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Abstract

We analyze the domain of validity of a quantum optical model that describes the effects of
gravitational redshift on the quantum state of photons that propagate in curved spacetime.
This model assumes that the modes defining the initial state of the photon are mixed with
an auxiliary environment mode via an effective multimode mixer. We find that the model,
as proposed, is consistent only to first order for small redshift, where the range of validity
is conditional not only to the gravitational parameters, but also to those that define the
photonic modes. We identify the problem and provide a partial solution in terms of a necessary
condition on the transformation matrix representing the process, which requires the use of
a number of auxiliary modes that is at least equal to the number of modes that define the
photonic state. We conclude by discussing implications for theoretical quantum optics and
photonics in curved spacetime, as well as for the development of quantum technologies.

Keywords Gravitational redshift - Quantum field theory - Quantum Optics -
Photonics in curved spacetimes

Introduction

The development of quantum technologies requires significant efforts that range from build-
ing the necessary theoretical methods and tools to determining the best transmission channels
to be employed or the best environment for the deployment of the hardware. Foreseen tech-
nologies can be broadly grouped into two categories: those that will be solely bound to Earth,
and those that will require the infrastructure to be at least partially located in space. Free-
space links are the natural candidates when communication occurs between users located at
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large distances. In such cases, photons are the system of choice to carry the desired quan-
tum information between distant nodes in a network. Applications based on free-space links
include quantum communciation [1-5], distributed quantum computing [6, 7], and the quan-
tum internet [8] to name a few. As a consequence, space-based photonics has become a key
area of research within the broad effort to deploy a global quantum network [1, 9—11].

A key aspect of space-based science and technology is the unavoidable background curva-
ture due to gravity. In the specific case of the space surrounding the Earth, curvature is weak
but nevertheless nonvanishing [12]. In general, quantum information tasks are proposed and
studied with the implicit assumption that the coupling of the involved systems with gravity
is negligible. While this assumption might be appropriate for protocols that are either based
on Earth or employ short links between users, the situation can be expected to change sig-
nificantly when moving part of the infrastructure to space. Hence, one important question is:
What are the effects, if any, of spacetime curvature and gravity on the protocols of interest?

In the past few years, a quantum-optical model has been put forward to understand the
effects of gravitational redshift on the quantum state of photons that propagate in (weakly)
curved spacetime [13, 14], which we refer to as the Quantum-Optical Gravitational Redshift
Model (QOGRM). Gravitational redshift is a celebrated prediction of general relativity, where
a photon sent by a user at one location is received with a different frequency by a second
user located at another point in a gravitational field [15, 16]. The change in frequency profile,
or the mode of the photon, occurs concomitantly with the change in its quantum state. The
effective description of this process has been shown to correspond to a multimode mixer [17],
that is, a quantum optical process where two or more modes of the electromagnetic field are
mixed linearly without a variation in the total number of excitations. Processes with such
properties are known as a passive transformation in the language of quantum optics [18].
The main idea is that the overlap of the photonic mode with the original one, as it travels
in curved spacetime, changes and the new mode increasingly has support on other modes.
In particular, it was suggested that it is possible to consider N initial modes of choice and
collect all of the remaining (infinite) modes into a single “environment” mode that absorbs
the information leaking out of the subsystem of interest due to the mode-mixing effect. A
pictorial representation of the basic photon-exchange process can be found in Fig. 1.

Subsequent work further characterized this effect at the overlap of relativity and quantum
field theory. For example, it has been shown that it can be exploited for precise measurements
of distances or the mass of the Earth using quantum states of light as input [19-21], for
interference experiments [22], for weakening the non-Markovian dynamical behaviour of
photons [23], or for enhancing the precision of phase estimation of two qubit system states
[24]. Regardless of the progress [14, 25], an underlying unchallenged assumption has always
been implicitly made: the multimode-mixing model applies regardless of the magnitude of
the redshift or of other relevant parameters of the problem, such as the bandwidth, average
frequency of the spectrum, or the particular shape of the spectrum itself.

In this work we show that gravitational redshift cannot be modelled as a multimode
mixer for all values of the gravitational redshift if only one environment mode is considered
additionally to the N modes of interest, a setup called the N + 1-decomposition of the channel.
This is a consequence of the “rigidity” of the transformation of interest: in fact, QOGRM
posits that each mode of the electromagnetic field transforms in the same fashion, that is, all
frequencies are consistently either redshifted or blueshifted, and therefore any wave-packet of
light undergoes the same type of transformation. We show that this assumption, while natural
in light of our current understanding of the standard gravitational redshift effect as predicted
by general relativity, leads to a transformation that becomes non-unitary for values of the
redshift that are large enough. Interestingly, the transition beyond the validity and invalidity
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Fig. 1 General scheme: in this work we consider photons that propagate between two points A and B in a
(weak) gravitational field. Photon exchange between an Earth-based user, Alice, and a satellite-based user,
Bob, is a paramount example of such general situation

of QOGRM strongly depends on the interplay between the magnitude of the redshift and the
parameters that determine the wave-packet itself.

We provide a partial solution to the problem by extending the N + 1-decomposition
to an N 4+ M-decomposition of the channel, and we show that this extension provides a
necessary solution to recovering unitarity for all values of the redshift when M > N. In other
words, unitarity of the whole transformation requires that there is at least the same amount of
environment modes as to those of interest, but is not guaranteed by this property alone. This
result increases the complexity of designing realistic quantum communication protocols or
other quantum information protocols, but the price to pay is not significant: in the case of
few modes of interest it can be possible to derive the environment modes analytically by
applying the constraints that define the unitarity of the transformation. When the number of
input modes increases, on the other hand, numerical methods have to be employed. In both
cases, the nature of the environment modes remains undetermined. We finally discuss our
results and their implications not only for the theoretical part of the problem at hand, but also
for the development of future quantum technologies.
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This work is organized as follows. In Section 1 we present the mathematical formalism
required to model the gravitational redshift induced on photons by propagation in curved
spacetime. We further characterize this effect in Section 2 by providing an analysis of the
frequency change and the perturbative expansion of the overlap. We then devote Section 3
to the discussion of the domain of validity of the aforementioned transformation. Section 4
proposes a partial solution to the problem. Additional considerations and an outlook to this
work are given in Section 5. Lastly, we collect our concluding remarks in Section 6.

1 Background Material

We discuss the tools used in this work. A detailed introduction can be found in the literature
[14, 16, 26].!

1.1 Modelling Photons in Weakly Curved Spacetime

Photons, at the fundamental level, are excitations of a quantum field. A photon in configuration
space can be understood as a wavepacket of sharp frequency modes with a given helicity
that propagates at the speed of light. A proper treatment of the subject would require the
use of spin-1 fields, which would significantly increase the complexity of the computations
without necessarily adding new qualitatively different insights [27, 28]. In this regard we
note that, in the context of General Relativity, massless scalar fields are often employed to
provide a qualitative analysis of the phenomena of interest and without loss of generality
[29]. Therefore, for the purposes of our work and for the sake of simplicity, we follow suit
and model photons as excitations of a real massless scalar field.

