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Quantum speedup for solving the one-dimensional Hubbard model using quantum annealing
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The Hubbard model has occupied the minds of condensed matter physicists for most part of the last century.
This model provides insight into a range of phenomena in correlated electron systems. We wish to examine the
paradigm of quantum algorithms for solving such many-body problems. The focus of our current work is on the
one-dimensional model that is integrable, meaning that there exist analytical results for determining its ground
state. In particular, we demonstrate how to perform a gate-based quantum computer simulation of quantum
annealing for the Hubbard Hamiltonian. We perform simulations for systems with up to 40 qubits to study the
scaling of required annealing time for obtaining the ground state. We find that for the half-filled cases considered,
there is a polynomial quantum speedup over algorithms based on the Bethe-ansatz equations.
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I. INTRODUCTION

The Hubbard model is believed to be one of the simplest
models that can capture qualitative behavior of correlated
fermions, which cannot be reconciled within band theory
[1]. The Hamiltonian for a one-dimensional lattice with open
boundaries emerging from this model is given by

L—-1
H=—1y Z (C;Lgci+la +Cj+lo'ci0)

i=

™

L
+U2n,~¢ni¢, (1)
i=1

where L is the number of sites of the lattice, CL (ciy) is the
fermion creation (annihilation) operator of spin o at site i,
and n;, = c}acia is the number operator of spin o at site i.
The first sum of terms describes the nearest-neighbor hop-
ping of the electrons, 7y being the hopping integral. The
second sum describes the on-site repulsive interaction with
strength U > 0.

Despite the apparent simplicity of the Hamiltonian, exact
results for the solution to the eigenvalue problem of this
Hamiltonian only exist in the thermodynamic limit for the
one-dimensional lattice [2]. Even for the one-dimensional
model, the procedure is nontrivial and was first performed by
Lieb and Wu [3] for periodic boundary conditions. They used
the Bethe ansatz [4] to reduce the eigenvalue problem to the
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Bethe-ansatz equations, which are a set of coupled nonlinear
algebraic equations, now called the Lieb-Wu equations. The
Lieb-Wu equations can be analyzed in the thermodynamic
limit, and certain properties like the ground-state energy can
be obtained in a closed form by solving a set of coupled
integral equations. The one-dimensional Hubbard model is
thus integrable [5] and is considered to be solved in this sense.

In the present paper, we study the finite one-dimensional
Hubbard model with open boundaries from the perspective of
quantum computing. There exist Bethe-ansatz equations also
for this version of the problem, which were first calculated
by H. Schulz [6]. The equations for the quantum num-

bers {ki, k2, ..., kn} and {A1, A2, ..., Ay, } that determine the
ground state read
Ny
2L+ 1) =2mj+ Y > ¢@2sink;+2b1,), (2)
b=%1 r=1
N
D) ¢@bsink + 24,)
b==1 I=1
N,
= —2wr+ ) Y dh +bhy), 3)
b=c1 sl

where ¢ (x) = —2 arctan(2xty /U), N, = lele n;s s the total
number of fermions with spin o, N = N; + N is the total
number of fermions, and the ground-state energy is given by

N
E =2ty Zcos kj. @)
j=1

Going to the thermodynamic limit by taking L — oo, and
keeping the ratios N/L and N /N constant, Egs. (2) and (3)
turn into coupled integral equations [6]. These equations can
be solved analytically for the case of 2N, = N = L, and the
corresponding ground-state energy can be calculated. How-
ever, for general L, N, and N, a computer is needed to solve
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the respective Bethe-ansatz equations. The time required to
solve the equations by a root-finding algorithm scales poly-
nomially with L, and thus, the ground-state energy can also
be found for large L. On the other hand, finding the ground
state using the roots is still exponentially expensive due to the
requirement of calculating an exponentially large number of
coefficients.

For the Grover algorithm [7], it was shown that a quadratic
speedup can be achieved compared to the best-known classi-
cal algorithm for searching for an item in a list. This result
played a significant role in demonstrating the potential of
quantum computers. Similarly, a question emerges in the con-
text of integrable quantum many-body systems, which are
polynomially hard to solve: Whether a quantum algorithm can
provide any kind of benefit in finding the ground state of such
systems. The one-dimensional Hubbard model serves as the
perfect toy problem in taking a step toward answering this
question.

Various techniques to address this question are currently
being investigated. One of the popular algorithms to obtain
the ground state is the variational quantum eigensolver (VQE)
[8]. In Refs. [9,10], strategies for implementing VQE on a
quantum computer are presented. Even though they show
good success probabilities for achieving the ground state of
Hubbard systems, the scalability of these methods is still
unclear.

An alternative way to approach the problem of finding
the eigenstates of Eq. (1) is to use a quantum algorithm to
prepare the Bethe-ansatz states directly on a quantum com-
puter [11,12]. These papers demonstrate methods to obtain
eigenstates of XX and XXZ models using the respective
Bethe-ansatz equations. They were able to achieve linear scal-
ing of resources for finding particular eigenstates of these
models. However, success probabilities for large systems were
not shown.

