductivity (at lower
sodium concentrations such as 0.67) than the O-phase counterpart due to a different
diffusion mechanism [54, 55]. Thus, not a single linear fit of the MSD over the whole
simulation time can be applied. Therefore, linear fits were performed for all different
observed stacking sequences discussed before but omitting the O2P10 phase due to its
short (in terms of simulation time) appearance. The linear fits are shown as dashed lines
in the MSD plot in Figure 4.7. Following Equation 4.5 the linear fits allow to determine
the sodium diffusion coefficient and its evolution with the different stacking sequences
is shown in Figure 4.7 as well.

The calculated sodium ion diffusion coefficients show a pronounced increase over
simulation time as more and more P-layers form which is consistent with the fact that
P-layers conduct sodium ions better than O-layers. For the pure P-phase (P12) finally
a value of 3.92x1077 cm?/s is obtained which is in excellent agreement to an experi-
mental study of single-crystal Na,CoO, that reports a value of 1.2+0.5x10~7 cm?/s at
standard lab conditions and for sodium concentrations greater than 0.5 [56]. Other
simulation based studies report values of 5.2 x 108 cm?/s [57] (at a sodium concentra-
tion of 0.8) or approx. 5x 1076 cm?/s [54] (at 720 K) while further experimental studies
on powders suggest values of 1.7x107'! cm?/s [57] or approx. 1x10~Y cm?/s [58], and
1.9x107 c¢m?/s [59]. It can be concluded that there is a broad variety sodium diffusion-
coefficients reported in the literature for P2-Na,CoO, while the value obtained in this
work is very similar to the experimental value for single crystals. Thus, the Coulomb-
Buckingham potential fitted in this work captures the sodium-ion dynamics reasonably
well. Moreover, the simplicity of the potential allows to study the diffusion at standard
lab conditions and over extremely long time scales (us). For the O2 phase experimen-
tal and theoretical data is harder to compare as the O2 phase is not commonly reported
for Na,CoO,. However, it remains interesting to compare the relative increase in the
diffusion coefficient of the P2 structure versus the O2 structure. The fits in Figure 4.7 re-
sult in an diffusion coefficient of 1.90x10~8 cm?/s for the pure 02 phase suggesting that
the pure P2 phase shows an approx. 20-times increased sodium diffusion-coefficient.
Recent simulation studies reported a 12-times higher sodium diffusion coefficient of P2-
Naj gCo0, over 03-Naj gCoO, [57]. Moreover, at 720 K an (approximately) increase of
5-times in the P2 sodium diffusion coefficient over the O3 phase was reported [54]. An-
other experimental study on Nag g7Feg 67Mng 330, reports ratios of the sodium diffusion
coefficient in the P2 over O3 structure in the range of 12-20 depending on the experi-
mental method [55]. Overall, it can be concluded that the observed 20-times increase in
the sodium diffusion-coefficient observed in the MD simulation in Figure 4.7 appears to
be in a realistic order of magnitude and matches to values for similar systems reported
in the literature supporting the conclusion that the Coulomb-Buckingham potential pre-
sented in this work is well-suited to study sodium-ion diffusion in Na,CoO, besides the
phase transition.
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4.4 Conclusions

In summary, a Coulomb-Buckingham potential for layered oxide cathode materials was
developed at the example of Na,CoO;. The results show that most Buckingham param-
eters are insensitive to the charge-carrier (sodium) concentration (x) allowing for sig-
nificant parameter reductions of the potential. It was found that the most important
parameter that changes with x is the dielectric constant of the material to account for
the change in screening of electrostatic interactions. However, the dependency of the
dielectric constant with x appears to be linear allowing for simple fittings and extrapo-
lation. First, the O2-P2 phase-transition barrier was computed as function of x by static
calculations (single-point calculations) and moving one entire CoO, layer along the a-
lattice direction. A pronounced trend towards lower barriers at lower x values and higher
barriers for P2 to O2 than for O2 to P2 was found. The barrier values and trends were
reasonably well reproduced by the fitted Coulomb-Buckingham potential. The Na-O
Buckingham potential was identified to be the most important interaction beyond elec-
trostatics to capture the phase-transition barriers. Afterwards, the O2 to P2 phase tran-
sition in Nag g7C0o0O> was studied by molecular dynamics simulations employing the fit-
ted Coulomb-Buckingham potential. While it was shown that the transition mechanism
during the simulations (shift of one entire CoO, layer) remains the same as in the static
calculations, lower energy barriers were obtained by activation-energy calculations fol-
lowing Arrhenius equation. The fitted Coulomb-Buckingham potential has enabled per-
forming molecular dynamics simulations at standard lab conditions on the timescale
of us. The observed trends in gradual phase transitions (OPn-/"Z"-phases) and kinetic
stabilities of intermediate phases might help in further understanding of experimental
results on phase transitions and inter-growth phases. Finally, the sodium-ion diffusion-
coefficient was computed as a function of completeness of phase transition. Absolute
values of sodium diffusion-coefficients and the relative increase during phase transition
were shown to be in similar order of magnitude than experimental values for single crys-
tals reported in the literature.

Overall, this work shows, at the prototype layered oxide sodium-ion cathode mate-
rial Na,CoO», that it is possible to investigate phase transitions and sodium dynamics
at standard lab conditions utilizing simple pairwise Coulomb-Buckingham potentials.
Further studies could consider different, more complex transition-metal compositions
and include more layered phases such as O3 and P3. It is believed that the procedure
of fitting classical potentials outlined in this work can be a promising route to obtain
more detailed understanding of unknown atomistic mechanisms in complex layered ox-
ide sodium-ion cathode materials.
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ELECTRONIC STRUCTURE CALCULATIONS:
HYBRID FUNCTIONALS WITH NON-EMPIRICAL
HARTREE-FOCK PARAMETERS FOR ELECTRONIC STRUCTURE

CALCULATION OF LAYERED OXIDES

Accurate electronic structure descriptions of layered oxides are highly relevant yet
complex to obtain by ab inito methods. The functionalities of layered transition
metal oxides are usually heavily influenced by their electronic structure and the hy-
bridization/delocalization of d-electrons of the transition metals. Therefore, un-
derstanding the electronic structure can enable more rational design of this highly
important material class, which is widely utilized in practical applications such as
cathodes in secondary batteries of portable electronic devices and electric vehicles.
However, it is well known that standard quantum-mechanic approximations to the
many-body problem over-localize (Hartree-Fock) or over-delocalize (Density Func-
tional Theory) electrons in these systems. A mixture of different methods (hybrid
functionals) can partially resolve the problem but introduces at least one additional
parameter (the mixing parameter) that has to be determined by e.g., higher levels
of theory (GW). In this study, the focus lies on electronic structure of lithiated lay-
ered transition-metal oxides based on Co, Ni, Mn, and their binary systems that form
the foundation of state-of-the-art lithium-ion batteries. The influence of Hartree-
Fock mixing in the PBEO hybrid functional on the electronic structure is compared as
well as using different Hartree-Fock mixings as starting points for GW calculations.
Two non-empirical GW-based fitting approaches to determine the optimal Hartree-
Fock mixing are considered. It is shown that one of the fitting approaches suggests
small mixing parameters and is in satisfactory agreement with experimental results,
while the other approach has a stronger theoretical foundation and indicates higher
mixing parameters, which are close to the value obtained by perturbation theory by
Perdew, Ernzerhof, and Burke. Finally, it is shown that larger mixing parameters are
required when screening is introduced to the Hartree-Fock term.

This chapter is reprinted with permission from: Kdéster, K. & Kaghazchi, P. Hybrid functionals with nonempir-
ical Hartree-Fock parameters for electronic structure calculation of layered oxides. Phys. Rev. B 109, 155134
(2024). Copyright (2024) by the American Physical Society.

151



152 5 ELECTRONIC STRUCTURE CALCULATIONS

5.1 Introduction

Transition metal (TM) oxides are very important materials due to their broad applica-
bility in multiple fields, but it is challenging to describe their electronic structures cor-
rectly by ab inito methods [1-6]. Among the different classes of TM oxides, layered ones
with the composition A|[TM]O, are among the most appealing. They are already uti-
lized as cathodes in state-of-the-art energy storage devices and are modified to meet
the needs of next generation of energy-storage materials [7, 8]. In these materials alkali
metals (A) are reversibly intercalated and deintercalated as charge carriers between the
cathode and the anode while the electrons are moving through an external circuit, al-
lowing to obtain the stored electrical energy from these materials. In particular, layered
oxide cathode materials based on Co, Mn, and Ni along with Li as charge carrier have
become the market standard for energy storage and are employed in multiple devices
nowadays [7]. LiCoO, was first proposed by Goodenough in Ref. [9] in 1980 and became
later the first commercialized secondary Li-ion battery by Sony Corp. [10]. The LiNiO,
[11] and LiMnO, [12] materials were first introduced a few years later as cathode active
materials for lithium ion batteries. Nowadays, cathodes with different mixtures of these
TMs are most frequently employed in high-performance batteries where Mn can also be
replaced by Al [7]. For practical use cases — not limited to the field of batteries — the cor-
rect description of the electronic structure is especially important as it determines some
of the key properties of TM oxides (e.g. band gap, redox process) but is hard to come
by with computational methods. This yields to some controversies for the calculation of
redox processes in these materials [13-15].

Standard methods such as Hartree-Fock (HF) or density functional theory (DFT) with
a generalized-gradient-approach (GGA) based exchange-correlation (xc) functional fail
to accurately predict the electronic structures of TM oxides as they over-localize or over-
delocalize the electrons onto the ion cores due to their well-known intrinsic errors (miss-
ing correlation in HF and self-interaction errors in DFT) [16]. This yields an inadequate
description of the d-electrons that are of special importance for the aforementioned
practical applications of these materials [17-19]. Using the band gap as an indicator
for the correct description of electronic structure, it can be shown that HF tends to over-
estimate, whereas DFT-GGA tends to underestimate the band gaps compared to experi-
mental studies [20]. As both approaches seem to be complementary to some extend, it
was proposed to mix a portion of exact exchange (HF) with the exchange of DFT to im-
prove the accuracy with the cost of increased computational effort [21]. This approach
is known as hybrid-functional and its superiority over the two bare methods for elec-
tronic structures is widely accepted [22-26]. It is also worth noting that another, com-
putationally less demanding method, the Hubbard U (DFT+U) method is commonly
applied to describe TM oxides [1, 27-30]. In a simplified picture this model applies a
species-specific bias potential of the strength U, which localizes the electrons by intro-
ducing a penalty for partial occupations [31]. Hybrid functionals provide a more general
treatment of the self-interaction error in DFT by avoiding species-specific auxiliary pa-
rameters and the risk of perturbing the electronic structure [14, 23, 28]. The focus of
this work is on hybrid functionals, especially the one-parameter formulation proposed
by Becke in Ref. [32]: PBEO (also sometimes called PBEh), which is described by the
following formula:
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EPBEO — o x BN 4 (1 — o) x EPBE 4 EPBE, (5.1)

The value of a (HF mixing-parameter) is usually set to 25 % which can be reasoned
by perturbation theory [33]. However, @ = #;1; ;1 can all be reasoned by pure theory
approaches (Ref. [34]) and it is also widely accepted to fit the parameter to experimental
and/or theoretical benchmarks [6, 35-38]. Moreover, position-dependent local mixing
parameters are also employed that allow to vary the effective mixing spatially with re-
spect to the different ion-species [22, 39]. Regarding the non-local hybrid functional
approach, it should also be noted that more complex, screened approaches exist (e.g.,
HSE [40, 41]) that split the exchange in long-range (LR) and short-range (SR) to apply
a screening to the Hartree-Fock exchange. To reduce the computational demand, this
method considers only the SR Hartree-Fock exchange (cf. Equation 5.2) introducing an-
other parameter, the screening parameter w, that can be freely optimized [40, 41].

E™F =g x BN e+ (1— @) x Eypr + Exppp + Eeor (5.2)

It should be mentioned that also physically motivated approaches were developed
to determine HF mixing/range-separation in hybrid functionals such as dielectric-
dependent hybrid functionals [42], optimally tuned hybrid functionals (ionization po-
tential theorem) [43, 44], and hybrid functionals aimed to satisfy Koopman’s condition
[45]. In all these hybrid functionals, the HF mixing has a significant influence on several
electronic properties calculated for the material under study [6, 46, 47]. A correct de-
scription of electronic structure is essential for layered TM oxides as cathode materials
since it determines the redox process, especially the activity of oxygen redox in the com-
pound [15, 48, 49]. To further rationalize the design of novel layered TM oxide cathode
materials by computational methods accurate electronic structures are required that can
be effectively tuned by varying the HF mixing in hybrids.

As mentioned above, one strategy is to fit the HF mixing to calculated reference elec-
tronic structures by higher levels of theory for example within the so-called GW approx-
imation: The first term in the expansion of the self-energy in the Green’s function G and
the dynamically screened Coulomb interaction W, obtained within the random phase
approximation [50, 51]. This approach has already been proven to be practical for ob-
taining reference electronic structures and fitting HF mixing by several other studies [6,
38, 52]. In the GW approximation quasi-particle energies ESIE are given by: [53]

EX = Re[(W kI T + Ve + Vig + ZEID W o). (5.3)

Band and k-points indices are denoted as n and k, T is the kinetic-energy operator,
V,.—e and Vp are the nuclei and Hartree potential, respectively. The self-energy operator
> is constructed from G and W as mentioned before. The quasi-particle energies are
then updated by adding Equation 5.3, scaled by a renormalization factor, to the quasi-
particle energies of the previous cycle. Naturally, this ansatz requires a starting point for
the quasi-particle energies which is commonly obtained by DFT calculations [54-56].
In the single-shot GW method (Gy W), Equation 5.3 is only evaluated once (and so the
self-energy) and added to the starting point. In contrast, in the fully self-consistent GW




154 5 ELECTRONIC STRUCTURE CALCULATIONS

approach (GW) the procedure is iterated to convergence by updating the single elec-
tron energies in X along with reconstructing W based on the most recent quasi-particle
energies. There is also the possibility to fix W during these iterations for the partially
self-consistent GW (GWy) approach. It should be noted that for all GW calculations in
this work off-diagonal elements of the self-energy were considered to be equal to the
corresponding elements of the DFT exchange-correlation potential, which is only justi-
fied if the wave functions of the starting point are in sufficient agreement with the ones
of GW [51]. This kind of GW is sometimes also denoted as “evGW”.

