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Motivated by the discrepancies noted recently between the theoretical predictions of the electromagnetic

J/w — " transition form factor and the BESIII data, we reanalyze this transition form factor using the
dispersive Khuri-Treiman equations, with final-state interactions in both the direct channel and the crossed
channels properly considered. This improved framework incorporates p—@ mixing effects. The effect of
four-pion states is evaluated through a dispersively improved vector-meson-dominance model. From this
information, we propose a two-parameter fit that provides an excellent description of the BESIII data over
the broad energy range from 0 to 2.8 GeV. We demonstrate that the pz° decay mode of the J/y is

dominated by strong interaction, while the @z° mode is dominated by one-photon exchange. From this,
we extract the relative phase between the strong and the one-virtual-photon (electromagnetic) modes in
hadronic decays of J/y as (62 £ 21)°. This could provide useful information in understanding the long-

standing pz puzzle in J/y decays.

DOI: 10.1103/gmj6-hd9j

I. INTRODUCTION

Radiative decays of the charmonium state J /y serve as a
crucial probe for investigating nonperturbative dynamics in
QCD. Since the J/y lies more than 600 MeV below the
threshold for Okubo-Zweig-lizuka (OZI) allowed open-
charm channels, its total decay width is rather small—Iess
than 100 keV—which means that its radiative decays to
light hadrons constitute significant branching fractions that
can be measured with good precision. In particular, the
branching fraction for inclusive radiative J/y decays is
(8.8 £ 1.1)% [1,2]. In addition to the production of light
hadrons and real photons, as in the J/w — Py process
where P = 7%, ("), the BESIII experiment also allows
for measurements of the corresponding electromagnetic
Dalitz decay processes [3], where a timelike virtual
photon is emitted, producing a detectable e*e™ pair,
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i.e., J/yw — Pe"e . This differential decay width measures
the transition form factor (TFF) f, 0, which encodes the
nonperturbative strong interaction dynamics governing the
J/w — 2% transition.

The interactions of hadrons with both real and virtual
photons are often well-described within the framework of
vector meson dominance (VMD), where the photon cou-
ples to hadrons through intermediate vector mesons [4].
The TFF for J/w — Py* is sometimes described using a
simple monopole parametrization, with the pole corre-
sponding to a characteristic charmonium mass. Although
the charmonium mass scale for the monopole form factor
should only be valid in the large momentum-transfer
region, this form was assumed in Ref. [5] for all three
pseudoscalar (7°, n, and #') final states, and the corre-
sponding branching fractions were estimated. Interestingly,
for 7 and 7/, the experimental results agree well with these
predictions. This is because the emitted photon mainly
originates from the initial charm quark, rather than from
light quarks that would need to be converted from at least
three gluons or one photon. That the latter is highly
suppressed can be seen from the extremely narrow width
of the J/y. Emitting a photon from the charm or anticharm
quark allows the J/yw to be converted into a virtual
pseudoscalar intermediate state of c¢¢, which can then
annihilate into an isoscalar pseudoscalar meson via two
gluons. For the importance of the intermediate 7, state in

Published by the American Physical Society


https://orcid.org/0000-0003-1365-7178
https://orcid.org/0000-0002-2919-2064
https://orcid.org/0000-0002-3509-2473
https://orcid.org/0000-0002-1541-6581
https://ror.org/02xtbq882
https://ror.org/05qbk4x57
https://ror.org/02nv7yv05
https://ror.org/041nas322
https://crossmark.crossref.org/dialog/?doi=10.1103/gmj6-hd9j&domain=pdf&date_stamp=2026-04-27
https://doi.org/10.1103/gmj6-hd9j
https://doi.org/10.1103/gmj6-hd9j
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

CAO, GUO, HANHART, and KUBIS

PHYS. REV. D 113, 074030 (2026)

J/w —n")y*, see phenomenological analyses in Refs. [6-8].
For lattice QCD calculations of the J/y — n)y* TFFs,
we refer to Refs. [9-12].

In contrast to J/y — n")y*, the J/yw — z°y* process
should be dominated by a mechanism where the photon is
emitted from light quarks, since otherwise the production
of the isovector pion from gluons would require isospin
symmetry breaking. In this case, the TFF is dominated by
light-quark degrees of freedom, and the simple monopole
parametrization with a charmonium pole is inappropriate
for describing the J/w — z’y* TFF. Isospin-breaking
effects can still play a role, particularly in the region
around the w resonance, where it has been well-established
that p—@ mixing can lead to a distortion of the pion
electromagnetic form factor as observed in e'e™ annihi-
lations and in ' — ya"z~ [13]. Such mixing can play a
role in the most significant hadronic vacuum polarization
contribution to the muon anomalous magnetic moment
(g—Z)” [14]. Recently, the BESIII Collaboration [15]
reported the first measurement of the TFF and an improved
measurement of the branching fraction of this electromag-
netic Dalitz decay J/y — ete 2’ in the full m,: -
spectrum using a data sample of 10'°J/y events. A clear
p—w interference structure has been identified.
Consequently, there is an urgent need for a consistent
and model-independent analysis of the J/wz° TFF, taking
into account the effects of p—» mixing. This work extends
the analysis in Ref. [16] accordingly. The dispersive Khuri-
Treiman (KT) equations [17] for J/w — 37 are utilized,
with final-state interactions in both the direct channel and
crossed channels properly considered. Various contribu-
tions of the 2, 37, 4, and c¢¢ intermediate states will be
systematically accounted for.

The paper is organized as follows. In Sec. II, we briefly
discuss the kinematics and introduce the J /y — 7% * TFF.
In Sec. III, we first review the KT formalism for the
J/w — 3z decay and show its connection to the
J/w — n%* TFF. We then develop a consistent represen-
tation incorporating p—@ mixing effects, followed by
estimates of both the 4z continuum and charmonium
contributions. Section I'V examines the asymptotic behavior
of the TFF and derives relevant sum rule. In Sec. V, the
BESIII data are fitted, and our conclusions are given in
Sec. VI. The Appendix provides additional details on the
charmonium contribution through dipole form factor fits.

I1. DEFINITIONS AND KINEMATICS
We consider the decay of the vector meson J/y into a z°
and a dilepton pair (mediated by a virtual photon y*). The

J/w — n%* TFF is defined according to the matrix element,

(7 (Po)juO)w(pv,2) = —i€uape” (v, D) PG f o (5),
(1)

where j, = Zf Qrqsyuqy denotes the electromagnetic
current, Oy is the charge of the quarks of different
flavors (f), €,,43 is the Levi-Civita tensor, €”(py.4) is
the polarization vector of the J/y with helicity A4, g =
py — po with s = ¢*> > 0, and fyno(s) is the electromag-
netic TFF of the J/y — 7% transition. One also uses the
corresponding normalized TFF,

- fl//ﬂo (S)

) =5 0y

(2)

The J )y — 7°¢F¢~ (¢ = e, u) amplitude is given by [18]
: Fym(s)

len(’ :47”(16141/0!/16” (pV’/l)psqa%us (pf’)yﬂ”s’ (pz”)?

(3)

where g = p,+ + p,-, and the fine structure constant

a = e¢?/(4x). The differential decay rate in terms of the

J/w — n%* TFF, normalized to the partial width into 7°
and a real photon, can be written as

1 <dl—‘l//—>7z°f4r £ )
Fx//—moy ds

1 2m2\ 4¢(8)q o(s)
_toa fyy 2me) G5 )
37 (My, = M%) Y

. @

where the masses of J/y, 7%, and the leptons ¢ are denoted
by M,,, M0, and my, respectively. The corresponding real
photon width determines the normalization of the TFF as

a(ME - M2,

2| f, 0 (O)2. (5)

L 3
24M;,

w—nly =

Finally, the momenta are given by

1 M2 (s, M%, M3%)
qs(s) = 5\/ s —4’"?, qap(s) = #, (6)

where A(a, b, ¢) = a*> + b* + ¢* = 2(ab + ac + bc) is the
standard Kéllén triangle function.

