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We study the optimization of the transport and transfer of neutral atoms between optical tweezers, both
critical steps in the implementation of quantum computers and simulators. We analyze four experimentally
relevant pulse shapes (piecewise linear, piecewise quadratic, minimum jerk, and a combination of linear
and minimum jerk), and we also develop a protocol using shortcuts-to-adiabaticity (STA) methods to cru-
cially incorporate the time-dependent effects of static traps. By computing a measure of the final transport
error and two measures of the heating during transport, we show that our proposed STA protocol compre-
hensively outperforms all the experimentally inspired pulses. After further optimizing the pulse shapes, we
find a lower bound on the protocol duration, compatible with the time at which the vibrational excitations
exceed half of the states hosted by the moving tweezer. This lower bound is at least eight times faster than
the one reported in recent experiments, which highlights the importance of including and optimizing the
transfer from and to static traps, which may be the largest bottleneck to speed. Finally, our STA results
demonstrate that a modulation in the depth of the moving tweezer designed to time-dependently counter-
act the effect of the static traps is key to reducing errors and reducing the pulse duration. To motivate the
implementation of our STA pulses in future experiments, we provide a simple analytical approximation
for the moving-tweezer position and depth controls.

DOI: 10.1103/7r3w-8m61

I. INTRODUCTION

Over the last decade we have witnessed a sustained
growth in the capabilities for quantum information pro-
cessing and simulation, based on significant progress in
both the confinement and control of atomic arrays [1–7],
with a critical role played by the precise manipulation
and transport of neutral atoms in optical tweezers [8,9]. In
state-of-the-art experiments, the atoms are usually cooled
to a temperature of 10–100 µK and then stochastically
loaded (with a probability of about 0.5, or half-filling)
from a magneto-optical trap into a set of space- and time-
controlled Gaussian traps or optical lattices. In general,
the experimental setup involves a spatial light modulator
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to create the static trap array, while the moving opti-
cal tweezers are controlled by acousto-optic deflectors
(AODs) [1,6,8]; other approaches for similar experiments
rely only on tweezers generated and controlled via AODs
[9–12]. These tweezers allow for a precise rearrangement
of stochastically loaded atoms, enable nonlocal connectiv-
ity, and eliminate the need to prepare a new ensemble of
atoms after each measurement, thus enhancing experimen-
tal efficiency [13].

The basic requirements for a quantum processor include
initialization and storage of qubits in a quantum regis-
ter, bringing qubits sufficiently close to realize quantum
gates and the final readout [14]. Therefore, efficient atom
transport is not only a key step in performing controlled
translations from the preparation or cooling chamber to
the science cell but also allows for on-demand interac-
tions to realize quantum operations in the correct location
(including both processing and storing sites) and with pre-
cise timing. In this context, fast and accurate manipulation
of atomic motion emerges as a central requirement for
quantum technologies to preserve coherence while attain-
ing high fidelities between the final state and a predefined
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target state [15]. Moreover, atom transport appears as a
potential long-term bottleneck in quantum computing with
cold atoms, given that other operations are expected to be
significantly faster [16].

Several experiments have been undertaken to study
atom shuttling [17–20], where the ideal goal is to obtain
a final state as close as possible to the initial state while
avoiding losses and vibrational excitations. Although the
use of long transport times (adiabatic processes) may seem
the natural path to high final fidelities, they also translate
into the accumulation of decoherence and experimental
noise [18]. Conversely, diabatic (i.e., fast) processes lead
by default to higher excitations and thus to overheating and
losses. It is therefore necessary to find a trade-off between
high fidelity and transport time [6,7]. In this work, we
focus on the optimization of the transport and transfer of
atoms between optical tweezers to speed up these opera-
tions while avoiding unwanted excitations. In particular,
the protocols we design include the capturing and releas-
ing of the atom from and to static traps (which we refer
to as transfer) as well as the transport itself. At the end
of the process, the atom is located in the desired position.
This results in increased flexibility in experimental opera-
tions (once the protocol is completed, the moving tweezers
are free to be used for other tasks) and also allows for a
shorter transfer part, which has been reported to be the
most time-consuming stage [17].

To achieve our goals, we apply optimal quantum con-
trol techniques to drive the system toward the desired state
by minimizing the infidelity [18,21–25], a measure of the
deviation between the target state and the state after the
evolution of a particle moving from one optical trap to the
next. Even though the engineered evolution path should by
construction lead to a final state close to the desired one,
there is no guarantee regarding the no-heating or no-loss
condition, meaning that the system might be excited into
the upper levels of the trap during the protocol and atoms
may potentially be lost [26]. To solve this, we first analyze
and characterize the performance of several tweezer tra-
jectories used in state-of-the-art experiments (we consider
four families: piecewise linear, minimum jerk, piecewise
quadratic, and a hybrid between the linear and minimum-
jerk ones [1,7,8,10–12,17]), with a particular focus on a
measure of the error after transport and two measures of
the vibrational excitations during transport as a function of
the total time of the protocol.

In addition to considering experimentally motivated
tweezer trajectories, we further develop a shortcuts-to-
adiabaticity (STA) approach [15,27–31] to generate analyt-
ical pulses, which can also serve as a seed for subsequent
optimization. More specifically, the STA method lever-
ages a Hamiltonian invariant to derive pulses that drive the
system in a nonadiabatic (or fast) way to the same final
state as their adiabatic (or slow) counterparts [15,30]. The
STA method provides great flexibility for computing the

tweezer trajectory because it depends on ansatz functions
that can be chosen freely, provided that they satisfy
the necessary boundary conditions. When addressing the
atom-transport problem, a wide variety of STA solutions
have been derived for a harmonic trap or a power-law
potential with time-independent frequency [15,25,31]. In
our approach, we include the static-tweezer potential in
the harmonic approximation to obtain solutions tailored
to our specific setting. We show that our STA proto-
col outperforms the best experimentally inspired transport
pulses, and our analytical approximation formulas can be
straightforwardly implemented in experiments.

Following the characterization of the initial pulses, we
carry out optimal pulse shaping using the user-friendly
QuOCS toolkit [32]. Taking advantage of an expansion of
the pulse over a randomized function basis, the included
d-CRAB algorithm [33–36] allows for a drastic reduc-
tion of the number of free parameters to be optimized, so
that a direct search method (such as Nelder-Mead) can be
employed. At the same time, the need for computing the
gradient of the control objective (or figure of merit) is alle-
viated. With this approach, low infidelities with respect to
the target state were achieved, improving by more than
one order of magnitude compared to the analytical pulse
shapes. All the optimized pulses present a more stable
behavior of the fidelity with respect to the target state after
transport. Notably, while the optimized pulses reach an
error threshold of 10−4 in a shorter total time compared
to the nonoptimized experimentally motivated pulses (with
reductions in time of 10%–30%), our proposed STA pulse
requires the shortest time to obtain an error below 10−4,
and that time does not change after optimization. We inter-
pret this as a signature of the high quality and suitability
of our STA solution, as it approaches the numerically
observed quantum speed limit (QSL) [18,37].

We aim to identify parameter regions of suitable pulses
that can be used in the design of realistic experimental
protocols. Thus, we choose the two pulses with the best
performance and provide a heat map of the error after
transport as a function of the total time and the depth of
the moving tweezer. We determine a region in the param-
eter space for the minimum-jerk pulse leading to errors
below 10−4 and certain magical time windows for the STA
pulse where the error is suppressed by at least one order of
magnitude [25]. In the investigated parameter interval, we
observe that the performance of our STA pulse is almost
independent of the moving-tweezer depth.

Finally, we identify a constraint on the choice of the
total transport duration linked to the fundamental QSL
of the system [18,37]. For an experimentally achievable
moving-trap depth of about 3.57 × 2π MHz and a trans-
port distance of 7 µm, our results point toward a QSL of
about 8 τst (here, for 39K atoms, τst ≈ 0.03 ms is the char-
acteristic time of the static tweezers, and this is related
to that of the moving trap τmt via τst ≈ 2 τmt for the
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considered maximum tweezer depth), a value that coin-
cides with the time at which the population of vibrational
states is equal to half of the states hosted by the trap.
Although our obtained time threshold for the transport pro-
cess is roughly five times larger than the one reported in
Ref. [20], our results show a lower time threshold for the
atom-transfer stage; in our case the time invested in the
transfer stage is nine times smaller than the experimental
time reported in Ref. [19]. Since the time required for cap-
turing or releasing the atom was estimated to be 12 times
larger than the time needed for the pure transport process
[17], and the protocol of Ref. [20] does not include this
time cost, our results highlight the importance of including
the transfer between tweezers in the model.

The remainder of this paper is structured as follows. In
Sec. II, we present our model for the atom-transport prob-
lem. In Sec. III, we describe the considered experimental
pulses together with the method to generate analytical
pulses by means of an STA procedure. In Sec. IV, we char-
acterize the transport process for all the considered pulses
and report the optimization results obtained using realistic
experimental parameters. A summary and conclusions are
given in Sec. V. Appendixes A–D provide details about the
STA calculations, the numerical time evolution method,
and the transport dynamics.

II. ATOM TRANSPORT IN AN EXTERNAL
POTENTIAL

The transport of an atom in the presence of a static exter-
nal potential Vst(x), from the initial position xi = 0 at time
ti = 0 to the final position xf = d at time tf = T can be
generically described by the Hamiltonian

H(x, t) = − �2

2m
∂2

∂x2 + Vmt(x, t)+ Vst(x), (1)

where m is the mass of the atom. In current experiments,
the external potential Vst(x) is typically generated either
by a series of stationary optical tweezers, leading to a sum
of Gaussian traps, or by counterpropagating laser beams,
resulting in a sinusoidal pattern [1,8,9,14,38–43]. Here,
we consider 39K atoms with m = 6.47 × 10−26 kg, and we
focus on static Gaussian traps, meaning that the external
potential Vst(x) consists of a set of nst time-independent
Gaussian wells defined by the depth amplitude Ast/� =
0.53 × 2π MHz, width σst = 0.35 µm, and minima posi-
tions xn

st = (n − 1)d, with d = 7 µm being the distance
between two adjacent minima of the periodic potential
and n = 1, 2, . . . , nst [44]. To model the moving tweezer,
we use a time-dependent Gaussian potential Vmt(x, t) and
assume that the width of the tweezer is fixed to σmt =
0.47 µm during the evolution [17,19,44,45]. Then, the con-
trol parameters for our problem are the amplitude of the
moving tweezer Amt(t) (trap depth) and the position of the

center of the Gaussian well xmt(t). The static and moving
potentials are respectively

Vst(x) = −Ast

nst∑

n=1

exp
(

− (x − xn
st)

2

2σ 2
st

)
and (2a)

Vmt(x, t) = −Amt(t) exp
(

− (x − xmt(t))2

2σ 2
mt

)
. (2b)

For the particle to be correctly transferred from the ini-
tial static tweezer to the moving one, transported through
the total distance d, and then transferred to the final static
tweezer, the following boundary conditions need to be
satisfied:

Amt(ti) = 0 and Amt(tf) = 0,

xmt(ti) = xi = 0 and xmt(tf) = xf = d.
(3)

While the maximum amplitude for both the moving
tweezer and the static traps are given by the power of the
laser beams, the dynamics of the transport protocol depend
on the trade-off between the static and moving amplitudes.
Comparable amplitudes translate into a strong interaction
between the moving and static tweezers, with the conse-
quent oscillations of the atom in the traps that, in turn,
lead to losses during transport. To prevent this from hap-
pening, we impose an extra condition on the amplitude
during transport: Amt > Ast, usually chosen as Amt ≈ 10Ast
[6,17,19].

