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Motivated by the discrepancies noted recently between the theoretical predictions of the electromagnetic
J=ψ → π0γ� transition form factor and the BESIII data, we reanalyze this transition form factor using the
dispersive Khuri-Treiman equations, with final-state interactions in both the direct channel and the crossed
channels properly considered. This improved framework incorporates ρ–ω mixing effects. The effect of
four-pion states is evaluated through a dispersively improved vector-meson-dominance model. From this
information, we propose a two-parameter fit that provides an excellent description of the BESIII data over
the broad energy range from 0 to 2.8 GeV. We demonstrate that the ρπ0 decay mode of the J=ψ is
dominated by strong interaction, while the ωπ0 mode is dominated by one-photon exchange. From this,
we extract the relative phase between the strong and the one-virtual-photon (electromagnetic) modes in
hadronic decays of J=ψ as ð62� 21Þ°. This could provide useful information in understanding the long-
standing ρπ puzzle in J=ψ decays.
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I. INTRODUCTION

Radiative decays of the charmonium state J=ψ serve as a
crucial probe for investigating nonperturbative dynamics in
QCD. Since the J=ψ lies more than 600 MeV below the
threshold for Okubo-Zweig-Iizuka (OZI) allowed open-
charm channels, its total decay width is rather small—less
than 100 keV—which means that its radiative decays to
light hadrons constitute significant branching fractions that
can be measured with good precision. In particular, the
branching fraction for inclusive radiative J=ψ decays is
ð8.8� 1.1Þ% [1,2]. In addition to the production of light
hadrons and real photons, as in the J=ψ → Pγ process
where P ¼ π0; ηð0Þ, the BESIII experiment also allows
for measurements of the corresponding electromagnetic
Dalitz decay processes [3], where a timelike virtual
photon is emitted, producing a detectable eþe− pair,

i.e., J=ψ → Peþe−. This differential decay width measures
the transition form factor (TFF) fψπ0 , which encodes the
nonperturbative strong interaction dynamics governing the
J=ψ → π0γ� transition.
The interactions of hadrons with both real and virtual

photons are often well-described within the framework of
vector meson dominance (VMD), where the photon cou-
ples to hadrons through intermediate vector mesons [4].
The TFF for J=ψ → Pγ� is sometimes described using a
simple monopole parametrization, with the pole corre-
sponding to a characteristic charmonium mass. Although
the charmonium mass scale for the monopole form factor
should only be valid in the large momentum-transfer
region, this form was assumed in Ref. [5] for all three
pseudoscalar (π0, η, and η0) final states, and the corre-
sponding branching fractions were estimated. Interestingly,
for η and η0, the experimental results agree well with these
predictions. This is because the emitted photon mainly
originates from the initial charm quark, rather than from
light quarks that would need to be converted from at least
three gluons or one photon. That the latter is highly
suppressed can be seen from the extremely narrow width
of the J=ψ . Emitting a photon from the charm or anticharm
quark allows the J=ψ to be converted into a virtual
pseudoscalar intermediate state of cc̄, which can then
annihilate into an isoscalar pseudoscalar meson via two
gluons. For the importance of the intermediate ηc state in
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J=ψ→ηð0Þγ�, see phenomenological analyses in Refs. [6–8].
For lattice QCD calculations of the J=ψ → ηð0Þγ� TFFs,
we refer to Refs. [9–12].
In contrast to J=ψ → ηð0Þγ�, the J=ψ → π0γ� process

should be dominated by a mechanism where the photon is
emitted from light quarks, since otherwise the production
of the isovector pion from gluons would require isospin
symmetry breaking. In this case, the TFF is dominated by
light-quark degrees of freedom, and the simple monopole
parametrization with a charmonium pole is inappropriate
for describing the J=ψ → π0γ� TFF. Isospin-breaking
effects can still play a role, particularly in the region
around the ω resonance, where it has been well-established
that ρ–ω mixing can lead to a distortion of the pion
electromagnetic form factor as observed in eþe− annihi-
lations and in η0 → γπþπ− [13]. Such mixing can play a
role in the most significant hadronic vacuum polarization
contribution to the muon anomalous magnetic moment
ðg − 2Þμ [14]. Recently, the BESIII Collaboration [15]
reported the first measurement of the TFF and an improved
measurement of the branching fraction of this electromag-
netic Dalitz decay J=ψ → eþe−π0 in the full meþe−

spectrum using a data sample of 1010J=ψ events. A clear
ρ–ω interference structure has been identified.
Consequently, there is an urgent need for a consistent
and model-independent analysis of the J=ψπ0 TFF, taking
into account the effects of ρ–ω mixing. This work extends
the analysis in Ref. [16] accordingly. The dispersive Khuri-
Treiman (KT) equations [17] for J=ψ → 3π are utilized,
with final-state interactions in both the direct channel and
crossed channels properly considered. Various contribu-
tions of the 2π, 3π, 4π, and cc̄ intermediate states will be
systematically accounted for.
The paper is organized as follows. In Sec. II, we briefly

discuss the kinematics and introduce the J=ψ → π0γ� TFF.
In Sec. III, we first review the KT formalism for the
J=ψ → 3π decay and show its connection to the
J=ψ → π0γ� TFF. We then develop a consistent represen-
tation incorporating ρ–ω mixing effects, followed by
estimates of both the 4π continuum and charmonium
contributions. Section IVexamines the asymptotic behavior
of the TFF and derives relevant sum rule. In Sec. V, the
BESIII data are fitted, and our conclusions are given in
Sec. VI. The Appendix provides additional details on the
charmonium contribution through dipole form factor fits.

II. DEFINITIONS AND KINEMATICS

We consider the decay of the vector meson J=ψ into a π0

and a dilepton pair (mediated by a virtual photon γ�). The
J=ψ → π0γ� TFF is defined according to the matrix element,

hπ0ðp0Þjjμð0ÞjψðpV; λÞi ¼ −iϵμναβϵνðpV; λÞpα
0q

βfψπ0ðsÞ;
ð1Þ

where jμ ¼
P

f Qfq̄fγμqf denotes the electromagnetic
current, Qf is the charge of the quarks of different
flavors (f), ϵμναβ is the Levi-Civita tensor, ϵνðpV; λÞ is
the polarization vector of the J=ψ with helicity λ, q ¼
pV − p0 with s≡ q2 > 0, and fψπ0ðsÞ is the electromag-
netic TFF of the J=ψ → π0γ� transition. One also uses the
corresponding normalized TFF,

Fψπ0ðsÞ ¼
fψπ0ðsÞ
fψπ0ð0Þ

: ð2Þ

The J=ψ → π0lþl− (l ¼ e, μ) amplitude is given by [18]

Mψπ0 ¼4πiαϵμναβϵμðpV;λÞpν
0q

α
fψπ0ðsÞ

s
ūsðpl−Þγβvs0 ðplþÞ;

ð3Þ

where q ¼ plþ þ pl− , and the fine structure constant
α ¼ e2=ð4πÞ. The differential decay rate in terms of the
J=ψ → π0γ� TFF, normalized to the partial width into π0

and a real photon, can be written as

1

Γψ→π0γ

�
dΓψ→π0lþl−

ds

�

¼ 16α

3π

�
1þ 2m2

l

s

� qlðsÞq3ψπ0ðsÞ
ðM2

ψ −M2
π0
Þ3 jFψπ0ðsÞj2; ð4Þ

where the masses of J=ψ , π0, and the leptons l are denoted
by Mψ, Mπ0 , and ml, respectively. The corresponding real
photon width determines the normalization of the TFF as

Γψ→π0γ ¼
αðM2

ψ −M2
π0
Þ3

24M3
ψ

jfψπ0ð0Þj2: ð5Þ

Finally, the momenta are given by

qlðsÞ ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

l

q
; qABðsÞ ¼

λ1=2ðs;M2
A;M

2
BÞ

2
ffiffiffi
s

p ; ð6Þ

where λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ðabþ acþ bcÞ is the
standard Källén triangle function.
In formulating a dispersion relation for the J=ψ →

π0γ� TFF, the three-pion decay J=ψðpVÞ →
π0ðp0ÞπþðpþÞπ−ðp−Þ plays a pivotal role. The helicity
amplitude for the three-pion decay can be expressed in
terms of a Lorentz-invariant scalar function F ðs; t; uÞ that
encodes the dynamics,

Mλ
ψ→3πðs; t; uÞ ¼ iϵμναβϵμðpV; λÞpν

0p
αþpβ

−F ðs; t; uÞ: ð7Þ

The Mandelstam variables are defined as
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s ¼ ðpþ þ p−Þ2 ¼ ðpV − p0Þ2;
t ¼ ðp− þ p0Þ2 ¼ ðpV − pþÞ2;
u ¼ ðpþ þ p0Þ2 ¼ ðpV − p−Þ2; ð8Þ

which satisfy the usual identity sþtþu¼M2
ψþ3M2

π≡3s0.
For the remainder of this manuscript, we will set
Mπ0 ¼ Mπ� unless otherwise specified for isospin break-
ing, for which we take the charged pion massMπ ¼ Mπ� as
reference. The s-, t-, and u-channel processes are identical
in the limit of isospin symmetry. Therefore, we will now
focus on the s-channel.
The scattering angle in the s-channel, defined in the

center-of-mass (c.m.) frame of the πþπ− pair, is denoted
by θs,

cosðθsðs; t; uÞÞ ¼
t − u

4qππðsÞqψπðsÞ
≡ t − u

κðsÞ ;

sin θs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕðs; t; uÞp

2
ffiffiffi
s

p
qππðsÞqψπðsÞ

: ð9Þ

The zeros of the well-known Kibble function [19],

ϕðs; t; uÞ ¼ ð2 ffiffiffi
s

p
sin θsqππðsÞqψπðsÞÞ2

¼ stu −M2
πðM2

ψ −M2
πÞ2; ð10Þ

determine the boundaries for s in the physical decay region
of the process by solving ϕðs; t; uÞ ¼ 0,

smin ¼ 4M2
π; smax ¼ ðMψ −MπÞ2; ð11Þ

while the Dalitz-plot boundaries of tðsÞ for a given value of
s can be obtained from Eq. (9) by taking cos θs ¼ �1,

tmax;minðsÞ ¼
M2

ψ þ 3M2
π − s

2
� 2qππðsÞqψπðsÞ: ð12Þ

The s-channel partial-wave decomposition of the helicity
amplitude Mλ

ψ→3πðs; t; uÞ is given by [20]