In formulating a dispersion relation for the J/y —
n%* TFF, the three-pion decay J/y(py) —
2°(po)n"(p4)n=(p_) plays a pivotal role. The helicity
amplitude for the three-pion decay can be expressed in
terms of a Lorentz-invariant scalar function F (s, z, u) that
encodes the dynamics,

Mj/—{%n(s’ f, M) = ieﬂuaﬁeﬂ (pV’ l)pgp‘j’rp/if(s, £, M) (7)

The Mandelstam variables are defined as
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s=(ps+p-)* = (pv — po)*.

t=(p-+po)* = (pv—pi)*

u=(ps+po)?=(py—p-)> (8)

which satisfy the usual identity s+7+u=M},+3M7=3s,,.
For the remainder of this manuscript, we will set
Mo = M+ unless otherwise specified for isospin break-
ing, for which we take the charged pion mass M, = M - as
reference. The s-, ¢-, and u-channel processes are identical
in the limit of isospin symmetry. Therefore, we will now
focus on the s-channel.

The scattering angle in the s-channel, defined in the
center-of-mass (c.m.) frame of the zz~ pair, is denoted
by 6.,

r—u t—u

cos(O,(s,t,u)) = = ,

Ol ) = ()0 — ¥G)

: ¢(s.t,u)
sinf, = . 9
NTMEYIE) ®
The zeros of the well-known Kibble function [19],
P(s,t,u) = (24/551003q,:(5) Gy (5))?

= stu— M2(M;, — M3)?, (10)

determine the boundaries for s in the physical decay region
of the process by solving ¢(s,t, u) =0,

Smin = 4M72rv Smax = (Ml// - Mﬂ)z’ (1 1)

while the Dalitz-plot boundaries of #(s) for a given value of
s can be obtained from Eq. (9) by taking cos @, = *1,

tmax,min (S) = f + ZLImr(S)qym<s)‘ (12)

The s-channel partial-wave decomposition of the helicity
amplitude M?* . (s,1,u) is given by [20]

w—3rn
M t :f 2J + 1)d}y(6,)h) 13
y/—>3ﬂ(s’ ’u) ( + ) /10( S) J(S)’ ( )
J odd

where dJ,(6,) are the Wigner d-functions. Due to Bose
symmetry, the sum over partial waves is restricted to odd
values of J, and parity conservation implies that h)(s) = 0
and hj'(s) = —h7'(s) = h(s). Therefore, there is only
one independent helicity amplitude. One can rewrite the

partial-wave expansion for the invariant amplitude
F(s,t,u) in the following form:
Flsotou) =Y (due(8)2ya(8)) 7 Py(z)fs(s),  (14)
J odd

where z; =cosf,, and the kinematic-singularity-free
amplitudes f;(s) are related to h,(s) as

_ 2 2+1 hy(s)
Vs IT 1) (4ra(8)ya(s))

Finally, the measured differential decay width can be
calculated in terms of Eq. (7) by

fi(s)

(15)

AT, 3, 111 ., 5
dsdr (m:(2n)332M;3;|MW*3”(S’I)|
1 1 1¢(s,t,u)

= 2 1
o 4 2 whol {19

II1. DISPERSIVE FORMALISM FOR THE
TRANSITION FORM FACTOR

Dispersion relations provide a framework for construct-
ing form factors from their discontinuities across the
physical cut along the positive real s axis; see Refs. [21,22]
for recent reviews. For the J/y — zy* TFF, an unsubtracted
dispersion relation can, in principle, be employed [23],

1 [ discf,0(s")
Fpa(0) = 5 [ av A

s’ —s—ie

where contributions to the discontinuity are given by
multiparticle intermediate states as well as possible sin-
gle-particle pole contributions. The convergence of Eq. (17)
is ensured by the constituent counting rule [24-26] and
confirmed by perturbative QCD (pQCD) for large momen-
tum transfers [27,28]. The scaling behavior of the form
factors at large s can be easily understood from the scaling
behavior of the cross section o(ete™ — J/wa") [29]
[cf. Eq. (3)],

, (17)

2

T~ 3
olete” = J/yn) = o (s, My, M2)|f ()2

x when s — oo. (18)

Sj )
In particular, the 1/s* scaling arises from the necessity of a
helicity flip since the vector meson can only be transversely
polarized. Note that our analysis is confined to low-energy
and excludes high-energy effective VMD-type diagrams
due to one more virtual-photon exchange; such diagrams
would contribute a 1/s> scaling [30] instead of the 1/s*
behavior considered here. Utilizing Eq. (18), the form
factor f,o(s) must fall off as 1/s?.

Setting s = 0 in Eq. (17) leads to a sum rule for the
normalization f,,0(0),

Fu(0) = i[” dyw. (19)

2ri M2 N
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FIG. 1. Unitarity relation for the J/y — 7" TFF f 0. The
blue dashed lines denote pions, the wiggly lines represent
photons, the double-solid lines represent the J/y, and the red
dashed line indicates that the intermediate zz states are to be
taken on shell.

Alternatively, one can use a once-subtracted dispersion
relation to reduce the sensitivity to high-energy contribu-
tions in the dispersive integral,

s (o)
2 [T
o /4M,z, s

If the subtraction constant f,,,0(0) in Eq. (20) (which
is in principle arbitrary) satisfies the sum rule in Eq. (19),
then Eq. (20) becomes fully equivalent to Eq. (17).
Equations (17) and (20) serve as starting points for the
following discussion, mainly focusing on calculating the
discontinuity of the TFF from the lightest multipion
intermediate states, 2z, 3z (approximated by w, ¢),1
4z [approximated by p’(1450)], and charmonium(-like)
states. We will elaborate on these in the following sections.

. discf, 0 (s")

s'(s'— s —ie)’ (20)

Funr(8) = £y (0)

A. Two-pion intermediate states:
Khuri-Treiman representation

The contribution of the two-pion intermediate states to
the discontinuity of the J/y — 7°* TFF, shown in Fig. 1,
is given by [23]
s0;(s)

967z

L x x
srdisef, 7 (s) = e LFP(s)fu(s). (21
where 6,(s) = 2q,,(s)/+/s is the two-pion phase space
factor, and FY(s) is the pion vector form factor. The
analytical solution for FY(s) is given in terms of the
Omnes function [32],

Fi(s) = P(s)Q(s).

with a real-valued subtraction polynomial P(s). The pion
vector form factor is expected to behave as FY (s) < 1/s at
large energies, as suggested by pQCD (up to logarithmic

"The ¢ couples dominantly to KK, but since the ¢ has a width
of only about 4 MeV, we will treat its width as a constant and
neglect the analytic structure due to the KK intermediate states.
For a discussion of the role of KK contributions in the J/y — 37
process, see Ref. [31].

[ ' Solution' 1 ' ' 1
200} 1
[ ==== Solution 2 /7 ___.J-=-- 1
£ 150} ]
& [ ]
=, [ ]
© 100 ' ‘
50} ]
0 L S RS S SR L ]

0.5 1.0 1.5 2.0 25

V5 [GeV]

FIG. 2. Solution 1 for the P-wave phase input 5(s) from
Ref. [35], extracted from the pion vector form factor and valid
up to roughly 1.9 GeV. Solution 2 [36] is the elastic zz P-wave
phase shift and is valid up to roughly 1.3 GeV; see the main text
for further details.

corrections), and to be free of zeros [33,34]. Thus, P(s) is a
constant and can be set to 1 due to gauge invariance
(FY(0) = 1). Note that for a full analysis of the pion vector
form factor, one needs to account for p—@ mixing, which
will be discussed in the next section.

From Eq. (22), we observe that the Omnes function is
completely determined by the phase input. To estimate the
associated uncertainties, especially above the low-energy
elastic region, we compare two different parametrizations,
referred to as “Solution 17 [35] and “Solution 2” [36], as
shown in Fig. 2. Solution 1 employs the phenomenological
parametrization of the pion vector form factor proposed in
Ref. [37] (see also Ref. [38], as well as Ref. [39] for a direct
extraction of the form factor phase). In Ref. [35], the form
factor was constrained by fitting the experimental data to
extract the corresponding phase, which was then smoothly
matched to the Roy equation phase-shift solution below
1 GeV; accordingly, the p’ and p” region is already encoded
effectively in Q(s) within an elastic approximation.
Solution 2 utilizes the latest phase shifts derived from
the dispersive analysis of zz scattering. Given that the
P-wave inelasticity in Ref. [36] is found to be rather small
up to approximately 1.3 GeV, we refrain from considering
it. For our analysis, beyond Az = 1.9 GeV for solution 1
and A; = 1.3 GeV for solution 2, we smoothly guide & to
the asymptotic value z using [38,40]

(04
Sou(s) = limé(s) =n———2 (23
()= lma(s) = r— S, ()
where a and f are parameters introduced to ensure that both
the phase &(s) and its first derivative &' (s) are continuous at
s = A2. Their explicit expressions are

3(z = 8(A37))

— 1
F=

= O 24
INTF(AZ) (24)
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We choose solution 1 as the input for the central value and
use solution 2 for error estimation. It is evident from Fig. 2
that these two solutions of 6 lead to a noticeable difference
only in the higher resonance region, specifically around the
p'(1450) and p”(1700) resonances. In particular, the vector
radius of the pion is well-reproduced from Eq. (22) [41],

dFy(s)

() =652

:9/oo as28) _ 0.419(1) i
s=0 T Jamz s

(25)

which differs from the comprehensive dispersive result
((r¥)?) = 0.429(4) fm?> [42] by about 2%, where the
minor discrepancy comes from other inelastic effects
(4r, nw, KK, ...) in the weighted integral of the P-wave
phase shift.