A distinct method that is gaining popularity is the algo-
rithm of quantum annealing [13-15], which can be used to
find the ground state of a Hamiltonian. Quantum annealing
is being investigated prominently for solving optimization
problems. Various problems have been approached through
such ideas [14-18], and there has been some progress in
understanding what kind of an advantage they can bring, if
any, over classical methods of solving them [19-24].

On the other hand, one of the most compelling promises
of quantum computers is the simulation of quantum systems
[25,26]. Due to the advent of analog quantum devices, the
dynamics of a variety of many-body quantum systems can
be implemented on them [27-29]. Digital quantum computers
also offer prospects for modeling strongly correlated quantum
systems [26,30-32] that are too large to be treated by conven-
tional computers. Moreover, simulating quantum dynamics of
these systems on a quantum computer enables the investiga-
tion of several physical phenomena, such as phase transitions
[29,30].

In light of all this, we wish to examine the potential of
quantum annealing in order to understand its utility for finding
the ground state of quantum systems by simulating quantum
dynamics of the Hubbard model on a quantum computer. We
implement the protocol of quantum annealing on a quantum
computer simulator, demonstrating the resource requirement

for a faithful gate-based simulation of a quantum system while
studying its performance for achieving the ground state of the
Hubbard model described by the Hamiltonian equation (1).

We investigate the scaling of the performance of the
quantum annealing algorithm to solve the problem under con-
sideration with respect to the system size. We find that the
time required to find the ground state of the Hubbard model
on a one-dimensional lattice in a subspace with2N, =N =L
scales at most linearly with system size. This suggests a
polynomial quantum speedup over algorithms based on the
Bethe-ansatz equations.

We begin by providing the background about adiabatic
quantum computing and quantum annealing in Sec. II. In
Sec. III, we show how the algorithm of quantum annealing
for the Hubbard model can be implemented on a gate-based
quantum computer. Subsequently, we present our results of
the simulations we perform for systems with up to 40 qubits
in Sec. IV and demonstrate the analysis. Finally, we discuss
the conclusions and implications of these results in Sec. V.

II. QUANTUM ANNEALING
A. Theory

Quantum annealing is a method that is based on the ex-
ploitation of the quantum adiabatic theorem [33,34] to find
eigenstates of Hamiltonians that are computationally hard
to find. The theorem points us toward an idea that is now
quite well known: if the system is in an eigenstate and the
Hamiltonian is changed adiabatically, then the system remains
in the corresponding eigenstate of the evolving Hamiltonian,
provided that the energy gap of the eigenstate with respect
to other instantaneous eigenstates does not close during the
evolution. This property can be used to calculate the ground
state of a Hamiltonian without explicitly solving its eigen-
value equation, which is generally hard if the Hilbert space
is large.

Suppose we have a Hamiltonian H), for which we want to
find the ground state given by

Hp |¢p,0> = Ep,O |¢p,0) s

where E, is the lowest eigenvalue of H, and |¢, ) is the
corresponding eigenvector. In lieu of solving this eigenvalue
problem, we can prepare a system in a quantum state |i) =
|$io), where |¢; o) is a known and easy-to-prepare ground
state of some initial Hamiltonian H;, and transform the system
such that the instantaneous Hamiltonian, say, H(s), can be
written as

H(s) = fi(s)H; + fp(s)H,,

where fi(s) and f,(s) are real functions of s so that H(s)
goes from H; — H), as s goes from 0 — 1. Provided that the
ground-state energy of H (s) is always separated by a gap from
the energy of the first excited state during this process and
that H (s) evolves adiabatically into H,, the state of the system
at s = 1 would be |¢, ). This protocol of transforming the
Hamiltonian using a single parameter s so that we obtain the
ground state of H, is nowadays called quantum annealing.
Evolution of real systems can never be described by an adi-
abatically evolving quantum state, which begs the question of
how slowly the Hamiltonian should evolve in order to obtain
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a reasonable estimate of the ground state. If we call |¢;(s))
as the jth eigenstate of H(s) and |1 (s)) as the instantaneous
state of the system, the following bound [35]:

1= [ {go(DIy (1)) I
1 (IH©O)] LOIHNR O IH)
S _( +/0 <7A<s>3 * A(s)Z)ds>
Q)

S T2\ A%0)
serves as a statement of the adiabatic theorem, giving us a
window to look at and analyze the behavior of total quantum
annealing time required with respect to system size. In Eq. (5),
Ty is the total annealing time, A(s) = E;(s) — Ey(s), and ||A]|
represents the spectral norm of matrix A.

Equation (5) shows that for a given problem, the transition
probability [left-hand side of Eq. (5)] will always be bounded
by TA_2 times a value that depends on the gaps in the spectrum
and the annealing schedule. Thus, this gap-dependent factor
could help us understand how T, scales across system sizes
for a given annealing schedule.

IH ]| ?

