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Magnetic solitons have recently attracted significant attention due to their intricate physical properties
and potential applications in information processing. The majority of the studies in this field, however,
are focused on a particular type of solitons known as skyrmions, characterised by a unit topological
charge. Here, we present a shifted magnetic bilayer that can demonstrate magnetic solitons with
arbitrary large topological charges. These configurations, which we call linked skyrmions, consist of
multiple skyrmions linked together with topological point defects. These topological point defects,
termed as anti-aligned points, originate from the mutually orthogonal Dzyaloshinskii-Moriya
interaction in two different layers. By tuning the interlayer exchange coupling and the external
magnetic field, one can also achieve different ground states in this bilayer. Additionally, the system
also demonstrates conventional skyrmion-bags and kπ-skyrmions. Finally we propose a suitable
material candidate where these magnetic configurations can be realised. Our findings, thus, can
provide a way to achieve solitons with large topological charge and realise them in realistic systems.

Magnetic solitons1,2 are localised magnetic textures which behave like
classical particles and can be characterised by a topological index. Their
complex mathematical and physical features have stimulated a large
number of studies in recent years leading to the discovery of unconventional
magnetic texture both in two dimensions3–6 and three dimensions7–11. They
can be moved with external charge current12,13 which makes them a fitting
candidate for data storage devices14–16. In this regard, the two-dimensional
configurations are more promising17,18 due to their compatibility with cur-
rent device architectures.

In a condensedmatter system, themost common example ofmagnetic
solitons are the skyrmions19,20 which are characterised by an integer topo-
logical index. It can be calculated as below for continuous systems,

Q ¼ 1
4π

Z
dx dym � ½∂xm× ∂ym�; ð1Þ

wherem is the unit vector denoting the magnetisation direction, whereas
for discrete systems, the simplicial method applies21,22. This is also known as
the topological charge of the corresponding magnetic texture or simply the
skyrmion charge. While most of the studies are focused on the skyrmions
with ∣Q∣=1, recently composite skyrmions with arbitrary large topological

charge4,5, commonly known as skyrmion bags, have also been observed
experimentally23–27. These complex magnetic textures arise from the com-
petition of different magnetic interactions among which the most promi-
nent ones are the Heisenberg exchange and the Dzyaloshinskii-Moriya
interaction (DMI)28,29. The interplay between these interactions along with
an external magnetic field can result in different types of magnetic solitons.

In this paper, we propose a class of complex magnetic solitons
with arbitrarily large topological charge which can be realised in a
shifted magnetic bilayer. Our model consists of two magnetic layers
where the DMI in each layer is mutually perpendicular to each other
(Fig. 1). Such a configuration can be achieved by the proximity of a
nonmagnetic layer with suitable spin-orbit coupling (SOC). The
interlayer coupling can be controlled by using a suitable nonmagnetic
spacer. With such anisotropic DMI and an external magnetic field,
the proposed bilayer can demonstrate a wide variety of complex
solitons along with the existing bag-like skyrmions. By analysing its
phase space, we show the suitable parameter region to obtain com-
plex textures with higher topological charges and establish their
topological stability with homotopy group analysis. Finally, through a
systematic first-principles study, we propose a suitable combination
of materials where such complex solitons can be observed.
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Results and discussion
Our system is composed of twomagnetic layers made of square lattices (the
lattice constant is chosen to be 1) such that the centre of the top and bottom
layers are shifted by (1/2, 1/2) (Fig. 1) like a Zincblende structure. A square
lattice of nonmagnetic material as a source of SOC is placed such that the
centre of this lattice is shifted by (1/2, 0) from the bottom layer and (0, 1/2)
from the top layer (Fig. 1). The structural symmetry gives rise toDMI along
specific directions only14,30 as shown in Fig. 1. There might be a small
induced DMI in the other direction and along the interlayer bonds which,
without loss of generality, is set to zero. For simplicity, we also ignore the
effect of any magneto-crystalline anisotropy which does not change the
qualitative nature of the outcomes. The direction of the dominant DMI
vector (dij) along the line rij connecting site i and j for top(T) and bottom(B)

layers are defined as

dT
ij ¼

0; rij k ex;

ex; rij k ey;