Even though the GW approach has a strong theoretical foundation, the critical point
is still to select an appropriate DFT starting-point. Higher levels of GW can reduce the
starting-point dependence, but the results of all levels still depend on the starting wave
functions and band gaps can vary strongly by starting point and level of GW [57]. It was
suggested to employ Gy W)y starting from hybrid functionals and GWy on top of DFT-
GGA calculations, while GW is shown to tend to overestimate band gaps, regardless of
the starting point [51, 58]. Consequently, it seems valuable to also scan the results of GW
atintermediate starting points as DFT-GGA can be tuned by adding HF mixing step-wise
towards the default value of 25 % for hybrids, as it was already investigated by Chen et
al. [38] for some semiconductors and insulators.

In this work, the band gap is adopted as the key property to optimize the electronic-
structure calculations using hybrid functionals by adjusting the HF mixing-parameter.
Prototype layered oxides of Co, Mn, and Ni and their binary mixtures are investigated at
their fully lithiated state, since previous works suggested the largest adjustment to the
default mixing parameter at high lithium contents [6]. Band gaps at various HF mixings
are calculated in the PBEO approach and Gy Wy, calculations are employed to each PBEQ
solution. Two optimal sets of mixing parameters for PBEO are found for the materials
under study and the corresponding band gaps are compared to experimental values.
Moreover, the influence of using a screened hybrid and higher levels of GW on band
gaps and optimal HF mixing parameters is discussed.

5.2 Method

All calculations were carried out using the projector augmented wave (PAW) method [59]
as implemented in the Vienna ab inito simulation package (VASP) [60]. Pseudopoten-
tials optimized for GW calculations that explicitly describe outer s- (Li), s- and p- (O),
and s- and d-electrons (TM) were employed, while d-projectors were considered for the
oxide ions. The spin-polarized calculations were performed with a 4x2x4 k-point grid
including the I'-point along with an energy cutoff of 600 eV. Non-spherical contributions
from the gradient corrections were accounted for in all calculations. Furthermore, par-
tial occupancies were treated with Gaussian smearing along with a smearing width of
0.01 eV. Density of states (DOS) was calculated with the tetrahedron method. Layered
oxides of LiCOOZ, LiNiOg, LiMHOg, LiCOo‘sMno.soz, LiC00.5NiQ.502, and LiMn().g,Ni().sOg
were modeled by 1x3x1 supercells containing six formula units and in the C2/m space-
group (O1 phase) as shown in the exemplary model in Figure 5.1.

It should be noted that the experimentally observed Li; xNi;,xO2 defects (non-
stoichiometric compositions) [61] for LiNiO, were not accounted for in the model for
the sake of simplicity. Moreover, LiCoO,, which generally has been observed to have
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a R3m space group (03 phase according to the notation for layered TM oxides by Del-
mas et al. [62]), has been modelled by a O1 structure. It was carefully checked that both
space groups yield essentially the same band gaps at various levels of theory. However,
it should be mentioned that other layered TM oxides show a weak space group depen-
dence of band gap [63].

Figure 5.1: Exemplary structure of the models employed in this study showing the transition metals (TM) in
silver in an octahedral coordination as well as the lithium ions in green also in octahedral coordination along
with the red oxygen layers.

The overall calculation process can be structured into three steps: geometry opti-
mization (a), electronic structure optimization (b), and GW calculations (c).

Geometry Optimization: Geometries of all symmetry-distinctive TM arrangements
were fully optimized for each compound without symmetry constrains using
the generalized-gradient-approach (GGA) within the Perdew-Burke-Ernzerhof (PBE)
exchange-correlation functional [64]. An electronic convergence criterion of 1078 eV
was employed and the geometry was optimized until the forces of each ion were lower
than 1073 eV/A. The total energy of the structures was found to be reasonably converged
(< 0.0025 eV per formula unit) with respect to k-points and cutoff energy. The optimized
geometry of the lowest energy structure for each compound was fixed for the following
calculation steps.

Electronic Structure Optimization: Different ferro-magnetic (FM) and anti-ferro-
magnetic (AFM) arrangements in the compounds containing magnetic ions were tested
on the PBE level to identify the most favorable magnetic configurations. Using the PBE
geometries and magnetic structures, electronic structures were optimized within the
single-parameter PBEO hybrid-functional approach [32] varying the Hartree-Fock mix-
ing parameter. Same settings were applied for screened hybrid functional calculations
[65]. A convergence criterion of 10~8 eV was employed and the “Accurate” setting of VASP
was used for the DFT part of the calculations. In a consecutive step, an exact diagonal-
ization of the Hamiltonian was performed while the number of bands was increased to
256 resulting in more than 150 unoccupied bands for all investigated compounds.

GW Calculations: Single-shot GIW calculations considering just eigenvalues (GoWj
calculations) were performed for all compounds to obtain the quasi-particle energies.
However, for LiCoO, and LiNiO,, G and W were also both iterated to convergence to ob-
tain fully self-consistent (in eigenvalues) GW results (denoted “GW” in this work but in
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other works sometimes also referred to as “evGW)”. The iterations were stopped when
the band gap was converged within at least 0.1 eV. For GW calculations, the energy cut-
off for the response function was set to 400 eV and the number of frequency/time grid
points was set to 100. Quasi-particle energies were calculated for all bands that lie within
twice the number of occupied states. Convergence tests with higher cutoffs, more grid
points, more bands, and calculating quasi-particle energies for more unoccupied bands
showed that the band gap is well converged (« 0.1 eV) with the chosen settings.

Atomistic structures and iso-surfaces were visualized with help of the VESTA
software-package [66] and charge density differences were calculated with the help of
vaspkit [67].

5.3 Results and Discussion

5.3.1 DFT optimizations and influence of different portions of HF mix-
ing within the PBEO functional

The optimized geometries revealed an intermediate Jahn-Teller distortion for LiNiO,
and a strong Jahn-Teller distortion for LiMnO,, whereas LiCoO, showed an almost per-
fect symmetrical coordination (cf. Figure 5.3). These geometries are in agreement with
previous studies and experimental observations as well as with the general Jahn-Teller
activity of d-configurations assuming charges of 3+ for the TM ions [68]. Distortions
were, however, much weaker in the mixed materials (LiCogs5Mng 503, LiCog 5Nig 502,
and LiMng5Nip502) and not present around Co. Only Ni in LiCog5Nig50, showed
a significantly distorted environment. Regarding the magnetic ordering, the calcula-
tions indicated no magnetism (unpaired electrons) for LiCoO,, FM ordering for LiNiO,
and LiCog5Nig 50, and AFM ordering was found to be most favorable for LiMnO, and
LiMng 5Nip50,. Moreover, a high-spin configuration was obtained for Mn in LiMnO,
which is an agreement with the literature where also an AFM high-spin configuration is
reported for LiMnO> [69]. Using these models to optimize electronic structures, it was
found that band gap increases linearly with the HF mixing-parameter (&) of PBEO (Fig-
ure 5.2 and fitted parameters in Table 5.2). The linear trend agrees with previous studies
on various materials [6, 70-72].

Only for LiCog 5Mng 50 no linear trend is observed as the electronic structure under-
goes significant changes with a, which is concluded from the computed unpaired elec-
trons (UPE) on Co and Mn (Table 5.3 for a=25 %): In the a-range from 0 % to 10 % three
Co?%7* and three Mn®33* can be assigned with the partial charges being delocalized over
allions of the same type. For a between 15 % and 20 % three Co®* and three Mn?* are ob-
served and for =25 % two Co3*, one Co?*, two Mn3*, and one Mn** are obtained in the
electronic structure corresponding to the same average charges as for the a-range from
0 % to 10 % but with the partial charges in the average being fully localized on single ions.
These changes of the electronic structure with @ and changes on how electrons are local-
ized/delocalized between/within the two different metal species become problematic
when comparing electronic structures of two different a for LiCog5Mng50,. The rea-
son for this behavior might be found in electron affinity (e.g., estimated by electroneg-
ativity) as the one of Co is closer to that of Mn compared to Ni-Mn, which presumably
causes intermediate degree of reduction of Co in favor of oxidation of Mn with roughly
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Figure 5.2: PBEO band gaps of the investigated layered TM oxides as a function of the HF mixing-parameter
a. The band gaps increase linearly with a as indicated by the linear fits (dashed lines). Horizontal solid bars
in the a-range marked red (left) correspond to the optimal mixing parameters to reproduce the extrapolated
Go Wo@PBE band gaps. The horizontal bars in the a-range marked in blue (right) show the mixing parameters
that result in no correction of the band gap in consecutive GW calculations. Stars on y-axis mark experimental
band gaps as shown in Table 5.1.

% of the Co being reduced to 2+ and % of the Mn being oxidized to 4+. In contrast, the
electron affinities of Co and Ni are more similar resulting in 3+ ions for both species in
LiCog 5Nip 502 and those of Ni and Mn are more different resulting in full oxidation of Mn
to Mn** and reduction of Ni to Ni** in LiMng 5Nig 50, which can be again verified by UPE
in the electronic structures (cf. Table 5.3). Varying « in these compounds changes local-
ization/delocalization of electrons for each transition-metal ion but does not result in
different localizations of oxidations between or within the ionic species. Consequently,
electronic structures at different a are comparable for all materials but LiCog 5Mng 50-.

These oxidation states also agree with the missing Jahn-Teller distortion in
LiMng 5Nig 502 as both ions are not Jahn-Teller active in these charge states in contrast
to their 3+ ions. In general, the results indicate that a critical range of difference in elec-
tron affinity exists. In this range delocalizations of electrons over the TMs can appear. At
smaller differences in electron affinity, both species show the same oxidation state and
at larger differences one species is fully oxidized and the other fully reduced. Therefore,
it becomes evident that the anomalous lower electronegativity of Mn compared to Co
and Ni is the main challenge in predicting the correct electronic structure for mixtures
comprising of Mn, Ni, and/or Co. As mentioned above, the dependence of a on localiza-
tion/delocalization of partial charges between Co and Mn for LiCog 5Mng 50, prevents a
fair comparison of electronic structures at different a for this composition. By applying
an effective Hubbard correction of 5 eV to both Mn and Co, the localized charge states
that were obtained in the calculations with 25 % HF mixing were successfully stabilized
for the smaller mixing parameters. However, the calculated electronic structures were
in a high-spin and not a low-spin configuration that was observed in the Hubbard-free
calculations at a=25 %. This complex behavior of a simple binary system shows that



158 5 ELECTRONIC STRUCTURE CALCULATIONS

first, a carefully chosen a, for example by fitting to some additional input, is required
and second, that a description via adjustment of « is desirable over correction by a bias
potential (e.g., Hubbard). It is to expect that this effect becomes more severe in more
practical ternary or quaternary systems underlining the importance of tuning « in the
employed computational methods for layered TM oxides.

The aforementioned linear trend of increasing band gap with the HF mixing-
parameter for the other materials except LiCog5Mng 502 can be explained by the ten-
dency of over-localization of HF and over-delocalization of DFT-GGA. Adding more of
the over-localized part widens the band gap by diminishing electron density between the
ions. This trend is visualized by the charge-density-difference (CDD) plots in Figure 5.3
showing the computed CDD for LiCoO;, LiMnO,, and LiNiO, at various HF mixing-
parameters with respect to PBE.

HF-mixing a
0.15 0.20

LiMnO,

LiNiO,

Figure 5.3: Charge density differences (CDDs) of LiMnO3, LiCoO3, LiNiO2 (from top to bottom) at different
HF mixing-parameters ranging from 5 % to 25 % (from left to right) relative to their PBE density (HF mixing
of zero). All iso-surfaces are shown at an iso-value of 2.5x 1073 electrons/A3, while electron accumulation is
indicated by yellow color and electron depletion by turquoise color.

The CDD plots show a depletion of electrons around the TM ions that is centered
along the TM-O bonds and for LiCoO, and LiNiO; also a small accumulation between
the TM-O bonds. The shapes of these depletions are in agreement with Jahn-Teller dis-
tortions in LiNiO, and LiMnO, as LiMnO; shows no depletion along the elongated axis
of the of the coordination octahedron, while LiNiO, shows a spatially expanded deple-
tion along the elongated axis. In general, differences become stronger at higher mixing
parameters and are relatively similar for LiCoO, and LiNiO, (despite the Jahn-Teller dis-
tortion in LiNiO»), while weaker for LiMnO,. Although the computed CDD on TMs co-
incides with the picture of localizing the electrons stronger onto the ion cores by adding
more HF mixing, the CDD on oxygens shows the opposite trend: an electron depletion
is observed on O anions which increases with @. However, a significant accumulation
of electrons along the O-TM bonds from oxygen is also observed for @=0.15, 0.20, and
0.25, distributing more homogeneously around O-TM bonds at higher HF mixings. This
indicates delocalization of oxygen electrons. These results outline the holistic approach
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of changing HF mixing to tune the electronic structure rather than using more local cor-
rections. However, it must be noted that the shown changes in CDD are overall small but
allow for qualitative statements about trends in localization/delocalization.

To further comment on the hybridization of O 2p-orbitals and TM 3d-orbitals a de-
gree of hybridization n as described in Equation 5.4 was defined by integrating the pro-
jected densities of states (pDOS). Consequently, 77 can take values between 0 and 1 where
1 is maximal hybridization (pDOSo,, = pDOStM,,) and 0 indicates no overlap of the dif-
ferent pDOS (no hybridization).

/4 |pDOSo,, ~pDOS1,|dE
J pDOSo,,dE + [, pDOSM,, dE

(5.4)

It can be assumed that the high energy states are most important for hybridization
and therefore the energy range was set to a=-2 to b=0 eV where 0 eV corresponds to the
Fermi-Level. A similar hybridization measurement in the same energy range was also
employed by Seo et al. [6] for LiCoO, allowing for comparison to their study. As spin-
polarized calculations were performed, both, spin-up and spin-down pDOS were con-
sidered separately and added to plot the degree of hybridization versus the HF mixing-
parameter in Figure 5.4.
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Figure 5.4: Dependency of the degree of hybridization 77 of O 2p- and TM 3d-orbitals as defined in Equation 5.4
on the HF mixing-parameter « for the different layered TM oxides under investigation.

Hybridization in LiCoO, increases almost exponentially with the HF mixing in Fig-
ure 5.4 which is in agreement to the aforementioned study by Seo et al. [6]. Gener-
ally, different trends can be observed for the materials varying from a linear increase
of hybridization with « (e.g., LiCog 5Nig507) to a parabola shape with a maximum in hy-
bridization at a HF mixing of 15 % (e.g., LiMnO> and LiNiO,). The hybridization trend in
Figure 5.4 is mainly governed by the change in the intensity of the TM and O pDOS plots
in Figure 5.6. The TM pDOS for LiCoO, has the strongest intensity right below the Fermi
level and the intensities of the O pDOS become closer to TM pDOS at higher HF mixing
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but never reach the TM pDOS intensities. LiMnO, shows the same trend but at 15 %
HF-mixing both pDOS are almost the same and at higher mixing the intensities of the
O pDOS exceeding the TM pDOS. These behaviors result in the trends observed in the
hybridization plot in Figure 5.4. It could be argued that the d-orbital splitting influences
which d-orbitals are located directly below the Fermi-Level and are therefore available
for a hybridization with O 2p-orbitals. As a consequence, the strongly Jahn-Teller dis-
torted materials (LiMnO; and LiNiO,) show a more different behavior of hybridization
and HF mixing because of their electronic configuration.

