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Abstract

Rhizosphere models are typically 1D radial symmetric with the root as a boundary condition and root hairs as a
reaction term (source/sink term). This rhizosphere representation comprises a model reduction for solute
transport from 3D to 1D, which upscales the geometry of the root hairs. Further reduction is common in root
architectural models, representing the root as point-sinks in a numerical mesh. We validated whether
upscaling root hair geometry results in model-errors for nutrient uptake. We compared three levels of
rhizosphere model reduction with varying geometric representation: (1) a 3D model with diffusion around
root hairs, solved with a finite element method; (2) a 1D radial model with root hairs as sink term; (3) the
root as point-sink. We investigated four different cases: short-thick-coarse, long-thick-coarse, short-
thin-dense, and long-thin-dense root hairs. Each case was investigated for ammonium and phosphorus. In
most cases, 1D and 3D solutions are close together, indicating that the 1D model reduction is valid. The 1D
simulations deviate from 3D for slowly diffusing phosphorus taken up by long, thick, coarse root hairs;
however, this is an extreme scenario and shows a theoretical limit. Further reducing the root to a point sink
only estimates uptake for the ammonium scenario, which has fast diffusion. The root point sink is sensitive
to the mesh resolution. Representing root hairs or roots by sink terms works for small radii or fast diffusing
solutes. The 1D radial models can give valid and computationally fast results, but further reduction can lead
to errors.

Keywords: Rhizosphere model, cylindrical root, root hairs, finite element method (FEM), open-source Julia code, model
order reduction, nutrient uptake

1. Introduction rhizosphere models are usually defined in 1D radial coordinates

Rhizosphere models are commonly used to simulate ion trans- (reviewed by Kuppe et al. 2022D). The 1D radially symmetric

port in the rhizosphere, nutrient uptake, and root exudation.
The uptake rate is dependent on the nutrient concentration
at the root surface. The nutrient concentration at the root sur-
face further depends on diffusion and sorption in the rhizo-
sphere. Root hairs extend the surface area of the root and
soil exploration as they expand into the rhizosphere. Hence,
the root hair can intercept nutrient uptake and influence the
diffusion profile around the root. Root surface area and root
hairs that are closely positioned to each other may compete
for the same nutrients. The competition among root hairs
was shown to depend on root hair geometric parameters like
root hair density and length (Ma et al. 2001).

Instead of representing the rhizosphere in 3D, with the root and
root hair surface explicitly representing geometrical boundaries,

model represents a rhizosphere cross section where nutrient up-
take is uniform around the root. Rhizosphere models have been
applied beyond their own scale. Such nutrient uptake per unit
root length has been integrated up to the whole root system using
either root growth functions (Cushman 1979, Barber and
Cushman 1981, Kuppe et al. 2022a), taking into account the dem-
ography of the root system (additional root length, grown at later
time points, has an uptake profile from a young rhizosphere), or
root architectural models, to account for both demography and
the spatial distribution of roots and soil conditions (Postma
etal. 2017, Schnepf et al. 2018). The latter is achieved by discret-
izing the root system into segments and computing uptake by
every root segment (e.g. Gonzalez et al. 2021). This, however,
does not represent the soil as a continuum, and so further model
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Figure 1 Model development and calibration face different sources of uncertainty. This study considers 1D approximations of the idealized 3D

model of a root segment with hairs.

reduction is common where roots become sink terms in 1D, 2D, or
3D representations of the soil domain (Tournier Hecht and Comte
2015) and root-soil couplings in which rhizosphere models can be
used to compute the sink term (Schnepf Leitner and Klepsch 2012,
Mai etal. 2019, Schnepf et al. 2023). A root system consists of many
segments, such that systematic errors in the solutions of the rhizo-
sphere models can accumulate. The 1D radially symmetric model
has been also used in crop models (e.g. Mollier et al. 2008).

As rhizosphere research is expanding rapidly, rhizosphere
models will become more important for studying the complex
interplay between root and soil physical, chemical and bio-
logical processes. Accurate representation of root rhizosphere
processes, supposing correct scale integration to the whole
root system, is crucial for drawing reliable conclusions. We
ask if the model reductions described above, from 3D to 1D
rhizosphere and further from a root as boundary condition
to a OD root-sink, are valid.