(
dB
ij ¼

�ey; rij k ex;

0; rij k ey;

(
ð2Þ

and the complete lattice magnetic Hamiltonian for the bilayer is given by

H ¼ �J
P
hiji;l

ml
i �ml

j � D
P
hiji;l

dl
ij � ðml

i ×m
l
jÞ

�JC
P
hi0 j0i

mT
i0 �mB

j0 � μBext

P
i;l
ez �ml

i;
ð3Þ

where 〈ij〉 indicates summation over the nearest neighbours in the same
layer and hi0j0i corresponds to the summationover thenearest neighbours of
different layers. The superscript l runs over the top (T) andbottom (B) layer.
J and JC correspond to theHeisenberg exchange parameterswithin the same
and between different layers, respectively, and D is the magnitude of DMI.
Here we consider J, JC > 0 resulting in a ferromagnetic coupling and
D = 0.2 J.We consider the same J, JC along both x and y direction, which is a
valid assumption for JC << J. Themodel, therefore, can be considered as two
mono-axial chiral magnets31 coupled by the ferromagnetic interlayer
exchange (JC). μ is the onsite magnetic moment and Bext is the external
magnetic field applied along z axis.

Phase diagram
The phase diagram of the system is constructed by varying the interlayer
coupling JC and external field Bext (Fig. 2). In the absence of any interlayer
coupling (JC = 0) and external magnetic field (Bext = 0), the ground state of
the system ismade of spin spiralswith q vector ∣qB,T∣ =D/J. For our choice of
parameters, the optimal wavelength of such a spin spiral is LD =2π/
∣qL∣ = 31.5which is also reflected in ournumerical simulation.When viewed
together as a bilayer, the superimposed spirals create a checkerboard pattern
and therefore we call this phase checkerboard phase (Fig. 2d–f) (Also, see
SupplementaryNote I). This phase remains the ground state for small JC (JC/
J≲ 0.01). It is important to note that here we have the coexistence of q-states
(layer-by-layer), which should not be confused with the multi-q approx-
imation of periodic magnetic textures32. The feature that distinguishes this

Fig. 1 | Schematic of the shifted magnetic bilayer. a The red, blue and yellow
spheres represent the top magnetic, bottom magnetic and non-magnetic sites. The
resulting directions of the Dzyaloshinskii-Moriya vectors are shown with yellow
arrows. Red and blue arrows show the favourable orientation of the spin due to the
Dzyaloshinskii-Moriya interaction. The green region shows the nonmagnetic spacer
layer. b Top view of the bilayer. The dashed lines show the nearest neighbours from
opposite layers.

Fig. 2 | Phase diagram and different periodic ground states of the bilayer
Hamiltonian (Eq. (3)). a Phase diagram showing checkerboard (magenta), spiral
(yellow), skyrmion lattice (cyan), saturated ferromagnetic (white) phase, and the
location of the representative configurations. b Schematic of the checkerboard in the
decoupled limit (JC = 0) and in the absence of the external magnetic field (Bext = 0).
Orange ellipses show the anti-aligned points. c Colour code used in the figures
demonstrated with an isotropic Néel skyrmion. ⊙ (⊗) shows the region with
positive(negative) out of plane components denoted by black(white) colour. Layer
resolved checkerboard pattern with Bext = 0.0 and d JC = 0.0 J, e JC = 0.006 J and