We consider areal, massless, and scalar quantum field ® (x*) defined in a 3+ 1 dimensional
spacetime with coordinates x* and metric g = (g, (x?)). The free field equations read
O®(x*) = 0, where O := (—g)~1/23,(—g)/2g""d, and g := det(g), which can be
further elaborated by employing a basis {¢x (x*)} of mode solutions each of which satisfies
Oer (x*) = 0. Note here that & is a collection of (continuous and/or discrete) indices that label
our modes. We employ the covariant inner product (f1, f2) = —i [, dV* /=gy (f1d, f5 —
(0 f1) f5) between two functions fi, f> defined over the manifold, where V is a Cauchy
hypersurface of integration, dV# := dVn* is the integration element with n** a future-
pointing, unit-norm, normal vector to V, and gy is the determinant of the induced metricon V.
This allows us to obtain the mode orthonormalization conditions (¢g, ) = (¢}, ¢;,) =0,
while (¢, (1):,) = §(k—k’). Here, the nature of the delta-normalization depends on the labels
k being continuous and/or discrete. We can then meaningfully decompose the quantum field
as

b(xt) = fz 4% [ ek + b (+)a] | (1

where ¥ is an appropriate 3-dimensional integration hypersurface in Fourier space parame-
terized by coordinates k.
The annihilation and creation operators dy, a IL satisfy the canonical commutation relations

[ak, &Z,] = §(k — k'), where all others vanish. This tempts us to define the vacuum state
|0) through the constraint az|0) = O for all k. Unfortunately, there is no natural choice

! In this work we set & = ¢ = 1. We employ Einstein’s summation convention. The metric has signature
(= +,+, ).
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of the vacuum state in arbitrary curved spacetime [26]. Among the consequences of the
non uniqueness of the vacuum one has, for example, the potential disagreement of different
observers on the particle content of the state of the system, including the vacuum state itself
[26]. Here we focus on scenarios that allow for a description that can be handled analytically,
and where particle creation due to gravitational redshift is negligible or nonexistent altogether.
These scenarios include weakly curved spacetimes, such as those around a massive planet
[29], or regions that are static:

e Weak curvature. One scenario of interest is that of linearized gravity, which is commonly
employed in many areas of modern physics, for example when considering gravitational
waves [30] or linearized quantum gravity [31]. This regime well adpats to regions of
spacetime that are weakly curved, thus restricting the kinematics to a scenario where
the background metric has the expression g, = nuv + €hyy, € <K 11is a small control
parameter, and /1, is the linearized contribution to the metric.

e Local timelike Killing vector. A Killing vector K := 0¢ is vector field along which
“the metric does not change”. Abstractly one has Lxg = 0, which is equivalent to
Ko+ Ky, = 0,[16]. A timelike Killing vector field K = 0g allows for a pre-
ferred or natural notion of time, parametrized by &, which is of crucial importance when
quantizing a system in curved spacetime. In such case, it is convenient to choose the
orthonormalized mode functions ¢ (x*) as solutions to the field equations, which satisfy
the eigenvalue constraint i dg ¢g (x*) = wrdr(x*), where wy are positive eigenvalues.
When the spacetime is static, one also has that K can be hypersurface-orthogonal and
therefore foliate the spacetime into hypersurfaces V of constant “time” &. The variables
k = (k1, ko, k3) parametrize the 3-dimensional Fourier space. Recall that in the simple
case of flat spacetime, for example, one has wy = |k| for the frequency wy associated
to the field modes. If spacetime is weakly curved, it might not have a Killing vector.
However, in this case one can choose to work with mode solutions that are a obtained as
a perturbation of the flat-spacetime plane wave solutions ¢y (x*) o< explik,x*], which
satisfy i9;¢r (x*) = wrdr(x*). Note that this second case does not necessarily imply
weak curvature.

We have laid out the framework within which we will be working. We thus have field modes
¢x (x*) that are solutions to the field equations and are eigenfunctions of a timelike Killing
vector K at least in the region of spacetime of interest. We assume that it is therefore possible
to identify a preferred vacuum state |0) given the constraints just laid out (e.g., in the case of
linearized gravity we choose the Minkowski vacuum) and define the single-particle states via
the relation |1;) := &Z|O). Such sharp-momentum single-particle states are not normalized
since (1x|1y) = 83(k — k). These states can be useful for proof-of-principle considerations
regarding quantum field theory in curved spacetime, however, they are not useful when
attempting to analyze physical processes through the lens of quantum information.

We therefore introduce a well-defined notion of photon as follows. A photon is a broad-
band excitation of the field determined by a spectrum F (k) at a chosen time (here we always
assume that photons are initially defined at + = 0) initially localized around a position Xy,
and is associated to the bosonic operator

Ap(xo) == / &k Fk)ag, )

where we require (F, F) = fd3k|F(k)|2 = 1 in order to have [AF, ATF] = 1. This
latter aspect is crucial as discussed below. Here have introduced the notation (F, F’) :=
f d3k F*(k)F' (k) for later convenience. With these constraints, one can interpret p (k) :=
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|F (k)|?/(27)3 as the distribution of momenta that characterizes a photon, and therefore
F (x) := Q2m)3 f d3k F (k)e k¥ is the mode function in conﬁguratlon space, where x are
the coordinates on the hypersurface V. This implies that (F , F = fV d3x|F @) =
which means that we can interpret p(x) := |I:" (x)|? as the probability density function of
finding the photon at position x at 7 = 0. One particle states at time ¢ = 0 of a photon in
mode F are therefore constructed in the usual fashion as |17) = AHO).

Photons are 3-dimensional particles, in the sense that the spatial mode distribution F (x)
extends, in principle, in three spatial dimensions. While a full 3-dimensional analysis in
arbitrary curved spacetimes would allow for realistic characterization of the kinematics of
photons that propagate, we make the following further assumption, which allows us to obtain
explicit results:

e One-dimensional localization. We assume that the photons under consideration are
localized mostly along the direction of propagation. That is, the typical spatial extension
£, of the photon in the directions perpendicular to that of propagation is much smaller
than the length ¢ of the photon itself along the direction of propagation, i.e., £ /¢ < 1.

Given the assumptions above, we work in Minkowski coordinates (¢, x) , where ¢ is now the
usual time variable and P = [;17 is the four momentum of the photon, and A is a chosen affine
parameter along its path [16]. We find it convenient to introduce P := ﬁ as the projection
of P on the hypersurface V, i.e., the natural spatial hypersurfaces of all observers measuring
time 7. It has been shown that, in such a regime, the photon operator can be effectively written
at an arbitrary time ¢ as

A +w B
Ap(tay) = fo do F(@) e 009 4, 3)

where w is the frequency of the photonic contributions a,,, and we have [d,,, &L,] =§(w—0a)
while all other commutators vanish [14]. Here, the variables A | and ¢ identify the position of
the photon along the trajectory via the constraint f — A = —xg, where xq is a constant.? It
should be clear from our discussion above that pointlike (or very small, in our case) photons
propagate along paths of constant null coordinate u [16]. The photon operators (3) enable us
to compute the equal-time and equal-position commutators

[Ar. 00, A 0] = (7, F)

while all others vanish. Clearly, when F, F’ are orthogonal we have (F, F’) = 0 and therefore
the commutator vanishes. Notice that the requirement for equal time and position is an
idealization necessary for the expressions to be manageable analytically.

We now note that the Hilbert space H corresponding to the scalar (photonic) field in
question is infinite dimensional. We are free to choose any orthonormal complete basis 3
for the field, and in general we select a set of functions {F -} parametrized by the vector of

indices Z that satisfies (Fz, FZ’) C & 3 This implies that [A (t, A1), A (2, AJ_)] =4; L

thus allowing us to use the operators A {(t, L) = A F; (t, 11) to define the vacuum |0) as

2 Note that u :=1 — A L is an outgoing null coordinate that normally is used for cases such as those studied
here. In our specific work this change of coordinates is not needed since we do not manipulate these expressions
further.

3 Once more, the nature of the delta §; >, depends on the nature of the indices, and we give it for understood

that a more rigorous notation should be used when such aspects have been determined by the specific problem
at hand.
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measured locally in space at each point in time ¢ via the constraint AZ (t,21)]0) = 0 and to

use the operators A; (t, A1) to create a particle at time ¢ and location A via the expression

A4

|1z(0) = ALt 2.0)10).

Multi-photon states are then created using the operators A; (t, A1) within the standard Fock-
space construction [26].

1.2 Modelling Gravitational Redshift of Quantum Photons

We are now interested in modelling the effects of gravitational redshift on the quantum state
of the photon. Gravitational redshift is an effect predicted by classical general relativity [15,
16] that has been now firmly established by precision measurements [32-35]. At its core,
this effect can be seen arising as a consequence of the mismatch in local time-keeping of two
pointlike observers located at different heights in the gravitational potential [16]. The relation
between local frequencies 24 and 2, as measured by two different pointlike observers Alice
and Bob respectively, is given by

2. _ B _ P“U{;'Xﬁ‘ @)
= T RO

X
where 2 is the redshift factor. Here, Ug is the four velocity of Alice (K = A) and Bob
(K = B), while P = P*9,, is the four-momentum of the photon, and the photon is emitted
at position xi“ and detected at position xé‘ . Note that x? can be re-written as x> = 1 + z,
where z is the also called the redshift in a significant part of the literature [16, 36, 3714 We
choose to retain the notation 2 for the redshift in agreement with recent literature on which
this work is based [13, 14].