5.3.2 Single-shot GW band gaps at different PBE0 HF mixing-
parameters and optimal HF mixing

Having shown that variation of the HF-mixing parameters has an significant influence
on certain important properties such as band gap and hybridization it was proceeded
by performing Gy W, calculations to identify the most suitable HF mixing-parameter.
Consecutive Gy W, calculations were performed on top of all the PBEO calculations at
different HF mixings discussed in the previous section. This procedure allows to con-
sider and analyse the strong starting-point dependence of Gy Wy calculations. The band
gaps obtained from these calculations are shown in the upper plot of Figure 5.5.

In general, the Go Wy band gaps maintain the rising trend of the underlying starting
point with higher mixing parameters a but a perfect linear increase in band gaps with
the HF mixing as observed for the PBEO calculations (cf. Fig. 5.2) is not obtained. The
consecutive Gy W step shows no linearity at higher HF mixings (e.g., LiMnO;) as well as
low HF mixings (e.g., LiNiO,). The latter trend is particularly pronounced for TM oxides
which change their class by adding a small portion of HF mixing from metal (have no
band gap) to insulator (have band gap) as shown by the non-linear fit for LiNiO, in Fig-
ure 5.5, upper plot. It should be also noted that the irregular behavior of the band gap of
LiCog.5Mng 50, due to the aforementioned changes in electronic structure with a is also
present in the Gy W) calculations.

For intermediate a (5-20 %) the trend of the band gaps is reasonably approximated
by a linear function indicated by the linear fits (dashed lines in Figure 5.5, upper plot)
except for LiCog 5sMng 50, due to the aforementioned irregular behavior of the electronic
structure with a. Despite this trend it is still unclear what HF mixing acts as the most
accurate starting point for Gy Wy, calculations for the layered TM oxides under study.

The linear (band gap vs. a) functions fitted (cf. upper Fig. 5.5 and Table 5.4) for the 5
to 20 % a-range allow to extrapolate to a Go Wy@PBE solution. This extrapolation is par-
ticularly useful for compositions undergoing a change from metal to insulator by admix-
ing HF (e.g. LiNiOj). In that case PBE has no band gap and is therefore a unsuitable start-
ing point that is far off the more linear trend observed at higher HF mixing-parameters.
This might be because of an incorrect alignment of states in the starting point and/or
a larger difference of the starting point wave-functions to the GW wave-functions. For
LiCoOy, this extrapolated Go W(@PBE band gap is only slightly higher (less than 0.2 eV)
than the band gap calculated from the “real” PBE starting point. A pure PBE starting
point is already quite suitable for LiCoO, because it predicts the metal-insulator prop-
erties correctly. However, for LiNiO,, where pure PBE predicts a metal, the extrapolated
band gap increases more drastically. The proposed extrapolation method is intrinsically
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Figure 5.5: The upper plot shows Gy Wy band gaps as function of the HF mixing-parameter « in the PBEQ
starting point. Linear fits for the values in the a-range 5-20 % are shown by dashed lines and for LiNiO» also a
fit of an inverse function that describes the whole a-range seemingly well is plotted by a solid line. The lower
plot shows the corrections Go Wy made to the band gap of the PBEO starting point.

ab initio-based as no experimental inputs are required. It should be noted that neither
the linear fit nor the extrapolation approach have an physical meaning but employing
these strategies seems to offer the best compromise between under- and over-prediction
of band gaps compared to experimental values, especially for LiCoO, and LiNiO, for
which most experimental values exist.

For LiCoO3, the extrapolated Gy Wo@PBE band gap of 2.10 eV perfectly matches the
band gap of a very recent experimental study that determined a band gap of 2.15 eV [73]
and another experimental value of 2.10 eV [74] (the experimental structures were O3 but
it was checked that the calculations of the O1 structures for LiCoO; do not change sig-
nificantly by using 0O3). Despite this excellent agreement with the experiments it is also
worth noting that experimental band gap studies show quite some deviations and even a
value of 2.7 eV [75] has been reported such that the calculated value is at the lower edge of
experimental band gaps. For LiNiO,, the experimental studies are more sparse but one
study suggested a band gap of 0.40 eV [27] which is significantly lower compared to the
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extrapolated Gy Wy@PBE band gap of 0.81 eV. However, deviations would be even worse
by using a starting point with (higher) HF mixing and also a pure PBE starting point
would show almost the same deviation but in a different direction (under-prediction)
and predicts metallic instead of insulator properties. For LiMnO,, some theory works ex-
ist that predict various band gap values, depending on structure, magnetism, and com-
putational approach, about 1 eV lower compared to the extrapolated Gy Wy@PBE band
gap [76, 77]. As the LiMnO;, model considered a strong Jahn-Teller distortion along with
AFM ordering which are both known to increase the band gap, it is also expected that the
band gap of this material is comparably high. No final conclusion about its accuracy in
the extrapolated Gy W,@PBE approach can be made for LiMnO,.

In conclusion, it seems that the extrapolated Gy W(@PBE band gaps are in reasonable
agreement to experimental data and also work considerably well for all layered TM ox-
ides under study (except LiCog 5sMng 50, due to the aforementioned changes in the elec-
tronic structure with a). However, it must be mentioned that the seemingly good agree-
ment to experimental band gaps might be due to error cancellation as direct compar-
isons to experiment are not completely fair. The calculations yield 0 K band gaps while
the experimental values were obtained at finite temperatures. Moreover, the model
used in the simulations of stoichiometric LiNiO, might not represent the experimen-
tal structure exactly which has been observed to be non-stoichiometric, as discussed in
the method part. This can also accidentally improve the agreement to experiment.

Using these extrapolated Go W(@PBE band gaps to determine the corresponding op-
timal HF-mixing parameters (a®") for PBEO is straight forward due to the linear trend
of band gap vs. a. The corresponding optimal a®*" values are shown in Table 5.1 along
with their band gaps and are also visualized in Figure 5.2. For LiCog 5Mng 502 no mixing
parameter could be determined because of the irregular behavior of electronic structure
and «a explained in the previous section.

Table 5.1: Optimal PBEO HF mixing-parameters determined by extrapolated Go Wo@PBE (a®*") and the PBEO
HF mixing-parameter that directly leads to the fully self-consistent GW band gaps («G"). Band gaps (BG)
corresponding to the determined a are given along with experimental band gaps, where available. No values
for LiCog 5Mng 502 are given as the changes in the electronic structure with a prevented to apply any fitting
approach.

Compound a®™t  BG™ a9 BGOEW  BGOP
[%] [eV] [%] [eV] [eV]
2.10 [74],
LiCoO, 6.7 2.10 20 4.13 2.15[73],
2.70 [75]
LiMnO, 11 2.83 28 4.77 -
LiNiO, 8.0 0.81 20 2.09 0.40 [27]
LiC00.5Mn0.502 - - -

LiCOO.sNio.soz 5.6 0.64 20 2.06 -
LiMHOI5Ni0.502 11 1.76 24 3.10 -

The optimal mixing parameters vary within a range of roughly 5 % which is relatively
large as a change in band gap of up to 0.75 eV can arise for these compounds from this
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variation. The optimal a®" for the binary systems cannot be extrapolated as mean value
of the corresponding pure materials independent if the charges of the individual species
change from the pure and binary system (LiMng 5Nig 502) or not (LiCog 5Nig 502). There-
fore, the optimal mixing parameter seems to be system-depended and using the mean
value over all compositions of ca. 8.5 % appears to be the efficient trade off for all compo-
sitions. This HF mixing is significantly lower than the default value of 25 % but in agree-
ment with other studies on similar (layered) TM oxides that rely directly or indirectly on
experimental properties and also suggested significantly lower HF mixing-parameters
for hybrid functionals [6, 14, 35].

The corrections in the band gap GyWj is introducing to the PBEO starting point,
namely the differences in each point of Figure 5.2 and the upper plot in Figure 5.5, are
visualized in the lower plot of Figure 5.5. In general, a pronounced increase of the band
gap by Go W) to the PBEO starting point (positive correction) is observed for small a that
gets smaller for higher a and even turns into a decrease (negative correction) for high
a. This behavior can be utilized to define a different optimal HF mixing a®" for each
compound at the point were the PBEO starting band gap is not altered by a consecu-
tive Go Wy calculation (correction is zero in lower plot of Figure 5.5). It should be noted
that this a®" fitting-approach was also proposed by Chen et al. [38]. In agreement to
their study, it was also found that the determined optimal a®" values using this zero-
correction approach are higher than those agreeing better to experimental values (e.g.,
aforementioned a®). It should be mentioned that the seemingly worse agreement to
the experimental band gaps of the higher level of theory approach (") compared to
the extrapolated Gy Wo@PBE approach might be due to error cancellations in the latter
approach or fundamental differences of experiment and calculation (e.g., temperature,
model/structure) as discussed above. Such error cancellations were also discussed in the
work of Wiktor et al. [78] where Go W(@PBE delivered the best agreement to experimen-
tal values for perovskites of the type CsPbX (X = Cl, Br, and I), even better than fully self
consistent (in eigenvalues and wave functions) GW calculations with vertex correction.
The authors also showed that when accounting for effects such as temperature and spin-
orbit coupling the higher level method is again in better agreement with experiment and
concluded that without these corrections Gy Wy@PBE showed better agreement to ex-
perimental band gaps because of error cancellations. A similar cancellation could also
be present in the extrapolated Gy W,@PBE approach for the materials in this work.

The optimal a®" along with their corresponding band gaps for the studied layered
TM oxides in this work are shown in Table 5.1 and are visualized in Figure 5.2. Interest-
ingly, these values and especially the mean value of 22 % are close to the default value of
25 % that has been derived by perturbation theory approaches [33] as well as the value of
19 % obtained by xc kernel-analysis in a very recent study [79]. Therefore, values of 20 %
to 25 % appear to have a strong theoretical foundation in general and also for layered
TM oxides. It is worth mentioning that the optimal a“" of the binary systems seems to
be predictable as mean values of the a®" of the pure materials. For example, LiCoO,
and LiNiO, both have an optimal a®" value of 20 % and so does their binary mixture
(LiMng 5Nip 502) has a value of 20 % as well. LiMng 5Nig502 shows an optimal mixing
a %W of 24 % which is exactly the mean value of the pure materials, 20 % (LiNiO,) and
28 % (LiMnOy), respectively. Moreover, this predictive behavior was also verified for the
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ternary system (Co:Mn:Ni = 1:1:1) of species under study that showed an optimal a®"
of 22.5 % which is essentially the sum of the optimal a®" parameters of the pure com-
pounds weighted by their concentration in the ternary system. This linear dependence
of optimal a®" on the concentrations of constituting elements is different to optimal
a®t where no trend was observed but allows to immediately predict %" for mixed
compounds.

Regarding the computed DOS below the Fermi energy, it can be concluded that no
significant change by the consecutive Go W) step is observed and almost the same fea-
tures as in the PBEQ starting points (Figure 5.6) appear. Consequently, also the same
trends in terms of hybridization of O 2p-orbitals and Co/Mn 3d-orbitals as discussed for
Figure 5.4 in the previous section can be observed proving again that hybrids are a rather
advanced starting point for GW calculations.
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Figure 5.6: pDOS of O 2p-orbitals (red) and TM 3d-orbitals (black) for LiCoOy (first column) and
LiMnO3 (third column) at increasing HF mixing (top to bottom) along with the pDOS obtained from a con-
secutive Gy W step (second and fourth column).
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5.3.3 Fully self consistent GW calculations at different PBE0 HF
mixing-parameters and influence of screening the HF part

To further verify the obtained trends within the Gy W approach, a higher level of GW was
also employed where eigenvalues were iterated to self-consistency in G and W (some-
times also denoted as “evGW”) for LiCoO, and LiNiO,. In general, it is expected that this
approach has a tendency to over-predict band gaps due to missing vertex corrections
[58]. A tendency towards larger band gaps is also observed for the layered TM oxides in
this study (cf. Figure 5.7). However, an excellent agreement with the experimental value
of 2.7 eV [75] is found for LiCoO, by applying fully self-consistent GW at a PBE start-
ing point. Overall, the calculated band gaps get closer to their corresponding converged
values with increasing the number of GW iterations but the self-consistent results still
maintain (strongly) starting point dependent as also found in another study on a differ-
ent TM oxide and can be related to different starting wave functions [57, 58].

For LiCoO; and LiNiO,, the converged GW band gaps become larger with higher HF
mixing in the starting point, are lowered by GW for mixings above 20 % (the determined
optimal a®" in the previous section), and increased for lower mixing values. The results
also show that the number of steps to converge the band gaps strongly varies with the
HF mixing in the starting point and is larger the more different the initial mixing param-
eter is from the optimal mixing-parameter a®". In fact, optimal a®" (20 %) that were
obtained in the previous section do not show a significant change in band gap over all
performed GW steps proving that this approach of determining the optimal a®" deliv-
ers direct access to fully self-consistent GIWW band gaps at the computational cost of a
hybrid functional. That the optimal a®" mixing parameters are not just consistent in
Gy Wy but also in GW underlines their strong theoretical foundation.
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Figure 5.7: Band gaps of iterations (n) of fully self-consistent GW calculations with different PBEO starting
points for LiCoO» (upper plot) and LiNiO2 (lower plot). Iteration n=—1 corresponds to the PBE0 band gap and
n=0 to the Go Wy band gap.

Lastly, also the effect of applying range-separated hybrid functionals with screening
in the HF part (HSE approach) compared to the unscreened PBEO functional was in-
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vestigated as this approximation can offer some computational benefits [40]. The two
inverse screening length of w = 0.3 A"' (HSE03) [40] and w = 0.2 A"! (HSE06) [41] were
employed and the results were compared to those with PBEO. Their dependence of the
band gap and the HF mixing-parameter is plotted in Figure 5.8, indicating an almost
perfectly linear trend (minor deviations for LiNiO, with HSE at high mixing and screen-
ing parameters) as observed for PBEO in this study as well as in other studies with HSE
functionals [6, 80].
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Figure 5.8: Gy W and hybrid functional band gaps for LiCoO> (upper plot) and LiNiO» (lower plot) for hybrid
functional starting points with different mixing parameters and different screenings of the HF part (HSE06,
HSEO03). The linear functions for the extrapolated Gy Wo@PBE band gaps are indicated by the dashed lines.