Besides the pion vector form factor we also need the
P-wave kinematic-singularity-free J/w — 37 decay ampli-
tude f, (see Fig. 1). It has previously been studied within
the context of the Veneziano model [43] and the N/D
method [31]. The analytical structure of this amplitude
has been investigated using dispersion relations in
Refs. [16,44]. Here, we adopt the KT framework, which
is briefly reviewed for f; below.

According to Eq. (14), each term in the sum is a
polynomial in the variables ¢ and u. The singularities of
F (s, t,u) in these variables, required by #- and u-channel
unitarity, can arise only from an infinite number of terms in
the sum. In practice, however, it is necessary to truncate the
sum to a finite number of partial waves at low energies.
Such a truncation introduces a violation of the crossing
symmetry or, in other words, breaks the analytic properties
of the crossed #- and u-channels. This issue can be partially
resolved by employing the KT equation formalism,” which
replaces the infinite sum of partial waves in the s-channel
with three truncated sums of single-Mandelstam-variable
amplitudes analogous to Eq. (14), resulting in

JmﬂX
F(s, t,u) = Z
Jodd

(Qﬂn:(s)qV/ﬂ(s))J_]P/J(ZS)FJ(S>

Jmax

+ 3 (@ra(D)yn (1)) Py (20 F (1)
J odd

Jmax

+ ) (@re () @y (1))~ P () F s (u),  (26)
J odd

where z, = (s — u)/k(t) and z, = (t — 5)/x(u).

?Another way to restore crossing symmetry is the Roy(-like)
equations [45], whose applications have been extended to analyze
lattice QCD data at unphysical pion masses in Refs. [46—49].
Interestingly, for zz scattering, when both formalisms are
restricted to only S- and P-waves, the KT equation has been
shown to be formally equivalent to the Roy equation [50].

By truncating each sum to J., = 1, we obtain the
simplest crossing-symmetric KT decomposition [51-53]:

F(s,t,u) = F(s)+ F(t) + F(u), (27)

where the simplified notation F = F is used. Each single-
variable amplitude has only the right-hand cut in its
respective Mandelstam variable. These decompositions
are also known as reconstruction theorems, justified in
chiral perturbation theory at a given order using fixed-
variable dispersion relations [54-58]. Note that F(s) and
f1(s) share the same discontinuities along the right-hand
cut, discF(s)=discf(s). We can rewrite the elastic
unitarity relation of f(s) [51],

discf,(s) = 2if,(s) sin8(s)e~?)9(s —a4M2),  (28)
as

discF (s) = 2if,(s) sin 8(s)e"?)9(s — 4M2)
= 2i(F(s) + F(s)) sin8(s)e ") O(s — 4M2),
(29)

where & is the 7z P-wave phase shift and F (s) is called the
inhomogeneity of the integral equation, which contains the
s-channel projection of the contributions of the 7- and
u-channels.

Matching Eq. (27) with the s-channel partial-wave
expansion Eq. (14), we obtain the relation between F
and angular averages over F,

F(s) = 3((1=23)F)(s).

1 350 -5+,
() =5 / | dzsz’;}'<—so S;FZ K(s)) (30)

On the other hand, Eq. (29) has a solution [59],

F(s) = Q(s){a +%L;i—f%} (31)

where Q(s) is the (P-wave) Omnés function calculated
from &(s) and a is a (complex) subtraction or normali-
zation constant. The number of subtractions is deter-
mined by the high-energy behavior of &(s), which is
assumed to asymptotically approach 7 as s — +o0. Thus,
a once-subtracted DR is needed for the convergence
of Eq. (31).

3Since the subtraction constant a actually serves as a nor-
malization factor here, Refs. [44,60,61] also refer to it as an
unsubtracted dispersion relation for F.
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Imity(s)

111

v v

ITI

FIG. 3.

ti(s)
c 11 B 1
I — 1
— —eo Rety(s)
A M?2

The KT path of 7, (s) [cf. Eq. (36)]. The trajectories start at the same point A with ¢, (4M2) above the physical cut. At point B

with 7, ((M;, — M3)/2), the ¢_ contour reaches 4M7 and moves below the cut. From point C with 7, (M2) onwards to point D with
t.(M?), t_ and ¢, have the same real part but opposite imaginary parts. The trajectories finally meet at point D. From point D onwards,
both trajectories are real with 7_ moving towards zero and ¢, towards infinity.

Since F is linear in F and the subtraction constant a

enters linearly in Eq. (31), F(s), F, and f, can be
decomposed as follows for numerical implementation:

Fals)) = aF(s),

(s =Q<>{1+;/;d—%}

A

Fals) =3{(1 = 25)Fa)(s). (32)
where F,(s) is called the KT basis function.
Consequently, our result for the line shape of the TFF
will be a pure prediction, up to the overall normalization
constant a. Using data compiled by the Particle Data
Group (PDG) [1], its modulus |a| can be fixed to
reproduce the experimental J/w — 37 decay width
[cf. Eq. (16)]. Since the overall phase arg(a) is not
observable, we can simply set it to zero. In other words,
only relative phases between different contributions to the
TFF are physical; any nonzero arg(a) can be absorbed
into a redefinition of the phases of the remaining weight
factors introduced below.

The KT representation of the amplitude f; is given in
Eq. (32). We denote M3 = (M,, = M,)*. The inhomoge-
neity F was derived in the physical region of the s-channel
process J /yz° — " z~, which corresponds to s > M2 and
|z,] < 1. To obtain F in the physical region for the decay
J)w — i n, 4M2 < s < M2, the right-hand side of F
in Eq. (32) must be analytically continued in the complex s
plane. Replacing the integration over z, with integration

over t, the angular integral becomes

wpy L[ (380 =8+ zk(s)
(2 F) = 2/_1dzszsf< 5 )

1 [ [2t—3 n
b / dt<¢> F@),  (33)
k(s) Ji_s) K(s)
where

(34)

In the s-channel physical region, the integration limits 7,
lie on the negative real axis labeled region IV in Fig. 3 and
do not overlap with the right-hand cut of F for s > 4M2.
As shown in Ref. [62], analytic continuation to the
decay region requires deforming the integration path in a
way that does not cross the right-hand cut, as shown in
Fig. 3. The contour deformation of the KT equation has
been extensively investigated in Refs. [62,63]." Following
the analysis of the analytic continuation of the triangle
topology diagram in perturbation theory [63], the proper

*Note that there is another powerful, albeit more technical
method for the analytic continuation of the KT equation
[64,65]. In that method, contour deformation is applied not
to the angular integral but to the dispersion integral of F shown
in Eq. (32). This approach avoids the spurious singularity at the
pseudothreshold (M, — M,)* that arises in the traditional
solution strategy of the KT equation, provided that the analytic
continuation of the phase shifts is handled carefully. Alter-
natively, sin5(s’)/|Q(s")| in Eq. (30) can be rewritten in terms
of the partial wave directly [66].
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FIG. 4. Convergence behavior of the iterative procedure for the real (left panel) and imaginary (right panel) parts of the P-wave basis
solution F,(s) for J/w — 3z using solution 1 of the phase shift as input.

analytic continuation of ¢, is obtained by employing
the +ie prescription to the initial-state energy, i.e.,
t(s. M) — t.(s, Mj, + ie), which yields

ot (s, M?
t(s, My, + ie) =ty (s, M}) + ieir(izw).
M2,

(35)

We thus obtain the explicit expressions [51,62],5

3sg— s+ |k(s)| +ie, s€[dMZ,M?], 1&11

2t (s) =4 359 —s+ilx(s)|, se[M2,M2], I
35— s —|r(s)]. s€M?. ), IV
350 —s—|k(s)| +ie. s€ [4M,2,,M$;Mﬂ, I
. M2—M?
21 (s)= ) 3s0=s—Ik(s)|—ie, se ML)

3so—s—ilk(s)], se[M2,M2], I
359 — s+ |x(s)], sEM?, ), IV

(36)

where I, II, III, and IV are the regions labeled in Fig. 3.
We solve the integral equation in Eq. (32) by numerical
iterative procedure.6 The final results of F, are shown in
Fig. 4. The difference between the Omnes function
and F,(s) serves as a measure of the importance of
crossed-channel rescattering effects. We clearly see that,
compared to the @, ¢ — 3z results in Refs. [51,53,60], the

We use the analytic ~ continuation of « [63]:

K(s) = 0,(5) /(M2 = 5)/ (M2 = ).

