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We utilize the universality of pion-pion (ππ) final-state interactions at small invariant masses to
understand the enhanced localized CP violation in B� → K�πþπ−, using a dispersive approach. From a fit
to the integrated CP-asymmetry data, we successfully predict the Dalitz-plot kinematic distribution of the
asymmetry in the low-energy ππ region, including the large localized CP violation recently observed by
LHCb. An essential role is played by the contributions of isospin 2. This formalism, whose parameters have
a physical meaning, can be adapted straightforwardly to other systems with CP violation enhanced by
final-state interactions.
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Introduction—Nonleptonic decays of heavy mesons are
notoriously difficult to describe theoretically. Although
QCD factorization methods exist for two-body decays,
three-body decays remain a challenge [1]. In the standard
model, CP violation (CPV) is induced by an interplay of
the weak phase from the Cabibbo-Kobayashi-Maskawa
(CKM) matrix [2,3] and the strong phases of hadronic
matrix elements. The importance of three-body decays is
that strong phases depend on two kinematic variables,
resulting in a complex structure in the Dalitz-plot distri-
bution of CP asymmetries, thus posing a very challenging
test for our understanding of final-state interactions (FSI)
in CPV. The experimental breakthrough came when
LHCb [4–6] measured these distributions accurately for
B� → h�1 h

þ
2 h

−
2 decays, where h�n ¼ π�; K�.

While the inclusive CP asymmetries are only a few
percent [6], LHCb observed, and reaffirmed in their recent
5.9 fb−1 analysis [7], 1 order of magnitude larger asym-
metries in localized Dalitz-plot regions. Through amplitude
analyses with simple resonance models [8–10], LHCb has
attributed these large localized asymmetries to hadronic

FSI, particularly in the S wave. For instance, they claim
that the ππ → KK̄ S-wave rescattering contribution to
B� → π�KþK− has “the largest CP asymmetry reported
to date for a single amplitude of ð−66� 4� 2%Þ” [10].
The dominant role of S-wave ππ ↔ KK̄ also naturally
explains [11–14] the opposite integrated CP asymmetries
in B� → π�πþπ− and B� → π�KþK− in the 1 to 1.5 GeV
invariant-mass region of the pair hþ2 h

−
2 .

The rich CPV Dalitz-plot structure of B-meson decays
cannot be reproduced by a leading-order calculation within
the QCD factorization approach, even in terms of pseudo-
two-particle processes [15]. Still, an approach that treats the
hadronic part of the decay systematically is of utmost
importance in any CPV analysis. In this Letter, we bring
forth an important step in this direction.
To illustrate the method in its simplest form, we focus on

B� → K�πþπ−, as the kaon spares us from symmetrization
complications and because the observed large localized
CPV lies at the mππ ≤ 1.5 GeV invariant-mass region
(cf. Fig. 3 in Ref. [7]), which is particularly intriguing. In
existing B� → h�1 h

þ
2 h

−
2 amplitude analyses [9,10], reso-

nances are commonly included as Breit-Wigner (BW)
parametrizations or variants thereof within isobar formal-
isms; however, this approach is in general model- and
channel-dependent, and if there is more than one resonance
in a partial wave or complex couplings are used, it violates
unitarity. In addition, it does not allow for a proper inclusion
of chiral symmetry constraints, nor a description of the
isoscalar scalar ππ scattering data and the non-BW-like
f0ð500Þ and f0ð980Þ resonances that appear therein [16].
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Moreover, nonresonant partial waves are usually ignored.
By construction, our method is consistent with unitarity and
incorporates the high-accuracy phase-shift information
available for the two-pion system [17–21]. As a first
step, we develop our method within the elastic ππ
scattering region, in practicemππ < 2MK ∼ 1 GeV, since it
contains most of the large localized CP asymmetry in
B� → K�πþπ−, which appears with both signs in this mass
regime.
Besides FSI universality, we make three assumptions.