Figure 1 presents a scheme of the atomic-transport pro-
tocol. The initial state |ψi〉 and final target state

∣∣ψtg
〉

are
the ground states, computed via exact diagonalization, of
the static Hamiltonian with a single Gaussian potential
centered at xi = 0 and xf = d, respectively. The goal is
to determine the controls xmt(t) and Amt(t) such that the
state after the complete time evolution, denoted by |ψ(tf)〉,
closely approximates the localized ground state of the final
targeted trap

∣∣ψtg
〉
. To quantify the error after the trans-

port protocol, we compute the infidelity I(tf) = 1 − F(tf),
where F(t) is the fidelity, which is defined as the over-
lap F(t) = ∣∣〈ψ(t)

∣∣ψtg
〉∣∣2. To shape the control pulses that

execute the transport task with low infidelity, we first char-
acterize the performance of several different pulse shapes
based on current experimental realizations together with
pulses that we derive within the STA formalism. In a sec-
ond stage, we use these pulse profiles as initial guesses
for optimal pulse shaping using the QuOCS toolkit, which
allows us to reach even higher and more stable fidelities.

III. TRANSPORT PULSES

This section presents a theoretical description of the
considered pulses. In Sec. III A, we describe the ini-
tial guesses motivated by experimental considerations.
Section III B contains the analytical derivation of the STA
solution.
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(a)

(b)

FIG. 1. Illustration of the transport protocol. (a) Two adjacent
static tweezers (blue) separated by a distance d. (b) The atom
initially trapped at xi = 0 is transported to the position xf = d
in a total time T = tf − ti. The amplitude of the external poten-
tial (static tweezers) denoted by Vst(x) is shown as a solid black
line, while that of the moving tweezer Vmt(x, t) is depicted by
dashed blue lines with a color gradient indicating the time evolu-
tion (from ti to tf lighter to darker—left to right). The probability
of finding the particle in the position x is given by |ψ(t)|2 and
it is represented by the filled curves with a purple color gradient
associated with the time arrow.

A. Pulses based on experiments

In current experiments, the choice of the ramps that con-
trol the position of the moving tweezer aims to suppress
heating and losses, or equivalently, to minimize excita-
tions during and after transport [1,7,8,10–12,17]. In our
model, the control pulses time-dependently define the spa-
tial trajectory followed by the bottom of the Gaussian trap
xmt(t) and its depth, determined by the amplitude Amt(t). In
practice, the minimum of the tweezer potential coincides
with the focal spot [46], while the amplitude is propor-
tional to the power of the beam [47]. The four transport
trajectories based on current experiments that we consider
are piecewise linear, piecewise quadratic, minimum jerk
(derivative of the acceleration), and a hybrid trajectory that
combines the linear and minimum-jerk ones. These are
defined below.

The linear pulse, used for instance in Ref. [17], has the
advantage of simplicity and the fact that the constant veloc-
ity can be implemented straightforwardly in experiments
(using a constant sweep rate for the AOD frequency), but
it is known to cause excitation due to the abrupt changes
in the transport velocity at the discontinuity points. In

the case of the piecewise-quadratic trajectory used in the
experiments of Ref. [7], the atoms experience alternating
accelerations of the same magnitude in the first and sec-
ond half of the trajectory. This kind of quadratic pulse
can be readily implemented with frequency-control sys-
tems [48]; however, the discontinuity in the acceleration
might induce heating. The need for smooth position func-
tions then arises to avoid unwanted excitations or energy
excess. Although it was introduced in a completely dif-
ferent context (voluntary movements in primates [49]) 40
years ago, the minimum-jerk trajectory satisfies the lat-
ter requirement and was recently used to study diatomic
molecule formation with the associated requirement of
having not only the two atoms close enough but also in
their relative motional ground state [10,11,19]. This tra-
jectory minimizes the square of the jerk (derivative of the
acceleration) over the full path, and it is also obtained when
a polynomial ansatz is used to solve the position as a func-
tion of time for a translation with zero initial and final
velocity and acceleration. In Ref. [10] the authors argue
that the selection of the trajectory should aim to mini-
mize heating due to jerk at the end points, and to avoid
parametric heating due to trap depth oscillations [50]. The
latter condition is further explained in Ref. [19]; when the
frequency of the AOD is driven with a constant sweep
rate (associated with a linear translation) resonant intensity
modulations arising from imperfections in the AOD are
avoided (see also Ref. [12]). A good compromise between
preventing heating from changes in the acceleration at the
beginning and end of the movement and at the same time
avoiding resonant intensity modulations is found by using
a hybrid pulse that implements a minimum-jerk trajectory
for the start and end of the ramp and a constant-velocity
(linear) translation for intermediate times.

As polynomial or piecewise-polynomial functions of
time, the linear, quadratic, minimum-jerk, and hybrid tra-
jectories have a simple analytical form. Since the target
state in the final tweezer should closely match the initial
state in the initial tweezer, and the considered static tweez-
ers only differ in their position, one can chose symmetric
“palindromic” pulses to reduce the degrees of freedom. In
particular, the four families of experimentally motivated
pulses that we consider are time-reversal symmetric. The
linear trajectory xl is given by

xl(d, τ , t) = d
t
τ

, (4)

where d is the distance covered and τ is the total time
required for transport.

The piecewise-quadratic trajectory xq, with a position
described by two parabolas that intersect in the mid-
point and have piecewise-constant acceleration, can be
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written as

xq(d, τ , t) = d

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2
(

t
τ

)2

for 0 ≤ t ≤ τ

2
,

−2
(

t
τ

)2

+ 4
t
τ

− 1 for
τ

2
≤ t ≤ τ .

(5)

In turn, the minimum-jerk trajectory xmj reads

xmj(d, τ , t) = d

(
10
(

t
τ

)3

− 15
(

t
τ

)4

+ 6
(

t
τ

)5
)

, (6)

where it is straightforward to check that the initial (t = 0)
and final (t = τ ) velocity and acceleration are equal to
zero.

Finally, the hybrid trajectory xhyb is defined upon the
fraction ξ of the total transport time that follows a linear
motion. This fraction parameter is also called hybridic-
ity [19]. Since the total time under linear motion ξτ

ranges between 0 and τ , we have 0 ≤ ξ ≤ 1. Moreover,
for ξ = 0, the trajectory reduces to the minimum-jerk tra-
jectory, while for ξ = 1, the trajectory coincides with the
piecewise-linear one, so it is reasonable to expect that
when changing the parameter ξ , the dynamics of the sys-
tem should interpolate between the dynamics under the
linear and minimum-jerk pulses. The hybrid trajectory can
be written as

xhyb(d, τ , t) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

xmj
(

d
8(1 − ξ)

8 + 7ξ
, τ(1−ξ), t

)
for 0 ≤ t ≤ 1 − ξ

2
τ ,

d
(

15
8 + 7ξ

t
τ

− 7(1 − ξ)

2(8 + 7ξ)

)
for

1 − ξ

2
τ ≤ t ≤ 1 + ξ

2
τ ,

xmj
(

d
8(1 − ξ)

8 + 7ξ
, τ(1−ξ), t−τξ

)
+ d

15ξ
8 + 7ξ

for 1+ξ
2 τ ≤ t ≤ τ .

(7)

In Ref. [10], the experimental values of ξ are 0 and 0.95,
i.e., a full minimum-jerk trajectory and a 95% linear one.
The authors of Ref. [19] use ξ = 0.1 [see their Fig. 3(b)],
value with which they report being able to avoid resonant
intensity modulations for a translation of 4.5 µm and τ ≈
1.3 ms.

As mentioned before, we account not only for the trans-
port process but also the transfer from the initial static
trap to the moving tweezer and from the moving tweezer
toward the target static one. Therefore, the protocol con-
sists of three main stages: capturing the particle initially
in the first static trap, the transport, and the final release
of the particle in the target static tweezer. In the capturing
stage, the depth of the moving tweezer is monotonically
raised from zero to its maximum amplitude Amax

mt while
the position is kept constant. In the second transport stage,

the position of the focal point follows one of the trajec-
tories of Eqs. (4)–(7), while the power of the laser is
kept constant, consistent with the experiments described
in Ref. [11]. The third releasing stage is the inverse pro-
cess of capturing: while maintaining the target position,
the depth of the moving tweezer is decreased to zero.
To assess the dynamics and quality of the final state, we
add a fourth stage, which we call waiting time. During
this time, the moving tweezer is off, and we evaluate sev-
eral statistical measurements over the final state, mainly
to examine its time stability and the possible presence of
oscillations after transport (see for example Ref. [20]).
Moreover, this waiting time can be used in the experiments
to re-cool the atom before, for instance, the next concate-
nated transport step. The amplitude that we consider is then
given by

Amt(t) = Amax
mt

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3
1 − η

t
T

for 0 ≤ t ≤ 1 − η

3
T,

1 for
1 − η

3
T ≤ t ≤ 1 + 2η

3
T,

2 + η

1 − η
− 3

1 − η

t
T

for
1 + 2η

3
T ≤ t ≤ 2 + η

3
T,

0 for
2 + η

3
T ≤ t ≤ T,

(8)

024070-5



CRISTINA CICALI et al. PHYS. REV. APPLIED 24, 024070 (2025)

where ti = 0 and tf = T. The total time T is divided into
fractions defined by the parameter η, the transport time
is assigned to be ηT, and the remaining time is divided
into three intervals of equal length (1 − η)T/3 for the

capturing, releasing, and waiting stages. By doing so, we
invest equal times for the capturing, releasing, and waiting
stage. The obtained total position pulse is

xmt(t) = xi +

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 for 0 ≤ t ≤ 1 − η

3
T,

x(d, ηT, t−1 − η

3
T) for

1 − η

3
T ≤ t ≤ 1 + 2η

3
T,

d for
1 + 2η

3
T ≤ t ≤ 2 + η

3
T,

d for
2 + η

3
T ≤ t ≤ T,

(9)

where x(d, τ , t) denotes any of the trajectories defined in
Eqs. (4)–(7).