To obtain numerical solutions of the KT equation, we refer to
Refs. [58,67-70]. We are not aware of a general proof of
convergence for this iterative procedure; however, in our numeri-
cal implementation for the present kernel and input phases, the
solution stabilizes already after the second iteration.

crossed-channel rescattering effects are quite small due to
the mass hierarchy M,, > M, 4. Nevertheless, the effects
need to be included to obtain a satisfactory description of
the fine structure near the p and p’ resonances [44].

In particular, we can calculate the two-pion contribution
(21) to the real-photon transition J /yr — 7% using the sum
rule (19). The single unknown parameter a only affects the
overall normalization of the amplitude and can be fixed
from the J/y — n* 7~ 2" decay width, obtained integrating

TABLE I. Input parameters used throughout this work. Re-
garding the treatment of resonances, the quoted masses and
widths are reaction dependent, referring to Breit-Wigner (BW)
parameters rather than model-independent pole parameters. We
use the p(770) parameters from the PDG averaged values [1] for
the charged channel.

Quantity Value References
M, 3096.900(6) MeV [1]
r, 92.6(1.7) keV [1]
BR(J )y — nta ") 2.00(7)% [1]
BR(J/w — 7%) 3.39(8) x 1072 [1]
€per 1.99(2) [71]
M, 782.66(13) MeV [1]
r, 8.68(13) MeV [1]
BR(w — ete) 7.41(19) x 1073 (1]
BR(J/y — wn°) 4.5(5) x 107 [1]
M, 1019.460(16) MeV (1]
r, 4.249(13) MeV (1]
BR(¢p — eTe™) 2.964(33) x 1074 [1]
BR(J/w — ¢z°) 3x 107 or 1 x 1077 [1]
M, 775.11(34) MeV [1]
M, 1465(25) MeV [1]
r, 400(60) MeV [1]
BR(J/w — p'm)BR(p' = 27)  2.2(1.1) x 10~ (1]
BR(p' — 2x) 6% [72]
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the distribution Eq. (16). Using the PDG averaged value in
Table I, one finds |a| = 0.043(2) GeV~3, where the main
source of uncertainty comes from the discrepancy between
the two input solutions for the phase shift in Fig. 2. Using
the experimental branching fraction for J/y — 7% [1],
together with Eq. (5), yields

£, (0)] = 6.0(3) x 107* GeV~, (37)

whereas the sum rule gives

‘ ) (0)‘ — 48(2) x 10 GeV~, (38)
which is consistent with previous KT equation

analyses [16,44]. Note that the phase |arg ( ff;]) (0))] is

less than 3°. Therefore, for simplicity, we treat f;/z;)) (0)asa
real number in the following discussion.

B. Effective three-pion intermediate states:
p-o mixing effects

Currently lattice QCD has arrived at the point of being
able to extract p and @ simultaneously [73]. While at the
moment there are no isospin-breaking effects included, the
next generation computations will address these questions
from QCD. p—@ mixing occurs because both the p° and @
mesons are not isospin eigenstates. Consequently, @ has a
small, but nonvanishing branching fraction to 2z, which
leads to p— interference pattern in the J /y — 7%* TFF as
clearly observed in the data measured by BESIII [15]. This
effect is enhanced by a factor M, /I",, =~ 90 through the

|

presence of the narrow w-resonance propagator and there-
fore must be included to obtain a realistic line shape.7 This
situation implies that the 2z and 3z channels are coupled
and cannot be investigated separately.8

The p-w mixing in the pion vector form factor F)
requires careful treatment. If one naively introduces an
isospin-breaking factor as

S
M2 —s—iM,T,

P =~ (16 Jere) @)

in FY within the discontinuity relation (21), the phase on
the right-hand side of the above equation would not cancel
that of f7(s) due to the @ propagator, in contrast to the case
without p—® mixing in Eq. (21).? Here, €/ 18 @ p— Mixing
parameter that can be extracted from eTe™ — 7z~ data
[71]. Such behavior would occur if only the 2z disconti-
nuity mixed with @ was considered. However, there should
also be an isospin-violating p contribution to the 3z
discontinuity, which will mix with the 2z channel. Only
when both contributions are accounted for can a consistent
spectral function be obtained [78].

Here, we systematically employ a dispersive formalism
that enables a consistent implementation of p—@» mixing in
both isoscalar and isovector contributions. This approach
has been derived and applied to the TFF of 5’ to y*y in
Ref. [13] using a coupled-channel two-potential formalism
[79] (see also Refs. [80-83] for applications to light-meson
form factors and resonances). Applying this approach to the
problem at hand, the dispersive representation of the two-

pion and three-pion contributions to fl(//z;ﬁh)(s) is given by

3(N\NEV*( ! =
(27,37) _ (2m) 0 S * d /UJT(S )Fﬂ' (S )fl (S) 1 €paS
Fyw () fw°<>+96n2AM;, g s — s —ie +M3,—s—ierw
s i et [0 g BN e o)
M2 —s—iM,T, Br’gs, Jaz  §'(s' =5 —ie) M3 — s —iMyT,

where the w-photon coupling g,, can be extracted from the corresponding electron-positron decay width for a vector

meson V'°:

"The absence of significant enhancement on the left shoulder of the  resonance has been established in studies of nucleon
electromagnetic form factors [74,75]. This is due to the different phase space factors, which are (s — 4M2)3/? and (s — 9M2)* for the
isovector and isoscalar cases, respectively. This justifies the standard dispersive approach of taking only the @ pole as the lowest-

lying singularity in the isoscalar spectral function.

8Interestin{g,fly, the inverse mixing effect of the p affecting the 37 spectrum has now also been established [76,77], although this
obviously lacks the enhancement of a narrow resonance and rather results in a broad background.

*This statement is to be understood in the physical scattering region: after analytic continuation to the decay region, crossed-channel
effects in f, already lead to a complex discontinuity, which, however, is a physical effect and not due to an invalid approximation.

""Here, we use the VMD effective Lagrangian Ly, = eM%,A”gVyVM and the phase convention is chosen to be sgng,, = +1.
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_|_

+ “ =% @~

FIG. 5. Pictorial representation of Eq. (40). We show the
diagrams corresponding to the different terms in the right-hand
side of the equation in order. Dashed blue lines denote pions, full
black lines the @ or ¢ propagators, filled vertices show the form
factors, those marked with a cross denote the isospin-violating
p—w mixings.

dra’ g, M
TV = ete) = %. (41)
The value of the coupling is
3w — efe)

— = 0.0606(9). 42
Gory y—yys ) (42)

A schematic illustration of Eq. (40) is shown in Fig. 5.

