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In light of recent high-precision data taken by the BESIII Collaboration, we reconsider the dipion
transition ψð3686Þ → J=ψπþπ−. The strong pion-pion final-state interactions are taken into account model
independently by using dispersion theory. We find that we can reproduce the substructure near the πþπ−

threshold observed experimentally without introducing an extra resonance state. While a helicity-flip
amplitude plays an important role for the formation of the dip in the invariant-mass distribution, the virtual
exchange of the charmoniumlike exotic Zcð3900Þ state improves the fit quality only slightly.
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I. INTRODUCTION

The dipion transitions between heavy quarkonia are
important for understanding both their dynamics and
low-energy QCD. Because the heavy quarkonia are
expected to be nonrelativistic and compact, the method
of the QCD multipole expansion [1–3] is often used to
study these transitions, in which the pions are produced
due to the hadronization of emitted soft gluons. The
QCD multipole expansion maps onto the chiral effective
Lagrangian for dipion transitions between heavy quarkonia
[4,5], which has been used successfully together with
subsequent pion-pion final-state interactions (FSI) to study
the decays ϒð2S; 3S; 4S; 5SÞ → ϒð1S; 2S; 3SÞππ [6–9]
and ψð3686Þ → J=ψππ [10,11].
Very recently, based on 2712.4ð14.4Þ × 106 ψð3686Þ≡

ψ 0 events, BESIII presented a high-precision study of the
πþπ− mass spectrum in ψ 0 → πþπ−J=ψ decays. A clear
resonancelike structure near the πþπ− mass threshold was

observed for the first time [12]. In the BESIII analysis, the
structure was best described by a Breit-Wigner paramet-
rization with a mass of ð282.6� 0.4sta � 2.5sysÞ MeV and a
width of ð17.3� 0.8sta � 0.4sysÞ MeV [12]. However, a
resonance with such a low mass, which is much lower than
the mass of the f0ð500Þ (for a review, see Ref. [13]), would
be at odds with the chiral structure of QCD that suppresses
two-pion interactions at low energies. Thus, the new dataset
necessitates a reanalysis of the reaction ψ 0 → J=ψππ.
Note that the dipion mass spectra in ϒð3SÞ → ϒð1SÞππ,
which show a similar two-hump behavior, can be
explained naturally by the virtual exchange of the isovector
bottomonium exotics Zbð10610Þ=Zbð10650Þ [6] (see
Refs. [14,15] for earlier studies), and similar double-bump
structures were also observed in ϒð4SÞ → ϒð1S; 2SÞππ
decays as discussed in Ref. [16]. The analogous isovector
charmoniumlike structure Zcð3900Þ� was discovered in the
J=ψπ invariant-mass spectra by the BESIII and Belle
Collaborations in 2013 in the process eþe− → J=ψπþπ−
[17,18]. Therefore, we study the decay ψ 0 → J=ψππ,
considering effects of the virtual Zcð3900Þ-exchange
mechanism.
It is necessary to account for the two-pion FSI properly.

In this article, we use dispersion theory to treat the ππ
FSI [6,19–22]. Instead of the chiral unitary approach [23]
that was used in the literature to describe ππ FSI for the
process of interest [15,24], in dispersion theory it is treated
in a model-independent way consistent with ππ scattering
data. We will provide a simultaneous description of the
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experimental data for the dipion invariant-mass distribution
and the helicity angular distribution of ψ 0 → J=ψππ, which
help reveal the nature of the structure near the πþπ−
threshold.

II. THEORETICAL FRAMEWORK

For the contact ψ 0 → J=ψππ interaction, the effective
Lagrangian to leading order in the chiral as well as the
heavy-quark nonrelativistic expansion reads [5–7,25]

Lψ 0ψΦΦ ¼ g1hψ 0αψ†
αihuμuμi þ h1hψ 0αψ†

αihuμuνivμvν
þ j1hψ 0μψ†

νihuμuνi þ cmhψ 0μψ†
μihχþi þ H:c:;

ð1Þ

where vμ ¼ ð1; 0Þ is the velocity of the heavy quark, and ψα

and ψ 0α denote the J=ψ and ψ 0 fields, respectively. uμ
collects the Goldstone bosons of the spontaneous breaking
of chiral symmetry [26,27],

uμ ¼ i
�
u†∂μu − u∂μu†

�
; u2 ¼ eiΦ=Fπ ;