AX(1)

B. Annealing the Hubbard Hamiltonian

We investigate the protocol of quantum annealing for a
particular schedule to find the ground state of Eq. (1) with
half-filled lattices. We want to study how the total annealing
time scales to get a reasonable estimate of the ground state
with system size. To this end, we simulate quantum annealing
for the Hubbard Hamiltonian for a range of system sizes and
evaluate the performance. The annealing schedule that we
use is

H(s) = (1 — s)H; + sHpy, (6)

where H; is the initial Hamiltonian.

The instantaneous Hamiltonian linearly depends on the
anneal parameter s, starting from the initial Hamiltonian and
ending as the Hubbard Hamiltonian at the end of the anneal.
It is important to choose the initial Hamiltonian, such that its
ground state is easy to prepare. A natural choice is

L1
Hy=—ty Y (¢l Cit1o + €y 14Cio)- )

=
Clearly, Eq. (7) is just the hopping part of Eq. (1). Thus, the
instantaneous Hamiltonian for a Hubbard system in one di-

mension with nearest-neighbor hopping and open boundaries
can be written as

-1 L

H(s)= —ty Z (¢} citio + 1o Cio) + U annm-
i—1 i

T

o

®)

The annealing Hamiltonian evolves from the Hamiltonian
for free fermions hopping on a lattice at s = 0, and the inter-
action grows in strength as s goes to 1. This implies that for
nonzero s, the instantaneous Hamiltonian is a Hubbard Hamil-
tonian with sU as the interaction strength. Hence, this choice
of the initial Hamiltonian also helps us to understand how
quantum annealing performs for various interaction strengths.

III. GATE-BASED SIMULATIONS

Simulating ideal quantum annealing means solving the
time-dependent Schrodinger equation (TDSE)

d
ih— 1¥(0) = H () [¥ (1)) ©))

for the Hamiltonian Eq. (8) with t = sTj4.

Since we are interested in investigating the performance
of a quantum computer for finding the ground state using
quantum annealing, we simulate Schrodinger dynamics using
quantum circuits. To perform gate-based simulations of quan-
tum annealing for Hubbard-like models, we need two kinds of
circuits:

(1) initial state preparation circuit;

(2) circuit for performing dynamics of quantum annealing.

In the following sections, we describe how we construct
these circuits to perform quantum annealing for fermion sys-
tems on a digital quantum computer.

A. Jordan-Wigner transformation

The first step is to transform the fermion Hamiltonian into
a qubit Hamiltonian comprising Pauli matrices. To preserve
the fermion character of the Hamiltonian, the operators in the
transformed Hamiltonian need to obey the same anticommu-
tation relations as fermion operators. We also need to map the
fermion states to qubit states. A straightforward way to do this
is to use the Jordan-Wigner transformation [36] in which the
2L spin orbitals on L lattice sites are mapped onto 2L qubits,
where each occupied spin orbital corresponds to |1) and each
unoccupied spin orbital corresponds to |0).

According to the Jordan-Wigner transformation, the
fermion creation and annihilation read

clT — %Zl e Zi(X — i),

32y Ziy (X 4 iY7), (10)

Cc; —>
where X, Y;, Z; are Pauli matrices acting on the ith qubit.
Representing the spin-1 orbitals on positions 1 to L and
spin-| orbitals on positions L 4+ 1 to 2L, the transformed
Hamiltonian reads

2L—1

t
H(s) = == ) (KXot + Vi)
=
L
sU
+ 52U =20 = Zisn). (1n
i=1

Simulating the real-time dynamics of the fermion Hamil-
tonian equation (8) is equivalent to simulating the real-time
dynamics of the qubit Hamiltonian equation (11). We use
the latter to construct quantum circuits that perform quantum
annealing and use them to study their performance.

B. Initial state preparation

An essential step in performing quantum annealing is to
prepare the system in the ground state of the initial Hamilto-
nian. Therefore, we need a quantum circuit that initializes the
state of a quantum computer in the ground state of Hj.
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FIG. 1. Dispersion relation and the ground-state occupation of
the energy levels of the initial Hamiltonian for L = 5, Ny = 3, and
N 1 = 2

Preparing the ground state of H; on a quantum computer
might not be an easy task. Fortunately, through the work in
Refs. [30,31], we have an algorithm to prepare the ground
state of this noninteracting fermion Hamiltonian.

The first step is to diagonalize H; by Fourier (sine) trans-
formation. Using

L
2
T / . .
Clp = m ]E:l sin (k])cja, (12)

where k = mm /(L+1),m=1,2,..., L, Hy becomes

Hy =) excl, o (13)
k,o

where ¢, = —2ty cos k.

The Hamiltonian equation (8) commutes with the total
number operator N. Our quantum annealing protocol also
preserves the total number of spin-1 electrons (N4) and the
total number of spin-| electrons (N, ). This means that to find
the ground state with specific Ny and N, we need to start in a
state with the same N4 and N, .

In fermion language, the ground state of Eq. (7) in a sub-
space with given values of Ny and N, reads

VO0) =y poooc, VY, (14)

where |V) is the fermion vacuum state (all zeros) and the
k’s are chosen so that > ¢ is the minimum. For a simple
example, see Fig. 1.