The mixing parameter €,,, can be decomposed into QCD

O(m, —m,) and QED O(e?) contributions, as discussed in
Refs. [84,85]; see also Refs. [13,86,87]. One has

2 Mg —M
ST g R=1N

mg—my

—m S mu+md
9 m: 2 b

(43)

é p—
73R M,

where the electromagnetic component is expressed in terms
of the w-photon coupling, since the photon has both
isovector and isoscalar components and can therefore
mediate the mixing between p and w. However, it yields
a one-particle-reducible correction that is divided out when
the QED vacuum polarization is removed from the e* e~ —
#t ™ cross sections, which is usually done in experimental

analyses; the p—@ mixing parameter extracted in this case is
denoted as ¢€,,,. Consequently, the parameter €, is related
to €,, from the e*e™ — 7"z~ cross sections by

g‘pa) = €pp — ezgzzuy
=1.99(2) x 1073 — 0.34(1) x 1073
= 1.65(2) x 1073, (44)

The isoscalar contributions of @ and ¢ to the TFF are
proportional to the weight factors w,,,,, and w,,,,, respec-
tively, which can have nonzero small phases. One source of
these phases arises from the mixing of virtual-photon
intermediate states with isoscalar vector mesons, induced
by QED effects. To estimate the magnitudes of the weight
factors wy,,, and w,,,, we match the expressions for
the differential width of the decay J/w — n’ete™ at the
narrow isoscalar vector meson poles,

dr

y—nlete”

_T,BR(J/y = Va®)BR(V = ete)
n al'y My,

)

ds s—M?3,
(45)

where m, is always set to 0 unless otherwise stated and
V =w or ¢. Here, we adopt the effective Lagrangian
Ly v, = gvlvzﬂeﬂmﬂd“V’fd“Vgno that results in the
V, = V,2° decay width
2
9v,v,n

_ 2 M2 M2
Ly ov,e = 9671'M%,1 /lz(MVl,MVZ,M,,). (46)

We also obtain from Eq. (4),

dr’ a?

w—nlete” _ 3ag2 2 2 2
- y _mlz(Mv,MW,Mn”WWVA ;
s—M;,
(47)

where we assume isoscalar vector resonance pole domi-
nance,

Wl/lVﬂs
2 : .
MV i lMVFV

fym:(s)‘s_)M%/ =

The branching ratios or partial decay widths tabulated by
the PDG [1] are then sufficient to determine the magnitude
of the weight factors. The final result is

| | 2M T, TyBR(V - e"e”)BR(J/w — Va°)
Wyvel =
" oMy (M} M. M)

B {4.38(24) x 107 GeV~!,

4.71(3) x 107 GeV~! or 8.61(5) x 1077 GeV~!,

V=w,
Vg (48)
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This method is only valid for narrow intermediate resonances and appears to be quite good for @ and ¢. In addition, this
approach neglects possible non-negligible phases, especially in the case of w.

Equation (40) is a once-subtracted dispersion relation constructed from a spectral function whose double discontinuity
vanishes. As a consistency check, we show that the imaginary parts in the weight factors in Eq. (40) are indeed compatible
with unitarity. Applying the Cutkosky cutting rules (or the discontinuity calculus [88]) to Eq. (40), we have

fy/zzo (O) WywrS ép_w Im Z:;7: (S)

Jodisef, 0 (s)| = [1 - } Im%(s) +

2i

1

Ediscfwo (s)

M 3, — i€

3z

M2 —s—

= 58(s — M3, )E,,2(5) + [0 (0)WyoprsS(s — M) [1 + %Tw

H 2
1€ Goy 5

Z *
”S(S)] o (O 58 (s — M3),

wy

L. s € Zp(5)]* s
ZdlSwan_o (S) ‘y = f‘llﬂo (0) Im Wwwﬂ m |:1 + gTwy :| + flI/”O (O) Im W’l’¢” m (49)
in the narrow-width limit I, 7 0, where
s o L oa($)F ()i (s )
2 ds’' = 50
() 96712AM,2[ s s —s—ie (50)
£ o FY)P
z =— ds/ Z—— 21 7| 51
() 4872 /mﬁ * s'(s" — s —ie) (51)

These equations are consistent only if the sum of these discontinuities is purely imaginary. Collecting all terms, this

nontrivial consistency check is indeed satisfied,

m [ZlidiSCf.,,ﬂo(s)Lﬂ + %idiscf.,,ﬂo(s)‘h + Zlidiscfwo(s)‘y] =0, (52)

as long as f(s) is within the scattering region.

C. Effective four-pion intermediate states: p’(1450)
The branching fractions of J/y into several final states
with more than three pions are actually as large as that into
atn~7°. This suggests that inelastic contributions to the
J/w — n%* TFF, arising from discontinuities due to four
or more pions, could play a sizable role. In the simplest
model approach, we incorporate a p’(1450) resonance into
the J/w — 7°y* TFF as an approximation for the potential
effects of multipion intermediate states. This method is
based on the approach outlined in Ref. [16]. However, since
Ref. [16] contains some ambiguities and typographical
errors in the p/(1450) contribution,'’ we present a more
comprehensive analysis here. This effective p’ should not
be confused with the elastic imprint of higher resonances
already encoded in solution 1 for the phase of FY. Here it is

"The product of couphngs 9sjyp'zYpy 18 missing in the
expression of dlscf” 0() in Eq. (14) of Ref. [16]; see

Eq. (83). In addlthIl
[A 16M
M2 16M2

to 9/2 see Eq. (54).

the exponent 7/2 in the factor
]7/ 2 in the same equation of Ref. [16] should be corrected

introduced solely as an estimate of genuinely inelastic
multipion strength, so no double counting occurs.

Note that even for channels for which no rigorous
spectral functions as in Eq. (21) are known, an ansatz
for the full momentum dependence with good analytic
properties can be constructed by replacing the energy-
dependent BW propagator by a dispersion relation [89]:

1) =5 [ dise/ (s
'\ T o a2 S —s—ie’
. M/Z,’gJ/y/p'ﬂgp’y \/Erp’ (S)
(Mz, -5+ st,(s) '

(53)

where |[g,,| = 00752 is taken from the VMD model
estimation [72]."* The modulus of the effective coupling
constant g;,,,, should be fixed from the decay width
J/w — p'n° via Eq (46). Unfortunately, the branching
fraction of J /y — p'7" is not available. We estimate it using

“Note that the coupling g,y, we use here corresponds to 1/g,,
in Ref. [72].
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a cascade decay relation BR(J/w — p'n — ntn~n%) =
BR(J/y — p'zm)BR(p' — 2x). The branching ratio
BR(p' - 2x) can be obtained from the VMD model
estimation, BR(p' = 27) = 6% (BR(p' — wx) = 94%)
[72], which was obtained by assuming that the main decay
modes of p’ are only 2z and wz, while neglecting other
significant contributions from, e.g., p’ — a;z. Based on
this, we obtain the branching ratio BR(J/y — p'n) =
3.7(1.8) x 1073 with the effective coupling con-
stant |g;/,,/| = 2.7320% % 107 GeV~'.

For the energy-dependent width I', (s), we consider two
different parametrizations. First, we assume that the decay
channel p' — 4z is dominant and thus adopt the near-
threshold behavior of the four-pion phase space [33].
Second, we construct I'y(s) from the decay channels
p = wr(w — 3x) and p' - 7z, neglecting other contri-
butions from, e.g., p’ = a;z(a; — 3x). This serves both as
a consistency check for the assumption used in the above
estimate of the effective coupling |g;,,.| and as a
theoretical uncertainty estimate for the sizable width effects
of p'. These parametrizations read [72]

(47) o Yp/—>4ﬂ(s)
ré(s) = o(s — 16M2) L= 2
/ 7//)/—>47L'(M/2;’) g
(s — 16M2)?
Vo—tn(s) = —=——. (54)

N

where I’ is the total decay width of p’, and

1) (S)
F<C’Uﬂ,7m> (S) = Q(S - (Ma) +M )2) ! > r ! .
P " Yy —or (Mz’) g "
7 ’—>mr(s)
O(s — am2) Loz
i },/)/—ﬂtl[(Mi’)

Mﬁ,—4M§+4p§£ /
s—4MZ+4py M, "7

(55)

with prp =202.4 MeV in the Blatt-Weisskopf barrier
factor, and

(s, M2, M2)

(s 4M,2,)%

’ Yo —nr (S) -

yp’—m)ﬂ(‘g) = 3
52 S

(56)

We present the line shapes of the discontinuities
discfijp;z) /(2is) corresponding to the two types of

energy-dependent widths in Fig. 6. Both results show

excellent agreement near the p’ peak, further validating

the consistency of our estimate. The curve for F;f”””m) is

slightly higher than that for F/(j”) because the former

s 4F F(/hr) s i
\% — ")
@) o (wmr,mm)
g e
= [
= 2t ]
SE = |
9]
2] 1 N\
0: > ————— ‘Ti“_‘—‘ Lo —— ]
0.5 1.0 1.5 2.0 2.5 3.0
NAEY

FIG. 6. The discontinuities disc fv(f;[z) (2is) corresponding to two
types of energy-dependent widths, cf. Egs. (54) and (55).

includes a small (6%) 2z contribution in its width. We

use F(im)
P

Using the sum rule of Eq. (19), we obtain

as the central input in the following analysis.

