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Abstract

Recent experiments on associative polymer networks revealed a nonmonotonic stress relaxation after cessation of preshear. A temporal
increase in the stress at intermediate times is observed before full relaxation of the stress occurs. Motivated by what is expected to occur on a
molecular level, we propose equations of motion for the network stress and the concentration of cross-links. These equations lead to an
explicit expression for the time dependence of the stress, which quantitatively reproduces experimental nonmonotonic stress relaxation curves
for two different types of associative polymer systems. Our mathematical model involves a time scale for the recovery of cross-links, a
Maxwell-type time scale for the final stress relaxation, for the relative number of cross-links that survives the preshear period, and the initial
stress right after cessation of preshear. The numerical results for these parameters obtained from the comparison with experiments allow for a
further interpretation of the underlying mechanisms on a molecular level depending on the type of associative polymer. © 2026 Author(s).
All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https:/

creativecommons.org/licenses/by/4.0/). https://doi.org/10.1122/8.0001120

Il. INTRODUCTION

It is a common experience that stresses built up during
shearing of a viscoelastic system decay monotonously after
shearing has been stopped. It, therefore, came as a surprise
when with a slightly entangled EHUT system [an organo
gel consisting of stacked 2, 4-bis (2-ethyl-hexyl-ureido)
toluene molecules dissolved in dodecane; further informa-
tion in Sec. III C], in some cases, an initially decaying stress
after a while started to move up again and only much later
began to decay again to reach a state of zero stress, often
after as much as several minutes [1].l In order to be con-
vinced that it was not an experimental artifact being mea-
sured, several more systems were subsequently investigated
until, in total, three systems were found showing this
remarkable phenomenon. The results were published in a
paper by Hendriks et al. [2].

In addition to the EHUT system, two polymeric systems
have been studied in [2]: one, in which polymers are dressed
with ligands which can mutually bind, and the other, where
ligand—ion-ligand bonds are formed. As a result, both
systems form a network with gel-like properties. A rough
understanding of the phenomenon then goes as follows:
during shearing, bonds are broken by which energy is stored

YAuthors to whom correspondence should be addressed; electronic email:
w.j.briels@utwente.nl and j.k.g.dhont@fz-juelich.de

1Also, presented in a lecture by Louhichi A., A. R. Jacob, J. L. Bouteiller,

and D. Vlassopoulos, Nonlinear shear rheology of a supramolecular organo-

gelator, in The Society of Rheology 87th Annual Meeting, Baltimore, MD,

11-15 October 2015 (The Society of Rheology, Melville, NY, 2015)
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in the system, and molecules are disentangled and aligned,
by which entropy is removed from the system. In total, the 3
free energy of the system is raised. After cessation of the §
shearing motion, the system relaxes to the initial state of 3
lower free energy by re-establishing bonds and thermally ran-
domizing its molecules.

It is important to realize that bond formation itself, ¢
leading to a decrease in the internal energy, has hardly any
effect on the stress of the system, and that the latter is mainly
resulting from polymeric, i.e., entropic springs, and how they
are constrained by cross-linking bonds. Moreover, even
though the free energy decreases monotonously to its
minimum value, the constituents, energy and entropy need
not do so. As a result, stresses, being a measure of the
entropy, can relax nonmonotonously [2,3]. It is our intention
in this paper to develop a semimicroscopic model to describe
nonmonotonous stress relaxation along these lines.

The theoretical model that we propose applies to associat-
ive polymers, where by definition, cross-linking bonds are
sufficiently weak to occasionally break by thermal agitation
and externally applied stresses. The cross-linking bonds in
such systems of associative polymers, for example, can be of
a hydrophobic or electrostatic nature. Moreover, instead of
molecular polymeric chains, the chains may be supramolecu-
lar, where monomers are stacked to form long flexible tubes.

During the last few years, several other systems have been
found that show stress-upswings after removing an initial
constant preshear rate, either completely or partially. We
restrict ourselves to mention carbon-black suspensions [4],
fumed-silica dispersions [5], and boehmite gels [6]. In
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particular, in the last reference, a thorough investigation was done
to classify different possible regimes with different behaviors.

Even when it will turn out that one and the same phenom-
enology will be able to describe the behavior of all these
systems, the molecular interpretation of relations between the
various parameters of the model can be very different in dif-
ferent cases. We here restrict ourselves, therefore, to associat-
ing polymer networks and related systems. In a special
section (Sec. III), we will compare our theoretical approach
with a few other approaches published recently.

The paper is structured as follows. In Sec. II, we describe
our approach and final equations. First, in Subsection I A,
we describe the molecular picture that we have in mind to guide
us through the rest of the section. Next, in Subsection IIB,
we develop the rheological model that forms the core of our
paper. In a nutshell, we write the stress as the sum of an
initial, fast relaxing Rouse-like elastic contribution right after
cessation of the preshear, during which cross-links are sup-
posed to remain intact, and the remaining cross-link network
contribution. The latter contribution gives rise to the stress
upswing. It is the product of a time dependent system strain
and a time-dependent shear modulus, for both of which we
write down equations of motion. In Subsection II C, we solve
the mathematical model just presented, and next discuss some
of its characteristics in Subsection II D. In Subsection I E, we
describe how, in general, some or all parameters that figure in
our theory can be estimated on the basis of a few characteristic
features of the experimental data. This section is particularly
interesting for experimentalists who do not want to produce
full fits of our theory to their data. In Sec. III, we present our
fits to experimental data for the three different associating
fluids that also have been discussed in [2]. Also, we discuss
some trends in the variations of parameters among different,
but similar, systems and shear rates, and how they are related
to molecular structures. We continue in Sec. IV with a note on
a possible relation between the occurrence of stress upswings
and shear banding in systems considered in this paper. In
Sec. V, we give a short comparison of our theory with other
theories suggested in the literature until now. We end with a
summary and some conclusions.

Il. STRESS RELAXATION FOR ASSOCIATIVE
POLYMERS

As discussed in Sec. I, it is our intention to develop a
model that captures the essential physics that is responsible
for the stress upswings and, at the same time, is sufficiently
general to be applicable to a broad class of associative poly-
mers. When developing the model, we will use the language
of associating polymers, much in the spirit as presented in
the papers of Tanaka and Edwards on the rheological proper-
ties of such systems [7,8].

A. The molecular picture

First of all, we will assume that at the time when the shear
is stopped, to be called time zero, there are still enough cross-
links intact in order that the network is still space filling.
Immediately after cessation of the externally applied shear,
the flow velocity will relax to zero in a very short time.

Subsequently, chains which are severely stretched will relax
in an elastic, Rouse-like fashion until this relaxation is halted
by constraints set by the distribution of cross-links. This
relaxation takes place on a time scale that is usually less than
0.1% of the time needed for the system to reach its final
equilibrium state and, so far, has never been resolved experi-
mentally in detail. Here, we will refrain from describing this
part of the stress relaxation process in detail and describe it
by a single exponential decay. As will turn out in Sec. III,
this describes the experiments remarkably well except in one
case in Sec. III B where the deviations can be attributed to
the molecular structure of that particular system. Our main
concern, however, will be the unexpected stress increase and
subsequent final relaxation.

The distribution of cross-links has been perturbed during
the shearing motion before time zero and after the initial
Rouse retraction relaxes to its equilibrium distribution corre-
sponding to minimal free energy. In order to do so, addi-
tional bonds must be formed and existing bonds must be
broken and re-established to allow further relaxation of
chains under tension. In general, this is a slow process as
compared to the above-mentioned initial Rouse-like stress
relaxation.