‘We now focus on the effects of redshift on the quantum state of the photon. As mentioned
above, we have constructed the operators ATF to create local photon excitations with mode
function F by acting on the vacuum state |0). Let a photon propagate between two users
Alice and Bob located at points A and B in curved spacetime. In general, Alice and Bob
have agreed on a photon to be shared whose particular frequency profile F is determined
before the process takes place. Therefore, Bob can compare the received photon |1 /) with
the expected photon |1 ) and determine if a change has occurred. It has been shown that the
transformation 7 (x) : Ap — A r that models the action of the redshift can be implemented
by a unitary operator U (x) via the relation

R e N " +o00
Ap =U"(x) Ar U(X)E/O do F'(0) 4, 5)

where the transformation
Fl(w) = x""F(x *w) (6)

has been obtained as the constitutive relation of this process. Note that we ignore the propa-
gation phase e~/ ~*1)@ since this transforms covariantly with the redshift and is irrelevant
to photon comparison [14].

4 Our convention for z implies that z > 0 for blueshift processes, while z < 0 for redshift processes, which
is opposite to the conventions typically found in the literature.
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It is now crucial to comment on the constitutive relation (6). First, we note that this
expression is correct as printed here, while it has been written incorrectly in parts of the
literature on this topic [13, 14, 17]. In some of those works, the Alice-to-Bob transformation
was reported as F/(w) = x F(x*w). Regardless, all quantities that were computed were
unaffected by this problem: it is immediate to verify that quantity |(F|F’)| is independent of
which way the transformation is written. We then note that the frequencies w that appear in
this relation are those measured locally by the receiver, Bob. This means that Bob is ideally
in possession of two photon profiles F(w) and F'(w) for the purposes of the scheme at
hand, which are defined locally in his frame. That is, the function F has the same functional
dependence on w in both Alice’s and Bob’s laboratories, while F’ is the frequency profile
that Bob receives from Alice. From now on, we assume that Alice is sending a photon to
Bob and that the redshift is defined through (4). This implies that the mode transformation
has the expression (6). In case that we wish to discuss another process, this will be stated
explicitly when necessary. A depiction of the general setup is given in Fig. 2.

1.3 Gravitational Redshift of Quantum Photons as a Multimode Mixer

The set { F;;} forms a complete orthonormal basis for the approximate one-dimensional model,
as discussed above. The key aspect here is that the bases are infinite-dimensional. Since we

r ) e )

a) Alice-to-Bob b) Bob-to-Alice | »-¢*

Fy(Qp)
B\52p ”’

%

=

. ) - J

Fig. 2 Depiction of the two possible scenarios: Alice-to-Bob and Bob-to-Alice photon exchange protocols.
The effective transformations as proposed in the literature [13] are presented for clarity. Note that the definition
of the redshift x2 = QB /4 is, and must be, the same in both cases

@ Springer



International Journal of Theoretical Physics (2026) 65:98 Page90of32 98

are working in a free theory, we can choose two bases B = {FZ} and B’ = {Fé,} and write
the Bogoliubov transformation between them in abstract form as

F§/=/dz[u;+ﬂu ] )

where agz (FZ’,, FE> and ﬂE’Z = —(FZ’,, FZ*> are the Bogoliubov coefficients that satisfy

the usual Bogoliubov identities [26]. The transformation between the two bases B and B’ is
linear, i.e., each element of one basis can be written as a linear combination of elements of the
other basis.> A paramount example of such transformation is the map between Minkowski
and Unruh modes in flat Minkowski spacetime when studying the Unruh effect [38, 39].
Linearity always arises from unitary transformations between operators that are generated
by a quadratic Hamiltonian in the creation and annihilation operators themselves [40]. This
realization allows us to borrow from the powerful tools of symplectic geometry that have
been extensively developed in the literature [18].

We assume for simplicity of presentation that the indices of the bases of interest are
discrete, and therefore conveniently write the bases as B = {F,} and B = {F}. The
operators An, A and A’ A/ T of each basis can be conveniently collected in the vectors
X = (Ay, ..., )P and X = (A7 .. A’ ...)TP respectively. Note that this discrete
basis contains anllnﬁmte amount of elements The commutation relations can be easily
written as [)2,,, )2,;] = iQ,m by introducing the symplectic form @ := diag(—i, ..., 1, ...).
This ultimately enables us to re-cast the transformation (7) as follows:

a(x) ﬂ(x))x

B*(x) a*(x) ®)

X0 :=0"0X000) =S X = (

where S () is the symplectic matrix representation of the unitary operator U(x).A symplectic
matrix S is defined as a matrix that satisfies the constraint STQS = SQST = Q. Here o(x)
and B(x) are matrices that collect the respective Bogoliubov coefficients [18].

We now note the following crucial aspect: in the regimes of interest, we expect a single
photon to be sent and received under ideal conditions. This is in the nature of the redshift:
the photon might be altered, but the number of photons sent is not affected [14, 17]. Thus,
it is natural to require that B(x) = O since it is the B-coefficients that are responsible
for the change of the number of particles, i.e., they are active transformations [18]. When
this occurs, we note that the matrix S(yx) is block diagonal and can be decomposed as
S(x) = U:(x) ® Uj(x), where U(x) is a unitary matrix acting on the reduced spaces
Xr = (Al, ..., )TP and XI = (AAI, ..., )TP of annihilation or creation operators only. Thus,
the independent part of (8) reduces to

Koo =00X 060 =U.0%. ©)

where U (x) is the matrix representation of an appropriate unitary operator U (x)- A second
completely equivalent relation is obtained for X; from (8), which we discard.

‘We now move on to the decomposition of the photonic space constructed above. A photon
[1g) = Az;|0) with spectrum G can be decomposed in spectrum-space on any basis. In

particular, we canuse |15,) = A,, |0) and the decomposition of the identity in the one-particle

5 This linearity is unrelated to the inbuilt linearity of quantum mechanics.
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sector 1. =), |15, )(lF,| to write

l16) =Y (15116} [15,) =Y Ca(G)|1E,).
n n

Since we choose single-photon states to be normalized by (1g|1g) = 1, we know that

D> 1Ch(G) |2 = 1. Let us now assume that we want to isolate the contribution of a particular

mode function F, of interest in the expansion of |15). Without loss of generality we can

select the contribution of the first vector with n = 1. We thus write

116) =CL(G)1R) + Y Cal(G)I1E,) = e?cosf|1p) + eV sin0[1)  (10)

n>2

since we have that |Cy (G)|2 + anz |C,,(G)|2 = 1, and we have identified C;(G) =
¢'% cos 0, the function sin? 6 = )", |C,(G)|?, as well as the perpendicular mode

11) = [sinf| ™1 Y Cu(G)I1R,).

n>2

Such perpendicular mode is an artificial normalized (i.e., (1, |1) = 1) mode that conve-
niently collects all elements of the basis that are not of interest to the problem. The phase
¢'? is in principle different from 1 and is determined by the overlap of |15) and [1F7). It can
be eliminated by absorbing it into the definition of F;. We call this choice of decomposition
the (1 + 1)-decomposition.

The (1 4 1)-decomposition is the construction proposed, in essence, in the original work
on this topic [13]. The next logical step is to extend it beyond the choice of one single mode
of interest to an (N + 1)-decomposition. In the literature [14, 17], it has been argued that the
matrix U () can be constructed via the following simple procedure: one first selects N modes
of interest {F1, ..., Fiy} out of the basis to construct the operators An, with (F;, Fi) = 6 jx,
and then extends the procedure just presented above to obtain

Ui ... Uiy Ui

Uix) = SR I an
Uyt ... Uvn Uy
Ui ... Uy ULy
where the following constitutive relations are required:
N+1
Uj == (Fj. F), and Y UppUp, = 8um. (12)
p=1

It is easy to verify that the constraints above imply U 2=1-— ZQI:l |U,,,,|2, as well as

U >P=1- Zg:] ULy 2. Note that, for the purpose of conveniently writing the sums
above, we have used here the equivalent notation F| = Fy41.