Mλ
ψ→3πðs; t; uÞ ¼

X∞
J odd

ð2J þ 1ÞdJλ0ðθsÞhλJðsÞ; ð13Þ

where dJλ0ðθsÞ are the Wigner d-functions. Due to Bose
symmetry, the sum over partial waves is restricted to odd
values of J, and parity conservation implies that h0JðsÞ ¼ 0

and hþ1
J ðsÞ ¼ −h−1J ðsÞ≡ hJðsÞ. Therefore, there is only

one independent helicity amplitude. One can rewrite the
partial-wave expansion for the invariant amplitude
F ðs; t; uÞ in the following form:

F ðs; t; uÞ ¼
X∞
J odd

ðqππðsÞqψπðsÞÞJ−1P0
JðzsÞfJðsÞ; ð14Þ

where zs ¼ cos θs, and the kinematic-singularity-free
amplitudes fJðsÞ are related to hJðsÞ as

fJðsÞ≡
ffiffiffi
2

s

r
2J þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp hJðsÞ

ðqππðsÞqψπðsÞÞJ
: ð15Þ

Finally, the measured differential decay width can be
calculated in terms of Eq. (7) by

d2Γψ→3π

dsdt
ðs;tÞ¼ 1

ð2πÞ3
1

32M3
ψ

1

3

X
λ

jMλ
ψ→3πðs;tÞj2

¼ 1

ð2πÞ3
1

32M3
ψ

1

3

ϕðs;t;uÞ
4

jF ðs;t;uÞj2: ð16Þ

III. DISPERSIVE FORMALISM FOR THE
TRANSITION FORM FACTOR

Dispersion relations provide a framework for construct-
ing form factors from their discontinuities across the
physical cut along the positive real s axis; see Refs. [21,22]
for recent reviews. For the J=ψ→πγ� TFF, an unsubtracted
dispersion relation can, in principle, be employed [23],

fψπ0ðsÞ ¼
1

2πi

Z
∞

4M2
π

ds0
discfψπ0ðs0Þ
s0 − s − iϵ

; ð17Þ

where contributions to the discontinuity are given by
multiparticle intermediate states as well as possible sin-
gle-particle pole contributions. The convergence of Eq. (17)
is ensured by the constituent counting rule [24–26] and
confirmed by perturbative QCD (pQCD) for large momen-
tum transfers [27,28]. The scaling behavior of the form
factors at large s can be easily understood from the scaling
behavior of the cross section σðeþe− → J=ψπ0Þ [29]
[cf. Eq. (3)],

σðeþe− → J=ψπ0Þ ¼ πα2

6s3
λ
3
2ðs;M2

ψ ;M2
πÞjfψπðsÞj2

∝
1

s4
; when s → ∞: ð18Þ

In particular, the 1=s4 scaling arises from the necessity of a
helicity flip since the vector meson can only be transversely
polarized. Note that our analysis is confined to low-energy
and excludes high-energy effective VMD-type diagrams
due to one more virtual-photon exchange; such diagrams
would contribute a 1=s2 scaling [30] instead of the 1=s4

behavior considered here. Utilizing Eq. (18), the form
factor fψπ0ðsÞ must fall off as 1=s2.
Setting s ¼ 0 in Eq. (17) leads to a sum rule for the

normalization fψπ0ð0Þ,

fψπ0ð0Þ ¼
1

2πi

Z
∞

4M2
π

ds0
discfψπ0ðs0Þ

s0
: ð19Þ
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Alternatively, one can use a once-subtracted dispersion
relation to reduce the sensitivity to high-energy contribu-
tions in the dispersive integral,

fψπ0ðsÞ ¼ fψπ0ð0Þ þ
s
2πi

Z
∞

4M2
π

ds0
discfψπ0ðs0Þ
s0ðs0 − s − iϵÞ : ð20Þ

If the subtraction constant fψπ0ð0Þ in Eq. (20) (which
is in principle arbitrary) satisfies the sum rule in Eq. (19),
then Eq. (20) becomes fully equivalent to Eq. (17).
Equations (17) and (20) serve as starting points for the
following discussion, mainly focusing on calculating the
discontinuity of the TFF from the lightest multipion
intermediate states, 2π, 3π (approximated by ω, ϕ),1

4π [approximated by ρ0ð1450Þ], and charmonium(-like)
states. We will elaborate on these in the following sections.

A. Two-pion intermediate states:
Khuri-Treiman representation

The contribution of the two-pion intermediate states to
the discontinuity of the J=ψ → π0γ� TFF, shown in Fig. 1,
is given by [23]

1

2i
discfð2πÞ

ψπ0
ðsÞ ¼ sσ3πðsÞ

96π
FV�
π ðsÞf1ðsÞ; ð21Þ

where σπðsÞ ¼ 2qππðsÞ=
ffiffiffi
s

p
is the two-pion phase space

factor, and FV
π ðsÞ is the pion vector form factor. The

analytical solution for FV
π ðsÞ is given in terms of the

Omnès function [32],

FV
π ðsÞ ¼ PðsÞΩðsÞ;

ΩðsÞ ¼ exp

�
s
π

Z
∞

4M2
π

ds0
δðs0Þ

s0ðs0 − sÞ
�
; ð22Þ

with a real-valued subtraction polynomial PðsÞ. The pion
vector form factor is expected to behave as FV

π ðsÞ ≍ 1=s at
large energies, as suggested by pQCD (up to logarithmic

corrections), and to be free of zeros [33,34]. Thus, PðsÞ is a
constant and can be set to 1 due to gauge invariance
(FV

π ð0Þ ¼ 1). Note that for a full analysis of the pion vector
form factor, one needs to account for ρ–ω mixing, which
will be discussed in the next section.
From Eq. (22), we observe that the Omnès function is

completely determined by the phase input. To estimate the
associated uncertainties, especially above the low-energy
elastic region, we compare two different parametrizations,
referred to as “Solution 1” [35] and “Solution 2” [36], as
shown in Fig. 2. Solution 1 employs the phenomenological
parametrization of the pion vector form factor proposed in
Ref. [37] (see also Ref. [38], as well as Ref. [39] for a direct
extraction of the form factor phase). In Ref. [35], the form
factor was constrained by fitting the experimental data to
extract the corresponding phase, which was then smoothly
matched to the Roy equation phase-shift solution below
1 GeV; accordingly, the ρ0 and ρ00 region is already encoded
effectively in ΩðsÞ within an elastic approximation.
Solution 2 utilizes the latest phase shifts derived from
the dispersive analysis of ππ scattering. Given that the
P-wave inelasticity in Ref. [36] is found to be rather small
up to approximately 1.3 GeV, we refrain from considering
it. For our analysis, beyond Λδ ¼ 1.9 GeV for solution 1
and Λδ ¼ 1.3 GeV for solution 2, we smoothly guide δ to
the asymptotic value π using [38,40]

δ∞ðsÞ≡ lim
s→∞

δðsÞ ¼ π −
α

β þ ðs=Λ2
δÞ3=2

; ð23Þ

where α and β are parameters introduced to ensure that both
the phase δðsÞ and its first derivative δ0ðsÞ are continuous at
s ¼ Λ2

δ. Their explicit expressions are

α ¼ 3ðπ − δðΛ2
δÞÞ2

2Λ2
δδ

0ðΛ2
δÞ

; β ¼ −1þ 3ðπ − δðΛ2
δÞÞ

2Λ2
δδ

0ðΛ2
δÞ

: ð24Þ

FIG. 1. Unitarity relation for the J=ψ → π0γ� TFF fψπ0. The
blue dashed lines denote pions, the wiggly lines represent
photons, the double-solid lines represent the J=ψ , and the red
dashed line indicates that the intermediate ππ states are to be
taken on shell.

FIG. 2. Solution 1 for the P-wave phase input δðsÞ from
Ref. [35], extracted from the pion vector form factor and valid
up to roughly 1.9 GeV. Solution 2 [36] is the elastic ππ P-wave
phase shift and is valid up to roughly 1.3 GeV; see the main text
for further details.