When developing a model to describe the cross-link relax-
ation, we will make the following assumptions. First, bonds
are, in general, between two or at most a few functionalized
groups. Bonds are strong in the sense that bond breaking is
rare. When two functionalized groups meet, a bond will &
quickly be formed with very high probability. As a conse-&
quence of this, in the final equilibrium state, almost all possi-
ble bonds will be formed and the number of bonds will 2
slowly fluctuate around its average value. 2

As a second assumption, the number of functionalizedé
groups is assumed to be small as compared to the number of
chain segments. Typically, the number of polymer segments
between two functionalized groups is about 20. This implies
that an unbound functionalized group will at best find a
single or at most a few neighboring unbounded functional
group to form a cross-link, on time scales small compared to
the relaxation dynamics of the polymer network but large
compared to the initial elastic relaxation. Incidentally, this
allows us to consider the strands between two cross-links to
behave like Rouse chains when providing qualitative argu-
ments to motivate particular assumptions made along the
way.

A third assumption is that entanglement stresses and
stresses due to dangling ends and loops are not dominant.
This requires that the entanglement length is larger than the
typical length of the elastically active chains, which are
bound on both sides by cross-links.

Before embarking on the details of the mathematical
model, let us quickly mention its basic ingredients. There are
obviously at least two molecular descriptors needed to
describe the rheological response of the network. One is the
number concentration of cross-links c(¢) and the other is the
deformation of the network as quantified by the system strain
y(#), both depending on time. Of these, the definition of the
network strain may need some clarification. In a nonsheared
system, the average values of the coordinate differences, AX,

z0z K
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AY, and AZ, of two adjacent cross-links will be zero. In a
sheared system, one of them, say (AZ), will be still zero
while the others are related by (AX) = y(AY), with y being
the strain of the network. This is a characteristic of the
mechanical state of the system. It is, for viscoelastic materi-
als, not related in an easy way to the imposed external strain,
as found by integrating the external strain-rate over time.

B. The mathematical model

As discussed above, from time zero on the stress in the
system quickly relaxes in a Rouse-like manner until it is
halted by the distribution of cross-links. The remaining stress
relaxes on a time scale much longer than that of all Rouse
relaxations in the system. The total stress oy, is, therefore,
written as

Oioi(t) = 0.(1) + o), (D

with

G(t) = 0. exp{ - i} @

e

being the elastic Rouse-like stress and o being the remaining
physical network cross-link stress. Here, o, is the initial
elastic stress right after cessation of the externally applied
shear and the accompanied flow, and 7, is the elastic relaxa-
tion time. For clarity, we mention that all of oy, is of elastic
origin (we consider the solvent contribution to the stress to
be negligible). The initial stress relaxation o,(f) represents
the stress that relaxes by retraction of severely elongated
polymers. These may be freely floating polymers and dan-
gling strands that relax through Rouse relaxation, or internal
network strands that relax through Rouse relaxation by small
displacements of the cross-links as far as this is allowed by
the connectivity and boundary conditions. The remaining
stress can only relax through bond breaking and bond refor-
mation. This is the stress that we call network stress, o, for
which we next develop a generic model. While doing so, we
will assume that after the initial relaxation the strain is small
enough to restrict the model to lowest order in strain. Further
information about this point will be given at appropriate
places in this section.

As mentioned in Sec. II A, the rheological state of the
system is determined by the cross-link density and the system
strain. These are the two independent variables of our model.
With this assumption, the stress becomes a time local prop-
erty of these two variables. We, therefore, write

a(t) = Gy (), A3)

where the shear modulus G is taken to be independent of the
strain. G does vary with time, however, because the cross-
link properties of the network are varying with time. We,
thus, assume a linear elastic response of the network. The
maximum allowed strain to meet this criterion depends on
the molecular structure of the network. In particular, this
requires that the distance between two neighboring

cross-links is much smaller than the contour length of the
corresponding strand.

We emphasize at this point that, like with any coarse
description of the system dynamics, the time development of
c(t) and y(#) will involve memory integrals. These will next
appear in the expression for the stress o(¢). Since all memory
kernels turn out to be exponential, the corresponding inte-
grals can be carried out and no explicit signs of memory
remain.

The network strain y relaxes because with every bond
breaking, either induced by large stresses or thermally, the
network relaxes its strain a bit before the free functionalized
groups form new bonds. In Appendix A [see Eq. (A8)], it is
shown that the probability R_ for a bond to snap per unit of
time, to leading order in ¥, is given by

1 xply ) 1 xplo 2
RO—K +K -0 (4 %h 4
tA-SuRY tsue?l ) @

where K_ is a thermal snapping rate depending on temper-
ature and cross-link density [see Eq. (A9)], but not on
system strain, while the second contribution is proportional
to K_ and strain squared. Here, it is used that the spring
constant k of a Rouse chain is equal to 3kzT /nb*. For def-
initeness, we have given the proportionality factor that
applies for Rouse strands between cross-links that are a &
distance /p apart and consist of n Kuhn segments with &
Kuhn-length b. x;, is the width of the potential well ing
which two functionalized groups are trapped when 3
forming a bond. The factor in front of y? is smaller than;
one, so the strain dependence of R_ may be neglected in g
case y? is less than one.

For the small strains under consideration, we will assume
that the amount by which the strain relaxes due to a single
bond breakage is proportional to the strain itself, i.e., equal
to sy. Ignoring the strain induced snapping, as discussed
above, the number of bonds that snap per volume and
per second becomes cK_ and so the strain will relax
according to

dro) _

% —cK_sy = -So(). 5)

With the second equal sign, we have introduced S = K_ s/ A,
where A comes from G = Ac as will be discussed later in
this section. There we will argue that A is a constant. This
leaves us with K_ and s, both of which will be assumed to be
constant. The specification of their dependency of cross-link
density and/or strain requires a true molecular approach, for
example, by means of computer simulations. We are con-
vinced that the essential physics is taken care of by the depen-
dencies already introduced in the above approach.
S >0 will be referred to as the bond-snapping parameter.
Note that dy(¢)/dt is not associated with flow nor an externally
applied shear rate, both of which vanish.
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FIG. 1. A cartoon that visualizes bond formation in the strained network. The dotted line indicates the strain direction. (a) The black double dots represent two
bound functional groups, which cross-link two polymer chains. The two red dots are free functional groups that can probe a volume indicated by the dashed
areas. These volumes are mainly defined by the constraining polymer chains indicated in blue. The two groups can only meet within the overlap of the two
volumes, indicated in gray. In (b), the thermally induced local stress fluctuations due to the fluctuating positions of the two free groups is sketched. Once the
two free groups simultaneously reside within the overlap volume and are within the range of the attractive interaction potential between the two groups, a bond
is immediately formed. The local thermally averaged stress before and after binding is indicated by the red striped lines. The additional stretching of the confin-
ing chains in blue, as depicted in (c), leads to an immediate increase in the local stress depicted in (b). The vectorial component of the stretching forces along

the shearing direction contributes to the total network stress.