In the past, radial rhizosphere models were validated
by comparing simulation results to experimental data for po-
tassium (Claassen and Barber 1976, Claassen Syring and
Jungk 1986) and phosphorus uptake (Itoh and Barber 1983,
Macariola-See Woodard and Schumacher 2003). However,
model parameters might have been obtained by calibration,
which could potentially hide numerical errors (Fig. 1).
Meanwhile, it became computationally feasible to compare
model realizations with an explicit 3D simulation. The focus
of this study is the representation of root hairs in nutrient up-
take models. We validate the representation of the rhizosphere
as 0D and 1D radial model with root hairs as a reaction term in
the continuity equation (Baldwin Nye and Tinker 1973, Bhat
Nye and Baldwin 1976) against a 3D representation of geomet-
ric root hairs having a volume. Thus, we validate the assump-
tions that underlie the model order reduction within the
specific context of the given parameter ranges.

Geelhoed et al. (1997) compared the zero-sink phosphate up-
take between two models and showed a difference of <15% after
10 d. In these 1D and 3D models, the root hair volume was not

modelled geometrically and assumed not to influence diffusion.
They avoided inter-root competition by using a ‘large’ rhizo-
sphere domain. The 3D model was solved using finite differences.
Hence, a ‘line-method’ yields a system of ordinary differential
equations (ODEs) in time, which was solved with the implicit
Gear’s method of order 5. With these simplifications, Geelhoed
et al. (1997) did not provide a full answer to the question of
whether a 3D to 1D reduction is valid or if the volume of root
hairs influences the diffusion and uptake of nutrients.

A comparison of a 1D analytical solution to a whole 3D root
system has been performed for uptake of phosphorus using the
commercial software Comsol with a finite element method
(FEM) (Schnepf and Leitner 2009, Leitner et al. 2010b).
Other root hair models were based on an image-based ap-
proach (Keyes et al. 2013, Daly et al. 2016), also using
Comsol to simulate 3D root and root hairs on a computational
cluster (Ruiz et al. 2020, Williams et al. 2022). Ruiz et al.
(2020) investigated the impact of root hairs on phosphorus up-
take from precipitation, high and low phosphorus concentra-
tions, and gradients along the soil profile. A key part of their
methodology is image processing to get a mesh from the
X-ray CT scans. The authors provide Comsol mesh files
(.mph), which either requires a Comsol licence or a conversion
to a readable format. Since many open-source FEM simulation
tools and libraries can handle Gmsh meshes well, we chose an
open format for the simulations. Instead of a specific CT scan,
we take the idealized 3D root geometry on which the 1D model
is based to be able to make a statement about the model reduc-
tion and have models that rely on simple parameterization ra-
ther than expensive and context-dependent CT imaging.

Here, we compare the root hair model representations in the
rhizosphere of a root segment (Fig. 1): i.e. the 1D upscaling of
root hairs as a reaction term in the solute transport equation to
a 3D model with volumetric root hair geometry to validate
such model reduction. Some root architectural models imple-
ment roots as local sinks in the soil; therefore, we were inter-
ested in how far a root geometry can be simplified. Hence,
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we additionally simulated nutrient uptake by the root and root
hairs as a OD point sink in the transport equation to investigate
the limits of model reduction. We compare longer simulation
times relevant to plant growth. We ask whether the root hair
volume in the rhizosphere influences the diffusion of solutes
enough that the 3D version is preferable over the 1D radial
model for uptake (Ma et al. 2001). We ask under what condi-
tions the 3D geometry differs strongly from the 1D and OD real-
izations. We are interested in whether diffusion around root
hairs influence uptake in a way that justifies a 3D modelling
approach. Last, we ask whether the accuracy of our numerical
simulations varies over time. Hence, we investigated the rela-
tive differences to our reference simulation over time.

2. Methods

2.1 Transport in the rhizosphere in 3D: from
strong to weak formulation

Consider a three-dimensional rhizosphere domain Q c R®
and a boundary T = 9Q, with ' =T u Iy, for the outer (soil)
and inner (root and root hair) boundaries. The strong form
of transient diffusion of a substance with concentration in
soil C: R®x [0, T] — R is

(j)—f—div(q) =f inQx(0, T] 1)
qg-n=0 onTx(0,T] (2)
g-n=q* onT,x(0,T] 3)