1The ϕ couples dominantly to KK̄, but since the ϕ has a width
of only about 4 MeV, we will treat its width as a constant and
neglect the analytic structure due to the KK̄ intermediate states.
For a discussion of the role of KK̄ contributions in the J=ψ → 3π
process, see Ref. [31].
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We choose solution 1 as the input for the central value and
use solution 2 for error estimation. It is evident from Fig. 2
that these two solutions of δ lead to a noticeable difference
only in the higher resonance region, specifically around the
ρ0ð1450Þ and ρ00ð1700Þ resonances. In particular, the vector
radius of the pion is well-reproduced from Eq. (22) [41],

hðrVπ Þ2i ¼ 6
dFV

π ðsÞ
ds

����
s¼0

¼ 6

π

Z
∞

4M2
π

ds
δðsÞ
s2

¼ 0.419ð1Þ fm2;

ð25Þ

which differs from the comprehensive dispersive result
hðrVπ Þ2i ¼ 0.429ð4Þ fm2 [42] by about 2%, where the
minor discrepancy comes from other inelastic effects
(4π, πω, KK̄, …) in the weighted integral of the P-wave
phase shift.
Besides the pion vector form factor we also need the

P-wave kinematic-singularity-free J=ψ → 3π decay ampli-
tude f1 (see Fig. 1). It has previously been studied within
the context of the Veneziano model [43] and the N=D
method [31]. The analytical structure of this amplitude
has been investigated using dispersion relations in
Refs. [16,44]. Here, we adopt the KT framework, which
is briefly reviewed for f1 below.
According to Eq. (14), each term in the sum is a

polynomial in the variables t and u. The singularities of
F ðs; t; uÞ in these variables, required by t- and u-channel
unitarity, can arise only from an infinite number of terms in
the sum. In practice, however, it is necessary to truncate the
sum to a finite number of partial waves at low energies.
Such a truncation introduces a violation of the crossing
symmetry or, in other words, breaks the analytic properties
of the crossed t- and u-channels. This issue can be partially
resolved by employing the KT equation formalism,2 which
replaces the infinite sum of partial waves in the s-channel
with three truncated sums of single-Mandelstam-variable
amplitudes analogous to Eq. (14), resulting in

F ðs; t; uÞ ¼
XJmax

J odd

ðqππðsÞqψπðsÞÞJ−1P0
JðzsÞFJðsÞ

þ
XJmax

J odd

ðqππðtÞqψπðtÞÞJ−1P0
JðztÞFJðtÞ

þ
XJmax

J odd

ðqππðuÞqψπðuÞÞJ−1P0
JðzuÞFJðuÞ; ð26Þ

where zt ¼ ðs − uÞ=κðtÞ and zu ¼ ðt − sÞ=κðuÞ.

By truncating each sum to Jmax ¼ 1, we obtain the
simplest crossing-symmetric KT decomposition [51–53]:

F ðs; t; uÞ ¼ F ðsÞ þ F ðtÞ þ F ðuÞ; ð27Þ

where the simplified notation F ≡ F 1 is used. Each single-
variable amplitude has only the right-hand cut in its
respective Mandelstam variable. These decompositions
are also known as reconstruction theorems, justified in
chiral perturbation theory at a given order using fixed-
variable dispersion relations [54–58]. Note that F ðsÞ and
f1ðsÞ share the same discontinuities along the right-hand
cut, discF ðsÞ ¼ discf1ðsÞ. We can rewrite the elastic
unitarity relation of f1ðsÞ [51],

discf1ðsÞ ¼ 2if1ðsÞ sin δðsÞe−iδðsÞθðs − 4M2
πÞ; ð28Þ

as

discF ðsÞ ¼ 2if1ðsÞ sin δðsÞe−iδðsÞθðs − 4M2
πÞ

≡ 2iðF ðsÞ þ F̂ ðsÞÞ sin δðsÞe−iδðsÞθðs − 4M2
πÞ;
ð29Þ

where δ is the ππ P-wave phase shift and F̂ ðsÞ is called the
inhomogeneity of the integral equation, which contains the
s-channel projection of the contributions of the t- and
u-channels.
Matching Eq. (27) with the s-channel partial-wave

expansion Eq. (14), we obtain the relation between F̂
and angular averages over F ,

F̂ ðsÞ ¼ 3hð1 − z2sÞF iðsÞ;

hznsF i≡ 1

2

Z
1

−1
dzsznsF

�
3s0 − sþ zsκðsÞ

2

�
: ð30Þ

On the other hand, Eq. (29) has a solution [59],

F ðsÞ ¼ ΩðsÞ
�
aþ s

π

Z
∞

4M2
π

ds0

s0
sin δðs0ÞF̂ ðs0Þ
jΩðs0Þjðs0 − sÞ

�
; ð31Þ

where ΩðsÞ is the (P-wave) Omnès function calculated
from δðsÞ and a is a (complex) subtraction or normali-
zation constant. The number of subtractions is deter-
mined by the high-energy behavior of δðsÞ, which is
assumed to asymptotically approach π as s → þ∞. Thus,
a once-subtracted DR is needed for the convergence
of Eq. (31).3

2Another way to restore crossing symmetry is the Roy(-like)
equations [45], whose applications have been extended to analyze
lattice QCD data at unphysical pion masses in Refs. [46–49].
Interestingly, for ππ scattering, when both formalisms are
restricted to only S- and P-waves, the KT equation has been
shown to be formally equivalent to the Roy equation [50].

3Since the subtraction constant a actually serves as a nor-
malization factor here, Refs. [44,60,61] also refer to it as an
unsubtracted dispersion relation for F.
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Since F̂ is linear in F and the subtraction constant a
enters linearly in Eq. (31), F ðsÞ, F̂ , and f1 can be
decomposed as follows for numerical implementation:

F ðsÞ ¼ aF aðsÞ; F̂ ðsÞ ¼ aF̂ aðsÞ;
f1ðsÞ ¼ aðF aðsÞ þ F̂ aðsÞÞ≡ aF̄ ðsÞ;

F aðsÞ ¼ ΩðsÞ
�
1þ s

π

Z
∞

4M2
π

ds0

s0
sin δðs0ÞF̂ aðs0Þ
jΩðs0Þjðs0 − sÞ

�
;

F̂ aðsÞ ¼ 3hð1 − z2sÞF aiðsÞ; ð32Þ

where F aðsÞ is called the KT basis function.
Consequently, our result for the line shape of the TFF
will be a pure prediction, up to the overall normalization
constant a. Using data compiled by the Particle Data
Group (PDG) [1], its modulus jaj can be fixed to
reproduce the experimental J=ψ → 3π decay width
[cf. Eq. (16)]. Since the overall phase argðaÞ is not
observable, we can simply set it to zero. In other words,
only relative phases between different contributions to the
TFF are physical; any nonzero argðaÞ can be absorbed
into a redefinition of the phases of the remaining weight
factors introduced below.
The KT representation of the amplitude f1 is given in

Eq. (32). We denote M2
� ¼ ðMψ �MπÞ2. The inhomoge-

neity F̂ was derived in the physical region of the s-channel
process J=ψπ0 → πþπ−, which corresponds to s ≥ M2þ and
jzsj ≤ 1. To obtain F̂ in the physical region for the decay
J=ψ → π0πþπ−, 4M2

π ≤ s ≤ M2
−, the right-hand side of F̂

in Eq. (32) must be analytically continued in the complex s
plane. Replacing the integration over zs with integration

over t, the angular integral becomes

hznsF i ¼ 1

2

Z
1

−1
dzsznsF

�
3s0 − sþ zsκðsÞ

2

�

¼ 1

κðsÞ
Z

tþðsÞ

t−ðsÞ
dt

�
2t − 3s0 þ s

κðsÞ
�

n
F ðtÞ; ð33Þ

where

t�ðsÞ ¼
3s0 − s� κðsÞ

2
: ð34Þ

In the s-channel physical region, the integration limits t�
lie on the negative real axis labeled region IV in Fig. 3 and
do not overlap with the right-hand cut of F for s > 4M2

π.
As shown in Ref. [62], analytic continuation to the
decay region requires deforming the integration path in a
way that does not cross the right-hand cut, as shown in
Fig. 3. The contour deformation of the KT equation has
been extensively investigated in Refs. [62,63].4 Following
the analysis of the analytic continuation of the triangle
topology diagram in perturbation theory [63], the proper

FIG. 3. The KT path of t�ðsÞ [cf. Eq. (36)]. The trajectories start at the same point A with t�ð4M2
πÞ above the physical cut. At point B

with t�ððM2
ψ −M2

πÞ=2Þ, the t− contour reaches 4M2
π and moves below the cut. From point C with t�ðM2

−Þ onwards to point D with
t�ðM2þÞ, t− and tþ have the same real part but opposite imaginary parts. The trajectories finally meet at pointD. From pointD onwards,
both trajectories are real with t− moving towards zero and tþ towards infinity.

4Note that there is another powerful, albeit more technical
method for the analytic continuation of the KT equation
[64,65]. In that method, contour deformation is applied not
to the angular integral but to the dispersion integral of F shown
in Eq. (32). This approach avoids the spurious singularity at the
pseudothreshold ðMψ −MπÞ2 that arises in the traditional
solution strategy of the KT equation, provided that the analytic
continuation of the phase shifts is handled carefully. Alter-
natively, sin δðs0Þ=jΩðs0Þj in Eq. (30) can be rewritten in terms
of the partial wave directly [66].
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analytic continuation of t� is obtained by employing
the þiϵ prescription to the initial-state energy, i.e.,
t�ðs;M2

ψ Þ → t�ðs;M2
ψ þ iϵÞ, which yields

t�ðs;M2
ψ þ iϵÞ ¼ t�ðs;M2

ψÞ þ iϵ
∂t�ðs;M2

ψÞ
∂M2

ψ
: ð35Þ

We thus obtain the explicit expressions [51,62],5

2tþðsÞ ¼

8>><
>>:
3s0 − sþjκðsÞjþ iϵ; s∈ ½4M2

π;M2
−�; I& II

3s0 − sþ ijκðsÞj; s∈ ½M2
−;M2þ�; III

3s0 − s− jκðsÞj; s∈ ½M2þ;∞Þ; IV

2t−ðsÞ ¼

8>>>>>><
>>>>>>:

3s0− s− jκðsÞjþ iϵ; s∈
h
4M2

π;
M2

ψ−M2
π

2

i
; I

3s0− s− jκðsÞj− iϵ; s∈
h
M2

ψ−M2
π

2
;M2

−

i
; II

3s0− s− ijκðsÞj; s∈ ½M2
−;M2þ�; III

3s0− sþ jκðsÞj; s∈ ½M2þ;∞Þ; IV

ð36Þ

where I, II, III, and IV are the regions labeled in Fig. 3.
We solve the integral equation in Eq. (32) by numerical

iterative procedure.6 The final results of F a are shown in
Fig. 4. The difference between the Omnès function
and F aðsÞ serves as a measure of the importance of
crossed-channel rescattering effects. We clearly see that,
compared to the ω;ϕ → 3π results in Refs. [51,53,60], the

crossed-channel rescattering effects are quite small due to
the mass hierarchy Mψ ≫ Mω;ϕ. Nevertheless, the effects
need to be included to obtain a satisfactory description of
the fine structure near the ρ and ρ0 resonances [44].
In particular, we can calculate the two-pion contribution

(21) to the real-photon transition J=ψ → π0γ using the sum
rule (19). The single unknown parameter a only affects the
overall normalization of the amplitude and can be fixed
from the J=ψ → πþπ−π0 decay width, obtained integrating

FIG. 4. Convergence behavior of the iterative procedure for the real (left panel) and imaginary (right panel) parts of the P-wave basis
solution F aðsÞ for J=ψ → 3π using solution 1 of the phase shift as input.