Eliminating ¥ (#) among Egs. (3) and (5), we get

do(t)y . dy(t)  dG(1)
a0 e T
= -=SG{)o(1) + %0(1‘). (6)

Before continuing with the general development of the
model, we want to discuss basic Eq. (6) a bit further. In par-
ticular, we will briefly address the mechanism through which
re-establishment of cross-links for a given finite strain gives
rise to an increase in the stress, which is formally accounted
for by the second terms on the right-hand side of Eq. (6),
noting that dG/dt = (dG/dc) (dc/dr). In a strained network,
there are more strands that are roughly oriented along the
strain direction than along the “orthogonal” direction.
The former give a positive contribution to the stress while
the others give a negative contribution. Moreover, the “paral-
lel” strands are stretched and, therefore, are under larger
tension than the others which are compressed compared to
their lengths in equilibrium. Finally, there will be more free
groups along the stretched strands than along the compressed
strands, and so there will be more cross-links re-established
by combining free groups which are both on parallel strands
than otherwise. A typical situation is pictured in Fig. 1. A
bond between two unbound neighboring functional groups
can only occur when the volumes available for the two
groups overlap, indicated by the gray area in Fig. 1(a). The
two free groups bind once the distance between them is less
than the range of the attractive interaction potential between
them. As long as the groups are not bound, large volumes are
available corresponding to large fluctuations in the stress
[Fig. 1(b)]. Configurations where a bond may occur typically
correspond to large tensions in the strands. Once a bond is
formed [Fig. 1(c)], the two groups are restricted to probe a
limited volume, where the stress fluctuates around an average

stress that is larger than before bond formation. Typical stress
fluctuations are shown in Fig. 1(b).

We now make the argument more quantitative. Consider a
network with a given strain ¥ and a given number of bound
groups per unit volume ¢, and imagine that dc new bonds per
unit volume are formed. As discussed before, the initially g
free groups, and the attached polymer strands, become con- 5
strained in their motion upon binding and lose entropy. As
depicted in Fig. 1, this leaves the polymer strands involvedf
(indicated in blue) in this process under tension. Due to this ®
single-bond event at the prescribed strain, the stress response £
of the network is increased by an amount do = fy, where f
is a constant. For a number V dc of such new bonds, where V
is the volume of the system, the stress increase equals
do = Aydc, where A =fV. As a consequence, the newly
formed bonds lead to an increase dG = Adc, in agreement
with Eq. (6). Assuming that A is independent of ¥ and ¢, we
may write

14

G(t) = Ac(1). @)

In Appendix B1, we will argue that, in general, 4 = ac”
with v being a small number, positive or negative depending
on the precise system under consideration. In this paper, we
will take A to be constant assuming that in important cases,
this is accurate enough and thereby extending the applicabil-
ity of our equations. In Appendix B, it is shown that for
strands composed of Rouse chains, v = 1/3. With ¢ typically
ranging from about 0.5 ¢« to ¢ (See below), with c. being
the cross-link density in equilibrium, (c/ coo)l/ 3 varies
between 0.8 and 1.0. In order to be able to provide analytical
expressions as our final result, we take the error for granted
and assume v = 0. In case finite values of v must be used,
the basic equations that we derive must be solved numeri-
cally. The independence of A from strain, thus assuming
linear-elastic network response, has been discussed below

Eq. (3).
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We now return to Eq. (6). Clearly, as soon as G() does not
vary with time, any more after bond formation is complete,
the stress will relax single exponentially with a time constant,

Too = ®)

where G is the shear modulus of the network in equilibrium
after full relaxation of the stress. With S and G being con-
stants, 7o Will be constant. The above equation of motion is
formally equivalent to the classic Maxwell model with a
time-dependent shear modules as already used by Joshi [3].
The physics described by this equation depends on how the
shear modulus is related to molecular properties. This is
where we differ from the approach of Joshi as will be dis-
cussed in Sec. V.

Equation (6) can formally be solved to express the cross-
link stress in terms of the shear modulus,

o) G

exp{ —SJ dt’G(t’)}
0o 0

G(t) ,G(t)
L e Koo S

where oy = 0(0), Gy = G(0), and G is the shear modulus
of the equilibrium network, after full relaxation of the stress.

For a full description of the stress in the system, we need
a second relation between G(f) and o(¢), or just an equation
to calculate G(¢) as a function of time. As already mentioned,
we will do this by considering the consequences of bond
breaking and reorganization. We will make use of the relation
between G(#) and the number density of bonds c(¢) in the
system [see Eq. (7)] and next, derive an equation that
describes the time evolution of c¢(f). Combining the two, we
obtain a kinetic equation for the shear modulus G(?).

In order to derive a kinetic equation for the time evolution
of the bond concentration, we need to know the rates of bond
breaking and those of bond formation. The first we have
already discussed, so we now concentrate on bond formation.
The assumption we make is that unbound functional groups
are sufficiently immobilized such that each can bind to at
most one or a few neighboring functional groups to form a
cross-link, similar to what is depicted in Fig. 1. This requires
that the volumes probed by free functional groups are suffi-
ciently small. The more the polymer chains are stretched,
the larger is the tension imposed on the polymer chains, and
the smaller is the volume probed by functional groups. In
such situations, the rate of bond formation is proportional to
the number concentration cy,x — ¢ of unbound functional
groups, where ¢, 1s the maximum possible concentration of
cross-links so that

dett)

dr = K, [cmax — c(D)]

— K_ (), 10)

where K, is a reaction rate with the dimension of inverse
time. The last term describes the thermal snapping of bonds
as in Eq. (4) with the neglect of the term quadratic in y as

motivated before. Just like K_, we will assume that K, is a
constant.
It is convenient to define

K,
Coo :m Cmax =:Tp Ky Cimax, (11)
which allows us to write
dc(t) coo — ()
e T 12
dt Tp (12)

Clearly, c« is the value taken by the bond number concentra-
tion c(¢) after it has fully relaxed to its equilibrium stress-free
state. The characteristic time 7, will be referred to as the
bond formation time. It is determined by the combined effect
of K, and K_, but it is to be expected that K is the largest
of the two. As a result, the equilibrium bond density ¢« will
be very close to cmax, With the difference

Cmax — Coo = Cmax Tp K, (13)

reflecting the strength of the bonds through the Arrhenius law.
We note that the same linear dependence on cpax — c(f) for
the temporal evolution of the number of cross-links has also
been proposed, although without further motivation, in [7] and
[8], in case of end-functionalized polymers. Moreover, a linear .
dependence is often assumed for equations of motion for ¢
structure parameters [9,10]. In our case, the structure parame—§
ter is defined as A = ¢/cw for which A = 0 corresponds to the g
“fluidized state” and A = 1 to the “solid state.” S
With 7, we have introduced our third characteristic time. »
Multiplying Eq. (12) by A, we obtain the second relation &
between stress and shear modulus that we were looking for

9

dG(t) _ Goo — G(1)

14
dt Tp (14

In a stress-free system, Goo = A co is the constant value to
which the shear modulus will finally settle.

C. Solution of the model

We must now solve the stress from two Eqgs. (6) and (14).
Equation (14) can immediately be integrated, yielding

G(t) = Gw — (G — Gyp) exp{—;b}. (15)

Substitution into Eq. (9) thus leads to

c;(;) {1 B G<,<,G—0 Go (g,,/fh 3 1) ]

| B G =G0 (e
X exp{ [Tm + 0 Go (e 1) . (16)

Here, oy is the initial value o(0) for the cross-link stress, i.e.,
00 = 011(0) — 0¢,. The characteristic time 7y is not a new
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independent constant but is related to 7, by
0= — Too = o> (I7)

with 7 taken from Eq. (8).
The explicit time dependence of the total stress is thus
finally found from Egs. (1), (2), and (16),

<t
expy ——
Te
G°°_G0 —T/Tb
+[1 2 (e )

t 0 —
X eXp{ {JrTbGGO (67’/7” - 1) ] }
Too 70 Go

(18)

Cor(t) _ O0e
oo oo

The implications for the time dependence of the stress will
be analyzed in Subsection II D.

