Computer Physics Communications 323 (2026) 110089

journal homepage: www.elsevier.com/locate/cpc

Contents lists available at ScienceDirect

Computer Physics Communications

COMPUTER PHYSICS
COMMUNICATIONS

Computational Physics

L))

Check for

Accelerating multigrid with streaming chiral SVD for Wilson fermions in | e

lattice QCD

Travis Whyte (2 | Andreas Stathopoulos 2, Eloy Romero ¢

aJiilich Supercomputing Center, Forschungszentrum Jiilich, Jiilich, 52428, Germany
b Department of Computer Science, William & Mary, Williamsburg, Virginia, USA
¢ Thomas Jefferson National Accelerator Facility, Newport News, Virginia, USA

ARTICLE INFO ABSTRACT

Editor: Prof. Z. Was

Keywords:

Lattice quantum chromodynamics

Multigrid
Iterative methods

A modification to the setup algorithm for the multigrid preconditioner of Wilson fermions in lattice QCD is
presented. A larger basis of test vectors than that used in regular multigrid is calculated by the smoother and
truncated by singular value decomposition on the chiral components of the test vectors. The truncated basis
is used to form the prolongation and restriction matrices of the multigrid hierarchy. This modification of the
setup method is demonstrated to increase the convergence of linear solvers on an anisotropic lattice with m, ~
239 MeV from the Hadron Spectrum Collaboration and an isotropic lattice with m,_ ~ 220 MeV from the MILC
Collaboration. The lattice volume dependence of the method is also examined. Increasing the number of test
vectors improves speedup up to a point, but storing these vectors becomes impossible in limited memory resources
such as GPUs. To address storage cost, we implement a streaming singular value decomposition of the basis of
test vectors on the chiral components and demonstrate a decrease in the number of fine level iterations by a

factor of 1.7 for m, ~ m

crit*

1. Introduction

Quantum Chromodynamics (QCD) is the theory of the strong in-
teraction, which governs the dynamics of quarks and gluons. A non-
perturbative approach to QCD is lattice QCD, wherein the equations gov-
erning the strong interaction are discretized to a hypercubic spacetime
lattice where they can be solved numerically. One of the most computa-
tionally expensive parts of any lattice QCD calculation is the generation
of propagators, which are created by solving systems of linear equations

Dx=b (€9)

where D € C"™" is the lattice Dirac operator, a large sparse matrix aris-
ing from the discretization of the quark and gluon fields. This matrix has
a dependence on the underlying background gauge field, quark mass
and volume of the spacetime lattice. As the mass of the light quarks
approaches their physical value, the eigenspectrum of the lattice Dirac
operator approaches the origin of the complex plane. In this regime,
iterative solvers experience critical slowing-down, wherein the number
of iterations required for the system of linear equations to reach con-
vergence begins to drastically increase as the lowest eigenvalues of the
matrix approach zero. Critical slowing-down is also experienced as the
volume of the lattice grows larger, which results in increased density of
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the matrix spectrum near zero. This increased density near the origin of
the complex plane further increases the difficulty of solving the system
of linear equations, and preconditioning methods of the iterative solvers
are required.

Many preconditioning methods have been developed and used
within lattice QCD to combat the increasing computational cost of gen-
erating propagators. Such methods include even-odd preconditioning,
ILU, additive and multiplicative Schwartz, deflation, polynomial pre-
conditioning and most recently, multigrid; see a good introduction to
these techniques at [1]. In the first multigrid attempts for lattice QCD,
a renormalization group approach was utilized to construct the multi-
grid hierarchy (see a review of early work at [2]). While the multigrid
preconditioner created in this approach exhibited speedup compared to
regular methods, critical slowing down was not fully eliminated on the
finest grid. It was not until the advent of adaptive multigrid [3] that
a successful multigrid preconditioner for Wilson fermions was created.
In adaptive multigrid, the components of the error that the smoother
cannot sufficiently reduce, i.e. the low frequency components, are ex-
posed by using the smoother to create a set of algebraically smooth near
null or test vectors. These test vectors are rich in components in the di-
rection of the low-lying eigenspace and are used to create a coarse grid
matrix through a projection of the original fine grid matrix. This process
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can be performed recursively to create matrices associated with coarser
grids.