The transformation (11) is known in quantum optics as a multimode mixer, or gener-
alized beam-splitter [18]. This transformation mixes linearly any amount of input modes,
while conserving the total number of excitations. Its paramount incarnation is the celebrated
beam-splitter, which mixes two modes only [41]. Note that the “leak of information” to the
perpendicular mode F' , which is assumed to be inaccessible for the purposes of the protocol,
does not constitute true decoherence in the standard sense: in principle, if the total number
of modes is low, the overall unitarity of the transformation guarantees that the information
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leaked away from the system can also flow back (at least in part). When the number of modes
is high, a full rotation back into the system is less likely, although not impossible. In any
case, as in all quantum optical processes, the degree and magnitude of oscillations between
the subsystems greatly depend on the parameters of the system. For these reasons, we avoid
claiming that this process involves, in its most theoretical incarnation, genuine decoherence.

‘We now make a comment regarding the applicability of linear dynamics. Linear dynamics
are induced by Hermitian operators H,e. g. Hamiltonians, that are quadratic in the creation
and annihilation operators [18]. Concretely, we can write

S—e®  wih H— (5 UV) (13)

where H is the Hamiltonian matrix representation obtained from a Hamiltonian operator as
A=1X""H X andU=U"and vV = V.

The key transformation X’ = $X transforms the modes contained in the vector X as
discussed before. This is particularly useful when the state / of the system is Gaussian (i.e.,
ithas a Gaussian Wigner function [18]). In that case, the state is fully determined by its first and
second moments that are collected in a vector d and covariance matrix o respectively. When
the state is transformed under linear dynamics one has d’ = Sd as well as ¢’ = S S'. We
leave a detailed introduction into the topic of Covariance Matrix formalism to the interested
reader [18]. The important observation that we wish to make is the following: while linear
dynamics is particularly powerful in terms of the ability to obtain analytical expressions
when combined with the covariance matrix formalism, linear dynamics applies in the way
described above also for situations where the state of the system is not Gaussian. The main
difference is that the evolution of the state cannot be obtained using a simple matrix relation
o’ = Sa ST, but one needs to compute the change in operators via X’ = SX and use these
expressions wherever needed.

2 Characterizing Gravitational Redshift of Quantum Photons

In this section we provide an analysis of key aspects of QOGRM. These insights reveal
properties that are necessary for the discussion of the main result of this work.

2.1 Frequency Change

We start by asking the following question: what is the relation between the average frequency
of the photon as measured locally by the receiver as compared to the average frequency of
the photon as measured locally by the sender? To answer our question we first define the
average frequency Sk of the photon in mode F as measured by observer K, with K = A, B
for Alice and Bob respectively. Note that the mode F is arbitrary, and is specified when
necessary. Following the standard procedure of computing averages of a quantity A(x) with
probability distribution p(x), we introduce Qg via

Qx = /dszK Qk |FQx)P, (14)
where Qk is the frequency as measured locally by Alice or Bob.
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We then recall that the following are the constitutive relations of our problem:

Q
=B =X 2, Redshift relation
QA
Fg(QB) =x ' Fa(x"2Qp), Mode transformation

where the second expression represents the Alice-to-Bob scenario, while Fa(24) =
x Fs(x%S2) represents the opposite one (see Fig. 2).

We first compute the average frequency Q4 of the mode Fa(24), that is, the average
frequency that Alice expects the agreed-upon mode to have. It reads

Qa =fdszA Qa [Fa(Qa)[%.

We then continue by computing the average frequency Qi of the mode Fa (2g), that is, the
average frequency that Bob expects the agreed-upon mode to have. It reads

QB :fdQB Qp |Fa(Q2B))? = Q4.

We conclude that the frequency Qﬁ computed by Bob in the mode Fg(£2a) coincides in
value with the average frequency 25 computed by Alice in the equivalent mode Fa(24),
that is, the average frequency that Alice assigns to the agreed-upon mode. This occurs by
construction, since Alice and Bob have agreed before the protocol on a particular mode,
namely Fja, that they use as reference. From now on we use Q4 as the reference average
frequency.

Bob then proceeds to compute the average frequency Qp of the received photon. This
reads

o =/dszB Qp |Fp(@p))° = 2 / a2 5 |Fa(22p) % = 12 / A 2 |Fa@p)1? = xS
Thus, we have found
Qp =x°Qa, (15)

which agrees with the first constitutive relation and is the expected transformation for the
gravitational redshift of photonic frequencies. Notice that if we were to consider the Bob-
to-Alice scenario and compute the average frequency 25, we would have obtained Qa =
¥ ~2Qp, which is equivalent to (15) as expected.

We now note that the energy Ex of a photon with frequency Qx as measured locally by
Alice or Bob is given by Ex = hQ2g, where we have restored Planck’s constant here for the
sake of the argument. We can use this expression to compute the change in average energy
Ex as measured locally by Bob in the Alice-to-Bob scenario. We have

Ep =x’Ea, (16)

again, as expected. We can therefore conclude this brief analysis by computing the variation
inenergy AE := Ep — E as measured locally by Bob. It reads AE = (x%> — 1)Ex = zEa,
where we have restored the standard notation z for the redshift for completeness. Figure 3
gives a pictorial summary of this result.
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\
a) Alice-to-Bob b) Bob-to-Alice | »-g
Fp(Qp) =y 'F\(x7°Qp) Fy(Qp)

(>
% Eg ( 4

EB = )(ZEA

F,(Qy) = )(FB()(Z-QA)
g _J . _J

Fig. 3 Depiction of the two possible scenarios: Alice-to-Bob and Bob-to-Alice photon exchange protocols.
The effective transformations as proposed in the literature [13] are presented for clarity, together with the
changes in average energy

2.2 Perturbative Expansion of the Overlap

We now proceed to study the perturbative behaviour of the overlap
A(x) = (FIF') = ! /dxF*(x)F(x*zm =X /dxF*(x2x>F<x) a7

of the mode functions F, F’ in the regimes |x — 1| <« 1 and x > 1, which will aid
our understanding of the problem at hand.® This quantity is defined in the Alice-to-Bob
scenario, and is determined by the constraints: f do|F(w)|* = f do|F'(w)]* = 1 and
F'(w) = x"'F(x2w). Note that |A| < /{F|F)/{F'[F’y = 1 forall F, F’. The function
F(w) will include at least one constant of dimension frequency that dictates the overall
effective width of the function, i.e., the function must be mostly contained within a finite
interval since it is a function in L2, which decreases as w increases. We are making the
assumption that the function is effectively defined only on the positive w axis, as is standard
in quantum field theory [42]. In the following we will use the notation x := w/o, where
x will be a dimensionless variable and ¢ determines the overall bandwidth of the mode.
Therefore, we will replace the dimensionful functions F(w) (which have dimension since

6 Note that the regime x < 1 can be obtained immediately from the second case under consideration by a
change of variables.
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[ dw|F(w)|> = 1) with the dimensionless functions F(x) = /o F(x = w/o), as already
done in (17).

2.2.1 Perturbative Expansion of the Overlap: |y — 1] < 1

Here we consider the case of small effects where x —1 =: € <« 1 and € > 0 implies blueshift.
The case of redshift applies in a straightforward fashion. We wish to compute A () defined
in (17) using a Taylor series around the no-redshift case y = 1. We have

F(x%x) = F(x) + 2xF(x)e + (x F(x) + 2x*F(x)) €2, (18)

and we must assume that the functions are well behaved such that the coefficients at each order
do not grow without bound. This expression can be inserted in (17) with A := A(x = 1+€),
and we obtain

Ac =1+ € +2Ke — BK +2u2)e?, (19)

where we have defined the constitutive quantities
K :=/dx xF*(x)F(x), (20a)
w? ::/dx x2F (x) F*(x), (20b)

for convenience of presentation. Note that u? is purely real. Furthermore we can deduce
that £ + K* = 2R(K) = —1, since £ = fdxxF*(x)F(x) = xXF*(0)F Iy —
Jdx F¥(x)F(x) — [dxxF*(x)F(x) = —1 — K*. Here, the fact that the boundary term
vanishes at infinity is guaranteed by the fast decrease of the function F. Therefore, we have
shown that

1
RK) = —=.
LK) 5
We write K = —% + ik, where k = J(K) is real, which allows us to simplify (19) to
2
. € . 2 2.2
Ae=1+2l€K+E—3l€K—26/L. 21

Notice that a vanishing first order real contribution to A is consistent with |A¢| < 1 for all
€.