Let us for clarity recapitulate the various quantities
appearing in Eq. (18) for the stress. First of all, there are
three time scales: 7., which is the exponential decay time of
the fast initial Rouse-like relaxation, 7, is the bond-formation
time, and 7 is the final Maxwell-like relaxation time [the
time 7y is related to 7., by Eq. (17)]. Two initial stresses
appear: oy is the initial network stress that remains after the
fast Rouse-like relaxation, and oy, is the initial elastic stress.
Finally, Gy and G are the initial shear modulus and the
modulus of the equilibrium network after full relaxation of
the stress. We note that Gy and G, appear only as their ratio,
while the o( 4 oy, is equal to the stress under stationary
shear.

D. Characteristic time scales and numerical
examples

According to our final result for the cross-link stress in
Eq. (16), at times /7, > 1, the decay of the cross-link stress
o is single exponential with the time constant 7, defined in
Eq. (8). In case /7, < 1, the behavior is more subtle,

@:{H— (19)

G() Tp

—G°° —Go i:| e~/
0

From this, we infer that for times when 7/7p < 1 as well

0 _, . [CazGo_n]

—, 20
0o Gy 70 Tp 20

and hence that the cross-link stress will initially increase

when
VIbTe [Go =G0
70 G

Only if this condition is met, an upswing of the stress can
occur. It is interesting to notice that the fraction on the

T _ Gw — Gy
70 Go

Normalized stress

“—t>—>

FIG. 2. The normalized cross-link stress o/op [the blue dashed line; see
Eq. (16)] and total stress o, /0 [the solid red lines; see Eq. (18)] as a func-
tion of time for three bond formation times 7, as indicated in the figure. The
red lines include the initial fast Rouse-like relaxation, which is kept the same
for all three cases. The curves are shifted by 1 for clarity. The parameters are
chosen here as 7, = 0.01's, 7 = 167 s, Goo/Gp = 3, and o0¢,/0¢ = 3. This
corresponds to 7o = 500s. The time scales 7., 7, and 7y are indicated by
the vertical dashed lines.

B S0

right-hand side in the second version is equal to the fraction<
of bonds occurring in equilibrium that has been broken by§
preshearing; so, the geometric mean of 7, and 7. divided by g
7o must be less than the square root of the fraction of bonds 3
broken during the preshear stage. 8

We, finally, calculate the time 7, at which the upswing,
if any, reaches its maximum. Taking the derivative of
Eq. (18) with respect to time, ignoring squares of e /%
because they are negligible at ¢ = f,,x, and put the result
equal to zero, we obtain

» Gew — G
foax = TpIn <T— + 2> +7,0n (7°> G,
Tp G()

As with the upswing criterion, also t,x depends on the frac-
tion of bonds broken during preshearing.

Numerical results for the cross-link stress in Eq. (16) and
the total stress in Eq. (18) are given in Fig. 2 for three differ-
ent bond formation times 75, as indicated in the figure. All
other variables are kept constant (and are indicated in the
legend of the figure). The dashed blue curves refer to the
cross-link stress and the solid red line to the total stress. In
Fig. 3, the time dependence of the relative number concentra-
tion ¢(f)/c. of bonds is plotted for the same three cases as in
Fig. 2. For 7, = 0.1 and 10s, there is a clear maximum in
the stress, and indeed the inequality in Eq. (21) applies. As
can be seen in Fig. 3, bond formation is completed before
the stress is fully relaxed so that the final decay is single
exponential with the time constant 7, = 167 s. The stress
maximum occurs at later times for slower bond formation,



NONMONOTONIC STRESS RELAXATION OF ASSOCIATIVE POLYMER NETWORKS 743

Too T{

c(t)/coo

1.0

0.9

T

0.8
7 =0.1s 10
0.7

0.6

0.5

0.4

0.3

100 10" 102 ¢[g] 10°

0.2 !
10° 102 10"

FIG. 3. The time dependence of the number of bonds after the fast
Rouse-like relaxation for the three cases in Fig. 2, but for 7, = 0.1, 10, and
1000s. The vertical dashed lines indicate the time scales 7, = 0.01,
Teo = 167, and 7y = 500 s, corresponding to the values in Fig. 2.

corresponding to larger bond formation times 7,. Moreover,
the maximum becomes less pronounced with increasing 7.
For sufficiently slow bond formation, the maximum disap-
pears altogether because bond formation cannot compete
with stress relaxation so that the decay of the cross-link stress
is single exponential with a time constant 7j, in agreement
with Eq. (19), on neglecting the term proportional to
t/7p < 1. The numerical example for 7, = 1000 s is close to
this situation. As can be seen from Figs. 2 and 3, bond for-
mation is not sufficiently advanced during final relaxation to
give rise to a maximum in the stress. In this case, 7,/70
= (G — Gp)/Gp =2 so that the necessary criterion in
Eq. (21) for the occurrence of a maximum is indeed not met.

E. Extracting parameters from experiments

In Sec. III, the various parameters are obtained from a fit
of the experimental stress-relaxation curve to Eq. (18). It is,
however, also possible to estimate these parameters directly
from characteristic features of the experimental data, without
performing a complete fit.

The free parameters in a comparison of Eq. (18) with
experiments are three time scales (the elastic retraction time
7., the bond-formation time 7, and the final cross-link relax-
ation time 7o), two initial stresses (the initial Rouse-like
stress 0y, and the cross-link stress oy, but with the constraint
that they should add up to the known initial experimental
stress), and the ratio Go/Go of the shear modulus G in
equilibrium and Gy right after the elastic retraction. There
are thus five independent parameters, four of them deter-
mine the Maxwell-like stress in Eq. (16), whose contribution
to the total stress is responsible for nonmonotonic stress
relaxation.

Estimates of these parameters that can be used as initial
values for the data fitting process can be obtained as follows.

The two time scales, 7, and 7., can be readily estimated
from the data by plotting them on log-linear scales in the
appropriate time regimes. In addition, the initial, Rouse-like
relaxation is typically sufficiently fast as compared to the
onset of stress upswing so that oy is close to the stress at the
minimum of the stress-relaxation curve. The remaining two
parameters 7, and G /G describe the upswing as a result of
the relaxation to equilibrium of the perturbed distribution of
bonds. To a good approximation, 7, In?2 is the time at which
the upswing (omax — 00)/00 reaches half its value for the
first time. Here, o 1S the value of the stress at its local
maximum for times larger than zero. Moreover, we will show
next that o /00 is a good estimate for Go /G.

To calculate op,x, we must substitute #,,x from Eq. (22)
into the equation for the stress, i.e., Eq. (18), obtaining

Omax Goo Tp Tp Tp
= 2expd 2 |In(-2) —In(1+2-2
s gerle () ()]}

{ Tp |: Goo - GO Goo - G0:| }
x expy —— |In —
Too Goo G()

~—. (23)

The first relation holds when exp{ — fmax/75} can be
neglected, while in the second relation, it is assumed that
7p/Te is sufficiently small. In the latter case, we can thus
estimate the fraction Gw/Go from omax /0o and next 7, from g
this result together with the experimental value of .. The g
easiest way to do this is to plot the right-hand side of
Eq. (22) as a function of 7, and read off the abscissa at the &
point where this function reaches the value at the left-hand side. &

These remarks hold well in case the three characteristici
times 7, < 7, < T differ by a few orders of magnitude so ©
that the fits can almost be done in a piece-wise fashion.

lll. COMPARISON WITH EXPERIMENTS

A few reasonable requirements on the parameters obtained
by adjusting them to describe the data are a consequence of
the physical ingredients that are at the basis of our theoretical
model. The parameters 7, and 7, for a given system, must
be largely independent of preshear rates (provided there are
no pronounced differences in the network structure for differ-
ent preshear rates). In addition, changes of the various
parameters and their relation should allow for a realistic inter-
pretation. It should be kept in mind that we have no access to
the system strain ¥ nor to ¢,y Or ¢, and thus not to absolute
values of c(f). This severely hampers the interpretation of
variations of system parameters with preshear rates and
polymer concentrations.