(1) The matrix elements of the weak Hamiltonian are
treated as short-distance sources, constructed in the spirit
of [22], for the outgoing hadrons, which are “dressed”
subsequently with their final-state interactions. (2) For
small mππ , the pion pair has a large recoil against the
BK system, of the order of the B-meson mass, MB. Hence,
the Kπ invariant mass is OðMBÞ, and the kaon final-state
rescattering (crossing) is expected to be negligible since
factorization becomes exact in the limit of an infinitely
heavy decaying particle with a finite invariant mass of the
pion pair. This can be tested in the future using a Khuri-
Treiman three-body formalism [23]. (3) Left-hand cuts,
e.g., from B → D�D̄s, followed by D� → Dπ, with the
remainingDD̄s system transitioning to πK, can be approxi-
mated as providing (CP-even) constant imaginary parts
and, as such, subsumed in the source terms.
In such a picture, all relevant energy dependencies and

singularities are driven by the FSI of the outgoing pion pair,
of long-distance nature and thus universal.
Notation—The B�ðpBÞ→K�ðpKÞπþðpþÞπ−ðp−Þ decay

is characterized by the s ¼ ðpþ þ p−Þ2 ≡m2
ππ and

t ¼ ðpK þ p∓Þ2 ¼ ðpB − p�Þ2 ≡m2
Kπ Mandelstam varia-

bles. In the following, we work with partial-wave ampli-
tudes of given angular momentum and isospin I. For
mππ < 1 GeV, those of relevance are the isoscalar S0
wave, featuring the f0ð500Þ and f0ð980Þ resonances, the
isovector P wave with the prominent ρð770Þ, and the
isospin-2 S2 wave, free of resonances. We checked that D
waves have a negligible effect in this range. Since the
f0ð980Þ lies almost at the KK̄ threshold and couples
strongly to two kaons, it is convenient to use a ππ-KK̄
coupled-channel formalism, even in the elastic region, and
split the S0 wave according to A�

S0 ¼ A�
S0n þA�

S0s, where
the two parts are connected to the nonstrange- and strange-
quark operator structures of the source. The decay ampli-
tude has the compact form

A�ðs; tÞ ¼
X

i

fiðs; tÞA�
i ðsÞ ð1Þ

with i∈ fS0n; S0s; S2; Pg. The dependence on the angle θ
between the K� and the π∓ is carried by fiðs; tÞ ¼ 1
for i ¼ S0n; S0s; S2 and fPðs; tÞ ¼ t − u ¼ gðsÞzðs; tÞ,
where zðs;tÞ¼ cosθ. Here gðsÞ¼−σπðsÞλ1=2ðs;M2

K;M
2
BÞ,

σhðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4M2

h=s
p

, and λðx; y; zÞ ¼ x2 þ y2 þ z2−
2xy − 2yz − 2xz.
Universal final-state interaction—The starting point for

the dispersive analysis is the discontinuity relation for the
production partial-wave amplitudes along the pion-pair cut
at s > 4M2

π . For i ¼ S2; P this reads,

DiscA�
i ðsÞ ¼ 2iρπðsÞMiðsÞ�A�

i ðsÞ; ð2Þ

where ρhðsÞ ¼ σhðsÞ=16π. Note the appearance of the ππ
scattering partial-wave amplitude MiðsÞ, which, being CP
invariant, carries no � superscript. For the elastic case,
MiðsÞ ¼ eiδiðsÞ sin δiðsÞ=ρπðsÞ, where δi is its phase shift.
This leads to a closed-form solution [24],

A�
i ðsÞ ¼ PiðsÞΩiðsÞĀ�

i ; ð3Þ
which describes the low-energy universal pion-pair inter-
actions, contained in theOmnès function for the elastic case:

ΩiðsÞ ¼ exp

�
s
π

Z
∞

4M2
π

ds0
δiðs0Þ

s0ðs0 − s − iϵÞ
�
; Ωið0Þ ¼ 1:

ð4Þ

The constants Ā�
i parametrize the source, and PiðsÞ, with

Pið0Þ ¼ 1, is a function free of right-hand cuts up to inelastic
thresholds, to be parametrized by a polynomial. This form
automatically satisfies Watson’s theorem [25] (cf. also
Refs. [12,26–28]), stating that in the elastic case, the phases
of the production and scattering partial-wave amplitudes
coincide. The PiðsÞ are often well approximated by 1
(cf. Ref. [29] for B → J=ψπþπ−), or, at most, as linear
polynomials, whose slopes are free parameters. While the
Omnès function captures all the universal elastic hadron-
hadron interactions, the PiðsÞ are reaction specific and
absorb the uncertainty in the high-energy extension of the
phases and, to some extent, crossed-channel effects [30].
For the S0wave, Eq. (2) in coupled channels just has one

more term accounting for KK̄ → ππ rescattering:

DiscA�
S0n ¼ 2iðM11ρπA�

S0n þM�
12ρKB

�
S0nÞ;

DiscA�
S0s ¼ 2iðM11ρπA�

S0s þM�
12ρKB

�
S0sÞ; ð5Þ

where B�
i is the corresponding KK̄ production amplitude

and, for brevity, we have suppressed the s dependence. The
MijðsÞ are the scalar scattering partial-wave amplitude
elements between channels 1 ¼ ππ and 2 ¼ KK̄. They
are parametrized in terms of the ππ → ππ; KK̄ phase shifts
together with the elasticity ηðsÞ [31–33]. (The coupled-
channel I ¼ 0 S-wave formalism has previously been
applied in the context of CPV for D-meson two-body
decays [34].) There are no closed-form solutions of
Eq. (5) (and the corresponding discontinuities for B�

S0n,
B�
S0s), but a matrix solution Ωij can be computed
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numerically from an integral equation, with the conditions
Ω11ð0Þ ¼ 1,Ω12ð0Þ ¼ 0 [29,35–42]. Herewe use the results
of Ref. [42]. The linear combinations corresponding to
nonstrange and strange sources are then given as

ΩS0n ≡Ω11 þ
1

2
Ω12; ΩS0s ≡Ω12: ð6Þ

We allow for a common polynomialPS0nðsÞ≡PS0sðsÞmulti-
plying the complete S0wave. The complete B� → K�πþπ−
amplitude parametrization reads,

A�ðs; tÞ ¼
X

i

fiðs; tÞPiðsÞΩiðsÞĀ�
i ; ð7Þ

Source terms—Besides the polynomial slope
parameters, the constants Ā�

i remain as free parameters.
They specify the sources and their evaluation involves
the two matrix elements Muū and Mcc̄, where Mqq̄ ¼
hKþπþπ−jðb̄qÞðq̄sÞjBþi in the limit mππ → 0, plus the CP
conjugates for the B− decay. Here ðq̄q0Þ is the usual weak-
interaction current, omitting Dirac structures for simplicity.
The relevant effective weak Hamiltonian reads,

Heff ¼
GFffiffiffi
2

p �jV�
cbVcsjðb̄cÞðc̄sÞþeiγjV�

ubVusjðb̄uÞðūsÞ
�
: ð8Þ

In the standard parametrization [43] of the CKM matrix,
Vub carries the weak CPV phase γ, while Vcb, Vcs, and Vus
are real. In terms of the Wolfenstein parametrization [44],
Muū is suppressed relative to Mcc̄ by a factor λ2 ∼ 0.04.
However, this suppression is partially compensated for by
the loop needed to annihilate the cc̄ pair; cf. Fig. 1(a),
whereas the uū pair can be part of the light-meson pair in
the final state; cf. Fig. 1(b). The cc̄ loop hadronizes as

charmed-meson loops, e.g., D̄ð�ÞDð�Þ
s ; this mechanism

generates CP-even phases (cf. Refs. [15,45]), indicated
by the cc̄ cut (red line) in Fig. 1(a), beyond those coming
from the Omnès functions. These phases are related to the
charm-mass short-distance scale and will therefore lead to

strongly varying effects near the charm thresholds. In the
kinematic regions we consider, we do not expect strong
energy dependence, and thus the phases can be subsumed
in the Ā�

i sources. On the other hand, we assume the
imaginary parts of the light-meson pair production from
Muū before FSI to be negligible, as similar quark-level
loops are severely CKM suppressed, and we neglect
residual rescattering with the outgoing kaon. The latter
could be tackled in the future with more complicated three-
body dispersive equations [23,46–48]. As a result, we
parametrize the source term as