TABLE I. Input parameters used throughout this work. Re-
garding the treatment of resonances, the quoted masses and
widths are reaction dependent, referring to Breit-Wigner (BW)
parameters rather than model-independent pole parameters. We
use the ρð770Þ parameters from the PDG averaged values [1] for
the charged channel.

Quantity Value References

Mψ 3096.900(6) MeV [1]
Γψ 92.6(1.7) keV [1]
BRðJ=ψ → πþπ−π0Þ 2.00(7)% [1]
BRðJ=ψ → π0γÞ 3.39ð8Þ × 10−5 [1]
ϵρω 1.99(2) [71]
Mω 782.66(13) MeV [1]
Γω 8.68(13) MeV [1]
BRðω → eþe−Þ 7.41ð19Þ × 10−5 [1]
BRðJ=ψ → ωπ0Þ 4.5ð5Þ × 10−4 [1]
Mϕ 1019.460(16) MeV [1]
Γϕ 4.249(13) MeV [1]
BRðϕ → eþe−Þ 2.964ð33Þ × 10−4 [1]
BRðJ=ψ → ϕπ0Þ 3 × 10−6 or 1 × 10−7 [1]
Mρ 775.11(34) MeV [1]
Mρ0 1465(25) MeV [1]
Γρ0 400(60) MeV [1]
BRðJ=ψ → ρ0πÞBRðρ0 → 2πÞ 2.2ð1.1Þ × 10−4 [1]
BRðρ0 → 2πÞ 6% [72]

5We use the analytic continuation of κ [63]:
κðsÞ ¼ σπðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2þ − sÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

− − sÞ
p

.
6To obtain numerical solutions of the KT equation, we refer to

Refs. [58,67–70]. We are not aware of a general proof of
convergence for this iterative procedure; however, in our numeri-
cal implementation for the present kernel and input phases, the
solution stabilizes already after the second iteration.
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the distribution Eq. (16). Using the PDG averaged value in
Table I, one finds jaj ¼ 0.043ð2Þ GeV−3, where the main
source of uncertainty comes from the discrepancy between
the two input solutions for the phase shift in Fig. 2. Using
the experimental branching fraction for J=ψ → π0γ [1],
together with Eq. (5), yields

jfψπ0ð0Þj ¼ 6.0ð3Þ × 10−4 GeV−1; ð37Þ

whereas the sum rule gives���fð2πÞψπ0
ð0Þ
��� ¼ 4.8ð2Þ × 10−4 GeV−1; ð38Þ

which is consistent with previous KT equation

analyses [16,44]. Note that the phase j arg ðfð2πÞ
ψπ0

ð0ÞÞj is
less than 3°. Therefore, for simplicity, we treat fð2πÞ

ψπ0
ð0Þ as a

real number in the following discussion.

B. Effective three-pion intermediate states:
ρ–ω mixing effects

Currently lattice QCD has arrived at the point of being
able to extract ρ and ω simultaneously [73]. While at the
moment there are no isospin-breaking effects included, the
next generation computations will address these questions
from QCD. ρ–ω mixing occurs because both the ρ0 and ω
mesons are not isospin eigenstates. Consequently, ω has a
small, but nonvanishing branching fraction to 2π, which
leads to ρ–ω interference pattern in the J=ψ → π0γ� TFF as
clearly observed in the data measured by BESIII [15]. This
effect is enhanced by a factor Mω=Γω ≈ 90 through the

presence of the narrow ω-resonance propagator and there-
fore must be included to obtain a realistic line shape.7 This
situation implies that the 2π and 3π channels are coupled
and cannot be investigated separately.8

The ρ–ω mixing in the pion vector form factor FV
π

requires careful treatment. If one naively introduces an
isospin-breaking factor as

FV
π ðsÞ →

�
1þ ϵρω

s
M2

ω − s − iMωΓω

�
FV
π ðsÞ ð39Þ

in FV
π within the discontinuity relation (21), the phase on

the right-hand side of the above equation would not cancel
that of f�1ðsÞ due to the ω propagator, in contrast to the case
without ρ–ωmixing in Eq. (21).9 Here, ϵρω is a ρ–ωmixing
parameter that can be extracted from eþe− → πþπ− data
[71]. Such behavior would occur if only the 2π disconti-
nuity mixed with ω was considered. However, there should
also be an isospin-violating ρ contribution to the 3π
discontinuity, which will mix with the 2π channel. Only
when both contributions are accounted for can a consistent
spectral function be obtained [78].
Here, we systematically employ a dispersive formalism

that enables a consistent implementation of ρ–ω mixing in
both isoscalar and isovector contributions. This approach
has been derived and applied to the TFF of η0 to γ�γ in
Ref. [13] using a coupled-channel two-potential formalism
[79] (see also Refs. [80–83] for applications to light-meson
form factors and resonances). Applying this approach to the
problem at hand, the dispersive representation of the two-

pion and three-pion contributions to fð2π;3πÞ
ψπ0

ðsÞ is given by

fð2π;3πÞ
ψπ0

ðsÞ ¼ fð2πÞ
ψπ0

ð0Þ þ s
96π2

Z
∞

4M2
π

ds0
σ3πðs0ÞFV�

π ðs0Þf1ðs0Þ
s0 − s − iϵ

�
1þ ϵ̃ρωs

M2
ω − s − iMωΓω

	

þ wψωπs

M2
ω − s − iMωΓω

�
1þ ϵ̃ρωs

48π2g2ωγ

Z
∞

4M2
π

ds0
σ3πðs0ÞjFV

π ðs0Þj2
s0ðs0 − s − iϵÞ

	
þ wψϕπs

M2
ϕ − s − iMϕΓϕ

; ð40Þ

where the ω-photon coupling gωγ can be extracted from the corresponding electron-positron decay width for a vector
meson V10:

7The absence of significant enhancement on the left shoulder of the ω resonance has been established in studies of nucleon
electromagnetic form factors [74,75]. This is due to the different phase space factors, which are ðs − 4M2

πÞ3=2 and ðs − 9M2
πÞ4 for the

isovector and isoscalar cases, respectively. This justifies the standard dispersive approach of taking only the ω pole as the lowest-
lying singularity in the isoscalar spectral function.

8Interestingly, the inverse mixing effect of the ρ affecting the 3π spectrum has now also been established [76,77], although this
obviously lacks the enhancement of a narrow resonance and rather results in a broad background.

9This statement is to be understood in the physical scattering region: after analytic continuation to the decay region, crossed-channel
effects in f1 already lead to a complex discontinuity, which, however, is a physical effect and not due to an invalid approximation.

10Here, we use the VMD effective Lagrangian LVγ ¼ eM2
VA

μgVγVμ and the phase convention is chosen to be sgngωγ ¼ þ1.
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ΓðV → eþe−Þ ¼ 4πα2g2VγMV

3
: ð41Þ

The value of the coupling is

gωγ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Γðω → eþe−Þ

4πα2Mω

s
¼ 0.0606ð9Þ: ð42Þ

A schematic illustration of Eq. (40) is shown in Fig. 5.
The mixing parameter ϵ̃ρω can be decomposed into QCD

Oðmu −mdÞ and QEDOðe2Þ contributions, as discussed in
Refs. [84,85]; see also Refs. [13,86,87]. One has

ϵ̃ρω¼
2

3R

MK� −Mρ

Mρ
−e2g2ωγ; R¼ ms−m̂

md−mu
; m̂¼muþmd

2
;

ð43Þ

where the electromagnetic component is expressed in terms
of the ω-photon coupling, since the photon has both
isovector and isoscalar components and can therefore
mediate the mixing between ρ and ω. However, it yields
a one-particle-reducible correction that is divided out when
the QED vacuum polarization is removed from the eþe− →
πþπ− cross sections, which is usually done in experimental

analyses; the ρ–ωmixing parameter extracted in this case is
denoted as ϵρω. Consequently, the parameter ϵ̃ρω is related
to ϵρω from the eþe− → πþπ− cross sections by

ϵ̃ρω ¼ ϵρω − e2g2ωγ

¼ 1.99ð2Þ × 10−3 − 0.34ð1Þ × 10−3

¼ 1.65ð2Þ × 10−3: ð44Þ
The isoscalar contributions of ω and ϕ to the TFF are

proportional to the weight factors wψωπ and wψϕπ , respec-
tively, which can have nonzero small phases. One source of
these phases arises from the mixing of virtual-photon
intermediate states with isoscalar vector mesons, induced
by QED effects. To estimate the magnitudes of the weight
factors wψωπ and wψϕπ , we match the expressions for
the differential width of the decay J=ψ → π0eþe− at the
narrow isoscalar vector meson poles,

dΓψ→π0eþe−

ds

����
s→M2

V

¼ ΓψBRðJ=ψ → Vπ0ÞBRðV → eþe−Þ
πΓVMV

;

ð45Þ
where me is always set to 0 unless otherwise stated and
V ¼ ω or ϕ. Here, we adopt the effective Lagrangian
LV1V2π