We then proceed to compute the real and imaginary parts R(A¢) and I(A¢) respectively
of the overlap A.. We find

2
R(A) =1+ % (1—4u%),  S(Ao) = 2ek — 3¢k

We are finally able to compute the perturbative expression of the magnitude of A, and to
lowest significant order find

2
A =1-5 (4?4 1), 22)

Notice that |A¢| < 1 by construction, which implies that ,u2 > k2 4 %.
We can put together these results to conveniently write

H € 52
A = 62”((1_7)66_7(4M2_4K2_1), (23)
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which holds to second order in €.

We can derive another expression for the function «, which helps us to better appreciate
its importance. We start by recalling that k = J(K). We then write F(x) = €9 /o),
where p(x) = |F(x) |2. We can repeat the simple computations done above and obtain:

K :/dxxé(x)p(x), (24a)

pcz :/dxx2 (éz(x) +

22
p=(x)
pZ(x)> p(x). (24b)

The expressions (23) and (24) immediately give us insight into the role that the phase 6 of the

wavepacketand its magnitude /o play in the expression (23): the phase shift XK (1=5)¢ jg cru-

cially dependent on the change in the phase 8, while the magnitude |A¢| = e~ % (4> —4?=1) of
the wavepacket (and therefore of its deformation) is determined by the change of both 6 and p.
2 P20 o

px) =
0, where (Aag(x))2 = f dx gz(x)p(x) - (f dx g()c),o(x))2 > ( is the variance of the quan-
tity g(x) in the normal distribution p(x).

We note in passing that the fact that the magnitude of the deformation changes at second
order is consistent with the preliminary results already found in the literature [43]. This
implies that, to first order, the effects of a small gravitational redshift on the wavepacket of
a photon effectively correspond to the presence of an overall additional phase factor to the
wavepacket.

The expressions (24) can also be combined to show that uz —k% = (oné)2 +f dx x

2.2.2 Asymptotic Analysis of the Overlap: y > 1or y < 1

Here we are interested to show that |[A(x)| — 0 for both limits x — oo and x — 0. To
tackle this goal we introduce the overlaps Ay, (x) := (F,|F,,) between two mode functions
F, and F,,, which have the explicit expression

+00

+o0
A (x) =x " fo dwF (@) Fu(x o) = x fo doFf (x*0)Fp(w).  (25)

We then recall that | f dxf(x)| < f dx|f(x)| and we assume that Fy are L' continuous
functions that must therefore have a maximum Fp,x x in the domain.
We now provide the following two bounds:

+00 +00
[Anm (GO =x VO dwF,T(w)Fm(xzw)‘ <X Fmax,m/O do|Fy (o), (26a)

+00 +o00
|Anm (Ol =x ! f dwF (@) F(x "20)| < x ™" Fiaxm / do|F,(w)|,  (26b)
0 0

which vanish in the limit of x — 0 and x — +o0 respectively. These simple expressions
allow us to conclude that the overlap between a mode function and its transformed due to
redshift is expected to vanish when the redshift is asymptotically large, or asymptotically
small.
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3 On the Domain of Validity of Gravitational Redshift as a Multimode
Mixer

The QOGRM model reviewed above does not assume nor predict any constraint on the
redshift itself. Therefore, the matrix representation U () given in (11) is assumed to be valid
in the whole domain 0 < .

In the following we present two simple yet illustrative examples that, together, challenge
this implicit assumption. The idea is to construct the matrices U () ) for a different number
of modes and verify if and when does this construction fail.

3.1 Matrix Representation of the Gravitational Redshift Channel:
1 + 1-decomposition

We start by considering one mode F of interest. The matrix U ()) that represents the trans-
formation F — F’ induced by the gravitational redshift reads

27)

Uly) = e < cosd €1 sin 0 )

—el®2 gin 0 ! @1=92) cos 0

where 0 = 0(x), ¢; = ¢;(x), and we have defined the angle 6 via cos@ := |(F, F')| as
prescribed above. Note that the phase ¢!? of A(x) = (F, F’) has been collected as a global
phase. The fact that cos & > 0 in this case restricts the domain of the angleto 0 < 0(x) < 7 /2.
Notice also that the map x — 6()x) is continuous but does not need to be injective. This
is expected to happen if the mode F has more than one local maximum, which occurs, for
example, when considering frequency-comb spectral profiles [44, 45].

The matrix (27) is always well defined and does not pose any challenge to the validity of
the model. In particular, we can compute it explicitly in the two limits x — 1 = € <« 1 and
x > 1. Itis easy to use the computations given above to obtain

. () Y] i
iu u 0 el
—uplug g e
where uﬁll),uglj,and u ) | are real numbers, and the explicit values of the quantities u, as well
as of the phases ¢, are irrelevant for our purposes here.

3.2 Matrix Representation of the Gravitational Redshift Channel:
2 + 1-decomposition

We now move on to the two-mode case. We select modes F; and F» of interest, and once
more construct the corresponding matrix U (). We have

Ui Uy Uro
Ux)=|Ux U Ua |, (29)
Ui U, Uy

where the elements of this matrix satisfy the constraints (12).

The key observation is that the elements Uy, = (Fy|F,,). In particular, we have F, (w) =
x ' F(x % ) in the Alice-to-Bob scenario, and we have already shown above what occurs
to the overlap of two functions related by this transformations when |x — 1| <« 1 and
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P = pop g

wa
F(wa)

WA
F(wa)
VAV AN Pas

WA
F(wa)
VAN )

Fig. 4 Bob-to-Alice scenario: Sketch of the transformation of two modes F and F, into the modes F 1’ and
Fé, respectively. We have chosen the Bob-to-Alice scenario with x < 1 since the modes move to the right in
the frequency domain as y increases, which allows for better visualisation. Note that F2/ has moved outside of
the figure in the last panel. It is clear from the figure that, with increasing redshift, the overlap of all transformed
modes F;, with any of the initial modes F;, diminishes, and eventually vanishes. All frequencies are to be
measured in the local reference frame of Alice

X — +o00. We use the results of the previous sections, and the constraints (12), to obtain the
asymptotic expressions for the matrix (29), which read

iuyy up Uy 0 0 v
Ull+e)=14+ | —uj, iun u e, Ux>1D~= ‘0 ‘0 &L . (30)
—ul, —uy, iugy e'PLl %12 Uy |

We here stumble upon the problem whose presence has been foreshadowed above. The matrix
(30) cannot be unitary for all of the values of x, as is obvious from its form for x >> 1. Figure 4
provides a visual understanding of the 2 4 1-decomposition.

3.3 Considerations on the Domain of Validity

We have presented the two simplest possible applications of QOGRM, namely the 1 4 1 and
2 + 1-decompositions. We have seen that the 1 + 1 case does not pose any problem, while
already in the 2 + 1 case, the decomposition does not hold for all values x 2 of the redshift.

In order to understand why this occurs it is necessary to take a step back and consider
how this model was constructed in the first place. Let us start by looking at the perturbative
regime around x = 1. Since we are trying to construct a unitary matrix U (x), in the regime
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x = 1+ewhere U(x = 1) = 1 itis immediate to see that U () has perturbative expansion

Ux=1+e)=1+U"e, 31
where UVT = —UD . This implies that the elements u,,,,, of U " must satisfy the following:
Uy, are purely imaginary, while u,,, = —u};,, forn # m.

We then note that, according to our construction, we must have the identifications U,,,,, =
Aum = (F,|F),). Since we are working in the small redshift perturbative regime, we have

Apm = Spm + Af,l,,), and therefore our unitary-matrix constraint becomes

e e AL = A (32)

Umnpn = —U nm

We now write the explicit expressions for A, and A,,, below:

+00
A () =x / dwF} (0) Fu(x o),
0

+00

+00
Amn(x) =x 7! /0 doF (o) Fy(x *0) = x /0 dwF (X 0) Fy (o).