The number of test vectors used to create the coarse grid matrices
must be chosen judiciously. A large number of test vectors results in
coarse grid matrices that are efficient at reducing the error associated
with the low lying eigenspace but are expensive to apply. This is be-
cause the degrees of freedom at each grid point of the coarser grid, and
by extension the number of non-zeros of the matrix, scale quadratically
with the number of test vectors. Consequently, there is an overall in-
crease in the time to solution due to the cost of the stencil application
and the time spent communicating the enlarged halos [4]. Conversely,
having too few test vectors leads to small coarse grid matrices that are
inexpensive to apply. However, the resulting preconditioner may not
adequately reduce the error associated with the low-lying eigenspace,
which results in slower convergence. We are motivated in looking for an
improvement in the multigrid setup process that can achieve the con-
vergence properties of a multigrid preconditioner created with a large
number of test vectors while maintaining the cost of one constructed
with a smaller number of test vectors.

Since Ref [3], multigrid preconditioners for other fermion discretiza-
tions have been created, eg. Brower et al. [5,6]. However, little work has
been done to improve the multigrid setup process for Wilson fermions
beyond its initial implementation. Most studies have focused on specific
parts of the setup process, such as smoothers [7,8], reducing the con-
dition number of the coarse grid matrix [9,10], or replacing the multi-
grid preconditioner with a deep neural network [11]. In this article, a
modification of the setup method for the multigrid preconditioner of
Wilson type fermions is presented, which improves the basis of test vec-
tors used to create the coarse grid matrices through a singular value
decomposition and subsequent truncation of the basis. In Section 2,
the discretization for Wilson fermions and their multigrid setup method
are reviewed. In Section 3, we introduce the singular value decomposi-
tion setup method, the modifications for Wilson type fermions and the
streaming method used to address the storage cost of the enlarged basis
of test vectors. Section 4 demonstrates the applicability of the method on
two separate gauge configurations from the MILC Collaboration and the
Hadron Spectrum Collaboration and examines the volume dependence,
as well as the performance of the streaming method. In Section 5, we
summarize our results and provide future avenues of research.

2. Background
2.1. Multigrid for Wilson type fermions

Classical multigrid fails due to the near random nature of the SU(3)
gauge links. Only with the advent of adaptive multigrid was it possible to
obtain a preconditioner for the Wilson-Dirac operator that significantly
mitigated critical slowing down of the solver, that is, the number of
iterations was increasing more slowly as the operator mass approached
the critical mass. Under adaptive multigrid, the smoother is tested on
the homogeneous equation Dy; ~ 0 to create a set of k near null or
test vectors, ¥ = [y, ...,y ], with random initial guesses, ¢,. That is
equivalent to do

v, =¢; + u/l.’ where Dy/‘.’ ~ -D¢;, fori=1,... k. 2)

This procedure generates y; rich in components of the error that the
smoother is not able to easily resolve, i.e. the low frequency compo-
nents of the error. The test vectors generated display the phenomenon
known as local coherence, wherein the smooth test vectors approximate
the low lying eigenspace of D on a given domain [12,13]. Thus, in
the smooth aggregation approach, these smooth test vectors are then
blocked according to a domain decomposition of the underlying grid,
which means that each test vector is split into multiple vectors, each
having support only on one of the subdomains. These vectors then be-
come the columns of the prolongator matrix, P. The restriction matrix, R,
is typically taken to be R = P'. However, the success of the multigrid
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preconditioner for the Wilson-Dirac operator relies on “chiral splitting”,
wherein the smooth test vectors are further split into chiral components
by applying the projectors 1 + ys which split the spin components of ¥
such that

= =1,2 =1,2
W0 = [y

e N ®)

where « labels the chiral index and g labels the spin index of the test
vectors. Color indices have been suppressed for brevity. The blocked
and chirally-split test vectors are then orthonormalized on each domain
of the spacetime lattice A; € A= {Ay,...,A;} and the prolongator is
formed as

(a) .

v, (x) ifxeA;

Puij(x) = ! ’ ()]
W {O otherwise

where x denotes the lattice coordinate. This results in a block diagonal
matrix of dimension n x 2kd, where d = |A|. The use of the projectors
1 + y5 enforces the symmetry y; P = Pos, where o3 is the third Pauli spin
matrix, and ensures that if a right singular vector is in the range of P, a
left singular vector is in the range of R. The coarse grid matrix is then
formed via

D,,; = RD,P. 6))

This process is repeated recursively beginning with the coarse grid op-
erator D, to form successively coarser grids. The projector (1 + ysf ) is
used to perform the chiral splitting, where ysf = o3 for £ > 0. The multi-
grid setup process is summarized in Algorithm 1. Typical applications
of multigrid in lattice QCD utilize the multigrid hierarchy in a K-cycle
[14] as a preconditioner for a flexible outer solver such as FGMRES or
GCR. For a more detailed discussion on the formulation of the multi-
grid preconditioner for Wilson fermions, we refer the reader to [3] and
Section III A of Ref. [5].