0 ¼ gV1V2πϵμναβ∂
μVν

1∂
αVβ

2π
0 that results in the

V1 → V2π
0 decay width

ΓV1→V2π ¼
g2V1V2π

96πM3
V1

λ
3
2ðM2

V1;M
2
V2
;M2

πÞ: ð46Þ

We also obtain from Eq. (4),

dΓψ→π0eþe−

ds

����
s→M2

V

¼ α2

72πM3
VΓ2

V
λ
3
2ðM2

V;M
2
ψ ;M2

πÞjwψVπj2;

ð47Þ

where we assume isoscalar vector resonance pole domi-
nance,

fψπðsÞjs→M2
V
¼ wψVπs

M2
V − s − iMVΓV

:

The branching ratios or partial decay widths tabulated by
the PDG [1] are then sufficient to determine the magnitude
of the weight factors. The final result is

jwψVπj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
72M3

ψΓψΓVBRðV → eþe−ÞBRðJ=ψ → Vπ0Þ
α2MVλ

3
2ðM2

ψ ;M2
V;M

2
πÞ

s

¼
�
4.38ð24Þ × 10−5 GeV−1; V ¼ ω;

4.71ð3Þ × 10−6 GeV−1 or 8.61ð5Þ × 10−7 GeV−1; V ¼ ϕ:
ð48Þ

FIG. 5. Pictorial representation of Eq. (40). We show the
diagrams corresponding to the different terms in the right-hand
side of the equation in order. Dashed blue lines denote pions, full
black lines the ω or ϕ propagators, filled vertices show the form
factors, those marked with a cross denote the isospin-violating
ρ–ω mixings.
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This method is only valid for narrow intermediate resonances and appears to be quite good for ω and ϕ. In addition, this
approach neglects possible non-negligible phases, especially in the case of ω.
Equation (40) is a once-subtracted dispersion relation constructed from a spectral function whose double discontinuity

vanishes. As a consistency check, we show that the imaginary parts in the weight factors in Eq. (40) are indeed compatible
with unitarity. Applying the Cutkosky cutting rules (or the discontinuity calculus [88]) to Eq. (40), we have

1

2i
discfψπ0ðsÞ

���
2π

¼
�
1þ ϵ̃ρωs

M2
ω − s − iϵ

	
ImΣðsÞ þ fψπ0ð0Þwψωπs

M2
ω − s − iϵ

ϵ̃ρω
g2ωγ

ImΣπðsÞ
s

;

1

2i
discfψπ0ðsÞ

���
3π

¼ πsδðs −M2
ωÞϵ̃ρωΣðsÞ þ fψπ0ð0Þw�

ψωππsδðs −M2
ωÞ
�
1þ ϵ̃ρω

g2ωγ

ΣπðsÞ
s

	�
þ fψπ0ð0Þw�

ψϕππsδðs −M2
ϕÞ;

1

2i
discfψπ0ðsÞ

���
γ
¼ fψπ0ð0Þ Imwψωπ

s
M2

ω − s − iϵ

�
1þ ϵ̃ρω

g2ωγ

ΣπðsÞ
s

	�
þ fψπ0ð0Þ Imwψϕπ

s
M2

ϕ − s − iϵ
ð49Þ

in the narrow-width limit Γω=ϕ → 0, where

ΣðsÞ ¼ s
96π2

Z
∞

4M2
π

ds0
σ3πðs0ÞFV�

π ðs0Þf1ðs0Þ
s0 − s − iϵ

; ð50Þ

ΣπðsÞ ¼
s2

48π2

Z
∞

4M2
π

ds0
σ3πðs0ÞjFV

π ðs0Þj2
s0ðs0 − s − iϵÞ : ð51Þ

These equations are consistent only if the sum of these discontinuities is purely imaginary. Collecting all terms, this
nontrivial consistency check is indeed satisfied,

Im
�
1

2i
discfψπ0ðsÞ

���
2π
þ 1

2i
discfψπ0ðsÞ

���
3π
þ 1

2i
discfψπ0ðsÞ

���
γ

	
¼ 0; ð52Þ

as long as f1ðsÞ is within the scattering region.

C. Effective four-pion intermediate states: ρ0ð1450Þ
The branching fractions of J=ψ into several final states

with more than three pions are actually as large as that into
πþπ−π0. This suggests that inelastic contributions to the
J=ψ → π0γ� TFF, arising from discontinuities due to four
or more pions, could play a sizable role. In the simplest
model approach, we incorporate a ρ0ð1450Þ resonance into
the J=ψ → π0γ� TFF as an approximation for the potential
effects of multipion intermediate states. This method is
based on the approach outlined in Ref. [16]. However, since
Ref. [16] contains some ambiguities and typographical
errors in the ρ0ð1450Þ contribution,11 we present a more
comprehensive analysis here. This effective ρ0 should not
be confused with the elastic imprint of higher resonances
already encoded in solution 1 for the phase of FV

π . Here it is

introduced solely as an estimate of genuinely inelastic
multipion strength, so no double counting occurs.
Note that even for channels for which no rigorous

spectral functions as in Eq. (21) are known, an ansatz
for the full momentum dependence with good analytic
properties can be constructed by replacing the energy-
dependent BW propagator by a dispersion relation [89]:

fðρ
0Þ

ψπ0
ðsÞ ¼ 1

2πi

Z
∞

4M2
π

ds0
discfðρ

0Þ
ψπ0

ðs0Þ
s0 − s − iϵ

;

disc
2i

fðρ
0Þ

ψπ0
ðsÞ ¼ M2

ρ0gJ=ψρ0πgρ0γ
ffiffiffi
s

p
Γρ0 ðsÞ

ðM2
ρ0 − sÞ2 þ sΓ2

ρ0 ðsÞ
; ð53Þ

where jgρ0γj ¼ 0.0752 is taken from the VMD model
estimation [72].12 The modulus of the effective coupling
constant gJ=ψρ0π should be fixed from the decay width
J=ψ → ρ0π0 via Eq. (46). Unfortunately, the branching
fraction of J=ψ→ρ0π0 is not available. We estimate it using

11The product of couplings gJ=ψρ0πgρ0γ is missing in the
expression of discfρ

0

ψπ0
ðsÞ in Eq. (14) of Ref. [16]; see

Eq. (53). In addition, the exponent 7=2 in the factor
½ s−16M2

π

M2

ρ0−16M
2
π
�7=2 in the same equation of Ref. [16] should be corrected

to 9=2; see Eq. (54).

12Note that the coupling gρ0γ we use here corresponds to 1=gρ0γ
in Ref. [72].
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a cascade decay relation BRðJ=ψ → ρ0π → πþπ−π0Þ ¼
BRðJ=ψ → ρ0πÞBRðρ0 → 2πÞ. The branching ratio
BRðρ0 → 2πÞ can be obtained from the VMD model
estimation, BRðρ0 → 2πÞ ¼ 6% (BRðρ0 → ωπÞ ¼ 94%)
[72], which was obtained by assuming that the main decay
modes of ρ0 are only 2π and ωπ, while neglecting other
significant contributions from, e.g., ρ0 → a1π. Based on
this, we obtain the branching ratio BRðJ=ψ → ρ0πÞ ¼
3.7ð1.8Þ × 10−3 with the effective coupling con-
stant jgJ=ψρ0πj ¼ 2.73þ0.61

−0.80 × 10−3 GeV−1.
For the energy-dependent width Γρ0 ðsÞ, we consider two

different parametrizations. First, we assume that the decay
channel ρ0 → 4π is dominant and thus adopt the near-
threshold behavior of the four-pion phase space [33].
Second, we construct Γρ0 ðsÞ from the decay channels
ρ0 → ωπðω → 3πÞ and ρ0 → ππ, neglecting other contri-
butions from, e.g., ρ0 → a1πða1 → 3πÞ. This serves both as
a consistency check for the assumption used in the above
estimate of the effective coupling jgJ=ψρ0πj and as a
theoretical uncertainty estimate for the sizable width effects
of ρ0. These parametrizations read [72]

Γð4πÞ
ρ0 ðsÞ ¼ θðs − 16M2

πÞ
γρ0→4πðsÞ

γρ0→4πðM2
ρ0 Þ

Γρ0 ;

γρ0→4πðsÞ ¼
ðs − 16M2

πÞ92
s2

; ð54Þ

where Γρ0 is the total decay width of ρ0, and

Γðωπ;ππÞ
ρ0 ðsÞ ¼ θðs − ðMω þMπÞ2Þ

γρ0→ωπðsÞ
γρ0→ωπðM2

ρ0 Þ
Γρ0→ωπ

þ θðs − 4M2
πÞ

γρ0→ππðsÞ
γρ0→ππðM2

ρ0 Þ

×
M2

ρ0 − 4M2
π þ 4p2

R

s − 4M2
π þ 4p2

R

ffiffiffi
s

p
Mρ0

Γρ0→ππ; ð55Þ

with pR ¼ 202.4 MeV in the Blatt-Weisskopf barrier
factor, and

γρ0→ωπðsÞ ¼
λ
3
2ðs;M2

ω;M2
πÞ

s
3
2

; γρ0→ππðsÞ ¼
ðs − 4M2

πÞ32
s

:

ð56Þ

We present the line shapes of the discontinuities

discfðρ
0Þ

ψπ0
=ð2isÞ corresponding to the two types of

energy-dependent widths in Fig. 6. Both results show
excellent agreement near the ρ0 peak, further validating

the consistency of our estimate. The curve for Γðωπ;ππÞ
ρ0 is

slightly higher than that for Γð4πÞ
ρ0 because the former

includes a small (6%) 2π contribution in its width. We

use Γð4πÞ
ρ0 as the central input in the following analysis.