The crucial observation at this point is that A, (x = 1) = 0 for all n # m by construction.
Therefore, we expect that A, (x = 14¢€) = Af,il)e to lowest nontrivial order. We therefore
employ x = 1+ € in the two expressions above. The computations are given for the first

expression, while the second is derived analogously. We have
+00
Apmx =146 =(14¢e)7! / doF} (@) Fpn (1 + €)2w)
0
+00
=(1+e¢) / doF (1 + €)*w) Fyu (o)
0

+00
=1 +e) / doF) (1 4+ 2¢€)w) Fy(w)
0

+00 +oo
=c / doF} () Fp(w) + 2¢ / do 0 E () Fp (@)
0 0

400 )
226/ dw oF, (w) Fp(w),
0

+00 X
Apn(x =14+¢€) =— 26/ do wF, (0)F, (w),
0

where to obtain the fourth line we have employed the perturbative expansion of the mode
functions around y = 1 given in (18), while to obtain the fifth line we have noted that
the first term in the fourth line vanishes identically since it is equal to € (F;|F;;) = 0. The
computations above confirm that we can always have the constraints (32) satisfied for all
n, m, including the diagonal terms. Therefore, QOGRM can always be applied to first order
in the small redshift.

The problem with increasing redshift to a finite, perhaps large, amount is that the mode-
overlaps must become very small in the asymptotic limit of infinitely large red- and blueshift
as shown in (26). To see how this leads to a problem, consider that the N 4 1-decomposition
of interest is implemented by the matrix U (y) defined in (11) with constraints (12) that
require that Zgzl |U,1,,|2 = 1—|U,.|?* as well as Zgzl IU,,J_I2 + |Ui1|* = 1. These
two constraints clearly fail when y is large enough. In fact, when x > 1 we have found in
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(26b) that |Apm| < x ' Cpp for an appropriate constant C,,,,, independent of x. Thus, in this
regime one has

N N N
NP =N= U P22 Y x7*ICwpl* = N — x°C,
n=1 n=1 n,p=1

which can be made arbitrarily close to N, and therefore strictly larger than 1 for N > 2, since
C:= ZQ{[J:I |Cnp|2 is independent of .

This, in turn, implies that 1 = ZL Up P +1ULL*P> N+ UL > = x72C > 1for
appropriate choices of y, which is impossible, and therefore QOGRM ceases to be applicable.
The last strict inequality comes from the fact that one has always a value ¥ >> 1 such that
UL 1> — x72C > Oforall x > %.An example where this issue is manifest is presented in

the box below.

Example: vanishing of the overlap of mode-functions with finite bandwidth

One situation where this becomes a concrete issue that can be controlled analyt-
ically is that of functions with finite bandwith. In fact, let Fy(®w) = Rect((w —

wo.x)/0k) f (@), where f(w) is an L' function. Then, one has
L[ 2
[Apm ()] =X /0 do F,f (@) Fin (X~ w)‘
+00 _ A —,
= / dwRect(w wO‘")ReCt(X @ w“"") PO 20)
0 On Om

+00 _ _ 2
:Xflf dwRect(w wO’")ReCt LTE0M ) 14 0) f (" 2w)
0 On X“Om

)

which does not vanish as long as either wg , + 0, /2 > Xza)o,m — Xza)m/Z or
xzwogm + x’0m/2 > won — 0,/2. In other words, as long as there is a finite
overlap between the intervals in which the rectangle functions are non vanishing one
has |Apnn(x)| # 0. Unfortunately, it is immediate to see that, for each condition,
there is always a threshold value of ¥, above which the constraints are violated.
In such case, the overlaps |A,;, (x)| vanish identically, and it is sufficient to choose
x > max{xum} to obtain vanishing overlaps for all modes of interest. This gives
us a matrix U(y) of the form found in (30) for large redshifts, which violates the
prerequisite of the model itself.

4 Extension of the Model to the Full Redshift Domain

We have shown that QOGRM is a model that can always be applied for small redshifts, but
ceases to be applicable within N + 1-decompositions with N > 2 when the redshift is large
enough. The natural question to ask at this point is if there is a fundamental breakdown of
the physics of interest, or if the model can be amended to include all values of the redshift.
Before concluding that the physics of interest is indeed not captured by the common
understanding of the process at hand, we assume that QOGRM must be amended and put
forward the following intuition behind the breakdown of the model: the N + 1-decomposition
initially proposed in QOGRM requires an infinite amount of “environment” modes to be
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collected in a “perpendicular” one. However, given the nature of the transformation (6), and
in particular its “rigidity” in terms of the physically required constraints, we conclude that the
transformation effectively maps all chosen modes to the single existing perpendicular mode
for large enough values of the redshift, which breaks down unitarity (except when N = 1).

4.1 Solution to the Problem: General Approach

The most straightforward solution to the problem is to extend the matrix U () to include all
of the basis B = {F,}, thereby taking the formal expression

Uy ... Uiy ...

v =\, , (33)

N1 .- UNN ...

which implies that it is an infinite-dimensional matrix where Uy, = Ay = (Fy|F),) as
mentioned before.

This immediately poses the question of rigorously defining such an object as well as
how to determine all of its entries in practical terms. In fact, one can in principle construct
a basis B = {F,} and then compute the transformed basis B’ = {F}}, as well as all of the
overlaps A, Itis the clear that, regardless of the technical issue of obtaining all expressions
of interest, QOGRM can in this case be implemented by a formally unitary matrix for all
values of the redshift. This solution is not satisfactory since it requires us to concretely deal
with infinite-dimensional spaces of matrices, and therefore we proceed below to provide an
improvement on the proposed solution.

4.2 Partial Solution to the Problem: Extended Decomposition

The solution proposed above formally solves the problem identified by this work. This is,
however, an unsatisfactory solution for concrete purposes, since it requires the computation
of an infinite amount of quantities as already mentioned. We can borrow from the intuition
provided above and from the fact that the 1 4 1-decomposition does not pose any challenges,
to seek for an “intermediate” solution. We therefore extend the N + 1-decomposition to
and N + M-decomposition, with the idea of leaking the information of the N modes of
interest to additional M effective perpendicular modes in such a way as to maintain the
whole transformation unitary. This approach, if successful, would have the added benefit
of providing a well-defined unitary transformation U (), since the matrix would be finite-
dimensional, at the arguably acceptable cost of requiring M perpendicular modes whose
exact properties one must then obtain through alternative means.
To obtain our goal let us introduce the (N + M) x (N + M) matrix

Un ... Uiy Uiy ... Uiy
Uyt ... Uyn Upnyi, ... Un2
U = ! Mo, 34
0 Uijg o Uy Uiy oo Ulyay (34)
Uiyt o Uiyn Uiy, - Ulyiy
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where the entries of the matrix read Uy, = (Fu|F,,), Ui,m = (F1,|F,), and Uy, 1, =
(F1,|F j_m ), and they are defined by the following constraints

N M

RY =" Upl* + D U, I? (35a)
p=1 p=1
N M

RS :=> UL+ UL, (35b)
p=1 p=l
N

Cl, =Y |Upl? +Z|UL,,”| (35¢)
p=1 p=1
N M

Ch=Y UpL, P+ UL =1, (35d)

1 p=1

S
Il

in order for the matrix U () to be unitary.
We then compute the two following combinations of constraints Zflvzl R, and Zn | RY,
and obtain

N N N
ZR;[;:ZZ| np| +ZZ|Uan =N,
n=1

n=1 p=1 n=1 p=1
M M N M M
RY = UL >+ UL | > =M
n — Lup J—nJ-p -
n=1 n=1 p=1 n=1 p=1

Thus, we have

N N N M M N M M
N+M= I U+ YD MU, P+ D D WL P+ DY UL, 1P

n=1 p:l n=1 p:l n=1 p=1 n=1 p=1
=ZZIUnn| 3 AT
n=1 p=1 n=1 p=1

which has been obtained by using the fourth constraint Zg/[:] C}, = M that appears in (35).
This immediately gives us

M N
Unpl? + Y UL % (36)

n=1 p=1

uMz

We now use the same argument as the one employed before to note that, for a large enough
redshift x, we will inevitably have |U,, 1> < C, X =2 for appropriate constants C,, p indepen-
dent of x. Thus,

M N
=Y D IWUL,P =Cx 7 (37)
n=1 p=1

where we have introduced the constant C := 221:1 Zg:1 Chp- Crucially, C is independent
of x.
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Finally, we have the constraint

M N M N
DY MWL =M= UL, P <M.

n=1 p=1 n=1 p=1

All of the results above imply the sequence of inequalities

M N
N-M<N=> YU, <Cx" (38)
n=1 p=1
which give us our final constraint
N-M=<Cx " 39)

Since (39) applies for all x >> 1, we have that the matrix can be unitary for all redshift if and
only if N < M. Thus, the smallest matrix U () that satisfies the constraints is a 2N x 2N
matrix.