Algorithm 1 The multigrid setup algorithm for Wilson fermions.
Input: D,, A, d, k, ¢
Output: D,,(, R, P
1: for £ =0,...,0,— 1 do

fori=1,...,kdo

Smooth on D,y; ~ 0 with random initial guess
end for
Apply the projectors (1 + ysf) oW =[y...,yl
for a =0,1do

forj=1,...,d do

Orthonormalize W®(A,)

end for
end for
11: Form P as in Eq. (4); take R = P'
12: Form D, = RD,P
13: end for

max

© ® NI AW

-
=4

3. Chiral SVD of the multigrid basis

As mentioned earlier, a larger number of test vectors captures better
the near null space providing a more effective preconditioner in terms
of multigrid iterations. However, the size of the coarse grid matrix (2kd)
also increases and thus it is not beneficial to increase k beyond a certain
value'. This tradeoff in smooth aggregation behavior is also common in
other fields, and various approaches have been proposed to improve the
quality of the test vector basis [15-17].

1 a value of k around 24 is often used for the first level, and between 32 and

96 are often used for the subsequent levels.
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One such approach finds m > k smooth test vectors and truncates
them to their best rank-k approximation using the singular value de-
composition. Using the rank-k approximation as the multigrid basis
of smooth test vectors was given in [16] and was shown to increase
the performance of the multigrid preconditioner for two-dimensional
anisotropic heat diffusion equations. It was also used in Ref. [15] to
form composite aggregate preconditioners in bootstrap AMG. We re-
view the rank-k approximation method given in [16] and then specify
the modifications needed for Wilson fermions in lattice QCD.

To simplify the presentation of the method, we briefly assume only
one degree of freedom per site (that is, every lattice site is then described
by a single number) on a lattice of volume V' and a uniform domain de-
composition of the lattice where each domain A; contains n, lattice sites.
Given a set of m > k smooth test vectors at level Z, ¥ = [y, ..., y,,],
consider its singular value decomposition restricted to a particular do-
main A;, ¥(A;) = UZV'. Let U, € C"* be the first k left singular
vectors, £, € R¥¥ the first k singular values and ¥, € C"™ the first k
right singular vectors. Then, the best rank-k approximation to W¥*)(A,)
in terms of the 2-norm error is U, X, V]:r ~ P )(A). Then we can use
the rank-k left singular vector basis for this approximation to obtain the
prolongator for the next level, i.e., setting P; = Uy for each domain.

The extension of this method to Wilson fermions in lattice QCD is
straightforward. The lattice sites are described by twelve degrees of free-
dom: 4 from the spin components and 3 from the color components.
Guided by the required chiral splitting in the regular set up method,
the singular value decomposition is performed separately on the chi-
ral components of the initial set of m smooth test vectors given by (3),
resulting in six degrees of freedom per lattice site for each chiral in-
dex. Let UWET@ Y = wad)(p ;) be the singular value decomposition
of W@(A,). Then, for a = 0, 1, the prolongator is formed as

() :

u, (x) ifxeA;

P,.(x)= i J. 6)
i ) {0 otherwise

As the singular value decomposition creates a basis of m orthonormal left
singular vectors for each chiral index, the orthonormalization of step 8
in Algorithm 1 is not needed. We summarize the full multigrid set up
algorithm utilizing the chiral SVD (CSVD) in Algorithm 2.

It is apparent that the cost of creating the multigrid preconditioner
using Algorithm 2 scales as O(m) in the number of linear systems to be
smoothed and incurs also a much smaller O(nm?) SVD cost. Thus, it is
more expensive and requires more storage than Algorithm 1. However,
most applications in lattice QCD require solving Eq. (1) many times.
Spectroscopy, which uses the distillation method [18], requires Eq. (1)
be solved with 9(10*) right hand sides. In such a situation, the increased
cost of generating more vectors would be heavily amortized. In the fol-
lowing section, we address the cost of storage through a streaming SVD,
or incremental SVD (iSVD) method.

3.1. Streaming CSVD of the basis

The storage cost of the CSVD method in the preceding section scales
linearly with m for a fixed domain size. A problem arises when it is
necessary to choose a large value of m to obtain optimal multigrid per-
formance (as shown in Section 4), but the computational platform has
memory-constrained resources, such as GPUs, and therefore not all test
vectors can be stored to compute the SVD. To address this, we imple-
ment an iSVD [19] method, which incrementally calculates approximate
singular triplets of a matrix that is not available in its entirety but is
streamed in windows of columns.