Ā�
i ¼ Âi þ e�iγB̂i ¼ ai þ ici � ibi; ð9Þ

where the Âi contain a CP-even constant imaginary part
due to charm loops, while the B̂i are real. The parameters
ai ¼ ReÂi þ B̂i cos γ, ci ¼ Im Âi, and bi ¼ B̂i sin γ will be
determined by the fit.
Since our source parameters have a physical interpreta-

tion, their flavor structure allows us to reduce their number.
First, A�

S0s refers to an isoscalar scalar pion pair emerging
from an s̄s source throughKK̄ → ππ rescattering. However,
the CPV phase γ is attached toMuū. Accordingly, we set the
parameterbS0s to zero.Moreover, the cc̄ pair cannot produce
a pion pair of isospin 2, and since in our approximation only
those matrix elements have a CP-even imaginary part, cS2
has to vanish. Thus, there are three source parameters each
for nonstrange isoscalar scalar and isovector vector partial
waves, and two each for the strange isoscalar scalar and the
isotensor scalar ones. Altogether, there are ten real param-
eters to parametrize the two CP-conjugated production
vertices of four partial waves, plus three real slope param-
eters in the Pi polynomials.
The ππ P-wave spectrum can be significantly affected by

ρ-ω interference in reactions that show strong production of
the isoscalar ωð782Þ. The smallness of the violation of
isospin symmetry is compensated for by an enhancement of
OðMω=ΓωÞ ≈ 90 through the narrow ω propagator. The
strength of ρ-ω mixing can be gleaned directly from the
electromagnetic pion form factor if the production strength
of the ω relative to the ρ is known from the flavor structure
of the source [29]. As illustrated in Fig. 1, diagram (b)
provides a ūu source, while diagram (a) generates either
ūuþ d̄d or s̄s. However, since the q̄q pair from the hard
gluon cannot be a colorless source for the pion pair, one of
those quarks must combine into the charged kaon. This
prevents the production of a d̄d pair from the gluon. The
resulting pure ūu source favors the ω by a factor of 3
compared to electromagnetic production. We incorporate it
by multiplying ΩP by 1þ 3ϵρωs=ðM2

ω − s − iMωΓωÞ with
the known ρ-ω mixing strength ϵρω [49–51]. To simplify
expressions below, we do not show the ω contribution
individually, but understand it as part of the ππ P wave.

(a) (b)

FIG. 1. Typical topologies for quark-level decays of
Bþ → Kþπþπ− (a) with and (b) without charm loop. The gray
box represents the flavor-changing weak decay process, which
contains the CKM elements and CPV phase. For q ¼ s, the
operator in diagram (a) provides a s̄s source, for q ¼ u or d a ūu
or d̄d source. The red line indicates the cut that generates an
imaginary part. Diagram (b) provides a ūu source.
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All in all, we arrive at the following expression for the
B� → K�πþπ− differential decay count rates

Γ�ðs; zÞ≡ d2Γ�

d
ffiffiffi
s

p
dz

ðs; zÞ ¼ −gðsÞ ffiffiffi
s

p X

i;j

fifj Pi Pj

× fReðΩiΩ�
jÞðaiaj þ bibj þ cicjÞ

þ Im ðΩiΩ�
jÞ2aicj

� 2½ReðΩiΩ�
jÞcibj þ Im ðΩiΩ�

jÞaibj�g: ð10Þ

Our main result is the CPV difference ΔΓCPðs; zÞ≡
Γ−ðs; zÞ − Γþðs; zÞ, which in the elastic regime reads,