When discussing the experiments and their representation
by our theory, we will not normalize stresses at time zero. In
principle, such a normalization is harmless, in that it will
have no influence on the quality of the fits or their resulting
parameters. On the other hand, normalized stresses may
become highly misleading and blur the physical picture.
Although the ratios of various contributions to the stress in
one stress-time curve remain correct, comparison of different
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FIG. 4. The time dependence of the total stress for system I, including both the fast initial Rouse-like relaxation and the subsequent relatively slow relaxation,
with three different concentrations, increasing from left to right (as indicated in the left top corner of each panel; the two polymers have the same concentration
in all the experiments). The preshear rates are indicated just above the corresponding plots. Subsequent data for different preshear rates are shifted for clarity in
the vertical direction by an amount that is indicated by the double red arrow on the right bottom of each panel. Also, for clarity, data points for different pre-
shear rates are given in different colors in case the relaxation curves intersect. The solid black lines are fits to Eq. (18). The insets are blow ups for curves that
do not exhibit a recognizable maximum on the stress scale in the main panel. Some of the experimental data have previously been published in [2]. Courtesy of

Rémi Fournier and Michel Cloitre.

curves becomes difficult. Depending on how the total stress
at time zero varies between the different curves, it may
happen that the sequence of normalized curves as they are
stacked along the vertical axis is the inverse of that for the
absolute case. Also, stresses in the time range where the
maxima occur and consequently the parameters that describe
them may be very similar, while in a normalized presentation
stresses in this range appear very different.

A comparison with experiments on three different
systems, which we will refer to as systems I, II, and III
[2,11-15], is discussed below.

A. Comparison with system |

The first system is a mixture of two polymers dissolved in
an aqueous 0.1M NaOH solution at pH = 12.5, with equal
polymer weight concentrations of 0.25, 0.35, or 0.50 wt. %
[2,11]. One polymer is a partially hydrolyzed polyacrylamide
grafted with phenylboronic acid moieties (HPAM-g-PBA),
with a molar mass of 780 kg/mol. The other polymer is a
fully saponified poly(vinylalcohol), with a molar mass of
125 kg/mol. The phenylboronic acid moeities and the
1, 3 diols form phenylboronic esters, which act as reversible
bonds. With an increasing concentration of both polymers,
the number of bonds that can form increases. In fact, gels are
formed in the semidilute unentangled regime below 2 wt. %.

The experimental stress relaxation curves and their fits
to Eq. (18) are given in Fig. 4 for the three concentrations
0.25-0.25, 0.35 — 0.35, and 0.50-0.50 wt. %.

Figure 5 shows the time dependence of the relative bond
number concentration ¢y/c« for the 0.35-0.35 wt. % sample
as obtained from the fits shown as solid lines in Fig. 4 and
Egs. (7) and (15). As expected, the number of bonds right

after the preshear has been stopped decreases with increasing
preshear rate. More bonds are broken for higher preshear rates. g

The initial value oy, of the total stress, right after cessa- S
tion of the preshear, is given in Fig. 6(a) as a function of the y
preshear rate ¥ ,,,. The pronounced maximum is entirely due &
to a maximum in the initial elastic, Rouse-like stress o, 8
which is given in Fig. 6(b). The occurrence of such ai
maximum is attributed to an increasing (with preshear rate)
chain stretching at low preshear rates and a decreasing (with
increasing preshear rate) number of stretched unbroken bonds
at high preshear rates.

1.0
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10’ 10°
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FIG. 5. The time dependence of the number concentration ¢(f) of bonds,
after the fast initial Rouse-like relaxation, relative to its value c. at equilib-
rium for system I with concentration 0.35%-0.35%. The preshear rates are
indicated. The inset is a magnification for the preshear rate 0.4 1/s.
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FIG. 6. The parameters for system I as a function of the preshear rate. (a) The total initial stress o, = 00, + 00, (b) the initial elastic retraction stress o,

and (c) the initial cross-link stress o for the three concentrations (as indicated in the figure). The solid lines are guides-to-the-eye. Note that o, includes the

fast relaxing elastic Rouse-like stress oy..

The time-zero cross-link stresses oy are plotted in
Fig. 6(c) against the applied preshear rate and are seen to
decrease monotonously for all concentrations. At low pre-
shear rates, the values of oy are larger for larger concentra-
tions while the decreases are such that the lower curves join
the other ones at preshear rate values about equal to where
the maxima occur in Fig. 6(b). From thereon, the various
curves continue in one master curve. The results in the low
shear rate range can be understood since for systems with
larger concentrations more bonds can be broken by preshear-
ing. In the regime where all curves merge, still systems with
larger concentrations have more bonds than those with lower
concentrations. On the other hand. it becomes increasingly
more difficult for the preshear to induce large shear deforma-
tions such that apparently oo = Gy X ¥, becomes indepen-
dent of concentration.

Figure 7(a) shows that the relative number of intact bonds
right after cessation of preshear increases with increasing
zero-time cross-link stress for all three polymer concentra-
tions. Moreover, for a fixed relative number cy/ce of intact
bonds, the initial cross-link stress increases with increasing
polymer concentration. The reason for this is that the cross-
link stress is proportional to the absolute number of bonds,
which increases at constant ¢/c« because ¢ increases with
increasing polymer concentration.

We now discuss relaxation times.

The elastic Rouse-like retraction time 7, plotted in
Fig. 7(b) increases with increasing initial cross-link stress
(and hence decreasing preshear rate). The fast elastic retrac-
tion, i.e., small z,, at small initial network stresses (large pre-
shear rates) is attributed to the existence of only few intact
bonds. At larger values of the initial stress, more bonds are
present such that, in order for the network to relax, many
strands and bonds must move collectively.

The bond formation time 7, = (29 + 5)s is found to be
independent of the preshear rate as expected. In addition to
this, it is also independent, within the experimental/fitting
error, of the polymer concentration.

The final relaxation time 7. is plotted in Fig. 8 against
the rate of preshear. It is seen that 7., increases (apparently
linearly) with y ., and also increases with polymer concen-
tration. These findings can be rationalized when it is recalled

that increasing preshear rates lead to increasing dilution of
the cross-link concentration (more bonds are broken) and
enhanced network deformation (the network strain increases).
So, for larger preshear rates, there are more new bonds to be
formed prior to the final stress relaxation, most of which are
formed in the then ruling instantaneous nonequilibrium state.
As a result, for the larger preshear rates, as the final stress
relaxation sets in once all bonds have been re-established,
many bonds exist in a nonrelaxed state. During the final,
relaxation bonds must break and re-establish in a more

<

OO 1 1 1 1 1 1
0 5 10 15 20 250-O [Pa]35

FIG. 7. The relation between (a) the relative amount of unbroken bonds

co/ce after the initial fast Rouse-like relaxation and (b) the fast elastic

Rouse-like retraction time 7, as a function of the preshear rate 7 . The solid

lines are guides-to-the-eye.
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FIG. 8. The final relaxation time 7 as a function of the preshear rate for
the three polymer concentration as indicated.

relaxed state. Since re-establishing bonds is relatively fast,
breaking bonds is the rate determining process. Hence, with
a larger fraction of bonds to be broken, in cases of large pre-
shear rates, the final relaxation stage will require a longer
time before the stress has fully relaxed. In addition, once a
bond breaks, it will re-form on average in a nonfully equilib-
rium form, more so for larger network deformation, and
needs to be broken again at least once more for full relaxa-
tion. Such a multistep relaxation will further delay the final
relaxation. In short, 7. increases when more bonds are ini-
tially broken and the initial strain increases. The same mecha-
nism also explains why 7, increases with polymer
concentration.