Using the sum rule of Eq. (19), we obtain

���fðρ0Þψπ0
ð0Þ
��� ¼ 1.3þ0.3

−0.4 × 10−4 GeV−1: ð57Þ

Comparing with Eq. (37), we conclude that the ρ0ð1450Þ
intermediate state alone contributes about 20% of the sum
rule for the TFF normalization. Recalling Eq. (38), this
seems to suggest that the contributions from both the 2π
intermediate states and the ρ0 fully saturate the sum rule for
the TFF normalization (note that the effect of ρ–ω mixing
on the normalization can be neglected). However, this naive
observation is incorrect. A similar case is the pion electro-
magnetic form factor. In a specific large-Nc QCD model,
dual-QCD∞ [90], Euler’s beta function of the Veneziano
type requires an infinite spectral tower of zero-width
resonances, with masses and couplings following Regge
trajectories. An important feature of this realization is
that the coupling constants of the resonance tower alternate
in sign [90]. In other words, the contributions of ρ and ρ0
have opposite signs, which is verified in real QCD3 by
eþe− → πþπ− data [91]. Similarly, the opposite signs for
the ρ and ρ0 contributions to the J=ψ → π0γ� TFF is also
consistent with the dual-QCD∞ model. In Sec. IV we will
present a more robust argument based on the supercon-
vergence sum rule (63). Therefore, the contributions from
the 2π intermediate states and the ρ0 roughly contribute
about 80% − 20% ¼ 60% of the sum rule for normaliza-
tion of TFF. The remaining portion comes from higher
resonances, such as charmonium(-like) states.13

FIG. 6. The discontinuities discfðρ
0Þ

ψπ0
=ð2isÞ corresponding to two

types of energy-dependent widths, cf. Eqs. (54) and (55).

13One might be concerned about the neglect of the ρ00ð1700Þ
contribution. It is difficult to quantify this contribution due to the
lack of experimental data. Given current data, omitting contri-
butions from ρ00ð1700Þ and higher excited states remains a
reasonable approximation.
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D. Charmonium contributions

As for the charmonium contributions, the TFF can be
parametrized using a simple monopole ansatz, also referred
to as “VMD” [5],

fðcc̄Þ
ψπ0

ðsÞ ¼
fðcc̄Þ
ψπ0

ð0Þ
1 − s=Λ2

; ð58Þ

where fðcc̄Þ
ψπ0

ð0Þ ¼ jfðcc̄Þ
ψπ0

ð0Þjeiδcc̄ is a complex number. The

pole mass Λ is fixed to the lowest 1−− charmonium mass
J=ψ , since this is the lowest vector charmonium, rather than
that of ψð2SÞ used in Ref. [5]. Note that this ansatz is less
reliable than VMD in the light-quark sector, since the mass
splittings between various vector charmonium(-like) states
are small compared to the difference between the charmo-
nium mass and the s region of interest.

The modulus jfðcc̄Þ
ψπ0

ð0Þj and the phase δcc̄ are not

independent if we further require that the overall form
factor normalization in Eq. (37) is saturated by 2π, ρ0 and
charmonium contributions,

���fð2πÞψπ0
ð0Þ þ fðρ

0Þ
ψπ0

ð0Þ þ fðcc̄Þ
ψπ0

ð0Þ
��� ¼ jfψπ0ð0Þj: ð59Þ

Here, we assign the same sign to fð2πÞ
ψπ0

ð0Þ and fðcc̄Þ
ψπ0

ð0Þ,
while explicitly introducing an opposite sign for the ρ0
contribution [cf. Eq. (59)] for the reason discussed above.
This corresponds to choosing the sign convention such that
sgnðgJ=ψρ0πgρ0γÞ ¼ −1. From Eq. (59), we obtain

���fðcc̄Þψπ0
ð0Þ
��� ¼ −fð2π;ρ

0Þ
ψπ0

ð0Þ cos δcc̄

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jfψπ0ð0Þj2 −



fð2π;ρ

0Þ
ψπ0

ð0Þ
�
2
sin2δcc̄

r
; ð60Þ

where fð2π;ρ
0Þ

ψπ0
ð0Þ≡ fð2πÞ

ψπ0
ð0Þ þ fðρ

0Þ
ψπ0

ð0Þ.

IV. ASYMPTOTIC BEHAVIOR AND SUM RULES

The pQCD asymptotic behavior requires the TFF to
vanish as fψπ ∼ 1=s2 as s → ∞. Note that we have two
types of contributions here: one from light quark degrees of
freedom, including 2π, 3π (ω and ϕ), and 4π (ρ0); and the
other from heavy-quark degrees of freedom, specifically
the charmonium cc̄ contribution. In principle, both types
should satisfy the asymptotic behavior separately. The TFF
in this work is constructed from precise low-energy
phenomenology, without directly matching to pQCD in
the high-s region. Nevertheless, the pQCD asymptotics
implicitly impose certain constraints on relative signs of
contributions in the same sector and limit the applicability
of a single monopole ansatz in the high-energy region.
For the light-quark contribution in the limit s → ∞, one

can read off a Oðs0Þ sum rule from Eq. (40) as

0 ¼ fð2πÞ
ψπ0

ð0Þ− 1− ϵ̃ρω
96π2

Z
∞

4M2
π

ds0σ3πðs0ÞFV�
π ðs0Þf1ðs0Þ

−wψωπ

�
1−

ϵ̃ρω
48π2g2ωγ

Z
∞

4M2
π

ds0
σ3πðs0ÞjFV

π ðs0Þj2
s0

	
−wψϕπ:

ð61Þ

Note that

fð2πÞ
ψπ0

ð0Þ ¼ 1

96π2

Z
∞

4M2
π

ds0σ3πðs0ÞFV�
π ðs0Þf1ðs0Þ ð62Þ

is simply the sum rule for normalization and ϵ̃ρω ≪ 1.
The saturation of this sum rule can be checked by the
magnitude of the right-hand side of Eq. (62), which equals
−3.84 × 10−5 GeV−1 or −4.22 × 10−5 GeV−1, corre-
sponding to the two values of wψϕπ in Eq. (48),14 respec-
tively. These nonzero contributions arise almost entirely
from the isovector vector pole. It follows that the contri-
butions of the isovector vector poles in the sum rule (61)
result in a less than 10% violation of the normalization sum
rule (62); therefore the latter is a very good approximation
to the former. From theOðs−1Þ terms of Eqs. (40) and (53),
one can derive another superconvergence sum rule as

0 ¼ −
1 − ϵ̃ρω
96π2

Z
∞

4M2
π

ds0s0σ3πðs0ÞFV�
π ðs0Þf1ðs0Þ þ

ϵ̃ρω
96π2

ðM2
ω − iMωΓωÞ

Z
∞

4M2
π

ds0σ3πðs0ÞFV�
π ðs0Þf1ðs0Þ

− wψωπðM2
ω − iMωΓωÞ

�
1 −

ϵ̃ρω
48π2g2ωγ

Z
∞

4M2
π

ds0
σ3πðs0ÞjFV

π ðs0Þj2
s0

	
þ wψωπ

ϵ̃ρω
48π2g2ωγ

Z
∞

4M2
π

ds0
σ3πðs0ÞjFV

π ðs0Þj2
s0

− wψϕπðM2
ϕ − iMϕΓϕÞ −

1

π

Z
∞

4M2
π

ds0
gJ=ψρ0πgρ0γ

ffiffiffiffi
s0

p
Γρ0 ðs0Þ

ðM2
ρ0 − s0Þ2 þ s0Γ2

ρ0 ðs0Þ
; ð63Þ

14Here, we assume that wψωπ ¼ jwψωπ j and wψϕπ ¼ −jwψϕπ j for the moment.
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where we choose sgnðgJ=ψρ0πgρ0γÞ ¼ −1 to match the
convention of Eq. (59). In fact, the first and last
terms of Eq. (63) dominate this sum rule, resulting
in ð−3.50þ 0.11iÞ × 10−4 GeVþ 2.61 × 10−4 GeV ¼
ð−0.89þ 0.11iÞ10−4 GeV. Note that the first integral is
in fact logarithmically divergent. To obtain a reasonable
value we therefore impose an integral cutoff Λ ¼ ð2 GeVÞ2
on both the first and the last integrals. This cancellation at
the same time reduces the sensitivity to the cutoff. This is
motivated by the fact that both the 2π contribution obtained
from the dispersion representation and the 4π contribution
associated with ρ0 are restricted to low energies and hence
are not valid in the pQCD asymptotic region. The dis-
continuities of these contributions (and of further channels)
necessitate a fine-tuned cancellation as s → ∞ so as to
produce the 1=s2 scaling behaviour, which ensures that the
sum of the two integrals and the superconvergence sum rule
converges. This cancellation follows from pQCD asymp-
totics. It also shows that the contributions of 2π and ρ0
should have opposite signs. This behavior is exactly what
one expects from large-Nc considerations, and finds phe-
nomenologically for light-vector-meson transition form
factors such as ω → π0γ� [92] and ρ → ηγ� [93–95].
However, for the heavy-quark case, a single monopole in

Eq. (58) does not satisfy the pQCD constraint. If more
poles are introduced, their contributions must be carefully
balanced to fulfill the high-energy behavior required by
pQCD. In practice, we prefer to use a minimal number of
parameters and determine the TFF using precise low-
energy empirical inputs, thereby relaxing the pQCD con-
straint for the charmonium sector. We also present an
alternative parametrization using a dipole form in the
Appendix, although this approach requires introducing at
least one additional free parameter to the fit.