Cl(., 0)=C0 in Q, (4)

where the concentration C = bC;, with soil buffer power b and
concentration of substance in soil solution C;. The flux by dif-
fusion is

q=D.VC, (5)

where D, = D;67/b is the effective diffusion of the solute in
soil that adjusts the diffusion in water, D;, with the soil tortu-
osity, 7, and the soil buffer power, b, scaled by the volumetric
water content 6. In the following, we assume a constant D,
(Nye and Marriott 1969). Thus, the rhizosphere domain is
homogeneous, and concentrations are constant at t=0
(Roose Fowler and Darrah 2001, Tournier Hecht and Comte
2015). The uptake by the root is given by the flux of the sol-
utes at the soil-root interface, thus it is a function of the con-
centration in soil solution (C;). In the rhizosphere, advection
isnegligible in many cases of nutrient uptake (Roose and Kirk
2008). In our scenarios, advection would increase the phos-
phorus uptake by ~3%, and ammonium uptake up to 6%
for peak transpiration (Supplementary Material). Advection
in these classical rhizosphere models also contradicts the mir-
roring root assumption without replenishment from a larger
scale model (Kuppe et al. 2022b). We aim for validation of
the model reduction, and for simplicity, we developed our ap-
proach for diffusive transport.

Uptake follows a nonlinear Michaelis—-Menten curve, but
nonlinearity in the boundary conditions introduces the
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need for iterations coming from, e.g. a Newton-Raphson
method. To exclude numerical errors from such iterations,
uptake is assumed to be in the linear part of the curve (Nye
1966):

q* = aG, (6)

across the root surface and orthogonal to the root surfaces,
q - n, where n is the outward unit normal on the boundaries
Is and T, respectively. The root is a boundary, I, to the
rhizosphere. This boundary includes the volumetric root
hair. The other boundaries are symmetric (see geometry of
Q), hence, the zero-flux condition.

We solve the strong form, equation system (1)—(4), numer-
ically using the FEM. The finite elements’ local basis functions
(polynomial functions) are continuous but not globally
smooth (not differentiable across element boundaries),
thereby they do not satisfy the strong form. The weak form
of a partial differential equation (PDE) reduces the order of de-
rivatives, and its solutions are required to exist within Sobolev
spaces, H' (with weaker requirements on differentiability),
which matches the FEM basis functions. Multiplying Eqn (1)
with an arbitrary test function Cev={CeH! (Q):C‘h- =0}
yields the weak form:

/ c(% — div(q) - f) dQ=0. @)
Q

Split the diffusion term in Eqn (7) due to integration by parts
[ Cdiv(g)dV = [div(Cq) dV — [ VC qdQ and apply the diver-
Q Q Q

gence theorem for the relationship [div(Cq)dV = [Cq-
Q T

ndrl = [ Cq*dr to obtain
I

re(

Q
substituting g*, C, and assuming f = 0 (no further reactions in
the rhizosphere), Eqn (8) becomes

E-f)dg +/VCqdQ - [Cq*dl=0.  (8)
ot Q I

/Db VC - V(1 dQ +/€:b‘)£ld9 —-[CaCdl'=0. (9)
Q o ot I,

For the discretization, we used tetrahedral finite elements. Thus,
let T}, be the tetrahedralization of Q, and the finite element sub-
space of V is denoted by V; = {C‘h € CYQ): Cnlg, € P(Qe)
VYQ, € T, Cylr = 0}, where P is the set of polynomials of a cer-
tain degree. Since C° denotes the set of continuous functions, we
switch notations for C; to Cj, in the discrete form, for conveni-
ence, to reduce indices. We seek to find

- -, 0C
Ch € Vi [Deb VCp - VC, dQ +/Chbd—tth
Q Q

— [ChaCydl =0 VYCy € Vy. (10)
T
With continuous time gradient on Ty, it is a so-called line-
method, and the time stepping is described later.

Instead of meshing the full rhizosphere domain around a cm
root, the rhizosphere is split into symmetric sections as drawn in
Fig. 2A and B. Thus, the 3D geometry of the rhizosphere domain
Q describes a slice of the cylindrical root surface containing a
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Figure 2 Idealized 3D models (A, B) and 1D approximations (C, D). Left: the root surface with the placement of root hairs. Right: the model
representation of the rhizosphere domain. The notation ‘a’ in (B) indicates equal length of 2ry;.

quarter of one or two root hairs (quarter- and half geometry) and
spanning to the mid-distance to the neighbouring hair (Fig. 2A
and B). To ensure symmetry, the surfaces at the cutting planes
were implemented using a zero-flux (homogeneous Neumann)
boundary condition, Eqn (2). The mesh generator Gmsh was
used to create (1) the geometry and (2) the mesh files in 3D,
which are imported into our code (Geuzaine and Remacle
2009). Fine root hairs require a sufficiently fine mesh locally,
and the number of nodes can be quite large.