f JC = 0.012 J. qT,B shows the direction of the spiral q vector in top, bottom layer. The
numbers on the top show the optimal cell size.White lines show the trajectory of the
zero out-of-plane magnetisation. Orange circles show the location of the anti-
aligned points, and red and blue arrows show the out-of-plane magnetic alignment
from the top and bottom layer in the corresponding region. g Skyrmion lattice phase
obtained at (JC = 0.02 J, μBext = 0.007 J). The dashed hexagon denotes the domain of
the skyrmion (Eq. (4)) and the white arrows show the elongation of the skyrmion in
individual layers. h, i Show two degenerate spin spiral configurations obtained at
(JC = 0.03 J, μBext = 0.002 J).
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checkerboardphase from the earliermonolayer checkerboard configuration
formed bymulti-q spin waves33, is the presence of points where the top and
bottom layers are aligned against the direction favoured by the interlayer
exchange (marked by orange circles in Fig. 2b, d–f). We call these points
anti-aligned points. In the subsection Linked skyrmion, we show that these
points can be characterised as topological defects which play a crucial role in
the formation of linked skyrmions, a configuration where multiple sky-
rmions are linked together by such topological point defects. With the
increase of interlayer coupling, such points become less favourable and the
ground state is made of spin spirals where the (qT→ qB)∣∣ex ± ey. With the
increase of the external magnetic field, the ground state is gradually
transformed into a skyrmion lattice. Note that, due to the anisotropic DMI,
skyrmions in each layer have a small elongation (marked bywhite arrows in
Fig. 2g). As a result the skyrmions and therefore the skyrmion lattice itself
possess a two-fold rotation symmetry, rather than conventional six fold
rotation symmetry observed in a hexagonal skyrmion lattice32,34. Unlike the
checkerboard or the spiral phase, the skyrmion lattice phase can be char-
acterised by a non-zero topological charge (Eq. (1)) where the skyrmion
domain is the unit cell of the lattice (denoted by the dashed line in Fig. 2g).
For convenience, we define a layer-resolved topological charge with repre-
sentative formulas for the continuum limit

QT;B ¼ 1
4π

Z
dx dymT;B � ½∂xmT;B × ∂ym

T;B�; ð4Þ

while for our discrete problem, we calculate the QT,B values accordingly
using the Berg-Lüscher simplicial method21. In case of the skyrmion lattice,
the integration is done over a finite regionmarked by the dashed line in ref.
Fig. 2g which gives QT =QB =−1.

Along with the skyrmion lattice, a large variety of complex metastable
states with arbitrarily large topological charges can also coexist within the
same parameter region. These states are broadly classified into two clas-
ses–(i) Linked skyrmions and (ii) Skyrmion bags and kπ-skyrmions. In case
of a linked skyrmion one can have both QT ≠ QB and QT =QB with one or
multiple point defect whereas for the kπ-skyrmion and skyrmion bags
always have QT =QB and no point defect. These are elaborated in the
subsections Linked skyrmion and Skyrmion bags and kπ-skyrmions

Linked skyrmion
The transition from the checkerboard phase to the skyrmion lattice phase
is achieved by increasing the interlayer coupling and applying an external
field. This makes the anti-aligned points energetically unfavourable.
However, survival of an anti-aligned point leads to the formation of a
magnetic texture where one can have QT ≠ QB which we call a linked
skyrmion (Fig. 3). Such configurations are observed over a wide range in
the phase space where skyrmion lattice is observed (See Supplementary
Note I and II). In Fig. 3 we use JC/J = 0.02 and μBext/J = 0.007which are the
same values used to stabilise skyrmion lattice (Fig. 2g). Such textures can
have any number of skyrmions in each layer resulting in an arbitrarily
large topological charge.

Topological nature of the skyrmion links: At the centre of each
skyrmion link, lies an anti-aligned point. As a result, the average magneti-
sation of the bilayer in the surrounding region tends to be zero. Thus, the
texture in Fig. 3a can be considered to contain a point defect. Similar to the
Bloch point35—a magnetic point defect in bulk crystals—the anti-aligned
points can also be characterised by a topological charge, QD which differs
from the skyrmion topological charge (see Supplementary Note III). Here,
the topological charge of such a point defect can be expressed in terms of the
skyrmion topological charges in the top and bottom layers as

QD ¼ QT � QB: ð5Þ

For the linked-skyrmions, therefore, it is specifically thedifference ofQT and
QB that serves as a meaningful classifying quantity.