V. RESULTS AND DISCUSSION

A. Fit results

The total TFF is given by

fψπ0ðsÞ ¼ fð2π;3πÞ
ψπ0

ðsÞ þ fðρ
0Þ

ψπ0
ðsÞ þ fðcc̄Þ

ψπ0
ðsÞ: ð64Þ

We fix fð2πÞ
ψπ0

ð0Þ in Eq. (40) using the sum rule in Eq. (62)

[sum rule (61) yields similar values]. This approximately
ensures that the contribution from light degrees of freedom
satisfies the pQCD asymptotic constraint. For the coupling
constants gρ0γ and gJ=ψρ0π related to the ρ0ð1450Þ, we adopt
the results from the phenomenological analysis,

jgρ0γj ¼ 0.16 GeV2;

jgJ=ψρ0πj ¼ 2.73þ0.61
−0.80 × 10−3 GeV−1: ð65Þ

Relaxing the ranges of these coupling constants leads to
unstable fits, since there is only a single data point above

1.3 GeV with large errors. Moreover, we use the values for
jwψωπj and jwψϕπj from the pole dominance ansatz
[cf. Eq. (48)]. Thus, a priori we are left with three real
parameters: the phases ofwψωπ andwψϕπ , and the phase δcc̄.
Since there are at most two experimental data points in the
energy region near the ϕ, we fix the phase of wψϕπ such that
wψϕπ ¼ −jwψϕπj. Thus, we are left with only two free
parameters.
The BESIII Collaboration reported two distinct solutions

for the J=ψ → ϕπ0 branching ratio, BRðJ=ψ → ϕπ0Þ ¼
3 × 10−6 or 1 × 10−7, due to the multisolution ambiguity
arising from different interference patterns (J=ψ → ϕπ0

and J=ψ → KþK−π0) in experimental analyses [96]. The
larger (smaller) branching ratio corresponds to the larger
(smaller) weight factor in Eq. (48). Since we cannot
distinguish between the two scenarios at present, we
implement two fits: Theory-I corresponds to the larger
branching ratio, whereas Theory-II corresponds to the
smaller one.
To fit the TFF, we define the χ2 function as

χ2 ¼
X
i

 jFψπ0ðsiÞj2exp − jFψπ0ðsiÞj2th
σi

!
2

; ð66Þ

where Fψπ0ðsÞ is the normalized TFF [cf. Eq. (2)].
jFψπ0ðsÞjexp and σi are the experimental normalized TFF

and its uncertainty, respectively, obtained from Ref. [15].
jFψπ0ðsÞj2th is the average in each bin ½ ffiffiffiffisip − Δi;

ffiffiffiffi
si

p þ Δi�
of our normalized TFF:

jFψπ0ðsiÞj2th ¼
1

4
ffiffiffiffi
si

p Δi

Z ð ffiffiffisip þΔiÞ2

ð ffiffiffisip −ΔiÞ2
dsjFψπ0ðsÞj2; ð67Þ

where Δi represents half of the bin width. To minimize the
χ2 function, we fit the data using MINUIT [97,98].
The parameter values and the correlation coefficient
from two fits are listed in Table II. Additionally, to
estimate theoretical uncertainties beyond those from
the fitting procedure, we perform multiple fits with
different inputs, including: varying the TFF normalization
within experimental constraints, namely, jfψπ0ð0Þj ¼
6.0ð3Þ × 10−4 GeV−1; varying the ππ phase shift input

TABLE II. Parameter values and correlation coefficient from
two fits.

Parameters Theory-I Theory-II

δψωπ 0.93(26) 0.88(27)
δcc̄ 0.90(20) 0.82(21)
χ2= d.o.f. 28.20=ð30 − 2Þ ¼ 1.01 31.09=ð30 − 2Þ ¼ 1.11
Correlation
coefficient

0.70 0.71
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by using solution 2 shown in Fig. 2; varying the modulus of
two coupling magnitudes within the ranges of Eq. (48);
varying the coupling constants corresponding to ρ0ð1450Þ
within the ranges of Eq. (65); and changing the energy-
dependent width of ρ0ð1450Þ as discussed in Sec. III C. All
uncertainties from the above variations are added in
quadrature to the final TFF results.
From Table II, as for J=ψ → ϕπ0, our fitting result

slightly favors the solution with the larger branching ratio,
although the solution with the smaller one cannot be ruled
out. Unless otherwise specified, all the following calcu-
lations are based on the results from Theory-I.
In Fig. 7, we show the squared absolute value of the

normalized TFF from our fits. As can be seen, our result

shows excellent agreement with the experimental data from
BESIII [15] across the full energy range from the ππ
threshold to about 2.8 GeV, which extends far beyond the ρ
pole regime. Remarkably, our analysis uses only two
parameters, which is a significant improvement compared
to the seven-parameter fit adopted in the BESIII analysis
[15]. An important observation is the presence of a
significant structure, with an abrupt drop at the ω pole
for the J=ψ → π0γ� TFF. To isolate the ω contribution, we
perform a simplified fit with wψωπ fixed to zero. The
resulting χ2=d:o:f. ¼ 77.40=ð30 − 1Þ ¼ 2.67 is far worse,
and the corresponding curve is the green dot-dashed line in
Fig. 8 (see also the result in Ref. [16]). The result clearly
indicates that neglecting the isospin-violating ω pole term

FIG. 7. Normalized J=ψ → π0γ� TFF as a function of energy
ffiffiffi
s

p
(in logarithmic scale). Left: fit Theory-I; right: fit Theory-II.

The black points represent the experimental data from BESIII [15], while the red solid line represents the result of our fit averaged in
each bin, with the parameters given in Table II. The blue dashed line represents the same TFF but computed directly as a continuous
function of

ffiffiffi
s

p
.

FIG. 8. Same as Fig. 7, except that the red dashed (green dot-dashed) curves correspond to the one-parameter fit with δψωπ ¼ 0
(wψωπ ¼ 0).
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in Eq. (40) (∝ wψωπ) fails to describe the data, in particular
the abrupt drop at the location of the ωmass. This effect has
not been observed in experimental studies of the ϕ → π0γ�
process [99] (naturally, due to kinematic constraints,
ω → π0γ� cannot exhibit the ρ–ω mixing structure).
Since the processes J=ψ ;ϕ → ωπ0 violate isospin, pre-
vious theoretical analyses [16,35,53,60] did not consider
ρ–ω mixing, or simply added an extra BW form to the
J=ψ ;ϕ decay amplitudes for the ω pole to simulate its
contribution [61]. Interestingly, all these predictions are
slightly lower than the experimental values near the ρ pole
(for a comparison, see Fig. 3 of Ref. [15]). According to our
results, this strongly suggests that the isospin-violating ω
pole and ρ–ω mixing contribute significantly to resolving
this discrepancy. Our dispersive framework, which includes
ρ–ωmixing effects in a self-consistent manner, can provide
a benchmark for future dispersive analyses of the TFF.
Moreover, our analysis reveals a nontrivial structure in
the ρ0ð1450Þ region within 1.3–1.6 GeV, suggesting the
need for more precise experimental measurements in this
energy range.
In addition, using the best fit Theory-I we present in

Fig. 9 the differential branching fractions for both J=ψ →
π0eþe− and J=ψ → π0μþμ− using Eq. (4). Both channels
exhibit prominent features: a pronounced ρ resonance
dominating the TFF structure, a nontrivial structure around
the ϕ pole, which would be much less pronounced
when employing Theory-II, and a strong low-energy

enhancement for J=ψ → π0eþe− near
ffiffiffi
s

p ¼ 0 arising from
the photon pole. By integrating over the respective spectra,
we obtain the branching fractions for the two dilepton final
states as

BRðJ=ψ → π0eþe−Þ ¼ 7.03þ0.62
−0.60 × 10−7; ð68Þ

BRðJ=ψ → π0μþμ−Þ ¼ 4.15þ0.58
−0.50 × 10−7: ð69Þ

The value in Eq. (68) can be compared with previous
dispersive analyses [16] that did not consider ρ–ω mixing,
as shown in Table III. This result is also in good agreement
with the value extracted by BESIII within uncertainties
[15]. A comparison with the predictions of VMD [5] and
resonance chiral theory (RChT) [7,8] is also shown in
Table III.

B. Phase between strong and
electromagnetic amplitudes

There are qualitatively two kinds of contributions to the
hadronic decays of J=ψ into ρ0π0 and ωπ0, i.e., via strong
interaction (e.g., three gluons or charmed-meson loops) and
via one virtual photon. While isospin symmetry is pre-
served to a very good approximation in the former decay, it
is broken in the latter. The one-photon electromagnetic
current can be decomposed as 2

3
ūγμu− 1

3
d̄γμd¼ 1

6
Jsμþ 1

2
Jvμ

with Js;vμ ¼ ūγμu� d̄γμd representing isoscalar and

FIG. 9. Differential branching fractions dBR=d
ffiffiffi
s

p
for J=ψ → π0eþe− (left) and J=ψ → π0μþμ− (right).

TABLE III. Branching ratios ð×10−7Þ for J=ψ → π0lþl−, where l ¼ e, μ.

Experiment [15] This work DR [16] RChT [8] RChT [7] VMD [5]

J=ψ → π0eþe− 8.06� 0.31ðstatÞ � 0.38ðsystÞ 7.03þ0.62
−0.60 ð5.5…6.4Þ 12.94� 0.44 11.91� 1.38 3.89þ0.37

−0.33

J=ψ → π0μþμ− — 4.15þ0.58
−0.50 ð2.7…3.3Þ 3.04� 0.10 2.80� 0.32 1.01þ0.10

−0.09
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isovector vector currents, respectively. From this decom-
position, one concludes that the one-photon contribution to
the isoscalar ρ0π0 is three times smaller than that to the
isovector ωπ0. Usually, the isospin breaking through strong
interactions,∼Oððmd −muÞ=ΛQCDÞ, is of the same order as
that from virtual photons, ∼OðαÞ. The branching fraction
of J=ψ → ρ0π0, 6.2ð6Þ × 10−3, is one order of magnitude
larger than the branching fraction of J=ψ → ωπ0,
4.5ð5Þ × 10−4 [1]. Hence, we expect that J=ψ → ρ0π0

should proceed mainly through strong interaction, which
is stronger than the one-photon contribution by roughly one
order of magnitude at the amplitude level. The strong-
interaction contribution to the isospin-breaking ωπ0 mode
should be further suppressed compared with the ρ0π0 mode
by Oððmd −muÞ=ΛQCDÞ, thus should be significantly
smaller than the one-photon contribution to the ωπ0 mode.
The photon-dominance picture for a vector charmonium
decay into ωπ0 can be checked by comparing the following
ratios of partial widths [1]:

Γðψ 0 → ωπ0Þ
ΓðJ=ψ → ωπ0Þ ¼

293ð9Þ keV × ð2.1ð6Þ × 10−5Þ
92.6ð1.7Þ keV × ð4.5ð5Þ × 10−4Þ

¼ 0.148ð46Þ;
Γðψ 0 → γπ0Þ
ΓðJ=ψ → γπ0Þ ¼

293ð9Þ keV × ð1.04ð22Þ × 10−6Þ
92.6ð1.7Þ keV × ð3.39ð8Þ × 10−5Þ

¼ 0.097ð21Þ: ð70Þ

The two ratios are approximately equal within uncertain-
ties. Therefore, we expect that the ρ0π0 and ωπ0 modes
should be dominated by the strong interaction and the one-
photon mechanisms, respectively.
This can be verified in a more direct manner. As a

first step, we approximate Eq. (40) by a VMD version of
the TFF,

fð2π;3πÞ;VMD
ψπ0

ðsÞ

¼ fð2πÞ
ψπ0

ð0Þ þ wψρπs

M2
ρ − s − iMρΓρ

�
1þ ϵ̃ρωs

M2
ω − s − iMωΓω

	

þ wψωπs

M2
ω − s − iMωΓω

�
1þ 9ϵ̃ρωs

M2
ρ − s − iMρΓρ

	
þ…;

ð71Þ

using the narrow width (NW) approximation [13]

s
48π2

Z
∞

4M2
π

ds0
σ3πðs0ÞjFV

π ðs0Þj2
s0ðs0 − s − iϵÞ ⟶

NW g2ργs

M2
ρ − s − iMρΓρ

; ð72Þ

and the VMD relation gργ ¼ 3ρωγ . Consequently, the issue
reduces to determining the relation between the weight
functions wψρπ and wψωπ. Taking into account the isospin
factor and the dominance of the ωπ0 mode by the one-
photon mechanism, one finds for wψρπ,

wψρπ ≃ wS
ψρπ þ wγ

ψρπ ¼ wS
ψρπ þ

1

3
wγ
ψωπ ≃ wS

ψρπ þ
1

3
wψωπ;

ð73Þ

with the superscripts “S” and “γ” representing the con-
tributions from the strong interaction and one virtual
photon, respectively. By matching the BW parametrization
of the ρmeson (∝ wψρπ) in Eq. (71) with the corresponding
dispersive integral in Eq. (40) and fitting over the energy
range

ffiffiffi
s

p ¼ 0.6–1.3 GeV, we determine wψρπ ¼
4.76e−i0.13 × 10−4 GeV−1, which compares to the value
jwψρπj ¼ 5.36ð27Þ × 10−4 GeV−1 obtained using the
NW approximation [cf. Eq. (48)]. We take the average
ð4.76þ 5.36Þ=2 ¼ 5.06 as the central value of jwψρπj and
assign a conservative 1σ uncertainty equal to half the
difference, i.e., 0.3. Therefore, the value of the strong part,
wS
ψρπ, is given by

wS
ψρπ ¼ wψρπ −

1

3
wψωπ ¼ ½5.06ð30Þe−i0.13 × 10−4 − 1.46ð8Þei0.93ð26Þ × 10−5� GeV−1

¼ 4.99ð30Þe−i0.16ð10Þ × 10−4 GeV−1: ð74Þ

This result is compatible with our expectations. The ρπ0

mode is dominated by the strong interaction, whereas the
contribution of one virtual photon is of an order of
magnitude smaller and affects the phase of wS

ψρπ by no
more than 2°.
To check the role played by the mentioned phase, we

also present a simplified fit with δψωπ fixed to zero. As
shown in Fig. 8, an a priori assumption of δψωπ ¼ 0 results

in a slightly worse χ2=d:o:f. ¼ 36.75=ð30 − 1Þ ¼ 1.27
compared to the best value of 1.01 in Theory-I. From
comparing the red dashed line with the blue band, one sees
that around the ω mass the case with the nonvanishing
phase has a large slope on the left shoulder, while a smaller
slope on the right shoulder. This means that ρ–ω mixing
and its interplay with the ω pole contribution and, in
particular, its phase relative to the ρ contribution that is
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fully controlled within the dispersive scheme employed
here, play a crucial role in forming the specific line shape.
Thus the phase between strong interaction and one-photon
contributions in J=ψ hadronic decays can be extracted
as ð62� 21Þ°, where the small phase of wS

ψρπ is taken
into account [omitting this correction would reduce the
phase to ð53� 15Þ°]. Our result is consistent with the value
ð72� 17Þ° [100] of the relative strong-electromagnetic
phase from the global fit to J=ψ → VP (P, V stand for
light 0− and 1− mesons) within uncertainties, while it
deviates slightly (1.5σ) from 90° corresponding to the
absence of an interference pattern. It should be emphasized
that while the relative phase near 90° has been favored in
phenomenological analyses [101], there is no QCD foun-
dation for this assumption. To improve the accuracy of our
extraction, data with improved binning are necessary to
define the line shape better.

VI. SUMMARY AND OUTLOOK

In this work, we have reanalyzed the J=ψ → π0γ�
transition form factor using the Khuri-Treiman framework,
paying particular attention to the contributions of isospin-
violating ω and ϕ intermediate states and their mixing
effects with the two-pion (ρ) channel within the dispersive
approach. This framework incorporates crossing symmetry
while maintaining unitarity and analyticity. Above 1 GeV,
contributions from the ρ0ð1450Þ and the isospin-violating
charmonium contribution have been included to account
for the high-energy tail. The BESIII data for the transition
form factor in the energy range from 0 to 2.8 GeV are
very well described using only two fitting parameters—all
other parameters were fixed from phenomenological input
provided from other reactions. In particular, we predict a
possible nontrivial structure around 1 GeV due to the ϕ
contribution and a dip structure in the 1.2 to 1.6 GeV
region caused by the ρ0. We note that the prominence
of the structure around the ϕ pole is governed by the
experimentally measurable branching ratio of J=ψ → ϕπ0.
Compared to a previous dispersive analysis of J=ψ →
π0eþe−, we find that ρ–ω mixing and its interplay with the
ω pole contribution lead to a non-negligible increase in the
branching ratio. Furthermore, this analysis allows us to
extract the relative phase between the strong and one-
virtual-photon (electromagnetic) modes in J=ψ → ρπ0 to
be ð62� 21Þ°. The result minimizes model dependence
to the greatest extent possible, advancing our understand-
ing of the long-standing mysterious ρπ puzzle in J=ψ
decays.
Intriguingly, the Khuri-Treiman framework applied to

ω;ϕ → 3π decays produces theoretical results that fall

slightly below experimental measurements in the 600–
700 MeV range [35,60,61]. Thus, an accurate description
must include isospin-violating contributions, with ρ–ω
mixing as an important component. We hope that our
reevaluation will motivate more precise measurements
of J=ψ → π0eþe− to constrain the J=ψ → π0γ� transition
form factor in the region beyond the ρ-peak and to further
establish the phenomenology of the transition form factor
advocated here.

Note Added. After this work appeared on arXiv, a related
study [102] was finished on the J=ψ → π0γ� transition
form factor within resonance chiral theory. That work also
finds that J=ψ → π0ρ0 is dominated by the strong inter-
action, whereas J=ψ → π0ω and J=ψ → π0ϕ are driven
primarily by electromagnetic transitions, in qualitative
agreement with our findings.
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APPENDIX: DIPOLE FORM

A dipole parametrization can be simply formed by
adding two single-pole terms,

fðcc̄Þ
ψπ0

ðsÞ ¼
f̃ðcc̄Þ
ψπ0

ð0Þ
1 − s=Λ2

1

þ
f̃ðcc̄Þ0
ψπ0

ð0Þ
1 − s=Λ2

2

: ðA1Þ

The effective zero-width pole masses Λ1;2 should corre-
spond to the masses of 1−− resonances near the energy
scale of the decaying particle. Here, we fix Λ1 ¼ MJ=ψ and
treat Λ2 as a free parameter. The vanishing of the Oðs−1Þ
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contribution enforced by the pQCD asymptotic constraint
implies

f̃ðcc̄Þ0
ψπ0

ð0Þ ¼ −f̃ðcc̄Þ
ψπ0

ð0ÞΛ
2
1

Λ2
2

; ðA2Þ

which results in

fðcc̄Þ
ψπ0

ðsÞ ¼ f̃ðcc̄Þ
ψπ0

ð0Þ Λ2
1ðΛ2

2 − Λ2
1Þ

ðs − Λ2
1Þðs − Λ2

2Þ
: ðA3Þ

Similarly, if we define f̃ðcc̄Þ
ψπ0

ð0Þ ¼ jf̃ðcc̄Þ
ψπ0

ð0Þjeiδcc̄ , we can

also derive an analog of Eq. (60),

���f̃ðcc̄Þψπ0
ð0Þ
���¼ Λ2

2

Λ2
2−Λ2

1

�
−fð2π;ρ

0Þ
ψπ0

ð0Þcosδcc̄

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jfψπ0ð0Þj2−ðfð2π;ρ0Þ

ψπ0
ð0ÞÞ2sin2δcc̄

q �
: ðA4Þ

As observed in Ref. [16], we also find that strong
cancellation effects between multiple charmonium reso-
nances (as well as potentially open-charm continuum
states) are necessary to properly reproduce the pQCD
behavior of the J=ψ → π0γ� TFF in the high-s region.
The resulting TFF, including the uncertainties mentioned

in the main text, is shown in Fig. 10 and Table IV.
Comparing with Fig. 7, one can see that different para-
metrizations of the charmonium contribution only affect the
behavior in the last bin, which corresponds to the region
above ∼2 GeV, since the low-energy region is dominated
by multipion contributions.
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