‘ £ (0)‘ = 13793 5 107* GeV~!. (57)

Comparing with Eq. (37), we conclude that the p’(1450)
intermediate state alone contributes about 20% of the sum
rule for the TFF normalization. Recalling Eq. (38), this
seems to suggest that the contributions from both the 27
intermediate states and the p’ fully saturate the sum rule for
the TFF normalization (note that the effect of p—@ mixing
on the normalization can be neglected). However, this naive
observation is incorrect. A similar case is the pion electro-
magnetic form factor. In a specific large-N. QCD model,
dual-QCD, [90], Euler’s beta function of the Veneziano
type requires an infinite spectral tower of zero-width
resonances, with masses and couplings following Regge
trajectories. An important feature of this realization is
that the coupling constants of the resonance tower alternate
in sign [90]. In other words, the contributions of p and p’
have opposite signs, which is verified in real QCD; by
ete™ — nn~ data [91]. Similarly, the opposite signs for
the p and p’ contributions to the J/y — z°y* TFF is also
consistent with the dual-QCD_, model. In Sec. IV we will
present a more robust argument based on the supercon-
vergence sum rule (63). Therefore, the contributions from
the 27 intermediate states and the p’ roughly contribute
about 80% — 20% = 60% of the sum rule for normaliza-
tion of TFF. The remaining portion comes from higher
resonances, such as charmonium(-like) states. '

One might be concerned about the neglect of the p”(1700)
contribution. It is difficult to quantify this contribution due to the
lack of experimental data. Given current data, omitting contri-
butions from p”(1700) and higher excited states remains a
reasonable approximation.
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D. Charmonium contributions

As for the charmonium contributions, the TFF can be
parametrized using a simple monopole ansatz, also referred
to as “VMD” [5],

@ _ Lo ©)
fuo ) =72 A (58)

where f ,5;:0) 0) =1f, f;,;’ (0)[e®®" is a complex number. The
pole mass A is fixed to the lowest 17~ charmonium mass
J /y, since this is the lowest vector charmonium, rather than
that of y/(2S) used in Ref. [5]. Note that this ansatz is less
reliable than VMD in the light-quark sector, since the mass
splittings between various vector charmonium(-like) states
are small compared to the difference between the charmo-
nium mass and the s region of interest.

The modulus | fi;fo) (0)| and the phase 5° are not

independent if we further require that the overall form
factor normalization in Eq. (37) is saturated by 2z, p’ and
charmonium contributions,

£220) + £200) + £20)| = £, m(0)].  (59)

Here, we assign the same sign to flf;)) (0) and fl(;;o) (0),
while explicitly introducing an opposite sign for the p’
contribution [cf. Eq. (59)] for the reason discussed above.
This corresponds to choosing the sign convention such that
sgn(9,/yp'z9yy) = —1. From Eq. (59), we obtain

20| = =157 (0) cos 7

yr
o\ OF - (7257 @) s, (60

where £25)(0) = 122)(0) + £)(0).

723 yr

IV. ASYMPTOTIC BEHAVIOR AND SUM RULES

The pQCD asymptotic behavior requires the TFF to
vanish as f,, ~1/ s> as s — co. Note that we have two
types of contributions here: one from light quark degrees of
freedom, including 27, 37 (w and ¢), and 4z (p'); and the
other from heavy-quark degrees of freedom, specifically
the charmonium c¢ contribution. In principle, both types
should satisfy the asymptotic behavior separately. The TFF
in this work is constructed from precise low-energy
phenomenology, without directly matching to pQCD in
the high-s region. Nevertheless, the pQCD asymptotics
implicitly impose certain constraints on relative signs of
contributions in the same sector and limit the applicability
of a single monopole ansatz in the high-energy region.

For the light-quark contribution in the limit s — oo, one
can read off a O(s") sum rule from Eq. (40) as

1—-¢ ©
0= R0 =552 [ asad() L)1)

967> Jamz

£ AIFLEP
(61)
Note that
2n 1 o0 *
1250 = gy [ 6L NG (62)

is simply the sum rule for normalization and €,, < 1.
The saturation of this sum rule can be checked by the
magnitude of the right-hand side of Eq. (62), which equals
—3.84x 1075 GeV™! or —-4.22x107° GeV~!, corre-
sponding to the two values of w,,,, in Eq. (48)," respec-
tively. These nonzero contributions arise almost entirely
from the isovector vector pole. It follows that the contri-
butions of the isovector vector poles in the sum rule (61)
result in a less than 10% violation of the normalization sum
rule (62); therefore the latter is a very good approximation
to the former. From the O(s™!) terms of Egs. (40) and (53),
one can derive another superconvergence sum rule as

1-¢ ) Pa )
0=~ [ Aol Y (11(5) + g2 (M = M) [ Aol FE () 5)
4 am?

M2 967>

- Wy/am (M 7

w

€
—iM,T,) 1 -5 /
' ”) |: 48”292)7 aM?

 ox () FE(s) P €

gy [ IO
YT AR g2, Jamz s

. 1 [e 91 )wp'z9p \/57F ’(S/)
— M? —iM,T",) —— ds’ Vrrory P ,
Wiga( o~ e ») nAM;[ s <M§’ —s')? + s’Fz,(s’)

14
Here, we assume that wy,,,, = [Wy,.| and wy,,, = —|w,,,

(63)

| for the moment.
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where we choose sgn(g,/,,/z9,,) =—1 to match the
convention of Eq. (59). In fact, the first and last
terms of Eq. (63) dominate this sum rule, resulting
in  (=3.50+0.11i) x 107 GeV +2.61 x 10™* GeV =
(=0.89 +0.11i)10~* GeV. Note that the first integral is
in fact logarithmically divergent. To obtain a reasonable
value we therefore impose an integral cutoff A = (2 GeV)?
on both the first and the last integrals. This cancellation at
the same time reduces the sensitivity to the cutoff. This is
motivated by the fact that both the 2z contribution obtained
from the dispersion representation and the 4z contribution
associated with p’ are restricted to low energies and hence
are not valid in the pQCD asymptotic region. The dis-
continuities of these contributions (and of further channels)
necessitate a fine-tuned cancellation as s — oo so as to
produce the 1/s5? scaling behaviour, which ensures that the
sum of the two integrals and the superconvergence sum rule
converges. This cancellation follows from pQCD asymp-
totics. It also shows that the contributions of 2z and p’
should have opposite signs. This behavior is exactly what
one expects from large-N . considerations, and finds phe-
nomenologically for light-vector-meson transition form
factors such as w — 7% [92] and p — ny* [93-95].

However, for the heavy-quark case, a single monopole in
Eq. (58) does not satisfy the pQCD constraint. If more
poles are introduced, their contributions must be carefully
balanced to fulfill the high-energy behavior required by
pQCD. In practice, we prefer to use a minimal number of
parameters and determine the TFF using precise low-
energy empirical inputs, thereby relaxing the pQCD con-
straint for the charmonium sector. We also present an
alternative parametrization using a dipole form in the
Appendix, although this approach requires introducing at
least one additional free parameter to the fit.

V. RESULTS AND DISCUSSION

A. Fit results
The total TFF is given by

() = L5 (5) + f0s) + £190(s). (64)

V.
We fix fl(,/z;))(O) in Eq. (40) using the sum rule in Eq. (62)
[sum rule (61) yields similar values]. This approximately
ensures that the contribution from light degrees of freedom
satisfies the pQCD asymptotic constraint. For the coupling
constants g,, and g,,,, related to the p’(1450), we adopt
the results from the phenomenological analysis,

9] = 0.16 GeV2,

|97 /ypia| = 273208 x 1073 GeV~1. (65)

Relaxing the ranges of these coupling constants leads to
unstable fits, since there is only a single data point above

1.3 GeV with large errors. Moreover, we use the values for
Wywz| and |w,,,| from the pole dominance ansatz
[cf. Eq. (48)]. Thus, a priori we are left with three real
parameters: the phases of wy,,, and w4, and the phase o€,
Since there are at most two experimental data points in the
energy region near the ¢, we fix the phase of w4, such that
Wygr = —|Wygr|- Thus, we are left with only two free
parameters.

The BESIII Collaboration reported two distinct solutions
for the J/y — ¢n° branching ratio, BR(J/y — ¢n°) =
3x107® or 1 x 1077, due to the multisolution ambiguity
arising from different interference patterns (J/y — ¢n°
and J/y — K*K~z°) in experimental analyses [96]. The
larger (smaller) branching ratio corresponds to the larger
(smaller) weight factor in Eq. (48). Since we cannot
distinguish between the two scenarios at present, we
implement two fits: Theory-I corresponds to the larger
branching ratio, whereas Theory-II corresponds to the
smaller one.