To facilitate the discussion of iSVD, we define the matrix

(@) _ @y
®7A)=U0"%7, )
where U,i") and ZZ”) are the first k left singular vectors and singular

values of W*(A;). Let each stream be labeled by subscript s, the number
of streams be represented by n, and the size of the initial basism = k + r,
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Algorithm 2 The multigrid setup algorithm for Wilson fermions with
CSVD.
Input: D, A, d, m, k, €.«
Output: D, R, P
Require: m > k
1: for £ =0,...,0, — 1 do
2: fori=1,...,mdo
3 Smooth on D,y; ~ 0 with random initial guess
4 end for
5: Apply the projectors (1 + yg) to W = [yy,....¥,]
6: fora=0,1do
7
8
9

forj=1,...,d do
W02, 29, V9] = rank-k SVD(¥*(A,))
: end for
10: end for
11: Form P as in Eq. (6); take R = P¥
12: Form D, = RD,P
13: end for

where r is the number of test vectors generated at each stream. At the
first stream, iSVD does not have any prior rank-k approximation, so
<I>;{“) (A;)o = 9. For each stream then, iSVD updates the approximation as

@”(A)), = rank-k SVD(I®V(A)), ;. ¥D(A,),]) 8)

where W@ (A;); are the r newly generated test vectors during the
stream s, which are appended to <I>§(")(A i)s—1- In Eq. (8), the operation
rank-k SVD refers to obtaining the k dominant singular triplets of the
matrix. During each stream, the SVD is performed on Eq. (8) and the
first k left singular vectors and singular values are kept as in Eq. (7).

Algorithm 3 The iCSVD algorithm.
Input: D,, A, d, m, k, r, n, Output: U,
Require: m = k + r. Initially m = r and CI)E,’f)(Aj)_l =0
1: fors=0,...,n,— 1 do
2: fori=1,...,rdo
: Smooth on D,y; ~ 0 with random initial guess

3

4 end for

5: Apply the projectors (1 + ysf) to ¥, = [y, ..., y,]
6: fora=0,1do

7 DA, = [N FON)),]

8 forj=1,...,d do

9 09,29, V9] = rank-k SVD@{(A),)

10: if s ==n, — 1 then

11: return U,

12: else

13: @A), = UMz
14: end if

15: end for

16: end for

17: end for

Algorithm 3 gives our implementation of the iSVD algorithm, which
accounts for the chirality of the test vectors. We therefore refer to it as
incremental chiral SVD (iCSVD). Streaming SVD does not compute the
singular vectors as accurately as SVD on the full set of vectors. However,
its accuracy is typically higher than what is needed to build multigrid
prolongators. Moreover, iCSVD allows us to sample a larger number of
test vectors incrementally, keeping only the first k left singular vectors
and singular values for each stream, resulting in a total space complexity
of O(nm). In contrast, the non-streaming version of this method would
need to store nym test vectors for a comparable sample, resulting in a
total space complexity of O(nn,m). The iCSVD then allows us to sam-
ple more test vectors without the increase in storage cost and should
result in a more effective preconditioner. Additionally, the use of iCSVD
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slightly reduces the total time complexity, which scales as O(nn,m?),
compared to a single SVD on all vectors. For example, if the number
of test vectors used for the streaming version is m, and the number of
test vectors for the non-streaming version is n,m, then an equal number
of test vectors have been sampled between the two methods. However,
the time complexities between the two methods will differ by a factor
of ng, leading to a speedup in the total time spent performing the SVD
by a factor of O(n,). Algorithm 4 summarizes the full multigrid setup
algorithm with the iCSVD method.

Algorithm 4 The multigrid setup algorithm for Wilson fermions with
the iCSVD method.
Input: D,, A, d, m, k, r, ng, ¢
Output: D, R, P
Require: m=k+r
1: for £ =0,...,00, — 1 do
2: U, =iCSVD(Dy, A, d, m, k, r, ny);
3: Form P as in Eq. (6); take R = P¥
4 Form D, = RD,P
5: end for