HSEO06 band gaps are slightly higher but in fair agreement with the computational
HSEO06 study of Seo et al. [6] for LiCoO; and LiNiO,. In agreement with the studies of
Komsa et al. [80], the slopes of linear fits become smaller with higher w and consequently
higher HF mixing-parameters are required to obtain the same band gaps compared to
PBEO. Applying Gy W) to the HSE starting points also yields deviations from the linear
trend as for PBEO resulting in a crossing point of both approaches that allows for the
determination of an optimal a®". At this @ GyW, (and as discussed above also higher
levels of GW) causes no correction to the band gap of the bare hybrid functional (cf. Fig-
ure 5.8). The corresponding optimal mixing parameters a®" are 25 % (LiCoO,-HSE06),
30 % (LiNiO2-HSE06), 30 % (LiCoO2-HSE03), and 38 % (LiNiO2-HSE03). For HSE03 the
parameters are higher than the default of 25 %, while for HSE06 both values are fairly
close to 25 %. This proves the superior fitting of the screening parameter in HSE06 over
HSEO03 for the investigated layered TM oxides as the mixing parameter was fixed to 25 %
in HSE, while technically both, the mixing parameter and the screening parameter could
be fitted (to some extend) to obtain the same result [41, 81]. This shows that the default
HF mixing within the HSE06 functional can be reasoned quite well by the a®" fitting-
approach for the layered TM oxides. However, in contrast to the PBEQ case the opti-
mal a®" mixing parameter becomes composition-dependent for LiCoO, and LiNiO,
when screening is introduced. The flatter slope that comes along with higher screen-
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ing has the beneficial effect that the band gaps become less sensitive to the HF mixing.
Even though the determined LiNiO,-HSE06 optimal mixing parameter a“" is with 30 %
slightly higher than the default, the pure hybrid band gap and the corresponding Gy Wy
solution are already relatively close at 25 % (cf. Figure 5.8).

Note that computed band gaps using the optimal a©" values corresponding to each
screening are almost the same for all functionals (PBEO, HSE03, HSE06) with a small
drift towards higher values at higher w. This proves that the determined band gaps using
a %" (w) show a high consistency across several high-level theory methods constituting
them as promising candidates for describing layered TM oxides. Although the a%" (w)
over-predicts the experimental band gaps of the materials under study; it is reasonably
close to the default mixing values of the functionals as mentioned above.

The screened hybrids also allow for the extrapolated Gy Wy@PBE approach which
showed better agreement to experimental band gaps for PBEO in the previous section.
As this approach tries to extrapolate to PBE level, using HSE functionals should not alter
the extrapolated band gaps as the differences to PBEO are just in the HF part that should
be eliminated by the extrapolation. Indeed, the linear fits in Figure 5.8 (dashed lines)
show the same extrapolated Gy Wy@PBE band gaps for all functionals within an accu-
racy way below 0.1 eV. This proves that extrapolating the trends of the Go W, band gaps
by a linear function in the intermediate a-range of 5-20 % is reasonable for the layered
TM oxides in this study. Moreover, the usage of screened hybrids can slightly reduce the
enormous computational effort of this approach as they offer a computational perfor-
mance advantage over PBEO [40]. Applying extrapolation, optimal mixing parameters
a®™t of 8.5 % (LiCoO,-HSE06), 11 % (LiNiO,-HSE06), 9.2 % (LiCoO,-HSE03), and 12 %
(LiNiO»-HSE03) can be determined. Compared to PBEO, the optimal a®*" are higher be-
cause the band gaps are the same but the slopes of the linear trends of the band gap
and a become smaller for higher screenings as mentioned above. The robustness of ex-
trapolated Gy W(@PBE towards different hybrid functionals based on PBE along with the
reasonable agreement to experimental results is quite encouraging for the idea of extrap-
olating band gaps from descriptions with wave functions and alignment of states more
close to GW, namely hybrid functionals. This approach can be utilized to determine ab
initio band gaps in layered TM oxides close to experimental values.

5.4 Summary and Conclusion

Two different non-empirical fitting approaches to determine the HF mixing parameter
in PBE-based hybrids were presented to calculate electronic structures of layered TM
oxides. While one approach yields satisfactory agreement to experiment for LiCoO,
and LiNiO,, the other, despite its stronger theory foundation, overpredicts band gaps
of LiCoO» and LiNiO, compared to experimental values significantly. The first approach
suggests low optimal mixing parameters of a®" ~ 8.5 % and the second fitting approach
yields optimal mixing of a“" = 22 % which is in fair agreement to default mixing of 25 %
employed in hybrid functionals such as PBEO, HSE03, and HSE06. The first fitting ap-
proach was defined by extrapolation of Gy Wy band gaps to Go W@PBE band gaps using
Go Wo@PBEO band gaps with intermediate mixing parameters in the range of 5-20 %. It
was also shown that almost same extrapolated Go Wy@PBE band gaps can be fitted from
Gy W)y calculations at screened PBE-based hybrid functionals (HSE). However, for these
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screened hybrids, the corresponding optimal mixing increases with the screening pa-
rameter. For the second fitting approach, the HF mixing that directly yields the band gap
of a consecutive Go Wy calculation was chosen. It was proven that this mixing parame-
ter is also valid at fully self-consistent GW, allowing access to accurate GW band gaps at
the much lower computational cost of hybrid functionals. For screened hybrid function-
als strong variation in optimal mixing " (0) depending on screening w was found but
only minor changes in the corresponding computed band gap. Moreover, dependence
of optimal mixing a®" and concentration of elements in the studied composition shows
linearity, allowing for the prediction of optimal HF mixing.

It is encouraging that (extrapolated) Gy Wy@PBE appears to obtain band gaps from
purely computational methods that are in reasonable agreement with experiment and
also that the default mixing of 25 % is justified not just by perturbation theory but also
high level GW calculations. Further works, however, are required to understand the large
discrepancy between the optimal a® (close to experimental band gap) and a®" (strong
theory foundation) HF mixing-parameters in hybrids that was shown by the two differ-
ent non-empirical GW fitting approaches in this work as well as if the better agreement
to experiment of the lower level of theory approach (a®**) might be caused by error can-
cellations.
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Supporting Information

Supplementary Table 5.2: Fitted linear functions of the form BG(a) = a x a + b of the PBEO band gaps (BG) as
function of the HF mixing-parameter a.

Compound aleV] b [eV]

LiCoO» 15.436 £ 0.062  1.042 + 0.010
LiMnO, 12.054 £ 0.126  1.399 + 0.021
LiNiO, 10.732 £ 0.105 -0.052 + 0.017
LiCops5Mngs0, 11.136 £2.651 -0.672 + 0.440
LiCoy 5Nig 502 9.820 £ 0.045  0.094 + 0.007
LiMng5Nip502  10.440 +£0.168  0.599 + 0.028

Supplementary Table 5.3: Calculated unpaired electrons (UPE) for the ions in the studied compounds and
charges estimated from UPE assuming octahedral ligand-field splitting of d-orbitals at 25 % HF-mixing. As
discussed in the text, average UPE/charges over all ions of one species are given for LiCog 5Mng 502

Compound UPE Charges

Co Mn Ni | Co Mn Ni
LiCoO», 0.0 - - 3 - -
LiMnO, - 3.7 - - 3 -
LiNiO, - - 0.9 - - 3
LiCog5Mngs0, | 0.4 2.3 - 27 33 -
LiC00.5NiQ.502 0.0 - 0.9 3 - 3
LiMno.sNio.soz - 3.0 1.6 - 4 2

Supplementary Table 5.4: Parameters of the linear fits (f(a) = a x @ + b) for Go Wo@PBEO band gaps against
different PBE0 HF mixing-parameters « in the range of 5 % to 20 %. The y-intercepts b correspond to the
discussed extrapolated Gy Wo@PBE band gaps.

Compound a[eV] b [eV]

LiCoO 10.128 £ 0.317  2.101 £ 0.043
LiMnO, 7.440 +£0.259  2.831 +0.036
LiNiO» 6.680 + 0.318 0.811 + 0.043
LiCogsMng50, 13.086 +3.161 -0.891 + 0.433
LiCog 5Nig 502 7.246 + 0.578 0.640 + 0.079

LiMn0,5N10,5 02

6.086 + 0.522

1.760 £ 0.071
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CASE STUDIES

In this chapter several additional works and contributions to other publica-
tions are summarized. Each section depicts one contribution to larger col-
laborative works. All works are briefly motivated and key findings are sum-
marized with a clear focus on the contributions of the author. The sections
therefore just cover a fraction of the original works and the interested reader
isreferred to the original publications instead. However, the summaries pre-
sented here aim to depict the most important computational findings and
employed methodologies and therefore put the approaches developed in
the previous chapters into perspective. Thus, the following sections can be
understood as case studies for the methodologies presented in the previous
chapters. The connections of the employed approaches to the purely theo-
retical previous chapters are discussed, as well as challenges encountered in
simulational studies of real cathode materials. Furthermore, the importance
of collaborative studies that combine experimental findings and simulation
results is emphasized.

This chapter is based on the following publications:

1. Yu,]J. H. & Koster, K. & Voronina, N., et al. Elevating Li-ion battery paradigms: Sophisticated ionic ar-
chitectures in lithium-excess layered oxides for unprecedented electrochemical performance. eScience
5,4,100376 (2025).

2. Binninger, T., Ting, Y.-Y., Koster, K., et al. Simulating charging characteristics of lithium iron phosphate
by electro-ionic optimization on a quantum annealer. Phys. Rev. B 112, 174118 (2025). Copyright (2025)
by the American Physical Society.

3. Voronina, N. & Koster, K., Yu, J. H., et al. Synergetic Lattice and Surface Engineering: Stable High-
Voltage Cycle Performance in P3-Type Layered Manganese Oxide. Adv. Energy Mater. Early View,
2501823 (2025).

4. Li, Y. & Koster, K., Mazzio, K., et al. ‘Oxygen bound to magnesium’ as high voltage redox center causes
sloping of the potential profile in Mg-doped layered oxides for Na-ion batteries. Adv. Funct. Mater.
Early View, e19132 (2025).
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6.1 A Li-rich Li-ion Layered Oxide Cathode Material:
Elevating Li-ion battery paradigms: Sophisticated ionic architec-
tures in lithium-excess layered oxides for unprecedented electro-

chemical performance

Achieving high energy-density in cathode materials and accounting for economic and
ecological aspects remains a significant challenge for the next generation of lithium-ion
batteries. Many of the currently used cathode materials rely on cobalt and high nickel
contents which drive up their price and also raise ecological and/or ethical concerns.
Therefore, Mn-rich and Co-free cathode chemistries would be beneficial. Moreover,
Li-rich materials (lithium concentration greater one with lithium also in the transition
metal (TM) sites) bear the potential for increased capacities and higher voltages due to
anionic (oxygen) redox [1]. However, such materials also possess the risk of low capac-
ity retention caused, for example, by Mn-migration or irreversible oxygen loss [2, 3]. In
this collaborative work with the group of Prof. Taek Myung from Sejong University a
novel, Co-free, Mn-rich, and Li-rich layered oxide cathode for lithium-ion batteries: O2-
Lig.75[Lig.15Nig 15Mng 7102 was studied.

The group of Prof. Myung obtained the material by topotactic ion-exchange from
the analogous sodium-based cathode material and also were in charge of the further
experimental characterization techniques discussed in the publication. Employing the
GOAC code (Chapter 2) to perform electrostatic configurational optimization, the author
of this thesis was able to identify a honeycomb ordering with Ni and Li in the Mn-combs
as the by far (4.7 eV in electrostatics compared to the lowest non-honeycomb structure)
most favorable configuration. Such an ordering was also confirmed by an additional su-
perstructure reflection in the experimental X-ray diffraction (XRD) measurements while
the calculated structural model ultimately enabled a more accurate Rietveld refinement
of the experimental structures. Moreover, the experimentally observed (operando-XRD)
trends in changes in lattice parameters on (dis-)charging were mostly reproduced in the
Machine Learning Force Field Ab Initio Molecular Dynamics (MLFF-AIMD) simulations
performed by the author. In general, a trend of decreasing a- (a and b parameters are
same in hexagonal cells) and c-lattice parameters was observed on charge. While the
change in a can be assigned to stronger electrostatic oxygen and TM interactions upon
oxidation of the TM and the change in c to a decrease in inter-layer spacing due to the
reduced lithium concentration on charging.