Substituting Eq. (12) into Eq. (14), we obtain the ini-
tial ground state | (0)) in terms of the fermion operators
for which we defined the Jordan-Wigner transformation by
Eq. (10). This enables us to write the ground-state equa-
tion (14) in the computational basis and subsequently prepare
it using Givens rotations as discussed in Appendix A.

Being equipped with a circuit that prepares the initial
state, we are now in a position to perform quantum annealing
starting from this state. The next subsection outlines how

we construct the quantum circuit for the quantum annealing
process itself.

C. Time evolution

To simulate quantum annealing, we need to solve the
TDSE given by Eq. (9). The general solution is given by
a unitary operator that transforms the initial state to a state
[y (¢)) at time ¢,

[V (1)) =U(t. 10) |¥(20)) - 5)

If the Hamiltonian H is time-independent, the operator U
is given by

Ult, tg) = e HE0), (16)

where we have set i = 1.

The Hamiltonian equation (11) is time-dependent through
the time dependence of s = ¢/Ty, where T, is the total quan-
tum annealing time. However, if we approximate H(s) as
piecewise constant, the time evolution operator can be well
approximated by

n=TA/1’
U(TA,O)% 1_[ e*irH(m:fr/Z) (17)

n=1

for a small time step 7 [37].

The task of simulating the Schrodinger dynamics has been
reduced to calculating the exponential e~"#"*=7/2)and a
quantum circuit needs to be constructed for this exponential.
Constructing a circuit that performs this operation on the state
of a quantum computer exactly is not trivial. Moreover, we
want circuits that can be realized with one-qubit and two-qubit
gates since potential quantum computing architectures might
be able to implement these. This means that we need a way
to decompose the full unitary evolution into unitary gates that
operate on at most two qubits.

We use the Suzuki-Trotter approximation [38,39] in which,
by using a small enough 7, the exponential of a Hamiltonian
can be well approximated by a product of exponentials of
each term H; in the Hamiltonian. For each small time step
T [37,40],

—it Y Hj(nt—1/2)
J

e ~ He—irH,‘(m’—tﬂ)’ (18)
J

which is the first-order Suzuki-Trotter approximation. The
approximation can be improved by using the second-order
Suzuki-Trotter approximation [41,42],

l !
~ 1_[ e*ir/ZHj(nrfr/Z) l_[ e*ir/ZHl_k+](nrfr/2)’
=1 k=1

—it ) Hj(nt—1/2)
e J

19)

where [ is the number of terms in the Hamiltonian.

We use Eq. (19) to simulate the evolution of a system
governed by the annealing Hamiltonian H (s). A key step in
this process is identifying and grouping mutually commut-
ing terms within H(s). Doing so not only mitigates errors
arising from noncommutativity but also enables the design
of more efficient quantum circuits. Below, we introduce a
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natural grouping scheme that respects the intrinsic symmetries
of H(s). We introduce

2L—1

XY =) (XiXip1 + Yi¥ip1),
i-;‘}?
1
2L—1

XY, = > (XiXip1 + Yi¥ip1),

i even
i#L

L
2zZ=7) (I ~Z)I ~Zyp). (20)

i=1

This choice exactly preserves Ny and N, as should be
the case with the exact time evolution. However, since the
time step 7 is chosen to be sufficiently small, Ny and N,
will be approximately preserved also with other groupings.
Therefore, we adopt the alternative grouping,

2L—1

XX =) XiXip,
izl
2L—1

YY =) Yi¥i,

i=1
i£L

L
22 =" (I =2Z)U = Zy1), @1

i=1

which provides a substantial reduction of the total number of
gates over the choice above, facilitating more efficient circuits.
Since for the Pauli matrices o with direction « that act on

qubit i, [o/0F, omar] =0, the operations e~ XX =Y and

e"%Z can be decomposed exactly.

We use the following universal gate set to decompose these
unitary operators:

Lo

NAUEEYA
1 /(1 +i

ix:ﬁ(ii 1)’

—ilz eii% 0
RZ(0) = ei3% = Al
0 e

H =

e 0 0 0
i 0 el 0 0
_ —i0ZZ __
RZZ®)=e = o 0 ¢ 0 (22)
0 0 0 ¥
Now we can write
201 201
o—iOXX _ l—[ o i0XiXin _ 1—[ o~ 10HHi 1 Z,Zi HiHis
i;éL i#

201
—i0Z;Z;
= l_[ HiH;y e "'HiHi

i=1
i£L

2L 2L—1 2L
=[]m [ []H:
i=1 ;zi i=1
2L 2L—1
- HH ]‘[ RZZ; ,+1(9)1_[H (23)
t;ﬁL
Similarly,
2L—1
e = ]‘[<+x> ]"[ RZZ; Iﬂ(e)]"[( X) @4
17£L
and
—i0ZZ — lz_L[ eiGZi lileinZiZ,urL
‘ i=1 i=1

2L L
=[[rRz(-20)[ [RZZ 1sr6).  (25)
i=1 i=1
For an intermediate point s of the linear annealing sched-
ule, from Eq. (19), the time evolution for the piecewise
constant Hamiltonian can then be approximated by