Uptake over one cm root and the root hairs surface is (as-
suming that the uptake properties of the root and root hairs
are the same)

U = ] [aCydrds. (11)

0TI

Using the quarter and half geometries (Fig. 2A and B) to obtain
the uptake of a unit cm root, this cumulative uptake U must be
multiplied by 4N}, and 2Ny, respectively, where Ny, is the num-
ber of root hairs on the surface of a unit cm root.

We provide the code for the 3D simulation (https://doi.org/
10.26165/JUELICH-DATA/I589IG), including the meshes and
the FEM implemented in Julia/Gridap.jl (Geuzaine and
Remacle 2009, Badia and Verdugo 2020, Verdugo and
Badia 2022). Alternatively, we tested the C++ sub-language
FreeFem ++ (Hecht 2012), which produced the same results
as the Julia code (not shown further). High-level programming
codes have the advantage that the user does not have to deal
with the programming of the finite element system itself, in-
cluding the so-called stiffness matrix on a lower level, but can
use the functional forms directly in the code.
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2.2 Transport in the rhizosphere in 1D: root hairs
as reaction term

The previous equation system is now represented in radial co-
ordinates, and the root hairs do not belong to the boundary
but are a sink term inside the domain Q;p C R. The boundary,
I'ip = 0Qip = ro Uy, is the root radius, ro, and the outer ra-
dius, typically denoted as r;. The diffusion equation of a sub-
stance with concentration in soil solution C;: R x [0, T] — R is

C; 10 aC,
b_l — Fa_r <rDe —l> =-I; in Qqp x (0, T] (12)

ot or
a—Cl =0 atr; x(0, T] 13)
or
Debaa—cr‘l = q* atryx (0, T] 14
Ci(r, 0)=Cp in Qp, (15)

where I, is the volumetric root-hair-uptake term calculated in
the transient Eqn (12) from a (stepwise) steady-state diffusion
profile over r (Eqn iii: Baldwin et al. 1973) and discretized as
in Kuppe et al. (2021). In the numerical solving of this PDE,
the diffusion profile around root hairs, used to calculate I, is it-
eratively updated over time and it follows the transient solute
concentrations in the rhizosphere. The time-steps are small for
convergence, and in the case macroscopic events reach the
rhizosphere, the steady-state approximation follows these new
updated conditions, while transient approaches would need to
carefully implement how to update the transient root hair mod-
els. Alternative options for I, which do not rely on a steady-state
assumption, were proposed by Leitner et al. (2010a). Using the
method of homogenization, they derived three cases. The first
case is applicable when the rates of uptake by hairs and diffusion
are comparable; a sink term for root hair uptake is provided that
considers a dynamic development of a depletion zone within the
root hair zone, as well as the impedance of diffusion caused by
the presence of the root hairs. The other two cases represent sit-
uations where uptake by root hairs is negligibly small or uptake
by root hairs is large enough that all solutes within the root hair
zone are taken up quickly, such that the root hairs essentially ex-
tend the root radius by the root hair length (this corresponds to
the model proposed by Passioura 1963). We did not implement
these cases and tested them here, but rather stuck to the more
commonly used steady-state estimation of Ij,.

We call the sink from root hairs ‘upscaled’ to the larger root
segment scale, because the vertical dimension for the diffusion
of solutes towards root hairs is reduced. The root hair uptake
per surface area of root hairs according to Baldwin et al. (1973),

In = aApCy, (16)
uses the solute concentration at the root hair surface,

_ar arpry i
2D,b +Deb(r§1 —r,%)]n<rh)>’ a7

Cr= Cl/(l

where Aj, (cm? cm™3) is the root hair surface area per unit soil
volume, which is nonzero for the length of the root hairs I,
and ry, is the root hair radius. The volumetric surface area, Ay,
is computed from the number of hairs, N, (cm™ root), defined
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per cm root of radius ry, and this is discretized when implement-
ing (Kuppe et al. 2021).