The author continued by unveiling the charge compensation (redox) mechanism of
the cathode material. Density functional theory (DFT) geometry optimizations on se-
lected (low energy) snapshots of the MLFF-AIMD runs were performed and further elec-
tronic structures were calculated by employing a hybrid functional (details on electronic
structure calculations were discussed in Chapter 5). The optimized structures are shown
in Figure 6.1 along with the calculated unpaired electrons (UPE) for four distinct lithium
concentrations (states of charge). It can be seen that the UPE on Mn change slightly

This section is based on the publication: Yu, J. H. & Kdster, K. & Voronina, N., et al. Elevating Li-ion battery
paradigms: Sophisticated ionic architectures in lithium-excess layered oxides for unprecedented electrochem-
ical performance. eScience 5, 4, 100376 (2025).
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Li,[Lig.47Nig17Mng¢7]O,

Figure 6.1: From top to bottom: Lowest energy structures obtained from Machine Learning Force Field Ab
Initio Molecular Dynamics (MLFF-AIMD) simulations followed by optimizations with density functional the-
ory (DFT). Unpaired electrons (UPE) on Mn, Ni, and O ions as calculated by DFT electronic structure calcula-
tions, applying a hybrid functional. Spin-Density-Difference (SDD) plots to visualize the UPE. Redox activity
as assigned by the computational methods. All properties are shown at the four different considered lithium
concentrations between x=1.00 and x=0.08 (from left to right). The Figure is reprinted from: Yu, J. H. & Koster,
K. & Voronina, N., et al. Elevating Li-ion battery paradigms: Sophisticated ionic architectures in lithium-excess
layered oxides for unprecedented electrochemical performance. eScience 5, 4, 100376 (2025)

from values of approximately 3.7 UPE to values of approximately 3 UPE for four Mn while
the other remain constant at approximately 3 UPE. These changes on the four distinct
Mn ions happen on the first delithiation from x=1.00 to x=0.75 and indicate oxidation of
Mn3* to Mn** while most Mn ions simply remain as Mn**. The oxidation states can be
assigned from UPE by applying crystal-field theory and taking into account that Mn is
in an octahedral coordination environment of oxygen which splits the d-orbitals of Mn
into a tyg (3 d-orbitals lower in energy) and eg (2 d-orbitals higher in energy) level. There-
fore, 4 UPE (or roughly 3.7 UPE as found in the calculations) would correspond to a t2g3
eg! high-spin electronic configuration of an Mn** while 3 UPE indicate a tg° eg° elec-
tronic configuration of a Mn** ion. On further charge of the cathode material, Mn shows
always about 3 UPE pointing to a fixed charge of Mn**. The higher fluctuations and de-
viations from exactly 3 UPE on Mn at higher states of charge can be assigned to artifacts
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in the assignment of UPE to ion cores, uncertainties in the degree of (de-)localization
of electron-densities associated with the Hartree-Fock mixing parameter of the hybrid
functional as discussed in detail in Chapter 5, or distorted coordination environments
that cause a fine-splitting of the d-orbitals beyond classical crystal-field theory. After all,
Mn is oxidized to Mn** and a gradual change of UPE on Ni from approximately 2 UPE
to 0 UPE is observed in Figure 6.1. This indicates oxidation of Ni** (t,g® e4?, 2 UPE)
over Ni** (g% eg! (low-spin), 1 UPE) to Ni** (t,4° e” (low-spin), 0 UPE). Again, devi-
ations of the calculated UPE and the theoretical UPE can be assigned to challenges in
the electronic structure calculation proving the importance of in-depth theoretical elec-
tronic structure studies on these materials as presented in Chapter 5 of this thesis. Fi-
nally, at high states of charge such as x=0.25 or x=0.08 strong deviations from 0 UPE are
observed on the oxygen anions in Figure 6.1. While 0 UPE simply correspond to 0%~
(2p%), calculated UPE values of up to approximately 0.6 UPE are even more close to O~
with formally 1 UPE (2p5). Therefore, it can be concluded that strong anionic redox is
present in the cathode material. However, full oxidation to O'~ is probably unlikely and
could be an artifact of too strongly localized electron densities due to a too large portion
of Hartree-Fock mixing in the hybrid functional. Details on how this mixing influences
the electronic structure and also comparisons to higher level of theory calculations were
discussed in Chapter 5. Finally, it was ensured that the assigned charges result in an
overall charge-neutral structure and that the total theoretical UPE match the total calcu-
lated UPE (including possible spin-up and spin-down cancellations). In conclusion, the
computational results of this study suggested a redox mechanism of Mn37* to Mn**
followed by redox of Ni** to Ni** and finally strong anionic redox (0>~ to 0?~*9) during
charging as also indicated by the color-bar in Figure 6.1. This redox mechanism was in
excellent agreement to the experimental studies that confirmed the same redox activities
by operando X-ray Absorption Near Edge Structure (XANES) measurements.

Finally, the simulations performed by the author of this thesis for the present study
enabled further atomistic insights such as the fact that oxygen ions get closer to each
other on charge due to the lowered electrostatic repulsion upon anionic redox. This
was confirmed by Pair-Distribution-Functions (PDFs) that were calculated from the
MLFE-AIMD trajectories. Moreover, the simulations revealed no oxygen distances in
the binding-regime of oxygen dimers, an indication that no irreversible oxygen loss took
place in the studied cathode material which was also confirmed by experimental Differ-
ential Electrochemical Mass Spectrometry (DEMS) measurements. However, during the
MLFF-AIMD simulations migration of lithium from the TM layer to the lithium layer was
observed at low lithium concentrations. Again, this finding matched experimental “Li
Nuclear Magnetic Resonance (NMR) measurements that also found reversible lithium
migration. The simulations and NMR measurements further confirmed that at higher
states of charge lithium prefers to occupy a tetrahedral site in the lithium layer rather
than an octahedral site. To capture such strong structural changes in the calculations,
MD simulations are required as also discussed at the problem of phase transitions and
utilizing classical force fields in Chapter 4 of this thesis. Regarding the results of this
study;, it is worth mentioning that when analyzing the Spin-Density Difference (SDD)
plots in Figure 6.1 the strongest anionic redox was found in direct proximity to TM layer
vacancies formed by lithium migration. This highlights that a detailed computational
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study must consider both, dynamic structural relaxations and accurate electronic struc-
ture calculations to obtain results in agreement to experiment and to deliver further
mechanistic insights.

In summary, in this work topotactic ion-exchange was leveraged to obtain a Mn-rich,
Co-free O2-type layered cathode (Lig 75[Lip.15Nip.15Mng.7]02) that combines honeycomb
cation-ordering, excess lithium, and reversible oxygen-redox activity. The material de-
livered a high energy density (approximately 284 mAh/g) and long-term cycling stability
such as a capacity retention of 70 % after 500 cycles in a full-cell setup. The compu-
tational studies by the author of this thesis involved electrostatic configurational opti-
mization, DFT geometry-optimization, MLFF-AIMD simulations, and electronic struc-
ture calculations. The calculations were of great importance to unveil and confirm
the mechanistic details of structural changes and the charge-compensation mechanism
during operation of the cathode material. Ultimately, this work highlighted a promis-
ing direction for designing the next generation of sustainable (Co-free, Mn-rich), high-
voltage (due to anionic redox), and cycle-stable (no irreversible oxygen loss) layered ox-
ide lithium-ion cathode materials and therefore marked an important step in cathode
material development.
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6.2 Configurational Optimizations in LFP:
Simulating charging characteristics of lithium iron phosphate by

electro-ionic optimization on a quantum annealer

Lithium-iron phosphate (LFP) is a broadly applied cathode material for lithium-ion bat-
teries and can serve as a lower cost alternative to layered-oxide cathode materials. The
LFP cathode material is a subject of extensive research and it is known that the charg-
ing mechanism involves generally a two-phase reaction [4, 5]. Such a two-phase charg-
ing mechanism is characterized by the presence of a Li-rich (LiFePO,4) and a Li-poor
(FePO4) phase. In contrast to other cathode materials such as layered oxides, interme-
diate lithium concentrations are achieved by adjusting the ratios of the Li-rich and the
Li-poor phases (domains). In other words, for a lithium concentration of 0.5 not a single
phase/domain with homogeneous lithium distribution exists but two equally-sized do-
mains, one of LiFePO, and one of FePO4 resulting in an average lithium concentration
of one half. From a more general perspective, the formation of two domains instead of a
single-phase with a homogeneous lithium distribution can be understood as a configu-
rational optimization problem, similar to those discussed in Chapter 2 of this thesis. As
iron is known to show electronic disproportion in the LFP material as well, the charging
mechanism becomes a joint electro-ionic combinatorial optimization problem of dis-
tributing Fe?* (electrons) and Fe®* (electron-holes) over the iron sites and distributing
Li-ions and vacancies onto the lithium sites.

In this work the author of this thesis collaborated with the group of Dr. Tobias Bin-
ninger from the department of Theory and Computation of Energy Materials (IET-3) in
the Institute of Energy Technologies at Forschungszentrum Jiilich GmbH. While their
work focused on transferring the configurational optimization problem in LFP to a D-
Wave quantum annealer, the author’s contribution involved approaching the optimiza-
tion problem on classical hardware by the newly developed GOAC code (see Chapter 2).
Results were used to verify the energy model, to compare to optimizations on the quan-
tum annealer, and to estimate the scaling of optimizations on a quantum annealer. For
evaluation of different configurations of LFP periodic electrostatic interactions, as im-
plemented in the GOAC code, were considered and the first step was to verify that this
energy-evaluation model can correctly reproduce the aforementioned two-phase charg-
ing mechanism of LFP. As it is known from experiment that the two phases only appear
in particles that are larger than several nanometers, while for smaller particles a homo-
geneous lithium distribution is observed, electro-ionic optimizations needed to be per-
formed in extremely large cells [6, 7]. These required large supercells yield a combinato-
rial explosion of possible configurations that cannot be tackled on current state-of-the-
art quantum annealers. However, as outlined in Chapter 2, the GOAC code developed
by the author of this thesis is among the fastest (to the best of our knowledge) codes to
approach such extremely large configurational optimization problems. Therefore, con-
figurational (Fe?*/Fe®* and lithium/vacancy distribution) optimization in increasingly
larger supercells of Liy s FePO4 was performed and mainly the interface to the commer-

This section is based on the publication: Binninger, T., Ting, Y.-Y., Koster, K., et al. Simulating charging char-
acteristics of lithium iron phosphate by electro-ionic optimization on a quantum annealer. Phys. Rev. B 112,
174118 (2025). Copyright (2025) by the American Physical Society.
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cial Gurobi solver in GOAC was leveraged to also allow for exact optimizations in smaller
cells while heuristic optimization was performed in the larger cells. The results obtained
and presented in the corresponding article are also shown in Figure 6.2.
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Figure 6.2: Results of configurational optimization of Fe?* /Fe3* and lithium/vacancy positions in Lig 5 FePO,4

as obtained by the GOAC code (cf. Chapter 2) and interfacing to Gurobi solver. a) Energies of optimized config-
urations as function of supercell size along the different cell dimensions (a (red), b (green), and c (blue)). Stars
indicate exact optimization (proven global minimum) and triangles show the lowest energy obtained through
heuristic optimization (no guarantee for global minimum). b) Energy of a two-phase configuration as func-
tion of supercell size along the b-direction. The lowest energy phase obtained when extending the cell along
c-direction is indicated by a blue horizontal line as well as the average energy of the two separate bulk phases
(LiFePO4 and FePOy). ¢) Structure of the minimum energy configuration obtained in a 1 x 16 x 1 supercell that
shows a phase separation into two domains (LiFePO4 and one of FePOy). Lithium, Fe?*, Fe3*, and oxygen
ions are shown in green, brown, silver, and red color, respectively. The Figure is reprinted with permission
from: Binninger, T., Ting, Y.-Y., Koster, K., et al. Simulating charging characteristics of lithium iron phosphate
by electro-ionic optimization on a quantum annealer. Phys. Rev. B 112, 174118 (2025). Copyright (2025) by the
American Physical Society.

It can be seen that for the unit cell (1 x 1 x 1 supercell) a homogeneous distribution
of lithium (and electrons/electron-holes on iron) is obtained as the lowest energy struc-
ture and the structural model is also shown in the Figure. When the cell is extended
along the a-direction the same configuration is obtained resulting in a straight line for
the lowest energy configuration versus the particle size along the a-direction. However,
when the cell is extended along the c-direction (1 x 1 x n supercells), a configuration with
lower energy (cf. structural snapshot in Figure 6.2 (a)) is obtained that still has a homo-
geneous lithium distribution over the whole cell (single-phase). The energy of this new
single-phase configuration shows a constant energy for even numbers of 7 and slightly
higher energies for odd numbers of n that eventually converge to the same energy as
for even n for larger and larger 1 x 1 x n supercells. The most interesting phenomena is
observed when extending the cell along the b-direction. While for small 1 x n x 1 su-
percells up to n = 12 (7.2 nm) the same homogeneous lithium distribution as in the
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unit cell is found to be most stable, larger supercells show a pronounced decrease in
energy. Analyzing the structures of the optimized configurations reveals that for 1 x n x 1
supercells with n > 12 a configuration with two domains (two-phase configuration of
LiFePO, and FePQy,) is energetically favored over a homogeneous lithium distribution.
Such a lowest energy configuration of a two-phase product is also shown fora 1 x 16 x 1
supercell in Figure 6.2 (c). While this observation proves that large-scale electro-ionic
configurational optimization with an electrostatic energy evaluator is able to correctly
reproduce the two-phase charging mechanism of LFP, the obtained energies of the two-
phase product are still higher than the single-phase product found for extending the cell
along the c-direction. Still, the optimized two-phase configurations show a pronounced
trend towards lower energies with larger cells that will eventually become the most sta-
ble known configuration. Therefore, the study was continued by manually creating the
two-phase product in larger and larger cells along the b-direction up to almost 80 nm in
length and evaluating the electrostatic energies of the structures. Results are shown in
Figure 6.2 (b) and indicate that at particle sizes of about 40 nm along the b-direction the
two-phase configuration indeed becomes the most stable configuration found over all
optimizations. At that size the energy is lower than the one (with homogeneous lithium
distribution) obtained for extending the cell along c-direction. This indicates that the
reason for the two-phase behavior of LFP are the electrostatic forces in the bulk mate-
rial. When further increasing the cell size, the energy appears to converge towards the
average energy of the two separate bulk phases, LiFePO4 and FePO,4. This can be ex-
plained by the fact that the energy of the two-phase configuration is characterized by
the energies of the two bulk phases plus an interfacial energy for the contact area of
the two bulk phases. In the limit of an infinitely large cell the total energy would be
purely dominated by the energies of the bulk phases and the contribution of the inter-
facial energy becomes neglectable. Thus, the electrostatic optimizations also allowed
to determine the interface energy of LiFePO,4/FePO4 by scaling with an effective dielec-
tric constant obtained through density functional theory (DFT) calculations. Regarding
the estimated critical particle size of 40 nm for the two-phase configuration to become
most stable, it is quite remarkable that experimental studies suggested critical particle
sizes in the range of 10 nm [7] to 40 nm [6] indicating even quantitative agreement of the
employed electrostatic optimization model.