—it 3 H;(s) jHT sUt HT sUtT
e 7 ~ ¢ XXeft—ZZet YYeft ZZel T XX (26)

Then, from Eq. (17), the decomposition of the full unitary
operator that simulates quantum annealing can be approxi-
mated by

2UTTy ~UT2

—i ZZ "t
U(Ty,0) ~eé XX, 16T e
2UTTy— 1yt Lyt -3U<2
< e ,6TA ZZez Hxx . elHTYYe_I 161, 22
’HT _ rﬁr _-Uirz Lty T
x XX TR L GUEYY (22 XX 27

The number of Suzuki-Trotter steps is T/t (chosen to
be an integer) and each step can be seen to have one e**
and Y operation, and two e~?Z operations. The number
of one-qubit gates of one time step is thus 4L + 4L + 2 x
2L = 12L and the number of two-qubit gates is 2(L — 1) +
2(L—1)+4+2 x L =6L —4. The total number of gates re-
quired to perform quantum annealing for a given Ty is
therefore (T4 /t)(18L — 4).

In summary, the product-formula algorithm allows us to
perform gate-based quantum annealing simulations by a cir-
cuit the size of which scales linearly with system size. The
amount of resources required to obtain a reasonable estimate
of the ground state of the one-dimensional Hubbard Hamil-
tonian then depends on how the required total annealing time
T4 (L) scales with the problem size. The total number of gates
required to find the ground state is then O(L x Tx(L)). Dis-
covering how T4 (L) grows with system size allows us to gauge
how the amount of quantum computer resources scales with
the problem size.

IV. RESULTS AND ANALYSIS

The methods discussed in the previous section for per-
forming simulations of gate-based quantum annealing for the
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FIG. 2. AE as a function of T, for a linear annealing schedule
with U/ty = 4.

problem under consideration can be used to calculate a metric
to study the scaling behavior of quantum annealing to find the
ground state of the Hubbard model. For the largest particle
number subspaces, corresponding to 2N, = N = L, we use
the quantum annealing algorithm to find the ground state of
the Hamiltonian equation (1). By doing this for increasing
L, we infer a scaling of required annealing time from the
information of the final quantum state.

We construct complete circuits as described in the preced-
ing sections for the simulation of the annealing Hamiltonian
equation (8). We do this for systems as large as 20 sites or 40
qubits and for a range of total annealing times (7). We use
the Jiilich Universal Quantum Computer Simulator [43,44],
which is a high-performance program to simulate universal
quantum circuits. The simulations were performed on the
JUWELS-booster [45] machine at the Jiilich Supercomputing
Center.

One time step of the quantum annealing algorithm of a
40-qubit system requires 356 gates. For the largest annealing
time considered (73 = 40) and a time step of T = 0.025, the

number of time steps is 1600 and the corresponding number
of gates is 569 600. Including initial state preparation, the total
number of gates in the circuit is then 570 918. This problem is
simulated on 256 nodes of the JUWELS-Booster using 1024
graphics processing units (GPUs) and a total computing time
of approximately 12 h.

From the final state |1/ (s = 1)) obtained by the simulation,
the program calculates the energy (v (1)| Hy [ (1)). We do
this for a range of T4, and we obtain the energy of the final
state as a function of total annealing time.

We consider the residual energy as a metric to quantify
the proximity of the state obtained after quantum annealing
to the exact ground state. Figure 2 shows the residue AE =
(Y ()| Hy |¥ (1)) — Eo(L) versus Ty for a few system sizes.
The exact ground-state energy E((L) is obtained through the
numerical solution of the Bethe-ansatz equations, as outlined
in Appendix B, where we also present the scaling of the
required computation time with system size. Table I shows the
ground-state energies found by the Bethe-ansatz equations,
the Lanczos algorithm, and quantum annealing for L = 2 to
L=20,2N, =N =L,and U/ty =4, 8, 16.

From Fig. 2, it follows that for a certain value of the
energy residue that depends on system size, say €(L), when
AE < €(L), the following holds consistently across system
sizes:

a(L)

AE ~ —=,
T}?

(28)

From the right-hand side of Eq. (5), we expect that the tran-
sition probability should behave like TA’2 for sufficiently long
annealing times [46]. Clearly, the T, dependence of the energy
residue shows a similar behavior. The adiabatic theorem thus
provides support for the observed TA’2 behavior of the residue
and € (L) marks its onset.