Φ ¼
�

π0
ffiffiffi
2

p
πþ

ffiffiffi
2

p
π− −π0

�
; ð2Þ

where Fπ ¼ 92.2 MeV is the pion decay constant, χþ ¼
u†χu† þ uχ†u, with χ ¼ 2Bdiagðmu;mdÞ, and B is a
constant related to the quark condensate in the chiral limit.
The leading-order Zcψ

0π and ZcJ=ψπ interaction
Lagrangians are proportional to the pion energy [28],

LZcψ
0π ¼ CZcψ

0πψ
0ihZi

c
†uμvμi þ H:c:;

LZcψπ ¼ CZcψπψ
ihZi

c
†uμvμi þ H:c: ð3Þ

We define CZc
ψ 0ψ ≡ CZcψ

0πCZcψπ as the product of the
coupling constants for the exchange of the Zc.
The doubly differential decay width for the process

ψ 0ðpaÞ → J=ψðpbÞπðpcÞπðpdÞ can be written as

d2Γ
d

ffiffiffi
s

p
d cos θ

¼
ffiffiffi
s

p
κðsÞ

32ð2πÞ3M3
ψ 0

1

3

X

λ;λ0

��Mλ;λ0 ðs; t; uÞ��2; ð4Þ

where the Mandelstam variables are s ¼ ðpc þ pdÞ2,
t ¼ ðpa − pcÞ2, and u ¼ ðpa − pdÞ2, and θ is defined
as the angle between πþ and ψ 0 in the ππ c.m. frame,
κðsÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

π=s
p

λ1=2ðM2
ψ 0 ; s;M2

ψ Þ, and λða; b; cÞ ¼
a2 þ b2 þ c2 − 2ðabþ acþ bcÞ is the Källén triangle
function. Mλ;λ0 ðs; t; uÞ≡Mμνðs; t; uÞϵμλ0ϵ�νλ is the helicity
amplitude, and λ0 and λ denote the helicities of ψ 0 and J=ψ ,
respectively. To proceed, we perform the s-channel partial-
wave decomposition of the amplitude

Mλ;λ0 ðs; t; uÞ ¼
X∞

l¼0

dlλ−λ0;0ðθÞS1=2l ðsÞ

×
�
Hλ;λ0;lðsÞ þ Ĥλ;λ0;lðsÞ	; ð5Þ

where l denotes the relative orbital angular momentum
of the pions, and dlλ−λ0;0ðθÞ is the Wigner-d function. In
order to take the near-threshold Coulomb enhancement of
the πþπ− pair into account, we employ the Sommerfeld
factors [29–31]

S0ðsÞ ¼
2πx

1 − expð−2πxÞ ;

Sl>0ðsÞ ¼ S0ðsÞ ×
Yl

b¼1

�
1þ x2

b2

�
; ð6Þ

with x ¼ αmπ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

π

p
, where α ¼ e2=ð4πÞ ≈ 1=137 is

the fine-structure constant. Hλ;λ0;lðsÞ is the right-hand-cut
part and represents the s-channel ππ rescattering. The
“hat function” Ĥλ;λ0;lðsÞ encodes the left-hand-cut contri-
bution derived from the partial-wave projection of the
Zc-exchange amplitude obtained from Eq. (3). Charge-
parity conservation requires that l must be even, and we
only take the S- and D-wave components into account in
this study.
In the regime of elastic ππ rescattering, the partial-wave

unitarity relations read

ImHλ;λ0;lðsÞ ¼ �
Hλ;λ0;lðsÞ þ Ĥλ;λ0;lðsÞ	 sinδ0l ðsÞe−iδ

0
l ðsÞ; ð7Þ

where δ0l ðsÞ is the ππ isoscalar phase shift of angular
momentum l.
The dispersive solution to Eq. (7) is [32]

Hλ;λ0;lðsÞ ¼ Ω0
l ðsÞ



Mχ;λ;λ0;lðsÞ

þ sn

π

Z
∞

4m2
π

dx
xn

Ĥλ;λ0;lðxÞ sin δ0l ðxÞ
jΩ0

l ðxÞjðx − sÞ
�
; ð8Þ

where the subtraction terms Mχ;λ;λ0;lðsÞ are matched to the
partial-wave projection of the low-energy chiral amplitudes
obtained from Eq. (1). The single-channel Omnès function
reads [33]

Ω0
l ðsÞ ¼ exp



s
π

Z
∞

4m2
π

dx
x
δ0l ðxÞ
x − s

�
: ð9Þ

For the S wave, we use the phase of the nonstrange pion
scalar form factor as determined in Ref. [34]. For the D
wave, we employ the parametrization for δ02 given in
Ref. [35]. A diagrammatic representation of all contribu-
tions is given in Fig. 1.
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III. PHENOMENOLOGICAL DISCUSSION