In summary, the configurational optimizations conducted with the GOAC code, that
was developed in this thesis (cf. Chapter 2), for this study were able to prove that an elec-
trostatic energy model is capable to capture the two-phase charging mechanism in LFP
as well as its critical particle size (single-phase for particles below 40 nm, two-phase for
larger particles). It should be mentioned that in order to prove these aspects, configura-
tional optimizations in systems with almost 1000 ions and approximately 107> possible
configurations were conducted and energies of models with more than 3300 ions were
considered. Modelling such large systems at the atomistic scale requires efficient meth-
ods and highlights the scalability and capabilities of the GOAC code. Moreover, this study
on LFP proves that electrostatic configurational optimization in such large problems is
not just a theoretical experiment but also required for certain systems to discover addi-
tional atomistic insights. Thus, the study on LFP that was summarized in this section
provides a strong motivation for the development and usage of the GOAC code.
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In addition, the collaborators in this study were able to map the electro-ionic con-
figurational optimization problem successfully to a quantum annealer and also proved
that the LFP problem can be solved on a quantum annealer. However, the current state-
of-the-art quantum annealers are only capable to solve much smaller problem instances
(supercell sizes) than demonstrated in the results using the GOAC code. Further research
on quantum annealers might enable more powerful devices in the future and therefore
also the scalability with supercell-size was assessed. To that extend, the GOAC code was
employed to generate and evaluate millions of random configurations in various super-
cell sizes to finally obtain the configurational densities of state (cDOS) as a function of
supercell size. It was found that the cDOS are well-described by a Log-normal distribu-
tion which allowed extrapolation of cDOS for even larger supercells. A key property of
these Log-normal distributions is a shift of their center towards higher energies (more far
away from the global minimum) at larger supercells. Therefore, larger cells are not only
much more complex to optimize due to the combinatorial explosion of total configu-
rations but also because of the fact that it becomes significantly more likely to sample
higher energy configurations instead of the ground-state (global minimum). With these
considerations it was possible to provide evidence that even future generations of quan-
tum annealers (probably) cannot achieve an exponential speed-up on configurational
optimizations in increasingly large supercells. However, it was found that quantum an-
nealers in general bear the potential for significant speed-ups over classical hardware
for problems such as the electro-ionic configuration optimization in LFP. The cDOS esti-
mated by GOAC just indicated that the exponential scaling for considering larger super-
cells cannot be overcome by quantum hardware relying on thermal sampling statistics,
highlighting again how challenging such optimizations are and underline once more the
importance of fast heuristic optimizers such as the GOAC code presented in Chapter 2
of this thesis.
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6.3 NTP Coating of Cathodes to protect from Electrolyte At-
tacks:
Synergetic Lattice and Surface Engineering: Stable High-Voltage
Cycle Performance in P3-Type Layered Manganese Oxide

Degradation of the cathode material by reactions with the electrolyte during cycling can
decrease its cyclability significantly. A possible strategy to mitigate such degradations is
the coating of the cathode active material by some protective layer. Such a coating layer
should have two important properties: I) being inert towards reactions with the elec-
trolyte and II) ensure a high ionic conductivity to not limit the performance of the coated
cathode (also electronic conductivity but that is not the focus in this case study) [8].
For layered oxide sodium-ion cathodes a suitable candidate for a coating layer might be
NaTi, (PO4)3 (NTP) as it is known to show high sodium conductivity and the phosphate
structure is very different from a layered oxide which bears the potential for a different
(improved) stability towards an electrolyte [9].

In this project, the author of the thesis collaborated with the group of Prof. Taek
Myung from Sejong University Seoul, South-Korea. Their group synthesized a P3-
Nayg g7[Zng 3Mng 710 layered oxide cathode material and successfully coated it with NTP.
The experimental data suggested that the NTP-coated material had a severely improved
cycling stability with a capacity retention of 70 % after 200 cycles while the bare, non-
coated cathode material showed only 25 % capacity after just 100 cycles. Besides other
effects that are also discussed by the computational results below, they proposed that
Ti migration from NTP towards the layered material enhances the lattice-parameter
change during cycling which contributes to the improved cyclability due to the more
similar ionic radii of Ti** (0.61 A) and Mn** (0.53 A) [10]. Moreover, they found a P3 to
O/P phase transition on charge and a O/P to P3 to O3 phase transition on discharge.
Even though not commented on by theoretical calculations in this case study, these
transitions highlight the importance of the methodologies to investigate phase stabil-
ity (Chapter 3) and to observe phase transitions (Chapter 4) that were developed in this
thesis.

Regarding the computational studies performed in this case study, also the redox
mechanism was studied by electronic structure calculations as discussed in detail for
the case study summarized in Section 6.1. Similar challenges for electronic structure
calculations were encountered and therefore the results of this case study also moti-
vate the theory work on accurate electronic structure calculations presented in Chap-
ter 5. Moreover, to determine the positions of Mn and Zn on their lattice sites as well
as sodium orderings, configurational optimization with help of the GOAC code, that was
introduced in Chapter 2, was employed. In summary, for the cathode material in this
case study a redox mechanism involving Mn®*/Mn** as well as anionic redox (formally
027/0'757) was found in the conducted calculations. This redox mechanism was well-
matched by the experimental XANES (X-ray Absorption Near Edge Structure) measure-

This section is based on the publication: Voronina, N. & Koster, K., Yu, J. H., et al. Synergetic Lattice and Sur-
face Engineering: Stable High-Voltage Cycle Performance in P3-Type Layered Manganese Oxide. Adv. Energy
Mater. Early View, 2501823 (2025).
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ments. Furthermore, during geometry optimizations by DFT (Density Functional The-
ory) prior to the electronic structure calculations at different states of charge (different
sodium concentrations), migration of Zn from the transition-metal (TM) layer towards
the sodium layer was observed at high states of charge (low sodium concentration) (cf.
Figure 6.3 (b)). This migration was also confirmed by experiment in XANES measure-
ments. Analysis of the electronic structure revealed that the strongest anionic redox took
place at the oxygen ions next to the vacancies from Zn migration in the TM layer. This
finding is also in agreement with the activation of the anionic redox next to vacancies
found in the case study discussed in Section 6.1. Moreover, some oxygen ions next to
Zn** that remained in the TM layer showed stronger redox activity as well, hinting to-
wards an electrostatic activation of anionic redox. Also, in both, experiment (operando
Differential Electrochemical Mass Spectrometry (o-DEMS)) and simulation no evidence
of irreversible oxygen loss was found as the O-O pair-distribution functions (PDFs) in
Figure 6.3 (a), right plot, showed just a minor shift towards shorter distances on charge
but no intensities in the O-O bonding region.

Finally, extensive ab initio molecular dynamics (AIMD) simulations were performed
for this case study to probe the degradation of different interfaces in contact with elec-
trolyte species. It was assumed that HF (hydrogen-fluoride) is the most aggressive
species that can form under electrochemical conditions from the NaPFg-based elec-
trolyte. Consequently, the surface of the cathode material in its discharged (sodium
concentration of 1.00) and its charged (sodium concentration of 0.17) state as well as
the NTP material were simulated in contact with HE For the layered cathode a surface
without Ti and a surface with Ti-doping was simulated as the experimental results sug-
gested migration of Ti into the cathode material on NTP coating. In total, systems with
approximately 200 to 300 ions were simulated for 25 ps each in steps of 1 fs. To facilitate
reactions of the HF with the surface, an elevated temperature of 600 K was employed.
Due to the expected reactions at the surface it was decided to perform fully ab initio
simulations and to not leverage on-the-fly machine-learning force fields (MLFF) as dis-
cussed for the case study in Section 6.1. An overview of some important results obtained
from the AIMD simulations is shown in Figure 6.3.

The PDFs for pairs including F in the left plot of Figure 6.3 (a) showed no intensi-
ties below distances of 3 A for the NTP material. This proved that there are no bonding
interactions of F and the NTP coating and therefore no degradation of the material. It
might be concluded that NTP is mostly inert towards the HF electrolyte. However, the
bare layered cathode material showed a strong intensity in the metal-F bonding region
for both, the charged and discharged state. Interestingly, these intensities were domi-
nated by the F-Zn pair indicating that Zn is the main contact point for HF attacks at the
surface of the cathode. This observation was further verified by the structure snapshots
in Figure 6.3 (b) as the HF molecules or F~ ions were mostly attached to Zn while the
Zn was migrating out of the surface plane of the cathode. The tendency that Zn migrates
from the TM layer towards the sodium layer that was found in the simulations and exper-
iment was already discussed. The AIMD simulations highlighted in addition that also at
the surface Zn has a tendency to migrate out of the surface plane, thus offering a suitable
attacking point for electrolyte species such as HE Once an HF is attached to a surface Zn,
the simulations showed a few cases where another HF attacked or dissociation of the at-




188 6 CASE STUDIES

T
i 1.00 --- 0.17 — NTP /' o | oo 1.00 --- 0.17 — NTP 0
1y Iy ]
Ol @® F-zn . o I I e oo ’
" 3 7 @ Fwmn J‘” ‘Y " T 8§ !le oH P
t 1y =2 t W o '\ @ 0-zn !
3 1y @ 3 o «Q [ !
o [ o 1 ® [ )
o [HE R o a 3 1
° LAY ° ficip
2 [ ° ol !ic
© I 1 O © =) iy
3 I: v 3 1 = IHER
) L t o . o It
- [ Tt - [ 14
[3 [ Y e |
I H t
[ [ [}
3 E
I 3
I 3
I : ’ - L : =T
1.5 2.0 2.5 3.0 35 a.0 4505 10 15 20 25 3.0 35 40 45
Distance (A) Distance (A)
b Ti-free Ti in Surface

»w

l

’ o 70 o 4\ o 0\ 8
N 7‘ ) ’ v % : L%
‘ v v / (Y
r . " O . QA A .A\-\- .

I

Figure 6.3: Results from ab initio molecular dynamics (AIMD) simulations. a) Pair-distribution func-
tions (PDFs) of pairs involving F (left) and pairs involving O (right). Colors indicate pair types while line styles
highlight the bulk material. b) Snapshots from AIMD simulations of the (001) surface of the cathode material
with (right) and without (left) surface Ti-doping and the (1102) surface in NTP all in contact with HE The Fig-
ure is reprinted from: Voronina, N. & Kdster, K., Yu, J. H., et al. Synergetic Lattice and Surface Engineering:
Stable High-Voltage Cycle Performance in P3-Type Layered Manganese Oxide. Adv. Energy Mater. Early View,
2501823 (2025).

tached HF into F~ and a proton happened. This could indicate the initial state of ZnF,
formation which was detected in experimental time-of-flight secondary ion mass spec-
trometry (TOF-SIMS). The rather short, in comparison to experiment, time-scales in the
range of several ps that were accessible in the AIMD simulations probably prevented to
observe the complete formation of ZnF,. Furthermore, the PDFs showed that some HF
also attacks at Ti at the Ti-doped cathode surface of the charged material. This mate-
rial further showed the strongest indication of degradation of the cathode material by
HF (see Figure 6.3 (b)). In general, dissolution of the cathode material appeared to be
stronger in the charged than in the discharged states.

The PDFs involving oxygen ions (Figure 6.3 (a), right plot) revealed how the protons
of the HF interact with the material. When the HF attacked the Zn, it dissociated right
before or after the attack which resulted in an excess proton. This proton can bind to
surface oxygen and as a consequence peaks with high intensity were observed at the O-
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H bond-distance region in the O-H PDFs of the layered cathode material. Thus, these
peaks indicated another degradation mechanism of the cathode material. The NTP sur-
face also showed a small intensity in the O-H bonding region indicating that oxygen is
more prone to react with the electrolyte than P or Ti in this compound. However, the
peak was more smeared and showed some intensity in the hydrogen-bond interaction
distance. This highlighted that also the proton interactions of the electrolyte (HF) with
NTP were less-covalent than for the layered cathode and therefore presumably less de-
structive (less/no degradation). The overall trends regarding the stability of the different
surfaces against HF were also confirmed by the snapshots in Figure 6.3. In summary, the
bare layered cathode showed strong interaction/degradation in contact with HF while
mainly Zn was the point of attack as well as surface oxygen by the excess protons. The
degradation was stronger at higher states of charge (lower sodium concentration) and
also stronger when Ti-doping was introduced. In contrast, the NTP material appeared
to be almost inert to HF and only the surface oxygen-ions showed some interaction with
protons from the electrolyte. Therefore, it was concluded that the improved cycling sta-
bility achieved in experiment by the NTP coating is mainly a direct protective effect of
NTP against electrolyte attacks.

Overall, this case study gave valuable insights into stabilization strategies that can
significantly improve the performance (mainly cyclability) of layered oxide sodium-ion
cathodes. The introduction of a NTP coating improved the cycling stability drastically
while maintaining reasonable ionic conductivity. The DFT calculations were able to
match and confirm the redox mechanism proposed from experimental measurements
while both indicated a strong activation of anionic redox that is, however, reversible (no
oxygen loss). Furthermore, the AIMD simulations were able to prove that NTP has a
greater resistance against the electrolyte (HF) than the bare cathode material and re-
vealed the degradation mechanism at an atomistic level. To sum up, the cooperative
approach of experimental and simulational studies employed in this case study was able
to give important insights and to point out novel design strategies to improve the cycling
stability of layered oxide sodium-ion cathodes.
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6.4 Distinct Redox Potential of Oxygen bound to Magne-
sium:
‘Oxygen bound to magnesium’ as high voltage redox center causes
sloping of the potential profile in Mg-doped layered oxides for Na-

ion batteries

Substitution of transition metals (TM) by various elements is a common strategy to im-
prove or alter the electrochemical characteristics of layered oxide sodium-ion cathode
materials. Such substitutions can, for example, change the phase-stability and transi-
tions, the voltage profile or the capacity retention. While usually cathode materials are
tuned to improve their performance, subtle changes in their electrochemical behavior
such as small shifts or changes of shape of the voltage curve are also commonly ob-
served [11-16]. These shifts in the voltage curve upon substitution can hint towards im-
portant changes in the redox mechanism and therefore deserve to be studied in more
detail.

This case study was a collaboration with the group of Prof. Philipp Adelhelm from
Humboldt-University, Berlin. Their group performed the experimental parts of this
study on the NaNij 5Mng 50, cathode material while replacing Ni with various concen-
trations of Mg, including Mg=0, 0.10, 0.15, 0.20, 0.25. They synthesized and tested the
materials in both, the P2 and O3 phase and also investigated extensively how the dif-
ferent Mg concentrations and starting phases alter the phase stabilities and phase tran-
sitions during operation. These phase transitions were not part of the simulations for
this study but nevertheless highlight the relevance of the works on phase stability and
phase transition presented in Chapter 3 and Chapter 4 once more. Moreover, the ex-
perimental studies revealed that a high-voltage plateau transformed to a slopy feature
(a curvature with a slope instead of a plateau at a constant voltage) upon introduction
of more and more Mg to the system. This behavior was also found independent of the
phase which proved that it is in direct relation to the redox mechanism. It was further
found that gradually adding Mg reduced the capacity as redox-active Ni is replaced by
electrochemically inactive Mg. However, substitution with Mg also improved the ca-
pacity retention (also due to an overall decreased total capacity) significantly and O3-
NaMgy 1 Nip.4Mng 50, was determined as the sweet-spot for total capacity and capacity
retention. Consequently, the simulational studies aimed on understanding the change
in the redox mechanism observed in the experimental voltage curve of the Mg-doped
material in comparison to its Mg-free parent material.