We examine the time required by the quantum annealing
algorithm to determine the ground-state energy with a cer-
tain prescribed precision AE* (see Fig. 2). Then, there is
a system size L* for which the point of onset corresponds
to e(L*) ~ AE*. For all L <L*, the required annealing

TABLE I. Ground-state energies determined by the Bethe-ansatz equations (BA), the Lanczos algorithm (LA), and quantum annealing
(QA) for systems with 2N, = N = L. The energies for QA are found by using an annealing time T, = 40 for U/ty = 4,8, and T, = 60 for

U/ty = 16.
U == 4l1-1 U = 8tH U == l6tH

L BA LA QA BA LA QA BA LA QA

2 —0.828 427 —0.8284 —0.8284 —0.472 136 —0.4721 —0.4717 —0.246 211 —0.2462 —0.2450
4 —1.953 145 —1.9531 —1.9531 —-1.117 172 —-1.1171 —1.1163 —0.582 635 —0.5826 —0.5799
6 —3.092 565 —3.0925 —3.0924 —1.768 099 —1.7680 —1.7668 —0.921917 —0.9219 —0.9175
8 —4.235 807 —4.2358 —4.2354 —2.420 831 —2.4208 —2.4190 —1.262 136 —1.2621 —1.2557
10 —5.380 619 —5.3806 —5.3801 —3.074 389 —3.0743 —3.0718 —1.602 785 —1.6027 —1.5937
12 —6.526 243 —6.5262 —6.5256 —3.728 396 —3.7283 —3.7252 —1.943 669 —1.9436 —1.9319
14 —7.672 350 —7.6723 —7.6716 —4.382 676 —4.3826 —4.3786 —2.284 694 —2.2846 —2.2702
16 —8.818 767 —8.8187 —8.8179 —5.037 134 - - —2.625 814 - -

18 —9.965 399 —9.9653 —9.9645 —5.691 715 — - —2.966 997 - -

20 —11.112 185 —11.1121 —11.1110 —6.346 385 - - —3.308 227 - -
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FIG. 3. AE as a function of T, for a linear annealing schedule with (a) U/ty = 8 and (b) U/ty = 16. The crosses indicate onsets €(L),

which are plotted as a function of L in the inset.

time to obtain this precision can be determined from the L
dependence of «(L).

We plot «(L) with respect to system size and show the
result in Fig. 4. For U /ty; = 4, the plot fits very well to

a(L) o< L'"2*. (29)
Substitution in Eq. (28) yields (for AE < €(L))
1.234
AE , (30)
T

which means that to obtain the ground-state energy with a
specified precision AE* ~ e¢(L*),

L0.62
Ty x @, 31
where L < L*.
B 4
-
./'v‘
-
s
et
1014 =
.~
T =
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FIG. 4. «(L) as a function of L for a linear annealing schedule
and U/ty = 4,8, 16.

The largest systems up to which Eq. (31) holds depends
on the scaling of €(L) with system size. If €(L) remains
constant or decreases polynomially, then the annealing time
to obtain the ground-state energy with specified precision
AE™ only grows polynomially. For a system size L for which
€(L) < AE*, the time required to obtain this precision to the
ground state is less than the time required for the onset of the
T, ? regime.

Thus, assuming that

a(l)x L* and e(L) xL7?,

then for L > L*, where AE* > €¢(L), we have from Eq. (28),

L) o parbr, (32)

T, < T ~
AT e

where T, is the annealing time to obtain the ground-state
energy with precision AE* and T is the annealing time to
achieve a TA’2 behavior of the energy residue.

From the simulation data for U/ty = 4, €(L) cannot be
determined with sufficient accuracy. However, Fig. 2 already
suggests a benign scaling of the onset, which alludes to a
polynomial scaling of annealing time for large system sizes.
In Appendix C, we show that similar results and analysis for
a sinusoidal annealing schedule hold.

To check the performance of quantum annealing in the
strong coupling regime, we perform simulations for U/ty =
8, 16. Figures 3(a) and 3(b) show the behavior of the resid-
ual energies for U/ty = 8 and U/ty = 16, respectively. The
insets show the corresponding estimates for the onsets €(L)
from which we find that

e(L) ~ LY (33)

providing evidence for the benign scaling of the onset points
with system size.

Figure 4 shows the scaling of «(L) for U/ty = 4,8, 16.
The parallel lines are suggestive of a consistent scaling with L
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dependence. For U/ty = 16,
a(L) oc L', (34)

Combining these results to extrapolate the scaling of required
T, to arbitrarily large L, we find from Eq. (32) that

T, < T] L. (35)

To calculate the ground-state energy in practice requires
performing measurements on the quantum device and sam-
pling the outcomes. Since Hy contains three groups of
commuting terms, the quantum annealing process needs to
be performed 3Ny times, where Ny is the number of samples
that depends on the desired precision of the measurement.
Nevertheless, this does not affect the L dependence of the
required total time to calculate the ground-state energy, which
is SNS X TA(L)

Computing the ground state up to a residual energy of
AE* by quantum annealing, this residue will approximately
correspond to €(L*) for a certain large L*. From the above
arguments, it follows that for system sizes L < L*, quantum
annealing yields the ground state of the half-filled one-
dimensional Hubbard model in sublinear time. For arbitrarily
large L > L*, the required annealing time is bounded by a
linear function of system size.