The respective pulses are shown in Figs. 2(a) and 2(b).
Figure 2(a) shows the amplitude obtained via Eq. (8)
for a maximum amplitude Amax

mt /� = Aexp/� = 3.57 ×
2π MHz, d = 7 µm, η = 2/5, and T = 2.5 ms [45]. The
start and end times of the transport stage are indicated as
gray dashed vertical lines. Both controls Amt(t) and xmt(t)
satisfy the boundary conditions specified by Eq. (3). While
the amplitude for the experimentally motivated pulses
is always a piecewise-linear function, all the trajectories
have an s-shape position dependence. In Fig. 2(b), the
piecewise-linear trajectory (solid magenta) and minimum-
jerk trajectory (solid blue) are presented as the limiting
cases of the hybrid trajectory, which is depicted for several
ξ values (gradient from magenta to purple). The minimum-
jerk trajectory has the smallest velocity at the beginning
(for details about the differences between the pulses at the
beginning of the transport interval, see the insets of Fig. 2
depicting enlarged views of the pulses for times between
0.5 and 1 ms and positions between 0 and 1 µm) and at
the end of the transport and reaches the highest one at the
middle time point. For the hybrid pulse, the change ratio
at the beginning and at the end of the transport decreases
for decreasing hybridicity ξ . The quadratic pulse (dashed
yellow line) has a higher velocity in the first and final part
of the transport when compared to the minimum-jerk one,
and it also has a slightly higher velocity in the middle time
or inflection point.

B. Shortcut-to-adiabaticity solution

Since the piecewise-linear, hybrid, minimum-jerk, and
quadratic control pulses are experimentally inspired
ansätze for transport, they do not include the specifics
of the system, which are encoded in the Hamiltonian of
Eq. (1). In particular, there is no consideration of the shape

of the moving tweezers Vmt(x, t), let alone the presence of
the static tweezers Vst(x) in the background [see Eq. (2)].
To derive pulses that solve the fast-transport problem tak-
ing into account these effects while offering flexibility for
satisfying desirable and realistic boundary conditions, we
draw upon the STA framework. The main idea of STA
methods is to develop protocols that lead to the same
final state as their adiabatic (slow) counterpart in consid-
erably shorter times [51], enabling us to avoid noise and
decoherence effects.

The minimum-jerk trajectory was proposed to perform
a translation of the minimum point of a perfect harmonic
oscillator with minimal motional excitation at the begin-
ning and end of the transport by constraining the velocity
and acceleration to be zero at the initial and final times (see
for instance Refs. [15,25,52]). Here, we use the minimum-
jerk functional form in intermediate steps of the derivation
of a new set of controls Amt(t) and xmt(t), which take
into account the specific form of the moving and static
tweezers. While several STA-based approaches for atom
transport have been proposed [15,25,31,53–57], to the best
of our knowledge, the background of static tweezers has
not previously been incorporated into an STA solution. To
address a more realistic scenario, we derive an STA control
pulse that includes the transfer between optical tweezers in
the transport, therefore avoiding errors during this critical
stage.

The first step in our approach is to approximate the
Hamiltonian of Eq. (1) with a time-dependent harmonic
oscillator and then use known results on fast eigenstate
transfer for the harmonic case [15,58]. In this way, the
time-dependent oscillator accounts for both the static and
moving tweezers. We start by expanding the complete
potential in a Taylor series up to the second order around
the center of the moving tweezer xmt(t). By complet-
ing the resulting polynomial in x to a square form and
ignoring a time-dependent energy offset, we obtain a
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(a) (c)

(b) (d)

FIG. 2. Control pulses: position xmt(t) and amplitude Amt(t).
The depth of the moving tweezer or amplitude control is shown
in panels (a) and (c), while the position of the minimum of the
moving trap is shown in panels (b) and (d) for a total time of
a total time of T = 2.5 ms, a maximum amplitude Amax

mt /� =
3.57 × 2π MHz, a transport time ηT with η = 2/5, and a total
distance between static tweezers d = 7 µm. The start and end of
the transport stage are indicated by gray dashed vertical lines. (a)
Piecewise amplitude ramp consisting of four stages: transferring
the atom from the initial static tweezer to the moving one, trans-
port, transferring the atom from the moving tweezer to the target
static one, and a final waiting or measuring time, see Eq. (8);
(b) Position of the moving tweezer as a function of time for a
piecewise-linear (magenta), minimum-jerk (blue), and quadratic
(yellow dashed line) pulses [see Eqs. (4)–(6)]. The linear and
minimum-jerk trajectories are particular cases of the more gen-
eral hybrid pulse given in Eq. (7), which is also depicted for
hybridizations ξ = 0.2, 0.4, 0.6, and 0.8 (curves with color gra-
dients from blue to magenta; see insets for details of the position
control at the beginning of the transport stage). The velocity of
the moving tweezer at the beginning and end of the transport
interval decreases with ξ and is minimum for the minimum-jerk
pulse. (c) Amplitude shape calculated within the STA approach,
showing the full numerical solution (solid turquoise curve) and
the approximation obtained using Eq. (21) (dashed orange line).
The piecewise-linear amplitude associated with the piecewise-
linear, hybrid, minimum-jerk, and quadratic ramps is shown as
a light gray curve to highlight that the maximum amplitude
is the same for all pulses. The two peaks at maximum ampli-
tude depicted by the STA pulse are developed to counteract the
restoring force of the static tweezers. (d) Full numerical and
approximated position of the moving tweezer obtained with the
STA formalism, same color code as in panel (c).

moving harmonic oscillator with a time-dependent effec-
tive frequency

H0(x, t) = − �

2m
∂2

∂x2 + mω(t)2

2
[x − x0(t)]2, (10)

where ω(t) and x0(t) are related to the controls and the
derivatives of the static potential through

mω2(t) = d2Vst

dx2

∣∣∣∣
xmt(t)

+ Amt(t)
σ 2

mt
, (11)

and

x0(t) = xmt(t)−

dVst

dx

∣∣∣∣
xmt(t)

mω2(t)
. (12)

For the time-dependent Hamiltonian of Eq. (10), it is pos-
sible to construct a dynamical invariant I(x, t) such that
for any wave function ψ(t) evolving with H0(x, t), we
have (d/dt)〈ψ(t)|I(t)|ψ(t)〉 = 0. This means that with the
appropriate time dependence of ω(t) and x0(t), if the sys-
tem is initially in an eigenstate of H0(ti), the time evolution
will map it onto the corresponding eigenstate of H0(tf)
(see Appendix A for details). For our particular form of
H0(x, t), the dynamical invariant involves two auxiliary
functions α(t) and ρ(t) that satisfy

x0(t) = α̈(t)
ω2(t)

+ α(t) and (13)

ω2(t) = ω2
0

ρ4(t)
− ρ̈(t)
ρ(t)

, (14)

where ω0 is a free constant. From the first of these equa-
tions, we see that α(t) can be identified with a classical
trajectory of a driven generalized classical harmonic oscil-
lator [59], and ρ(t) can be seen as a spatial rescaling factor.
While Eqs. (13) and (14) ensure that H0(x, t) has fast trans-
port modes given by the eigenstates of I(t) up to a phase,
we also need them to coincide with the eigenstates of
H0(x, t) at the initial and final times. To fulfill the latter
requirement, the two auxiliary functions must also satisfy
the following boundary conditions:

α̇(ti) = α̈(ti) = α̇(tf) = α̈(tf) = 0 and (15)

ρ̇(ti) = ρ̈(ti) = ρ̇(tf) = ρ̈(tf) = 0. (16)

The strategy to obtain the desired pulse is essentially
reverse engineering. First, we choose α(t) and ρ(t) satisfy-
ing the boundary conditions, which we then use to compute
x0(t) and ω(t) using Eqs. (13) and (14). After that, we
numerically solve Eq. (12) to find the position of the mov-
ing tweezer xmt(t), which is finally plugged into Eq. (11) to
obtain the tweezer amplitude Amt(t).

A simple way to design functions satisfying boundary
conditions on the derivatives such as those of Eqs. (15)
and (16) is to look for an appropriate polynomial func-
tion [15,52,53,60]. This polynomial interpolation has the
advantage that most of the calculations can be carried out
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analytically. As already mentioned, the lowest-order poly-
nomial in a variable s having vanishing first and second
derivative at the initial and final points (s = 0, 1) is given
by the minimum-jerk polynomial pmj(s) = 10s3 − 15s4 +
6s5 (notice that pmj(0) = 0 and pmj(1) = 1); therefore, we
choose both α(t) and ρ(t) to have the functional form
of pmj with suitable multiplicative and additive constants.
Because our transport protocol is divided into stages, we
apply the reverse-engineering process to each time interval
and require continuous outputs. In other words, for each
stage, we propose α(s) = αi + pmj(s)(αf − αi) and ρ(s) =
ρi + pmj(s)(ρf − ρi), where s = t/(tf − ti) is the dimen-
sionless time and the i and f subscripts denote initial and

final values over the considered interval. Using this form
for the auxiliary functions, Eqs. (15) and (16) are satisfied
for any αi,f and ρi,f, which are to be fixed by the initial and
the target position and by requiring the physical controls to
be continuous functions of time.

We now turn to the calculation of the auxiliary functions.
As mentioned before, for the proposed form for α(t), it is
easy to see that α̈(t) vanishes at the initial and the final time
of each stage, i.e., for t = 0, (1 − η)T/3, (1 + 2η)T/3,
(2 + η)T/3, and T; therefore, for those values of time, we
have α(t) = x0(t). Since the position of the moving optical
tweezer x0(t) only changes during the transport interval,
the calculation of α(t) is straightforward and leads to

α(t) = d

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 for 0 ≤ t ≤ 1 − η

3
T,

10

(
t − (1−η)

3 T
ηT

)3

− 15

(
t − (1−η)

3 T
ηT

)4

+ 6

(
t − (1−η)

3 T
ηT

)5

for
1 − η

3
T ≤ t ≤ 1 + 2η

3
T,

1 for
1 + 2η

3
T ≤ t ≤ 2 + η

3
T,

1 for
2 + η

3
T ≤ t ≤ T.

(17)

To compute the auxiliary function ρ(t), it is useful to define
the frequency associated with the static traps

ωst =
√

1
m

d2Vst

dx2

∣∣∣∣
x=0,d

=
√

Ast

mσ 2
st

, (18)

and the maximum frequency for the moving tweezer over
the capturing and releasing intervals, which is the same as
the initial frequency in the transport interval and is given in
terms of the maximum depth of the moving tweezer over
the capturing (c) or releasing (r) stages Amax,cr

mt :

ω
max,cr
mt =

√
Amax,cr

mt

mσ 2
mt

. (19)

Notice that in the case of the experimentally inspired
pulses described in the previous section, Amax,cr

mt matches
the global maximum amplitude of the pulse Amax

mt . At the
beginning of the capturing stage, at the end of the releas-
ing interval, and at the end of the protocol (i.e., for t = 0,
(2 + η)T/3, and T), the moving tweezer is completely off,
and we therefore have ω(t) = ωst [see Eq. (11)].