As discussed in more detail for the case study shown in Section 6.1, the redox mech-
anism of the cathode materials was determined by electronic structure calculations.
Prior to the electronic structure calculations atomistic configurations were determined
by configurational optimization of Coulomb energies, for example by optimizers such
as the GOAC code presented in Chapter 2. Next, the geometry of the structure was fully
relaxed by Density Functional Theory (DFT) calculations and finally the electronic struc-

This section is based on the publication: Li, Y. & Koster, K., Mazzio, K., et al. ‘Oxygen bound to magnesium’
as high voltage redox center causes sloping of the potential profile in Mg-doped layered oxides for Na-ion
batteries. Adv. Funct. Mater. Early View, e19132 (2025).
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ture was calculated by a more accurate hybrid functional. The effects of hybrid function-
als on the electronic structures of cathode materials were discussed in some detail in
Chapter 5 of this thesis. From the unpaired electrons (UPE) obtained from the electronic
structure calculations the electronic configurations of the ions were assigned. Thereby
their charge was estimated as outlined in Section 6.1. In agreement to experimental X-
ray absorption near edge structure (XANES) measurements it was found that the redox
mechanism in both cathode materials, the one without Mg and the one with 10 % Mg,
was dominated by Ni?*/Ni3*/Ni*" redox while Mn remains electrochemically inactive
at a charge state of Mn**. Moreover, in experimental resonant inelastic X-ray scatter-
ing (RIXS) analysis strong oxygen redox was observed for the cathode materials that was
weakened with the introduction of more and more Mg. However, the experiments also
showed evidence for another, distinct center of anionic redox in the Mg-doped materials
yielding to the hypothesis that 'O bound to Mg’ is a novel redox center. The aforemen-
tioned change in the experimental voltage profile on Mg substitution was also attributed
to this additional new redox center. To validate this statement detailed electronic struc-
ture analysis with several methodologies was performed and results are summarized in
Figure 6.4.
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Figure 6.4: Changes in projected densities of states (DOS) of oxygen p-orbitals on desodiation for O3-
NayNig 5Mng 502 (left) and O3-NayMgp 1 Nig.4Mng 502 (right). The DOS are visualized as their difference to
the respective previous sodium concentration. Contributions to the DOS are further split into different groups
of oxygen ions as colored in the legend in the right plot. Next to the DOS also the changes in the integrated
DOS of depleted states, the differences in Bader charges on oxygen as well as the differences in unpaired elec-
trons (UPE) are plotted as a function of sodium concentration x and per oxygen group. The Figure is reprinted
from: Li, Y. & Koster, K., Mazzio, K., et al. ‘Oxygen bound to magnesium’ as high voltage redox center causes
sloping of the potential profile in Mg-doped layered oxides for Na-ion batteries. Adv. Funct. Mater. Early View,
€19132 (2025).

The Figure depicts the changes in the projected densities of states (DOS) of oxygen p-
orbitals relative to their respective previously considered sodium concentration for the
Mg-free and Mg-doped cathode materials. For example, the plot omits the sodium con-
centration of x=1.00 and the presented DOS for x=0.83 are the relative differences to the
DOS at x=1.00. To account for the different capacities observed in experiment, the low-
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est considered sodium concentration for the Mg-doped material was x=0.19 while for the
Mg-free material sodium concentrations down to x=0.08 were calculated. Furthermore,
the DOS are split into different oxygen groups, namely 'O bound to Ni’ for oxygen ions
bound to at least one Ni but no Mg, 'O bound to Mg’ for oxygen ions bound to at least
one Mg but no Ni, and 'O bound to Ni & Mg’ for oxygen ions bound to at least one Ni and
atleast one Mg. Such a distinction allowed to identify different redox centers and activi-
ties as function of the first coordination shell of the oxygen ions. For the Mg-free case all
oxygen ions were bound to at least one Ni according to the electrostatic configurational
optimization, thus resulting in just one oxygen group. Next to the DOS also the change of
the integrated DOS of depleted states above the Fermi-level (indicated by vertical black
lines in Figure 6.4) are shown, always relative to the DOS at x=1.00. Absolute DOS were
considered to not double-count shifts between the two spin-channels. For both simu-
lated cathode materials an increase of depleted states with higher states of charge (lower
sodium concentrations) was observed also facilitated by the fact that the Fermi-level is
shifting towards lower energies as electrons are removed during desodiation. This in-
crease was accounted to anionic redox-activity that occurs in both cathode materials
and proving that the experimentally observed oxygen redox was also present in the elec-
tronic structure calculations. Interestingly, for the Mg-doped material (Figure 6.4, right
plot) the oxygen ions that are bound to an Mg ion ('O bound to Mg’ and 'O bound to Ni
& Mg’) showed a slightly stronger increase than ’O bound to Ni’ for the fully charged ma-
terial (x=0.19). This tendency of stronger oxidation of oxygen bound to Mg was further
solidified by other analysis methods of the electronic structure. Namely, Bader charge
analysis [17] and tracking of UPE, both relative to the sodium concentration of x=1.00,
highlighted a significantly stronger oxidation of oxygen ions bound to any Mg than oxy-
gen ions bound just to Ni (and Mn which was not discussed here). This strengthened
the experimental hypothesis that 'O bound to Mg’ is a distinct and novel redox center in
the Mg-doped material that is not present in the Mg-free material. Regarding the gen-
eral oxygen redox-activity it was found that at the level of theory applied in this case
study (hybrid functional with default Hartree-Fock mixing parameter) only small fluctu-
ations on oxygen ions were observed during charge and more strong changes on Ni ions
were observed which would indicate that the redox mechanism is mainly dominated
by Ni?*/Ni®*/Ni** redox and only small delocalizations onto oxygen ions occur. How-
ever, for the Mg-doped material one oxygen was observed that showed a high number
of unpaired electrons (approximately 0.6 UPE) which hinted towards strong oxidation
from 0%~ (2p6, 0 UPE) to formally ol- (2p5, 1 UPE). While it was concluded that this
is most likely a too strongly localized oxidation as an artifact of challenges in the elec-
tronic structure calculations as outlined in Chapter 5, it still proved again the distinct
nature of 'O bound to Mg’ as an additional redox center. However, these assignments
yielded stronger oxygen redox in the Mg-doped material than in the Mg-free material
while experimentally the opposite was reported. Employing Bader charge analysis [17] to
obtain ionic charges from the electronic structures inverted the overall average anionic
redox-activity seen from UPE and therefore agreed with the aforementioned experimen-
tal results. This highlights that besides accurate electronic structure calculations also the
choice of integration scheme (e.g., UPE versus Bader) is of great importance to analyze
redox mechanism in layered oxide cathode materials. It should be mentioned that the
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redox activity of oxygen in combination with Ni by computational methods is a matter
of debate and in generally challenging [18, 19].

Machine learning force-field ab initio molecular dynamics (MLFF-AIMD) simu-
lations were also performed on the charged materials and a slightly more intense
peak for the shortest oxygen-oxygen distances was found in the pair-distribution func-
tions (PDFs) for the Mg-free than for the Mg-doped material. This was in concert with
the stronger oxygen redox reported in experiment and found in Bader-charge analysis
as stronger anionic redox should yield shorter O-O distances due to decreased electro-
static repulsion. Moreover, no contributions in the O-O bounding region were found
during the MLFF-AIMD simulations which indicated no (irreversible) formation of oxy-
gen dimers. However, the rather short (on experimental time-scales) simulation time-
scales might have prevented observation of such dimerization and the experimental
results gave some hints that the 'O bound to Mg’ redox center was more irreversible.
Although the experimental results gave no definitive evidence if oxygen dimerization
took place in the Mg-doped material, such an irreversible redox would be in agreement
with the strong localization of UPE on a single 'O bound to Mg’ that was seen in the
electronic structure calculations. To comment on the question if the new redox cen-
ter of 'O bound to Mg’ induced indeed more irreversible oxygen redox, oxygen-vacancy
formation-energies for the different coordination environments were calculated as well.
Results highlighted that the oxygen-vacancy formation-energy was approximately 0.3 eV
lower for the 'O bound to Mg’ than for other oxygen ions pointing out that oxygen redox
at these redox centers is probably more prone to result in irreversible oxygen dimeriza-
tion than at other anionic redox centers.

In summary, in this case study a combination of experimental and theoretical
simulation techniques gave strong evidence that substitution of Ni by Mg into O3-
NaNig 5sMng 50, introduces an additional anionic redox center, namely 'O bound to Mg
This new redox center was linked to the presence of a more sloping voltage profile at
high voltages. Furthermore, both theory and experiment indicated that anionic redox
happening at these novel redox centers is more irreversible than anionic redox at other
locations. Similar mechanisms probably occur when the substituent is switched to other
low-charge redox-inactive species such as Li, Zn, Cu, Fe, and Ti while this case study
aimed to give fundamental insights on how to further improve layered oxide cathode
materials for sodium-ion batteries. Especially, it showed how TM substitution can influ-
ence the profile of the voltage curve due to different anionic redox centers and that these
additional redox centers require stabilization in long-term cycling.
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6.5 Summary and Conclusion

To summarize, in this chapter some of the additional collaborative works in which the
author participated during the Ph.D. were presented. The discussed works were mainly
shared works together with experimental scientists while the author contributed the-
oretical calculations to the works. The first 2 discussed case studies focused on cath-
ode materials for lithium-ion batteries (LIBs). The material classes of layered oxides
and phosphates (olivines) were presented. The author of the thesis contributed elec-
tronic structure calculations as well as molecular dynamics (MD) simulations to the first
work. Computational studies proved the presence of reversible oxygen redox and also
confirmed migration of excess lithium ions to the transition-metal (TM) layer which can
further activate anionic redox. Therefore, this work introduced a new Mn-rich, Co-free
cathode material for LIBs with reversible oxygen redox and high-energy density along
with promising cycling-stability. In the other work on lithium-based systems, the con-
figurational optimization problem in lithium-iron phosphate (LFP) was highlighted to-
gether with the resulting two-phase charging mechanism that is also observed experi-
mentally. While the contribution of the author focused on the application of the GOAC
code (cf. Chapter 2) on classical computer hardware, it was also shown that the configu-
rational optimization problem can be solved on a quantum annealer. Simulations with
the GOAC code further helped to predict the expected scaling behavior of larger systems
on future generations of quantum annealers.

In the other two case studies presented in this chapter computational contributions
to two experimental works on layered oxide cathodes for sodium-ion batteries (SIBs)
were highlighted. In the first work, the redox mechanisms of the cathode material were
again confirmed by calculations of the author. Moreover, with the help of extensive
ab initio MD simulations the stability of a layered cathode material and its sodium-
titanium-phosphate (NTP) coating layer against electrolyte attacks was assessed. The
computational studies showed that the bare cathode material will degrade through elec-
trolyte attacks while the NTP coating layer is mostly inert, thus providing the explana-
tion for the significantly improved experimental cycling stability when an NTP coating
is applied. Results therefore pointed out interesting directions to improve the electro-
chemical performance of SIB cathodes further. The last presented study also focused on
layered oxide SIB cathode materials but not on the effects of coatings on stability but on
the effect of substitution on the voltage profile. Detailed electronic structure analysis of
the calculations was performed by the author and in combination with the experimen-
tal results of the collaborator enabled to identify a new center of anionic redox that is
created on substitution with fixed-charge ions (in the presented study Mg) in the TM
layer. In particular, the distinct redox activity of 'O bound to Mg’ was pointed out and
related to a change in the voltage profile towards a more sloping behavior at high volt-
ages. Moreover, experiment and simulation gave some indication that the anionic redox
at this new center is less reversible even though the cyclability was improved in experi-
ment on Mg substitution. Thus, this case study gave fundamental insights for the design
and challenges when aiming to improve layered oxide SIB cathodes by substitution of
TM ions.

For all case studies it was pointed out how the previous, methodology-focused chap-
ters of this thesis relate to the application in computational studies of real (experimen-



6.5 SUMMARY AND CONCLUSION 195

tal) cathode materials. Therefore, this chapter showed both, further contributions of the
author to the field of cathode materials research and how the methodological contribu-
tions of the author can potentially advance the utilization of computational methods for
this research. For all of the materials it was required at a very first step to determine the
atomistic configuration from partial occupancies in the TM and charge-carrier (Li or Na)
sites. A suitable tool for this task is the GOAC code developed by the author (details in
Chapter 2). The case studies prove that with help of the code not only structural models
for further computational studies can be obtained, but also more accurate models for
experimental X-ray diffraction (XRD) refinements can be provided. Moreover, the two-
phase charging mechanism in lithium-iron-phosphate (LFP) and its particle-size depen-
dence was successfully simulated. Regarding the theoretical works on phase stability
(Chapter 3) and phase transition (Chapter 4) presented in this thesis, the case studies
give strong motivation to leverage such computational approaches to better understand
these phenomena. The importance of predicting phase stabilities and phase transitions
became evident by the experimental results discussed for the case studies and highlight
how the theory works could be beneficial to design novel cathode materials in the fu-
ture. Finally, the necessity of electronic structure calculations to support experimental
findings and to obtain in-depth atomistic insights that are not even (directly) accessible
in experiment was pointed out for most of the case studies. This strongly motivates the
assessment and possible optimizations of electronic structure calculations for battery
materials by hybrid functionals as outlined in Chapter 5. In conclusion, the summarized
case studies nicely highlight how the previous theory-development chapters can con-
tribute to the characterization as well as the rational design of cathode materials and
that they can support gaining more accurate insights into structural stabilities and elec-
tronic structures to explain experimental findings.
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CONCLUSIONS AND OUTLOOK

This chapter intends to summarize the most important conclusions made in the previ-
ous chapters and how they relate to the overall thesis objectives as well as their relations
and advancements to the general three-step simulation procedure for energy materials
followed in this work. Moreover, outlooks are given on possible further research direc-
tions and applications while also potential links between the chapters to combine them
into more advanced methods are given.

In the first chapter (Chapter 1), the introduction, it was highlighted that due to the
transition to renewable energies and the electrification of the transport sector, both to
mitigate climate change, an increasing demand for energy storage is expected. Follow-
ing, it was motivated that current lithium-ion batteries (LIBs) face limitations in terms of
costs, sustainability, and availability to fully meet such increasing demand. Thereby, the
development of new LIB technologies as well as the investigation of sodium-ion batter-
ies (SIBs) was motivated. Some key challenges such as phase stabilities and transitions
were discussed and the value and general methodology of computational methods to
support materials design was highlighted. Afterwards, the thesis objectives were formu-
lated and an overview over the following chapters was given. To recap, in the introduc-
tion the following general three-step simulation procedure was introduced: 1. Config-
uration Selection, 2. Geometry Relaxation and Evolution, and 3. Electronic Structure
Calculation. The thesis objectives were defined as: I) The reduction of computational
costs to allow for more, larger, and faster simulations that offer new insights or support
rational materials selection, II) The assessment and advancement of the calculation ac-
curacy to improve the understanding of fundamental mechanisms in layered oxide cath-
ode materials, and III) The utilization of computational methods in close combination
with experimental measurements to support characterizations and to enable more ra-
tional material design.