Skyrmion bags and kπ-skyrmions
The other class of configurations present in the same region of the phase
space contains textures with QT =QB and consequently QD = 0 (Fig. 4). We
use JC/J = 0.02 andμBext/J = 0.007 for comparing themwith skyrmion lattice
and linked skyrmions. These textures can be further divided into two sub-
classes namely skyrmion bags4,5 and so-called kπ-skyrmions36. Note that,
unlike the linked skyrmion, here the total topological charge can be both
positive or negative as well as zero.

Material realisation
We have conducted a thorough first-principles study to identify a sui-
table material for this system. Our studies show that the thin-film

Fig. 3 | Linked skyrmion with different topological charges. a Enlarged view of the
topological point defect. The red and blue arrows show themagnetic moment on the
top and bottom layers. The green arrow shows the average of the four magnetic
moments of the top layer, which constitutes the anti-aligned point confined within
the grey region. The bottom panel shows the top view of the extended region con-
taining the point defect (region marked by the small square at the bottom panel of

column (b)), where the grey box denotes the region of the anti-aligned point.
b–f Different linked skyrmions with their topological charge from the top (QT) and
bottom (QB) layers, and the corresponding charge of the topological point defect
(QD). All configurations are stabilised at (JC = 0.02 J, μBext = 0.007 J) in a 400 × 400
mesh. The numbers on top denote the dimensions of the plotting regions.
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structure of Ni/InAs(001) can be an ideal candidate which possesses all
the relevant symmetry and necessary DMI (Fig. 5). The exchange and
DMI along x and y direction are obtained from the total energy of the
spin spirals with different q vectors (Fig. 5b). Although our calculation
shows the existence of finite exchange and DMI beyond the first nearest
neighbours (see Supplementary Note IV for details), the dominant
contribution comes from the first nearest neighbours. Considering the
leading order contribution, for the top layer we find that Jx = 1.4 meV,
Dx = 0 meV and Jy =1.6 meV, Dy =0.1 meV where the suffix denotes the
direction of the bond. Due to the symmetry, the bottom layer would have
the same magnitude of the J and D parameters with x and y being
interchanged. The atomicmagnetic moment of Ni is found to be 0.55 μB.
Our numerical simulations show that with these magnitude of exchange
and DMI one can stabilise a linked skyrmion similar to that shown in
Fig. 3b with amagnetic field of 70 mT over a wide range of JC (0.002 < JC/
J < 0.005) with a typical dimension of 130 nm × 45 nm.

Conclusion
In this work, we introduce a shiftedmagnetic bilayer that hosts a wide range
of magnetic configurations which can be obtained by tuning the interlayer
exchange coupling and an externalmagneticfield.A characteristic feature of
the ground state at weak interlayer coupling and external field is the pre-
sence of special regions in which the interlayer magnetic alignment is
opposite to the direction favoured by the interlayer exchange.We call these
points anti-aligned points, which play a crucial role in connecting multiple
solitons creating a class of complex magnetic textures with arbitrarily large
topological indices, referred to here as linked skyrmions. A homotopy group
analysis demonstrates that these points are topologically stable. In addition
to linked skyrmions, our model also supports conventional kπ-sky-
rmions and skyrmion bags, which can also host arbitrarily large topological
charges. However, linked skyrmions provide a higher topological charge
density, which can significantly enhance their transport features, such as a
larger effective Hall angle, as well as increased non-linearity of their

Fig. 4 | Different composite skyrmions without a point defect. a–c kπ-skyrmions
and d–l skyrmion bags with different topological charges stabilised at (JC = 0.02 J,
μBext = 0.007J) in a 400 × 400 mesh. The figures present the total magnetisation of

both layers. The legends show the topological charge from the top and bottom
layers.
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dynamical response. These featuresmake themmore promising candidates
for skyrmion based computing compared with conventional skyrmions.
Finally, based on first-principles calculations, we propose suitable materials
in which such solitons can be observed. As a concrete example, we identify a
Ni/InAs(001) thin-film system that possesses all required symmetries and
interactions. The interlayer coupling can be tuned by controlling the
thickness of the InAs layers and also by inserting a suitable non-magnetic
spacer layer. Owing to the generality of our theoretical framework, a broad
class ofmaterials is expected to satisfy the necessary symmetry conditions to
realise these phenomena. Our results therefore provide a route towards
engineering higher-order topological solitons in realistic magnetic systems.