In contrast, at the end of the capturing interval and at the
beginning of the releasing interval, i.e., for t = (1 − η)T/3
and (1 + 2η)T/3, the amplitude of the moving tweezer
is at its maximum value over the capturing or releasing

stage, meaning that ω(t) =
√
ω2

st + (ω
max,cr
mt )

2. Using this
in Eq. (14), we get

ρ(t)=
√
ω0√
ωst

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 +
(

1
4√
ω̃2+1

−1
){

10
(

t
(1−η)

3 T

)3

− 15
(

t
(1−η)

3 T

)4

+ 6
(

t
(1−η)

3 T

)5
}

for 0 ≤ t ≤ 1−η
3 T,

1
4√
ω̃2+1

for 1−η
3 T ≤ t ≤ 1+2η

3 T,

1
4√
ω̃2+1

−
(

1
4√
ω̃2+1

−1
){

10
(

t− (1+2η)
3 T

(1−η)
3 T

)3

− 15
(

t− (1+2η)
3 T

(1−η)
3 T

)4

+ 6
(

t− (1+2η)
3 T

(1−η)
3 T

)5
}

for 1+2η
3 T ≤ t ≤ 2+η

3 T,

1 for 2+η
3 T ≤ t ≤ T,

(20)
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with ω̃2 = (ω
max,cr
mt /ωst)

2 = Amax,cr
mt σ 2

st/(Astσ
2
mt). Now that

we have the expression for ρ(t), the calculation of ω(t) is
straightforward via Eq. (14). The resultingω(t) can be used
together with α(t) in Eq. (13) to obtain x0(t). It is important
to note that since ρ(t) ∝ √

ω0, and also because α(t) does
not depend on this quantity, ω(t) (and as a consequence
x0(t)) are independent of ω0. After that, the obtained x0(t)
is plugged into Eq. (12), and the equation is numerically
solved to get xmt(t), which we then use in Eq. (11) to derive
the amplitude control Amt(t).

The numerical solutions for the amplitude and the posi-
tion of the bottom of the moving trap are shown in
Figs. 2(c) and 2(d) as solid turquoise curves. To compare
these engineered solutions with the pulses described in
the previous section, we superimpose the piecewise-linear
pulse and the piecewise-linear amplitude as light-gray
solid curves. Note that the inset of Fig. 2(d) provides an
enlarged view of the pulses for times between 0.5 and
1 ms and positions between 0 and 1 µm. While x0(t)
strongly resembles the minimum-jerk trajectory, the ampli-
tude presents two peaks that counteract the effect of the
static tweezers during the atom-transport task and are
directly related to the second-derivative term in Eq. (11)
(see also Appendix A). For a general problem, the quan-
tity and spacing of these peaks will be given by both the
number of static traps and the spatial separation between

them. In most experimental implementations, the power of
the laser that generates the moving tweezer is kept constant
during the movement (see for instance Ref. [11] or Fig. 9 of
Ref. [19]), as we already consider for the piecewise-linear,
hybrid, minimum-jerk, and quadratic ramps; however, in
the supplemental material of Ref. [8], the authors mention
that when transferring from the static to the moving tweez-
ers, they use a quadratic intensity profile, highlighting the
possibility of implementing our STA amplitude pulse.

Before moving to the next section, we provide a quite
simple and directly applicable analytical approximation
for the STA controls. The approximated solutions can be
obtained using a quadratic approximation for the external
potential, Vst(x) ≈ −Ast(1 − 2x/d)2, which is only valid
between the two minima, i.e., for 0 ≤ x ≤ d. Within this
approximation, we get

xmt(t) ≈
x0(t)+ 4Ast

dmω2(t)

1 + 8Ast
d2mω2(t)

, (21)

an expression that when combined with Eq. (11) leads to
an approximated solution for Amt(t). It is important to note
that, for this approximated xmt(t), the boundary conditions
are also approximately fulfilled. In the transport interval,
the approximated solution can be written as

xmt(t) ≈ d

10
(

t− 1−η
3 T
ηT

)3

− 15
(

t− 1−η
3 T
ηT

)4

+ 6
(

t− 1−η
3 T
ηT

)5

+
60

⎛

⎝
(

t− 1−η
3 T
ηT

)
−3

(
t− 1−η

3 T
ηT

)2

+2

(
t− 1−η

3 T
ηT

)3
⎞

⎠

(ηT)2
(

Ast
mσ2

st
+ Amax,cr

mt
mσ2

mt

) + 4Ast

d2
(

Ast
σ2

st
+ Amax,cr

mt
σ2

mt

)

1 + 8Ast

d2
(

Ast
σ2

st
+ Amax,cr

mt
σ2

mt

)
.

(22)

A direct evaluation of the coefficients of the second
and third terms of the numerator, as well as the sec-
ond term in the denominator, leads to values below 10−3,
meaning that the STA trajectory closely resembles the
minimum-jerk one. Importantly, with the same Taylor
expansion, we also derived an approximation for the max-
imum amplitude of the STA pulse in terms of the maxi-
mum amplitude over the capturing or releasing stage (or,
equivalently, the initial amplitude in the transport inter-
val), Amax

mt,STA ≈ Amax,cr
mt + Ast(1 + 2/e3/2)σ 2

mt/σ
2
st ≥ Amax,cr

mt .
The latter expression allows us to compare pulses with
the same global maximum amplitude, which is the rele-
vant experimental parameter. The approximations obtained
for the STA control pulses using the same experimentally

realistic values for the parameters as in the previous sec-
tions are depicted in Figs. 2(c) and 2(d) as dashed orange
lines. We checked that the approximation for the maxi-
mum amplitude of the STA ramp presents a very good
agreement with the full numerical results, and also that the
relative error between the full numerical solution and the
approximation for the amplitude is less than 4% during
the transport interval.

In a recent work, Hwang et al. experimentally demon-
strated the advantage of an STA-based trajectory over the
constant-velocity and constant-jerk trajectory [61]. Also
using STA techniques and a harmonic truncation of the
tweezer potential, Jaewook Ahn’s team developed a tra-
jectory very similar to that given in Eqs. (21) and (22),
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and they demonstrated that the STA survival probabil-
ity of atoms after transportation outperforms the non-STA
ones. We would like to highlight that even though our
approaches are similar, there are two key differences:
first, their calculations consider only the moving tweezer
and not the static ones, and second, they do not develop
the amplitude pulse to make use of the depth of the
tweezer as a second control variable. To compare both
STA approaches, we simulate the transport protocol using
the trajectory described in Ref. [61] for a total distance of
7 µm and Amax

mt /� = 3.57 × 2π MHz. For a protocol time
of 2.5 ms, we obtain an infidelity of 1.5 × 10−5, to be com-
pared with the minimum-jerk infidelity of 1.4 × 10−5 and
the one for our full STA solution of 5.3 × 10−6; moreover,
the infidelity obtained with our STA approach is one order
of magnitude below the infidelity reported in Ref. [61]
for total pulse times in the range [0.01, 3] ms. As we
show in the next section, incorporating a modulation into
the amplitude of the moving tweezer that counteracts the
restoring force of the static traps allows the STA pulse to
outperform the experimentally motivated ones, even with-
out optimization. We trust that the simple approximations
for our STA solutions provided in this section will moti-
vate their experimental implementation in the near future
[62].

IV. ATOM TRANSPORT CHARACTERIZATION
AND OPTIMIZATION

In this section, we present a performance analysis of the
considered pulses and their subsequent optimization.

A. Performance of the closed-form pulses

To evaluate the performance of the transport of a single
atom under the piecewise-linear, hybrid, minimum-jerk,
quadratic, and STA pulses, we are mainly concerned with
two features: first, that the transport is faithful (high-
fidelity condition), and second, that the vibrational exci-
tations of higher states are reasonably bounded to prevent
atom losses [63,64]. To check the first condition, we ana-
lyze the transport infidelity. As explained in Sec. II, the
infidelity quantifies the error after the transport, and it is
closer to zero when the state of the atom is closer to the
target state. Since our target state is the ground state of the
target tweezer, a lower infidelity at the end of the transport
is equivalent to limited heating after the complete transport
protocol.

Since the potential of an optical tweezer has finite depth,
it is also necessary to assess whether the no-heating condi-
tion is satisfied during transport. As discussed in Ref. [64],
the main effect of heating is to expel the atom from the
trap not as a result of an increase in the mean energy
but as a consequence of the spreading of the width of
the distribution over the energy states (the physical pic-
ture is that when the upper tail of the distribution reaches

untrapped levels, the atom is lost). Based on this argument,
to quantify the increase in the vibrational quantum num-
ber, we calculate the mean value 〈N 〉 and the width �N of
the distribution of the atomic state over the instantaneous
eigenstates of the moving tweezer. Following Ref. [65], we
also calculate an effective temperature given by the expec-
tation value of the kinetic operator Teff = 2〈K〉/kB, with
kB denoting the Boltzmann constant and K = p2/(2m),
where p is the momentum operator. By means of the
virial theorem for a harmonic trap, we have 〈H 〉 = 2〈K〉
[66]. Thus, Teff is a measure of the mean energy of the
system, which is usually reported to analyze the stabil-
ity of the system during transport [25,56]. In our case,
the maximum depth of the moving tweezer during trans-
port hosts about 55 oscillator levels, and the deviation
of the lower states with respect to the harmonic ones is
small. In the following, we use Système International (SI)
units and characteristic units for the time; from the fre-
quency of the static potential [see Eq. (18)], we can define
a characteristic time as τst = 2π/ωst ≈ 0.03 ms. We use
this value, since it is fixed for any maximum amplitude
of the moving tweezer; however, the relationship between
this value and the characteristic time during transport is
τmt = 2π/ωmax

mt ≈ τst/2.
The infidelity as a function of the total time T is reported

in Fig. 3 for the piecewise-linear, hybrid (ξ = 0.8, 0.4),
minimum-jerk, quadratic, and STA (full numerical solu-
tion and approximation) pulses from left to right. We
consider total times ranging between 0.01 and 3 ms, in
agreement with the experimental values (see for instance
Ref. [10] or Ref. [19]). We calculate the maximum (solid
curve), average (dashed line), and last value (dotted line)
of the infidelity over the final interval of the pulse. Since
it constitutes an upper bound, we propose the maximum
value as the quantity to be used when comparing with
experimental results. The shaded area corresponds to one
standard deviation as a measure of the error in the fidelity.