The mid-distance to the neighbouring root hairs, 4, is mod-
elled as increasing with r (Fig. 2C) asry; (r) = \/7r/(2Np), or con-
stant (Fig. 2D) as rp; =ru1(ro). Figure 2D shows a geometry
where the root surface is rolled out so that Cartesian coordinates
apply, and the root hair zone can be described by a rectangular
domain (see, e.g. Leitner et al. 2010a). Note that this representa-
tion only simplifies the radial coordinate system for the root hair
sink term, not the rest of the transport equation.

The rhizosphere in the 1D and 3D models inter-root competi-
tion for nutrient uptake with a zero-flux outer boundary
(Neumann boundary). In comparison, Eqn (17) in the 1D model
is the steady-state solute concentration at the root hair surface
from a concentration profile (influx equal to outflux) between
the root hair surface and the mid-point of neighbouring root hairs
for a given uptake flux and concentration at the outer boundary
(Dirichlet boundary). The Dirichlet boundary for the diffusion
profile normal to the root hair length is necessary to obtain a non-
trivial solution that is not zero concentration in the rhizosphere.
The concentration at the Dirichlet boundary on the root hair scale
is implicitly calculated in the integral below obtaining Eqn (17),
which depends on the average concentration (C;) between root
hair surface and mid-distance to the neighbouring hair according
to the steady-state diffusion towards the root hair surface:

m Th arp, (TL
Cﬂ'[(f%l _r]%) = / 27r, Cydry = f 2nr, G| 1+ In{—=) |dr.,
Th Th Deb rp
where r; and C; are the coordinate and solution concentration
around a root hair (orthogonal), which is in steady-state

Ci(r) = cb(1 + %m(—h)) (compare with Baldwin et al. 1973).

Integration results in Eqn (17).

Atthe boundaryr) =ry; itholds C, (rp1) = Cp(1 + ;")—:l’;ln(rrh—hl»,
which is an increasing function (rp;> r;,). Hence, when the
average concentration is a given value, coming from the diffu-
sion on the root segment scale, the concentration at the root
hair surface, C;, becomes smaller for increasing ry,; (Fig. 3).

The cumulative uptake of a root segment of unit-length in
1D radial coordinates (compare with Eqn 11) is computed by

ro+ly

t
U(t) = 2mra /(rOC(ro, )+ Ny [ rCp(r, s)dr) ds, (18)
0 )
which is the sum of uptake by the surface of the main root and
root hairs, where C; (Eqn 17) is the solute concentration at the
root hairs from the diffusion around hairs (overview of main
symbols see Tables 1-3).

2.3 The root and root hairs as point sink in the
rhizosphere

We ask whether the model can be reduced further. Therefore,
we investigate how the numerical solution from a 0D point
sink behaves compared with the root as a rhizosphere boundary
(Fig. 4C and D). A point sink is a localized sink of a quantity that
is concentrated at a single point in the spatial domain, which
can be represented by a Dirac delta function. This approach is
numerically challenging as the concentration at the source/
sink goes to infinity, and it affects the optimal mesh size.
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Figure 3 The concentration at the root surface (Cy, Eqn 17) for increasing mid-distances to neighbouring root hairs, r;, with r, =0.005 cm,

N, =15, C;=P,, uptake and soil values for the phosphorus case, Table 2.

Table 1 List of variables and symbols.

Table 2 Parameter values for phosphorus and ammonium.

C Nutrient concentration in whole soil, C = b(;

C; Solute concentration

Cn C;in the discrete form, Eqn (10)

Q  Rhizosphere section, computational domain

Q. Finite element, Q. € Ty

T, Tetrahedralization of Q

I's Soil boundary, symmetric intersections (outer boundary)
Iy Root surface (inner boundary)

Ci Solute concentration at the root hair surface

C, Solute concentration orthogonal to the root hair
r,  Radial distance from root hair, orthogonal to r
ry1  Mid-distance to the neighbouring root hair

I,  Nutrient uptake by root hairs

We reduced the 3D cylinder to a 2D disc, which has the same
result due to symmetry in the axial direction of the root, just as
in the 1D radial model. The equation system becomes

% - le(q) + 6(x — x¢)27(roL + rpNyL lh)aCZ

=0inQx (0, T] (19)
g-n=0o0onTx(0, T] (20)
Ci(x,0)=Cyin Q, 2D

where L in Eqn (18) is the unit-length of a root segment (1 cm),
1o, ', Np, root radius (cm), root hair radius (cm), and number
of hairs per cm root (cm™), respectively, as above, and § is the
Dirac delta (cm™?) with x = (x, y) and position xq = (0, 0),
which will be included in the bilinear form when implement-
ing to represent the point sink of the root and root hairs instead
of the flux over the boundary.