We conclude that the proposal of an N + N-decomposition appears to solve the domain
problem inherent in QOGRM and allows for employing the model for all values of the
redshift. However, we note that by imposing the constraints (35) we have effectively provided
a necessary condition for a solution to exist: in fact, by enforcing (35) we are showing that
the conditional solution of interest, i.e., the N + N-decomposition, does have the properties
required and consequently is a necessary condition for unitarity. This comes at a price, which
is the presence of at least N environment modes, or perpendicular modes, that are not a priori
known. In general, the knowledge of the exact nature of such modes might not be necessary,
however, if it were the case that such knowledge was necessary, effort must be spent to obtain
them. When the number of these perpendicular modes is low it is reasonable to expect that
analytical expressions can be obtained. This might also occur if particular symmetries or
other generic properties play a crucial role in the process. In all other cases, one might need
to resort to numerical solutions. These issues are directly related to the arbitrariness available
in the choice of the perpendicular modes. If it were possible, for example, to prove that such
modes must have specific generic properties, given those of the N modes of interest, this
might aid in the quest of determining them when necessary. Understanding the degree of
freedom in choosing the environment modes, together with studying their properties, is left
to future work.

5 Considerations and Outlook

We have studied the validity of the QOGRM model first proposed in the literature [13],
further developed in subsequent work [14, 17], to understand the effects of gravitational
redshift on the quantum state of a photon. We have focused on the applicability of this model
for all values of the redshift x, and we have found a simple family of scenarios where the
transformation violates the assumption of unitarity. In particular, the aspect at the centre of
the issue is the model’s assumption that all unwanted degrees of freedom in the system, which
is infinite dimensional, can be collected in one “environment mode”. In the following, we
provide considerations on the highlighted issue as well as on the proposed partial solution,
and provide an outlook onto future work.
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5.1 Considerations on the Validity of the Model

The aspect to be considered is if the mode-mixing model QOGRM originally proposed to
implement gravitational redshift in a quantum field theoretical scenario is correct in the first
place [13]. That the original proposal is expected to have a regime of validity where it can be
consistently applied can be deduced by the fact that all experimental evidence suggests that a
photon propagating through a weakly curved spacetime, such as that surrounding the Earth, is
always received as a single photon if sources of loss are ignored. In fact, modern experiments
are employing single-photons to establish entangled links between distant nodes, a process
that can be performed with reasonable success [46—53]. The received photons will, in general,
be different from the ones that have been sent, although the number of photons is conserved.
In the parlance of quantum optics, this process can be viewed as a passive operation, which
is modelled as a mode-mixing operation [18]. Since no propagation in curved spacetime
(x = 1) means that the photon remains identical to itself, while a propagation along an
infinitesimal distance is expected to induce a very small change in the state of the photon
(equivalent to the small redshift regime | x — 1] <« 1), we conclude that gravitational redshift
can be modelled as a continuous map around the identity operator U(x = 1) = 1. The
conclusion one reaches following this argument is that QOGRM can be correct at least in
the regime of very small redshift. Note that here we have assumed that any potential effect
of particle creation is nonexistent or negligible, since particle creation would imply that the
transformation is active, and the matrix U () ) symplectic but not unitary. That time-dependent
frequency-shifts might lead to particle creation has been discussed in the context of observers
that do not share the same vacuum state [54]. While such scenarios are not considered here,
because we opt to focus on setups where observers share the same vacuum, it is an open
question to understand if and when gravitational redshift can be associated to not only mode
mixing, but also particle creation.

We then note that gravitational redshift is an effect that has been first derived in the
context of classical (in the sense of quantum mechanics) physics [15, 16], and it is within
this approximation—where quantum aspects can be ignored—that the effects have been
measured [32-35]. Nevertheless, photons are intrinsically relativistic and quantum systems,
and therefore it is natural to seek an extension of the effect as put forward in the seminal work
on this topic [13]. While the original proposal has been expanded and developed in subsequent
work [25, 55-57], the back-reaction of the field excitation on the gravitational field, and
therefore on the quantum field itself, has not been considered. This is standard in works of
quantum field theory in curved spacetime, where the fields of interest are considered to be
probe fields, i.e., they are assumed not to carry enough energy to bend spacetime comparably
to other distributions of mass and energy [26]. Therefore, QOGRM can be considered a
stepping stone towards the understanding of the nature of the gravitational redshift in a fully
relativistic and quantum theory at least at low energies, where the interaction between the
photon and the gravitational field must be taken into account.

Another important observation concerns the role of the mode structure of the photons.
Our work indicates clearly that the smallness of the redshift, i.e., how close |x — 1] is to
0, is not enough to determine the fact that a regime under considerations allows to write
Ux = 14¢) ~ 1+ U™e" to lowest order. To understand this aspect we note that
perturbation theory can be applied only if the resulting expressions are such that the product of
the coefficients in front of the perturbative parameter with the corresponding order parameter
itself, remain small. Concretely, u™e” « 1 forall n and u® Vet « y™e” In the case
under consideration, the coefficients ufll,,i of UV are expected to satisfy uﬁ},&e < 1 for all
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u,(,l,,), # 0. However, it can well be that, given a fixed e, uﬁll,,)le = O(1) for certain mode

configurations since these coefficients do depend on the mode structure. We provide an
illustrative example to better clarify this aspect in the example below.

Example: Deformation of Gaussian wavepackets with complex phase

Let us assume that F () = (v/270)~1/2e~@=@0)*/(4%) =i js 4 normalized Gaus-
sian mode function. Then, we compute A(x) = (F|F’), and we obtain

212 o} 2_1)2 4
NS R N G V o R el Vil Y G e SN
A(X) = —— ¢ 4 441 o2 e x40 e xA+1 B

x4t +1

It is immediate to verify that A(x = 1 +¢€) ~ 1 —2ipwpe and [(F'|F1)| = |A(x =
1+e)|~1-— }T((%)z + 40‘2(p2)€2 to lowest nontrivial order, as already observed in
the literature [13]. Here, we can immediately identify the first element of the U ()
matrix with A(x = 1 + €), which confirms that the first-order correction is purely
imaginary as predicted above. Note that pwpe < 1 as well as a®e? < 1 for the
perturbative expansion to be valid, where a® is the coefficient of the second order
term. It is immediate to see that one cannot naively evaluate |[A(x = 1 + €)| in its
perturbative form for arbitrary values of ¢. In fact, while the full analytical expression
guarantees that |A(x = 1+ ¢€)| > 0 for all ¢, its total expression to second order in
€ can become negative for sufficiently large values of ¢.

\. J

As mentioned above, if we were to take the first order contribution of A(x =1 —¢€) ~
1 + 2ipwoe for all values of ¢ it might seem that this term can grow linearly indefinitely
as a function of ¢. However, it is clear from the full expression A() that such unbounded
linear growth cannot occur. This is but one simple example that highlights the subtleties of
perturbative expansions.

We now move on to discussing the intriguing interplay of deformation and phase shift.
The interplay of genuine deformation and genuine redshift has already been introduced
and studied in the literature [43]. The former is defined as the maximum value of |A(x)|
obtained by taking the transformed mode F’ and optimizing over rigid shifts of the frequency
spectrum as a whole. The amount of translation in the frequency domain that is necessary
to optimize the overlap was defined as the genuine redshift. In this work we have found
that the perturbative expansion (21) of A(1 + €) tells us that |A(x)]| is always obtained at
second order in €, in agreement with preliminary results in the literature [43]. More work
is necessary to understand mode-overlap optimization in the slightly more general context
presented here.

The quest for characterizing deformation and shift of the wavepacket brings us to make the
following crucial observations: first, when F is real its phase 6 vanishes and it immediately
follows that k = — fdxx é(x) pz(x) = 0 as well as ,u2 = fdx x2,(')2(x), and therefore
F = 1+ O(e?). The role of the phase 6 was already discussed in the literature [43]. Second,
there is an optimal value «°P of « for which A, = 2™ (1=5)€ and |A¢] = 1 to order
€. In this case, we see that there is no deformation to the first two nontrivial perturbative
orders, however, gravitational redshift acts as an overall phase shift in the mode as long as
kPt £ 0. That the overall effect vanishes completely only occurs when «°P! also vanishes,
which requires 4? = [ dx x? p%(x) = 1/4. Most importantly, the value of ¥°P* depends
solely on the properties of the modulus p = |F|? and is independent on the redshift. With
these intriguing preliminary considerations in mind, we leave it to further work to study
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the resilience of optical modes to being transformed by the effects of gravity, as well as
to engineer frequency profiles that can be used to either maximize or minimize the effects
according to the desired outcome.