As expected, the piecewise-linear pulse produces the
highest error after transport (with an infidelity higher than
10−2 for all T) and sustained oscillations (with a period
of about 12 τst). The hybrid-pulse behavior interpolates
between the minimum-jerk and the linear behavior and
presents more oscillations for higher ξ (i.e., going toward
the linear ramp, as expected). The quadratic-pulse infi-
delity has a similar behavior to that of the hybrid pulse with
ξ � 0.5 but with a slightly higher oscillatory behavior.
Among all the pulses, the minimum-jerk and the STA ones
present the smoothest and most stable behavior. Moreover,
the STA pulse also enables reaching the lowest infidelity
in the shortest time; the infidelity rapidly decreases for
T between 10 and 20 τst and then reaches a stable value
around 10−4. In general, we observe that all the pulses
fail in the transport task for T � 10 τst. For total times
greater than 10 τst, the infidelity decreases when the total
time increases, and the hybrid, minimum-jerk, quadratic,
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(a) (b) (c) (d) (e) (f)

FIG. 3. Error after transport. Infidelity I versus total time T for the initial (top) and optimized (bottom) pulses with: (a) piecewise
linear; hybrid with (b) ξ = 0.8 and (c) ξ = 0.4; (d) minimum jerk; (e) quadratic; and (f) STA. All the pulses have a maximum
amplitude of Amax

mt /� = 3.57 × 2π MHz, the transport time is given by η T with η = 2/5, and the total distance between static tweezers
is d = 7 µm. The maximum, average, and last value of the infidelity over the last stage of the protocol [see Eqs. (8) and (9)] are shown
as solid, dashed, and dotted lines, respectively. The shaded area indicates the standard deviation calculated over the same time interval
and quantifies the error in the infidelity. The vertical gray dashed line highlights the value of the total time for which the infidelity
reaches the threshold of 10−4. For the hybrid pulse with ξ = 0.8 and 0.4, minimum-jerk, quadratic, and STA ramps, the corresponding
times are approximately 48 τst, 41 τst, 31 τst, 38 τst, and 18 τst, with τst being the characteristic time of the static traps (the characteristic
time during transport is τmt ≈ τst/2). For the two hybrid and minimum-jerk optimized pulses, these times decrease to 28 τst, the time
for the quadratic ramp decreases to 31 τst, the STA threshold time does not change, and the piecewise-linear optimized pulse reaches
the infidelity threshold for a total time of approximately 55 τst. For the considered total pulse times and distance, the range for the mean
velocity during transport goes from 1.75 m/s at a total protocol time of 0.01 ms to 5 × 10−3 m/s for a total time of 3 ms.

and STA pulses present two more regimes: a diabatic
regime with some oscillations between T ≈ 10 τst and a
value in the range 20–50 τst, and the adiabatic regime
for sufficiently large T. The total time at which the sec-
ond regime ends depends on the pulse and corresponds
in increasing order to the ramps for STA, minimum jerk,
hybrid with ξ = 0.4, quadratic, and hybrid with ξ = 0.8.
After that, the fidelity saturates with some smooth oscil-
lations that improve when the upper time threshold of the
diabatic regime decreases. Interestingly, the STA approx-
imation captures the two first regimes well, including the
value of the diabatic threshold, but it presents strong oscil-
lations with a period of about 8 τst in the last adiabatic
regime. For total times T � 50 τst, the hybrid, minimum-
jerk, quadratic, and STA pulses reach the adiabatic regime,
and therefore, any of those pulses can faithfully perform
the transport task.

Since the STA ramp presents a clear advantage for
short T, we conclude that our proposed STA protocol has
the best performance, achieving the infidelity threshold
of 10−4 (vertical dashed line) in nearly half of the time
taken by the minimum-jerk trajectory (which is the second-
best one). Moreover, using the fidelity as a measure of
the probability of a faithful transport process between two
tweezers and assuming independent transport processes
(see Ref. [61]) between tweezers, we can estimate the

fidelity after a transport protocol involving nst traps. For
instance, using the infidelity obtained for our STA solution
for a typical experimental transport velocity of 10 nm/µs
[17], we obtain an infidelity of 10−2 after 30 consecu-
tive independent transport movements. In Appendix C,
we present examples of the evolution of the infidelity for
total pulse durations T = 0.5, 1.5, 2.5, and 3 ms, while in
Appendix D, we report the infidelities for various total dis-
tances and total pulse times, as well as their dependence on
the velocity.

To test the performance of the STA solutions in a differ-
ent experimental setting, we compute the pulses and simu-
late the evolution using the parameter values described in
Ref. [17]. Our proposed STA solutions (both fully numer-
ical and approximate) allow us to complete the transport
and transfer between two neighboring tweezers separated
by a distance of 5 µm in 160 µs with an infidelity of
about 10−4. Comparing this time to a total time of 1.25 ms
reported in Ref. [17], our pulse performs the task 7.8 times
faster, even when the transport stage is carried out more
slowly (for us, it takes 80 µs, while in the experiments
of Ref. [17], it takes 50 µs). More strikingly, our STA
protocols reduce the transfer time devoted to capturing or
releasing from and to static traps by a factor of 15 (in our
case 40 µs, versus 600 µs for the experiments reported in
Ref. [17]). We would like to stress that these results could
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be further improved by adapting the ratio between the time
devoted to the transport and transfer stage to parameters of
the system at hand.

Figure 4 depicts the maximum expected value max(〈N 〉)
and the associated uncertainty or width of the distribu-
tion max(�N ) for the occupied states of the moving
tweezer, together with the maximum effective temperature
max(Teff) as a function of the total pulse time T [67]. As
expected, both quantities increase for shorter T because
diabatic processes induce a higher mixture of states. The
increase in the vibrational modes shows a similar behavior
for all the considered pulses; for total times above 0.5 ms,

(a) (b)

FIG. 4. Upper-bound measures of heating during transport.
(a) Maximum of the mean occupied level (points) and width
(error bars) of the distribution over the moving-tweezer states
(denoted respectively by 〈N 〉 and �N ). (b) Maximum effective
temperature Teff over the complete duration of the pulse as a
function of the total time T for the initial pulses (top row) and
the optimized ones (bottom row). The measures obtained for the
piecewise-linear, hybrid with ξ = 0.8 and ξ = 0.4, minimum-
jerk, quadratic, and STA (fully numerical solution and approxi-
mation) ramps are depicted as magenta circles, burgundy crosses,
purple pentagons, blue down-pointing triangles, yellow squares,
turquoise up-pointing triangles, and orange diamonds, respec-
tively, with a line of the same color as a guide for the eye. For a
total pulse time of T ≈ 0.22 ms ≈ 8 τst, the mean occupied level
plus its uncertainty is equal to half of the states hosted by the
moving tweezer. All the initial pulses have a maximum ampli-
tude of Amax

mt /� = 3.57 × 2π MHz, a transport time of ηT with
η = 2/5, and a total distance d = 7 µm. As before, τst denotes
the characteristic time of the static traps, and this is related to
the characteristic time during transport via τmt ≈ τst/2. Given the
ranges for the total pulse time and distance, the mean velocity
during transport lies between 1.75 m/s for a total protocol time
of 0.01 ms to 5 × 10−3 m/s for a total time of 3 ms.

the wave function has a dominant weight over the ground
state of the moving trap and smaller weights over the first
and second excited states. For total pulse times shorter
than 0.5 ms, the expectation value of the occupied mov-
ing tweezer states 〈N 〉 and its uncertainty �N increase
rapidly for decreasing total times. For T ≈ 0.22 ms ≈ 8 τst,
the mean occupied level plus the associated uncertainty
reaches half of the trap states, i.e., 27 levels for our trap
hosting a total of 55 states. An estimation of the vibra-
tional number increase for a moving harmonic oscillator
can be obtained by evaluating the Fourier transform of the
acceleration at the frequency of the oscillator [1,56,68]. By
computing the Fourier transform of the acceleration of our
approximated STA trajectory [Eq. (22)], we find an agree-
ment with less than 10% of relative difference between the
time at which our protocol reaches an increase of 27 oscil-
lator levels and the time that would be needed by the STA
solution proposed by Jaewook Ahn’s group; see Eq. (7) of
Ref. [61].

The hybrid ramps demonstrate a slight advantage when
compared to the rest of the pulses, as they present a smaller
effective temperature for total times T � 1.5 ms. Further-
more, the difference in the effective temperature among the
hybrid ramps and the other pulses increases for shorter
total times, reaching a difference of about 22 µK for
T ≈ 0.3 ms between the quadratic and the hybrid ramp
with ξ = 0.8. Since the change of the energy after the
evolution of a moving harmonic oscillator for a particle ini-
tially in one of the oscillator states is given by the Fourier
transform of the acceleration evaluated at the frequency
of the oscillator [1,56,68], a purely linear pulse does not
induce heating during transport. The incorporation of the
linear part in the hybrid trajectory presented in Ref. [10]
uses the latter advantage and at the same time reduces the
error after transport (as discussed on the basis of Fig. 3,
the piecewise-linear pulse infidelity is more than 2 orders
of magnitude higher when compared to the other pulses)
induced by the velocity discontinuities at the endpoints of
the pulse by replacing them with the minimum-jerk subin-
tervals. In Appendix C, we report 〈N 〉, �N , and Teff as
functions of time for total protocol times T = 0.5, 1.5,
2.5, and 3 ms. Here, it is possible to observe that for
T = 0.5 ms, the hybrid pulse with ξ = 0.8 has the smaller
�N and Teff, followed by the hybrid pulse with ξ = 0.4.

B. Atom-transport optimization

To further reduce the transport error, we implement an
optimization protocol using the d-CRAB algorithm intro-
duced by Rach et al. in 2015 [33–35,69]. This algorithm
offers several advantages over other optimization meth-
ods, mainly because of its efficiency managing high-
dimensional control spaces; by expanding the control
pulses in a randomized basis, it reduces the dimensional-
ity of the search space while circumventing local traps that
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could arise due to this restriction. Since within d-CRAB,
only a small number of parameters are optimized at the
same time, the need for gradient information is mitigated
[70,71]. This makes it possible to perform adaptive opti-
mal pulse shaping using experimental data, which implic-
itly allows experimental uncertainties—such as varying
parameters and instrumentation transfer functions [72]—to
be taken into account in the optimization cycle. We observe
that, in practice, the flexibility offered by d-CRAB comes
at the price of increased dependence on the initial guess for
the controls; this is likely the result of a more local search
in the control space. In light of this, the in-depth discussion
of the relevant experimentally feasible pulses and the STA
protocol that we presented in Sec. III becomes especially
important.

We use the QuOCS library [32], which incorporates,
among others, the d-CRAB algorithm in a user-friendly
interface [35]. The QuOCS library allows for a straight-
forward setting of the parameters related to the pulse,
such as the total time and basis parameters. It also allows
the implementation of scaling functions that set appro-
priate limits on the position and amplitude control. We
use an expansion of the control pulse in a basis of sig-
moid functions and select only some of the coefficients
as optimization control. We then conduct a systematic
pulse optimization involving four different optimization
schemes. Following the methodology outlined in Ref. [18],
we optimize the trajectory for different total times and
adjust the initial controls to identify the shortest achievable
time during the numerical analysis.

The infidelity after transport as a function of the total
time T for all the considered pulses is shown in Fig. 3
(bottom row). The optimization improves the fidelity by 2
orders of magnitude for the linear pulse and by one order of
magnitude for the remaining pulses. For all the pulses, the
shaded area corresponding to one standard deviation in the
error over the last waiting interval of the pulse is reduced
by the optimization, pointing toward a much more stable
state after transport (see also Appendix C). The optimized
piecewise-linear pulse reaches the infidelity value of 10−4

for a total time pulse of 55 τst. This threshold time remains
at 18 τst for the STA pulse, not changing appreciably after
the optimization. The threshold time for the remaining
pulses decreases between 10% and 30%; it changes from
48 τst to 28 τst for the hybrid pulse with ξ = 0.8, from 41 τst
to 28 τst for the hybrid ramp with ξ = 0.4, from 32 τst
to 28 τst for the minimum-jerk ramp, and from 38 τst to
31 τst for the quadratic pulse (all these times are indi-
cated with dashed gray vertical lines). We conclude that
the optimization yields a significant improvement for all
the pulses; however, we would like to highlight that the
full numerical solution for the STA protocol shows highly
desirable features, even without optimization. In particular,
our nonoptimized STA solution implies an improvement

of 42% in the total time required to reach the fixed infi-
delity threshold of 10−4 with respect to the nonoptimized
minimum-jerk pulse. In the case of the optimized ramps,
the STA solution improves that time by 36% with respect
to the optimized minimum-jerk pulse.