To fit the TFF, we define the y? function as

F/”OSiZ—F/HOSizz
f:Z(' 2 5Ly = Iy >> -

i Oi

where F,o(s) is the normalized TFF [cf. Eq. (2)].

y
|F, l,,,,o(s)|:Xp and o, are the experimental normalized TFF
and its uncertainty, respectively, obtained from Ref. [15].
|F,»(s)[3 is the average in each bin [\/s; — A;, \/5; + A]]
of our normalized TFF:

1 (V5it+4)?
/ VL 4\ (s) P,
HSiBiJ(m-an

where A; represents half of the bin width. To minimize the
x> function, we fit the data using MINUIT [97,98].
The parameter values and the correlation coefficient
from two fits are listed in Table II. Additionally, to
estimate theoretical uncertainties beyond those from
the fitting procedure, we perform multiple fits with
different inputs, including: varying the TFF normalization
within experimental constraints, namely, |f,»(0)| =

6.0(3) x 107 GeV~!; varying the zz phase shift input

|Fyn (50) [, = (67)

TABLE II. Parameter values and correlation coefficient from

two fits.

Parameters Theory-1 Theory-1I

6W?,ﬂ 0.93(26) 0.88(27)

o 0.90(20) 0.82(21)

7%/ do.f. 28.20/(30 —2) = 1.01 31.09/(30-2) = 1.11

Correlation 0.70 0.71
coefficient
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****** Theory-1
—— Theory-I (bins)
= BESIII ('25)

|F1/)7r°(5)|2

****** Theory-II
—— Theory-II (bins)
++ BESIII ('25)

|Fymols)|”

15

V3 [GeV]

1.5

V3 [GeV]

FIG. 7. Normalized J/y — z°%* TFF as a function of energy +/s (in logarithmic scale). Left: fit Theory-I; right: fit Theory-IL.
The black points represent the experimental data from BESIII [15], while the red solid line represents the result of our fit averaged in
each bin, with the parameters given in Table II. The blue dashed line represents the same TFF but computed directly as a continuous

function of /s.

by using solution 2 shown in Fig. 2; varying the modulus of
two coupling magnitudes within the ranges of Eq. (48);
varying the coupling constants corresponding to p’(1450)
within the ranges of Eq. (65); and changing the energy-
dependent width of p’(1450) as discussed in Sec. III C. All
uncertainties from the above variations are added in
quadrature to the final TFF results.

From Table II, as for J/y — ¢2°, our fitting result
slightly favors the solution with the larger branching ratio,
although the solution with the smaller one cannot be ruled
out. Unless otherwise specified, all the following calcu-
lations are based on the results from Theory-1.

In Fig. 7, we show the squared absolute value of the
normalized TFF from our fits. As can be seen, our result

shows excellent agreement with the experimental data from
BESIII [15] across the full energy range from the zx
threshold to about 2.8 GeV, which extends far beyond the p
pole regime. Remarkably, our analysis uses only two
parameters, which is a significant improvement compared
to the seven-parameter fit adopted in the BESIII analysis
[15]. An important observation is the presence of a
significant structure, with an abrupt drop at the @ pole
for the J/yw — 7y* TFF. To isolate the @ contribution, we
perform a simplified fit with w,,, fixed to zero. The
resulting y?/d.o.f. = 77.40/(30 — 1) = 2.67 is far worse,
and the corresponding curve is the green dot-dashed line in
Fig. 8 (see also the result in Ref. [16]). The result clearly
indicates that neglecting the isospin-violating @ pole term

—— Theory-|
----- 51/)w7r =0
= Wyr = 0
¢ BESIII ('25)
101 L

| Fyri(s)|]

109 H

0.0 05 1.0

FIG. 8.
(Wx//wﬂ =0).

1.5 2.0 25

Vs [GeV]

Same as Fig. 7, except that the red dashed (green dot-dashed) curves correspond to the one-parameter fit with 6, = 0

074030-14



DISPERSIVE ANALYSIS OF THE J/y — z%* ...

PHYS. REV. D 113, 074030 (2026)

10-°

—— Theory
-+ BESHI('25) 4

107

10°7F

107 F

dBR (J /% — ete n?) /dy/s [GeV ]
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10-°

107

1077

10 F
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15
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FIG. 9. Differential branching fractions dBR/d+/s for J/y — nleTe™ (left) and J/y — 7% u~ (right).

in Eq. (40) (cx w,,,,) fails to describe the data, in particular
the abrupt drop at the location of the w mass. This effect has
not been observed in experimental studies of the ¢ — 7% *
process [99] (naturally, due to kinematic constraints,
w — 7%* cannot exhibit the p—-w mixing structure).
Since the processes J/y, ¢ — wa® violate isospin, pre-
vious theoretical analyses [16,35,53,60] did not consider
p—o mixing, or simply added an extra BW form to the
J/w,¢ decay amplitudes for the @ pole to simulate its
contribution [61]. Interestingly, all these predictions are
slightly lower than the experimental values near the p pole
(for a comparison, see Fig. 3 of Ref. [15]). According to our
results, this strongly suggests that the isospin-violating @
pole and p— mixing contribute significantly to resolving
this discrepancy. Our dispersive framework, which includes
p—o mixing effects in a self-consistent manner, can provide
a benchmark for future dispersive analyses of the TFF.
Moreover, our analysis reveals a nontrivial structure in
the p'(1450) region within 1.3-1.6 GeV, suggesting the
need for more precise experimental measurements in this
energy range.

In addition, using the best fit Theory-I we present in
Fig. 9 the differential branching fractions for both J/y —
n%ete” and J/y — 7%t u~ using Eq. (4). Both channels
exhibit prominent features: a pronounced p resonance
dominating the TFF structure, a nontrivial structure around
the ¢ pole, which would be much less pronounced
when employing Theory-II, and a strong low-energy

enhancement for J /yy — n%¢*e™ near /s = 0 arising from

the photon pole. By integrating over the respective spectra,
we obtain the branching fractions for the two dilepton final
states as

BR(J/w — n’ete) = 7.03708% x 1077, (68)

BR(J/y = a’ptu~) = 4157038 x 1077, (69)

The value in Eq. (68) can be compared with previous
dispersive analyses [16] that did not consider p—® mixing,
as shown in Table III. This result is also in good agreement
with the value extracted by BESIII within uncertainties
[15]. A comparison with the predictions of VMD [5] and
resonance chiral theory (RChT) [7,8] is also shown in
Table III.

B. Phase between strong and
electromagnetic amplitudes

There are qualitatively two kinds of contributions to the
hadronic decays of J/y into p°z° and w7, i.e., via strong
interaction (e.g., three gluons or charmed-meson loops) and
via one virtual photon. While isospin symmetry is pre-
served to a very good approximation in the former decay, it
is broken in the latter. The one-photon electromagnetic
current can be decomposed as iy, u—1dy,d=4J5+31J}
with J);" = iy, u + dy,d representing isoscalar and

TABLE III.  Branching ratios (x1077) for J/y — z°£+¢~, where £ = e, p.

Experiment [15] This work DR [16] RChT [8] RChT [7] VMD [5]
Jjy = detem  8.06+031(stat) £ 0.38(syst)  7.03+062 (55..64) 12944044  1191+£138  3.89+03]
J)w = 2Ot — 4157038 (2.7...3.3) 3.0440.10 2.80 +0.32 1017549
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isovector vector currents, respectively. From this decom-
position, one concludes that the one-photon contribution to
the isoscalar p°z° is three times smaller than that to the
isovector wz’. Usually, the isospin breaking through strong
interactions, ~O((my — m,,) / Aqcp). is of the same order as
that from virtual photons, ~O(a). The branching fraction
of J/y — p°z°, 6.2(6) x 1073, is one order of magnitude
larger than the branching fraction of J/y — w7’,
4.5(5) x 10™* [1]. Hence, we expect that J/y — pz°
should proceed mainly through strong interaction, which
is stronger than the one-photon contribution by roughly one
order of magnitude at the amplitude level. The strong-
interaction contribution to the isospin-breaking @z’ mode
should be further suppressed compared with the p°z° mode
by O((my—m,)/Aqcp), thus should be significantly
smaller than the one-photon contribution to the wz® mode.
The photon-dominance picture for a vector charmonium
decay into wz” can be checked by comparing the following
ratios of partial widths [1]:

Ty — ) 293(9) keV x (2.1(6) x 107%)
I'(J/y = o) 92.6(1.7) keV x (4.5(5) x 107%)
= 0.148(46),
Ly’ — 2% 293(9) keV x (1.04(22) x 107°)
C(J/y —ya%)  92.6(1.7) keV x (3.39(8) x 107)
=0.097(21). (70)

The two ratios are approximately equal within uncertain-
ties. Therefore, we expect that the p°z° and w7’ modes
should be dominated by the strong interaction and the one-
photon mechanisms, respectively.