In this work, we perform fits taking into account the
experimental datasets of the ππ invariant-mass distributions
and the helicity angular distribution for ψ 0 → J=ψπþπ−
measured by the BESIII Collaboration [12].
To illustrate the effect of the Zc-exchange term, we

perform three fits. In Fit I, we only consider the contri-
bution of the chiral contact terms, while in Fits II and III,
the Zc exchange is taken into account in addition. In Fit II,
the mass and width of Zc are fixed at the central values
determined in our previous work [36]: MZc

¼ 3.880 GeV
and ΓZc

¼ 0.036 GeV. In contrast, in Fit III we treat the
mass and width of Zc as free parameters within the range
obtained in Ref. [36]: MZc

∈ 3.880ð24Þ GeV and ΓZc
∈

0.036ð17Þ GeV. The fitted results of Fits I, II, and III are
shown as the blue dotted, red solid, and green dashed lines in
Fig. 2, respectively. The fitted parameters as well as the χ2

per degree of freedom (χ2=dof) are shown in Table I. As can
be seen from Fig. 2 and Table I, all the Fits I, II, and III agree
with the experimental data in most regions by eye, while
their χ2=dof are much larger than 1. Note that the BESIII
paper [12] alternatively presents the folded ππ spectra data
in the low-energy range of Mðπþπ−Þ∈ ð0.28; 0.32Þ GeV,
which were fitted using a Breit-Wigner function convolved
with a Gaussian energy resolution function andmultiplied by
the detection efficiency. Therefore, we perform three further
Fits Ib, IIb, and IIIb for the folded ππ spectra dataset,
neglecting the detection efficiency corrections, using the
same strategy as in Fits I, II, and III, respectively. The result
is shown in Fig. 3, and the χ2=dof values for Fits Ib, IIb, and
IIIb are 1.04, 1.03, and 1.08, respectively.
In our Fits I and Ib, the enhancement near the ππ

threshold can be described by the chiral contact terms
and FSI. In particular, no additional 2π resonance is
required. Note that Ref. [12] claims that chiral perturbation
theory supplemented with a leading-order unitarization as
used in Ref. [15] fails to reproduce this threshold enhance-
ment. We find that in Ref. [12], the EπþEπ− and ðpμ

πþp
ν
π− þ

pν
πþp

μ
π−Þ parts are considered as pure ππ S and D waves,

FIG. 2. Fit results of the ππ invariant-mass spectra (top) and the
cos θ distributions (bottom) in ψ 0 → J=ψππ of Fits I (blue
dotted), II (red solid), and III (green dashed). The enlarged inset
(top) shows the fit results in the region of (0.28,0.32) GeV. In the
cos θ distributions (bottom), the zero is suppressed to make
differences in the fits visible. The data are taken from Ref. [12].

(b)(a)

FIG. 1. Diagrams considered for ψ 0 → J=ψπþπ−. Diagram
(a) denotes the contributions of the chiral contact terms, while
diagram (b) corresponds to the contributions of the Zc exchange.
The gray blob denotes pion-pion rescattering.

TABLE I. Fit parameters from the simultaneous fit of the
efficiency-corrected unfolded ππ invariant-mass distributions and
the helicity angular distribution for the ψ 0 → J=ψπþπ− process.
Fit I: contributions of the chiral contact terms only. Fits II and III:
contributions of the chiral contact terms and the Zc exchange. In
Fit II, the mass and width of the Zc are fixed atMZc

¼ 3.880 GeV
and ΓZc

¼ 0.036 GeV, while in Fit III, they are treated as free
parameters within the ranges MZc

∈ 3.880ð24Þ GeV and ΓZc
∈

0.036ð17Þ GeV [36]. The χ2 values are explicitly presented as the
sum of contributions from the ππ invariant-mass distribution (the
first number) and the helicity angular distribution (the second
number).