Phosphorus Ammonium

Soil buffer power b 1000 100 Unitless
Self-diffusion D; 8.9e-6 1.6e-5 cm?s7!
Effective diffusion D, 8.9e—10 1.6e-8 cm?s7!
in soil
Absorption a le-4 le-5 cms™!
coefficient of the
root
Initial concentration Co 1e—3 1 mM
in soil solution
Table 3 Parameter values for the root geometry.
Root radius To 0.03 cm
Rhizosphere radius n 0.43 cm
Root hair radius o 0.0005; 0.005 cm
Root hair length Iy 0.03; 0.3 cm
Root hair number Ny 15; 1500 cm™?

2.4 Meshing and simulations

The problem definition is symmetric, and we used this property
to reduce the degree of freedom (i.e. the size) of the mesh, signifi-
cantly speeding up the simulation time. This symmetric geom-
etry is a slice of rhizosphere from ry to r; and part of a root hair
to the mid-distance of root hairs, which is obtained with a Gmsh
script. In the Gridap code, we imported a Gmsh mesh in ‘.msh’
format (note that for the simulation run with FreeFem++,
we imported an INRIA medit mesh format, but we continued
with Gridap for the plots; specifically, Gridap.jl 0.19.1,
GridapGmsh.jl 0.7.3, with Julia v1.11.5, and Gmsh 4.13.1).
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SOLRHIHA
SR XAIHK

(A)

I 1.0e-03

— 5.0e-4

l 2.8e-05

Phosphorus in soil solution (mM)

Figure 4 Phosphorus concentration in the soil solution around part of the root and root hair. Slices from ry = 0.03 cm and r; =0.43 cm are with
an exemplary (A) long-thick-coarse root hair distribution: N, =15, I,=0.3 cm, r,=0.005 cm with the triangularly spaced root hair pattern,

i.e. quarters of root hairs are in the upper left and lower right corners; and (B) a short-thin-dense root hair distribution: N, =1500, [, =0.03 cm,
r,=0.0005 cm, equidistant checkboard pattern, i.e. a quarter of a root hair is in the lower right corner. (C, D) Point sink in for a 2D mesh with size

0.1 cm and 0.03 cm, respectively.

We used the BDF method from Julia/gridap.jl (the
associated DIRK tableau), which is currently fixed-step with
At=2e-6 d, and we also used a BDF method in the 1D code.
However, using an adaptive solver with a small starting time-
step of 1e—10d. We verified convergence by testing finer
meshes and time-steps for the influence of numerical errors.
Therefore, it was justified that we perform a validation
of the model assumptions rather than a comparison of numer-
ical solvers (Fig. 1). In a mesh that was refined by splitting
with Gmsh, e.g. for the case N;=1500 and [,=0.03 cm,
r,=0.0005 cm, the cumulative uptake changed by <0.2%.

We also verified conservation of mass. We compared the
fluxes over the boundaries in the time loop U=

YAt Y faCndly xm Ny (note Cp from Eqn 10) with the
3 Ts Te

end amount of nutrient in the rhizosphere ( f mN,bCr) minus

the initial amount: Y. [ Co— CrdQ x b mNp,, where m=2
Q.€Th Q,

for the triangular equidistant case and m=4 for the check-

board pattern case.