Method
Atomistic simulation
The atomistic simulation is donewith the atomistic simulation code Spirit37.
The optimised solutions are obtained by minimising the energy with
a convergence threshold of 10−10 J. In case of periodic configurations shown
in Fig. 2d–i the optimum system size is obtained by varying the dimension
and finding the dimension corresponding to the minimum energy for each
set of parameters. For the isolated solitons (Figs. 3, 4) we use D = 0.2 J,
JC =0.02 J and μBext =0.007 J and amesh size of 400 × 400 to avoid finite size
effects.

Homotopy-group analysis
Following the approach proposed in ref. 38,39 (See Supplementary Note III
for details), we first define an effective space for the order parameter by
analysing the most unfavourable spin orientations as

X ¼ fðmT;mBÞ; mT 2 S2; mB 2 S2; mT≠�mBg: ð6Þ

Note that X is the homotopy equivalent to S2. Considering the first
homotopy group π1(X) =π1ðS2Þ= 0, one can see that there are no stable
vortices in this system. Each layer can have ordinary skyrmions corre-
sponding to the map I2=∂I2 ! S2, where I2 is a rectangle and ∂I2 is its
perimeter. The corresponding topological charges of the skyrmions in each
layer are given by

QL ¼ 1
4π

dS FL �bez ; ð7Þ

where FL
z=m

L ⋅ (∂xmL × ∂ym
L) and L = T, B represents the top and the

bottom layers. In addition to that, the system can have stable point defects
corresponding to the second homotopy groupS2 ! S2; π2ðS2Þ ¼ Z. The

preimage of the map is a closed surface of containing a point defect (See
Fig. 3). The topological charge of this point defect can be defined by the
Kronecker integral

QD ¼ 1
4π

∯ dS F � bn; ð8Þ

wherebn is the unit normal to the surface and F is the vector curvature. For a
trapezoidal volume around the point defect, we have bnT ¼ �bnB=bez . Using
Eq. (7) and keeping inmind that the net contribution from the side surfaces
vanishes, we obtain

QD ¼ QT � QB ; ð9Þ

which represents the topological point defect as the difference of the stable
skyrmion topological charges of the individual layers.

First-principles calculations
The first-principles calculations were performed using the ab initio code
FLEUR40. Here we use a symmetric thin film structure (see Supplementary
Note IV for details). By placing a single layer of Ni in a square lattice on top
of the (001) plane of InAs, such that the square lattice is shifted by half the
lattice vector along the y (for top layer, Fig. 5a) or the x (for bottom layer,
Fig. 5b) axis with respect to the square formedby the adjacent As atoms, the
resulting crystal symmetry will produce the same orientation of the
D-vectors as shown in Fig. 1. For the structure in Fig. 5, the most stable in-
plane lattice constant near the InAs lattice constant was determined
(4.268Å) by relaxation of internal coordinates along the z-axis such that the
force on each atom is below 10−6 Hartree/Bohr. The result shows that the
structure remains stable with Ni bound to InAs without detachment. After
the structural relaxation, we calculate the energy of the spin spiral using the
generalised Bloch theorem41. For our calculation we use a 48 × 48 × 1
k-mesh. The total energy for different values of q along x and y axis is shown
in Fig. 5b. To obtain J, we calculate the energy of the spin spiral along
direction bi without SOC and fit it with E(qi)
=E(− qi) =� E0 � P

nJ
n
i cosð2nπqiÞ where Jni is the Heisenberg exchange

between nth nearest neighbour alongbi. For the DMI we calculate the energy
due to SOC and fit it with ESOCðqiÞ ¼ �ESOCð�qiÞ ¼ �P

nD
n
i sinð2nπqiÞ

whereDn
i is the DMI vector between nth nearest neighbour alongbi direction

(see Supplementary Note IV for details).

Data availability
The datasets generated during and/or analysed during the current study are
available from the corresponding author on reasonable request.
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