This can be verified in a more direct manner. As a
first step, we approximate Eq. (40) by a VMD version of
the TFF,
|

f(272,37r) ,VMD (S)

yr
— @) 1 WypnS 1 €pS
Sy ©) M2—s—iM,T, M2 —s—iM,T,
L WywrS | 9€,,5
M2 —s—iM,T, M2 —s—iM,T, B
(71)

using the narrow width (NW) approximation [13]

s /°° 4y CHNEL (P N gy 72)

4872 Jaz S'(s'—s—ie)  Mi-s—iM,,’

and the VMD relation g,, = 3p,,,. Consequently, the issue
reduces to determining the relation between the weight
functions w,,,, and w,,,. Taking into account the isospin
factor and the dominance of the wz mode by the one-
photon mechanism, one finds for w,,,,

wh —l—lw” S WSS W
ypr 3 yor — "Wypn 3 ver

Wypr = Wypr -+ Wipr =
(73)

with the superscripts “S” and “y” representing the con-
tributions from the strong interaction and one virtual
photon, respectively. By matching the BW parametrization
of the p meson (e w,,,,) in Eq. (71) with the corresponding
dispersive integral in Eq. (40) and fitting over the energy
range /s =0.6-1.3 GeV, we determine w,,, =
4.76¢7013 x 107* GeV~!, which compares to the value
Wype| = 5.36(27) x 107* GeV~!  obtained using the
NW approximation [cf. Eq. (48)]. We take the average
(4.76 +5.36)/2 = 5.06 as the central value of |w,,,,| and
assign a conservative lo uncertainty equal to half the
difference, i.e., 0.3. Therefore, the value of the strong part,

S . .
Wy pr» 18 given by

1 . :
WS pr = Wypr — = Wyawr = [5.06(30)e™013 x 107* — 1.46(8)e™3(6) x 1075] GeV~!

ypn ~ 3

= 4.99(30)e~016110) 5 10+ GeV~!. (74)

This result is compatible with our expectations. The pz°
mode is dominated by the strong interaction, whereas the
contribution of one virtual photon is of an order of
magnitude smaller and affects the phase of wg,p,, by no
more than 2°.

To check the role played by the mentioned phase, we
also present a simplified fit with §,,, fixed to zero. As

shown in Fig. 8, an a priori assumption of §,,,,, = 0 results

in a slightly worse y?/d.o.f.=36.75/(30—1) = 1.27
compared to the best value of 1.01 in Theory-I. From
comparing the red dashed line with the blue band, one sees
that around the @ mass the case with the nonvanishing
phase has a large slope on the left shoulder, while a smaller
slope on the right shoulder. This means that p—@ mixing
and its interplay with the @ pole contribution and, in
particular, its phase relative to the p contribution that is
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fully controlled within the dispersive scheme employed
here, play a crucial role in forming the specific line shape.
Thus the phase between strong interaction and one-photon
contributions in J/y hadronic decays can be extracted
as (62 +21)°, where the small phase of wy . is taken
into account [omitting this correction would reduce the
phase to (53 £ 15)°]. Our result is consistent with the value
(72 +£17)° [100] of the relative strong-electromagnetic
phase from the global fit to J/w — VP (P, V stand for
light 0~ and 1~ mesons) within uncertainties, while it
deviates slightly (1.56) from 90° corresponding to the
absence of an interference pattern. It should be emphasized
that while the relative phase near 90° has been favored in
phenomenological analyses [101], there is no QCD foun-
dation for this assumption. To improve the accuracy of our
extraction, data with improved binning are necessary to
define the line shape better.

VI. SUMMARY AND OUTLOOK

In this work, we have reanalyzed the J/y — n%*
transition form factor using the Khuri-Treiman framework,
paying particular attention to the contributions of isospin-
violating @ and ¢ intermediate states and their mixing
effects with the two-pion (p) channel within the dispersive
approach. This framework incorporates crossing symmetry
while maintaining unitarity and analyticity. Above 1 GeV,
contributions from the p’(1450) and the isospin-violating
charmonium contribution have been included to account
for the high-energy tail. The BESIII data for the transition
form factor in the energy range from 0 to 2.8 GeV are
very well described using only two fitting parameters—all
other parameters were fixed from phenomenological input
provided from other reactions. In particular, we predict a
possible nontrivial structure around 1 GeV due to the ¢
contribution and a dip structure in the 1.2 to 1.6 GeV
region caused by the p’. We note that the prominence
of the structure around the ¢ pole is governed by the
experimentally measurable branching ratio of J/y — ¢°.
Compared to a previous dispersive analysis of J/y —
nYe* e, we find that p—w mixing and its interplay with the
 pole contribution lead to a non-negligible increase in the
branching ratio. Furthermore, this analysis allows us to
extract the relative phase between the strong and one-
virtual-photon (electromagnetic) modes in J/y — pz° to
be (62 +21)° The result minimizes model dependence
to the greatest extent possible, advancing our understand-
ing of the long-standing mysterious pz puzzle in J/y
decays.

Intriguingly, the Khuri-Treiman framework applied to
®, ¢ — 3z decays produces theoretical results that fall

slightly below experimental measurements in the 600-
700 MeV range [35,60,61]. Thus, an accurate description
must include isospin-violating contributions, with p-w
mixing as an important component. We hope that our
reevaluation will motivate more precise measurements
of J/w — n%e*e™ to constrain the J/y — 7°y* transition
form factor in the region beyond the p-peak and to further
establish the phenomenology of the transition form factor
advocated here.

Note Added. After this work appeared on arXiv, a related
study [102] was finished on the J/y — z’y* transition
form factor within resonance chiral theory. That work also
finds that J/y — 7°0° is dominated by the strong inter-
action, whereas J/y — 7’0 and J/y — 7% are driven
primarily by electromagnetic transitions, in qualitative
agreement with our findings.
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APPENDIX: DIPOLE FORM

A dipole parametrization can be simply formed by
adding two single-pole terms,

wd wa'

790 70
AR

(A1)

The effective zero-width pole masses A;, should corre-
spond to the masses of 17~ resonances near the energy
scale of the decaying particle. Here, we fix A; = M, and
treat A, as a free parameter. The vanishing of the O(s™!)
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'''''' Theory-Dipole
—— Theory-Dipole (bins)
& BESIII ('25)
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FIG. 10. Same as Fig. 7 but for the dipole form in Eq. (A3).

contribution enforced by the pQCD asymptotic constraint
implies

2
e oy #e@) oy M
Jod 0= =1 2005 (A2)
which results in
cc 7(cc AZ A2 - Az
£60 () = 77 () AilAz = A (A3)

et ) = Lt (A (5= A

Similarly, if we define 7\%/(0) = |71¢)(0)|e®", we can

also derive an analog of Eq. (60),

TABLE IV. Same as Table II but for the dipole form in

Eq. (A3). We only employ the larger |w,,,| from Eq. (48).

Parameters Theory-dipole
Syawn 0.91(27)

5¢¢ 0.86(20)

A, [GeV] 5.30(2.39)

1%/ dof. 27.59/(30-5) = 1.02

2
#e@) (| = N2 (2n,) e
0|~ (i 0o

I OF =G50 55 ). (a4

As observed in Ref. [16], we also find that strong
cancellation effects between multiple charmonium reso-
nances (as well as potentially open-charm continuum
states) are necessary to properly reproduce the pQCD
behavior of the J/y — z%* TFF in the high-s region.

The resulting TFF, including the uncertainties mentioned
in the main text, is shown in Fig. 10 and Table IV.
Comparing with Fig. 7, one can see that different para-
metrizations of the charmonium contribution only affect the
behavior in the last bin, which corresponds to the region
above ~2 GeV, since the low-energy region is dominated
by multipion contributions.
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