max

4. Numerical experiments

The setup method with CSVD is tested against regular multigrid
within the MG_PROTO [20] library for two different types of lattice config-
urations. The first, which we refer to as Ensemble A, corresponds to an
anisotropic lattice of dimension 323 x 256 with a pion of mass m, ~ 239
MeV from the Hadron Spectrum Collaboration [21,22]. The gauge links
arising from these configurations are stout smeared [23]. See [24] for
more information relating to these lattices, including scale and mass
determination. The second, which we refer to as Configuration B, corre-
sponds to an isotropic lattice of dimension 323 x 64 with a pion of mass
m, ~ 220 MeV from the MILC Collaboration [25,26]. In this Clover on
HISQ action, the gauge links are smeared with one iteration of HYP
smearing [27]. Ref. [28] contains more information on the determina-
tion of the relevant physical properties of this ensemble. All experiments
were performed on eight nodes with Intel Xeon Gold 6130 processors
having 2 x 16 cores. In all experiments, the results are averaged over ten
right hand sides and FGMRES was used as both a smoother and solver
for each level. Unless explicitly stated otherwise, 8 iterations of a post-
smoother were utilized on levels # = 0, 1 and the linear systems on levels
¢ = 1,2 were solved to a residual tolerance of ||r,||, = 0.03]|b,||,. In all
experiments, the first coarse level was created with an aggregate size of
4%, and subsequent levels were created using aggregates of size 2*. When
comparing to the regular MG setup method, we use the same number
of test vectors to ensure that the coarse grid matrices are the same size
and density between the two methods.

4.1. Size of the multigrid basis

As the size of the initial multigrid basis m is increased, it is natural to
expect that more information about the near null space is captured by
the preconditioner, leading to an increase in convergence of the linear
equations. Typical applications of multigrid in lattice QCD use between
24 and 32 test vectors. However, the CSVD allows us to calculate an ini-
tial basis size of m > k and incorporate information from the test vectors
that the regular setup method ignores. It is thus important to quantify
the performance increase offered by increasing m.

Fig. 1 shows the mean execution time for solving the systems of lin-
ear equations for both Configuration A and Configuration B. The basis is
truncated at k = 24,32 for levels # = 0, 1, respectively. A general trend
is observed for both configurations: as m increases, the mean execution
time decreases. This is in line with expectations that additional infor-
mation from the exposed smooth modes is made available to the pre-
conditioner. It is also observed that a saturation in the speedup begins
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between m = 96 and m = 128, indicating that beyond m = 96 the rate of
new near-null information in test vectors reduces and the quality of the
prolongators stabilizes.

4.2. Optimal truncation

The number of test vectors used to create the prolongation and re-
striction matrices is an important determination. Too few vectors results
in a poor preconditioner and too many test vectors results in large and
dense coarse grid matrices that are expensive to apply. It is thus impor-
tant to examine the rank of the truncation utilized.

The singular spectra of the test vectors provides some information
for this determination. Fig. 2 shows the singular spectrum of the chi-
rally split test vectors for the first domain, which is representative of
other domains. It is observed that the spectrum for Configuration A dis-
plays superlinear decay for approximately the first 16 singular values,
and the spectrum for Configuration B displays superlinear decay for ap-
proximately the first 24 singular values for # = 0 for both chiral com-
ponents. After these respective values, the spectrum displays linear de-
cay. A similar observation is made for the level # = 1, with linear decay
of the spectrum arising approximately after the first 30 singular val-
ues. The transition from superlinear decay to linear decay indicates that
including left singular vectors into the basis beyond this approximate
transition point will have a smaller overall contribution to the low rank
approximation of the multigrid basis.

Fig. 3 displays the mean execution time of the system of linear equa-
tions when the truncation size, k, is varied for a constant value of m = 96
(as this m achieves most of the reduction in execution time). For both
configurations, the optimal truncation is observed at k = 24. For Config-
uration A, this is comparable to k = 16, while Configuration B exhibits
a distinct minimum at k = 24. We remark that the rank of the optimal
truncation experimentally observed approximately agrees with the tran-
sition of the spectrum from superlinear to linear decay for both config-
urations. However, a detailed numerical study of this relation is beyond
the scope of this study.

4.3. Optimal number of setup iterations

The number of set up iterations of the smoother to generate the test
vectors may also have a large effect on the efficacy of the preconditioner.
If not enough iterations of the smoother are used, some high frequency
components of the error will remain. Conversely, too many iterations
will begin to reduce the low frequency components of the error, resulting
in a coarse grid matrix that does not capture those parts of the error. It is
thus beneficial to examine the performance of the preconditioner while
varying the number of setup iterations while generating the test vectors.

Figs. 4 and 5, for configurations A and B, respectively, display the
total number of iterations required at each level # as well as the mean
execution time as the number of setup iterations vary. All levels perform
the same number of setup iterations and, as previously, m = 96 and k =
24 are used. For both configurations, the total cost of solving the linear
system is reduced compared to regular multigrid for all numbers of setup
iterations. Additionally, the use of the CSVD results in a preconditioner
that is less sensitive to the number of setup iterations.