V. DISCUSSION AND OUTLOOK

Integrable quantum systems usually have a set of coupled
equations that solve the eigenvalue problem of the system
exactly. However, to solve these equations, one has to resort to
numerical means that require time, which is polynomial in the
number of equations. For the one-dimensional Hubbard model
with open boundaries, the equations that need to be solved to
find the ground state are the Bethe-ansatz equations (2) and
(3). Once solved, the roots can be used to calculate the ground-
state energy, as well as the ground-state coefficients that grow
exponentially in number, requiring exponential computer re-
sources. Our analysis of the scaling of required time to find
the ground-state energy using quantum annealing suggests at
least a polynomial quantum speedup over solving the Bethe-
ansatz equations. Even though the problem is solved in the
thermodynamic limit, demonstrating an improvement using a
quantum algorithm for obtaining the ground state reinforces
our hope toward the paradigm of quantum computing for
solving quantum many-body problems.

Quantum annealing is currently being studied exten-
sively for solving various quantum and classical problems
[14-17,19-24]. There are problems for which we see promise
[19-21], and there are problems for which quantum annealing
does not seem to bring any advantage [22]. By approach-
ing quantum many-body problems like the Hubbard model
with the algorithm of quantum annealing and investigating its
performance, we are able to add significant strength to the
promise of the utility of adiabatic quantum computing and
quantum annealing.

We find two regimes of scaling depending on the required
precision AE* to find the ground-state energy. For system size
L < L*, where L* is the system size for which AE* corre-
sponds to the onset of the TA_2 behavior of the residual energy,

the obtained time complexity is O(L%%?) and the fits in Fig. 4
provide compelling evidence for this scaling. For the L > L*
regime, the scaling estimates are coarse but still suggestive of
a bound on the annealing time that is linear in L. Nevertheless,
AE™ can be chosen to be arbitrarily small, in which case L*
becomes very large. In practice, to obtain a highly precise
estimate of the ground state, a sublinear increase of required
annealing time would suffice even for large systems.

Such a scaling behavior of the required annealing time can
be understood to appear as a consequence of the absence of
phase transitions in the one-dimensional Hubbard model at
nonzero U [3,6]. This means that the dominant gap closing
in the spectrum of the annealing Hamiltonian is at s = 0 [30].
Since the gap at s = 0 decreases linearly, a polynomial scaling
of required annealing time is to be expected.

Resource requirements for the considered implementation
on a universal quantum computer also show promise for future
fault-tolerant architectures. Since the number of gates grows
linearly for one Suzuki-Trotter step, the total number of gates
for finding a near-precise ground state scales like O(L!6?).
Furthermore, the gate depth is constant per Suzuki-Trotter
step for the one-dimensional case, which means that the depth
also scales like O(L%?). Even though such computations with
thousands of gates might not be a near-term possibility, the
scaling of resources augurs well for the era of fault tolerance.
On the other hand, analog devices with capabilities of simu-
lating Hubbard-like Hamiltonians [47—49] might also turn out
to be useful in the near future.

Showing evidence of a polynomial scaling advantage for
an integrable quantum system also invites inquiry into the
power of quantum annealing for solving nonintegrable quan-
tum many-body systems. However, nonintegrable quantum
systems, like the two-dimensional Hubbard model, are ex-
pected to show the presence of phase transitions. Depending
on the order of these phase transitions, the minimum gap
in the spectrum of the annealing Hamiltonian can be either
exponentially or polynomially decreasing. Considering this,
a quantum speedup for solving the one-dimensional Hubbard
model does not necessarily suggest a similar benefit for mul-
tidimensional many-body quantum systems.

To investigate the above, quantum annealing can be imple-
mented on a quantum computer to find the ground state of
the two-dimensional Hubbard model using the Jordan-Wigner
transformation. The corresponding qubit Hamiltonian con-
tains Pauli strings that have a length of O(L;), where L; is
the linear dimension of a square lattice. The time evolution
with respect to a given Pauli string is then achieved by using
a ladder of CNOT gates between the qubits on which it acts.
The idea presented in this paper can, in principle, be applied
to study the scaling for a two-dimensional system as well.
However, a necessary ingredient for our analysis is the exact
value of the ground state energy, which cannot be found for
square lattices larger than L; = 5. On the other hand, the
analysis can be carried out for the Hubbard model having a
ladder geometry for which one can go up to a relatively larger
linear dimension, and indications of a scaling behavior might
still be accessible.

Nonetheless, the question of a quantum advantage using
quantum annealing for such systems is still open, and the
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potential of it persists. Our results drive us to look further into
problems like Hubbard models in more dimensions. If not for
solving them, quantum annealing can also provide a gateway
to understanding phase transitions in these models [30].
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APPENDIX A: GIVENS ROTATIONS

We follow the method of preparing the initial state using
Givens rotations as given in Refs. [30,31].

It can be seen from Eq. (12) that the initial state is decou-
pled in the spin degrees of freedom. This means that we can
prepare the state of the first L qubits independently from the
state of the last L qubits. Hence, we suppress the spin index
and write a matrix equation like the following:

% |
| =0| ¢ | (A1)
o ¢}

where Q is defined by the transformation in Eq. (12). The ma-
trix Q can be decomposed into a sequence of Givens rotations
that act on creation operators of neighboring sites [30,31],
where a Givens rotation is defined as

cos sin @
Giit1(0) = <— sinf  cos 0)’

and the angles are calculated as shown in Ref. [31].