As a possible molecular example of this mechanism, we
assume that at larger preshear rates, the polymers and/or
network strands are aligned, i.e., induce a nonzero nematic
order parameter, with a nematic director pointing in the
deformation direction of the network. Newly formed bonds
locally strengthen the nematic order, which prevents sliding
of strands along each other, needed for further decrease in
strain. Also, further randomization of the strands (that is, a
decrease of the nematic order parameter) needs collective
breaking of several bonds along the aligned strands at the
same time, which becomes increasingly difficult with
increasing nematic order. In case this mechanism is at work,
it may be expected that normal stresses, due to residual
nematic ordering with a nematic director perpendicular to the
shearing direction, are still nonzero after the shear stress has
completely relaxed.

The condition for an initial upswing of the stress in
Eq. (21) is fulfilled for all three polymer concentrations and
those preshear rates where a maximum is seen experimen-
tally. Moreover, for the highest polymer concentration and a
preshear rate of 2 1/s, for example, the right-hand side of
Eq. (22) for fp. is found from the fitting results of the
stress-relaxation in Fig. 4 to be equal to (126 + 24)s.
From the stress-relaxation curve in Fig. 4, we have
tmax = (122 + 10) s. This verifies the prediction in Eq. (22).
Furthermore, from the experimental stress relaxation curve in
Fig. 4, we find that o, /0o = 1.65 + 0.15. From the full
Eq. (23), using the fitted parameters, we find that

Omax /00 = (1.95 4+ 0.08)*(0.91 + 0.01) = 1.77 + 0.10,
where the first factor results from G«/Gp and the second
factor from the rest of the equation. This agrees well with the
experimental value. We note that, using the estimate in the
second line in Eq. (23) leads to an error of about 10%.

B. Comparison with system Il

The second system is an aqueous solution of a synthetic
polymer with a molar mass of 500 kg/mol, with a concentra-
tion of 1.35wt.% in the semidilute region, which is five
times the overlap concentration of approximately 0.28 wt.% .
5% of the monomers are side-functionalized with ligands. By
adding Fe?* ions, the ligands can be made to mutually bind
through the formation of ligand—ion-ligand complexes [13].
Up to three ligands can be bound by a single ion. Two stoi-
chiometric ion/ligand ratios will be discussed below: 1/3 and
1/2. The ratio 1/3 will have relatively more bonds involving
three ligands per ion as compared to the 1/2 ratio.

Before discussing the results of our fitting of the
stress-upswing of both systems, let us point at an important
molecular difference between them. In caricaturization, one
may assume that at equilibrium in the 1/2 case, all function-
alized groups have found one partner and an ion to form a
rather strong ligand—-ion-ligand bond; in the 1/3 case, two-
third of the groups are formed in this way while the remain-
ing one-third of free ligands join one of these to form
ion—(ligand);. One may speculate that in the first case, there &
is one dominant strand length, while in the latter case, there &
are two. Of course, this picture is slightly diluted since not
necessarily co = cmax and bonds continually break and formf
such that ligands are not permanently bound to the same 7
partners. 2

Stress relaxation curves for the two ion/ligand ratios are
given in Fig. 9, where the solid lines represent the best fits.
The two systems clearly behave quite differently. First of all,
the time scales associated with bond formation and final
relaxation are extremely much larger in the 1/2 case than in
the 1/3 case. Moreover, contrary to the 1/2-system, the
1/3-system exhibits very shallow stress maxima, which
overlap for all preshear rates to within experimental error
(which is about +4 Pa). In addition, the initial Rouse-like
elastic retraction for the 1/3-system is poorly described by a
single-exponential function, contrary to the 1/2-system
(except for the highest preshear rate). As a result of this, we
can only give rough estimates of parameter values for the
1/3-system.

The nonsingle exponential decay of the initial elastic
mode for the 1/3-system is attributed to the existence of two
dominant strand lengths, as mentioned above.

Figures 10(a)-10(c) give the initial stresses ¢ s, 00, and
oy for the 1/2-system, respectively. The initial total stress
00,40 and the initial elastic stress oy, increase monotonically
with increasing the preshear rate and does not exhibit a
maximum at intermediate shear rates as for system L
Contrary to system I, there is apparently not sufficient bond
breaking with increasing preshear rate that would give rise to
less stretched elastically active chains, which is at the origin
of the decrease in the elastic and total stress at larger shear
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FIG. 9. The time dependence of the total stress for system II with ion/ligand
ratios of 1/3 for the top panel and 1/2 for the lower panel, including both
the fast initial Rouse-like relaxation and the subsequent relatively slow relax-
ation. The preshear rates are indicated by the same color code in both panels,
which are indicated in the upper panel. The solid black lines in both panels
are fits to Eq. (18). The inset in the lower panel is a blow up for the curve
that does not exhibit a clear recognizable maximum on the stress scale in the
main panel. Some of the experimental data have previously been published
in [2]. Courtesy of Jan Hendricks and Christian Clasen.
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FIG. 11. The relation between the parameters from the fits of the experi-
mental relaxation curves in Fig. 9 (lower panel) for system II for the ion/
ligand ratio 1/2. (a) The initial relative concentration ¢g/ce of bonds, after &
the fast initial Rouse-like relaxation, and (b) the elastic retraction time 7, as a §
function of the initial cross-link stress. The solid lines are guides-to-the-eye.
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rates. Rough estimates of the initial stresses for the
1/3-system indicate that all stresses are typically twice 5
smaller than those for the 1/2-system. This indicates that ©
ion—(ligand), bonds are much stronger than ion—(ligand);
bonds. In view of the comments made earlier concerning the
number of both types of bonds in the two systems, the above
observations are attributed to strong ion—(ligand), bonds and
much weaker ion—(ligand); bonds.

Figures 11(a) and 11(b) show the initial cross-link concen-
tration and the elastic retraction time for the 1/2-system as a
function of the initial cross-link stress op, respectively.
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FIG. 10. The parameters for system II with the ion/ligand ratio 1/2 as a function of the preshear rate. (a) The total initial stress oo, = 00, + 00, (b) the initial
elastic retraction stress oy, and (c) the initial cross-link stress oy for two ion/ligand ratios (as indicated in the figure). The solid lines are guides-to-the-eye.

Note that oy, includes the fast relaxing elastic Rouse-like stress .
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Figure 11(a) reveals that the number of cross-links that
survive the preshear is only slightly decreasing with increas-
ing initial cross-link stress (and hence increasing preshear
rates). Such a weak dependence is in line with the monotonic
increase in the initial cross-link stress with increasing pre-
shear rate in Fig. 10(a): since oy = Gy X ¥, apparently, the
increase in the initial strain y,, dominates the weak decrease
in Gog ~ ¢g. The faster elastic relaxation of the elastic stress
with decreasing number of bonds [see Figs. 10(a) and 10(b)]
is in line with what is found for system I: less remaining
bonds leads to faster elastic relaxation as a consequence of
the collective nature of elastic relaxation of interacting
chains.