Since the objective of the optimization is to mini-
mize the final infidelity, there is no guarantee that high-
energy instantaneous eigenstates are not populated during
the obtained transport dynamics, allowing the particle to
escape the trap. For this reason, it is very important to
check that the optimized pulses does not induce heating
during the transport. As can be seen in Fig. 4 (bottom
row), the optimization leads to higher vibrational excita-
tions for the piecewise-linear and hybrid pulse with higher
hybridization (ξ = 0.8). This feature is revealed when
inspecting the effective temperature, but it is magnified by
the behavior of the mean occupied level and the width
of the distribution over the oscillator states, in line with
the discussion presented in Ref. [64]. Our results sug-
gest avoiding the use of piecewise-linear pulses, which
are known to induce heating due to their intrinsic veloc-
ity discontinuities; this is consistent with the good fidelity
obtained in Ref. [19] using a pulse with constant velocity
in the central 10% of the transport interval (ξ = 0.1). The
evolution of the infidelity, 〈N 〉, �N , and Teff is shown in
Appendix C for total times T = 0.5, 1.5, 2.5, and 3 ms.
Appendix C also contains a comparison between some
examples of initial and optimized pulses. We would like
to mention that a very small change in the pulse can trans-
late into a considerable improvement of the fidelity, as was
already exposed from the difference in the performance of
the full numerical solution for the STA pulse when com-
pared to the behavior of the approximated solution. Since
all the optimized pulses except for the piecewise-linear
one show limited heating, our results suggests that the use
of d-CRAB for pulse shaping would not induce collateral
heating that might cause major atom loss during transport.

As a final goal, we turn to the determination of good
regions in the parameter space where the transport protocol
can be reliably implemented in current experiments. We
therefore focus on the two parameters that can be changed
easily in the experiments, namely the total time of the
pulse and the maximum amplitude (depth) of the moving
tweezer. In fact, while the amplitude can be experimentally
adjusted by manipulating the laser power, other parameters
(such as the width of the tweezer) might be challenging to
modify since they are ultimately determined by the optical
elements within the apparatus. To identify good intervals
for the amplitude and total time to run the experiments,
in Fig. 5, we present heat maps for the optimized infi-
delity (minimizing the maximum of I over the last waiting
interval) for the two pulses that enable reaching the infi-
delity threshold of 10−4 in the shortest total time for a
fixed amplitude of Amax

mt /� = Aexp/� = 3.57 × 2π MHz,

024070-13



CRISTINA CICALI et al. PHYS. REV. APPLIED 24, 024070 (2025)

FIG. 5. Determining optimal regions in the experimentally
accessible parameter space for high-fidelity transport pulses. The
infidelity is shown for the minimum-jerk ramp (left) and our
proposed STA pulse (right) after optimization as a function of
the maximum amplitude Amax

mt . The amplitude is in units of
Aexp/� = 3.57 × 2π MHz, and the total time of the pulse T is
given in units of the characteristic time of the static traps τst
(bottom scale) and in milliseconds (upper scale). Lighter col-
ors show regions of smaller infidelity, which quantifies the error
after transport. As before, the characteristic time during transport
is given by τmt ≈ τst/2 and the mean velocity during transport
varies between 1.75 m/s for a total protocol time of 0.01 ms to
5 × 10−3 m/s for a total time of 3 ms.

i.e., the optimized minimum-jerk and STA pulses. We con-
sider total times up to 1 ms ∼ 33 τst (for larger total times,
the infidelity reaches the stable regime) and maximum
amplitudes between Aexp and 10 Aexp, both being realistic
ranges of the parameters for experimental realizations.

Our simulations show that the infidelity of the
minimum-jerk pulse has a strong dependence on both the
total time and the maximum amplitude. For larger ampli-
tude values, longer times are needed to achieve a desired
fixed value of the infidelity. We interpret this on the basis of
the relation between the capturing and releasing time and
the total time of the transport, which are here fixed to T/5
and 2 T/5 respectively. A higher amplitude of the moving
tweezer implies a larger difference between the moving
and static potential, meaning that the system requires a
longer releasing time to adjust toward the target state.
Fixing an error threshold of 10−4, the best region in the
parameter space appears for times longer than 20 τst and
amplitudes between 1 and 4 Aexp. On the other hand, by
incorporating a modulation in the amplitude of the mov-
ing tweezer that counteracts the restoring force of the
static traps, the STA pulse depicts a quite robust infidelity
against amplitude variations. Using our STA pulse, infi-
delities below 10−4 can be obtained for times longer than
20 τst independently of Amax

mt . The STA ramps also seem
to present magic time windows, exposed as lighter ver-
tical stripes, indicating that the infidelity is suppressed
by at least one order of magnitude around T ≈ 10.5 τst,
13.5 τst, 15.5 τst, 17.5 τst, and 25 τst. Such magic times have

already been found in previous works addressing efficient
atom transport. See for instance Refs. [25,31], where the
authors combine reverse-engineering methods with quan-
tum optimal control and design trajectories that show a
strong suppression of the population across excited states
for a given set of magic times [73].

Figure 5 shows a drastic increase in the infidelity for
total pulse durations below 8 τst. This feature can already
be inferred from Fig. 3 for all the considered pulses and for
Amax

mt = Aexp. Our results strongly point toward the pres-
ence of a QSL, imposing a bound for the minimum time
required for the transport task [22,37]. Taking into account
that the transport takes 2/5 of the total time, T, the bound
for the transport time is about 3 τst. When comparing with
the results for a quadratic pulse presented in Ref. [20] for
the same setting (with a distance in oscillator units and a
trap depth hosting the same amount of states) we observe
that our lower bound for the transport time is five times
larger; however, it is important to highlight that our proto-
col incorporates more information-processing details than
the one considered in Ref. [20], where only the transport
stage is taken into account with no consideration of the
time devoted to capture and release the atom. For a moving
trap hosting the same number of levels, we obtain a lower
time threshold for the transfer between tweezers, which is
nine times faster than the time reported in Ref. [19] (eight
oscillator units versus 75 oscillator units). Considering that
in Ref. [17], the authors state that the time needed for
the capturing or releasing is 12 times that required for the
transport task, our results suggests that an improvement of
the transfer between tweezers can translate into an overall
speedup, even at the cost of devoting a larger time to the
transport stage. Our findings call attention to the impor-
tance of including the transfer between tweezers in the
model; by optimizing over the entire process, which also
includes the effect of the static traps, we see the importance
of tailored solutions, such as those based on our specialized
STA, for reaching error rates in the fault-tolerant regime.

V. SUMMARY AND CONCLUSIONS

In this work, we focused on the transport and trans-
fer between tweezers of neutral atoms, a relevant problem
(and possibly a bottleneck) for the creation and improve-
ment of quantum processors and simulators [1,8]. We con-
sidered four different types of experimentally motivated
pulses: piecewise-linear, piecewise-quadratic, minimum-
jerk, and a family of hybrid linear and minimum-jerk
ramps. These pulses were used to transport not only atomic
ensembles but also few and single atoms in experiments
with optical tweezers [1,7,8,10–12,17] and optical con-
veyor belts [48]. To generate a pulse that is specifically
tailored for our problem, we developed a transport proto-
col using STA techniques. The main difference between
our STA approach and previous ones is that we take into
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account the potential of the static tweezers to optimize the
transfer between static and moving traps. To facilitate the
adoption of our pulse in future experiments, we provided
an easy-to-implement approximation for the full numeri-
cal solution. A close inspection of the approximated STA
solution shows that the associated trajectory is a modifi-
cation of the widely known minimum-jerk trajectory, with
the key difference that its amplitude modulation (related
to the depth of the moving trap) counteracts the effect of
the static tweezers. We characterized the performance of
all the considered pulses and found that our proposed STA
protocol outperforms the experimentally inspired ramps,
even without optimization.

All the considered pulses were used as initial guesses for
QuOCS optimization, leading to a reduction in the error
(quantified by the infidelity with respect to the target state)
by at least one order of magnitude. By setting a thresh-
old for the infidelity of 10−4, we obtained a reduction of
the total time of the pulse between 10% and 30% after
optimization for the hybrid, minimum-jerk, and quadratic
pulses.

Based on the discussions on heating and losses pre-
sented in Refs. [1,65], and to check that our optimized
pulses do not induce extra heating during transport, we cal-
culated the mean occupied level and the width of the distri-
bution over the states of the moving tweezer, together with
an effective temperature related to the motional energy.
For total pulse times below 8 τst ≈ 16 τmt (with τst and
τmt being the characteristic times of the static and moving
traps, respectively), the increase in the vibrational excita-
tions exceeds half of the states hosted by the moving trap.
We focused on the two pulses with the best performance,
namely the minimum-jerk and STA pulses, and we quan-
tified the error after transport as a function of the total
time of the pulse and the maximum depth of the moving
tweezer (which are both experimentally accessible param-
eters). We identified good regions in the parameter space
to reliably run the transport protocol. For total times larger
than 10 τst, both pulses provide good performance (with an
infidelity below 10−2); however, the minimum-jerk ramp
entails limitations on the maximum amplitude that can be
selected, while our proposed STA pulse provides much
more freedom. We conclude that our STA solution consti-
tutes an improvement compared to the usual minimum-jerk
trajectory.

Our findings also suggest the presence of a lower bound
for the total time of the pulses; we obtain a numerical quan-
tum speed limit for the complete protocol time of about
8 τst. Since the transport time is a fraction of the total dura-
tion of the protocol, this value corresponds to a bound of
3 τst for the transport stage, which is around five times the
value reported in Ref. [20] for a protocol that does not con-
sider the transfer time required to capture and release the
atom. Taking into account that the capturing or releasing
time was estimated to be 12 times larger than the time

needed for the transport process alone in the experiments
of Ref. [17], and that our obtained transfer time is nine
times faster than the one reported in Ref. [19], our results
draw attention to the relevance of including the transfer
between tweezers in the model. In other words, to fully
capture the information protocol, it is necessary to consider
not only the transport process but also the transfer between
optical tweezers, which makes up a significant portion (if
not the majority) of the error and the time budget.

Our analytical and numerical results show that small
deformations in the pulses (for instance, less than 4% for
the approximated STA amplitude when compared to the
full numerical solution) can translate into a decrease in the
error after transport by 2 orders of magnitude. We also con-
tribute to filling a knowledge gap identified in Ref. [48] in
the case of atomic transport by means of optical conveyor
belts, namely, providing a systematic characterization of
the effectiveness of different trajectories.