ΔΓCPðs;zÞ¼4gðsÞ ffiffiffi
s

p X

i;j

fi fjPiPjjΩijjΩjj

× ½aibj sinðδi−δjÞþcibjcosðδi−δjÞ�: ð11Þ

It is so simple because, in this regime, the production
amplitude phase is just the ππ scattering phase shift δi.
Moreover, the ΩS0n and ΩS0s phases are equal. The size of
ΔΓCPðs; zÞ is determined by comparing to the sum of differ-
ential count rates, i.e., ΣΓðs; zÞ≡ Γ−ðs; zÞ þ Γþðs; zÞ, obvi-
ously CP-even.
Our formalism provides several advantages compared to

earlier approaches; see, e.g., Refs. [28,52–58] (see also the
recent reviews [59,60]). Most of these papers start from a
factorization of the hadronic matrix elements into a heavy-
to-light transition form factor and a light-meson form factor
in the timelike region. The latter contains the soft rescatter-
ing, which, lacking the latest developments in dispersive ππ
scattering, were modeled at best by including some S0-, P-,
and D0-wave resonances via phenomenological models:
isobars, BW formulas with some background, K-matrix
formalisms, etc. However, nonresonant ππ or Kπ partial
waves with I > 1 are ignored. The Omnès method was only
implemented for the Kπ SI¼1=2 and P waves [56] for CPV
in B → Kππ decays, omitting the nonresonant I ¼ 3=2
wave, and never for ππ FSI. Few of those works described
projected data [54–56], and none attempted the description
of Dalitz-plot regions in detail, as done below. Moreover,
within QCD factorization, Wilson coefficients contain
imaginary parts from charm loops. To this end, a factori-
zation approach can model our source terms, for which we
employ a simple parametrization that has a clear physical
interpretation.
Very recently, LHCb [7] (Supplemental Material) has

provided high-statistics data with uncertainties on Γ�ðs; zÞ,
integrated or “projected” separately over the forward
(z ¼ cos θ > 0) and backward (z < 0) regions, to be
denoted by > and < superscripts, respectively. In our
formalism, the nontrivial z dependence appears linearly in
the amplitude through fPðs; tÞ. We can take advantage of
these projections by defining

ΔΓð�Þ
CP ðsÞ ¼ ΔΓ>

CPðsÞ � ΔΓ<
CPðsÞ;

ΣΓð�ÞðsÞ ¼ ΣΓ>ðsÞ � ΣΓ<ðsÞ; ð12Þ
to study differential decay rates not just in CP-symmetric
and -antisymmetric combinations, but simultaneously in
forward-backward symmetric or antisymmetric ones. The
above definitions are useful for disentangling different
partial-wave contributions. Hence, in Fig. 2 we show the
data following these combinations.
Fit results—We average our results over the same

25 MeV-wide bins in which data were provided. Since
the data are neither acceptance corrected nor background
subtracted, we follow the method described by LHCb [7] to
correct for the former. For the latter, we add a linearly
rising, noninterfering background to the uncertainty.
The fit is shown in Fig. 2 as a red band; see Ref. [61] for

details. Its stability within uncertainties has been tested
against a gradual increase of the relative error for all data
points, simulating a systematic error, and against variations
of the fit range below the two-kaon threshold. We checked
that including an isoscalar tensor partial wave [restricted to
not exceeding the data in the f2ð1270Þmass range], or CPV
real parts in the source constants, does not significantly
improve the data description. Moreover, we checked that
releasing the constraints on the ω couplings to the source
and bS0s ¼ 0 for A�

S0s returns values consistent with the
constraints themselves. The error bands are generated using
bootstrapping and imposing the confidence limits on the
χ2=d:o:f: as prescribed in Ref. [65].
Discussion—The relevance of different contributions to

the two CPV distributions is illustrated in Fig. 3. The
advantage of the approachpresentedhere is that its parameters
have a clear physical meaning. For example, the CP-even