We now discuss why 7, is so much larger in the
1/2-system than in the 1/3-system. First, as discussed before,
the maximum number of ion—(ligand), bonds in the
1/3-system is a factor two-third less than for the 1/2-system
since the total number of ligands is the same in both systems,
while the number of ions in the 1/3-system is a factor 2/3
less. Since the relative number of bonds that are broken in the
two systems is of the same order, the absolute number of
broken bonds is, therefore, less in the 1/3 system. According
to the mechanism for final relaxation discussed in the fore-last
paragraph for system I, this leads to a faster final stress decay.
Second, we speculate that the multistep relaxation process as
discussed in the fore-last paragraph for system I is accelerated
by the formation of much more intermediate ion—(ligand);
bonds for the 1/3-system. Consider an ion—(ligand), bond of
two polymers a and b, say. A third polymer c can attach to
that bond to form an ion—(ligand); bond. The two original
polymers a and b can now unbind more easily from this
weaker ion—(ligand); bond as compared to their original ion—
(ligand), bond. This leads to a new ion—(ligand), bond (either
a-ion-c or b-ion-c) that is closer to a fully relaxed state. The
intermediate formation of ion—(ligand); bonds thus “catalysis”
the breakage of ion—(ligand), bonds, which accelerates the
final stress relaxation via the mechanism discussed in the fore-
last paragraph for system I.

Finally, we discuss why stress upswings are pronounced
in the 1/2 case while they are weak in the 1/3 case. For the
1/3-system, rough estimates are 7o ~ 400s, 7, ~ 3.5s,
co/ce ~ 0.6, and oy ~ 13 Pa, independent of the preshear
rate within experimental/fitting errors. For the 1/2-system,
the bond-formation time is 7, =(22.6 + 2.3s) and
Too = (16000 + 2000) s, both independent of the preshear
rate. From these numbers, it is verified that the criterion in
Eq. (21) for the occurrence of upswing is overwhelmingly
satisfied for both 1/2- and 1/3-systems, but that the initial
slope toward the stress maximum in Eq. (20) is about five
times larger for the 1/2-system as compared to the
1/3-system. Furthermore, the two estimates (22) and (23) in
Sec. ITE are satisfied for the 1/2-system.

C. Comparison with system lli

The third system with which the theory is compared is an
organo gel, consisting of 2, 4-bis (2-ethyl-hexyl-ureido)
toluene, commonly abbreviated as EHUT [14,15], dissolved
in dodecane. At sufficiently high concentrations, the EHUT

bisurea-based monomers self-assemble into supramolecular
tubes due to the formation of hydrogen bonds between the
urea groups. The data discussed below are obtained in the
tube region of the phase diagram at a concentration of
12 g/dm3. The cross-sectional tube diameter is ~2.6 nm, cor-
responding to a subassembly of three EHUT monomers [12].

Contrary to the two systems discussed above, the tubes
represent “polymers” that can break. More importantly, there
are no cross-links that give rise to a network stress, which is
instead solely due to entanglements. There is, however, a dif-
ference between the supramolecular polymer and common
molecular polymers. During preshearing, the supramolecular
polymer is partly broken into pieces. After cessation of shear,
these pieces grow together again to form the new supramo-
lecular polymer. Because of the strong energetic driving
force to form bonds, the newly grown polymers can have
entanglement distributions that are totally different from
those in conventional polymers. This process may be
assumed to give rise to stress upswings when the distribution
of entanglements is relaxing toward its common form. Our
basic Eqgs. (3), (5), (7), and (12) might apply also to such
“entangled networks” without cross-links, where the cross-
link concentration is replaced by the concentration of entan-
glements. The justification of the validity of our approach for
such entangled networks requires further study and might be
based on models like the multichain slip-stick approach
[16-19], with the possible addition of polymer-breakage.
The comparison of our theory with the experiments for this &
system should, therefore, be taken with some reservation.

The experimental stress relaxation data for this supramolec-
ular system are given in Fig. 12 for various preshear rates,?
ranging from 7 to 30 1/s. As can be seen, there are little dif-
ferences between the stress relaxation curves for the Variousé
preshear rates. Within experimental error, the fitting parame-
ters are the same for all preshear rates. In particular, the initial
cross-link stress is within the interval oy € (9.0 + 0.4) Pa,
with no systematic variation with the preshear rate. The bond-
formation times 7, are equal to (4.2 £+ 0.7) s, while the relaxa-
tion times 7. are equal to (23 £+ 1)s. Within experimental
errors there is no systematic variation of these times with the
applied preshear rate. The same holds for the remaining
parameters: 7, € (0.035 + 0.008)s, cp/ceo € (0.70 + 0.05),
and o, € (25 + 7)Pa, again without a systematic variation
with the preshear rate.

The experimental data, therefore, do not allow to obtain
trends of the various parameters depending on the preshear
rate.

An explanation for the insensitivity of various relaxation
curves on the preshear rate for this supramolecular system is
that essentially full distortion of the network is already
achieved for shear rates below the lowest applied preshear
rate of 7 1/s.

920z Aen

IV. A NOTE ON GRADIENT SHEAR BANDING OF
ASSOCIATIVE POLYMERS

That gradient shear banding is a general feature of associ-
ative polymers has been suggested in [20]. In particular,
there are strong indications that associative polymer networks



NONMONOTONIC STRESS RELAXATION OF ASSOCIATIVE POLYMER NETWORKS 749

Otot | Pa)
30 5 . . . .
" 71/s
£ 0 10
\ 0 15
20F A 0 20 e

10+

102 10 10° 10’ 10215 [S]

FIG. 12. Experimental stress relaxation curves for system III, including both
the fast initial Rouse-like relaxation and the subsequent relatively slow relax-
ation. Different curves correspond to different preshear rates, which are indi-
cated in the figure. The stress at the time of preshear cessation are, for
increasing preshear rates from 7 to 30 1/s, respectively, 28.0, 30.6, 28.9,
31.2, 32.9, and 34.7 Pa. The dashed curve is the fit for a preshear rate of
30 1/s (the magenta data). The experimental data have previously been pub-
lished in [2]. Courtesy of Ameur Louhichi and Dimitris Vlassopoulos.

with a nonmonotonic stress relaxation exhibit gradient shear
banding [Hendricks et al. (personal communication)]. In the
stationary state where bands are fully developed, the shear-
banded state typically consists of two coexisting regions (the
“bands”) extending along the gradient direction, each with a
different band-internal shear rate. The shear rates within the
two bands are (approximately) constant, independent of posi-
tion. Shear banding occurs under strain-controlled conditions
when the stress of a homogeneously sheared system, before
banding sets in, decreases with increasing shear rate (see, for
example, [21] and [22]).

For the present case of associative polymers, the strain y
of the elastic network subjected to an externally imposed
shear rate y attains a finite value, depending on how fast
bonds break and form. That is,

y=y(®). 24

The stress due to the network’s strain can thus be regarded
as a function of the applied shear rate. As shown in
Appendix C, the total stress of a homogeneously sheared
system, with a constant shear rate throughout the system,
decreases with increasing shear rate when

dy(y d . . d
% <~ S o) Gl (25)

where 7 is the system’s viscosity and, as before, G is the net-
work’s shear modulus. The requirement for gradient shear

banding of associative polymer networks is thus that the
network strain (for a homogeneously sheared network)
decreases sufficiently rapidly with the increasing shear rate.
Since bond breakage leads to a diminished network strain, a
sufficiently rapid increase in bond breaking with increasing
shear rate can thus lead to shear banding. In other words,
there should be a sufficient degree of bond breakage on
increasing the applied shear rate to render a linear flow
profile unstable.