We tested extreme cases to cover all possible scenarios, in-
cluding a scenario that reflects fine root branches: coarse
and dense root hair distributions on the root surface,
Nj, € {15, 1500}, which can be (artificially) long or, as usu-
al, short, I € {0.3, 0.03} cm. We define that when root hairs
are coarsely distributed, they are thick with root hair radius
r, = 0.005 cm, like very fine lateral roots, and dense hairs are
thin r, = 0.0005 cm. The soil parameters are 7 = 0.25 for the
tortuosity factor, 6 = 0.4 for the volumetric water content,
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(A) Nh = 15, th = 0.005 cm, Ih = 0.03 cm Nh = 1500, th = 0.0005 cm, Ih = 0.03 cm (B) Nh = 15, th = 0.005 cm, Ih = 0.03 cm Nh = 1500, rh = 0.0005 cm, |h = 0.03 cm
(coarse, thick, short) (dense, thin, short) (coarse, thick, short) (dense, thin, short)
0.020 000010 00175
root surface EN
B oot hair 0020 T 0.00030 0.040 00150 ~
g 0.00008 S
0015 5 0:00025 0.035 00125 B
0015 £ A
0.00020 0.00006 o
;\ =2 0.030 0.0100 =
£ 0010 0010 T 000t tope 000008 00075 B
5 5
g £ 0.00010 00050 8
2 0.005 o 0.00002 5
0.005 = 0.00005 0.020 00025 &
ey ! 2
Q T 0.00000 00000 5
> 2 0.00000 0015 a
& 0000 . . 0.000 . . . . § 8
® Nh = 15, rh = 0.005 cm, |h = 0.3 cm Nh = 1500, rh = 0.0005 cm, |h = 0.3 cm 3 Nh:15,rh:0.0059m, Ih=0.3cm Nh:1500,rh:0.0005cm, lh=0.3cm k)
2 (coarse, thick, long) (dense, thin, long) 2 (coarse, thick, long) (dense, thin, long) ©
s G 0.0025 =3
ot 0.20 — — — a 0.30 0.000 S
S — Q 005 0o
a 0.025 = 0.0020 —0.002 c
3 total uptake with 2 0.2 004 @
£ 0020 0.15 grid resolution = -0.004 e
s . 0.01cm S 00015 020 o006 00 5
E o015 0.10 = 003cm o 8
3 W 0.06 cm “E) 0.0010 015  —0.008 02 o
0.010 0.1cm o =
2 2
0.05 02cm S 0.0005 010 0010 001 o
0.005 5} [2
£ -0.012
0.0000 0.00
0.000 0.00 - 0.05
3D 3D 1D 1D 20 3D 3D 1D 1D 20 0 20 40 60 0 20 40 60
checkboard triangular  radial parallel point checkboard triangular  radial parallel point time (d)
pattem pattern hairs hairs sink pattern  patiem hairs hairs sink

Figure 5 Comparison of the four cases for phosphorus (P) uptake: short and long in the rows (I, = 0.03 cm, 0.3 cm), and thick-coarse (N, =15,
r,=0.005 cm), thin-dense in the columns (N, =1500, r, =0.0005 cm) root hairs for the simulations of phosphorus uptake. (A) Phosphorus
uptake after simulation day 31 divided over the parent root surface (light-blue, bottom bars) and the root hairs (dark-blue, top bars) on a unit cm
root. The solutions of the root as point-sink in a 2D mesh, colours indicate how much more uptake is simulated with a coarser mesh resolution.
(B) The absolute (red) and the relative differences (blue) over the simulated uptake-time of the 1D radial and the 3D checkboard pattern.

(A) Nh = 15, rh = 0.005 cm, Ih = 0.03 cm Nh = 1500, rh = 0.0005 cm, |h = 0.03 cm (B) Nh =15, rh =0.005 cm, Ih = 0.03 cm Nh = 1500, rh = 0.0005 cm, Ih = 0.03 cm
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Figure 6 Comparison of the four cases for ammonium (NH. ) uptake: short and long in the rows (I, =0.03 cm, 0.3 cm), and thick-coarse (N; =
15, r, =0.005 cm), thin-dense in the columns (N, = 1500, r, = 0.0005 cm) root hairs for the simulations of ammonium uptake. (A) NH; uptake
after simulation day 31 divided over the parent root surface (light-blue, bottom bars) and the root hairs (dark-blue, top bars) on a unit cm root.
The solutions of the root as point-sink in a 2D mesh, colours indicate how much more uptake is simulated with a coarser mesh resolution. (B) The
absolute (red) and the relative differences (blue) over the simulated uptake-time of the 1D radial and the 3D checkboard pattern.

and D.=D;6t/b for the effective diffusion coefficient 3. Results and conclusions
(Table 2). Phosphorus can often be strongly sorbed to the
soil, for example, in Andosols or Oxisols (Oburger Jones
and Wenzel 2011, Kuppe et al. 2022a). Here, the solutes
are strongly sorbed, and the soil buffer power is in the higher
range (like for phosphorus in Oxisols), but not as high as the
soil buffer power for phosphorus in Andosols. The main root  regolution.