Our proposed STA pulse also demonstrates that a modu-
lation of the depth of the tweezer (in contrast to the widely
used piecewise-linear ramps) counteracts the effect of the
static tweezers, producing smaller and more stable errors
for shorter pulse durations. This adds extra controllability,
similarly to amplitude and phase control in optical lattices
[74]. To the best of our knowledge, our proposed amplitude
modulation could be implemented in current experiments
since, as mentioned in Ref. [8], amplitudes with a quadratic
dependence on time are possible. The implementation of
the modulation in the tweezer depth as a second control
that corrects the effects of the static tweezers is particularly
promising in light of the recent experimental implemen-
tation of an STA trajectory which has many common
elements to ours [61], with the key difference of correct-
ing the static-tweezer effects during the transfer process.
Our results contribute to the generalization and improve-
ment of previously known ramps for transporting neutral
atoms in state-of-the-art quantum processors and quantum
simulators based on tweezer arrays. Given the flexibility
of our approach to accommodate different external poten-
tials, we are currently working on its application to optical
lattice platforms.
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APPENDIX A: STA THEORY

For the convenience of the reader, we regroup and sum-
marize here the well-known results from the theory of
shortcuts to adiabaticity (STA), which are relevant in the
derivation of the STA-based transport pulse in Sec. III B.

1. Dynamical invariants and STA

Shortcuts to adiabaticity are a collection of methods
whose aim is to obtain a fast-forward version of the adi-
abatic time evolution of a system. We exploit a known
dynamical invariant of the system to reverse engineer an
STA pulse that realizes the desired dynamics. Let us start
by considering a time-dependent Hamiltonian H(t) and the
solutions |ψ(t)〉 to the Schrödinger equation

i�
∂

∂t
|ψ(t)〉 = H(t) |ψ(t)〉 . (A1)

A dynamical invariant of H(t) is a time-dependent operator
I(t) that satisfies the relation

dI
dt

≡ ∂I
∂t

+ 1
i�

[I , H ] = 0, (A2)

meaning that (d/dt)〈ψ(t)|I(t)|ψ(t)〉. Provided that I † = I
is Hermitian, it is possible to write any solution of Eq. (A1)
as a time-independent linear combination of eigenvectors∣∣φLR

n (t)
〉
of I(t) [30], which we denote as dynamical modes

|ψ(t)〉 =
∑

n

cn
∣∣φLR

n (t)
〉
, with

I(t)
∣∣φLR

n (t)
〉 = λn

∣∣φLR
n (t)

〉
, (A3)

and where we explicitly state that the eigenvalues λn of
I(t) do not depend on time. Additionally, in the case that
I(t) does not involve a differentiation in time, the dynam-
ical modes can be explicitly constructed by means of a

gauge transformation of the (generic) eigenvectors |φn(t)〉
of I(t) [30], featuring the so-called Lewis-Riesenfeld
phases γn(t):

∣∣φLR
n (t)

〉 = eiγn(t) |φn(t)〉 , (A4)

�
dγn

dt
= 〈φn(t)| i�

∂

∂t
− H(t) |φn(t)〉 . (A5)

In addition to being a useful tool to solve the equation
of motion [Eq. (A1)], these modes can be used to find the
Hamiltonian operator that produces a certain prescribed
time evolution by means of reverse engineering. The goal
is to realize a time evolution that maps eigenstates of H(ti)
to eigenstates of H(tf) in a given amount of time T = tf − ti
(the subscripts i and f denote, as usual, initial and final).
One way to obtain this is to impose that every dynamical
mode coincides (up to a phase factor) with an eigenstate
of the Hamiltonian at t = ti, tf. This requires the dynam-
ical invariant to commute with the Hamiltonian at the
endpoints of the time evolution, leading to the following
boundary conditions:

[I(ti), H(ti)] = [I(tf), H(tf)] = 0. (A6)

These are just necessary conditions, but they allow us to
effectively speed up the adiabatic transfer between ground
states at t = ti and t = tf in concrete cases, such as for atom
transport [15].

2. STA for atom transport

A general family of Hamiltonians that is useful for
atom transport and manipulation with a known dynamical
invariant is given by Ref. [58]:

H(t) = p2

2m
− F(t)x + m

2
ω2(t)x2 +

V
(

x − α(t)
ρ(t)

)

ρ2(t)
.

(A7)

It is possible to verify that for any constant ω0, the operator

I(t) = [ρ(p − mα̇)− mρ̇(x − α)]2

2m

+ mω2
0

2

(
x − α

ρ

)2

+ V
(

x − α

ρ

)
(A8)

is an invariant for H(t), meaning that it satisfies Eq. (A2)
provided that the following auxiliary conditions are also
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verified:

α̈ + ω2(t)α = F(t)
m

and (A9)

ρ̈ + ω2(t)ρ = ω2
0

ρ3 . (A10)

As proven in Ref. [58], there is a unitary transforma-
tion |φ〉 = U(t) |ψ〉 such that the transformed dynam-
ical invariant J = UIU†, expressed in the coordinate
ζ = ρ−1(x − α), is time independent. We can then obtain
the eigenstates of I by solving the stationary eigenvalue
problem for J and then transforming back with U†:

J |φn〉 = λn |φn〉 , with |ψn(t)〉 = U†(t) |φn〉 , (A11)

which, in the coordinate space, gives rise to [15,58]
[
− �2

2m
∂2

∂ζ 2 + 1
2

mω2
0ζ

2 + V(ζ )
]
φn(ζ ) = λnφn(ζ ),

(A12)

ψn(x, t) = ρ− 1
2 e

im
�

[ρ̇x2/2ρ+(α̇ρ−αρ̇)x/ρ]φn

(
x − α

ρ

)
. (A13)

Finally, the Lewis-Riesenfeld phases are obtained as
[30,58]

γn(t) = −1
�

∫ t

0
dt′
(
λn

ρ2 + m(α̇ρ − αρ̇)2

2ρ2

)
, (A14)

and the boundary conditions from Eq. (A6), which are
necessary for eigenstate transfer, become

α̇(ti) = α̈(ti) = α̇(tf) = α̈(tf) = 0, (A15)

ρ̇(ti) = ρ̈(ti) = ρ̇(tf) = ρ̈(tf) = 0, (A16)

justifying Eqs. (15) and (16) in the main text. By fix-
ing F(t) = mω2(t)x0(t) and V(x) = 0 in Eq. (A7), we
obtain the time-dependent harmonic-oscillator Hamilto-
nian [15] from Eq. (10), while Eqs. (A9)–(A10) become
Eqs. (13)–(14), respectively, of the main text.

APPENDIX B: TIME-EVOLUTION METHOD AND
DISCRETIZATION-ERROR ANALYSIS

Numerical simulations inherently contain errors, partic-
ularly if an infinite space is approximated by a finite one, as
in the discretization of quantum-optical systems. For this
reason, we examine the stability of the time evolution and
investigate the error due to the space and time discretiza-
tion. This is a crucial step in validating our numerical
implementation. To evaluate the numerical errors present
in our implementation, we study the harmonic oscillator
under static and time-dependent conditions (using the same
frequency ωst and mass m as in the main text).

1. Space-discretization error analysis

The well-known solutions of the harmonic-oscillator
problem allow us to study the error introduced by the
space discretization, constrained only by the machine pre-
cision. We first compare the wave-function amplitude
computed via exact diagonalization and the corresponding
exact solution involving the Hermite polynomials for dif-
ferent space-discretization steps�x. The analysis offers an
understanding of the error range in the considered interval
for space discretization. Calculating the root-mean-square
error, E , between the two different computation methods
and fitting the resulting data, we relate E to the dis-
cretization step�x as E = a�xb/(1+c�x), with a = 0.46,
b = 2.31, and c = 7.03, allowing for a selection of �x
once the error threshold is fixed.

Taking into account the required computational time and
discretization precision, we found that �x ∼ 0.02 µm ≈
0.2lst ≈ 0.4lmt (where lst and lmt are respectively the char-
acteristic lengths of the static and moving trap during
transport, i.e., with maximum tweezer depth) is sufficient
to capture the wave-function details while maintaining a
discretization-error threshold of approximately 10−5 and a
computational time in the range of milliseconds.

2. Time-discretization error analysis

The time evolution is performed using the split-step
Fourier method [76–80], as explained in detail in Ref. [55].
This method is particularly effective thanks to the Baker-
Campbell-Hausdorff relation [81]

eiH�t � e−iV�t/2e−iT�te−iV�t/2 + O(�t3), (B1)

and the fast Fourier transform (FFT) algorithm [82]. In
Eq. (B1), T and V denote the kinetic and potential terms
of the Hamiltonian. We have chosen to reduce the error
by introducing a symmetric splitting, also known as Strang
splitting, where the potential is applied for a half time step
before and after the kinetic operator, obtaining an error
of O(�t3) [76,80]. The Fourier transform is used in the
intermediate steps to diagonalize the operators T and V
in their respective bases, reducing each multiplication in
Eq. (B1) to a scaling of O(N ). This combination allows
us to develop a straightforward algorithm to compute the
evolution of the state |ψ(t)〉 from time t to time t +�t that
can be summarized in the following steps:

e−iH�t |ψ(t, x)〉 ≈ e−iV�t/2e−iT�te−iV�t/2 |ψ(t, x)〉
∝ UV(x)F−1FUT(x)F−1FUV(x) |ψ(t, x)〉
∝ UV(x)F−1UT(p) |ψ(t, p)〉
∝ UV(x)

∣∣ψ ′′(t, x)
〉

∝ |ψ(t +�t, x)〉 . (B2)

024070-17



CRISTINA CICALI et al. PHYS. REV. APPLIED 24, 024070 (2025)

We have used UV = e−iV�t/2, UT = e−iT�t, and F denotes
the Fourier transform. Moreover, the method assumes that
the wave function does not change significantly within
each small time step �t.

To study our system described by a Hamiltonian

H(t) = p2

2m
+ V(x)+ V(x, t), (B3)

we need to recursively apply the previous algorithm to the
discretized potential V(x, tn) = Vn, where n = 0, 1, . . . , Nt,
with Nt being the total number of time steps, which in
our computation for T = 3 ms was chosen to be 5000 (see
below), leading to �t = 0.6 µs ≈ 0.02 τst ≈ 0.06 τmt.

The FFT, with a scaling of order N log(N ), is the pri-
mary source of the high computational cost, and a large
number of time steps can further slow down the computa-
tion. At first glance, the single-splitting method given by

eiH�t � eiV�teiT�t + O(�t2) (B4)

could reduce the computational time of the time evolution;
however, it incurs the cost of introducing high-order oscil-
lations for the intermediate steps. To quantify the error and
the amplitude of the induced oscillations, we studied the
time evolution of a static harmonic oscillator by analyz-
ing the infidelity between the time-evolved state and the
analytical one for each time step (we use a fixed grid of
5000 time steps). We expect a vanishing infidelity due to
the static nature of the harmonic oscillator; however, oscil-
lations are observed at all time steps except the initial and
final ones. The infidelity for the single-splitting method
oscillates around 1.7 × 10−4, while the infidelity obtained
with the Strang splitting oscillates around 2.2 × 10−7 with
the same oscillation period of two times the characteris-
tic time of the oscillator. Even though the Strang splitting
method is 30% slower, it leads to an improvement of
more than 2 orders of magnitude in the infidelity, which
is crucial for us to obtain faithful results for infidelities
under 10−4.