Besides the lower total cost of solving the linear system, it is impor-
tant to quantify the performance of the preconditioner at each level per
iteration due to the use of the K-cycle. In a K-cycle, multiple iterations
of the solver at level # + 1 occur for each iteration at level ¢. To ex-
amine the cost per iteration on each level, the number of iterations at
level # + 1 is normalized by the number of iterations on level 7. Fig. 6
displays the normalized cost for levels # = 1,2 on both configurations.
It is observed for both configurations across all number of setup itera-
tions that the cost per iteration at the coarsest level is greater for the
preconditioner that utilizes the CSVD, indicating that the coarsest level
matrix generated by the CSVD method is more ill-conditioned than that
of the coarsest level matrix generated by the regular MG method. This



T. Whyte, A. Stathopoulos and E. Romero

my with ky = 32
3248 64 96 128 192
135 T T T T T T

—_
w
T
L

125 + 4

—_
[}
T
I

Mean Solve Time (s)

Il Il
2432 48 64 96 128
mg with kg = 24

Computer Physics Communications 323 (2026) 110089

my with by = 32

324 64 96 128 192
3.5 T T T T T
ORI
s 3r )
ﬁ
© 25 | .
3
w0
b=
1.5 L L 1 L L
2432 48 64 96 128

mg with kg = 24

Fig. 1. The mean solve time as a function of the initial basis size for Configuration A (left) and Configuration B (right). The bottom and top y-axis displays m for

levels # = 0, 1, respectively.

Level 0
10t

joe)

10°

ol

107! L
1072 L

10—3 L

104

Il 1 Il Il Il Il 1 Il Il
0 10 20 30 40 50 60 70 80 90 100
Singular Value Index

Level 1
10t

Se)
I
—o

10() b

107! L

1073 |

10*4 I L L I L I
40 60 80 100 120 140

Singular Value Index

o
Do
(=}

Level 0

e
Il

=
(==}

107¢
1072 |
1073 L

107* L

1072

Il Il 1 Il Il Il Il 1 Il
0 10 20 30 40 50 60 70 80 90 100
Singular Value Index

Level 1

T
ee
Il

—o

1072

107%

107 +

10*6 L I L I I I
0 20 40 60 80 100 120 140

Singular Value Index

Fig. 2. The singular spectrum for the chirally split test vectors on the first domain for level # = 0 (top) and # = 1 (bottom) of Configuration A (left) and Configuration

B (right).

is consistent with expectations that more information about the low fre-
quency components of the error is being transferred to the coarse grids
where more iterations can be performed at significantly lower cost.

4.4. Lattice volume scaling

We now examine the effectiveness of the CSVD method as the vol-
ume of the hypercubic lattice increases. Systems of linear equations are
solved on three lattice volumes Lz x L,, of spatial extent L, = 24,32,40
and temporal extent L, = 64, and m, ~ 220 MeV with the Clover on
HISQ action.? The parameters of the calculation were chosen from the
near-optimal setup parameters and used across all three volumes.

To examine volume scaling, the mean execution time of the multigrid
method is measured both with the CSVD method and without across the
three volumes and reported in Fig. 7. For all three volumes, the precon-
ditioner using CSVD shows a decrease in execution time. The speedup is
found to be constant across all three volumes, indicating that the CSVD
method maintains its effectiveness for larger volumes.

2 The same lattice of L, = 32 is used here as in the preceding numerical results.

4.5. Streaming CSVD

We now turn to examining the effectiveness of the preconditioner
generated with iCSVD method. For a direct comparison between the
CSVD and iCSVD setup methods, we use a comparable number of test
vectors between the two methods. The results of the previous sections
showed an optimality with the use of m = 96, 128 initial test vectors, and
a truncation to the first k = 24, 32 left singular vectors for both Configu-
ration A and B. In the streaming version of the method, this corresponds
to m = 48, 64 with k = 24,48 and r = 24,32 for n; = 4 streams. The total
number of sampled test vectors is then 96 and 128 on levels # = 0 and
¢ = 1, respectively, for both methods.

Table 1 lists the mean number of iterations spent on each of the three
multigrid levels during a linear solve for Configurations A and B, for the
regular, CSVD and iCSVD setup methods. It is observed that there is
no difference between the performance of the preconditioner created
with CSVD and iCSVD methods, despite the iCSVD method producing
singular vectors that are not as accurate.