In the first method-development chapter (Chapter 2) the GOAC (Global Optimiza-
tion of Atomistic Configurations by Coulomb Energies) package was introduced. The
code is designed to apply heuristic optimizers to the configurational search problem in
crystals with partially occupied sites as they frequently appear in battery research. Op-
timality is assessed in terms of periodic electrostatic energy which proves to be useful
in ionic crystals. The main thesis objective addressed by this chapter is the reduction of
computational costs to allow for faster and larger optimizations and therefore the focus
of the GOAC code is on scalable and efficient implementation of the heuristic optimiz-
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ers. Precisely, the code implements various kinds of Monte Carlo based heuristics as well
as a steepest decent and a genetic algorithm. The algorithms themselves work on matri-
ces of pre-calculated energy contributions that arise from a pairwise decomposition of
the total periodic electrostatic energy. Scalability of GOAC was highlighted by approach-
ing extremely large configurational problems. Moreover, the possibility to interface to
external solvers was shown and a feature to incorporate charge smearing was presented
as well. In conclusion, this chapter provided a highly useful tool to the community of
computational materials researches by allowing for fast and scalable configurational op-
timizations in ionic crystals. Therefore, this chapter delivers a valuable contribution to
the first thesis objective of reduction of computational costs for the first simulation step,
namely the configuration selection. As an outlook, the developed code can be applied
to study larger systems than before and an exemplary application was already discussed
in one of the case studies in Chapter 6 were large-scale simulations on LFP (Lithium
iron phosphate) were carried out. Moreover, the code is already leveraged by several
researchers and proven to be useful for various kinds of large-scale/high-through-put
studies and surface reconstructions. In the future, combination with additional energy
terms, e.g., classical potential terms, might be an interesting direction for extensions of
the code and first steps were already made by the development of a classical potential
in Chapter 4. Another promising direction for further improvement is to combine the
configuration search with the prediction of the phase and (constrained) geometry op-
timization. Also in that direction foundations were established by the development of
a phase-stability predictor in Chapter 3 that is summarized in the following paragraph.
Thus, it can be concluded that there are plenty of future applications for the code devel-
oped in this chapter as well as many directions for further developments leveraging the
established general optimization framework.

In Chapter 3 an ab initio predictor for the phase stability, in terms of the layer stack-
ing sequence along the c-direction and sodium coordination environment, of layered
oxide cathodes for SIBs was developed. It was shown that comparing the electrostatic
energy of the respective lowest energy configurations of various stacking phases can be
a computationally inexpensive proxy to estimate phase stability. In order to maximize
the agreement to density functional theory (DFT) calculations, the lattice parameters
for the electrostatic calculations were optimized such that the correlation to the relative
phase stabilities in DFT is maximized. These developments allowed to achieve a high
correlation between the relative phase energies in DFT and electrostatics across differ-
ent cathode-material compositions and are therefore an interesting tool to pre-select
phases/compositions for further DFT calculations or experiments. Thus, this chapter
also contributed to the first objective of the thesis, decreasing the computational cost for
material simulations, while the described use-case is located in the first step of the three
simulation steps. In contrast to the previous chapter, the selection of the lowest energy
configuration was extended by another degree of freedom in the optimization, namely
the phase stability, thus the chapter is a natural extension of the GOAC code. Further-
more, the developed predictor was thoroughly tested against experimental data in this
chapter and a promising accuracy of predicted and observed phase of 80 % was achieved.
Therefore, the constructed ab initio predictor should be highly useful for rational design
of cathode materials. As outlined in the introduction and this chapter, engineering the
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phase stability of layered oxide SIB cathodes by their composition is highly desirable to
improve their electrochemical performance. Consequently, this chapter is also an im-
portant contribution to the third objective of the thesis, which is about the application
of computational methods for rational material design. It was also proven in this chapter
that the low computational demand of the method allows for high-throughput screen-
ings of compositions to quickly identify interesting candidates for further experiments.
As the predictor was also made available in an online GUI (Graphical User Interface), it
might become a useful tool for experimental battery scientists to select novel cathode
materials. Another outlook for the application of the predictor introduced in this chap-
ter could be coupling with the GOAC code of the previous chapter to allow simultaneous
optimization of configuration and phase in a handy command-line interface. Despite
the fact that the predictor also showed promising performance on cycled materials, it
must be mentioned that the comparisons of energy at the lowest energy configurations
only consider thermodynamic effects of phase stability. To also account for kinetic con-
tributions a full classical potential was developed in the next chapter.

The following chapter, Chapter 4, comprised fitting of a Coulomb-Buckingham po-
tential for the Na,CoO, system to enable large-scale molecular dynamics (MD) simula-
tions over long time-scales. Thus, also mainly targeting the first objective of the thesis
about creating computationally less expensive methods to obtain new insights in larger
simulations. However, in contrast to the previous chapters, in this chapter the second
step of the three-step simulation procedure was addressed by dynamic structure re-
laxation/evolution. The procedure of fitting a Coulomb-Buckingham potential for the
entire sodium-concentration range by minimizing the error in energy differences and
forces utilizing a genetic algorithm was outlined in detail. Thus, allowing to reproduce
this methodology for other layered oxide cathode materials. It was shown that in fact
many of the Buckingham parameters can be kept constant for all sodium concentra-
tions while it mostly matters to correctly adjust the dielectric constant of the cathode
material. Furthermore, a special focus was on phase transitions, in terms of the stacking
sequence along the c-direction, in particular on the O2-P2 transition. Computational re-
sults showed for the (probably) first time that the phase-transition barrier decreases with
higher states of charge (lower sodium concentration) which explains why phase transi-
tions are experimentally often observed at higher voltages. Dynamic simulations also
gave further atomistic level insights into the mechanism of phase transition that cannot
be (easily) obtained in experiment. Finally, large-scale simulations at standard lab con-
ditions (NpT, 300 K, 1 bar) were carried out that allowed to study both, the phase tran-
sition and sodium diffusion in a realistic environment (most similar to experiment) and
at the ps time-scale. While such simulations are prohibitively expensive in most con-
ventional methods such as DFT, these simulations can also deliver important insights
to support experimental understanding and accelerate material design. The simulation
enabled to follow the sodium diffusivity as a function of progress of phase transition
and promising agreements to experimentally observed diffusivities were identified. As
mentioned before, possible future applications of the developed Coulomb-Buckingham
potential include the extension to cathode materials beyond Na,CoO, as well as its im-
plementation into the GOAC code presented in Chapter 2. The general usage of pair-wise
potentials was already implemented in GOAC but future works could aim to couple con-
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figuration, phase, and (restricted) geometry search in one package. While such combina-
tions require careful assessment of coupling strategies, for example, resetting/evolving
the geometry after several configuration- and phase-search steps, they also bear the po-
tential for fast and more accurate descriptions of layered oxide SIBs. The manual or even
automatic combination of the methods described in this chapter with the ones from the
previous two chapters could be a very promising further research direction that results
from the works in this thesis. Moreover, the codes for fitting the Coulomb-Buckingham
potential were already leveraged in a study concerning interphases of battery materials
and delivered excellent results in the pre-selection and pre-optimization of interphases
for further DFT calculations. To conclude, this chapter outlined a methodology to fit and
apply Coulomb-Buckingham potentials to battery materials which can be transferred to
other systems in the future and also provided valuable insights for experimental studies
into the mechanisms of phase transition and sodium diffusion.

The last theory chapter, Chapter 5, focused on both, a different objective and sim-
ulation step compared to the previous chapters. Namely, objective II) of the thesis was
targeted for the third simulation step. GW calculations were performed to investigate
the accuracy of hybrid functionals for electronic structure calculations of layered ox-
ide cathode materials. In particular, GW calculations at the single-shot and fully self-
consistent level were conducted while using electronic structures from hybrid function-
als with systematically varied Hartree-Fock mixing parameters (a) as starting point. The
a-parameter determines the fraction of Hartree-Fock that is mixed to the DFT calcu-
lations. It was shown that two different ranges of a can be justified from the higher
level of theory (GW) calculations. One by extrapolation at the single-shot GW level to
a starting-point with no Hartree-Fock mixing (@¢=0, PBE) and the other one where fur-
ther GW calculations, even at the fully self-consistent level, do not alter the band gap
compared to the hybrid functional starting-point. While the first approach suggested
optimal a-parameters around 8.5 %, the latter approach resulted in mixing parameters
of 22 %. Furthermore, it was pointed out that the @-parameter has a significant influence
on the electronic structure of layered oxides, in particular to the degree of hybridization
between oxygen p- and transition-metal (TM) d-orbitals. For practical studies these fine
differences in the electronic structure are crucial to correctly determine the redox mech-
anism and distinguish the redox activity of TM ions and oxygen ions. Therefore, despite
the fact that this study was purely theoretical, the use case of determining redox mech-
anisms in cathode materials renders it very practical for advanced electronic structure
calculations (simulation step three). Thus, this chapter is also a contribution to the third
thesis objective of supporting experimental studies by simulations to enable more ra-
tional material design. A possible conclusion for future electronic structure studies of
layered oxide cathodes could be to test different a-parameters, for example within the
two distinct regions that were determined in this chapter. Regarding the determined
a-parameters it should be mentioned that while the lower value (8.5 %) delivered band
gaps in promising agreement to experimentally reported values, the other value (22 %)
is rather close to the default mixing parameters of 25 % or even 20 % that are typically
applied in hybrid functionals. Therefore, the study motivated to check also other, in
particular lower, mixing parameters when simulating layered oxides as this could result
in electronic structure descriptions closer to experiment. For an outlook, it would be
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desirable to get rid of the (strong) dependence of a for the electronic structure calcu-
lations and the fact that two very different @ can be justified. Therefore, future studies
could involve hybrid functionals with more elaborated mixing schemes in the short and
long range. This would open the possibility to also better account for the directional
and distance dependent dielectric constant of these 2D TM oxides. As pointed out in
the previous chapter, the dielectric constant probably strongly depends on the sodium
concentration which could be considered in hybrid functionals particularly tailored to
layered oxide materials. In summary, the data presented in this chapter gave valuable
insights into the accuracy and challenges of electronic structure calculations in layered
oxides and also came to some suggestions to improve electronic structure calculations
which could further improve the mechanistic understanding of novel cathode materials.

The last chapter, Chapter 6, finally showcased the applications of the methodologies
developed in this work, mainly to allow for advanced characterizations in cooperation
with experimental results. Therefore, this chapter aims to contribute to the third thesis
objective while employing all three simulation steps for almost all case studies. In the
first discussed case-study, mainly the calculation of the redox mechanism by electronic
structure calculations was highlighted as well as its interpretation together with experi-
ment. In addition, an activation of anionic redox at TM layer vacancies was seen in the
calculations which is hard to confirm in experiment and therefore proves that simula-
tions can offer valuable insights for advanced experimental characterization. Moreover,
at the specific example of the Li-rich cathode material explored in this case study, the
challenges of assigning redox mechanisms from electronic structure calculations were
pointed out. These mainly concern the localization or delocalization of unpaired elec-
trons on oxygen ions and TM ions for which Chapter 5 proved the importance of the
correct choice of the mixing parameter in the employed hybrid functional. As also all
three simulation steps were employed in this case-study, the GOAC code from Chapter 2
was leveraged as well in the first step and the lowest energy configuration allowed for a
more accurate X-ray diffraction (XRD) fitting in experiment. In conclusion, the compu-
tations resulted in detailed understanding of a novel and sustainable (Co-free, Mn-rich)
Li-rich cathode material with promising capacity and cycling stability. The second pre-
sented case study solely focused on the application of the GOAC code, implemented and
presented in Chapter 2, to simulate extremely large systems. Precisely, the particle-size
dependence of the two-phase charging mechanism in LFP was correctly predicted by
configurational optimizations in extremely large supercells. Therefore, this case study
illustrated the possibilities the GOAC code could offer for battery materials research in
the future. The GOAC code is already applied in other studies that aim to understand
the substituent distribution in cathode material particles that are several nanometers
large. Therefore, this case study was an outlook of what might be achieved by the GOAC
code in the future. The following case study was focused on ab initio MD simulations of
cathode materials in contact with an electrolyte. The main conclusion from a practical
point of view was that an NTP (NaTiz(PO4)3) coating can successfully prevent degrada-
tion of a layered oxide cathode material by electrolyte attacks while maintaining rea-
sonable sodium conductivity. For an outlook, it can be concluded that such simula-
tions, despite being computationally demanding, can allow to predict suitable cathode-
material-coating-electrolyte combinations in the future. Such a priori screenings might
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allow for faster and more rational material design for SIBs cathodes with high cycling
stability. Furthermore, it highlighted the importance of MD simulations to study cath-
ode materials which gives an outlook for further applications of the potential developed
in Chapter 4 (note, in the case study, reactions were observed by ab initio MD which are
hard to capture in classical potentials, therefore the potentials discussed in Chapter 4
cannot be directly applied to such a study but will be useful in general for other MD sim-
ulations). In the last case study, the focus was again on electronic structure calculations
in combination with experiments to obtain in-depth understanding of changes in the
redox-mechanism/potential on TM substitution. It was found that 'O bound to Mg’ is
a distinctive redox center with a different potential than other oxygen ions which trans-
lates into an altered shape of the experimental voltage curve. From a practical point of
view, this study proved again the value of simulations of battery materials to obtain elec-
tronic structures that are not (directly) accessible in experiment. From the theoretical
side, the calculations in this study highlighted once more the difficulties of electronic
structure calculations in layered oxide materials. Despite the fact that the choice of a
hybrid functional and its mixing parameter can significantly influence the hybridization
between oxygen and TM ions (cf. Chapter 5) and thereby the assigned redox mecha-
nism, in this chapter it was further concluded that also the integration scheme applied
to the electronic structure to assign the electron density to nuclei is crucial. For fur-
ther studies it would be therefore interesting to not just vary the electronic structure
calculation-method as proposed in Chapter 5 but to also test and develop different in-
tegration schemes, e.g., Bader charges. This could further boost computational under-
standing of redox mechanisms in cathode materials.

To summarize, all of these case studies highlighted how simulation studies can ad-
vance the understanding of novel cathode materials and especially in terms of the meth-
ods developed in this thesis that could further strengthen such calculations by compu-
tational cost reduction, increased system sizes, and improved accuracy. Thus, these case
studies serve as a small outlook themselves on how computational studies on cathode
materials might be conducted and improved in the future. Ultimately, the developed
computational methods and gained insights presented in this thesis, in combination
with the experimental results and together with many other contributions in the lit-
erature, hopefully bring us to the point at which we can (more) rationally design new
cathode materials tailored to our specific needs, e.g., sustainability and higher capacity.
Therefore, mixed computational and experimental studies with advanced modelling ap-
proaches could enable us to meet the increasing demand for sustainable energy storage
in the future.
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