The time discretization �t was chosen by analyzing the
splitting methods for different total numbers of time steps.
After a careful quantification of the effects of the oscilla-
tions in the evolution method, we compute the infidelity
between the numerical and analytical harmonic-oscillator
solution as a function of�t and chose a grid of 5000 points
for the larger considered total time of 3 ms to reach infideli-
ties below 10−7. With this procedure, smaller times will
keep the error bound. When varying either the total evolu-
tion time in the range [0.01, 3] ms or the frequency of the
oscillator in the interval [ωst, 10ωst], the relation between
the two methods (Strang splitting and single splitting) is
consistent, even though the error increases for increasing
total times and frequencies. Finally, we used the transport
trajectory obtained for the harmonic oscillator within our

STA approach and calculated the root-mean-square error
between the numerically computed and analytical solu-
tions. In the latter case, we observe that the error for the
Strang splitting is one order of magnitude less than that
obtained using the single-splitting approach. For the final
simulations, the grid in space and time has been chosen
to find a compromise between obtaining higher fidelities
while spending a reasonable computational time. Given
that the experimental measurable errors are around 10−2

to 10−3, we choose these grids to reach an infidelity of the
order of 10−7 for a moving harmonic oscillator.

APPENDIX C: TRANSPORT DYNAMICS

In this section, we present the time evolution of the
quantities studied in Sec. IV for some particular values
of the total duration T of the protocol. We have cho-
sen T = 0.5, 1.5, 2.5, and 3 ms, which corresponds to
16.6 τst, 49.8 τst, 83 τst, and 99.6 τst, or 55.7 τmt, 167.1 τmt,
278.4 τmt, and 334.1 τmt. At this point, it is important to
remember that τst and τmt are the characteristic times of
the static and moving trap during transport (i.e., with
maximum tweezer depth), which are related by τst ≈ 2 τmt.

In Fig. 6 we report the error after transport measured
as the maximum of the infidelity with respect to the tar-
get state over the last waiting interval of the pulse [see
Eqs. (8) and (9)] for the five families of pulses considered
in the main text. The upper row shows the results with-
out optimization, while the error during transport obtained
for the optimized pulses is depicted in the lower row. The
darker the color of the curve, the larger the total time T.
The evolution of the infidelity depicts more or less the
same behavior for all the pulses; the fidelity is very low
until the atom reaches the target tweezer, and after that, the
fidelity rapidly increases. During the waiting stage of the
pulse, the value of the infidelity presents some oscillations
that can be seen as the thick final part of each curve. To
interpret these results, it is important to have in mind that
the data are presented in logarithmic scale; therefore, even
though the STA final evolution seems to be very noisy, the
final variations are spread on a 10−6 scale. Furthermore,
for the hybrid pulse with ξ = 0.4 and the minimum-jerk
ramp, the final infidelity is higher for T = 3 ms than for
T = 2.5 ms, which is consistent with the oscillations of the
infidelity when plotted against T (see Fig. 3 in the main
text). All the optimized pulses improve the fidelity by at
least one order of magnitude.

Figure 7 shows the time evolution of the mean occu-
pied level of the moving trap states 〈N 〉 and its uncertainty
�N given by the width of the distribution over the states
of the moving tweezer during transport (upper row), as
well as the motional effective temperature Teff (lower row).
Since the nonoptimized and optimized curves are very
similar except for the linear pulse, the values for the
initial (nonoptimized) ramps are shown as gray curves,
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(a) (b) (c) (d) (e) (f)

FIG. 6. Error during transport. Infidelity I vs time for total pulse times T = 0.5, 1.5, 2.5, and 3 ms (lighter to darker colors) for
all the considered initial pulses (top row) and the corresponding optimizations (bottom row). The time scales are given in SI units
and characteristic units, where the characteristic time τst of the static traps is related to the one of the moving trap via τst ≈ 2 τmt. All
the pulses have a maximum amplitude of Amax

mt /� = 3.57 × 2π MHz, the transport time is given by η T with η = 2/5, and the total
distance between static tweezers is d = 7 µm.

and the values obtained for the optimized pulses are in
color. As before, darker colors indicate longer total times.
Shorter pulse times are related to higher 〈N 〉, �N , and
Teff values. Furthermore, the optimization induces heating
mainly for the piecewise-linear ramp, the hybrid one with
hybridicity ξ = 0.8 (closer to the linear pulse), and the

STA approximation. We notice that the distribution over
the moving-tweezer states is more sensitive as a heating
measure for transient times than the effective temperature.
The two peaks depicted by 〈N 〉 and �N correspond to the
mixing of states induced when the wave function abandons
one of the tweezers and readjusts into the following one.

(a) (b) (c) (d) (e) (f) (g)

FIG. 7. Measures of heating during transport. Expected value 〈N 〉 for the occupied level of the moving-trap states (top row) with
the associated uncertainty�N (middle row), and effective temperature Teff (bottom row) vs time for total pulse times T = 0.5, 1.5, 2.5,
and 3 ms (lighter to darker colors) and for all the considered pulses. The colored curves correspond to the optimized pulses; the results
obtained with the initial (nonoptimized) pulses are very similar (except for the piecewise-linear pulse) and are shown in gray behind
each optimized curve. The time scales are given in SI units and characteristic units, with τst being the characteristic time of the static
traps related to the one of the moving trap via τst ≈ 2 τmt. All the pulses have a maximum amplitude of Amax

mt /� = 3.57 × 2π MHz, the
transport time is given by η T with η = 2/5, and the total distance between static tweezers is d = 7 µm.
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FIG. 8. Examples of optimized pulses. The amplitude Amt(t) and the position xmt(t) of the moving tweezer are shown for the linear
(left), minimum-jerk (center), and STA (right) ramps. The optimized pulses are plotted in colored solid curves while the initial (nonop-
timized) ones are depicted as gray dashed lines. We observe that the optimization results in small changes in the minimum-jerk and
STA trajectories compared to the rest of the pulses. As before, the time scales are given in SI units and characteristic units, with τst
being the characteristic time of the static traps related to the one of the moving tweezer via τst ≈ 2 τmt. All the pulses have a maximum
amplitude of Amax

mt /� = 3.57 × 2π MHz, the transport time is given by η T with η = 2/5, and the total distance between static tweezers
is d = 7 µm.

As expected due to the jumps in the velocity, in general,
the piecewise-linear ramp depicts the highest 〈N 〉 and �N
values.

Finally, Fig. 8 presents examples of comparisons
between the optimized pulses (colored solid lines) and
the initial guesses or nonoptimized pulses (gray dashed
lines) for the same total times, T = 0.5, 1.5, 2.5, and
3 ms, as considered before. We would like to highlight
that the optimized position pulse for the linear ramp is
not symmetric. This can also be seen in the asymmet-
ric form depicted by 〈N 〉 and �N in Fig. 7. While all
the considered initial pulses were taken as symmetric,
the automatic optimization algorithm breaks this symme-
try, particularly for the piecewise-linear and approximated
STA pulses. Furthermore, we observe that the optimiza-
tion changes the piecewise-linear pulse mainly at the
beginning and end of the transport stage; also, for the

STA pulse, the optimization tends toward smaller ampli-
tudes.

APPENDIX D: TRANSPORT AND TRANSFER
ACROSS DIFFERENT DISTANCES AND

VELOCITIES

The transport distance can range from a few microm-
eters to several hundreds of micrometers, depending on
whether the transport occurs within the computational zone
or between the storage and computational zones. We ana-
lyzed here the behavior of the minimum-jerk trajectory and
the full numerical solution of our proposed STA pulse over
distances between 1 and 14 µm. By way of example, in
Fig. 9(a), we report the error after transport quantified by
the infidelity I with the target state for a total distance of

(a) (b)

FIG. 9. Error during transport for larger distances. (a) Infidelity I vs velocity v in units of the characteristic velocity of the static
oscillator vst for distances of 3.5 and 14 µm (lighter-colored dashed line and darker-colored full line, respectively). The plots show
the average infidelity over the last interval of the pulse (see Fig. 2) with the associated standard deviation (shaded area). The STA
shows more stable behavior for both distances, followed by a speed up to reach the threshold infidelity of 10−4; in particular, for a
distance of 14 µm, that time reduces from 40 τst ≈ 1.21 ms (v = 0.014 m/s) for the minimum jerk to 24 τst ≈ 0.75 ms (v = 0.024 m/s)
for the STA, while for a distance of 3.5 µm, it reduces from 32 τst ≈ 0.97 ms (v = 0.018 m/s) to 16 τst ≈ 0.5 ms (v = 0.036 m/s).
(b) Infidelity I as function of the distance d and total time T. The time is varied between 0.01 and 7 ms, and the distance is ranges
between 1 and 14 µm. For both pulses, the infidelity is higher at short times; however, while the minimum-jerk pulse shows a stronger
dependence on T and d, the STA pulse exhibits much more stable behavior with lower infidelities.
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3.5 µm and 14 µm (i.e., half and double the distance con-
sidered in the main text; transport over larger distances,
although feasible, requires higher grid discretization and
consequently longer computational times; for that reason,
we stick to the typical range of distances found when mov-
ing atoms inside a determined zone and not among zones
[17]), and a for total pulse time T ranging between 0.01 and
7 ms, corresponding to a mean velocity during transport
varying between 1.75 and 0.0025 m/s. The figure shows
the average infidelity over the last interval of the pulses
and the associated standard deviation (shaded area) as a
function of the mean velocity calculated as d/(ηT). Simi-
lar to what was observed for the original distance of 7 µm,
the STA pulses depict a more stable behavior when com-
pared to the minimum-jerk pulses. The infidelity increases
as a function of the velocity. In both cases, the time needed
for reaching the infidelity threshold of 10−4 increases with
the distance. As before, the STA pulse allows for a reduc-
tion of approximately 40% in the time needed to obtain an
infidelity of 10−4.

In Fig. 9(b), we show the error I as function of both the
distance d and the total time of the protocol T. The time
ranges between 0.01 and 7 ms. while the distance is varied
between 1 and 14 µm. For short distances and short total
times, both protocols lead to errors above 10−1 due to the
excitations induced by higher transport speeds. The bottom
dark areas in the plots show the dependence of the quan-
tum speed limit on the distance of the transport. Longer
distances require a longer time; however, while the mini-
mum jerk reaches infidelities of 10−6 or 10−7 in specific
pairs of T and d, consistent with the oscillations present in
Fig. 9(a), the STA shows a more stable and robust behav-
ior on d and T. This suggest that the STA pulse not only
reduces the error and the protocol time but it is also much
more versatile than the considered experimentally inspired
pulses.
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