In order to assess the performance of the preconditioner using iCSVD
on a more difficult problem, we now examine the performance of
the preconditioner when the bare quark mass is decreased to the ap-



T. Whyte, A. Stathopoulos and E. Romero

ki with my = 128

16 24 32 48 64
T T T T T
Z16 | 7
g
£ 14 | 1
S12 | 1
g
10 b |
P
Il Il 1 Il Il
12 16 24 32 48

ko with mg = 96

Computer Physics Communications 323 (2026) 110089

ki with my = 128
16 24 32 48 64
T T

2.7 + e
2.6 B
2.5 + e
24 + e
2.3 B
2.2 + e
2.1 + e

Mean Solve Time (s)

1.9 - 4

Il Il
12 16 24 32 48
ko with mg = 96

Fig. 3. The mean execution time for the system of linear equations when the degree of the truncation is varied using an initial basis size of m = 96 for Configuration
A (left) and Configuration B (right). The bottom and top y-axis displays k for levels # = 0, 1, respectively.

Level 0
20 T T T T
Regular MG Outer Iters =

2 VD MG Outer Iters +——s—
215 . i
= .
5 \
T P S-S
g P -
=
= 5 b 4
e

0 I

L Il 1 Il
0 100 200 300 400 500 600
Setup Iterations

Level 2
1150 T T T T T
Regular MG Outer Iters =

2 1100 - * VD MG Outer Iters =
-2 1050 | N 4
= .
& 1000 - \ i
=950 |- \ |
= 900 - A
= 850 | o 4
5} . x
B 800 | ‘ S i

750 !

1 | 1 1
0 100 200 300 400 500 600
Setup Iterations

Level 1

34 T T T T T

32 | X Regular MG Outer Iters +—=— |
a VD MG Outer Iters —s—
230 + 4
T8 | i
=96 |- 7
$24 ’ 4
=922 L . - - 1
=
220 | - .- . ]
18 L P - §

16 ! !

Il Il 1
0 100 200 300 400 500 600
Setup Iterations

—
-

—_

[=]
T
nf
L

15 +

Regular MG +——=— il
C%VD MG .

= = =
=N W
T T T T
»
[
H
n
1 [

Mean Solve Time (s)
-

o

—
je=l
T
1

=)

| 1 1 | 1
0 100 200 300 400 500 600
Setup Iterations

Fig. 4. The total number of iterations on # = 0 (upper left), £ = 1 (upper right), # = 2 (lower left) and the mean solve time of the system of linear equations for

Configuration A.

Table 1

. The mean number of iterations spent on each multigrid level dur-
ing a linear solve for all three setup methods with both Configura-
tion A and B.

Configuration A Configuration B

Level Regular CSVD  iCSVD  Regular CSVD  iCSVD
=0 11.8 9.0 9.0 9.0 7.0 7.0
=1 236 18.0 18.0 22.7 14.0 14.0
=2 9731 803.4  801.0 508.1 331.1  331.0

proximate critical mass for Configuration B. While the computation
of the quark propagator at critical mass is not relevant for most lat-
tice QCD applications, it is appropriate for the evaluation of numer-
ical algorithms as the condition number of the Wilson matrix dras-
tically increases as the bare quark mass parameter approaches criti-
cal mass. The approximate critical mass was obtained through a fit
of the pion propagator on 10 configurations from the ensemble of
Configuration B, and was found to be m,,; ~ —0.0804. Consequently,

Table 2
The mean number of iterations spent on each multigrid level during
a linear solve for the Regular, CSVD and iCSVD setup methods for

Configuration B at m, = m,,;.

iCSVD
Level  Regular  CSVD N, = N, =8 N,=12 N,=16
=0 12.0 8.0 8.0 7.5 7.3 7.0
=1 340 16.0 16.0 15.0 14.6 14.0
=2 1152 58.1 58.0 53.6 50.8 48.7
=3 635.5 533.1 525.1 515.8 458.1 458.0

it was found that four multigrid levels are necessary as three lev-
els did not provide the desired convergence for all methods. For the
coarsest level, m = 48 with k = 48 and r = 48 were utilized. Adjusting
the convergence criteria on level Z =2 to ||r|| = 0.06]|b||, as well as
[|7]] = 0.6]|b|| for level # = 3 was also found to be necessary for the de-
sired convergence. All other parameters remain the same as in previous
experiments.
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Table 2 displays the mean number of iterations for the regular and
CSVD setup methods, as well as the iCSVD method for n, = 4, 8,12, 16.
At this lower value of the quark mass, the number of outer iterations re-
quired in the linear solve has increased by 33% for the regular method
(see Fig. 5). In contrast, the CSVD setup method only increases by ap-
proximately 15%. The benefits of the iCSVD are obvious at this lower
value of the bare quark mass. At the largest number of streams utilized,
the number of outer iterations is constant compared to the higher value
of the bare quark mass utilized in Fig. 5. It also provides a speedup
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factor of approximately 1.7 over the regular setup method at this value
of the bare quark mass.