Fit I Fit II Fit III

g1ðGeV−1Þ 2.972(1) 3.368(1) 3.456(1)
h1ðGeV−1Þ −1.680ð6Þ −2.435ð2Þ −2.571ð3Þ
j1ðGeV−1Þ −0.281ð3Þ −0.260ð3Þ −0.274ð3Þ
cmðGeV−1Þ 2.112(23) 0.424(7) −0.012ð7Þ
CZc
Ψ0Ψ

� −1.217ð3Þ −1.443ð5Þ
MZc

(GeV) � 3.880ðfixedÞ 3.873(2)
ΓZc

(GeV) � 0.036ðfixedÞ 0.019(1)

χ2=dof 1105þ479
ð121−4Þ

1095þ327
ð121−5Þ

1086þ289
ð121−7Þ

¼ 13.5 ¼ 12.3 ¼ 12.1
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respectively, where Eπð�Þ and pπð�Þ are the energies and the
four-momenta of the pions, while both of these actually
contribute to both S and D waves [15,37]. Also note that
Ref. [12] considers the FSI within the chiral unitary
approach [23]. While it already yields a dynamical gen-
eration of the scalar mesons, the very precise information
available on pion-pion phase shifts is not strictly imple-
mented there.
Comparing Fit I with Fits II and III, one finds that

including the Zc exchange improves the fit quality,
especially for the helicity angular distribution. Further-
more, comparing Fits II and III, one observes that although
a smaller Zc mass leads to a smaller χ2, the change of
fit quality is tiny. Therefore we conclude that a virtual
intermediate Zc state indeed can play a relevant role
in ψ 0 → J=ψπþπ−.
In Fig. 4, we plot the moduli of the S- and D-wave

amplitudes from the chiral contact terms proportional to g1,
h1, j1, cm, and the Zc-exchange term for Fits I and II. We
observe that theD-wave amplitudes are about two orders of
magnitude smaller than the corresponding S-wave ampli-
tudes. Therefore, a flat angular distribution is expected in
our scheme, which agrees with the BESIII measurement.
For the S-wave amplitudes, the contribution from the
helicity-flip term is much smaller than the others in most
regions as expected. While the contribution from the j1
term has a zero in the energy region of interest, its effect is
non-negligible for the low-energy dip in the ππ invariant-
mass distribution. Also note that for the S-wave amplitudes,
the shapes of the curves corresponding to the cm term
as shown in Fit I (upper left panel of Fig. 4) and the
Zc-exchange term as shown in Fit II (lower left panel
of Fig. 4) are too similar to be disentangled by a fit to the
ππ invariant mass distribution. Nevertheless, we find that
either the cm term or the Zc-exchange term is indispensable
for describing the experimental data well. For the D-wave
amplitudes, the helicity-flip contribution dominates by far.
This means that the curved behavior of the observed

angular distribution is mainly due to the j1 term. We find
that theD-wave contribution from the Zc exchange is much
smaller than its S-wave amplitude, which is due to the fact
that the Zc is virtual in this process.

IV. CONCLUSIONS

We used dispersion theory to study the FSI in the
decay ψ 0 → J=ψππ. Through fitting the data of the ππ
mass spectra and the angular cos θ distributions, we find
that the structure near the πþπ− mass threshold observed
by [12] can be described well without introducing a new
resonance. We find that the helicity-flip amplitude plays
an important role in the low-energy ππ mass spectrum and
the angular distributions. Also we find that the virtual
Zcð3900Þ-exchange mechanism improves the agreement
between the theoretical prediction and the experimen-
tal data.

Note added. During completion of this manuscript we
became aware of Ref. [38] addressing the same problem
and explaining the structure near threshold as the result
from the interference and superposition of two decay
mechanisms. We point out that the second decay mecha-
nism in Fig. 1 of Ref. [38] in practice refers to a

FIG. 4. Moduli of the S- (left) and D-wave (right) amplitudes
for ψ 0 → J=ψπþπ− in Fits I (top) and II (bottom). The red solid
lines represent our best fit results, while the blue dotted, orange
dashed, dark green dot-dashed, thick magenta dashed, and
thick black solid lines correspond to the contributions from
the chiral contact terms proportional to g1, h1, j1, and cm, as well
as the Zc-exchange term, respectively.

FIG. 3. Fit results of the folded ππ spectra data without effi-
ciency correction in the range ofMðπþπ−Þ∈ ð0.28; 0.32Þ GeV in
ψ 0 → J=ψππ of Fits Ib (blue dotted), IIb (red solid), and IIIb
(green dashed).
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contribution for Goldstone-boson singlets, i.e., it exclu-
sively gives a contribution to the ηη channel, for which they
need to include nonoctet parts of the η. In every other
coupled-channel analysis of the I ¼ 0 S wave, the ηη
channel is tiny compared to the ππ–KK̄ channel coupling
[35,39,40]; indeed, from the fit results in Table I of
Ref. [38], in order for this mechanism to have any effect,
the corresponding coupling V2 is found to be larger by five
orders of magnitude than that for the octet meson pair.
Also, the complex phase ϕ, although very small, should not
exist required by the quantum field theory.
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