FIG. 2. Fit to the projected event distributions defined in
Eq. (12), versus LHCb data [7] (Supplemental Material). We
show (a) the angle-symmetric sum of yields, (b) the angle-
asymmetric sum of yields, (c) the angle-symmetric CP-violating
difference of yields, and (d) the angle-asymmetric CP-violating
difference of yields.
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imaginary parts of the source terms, ci, are due to cc̄ loops,
related to open-charm meson pairs in hadronic terms. The

presence of a ρ peak in ΔΓðþÞ
CP , as seen in Figs. 2 and 3,

illustrates the need for such a contribution, since according to
Eq. (11) it scales as cPbPjΩPj2. Moreover, the isotensor S

wave,A�
S2, is essential for the description of ΔΓ

ðþÞ
CP , interfer-

ing with the strange and nonstrange isoscalar S waves. It is
also required for an accurate description ofΔΓð−Þ, interfering
with the ρ. The isotensor amplitude was not considered in
earlier studies, since it does not contain any resonance.
Finally, we have only fitted projected CP-odd distribu-

tions. However, our primary goal is to describe the CPV
asymmetry in B� → K�πþπ− observed by LHCb in
localized regions of their Dalitz-plot, which reads

ACPðs; tÞ ¼
ΔΓCPðs; zðs; tÞÞ
ΣΓðs; zðz; tÞÞ ¼ Γ−ðs; tÞ − Γþðs; tÞ

Γ−ðs; tÞ þ Γþðs; tÞ : ð13Þ

Since Γ�ðs; tÞ ≥ 0, it follows that jACPðs; tÞj ≤ 1. Given
that our approach is limited to s ≤ 1 GeV2, in Fig. 4 we
only show the corresponding low-s section of the Dalitz
plot. In Fig. 4(a), we have cropped and enlarged our region
of interest for the LHCb raw asymmetry from Fig. 3 in

Ref. [7]. Note the use of an adaptive binning with a constant
number of events per bin.
With all parameters fixed, our model predicts the ACP

Dalitz plot, which is shown in Fig. 4(b). The agreement
between the data and our model is remarkable, considering
that both the data and our results correspond to central
values whose uncertainties cannot be shown in this plot. In
particular, we reproduce the two localized regions with
large CPV, jACPðs; tÞj ≥ 60%, shown in dark red or blue.
Since a small CP-even denominator amplifies ACP, the
predicted CP-violating numerator ΔΓCP and CP-even
denominator are provided in [61].
Summary and conclusions—We have presented a dis-

persive method to quantify the contribution of low-invari-
ant-mass pion-pion rescattering to final-state interactions in
B� → K�πþπ− and their CP-violating asymmetries. The
advantage of our method is that it can incorporate high-
precision universal ππ low-energy interactions. This also
includes the commonly neglected nonresonant isospin-2
contribution, which plays an essential role. Once the
parameters are fixed from the angular-integrated decay
data from LHCb, we can predict the CP-asymmetry Dalitz-
plot distribution, including the remarkable presence of large
localized CP asymmetries. Our approach illustrates the role
of low-energy final-state interactions in enhancing CP
violation in localized kinematic regions. It could be applied
to other regions of the Dalitz plot and to anyB� → h�1 h

þ
2 h

−
2

decays, for h�n ¼ π�; K�. Our findings will be even more
relevant since LHCb will soon collect four times more data
in Run 3 and forty times more in HL-LHC [66].
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(a) (b)

FIG. 3. The most relevant contributions to the projected (a)

ΔΓðþÞ
CP ðsÞ and (b)ΔΓð−Þ

CP ðsÞ distributions. Note the relevance of the
S2 wave.

FIG. 4. B� → K�πþπ− CP asymmetry, distributed over the
Dalitz plot section m2

πþπ− ≤ 1 GeV2. (a) LHCb binned raw
asymmetry ACP, cropped and enlarged from Fig. 3 in Ref. [7].
(b) ACP from our analysis.
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