Table 3 shows the normalized mean iterations for each multigrid
level performed during the solve of the linear equations. The qual-
itative behavior of the methods is analogous to that of Fig. 6. At
¢ =1, the number of iterations is reduced by approximately 40%. In
contrast, # =2 displays similar performance across all methods. The
largest effect is seen on the coarsest level, where the number of nor-
malized iterations increases drastically for the methods utilizing the
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Table 3
The mean normalized number of iterations spent on each mutigrid
level during a linear solve for the Regular, CSVD and iCSVD setup

methods for Configuration B at m, ~ m,,,,.

iCSVD
Level Regular CSVD N, =4 N =8 N,=12 N =16
=1 28 2.0 2.0 2.0 2.0 2.0
=2 34 3.6 3.6 3.6 3.5 3.5
=3 55 9.2 9.0 9.6 9.0 9.4

CSVD. This result again reinforces that the coarsest grid is capturing
more components of the low lying part of the eigenspectrum, where
the error corresponding to those components can be more efficiently
reduced.

At the largest number of streams utilized, the setup phase of iCSVD is
costly. However, as simulations reach physical quark mass and the lat-
tice volumes become larger, the cost of such a setup phase may become
necessary, as demonstrated by this artificially difficult problem.

5. Summary and future work

We have presented a modification to the setup algorithm for the
multigrid preconditioner for systems of linear equations of Wilson
fermions. The CSVD method utilizes a singular value decomposition of
the chiral components of the test vectors restricted to a domain of the
lattice. By calculating out a large basis of test vectors, the singular value
decomposition is able to truncate the basis to the fewest vectors contain-
ing the largest contribution to the low rank approximation of the basis.
In all numerical experiments, the use of the CSVD method results in a
decrease in the time required to solve the system of linear equations.
We also address the cost of storing the enlarged basis of vectors with
iCSVD, which incrementally calculates the left singular vectors used in
the prolongator. The performance of the multigrid preconditioner cre-
ated using this method was shown to have the same performance as the
non-streaming version. In numerical tests at critical mass, this method
was shown to achieve a speedup factor of 1.7 in the number of fine grid
iterations compared to the regular multigrid method.

A natural extension of the approach given in this study is the uni-
fication with the least squares interpolation approach [17], which has
been used in a bootstrap AMG algorithm for the Wilson-Dirac operator
in the two dimensional lattice Schwinger model [29]. In least squares
interpolation, an optimal prolongator on the domain A; is given by

P, =V, Qv QV)"! Q)]
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where V are the fine grid vectors restricted to A; and V, are the coarse
grid vectors. The diagonal matrix Q contains the weights of the mini-
mization, which are usually set to be the energy norm of the fine grid
vectors. By setting Q = I, V, = U, X, VkT andV, =X, V]f, it can be shown
that P; = U,, showing that the left singular vectors are the optimal pro-
longator for this choice of Q. With this choice of Q, the method described
in this study can be viewed as a simplification of the multigrid eigen-
solver used in the bootstrap AMG method developed in Ref. [29], which
is used to form approximate singular triplets of the matrix. In this sense,
the CSVD and iCSVD methods compute an approximate multilevel SVD
of the finest level matrix. However, this choice of Q is not the only
possible choice, and avenues in this direction will be explored in the
future.

A further extension of this study could be realized through the use
of an adaptive solver, as is employed in DD-«AMG [8] and described
in Ref. [3]. In adaptive AMG, the multigrid hierarchy itself is used
to expose components of the error that are not easily reduced by the
smoother. This method comes with the added expense that the multi-
grid hierarchy must be rebuilt with the introduction of every new test
vector and is therefore more expensive than smoothing on a prede-
termined number of test vectors. We remark that adaptive AMG and
CSVD are not mutually exclusive. Indeed, the iCSVD method provides
a natural framework for the combination of adaptive AMG and the
CSVD methods. After creating the initial multigrid hierarchy through
the CSVD method, the emerging solver could be used to generate addi-
tional test vectors for subsequent streams. This combination of the CSVD
and adaptive AMG methods is therefore a promising future research
direction.
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