radius and mid-distance to a neighbouring root are ro= The 1D model with parallel hairs (without increasing the
0.03 cm and r; =0.43 cm, respectively (Table 3). Figure 4  root hair mid-distance) over-estimates phosphorus uptake,
shows meshes and concentrations. which is explained by the constant and small value of rp;,

Overall, 1D and 3D models simulate very similar uptake;

however, there are nuances in the low diffusion case of phos-
phorus (Fig. 5A), especially for the 1D model with radial
root hairs (Fig. 5B). The 0D root-sink model performed
badly, with results strongly depending on chosen grid
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resulting in greater C; (Eqn 17, Fig. 3) and thus I;,. Although
the parallel root hair model gives results closer to the 3D mod-
el, it is still geometrically not correct in respect to the hairs.
The main root geometry is radial in all models 1D.

In contrast to the ‘parallel hairs’ model, the radial hair
mid-distance model deviates stronger from the 3D model. It
under- and over-estimates depending on the root geometrical
parameters. Figure 5B shows how the error of this model de-
velops over time. The difference relative to the total simulated
uptake decreases over time, which may generally be good be-
cause the rhizosphere was not yet fully depleted. Growing root
systems tend to have many young roots and thus the root sys-
tem uptake is likely to be sensitive to early errors. After
20 days the model deviated up to 10%. Long and thick root
hairs had the largest relative differences. However, the case
with [, =0.3 cm is also an extreme one, which may represent
fine lateral roots rather than hairs, having 4.5 cm of those
thicker hairs on the 1 cm main root. Note that we compared
uptake, not the concentration gradients along the root hairs
directly, and the error corrects itself over time as the rhizo-
sphere converges to a steady-state. The differences in nutrient
concentration gradients and uptake along the root hairs are
more pronounced for thicker root hairs.

The 0D root-sink model performs badly. Depending on the
grid resolution, it over or underestimates phosphorus up-
take. Note that the two cases: ‘N, =1500, r,=0.0005, I,=
0.03’ and ‘N, =15, r,=0.005, [;,=0.3’ have the same root
surface area. That causes the same uptake for the 0D point
sink for both scenarios, but not for the 1D and 3D model
geometries.

For the scenario with fast diffusion (ammonium), the 1D
and 3D models give similar uptake (Fig. 6A). The absolute
difference in uptake can increase, but the relative difference
drops quickly and is below 1% even for the worst model re-
presentation (Fig. 6B). The total uptake by the point sink
root model was lower than the 3D reference. Again, simu-
lated uptake depends on the mesh size (Figs 5A and 6A)
with the coarser mesh simulating more uptake and thereby
getting closer to the reference solution. The mesh resolution
can be tuned to match the corresponding uptake strength of
root and root hairs. For example, Lu et al. (2024) used coarse
15x 15 cm volumes and a Michaelis—-Menten uptake kinetics
for nitrogen in the volumes, which is a similar approach
to the point sink presented here. We may suggest an element
size of approximately half the rhizosphere radius for the
tested scenarios. However, obtaining a closer approximation
for the ‘OD point sink’ case by selecting a specific mesh
resolution (e.g. r1/2) does not indicate general applicability
but its nonphysical nature and dependence on spatial
discretization.

We note that in Figs 5A and 6A, the upper right subplot
(dense, short, and thin hairs) is the usual root hair scenario,
and uptake of nitrogen was estimated well. Our model was
limited to the uptake of a single nutrient under constant water
conditions, neglecting soil water dynamics, convective solute
transport, multiple nutrients, and nonlinear uptake and sorp-
tion. Future models can use or extend the 3D code and bench-
mark it against other models, as was done for water flow and
uptake in functional-structural plant models (compare

in silico Plants, 2026, Vol. 8, No.1 + 9

benchmark C1.1, Schnepf et al. 2023). The 3D code is avail-
able online for benchmarking further scenarios and comparing
1D rhizosphere models against a 3D reference.

Based on the overall good agreement between 1D and
3D models in most but some extreme cases, we conclude
that the upscaling of root hairs to the rhizosphere transport
scale used in the 1D diffusion model is a viable way to
simulate uptake by roots with root hairs. This approach
helps in avoiding computational limitations. Reducing roots
or root hairs to sink terms can become problematic at larger
radii.
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