To see how these Givens rotations that transform the cre-
ation operators could be used to prepare the initial state, define
Giir1(0) by

(A2)

Giis1(6) = "G, (A3)

It can be shown that
Giin1(0)c[G . (0) of
T :G,»,,-H(e)( ¢ ) (A4)
Giit100)c; G 141(0) Civ1

This means that the required initial state is prepared by
transforming a computational basis state by a sequence of

e

RY (—20)

FIG. 5. Quantum circuit for implementing a Givens rotation on
neighboring qubits.

Gi.i+1(0) corresponding to the sequence of G;;y1(0) that is
a decomposition of the matrix Q. If we have a fermion state
for a system with L =5 and N =3 as |11100), then from
Egs. (A2) and (A4),

G3.4(0) [11100) = Gs 4(@)cichel V) = G3.4(6)cTG1,(6)
x G3.4(0)ciG1 4(0)G3.4(0)ciG 4(0) V)
= c]c}(G3.4(6)c™); V)

clei(cos (B)cs + sin (8)ch) V)
cos (6) |11100) + sin () [11010),

where ¢ = (¢} -~ ¢})T.

A circuit that implements a Givens rotation on two neigh-
boring qubits can be constructed as shown in Fig. 5. Once the
sequence of Givens rotations is known, the full circuit that
prepares the initial state can be constructed. Figure 6 shows
a circuit that prepares the initial state for a system of spin-%
fermions with L = 5, Ny =3, and N} = 2.

APPENDIX B: SOLVING THE
BETHE-ANSATZ EQUATIONS

In order to calculate the residual energies for the problems
considered, we need to obtain the corresponding values of
the exact ground-state energies Ey(L, N, N;) by solving the
Bethe-ansatz equations. There is no known analytical solution
for these coupled algebraic equations due to their nonlinearity.
However, they are quite tractable numerically. We use stan-
dard software packages that solve nonlinear equations and
find the roots of Egs. (2) and (3).

We are interested in finding the ground-state energy of
the half-filled Hubbard model (2N, = N = L) for a range of

"o °_ o
Seatomorart=
e g

”Mm?; i gm?

FIG. 6. Circuit that prepares the ground state of Eq. (7) for
L=5,N¢ =3,andN¢ =2.
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FIG. 7. E; as a function of L for Hubbard Hamiltonians with
2N¢ =N=LandU =4t1-1.

system sizes L. We thus calculate Ey(L) = Eo(L,N =
L,N,=L/2) using Eq. (4) and the obtained roots
{ki, ko, ..., kp}. Figure 7 shows the L dependence of Ey(L).

To get an idea of how the implemented root-finding al-
gorithm performs to find the ground-state energy, we plot
the time the computer program takes to find the roots of the
Bethe-ansatz equations for each L in Fig. 8. Clearly, the data
can be fit to

Tpa o L33, B1)
101 e Tga o,
0.013L33 sz
o
10% 4 <
P
[ 1}
’1'4
& 1074 P )
E é
3
[ ]
= 1014
[
[ ]
10° 4 od
[ ]
1071 4
101
L

FIG. 8. The computation time Tz to solve the Bethe-ansatz
equations as a function of L for Hubbard Hamiltonians with 2N, =
N =Land U = 4ty.

indicating the polynomial growth of the required time to find
the ground-state energy by solving the Bethe-ansatz equa-
tions (2) and (3).

APPENDIX C: SINUSOIDAL SCHEDULE

We repeat the simulations for the annealing schedule with
a sinusoidal dependence on s. Namely,

L
H(s)= —t Z (C,T[,Cja +Cj-acia)
(i,j).o
sin (rrs — %) +1 &
+ f[] annw. (Cl)

For such a schedule with H(0) = H(1) = 0, the depen-
dence of the bound in Eq. (5) changes to [35,46,50]

| =

1= {o(Dy (1) > < (C2)

4

N

where « is independent of 74, and thus, we also expect a TA’4
behavior of AE for large T,. Figure 9(a) shows this behavior,
where we see for a system-size-dependent onset (L), when
AE < €(L),

a(L)
AE ~ T (€3)

In Fig. 9(b), we plot the simulation data for «(L) with
L =2to L = 16. We obtain

a(L) oc L**78, (C4)

By substituting in Eq. (C3), we find (for AE < €(L))

L2,478

AE « (C5)

T} -
For a required precision to the ground-state energy AE* =~

€(L*), we have

LO.62
TA X —F——, (C6)

where L < L*.

For this case also, (L) could not be determined accurately.
However, an indication of a polynomial scaling of the onset
is still apparent in Fig. 9(a). For L < L*, we see a sublinear
scaling of T, with system size, with the same exponent for
two different annealing schedules.
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FIG. 9. (a) AE as a function of T, and (b) «(L) as a function of L for a sinusoidal annealing schedule with U /ty = 4.
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