5.2 Applicability within and Beyond the Perturbative Regime

The quantum optical model QOGRM studied here, including the N + M-decomposition of
the unitary matrices proposed to extend the domain of validity of the original model, can be
validated experimentally only for small values of the gravitational redshift. Interestingly, the
magnitude of the effects does not only depend on the redshift itself, which is a dimensionless
quantity, but it also depends on the parameters of the mode function as well. It can come as
a surprise, at a superficial glance, that the magnitude of a dimensionless quantity such as the
redshift parameter is not sufficient to determine the scenarios within which its contribution
is de-facto small, in particular within a framework where the effect should be determined by
a background configuration (i.e., the spacetime) that is external to, and independent from,
the system itself. Nevertheless, it should be clear from all of our considerations in this work
that, since the transformation of interest, as an effect, moves and deforms the wavepackets
of the photons in frequency space, it follows that the magnitude of the overlap of initial and
transformed wavepacket will in general depend on the wavepacket itself. While we have
already stressed this point multiple times before, we add here another dimension to this
aspect. General relativity and quantum mechanics are, as far as our current understanding
goes, completely independent theories.” Quantum field theory in curved spacetime is perhaps
our best approach to study the dynamics of quantum systems when they are placed in a
background dynamical spacetime [26]. Excitations of quantum fields are treated, as already
mentioned, as small perturbations that do not back-react on the configuration of spacetime.
Within this context, gravitational redshift is a classical effect that is predicted by general
relativity. It remains to some degree unclear if the redshift is effectively experienced by the
photon, or if it originates from the mismatch of frequencies as measured locally by two
users placed at different locations in a curved background [59, 60]. In this sense, it is by
no means self evident that such effect should be visible in the kinematics of propagating
quantum photons. Even more strikingly, it is also not self evident that quantum properties
of the propagating systems should be sensitive to the gravitational redshift in the first place.
Therefore, we find it intriguing that the quantum state of a photon deforms differently as a
function of its defining properties, in particular quantum coherence (i.e., a nonzero phase 6
in our work). An important observation is the following: if this effect cannot be recovered by
studying the interaction of propagating photons in curved spacetime with gravity, we would
be in principle able to discriminate between “redshift as a local frequency mismatch” and
“redshift due to propagation”. We can thus say that, while we have found a necessary condition
to solve the problem by including at least one auxiliary mode F; for each mode F of interest,
not only it is remains unclear how to determine the space of solutions {F  }, but it is to date
not possible to conclude whether this model would pass the test of experimental validation
if it were possible to measure the effects of very large gravitational redshift, such as in the
case of photons emitted close to the event horizon of a black hole on realistic photons [29],
since it would be necessary to know the frequency profile at the point of emission in order
to compute the overlaps A,,,. We leave these questions, including how this phenomenon

7 We do not enter here the debate of determining a theory of quantum gravity [58], since this is not relevant
to the energy scales where the effects discussed in this work could be tested in the near future.
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occurs, what mechanism enables it, and what occurs beyond weak gravity (or small redshift)
to future work.

5.3 Impact on Current Efforts in Quantum Technologies

We have argued in this work that it is possible to extend the validity of QOGRM to the full
redshift domain. A natural question to ask is if this has a measurable effect on existing or
future technologies, in particular in view of the planned deployment in space of parts of a
global quantum network [9—-11]. There is an increasing body of work dedicated to answer this
question. In the past years it has been shown that the physical process discussed here can in
principle affect, for example, quantum key distribution and quantum communications [1-5,
61, 62]. In such cases, discrimination of states in terms of their spectral properties is crucial for
the success, and therefore any deviation from perfect distinguishability or indistinguishability
might lead to the degradation of the channel. Additionally, it has also been argued that a
change in the quantum state can be employed in quantum metrological schemes to improve the
measurement sensitivity of relevant physical parameters, such as distances, planetary masses,
and rotation frequencies [20, 21]. Furthermore, the predicted state changes might accumulate
during the distributed processing of complex quantum information within complex scenarios
revolving around quantum information processing for the quantum internet [63, 64], thereby
leading to increased error rates that need to be taken into account and corrected for.

While existing sources of noise and loss are the predominant effects to be taken into
account in the design of future quantum communication technologies [65-69], effects of
gravitational redshift can potentially become measurable within dedicated experiments since
the magnitude of the effects need not be insignificant[13]. Given the constant improvement of
the performance of photonic sources and capability of measurement devices, it is reasonable
to believe that it is only a matter of time before gravitational redshift deformations of quantum
states of photons will be measurable.

5.4 Outlook

We conclude by providing a brief and not exhaustive outlook for this work. In order to
better understand physical phenomena relevant to this work, it is desirable to predict grav-
itational redshift from a more fundamental perspective of relativistic and quantum physics.
One potential avenue is that of quantizing linearized gravity coupled to matter or fields, that
is, an approach where the background gravitational field is a perturbation of flat Minkowski
spacetime and the fields are both quantized [31]. The resulting Hamiltonian contains an inter-
action term between the stress energy tensor of a (quantum) field. This approach has been
key in recent times to studies of the interaction of gravitons with matter in the context of the
interplay between the effects of quantized gravity and matter dynamics [70-72]. An initial
effort in this avenue has recently produced interesting preliminary results [73]. Progress in
this direction can aid our understanding of the interplay of general relativity and quantum
mechanics in the low energy and weak curvature regime.

It is also important to briefly outline potential alternative avenues for testing the effects
predicted here. One such avenue of study is an analogue model where the kinematics of a
system that is controllable in a laboratory mimic those of interest [74]. Regarding the case of
interest here, a simple scenario could include the electromagnetic field propagating within
a nonlinear medium that reproduces, at least qualitatively, the effects. Nonlinear media are
known to provide an ideal test-bed for many applications, including the aforementioned
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studies of analogue gravity [75]. Pursuing this avenue would have the added advantage
that, if a suitable toy-model can be devised whose predictions match those of this work
at least in the weak-gravitational regime, such predictions could also be measured in an
Earth-based experiment. This would not only reduce dramatically the costs of developing a
first-of-its-kind experiment using conventional satellites, but it would also provide a proof-
of-principle demonstration to be used in the design of more advanced ground-to-satellite or
satellite-to-satellite experiments. Another avenue for testing the predictions of this work has
been opened by the development of the CubeSat and Nanosat technology [76-78]. These
satellites are small and inexpensive as compared to their conventional counterparts, and they
enjoy a customizable plug-and-play approach to satellite and payload design, thus enabling
affordable devices with reasonable lifespans. Such platforms are already used for different
purposes within academia and industry, including quantum science in space [79-81], and it
can be envisioned that a single photon source with the desired specifications could be loaded
on a CubeSat to be used for proof-of-principle experiments.

6 Conclusions

In this work we have studied the domain of validity of a recently proposed quantum-optical
model of gravitational redshift, called QOGRM, that can been implemented as a multimode-
mixing gate on photonic quantum states [13]. We have found that the domain of validity of
the model, in its current form, does not extend to all values of the redshift but is limited to
small redshift conditional to the defining parameters of the photon. Such parameters include
those determining the mode structure of the photons, the distance between users exchanging
photons, and the strength of the local gravitational field. We identified the nature of the
problem, which laid in the breakdown of unitarity of the transformation for large redshift
due to a non-injective map between the modes of interest and a single artificial environment
mode, and we obtained a necessary condition to solve the problem based on extending the
unitary transformation to include a sufficient number of auxiliary modes to restore unitarity.
This condition comes at the price of determining the properties, when such properties are
required, of the auxiliary modes, whose number scales only linearly with the number of input
modes of interest. Tackling this issue can be done analytically for small numbers of modes
or using numerical methods in the case of large numbers of modes.

We concluded our work by providing a discussion on the implications of our results for the
study of gravitational redshift as a quantum phenomenon in particular, for the understanding
of relativistic quantum physics in the low energy and weak gravity regime more broadly, as
well as on the impact on planned space-based quantum technologies.
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