A van der Waals looplike dependence of the stress on the
shear rate is measured as long as the flow profile is linear
before shear-banding sets in. Such a van der Waals looplike
behavior is found in experiments on associative polymers
discussed in Sec. III, even though these experiments extend
over large periods of time [Hendricks et al. (personal com-
munication)]. This implies that banding kinetics is very slow,
and that for the experiments for which we analyze the non-
monotonic stress relaxation, the flow profile is most probably
linear. As a consequence, the polymer and bond number con-
centrations are uniform, as is assumed from the outset in our
generic model. Moreover, even if shear bands would fully
develop before cessation of the preshear, our model is still
applicable when the differences in the polymer and bond
number concentrations within the two bands are not signifi-
cantly different (simulations in [23] predict limited differ-
ences in concentrations).

V. COMPARISON WITH EARLIER THEORIES

Our approach is based on three fundamental equations:
the equation of motion (5) for the rate-of-change of the?
strain, the linear relation (7) between the shear modulus and
the concentration of elastically active chains (EACs), and theé
equation of motion (12) for the number concentration of
bonds. Our model is generic in the sense that it also applies
to cases where these fundamental equations differ from ours
in their details. In such cases, our model generally requires
numerical work to obtain the stress. It is out of the scope of
the present paper to discuss the vast literature on polymer-
network elasticity and the dynamics of associative polymer
networks, in relation to the validity of the three fundamental
Egs. (5), (7), and (12). Some of the earlier papers in chrono-
logical order are [7,8,24-33], and some of the more recent
studies can be found in [5,34—43].

The first experiments where nonmonotonic stress relaxa-
tion of associative polymer networks is reported and an
attempt to quantitatively describe the time dependence of the
stress is presented in [2]. Here, it is argued that nonmono-
tonic stress decay does not violate the second law of thermo-
dynamics as commonly believed at that time. The second
law is not violated due to the significant decrease in the inter-
nal energy upon the formation of bonds. An equation of
motion for the stress is proposed that is similar to the present
Eq. (6). The prefactors of the stress on the right-hand side of
that equation of motion in [2] are introduced by intuition and
differ from those in the present approach.

The first time the possibility of a nonmonotonic stress
relaxation of the shear modulus was mentioned by Joshi
[44]. In a subsequent publication [3], prior to the work

20z KenN S0
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discussed above [2], he introduced the classic Maxwell
model with a time dependent shear modulus as a possible
theoretical framework to describe nonmonotonic stress relax-
ation. This work has been summarized succinctly and in a
clear way in a recent paper by Kumar er al. [45], coauthored
by Joshi. Our model is in that same spirit.

In order to clarify the relation between our work and that
of Joshi, we cannot do better than to point at the differences.
In short terms, the most important difference between the
two approaches is that Joshi describes the initial decay and
the subsequent increase in the stress, while we describe the
stress increase and the subsequent final decay to zero. Joshi’s
model does a good job up to the time when experimentally
the stress increase starts to level off again (see cartoon in
Fig. 10 in Kumar et al. [45]), after which the description is
basically aborted. We refrain from describing the initial fast
decay and simply model it with the simplest phenomenologi-
cal equation. This difference in application leads to severe
differences in the physical interpretation of the various
parameters that appear in the description by means of the
mathematical differential equation, the Maxwell model with
time dependent shear modulus.

To discuss the difference between the (physical) interpre-
tations of the two models, it is useful to mention that Joshi
introduces a parameter 7(f), which in our notation reads
1/[SG(®)]. Joshi’s approach is based on the classic Maxwell
model, where the system is assumed to consist of a fluid and
solid part, with equal contributions to the total stress. In our
approach, the fluid part plays no role as flow relaxes on time
scales very much smaller than the times scales of interest.
Our equation of motion (6) for the cross-link stress is for-
mally identical to that in the classic Maxwell model, but with
the inverse of the viscosity 7 of the fluid part replaced by the
bond-snapping parameter S. In that sense, the time scale 7 in
Joshi’s approach is to be interpreted as 7/G(r). Next, he
introduces two phenomenological power laws to describe the
time dependence of 7(f) and G(¢), respectively. This provides
him with two exponents, ¢ and u, to achieve a nonmonoto-
nous behavior of the stress. In our application, it is quite
natural to define y(r) = o(r)/G(t) and to suggest (differen-
tial) equations for y(f) and G(¢). This provides us with two
parameters, K, and K_, to achieve nonmonotonous behavior
of the stress. The precise relation between these two parame-
ters and the directly measurable characteristic times 7, and
Too 18 given at the end of Sec. VL.

Quite recently, the same type of nonmonotonic stress relax-
ation has been observed in shear step-down experiments for
carbon-black suspensions [4], for fumed-silica dispersions [5],
and in boehmite gels [6]. A thermodynamically consistent
microscopic model for such suspensions of aggregating colloi-
dal particles is developed in [46]. The same mechanism for
nonmonotonic stress is proposed as for associative polymeric
systems, where the temporal increase in the shear modulus is
now due to a sufficiently rapid growth of aggregates. The
initial elastic stress relaxation for these systems is much slower
than for associative polymer networks due to the associated
relaxation of the geometry of entire aggregates.

In a recent publication [47], an alternative mechanism for
nonmonotonic stress relaxation for soft glassy materials is

proposed, being a consequence of gradient shear banding
before cessation of the preshear. As already argued in
Sec. 1V, fully developed shear banding is not a prerequisite
for our model, it would not even make a difference.

VI. SUMMARY AND CONCLUSION

A rtheological model is proposed to describe the stress-
relaxation of associating polymer gels after an extended
period of preshearing. The model was applied with great
success to three systems for which data have been published
in a paper by Hendricks et al. [2] and for which additional
data were supplied by the authors of that paper. Arguments
for the choices made when constructing the model were
guided by a coarse molecular picture of these associating
polymer systems. At a few points, we made simplifications to
obtain greater generality and to allow for a complete analyti-
cal solution of the model. The latter allows for explicitly
associating model parameters with characteristic points in the
data.

The model is based on the fact that immediately after pre-
shearing the system is out of equilibrium, characterized by
the fact that the number density of bonds between the func-
tionalized groups has been reduced and that the strands
between remaining bonds are strained. It is then assumed that
the stress of initially strained strands exhibit a Rouse-like
elastic exponential relaxation with a small characteristic time
7., as indicated in Fig. 13, essentially without any noticeable .,
change of the number density of bonds. At time scalesg
beyond z,, effects of bonds being re-established are dominat-
ing the development of the stress. During the initial part of §
this regime, bonds are re-established with a characteristic &
time scale of 7, as indicated in Fig. 13. During this period, &
the internal strain of the network has not yet relaxed to zero, &
which implies that the newly formed bonds generate a
strained network with an increased number density of bonds.
As a result, the stress in the system increases. Finally, after
all bonds have been formed, the strain and with it, the stress
relaxes at a very slow rate 1/7. because bonds break and
re-form in a slightly relaxed state as indicated in Fig. 13.
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FIG. 13. A schematic, showing how to obtain estimates of the system
parameters directly from the experimental stress relaxation curve without per-

forming a detailed fit. The numerical value of In2 ~ 0.69 is used.
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In addition to the characteristic times just mentioned,
there are a few more parameters in figuring our theory all of
which are indicated in Fig. 13. The importance of Fig. 13 is
that it indicates how all of the parameters in our theory can
be estimated from the characteristics of the data. A sharper
determination of the parameters of course can be obtained
from a full fit of the experimental results.

It is perhaps useful to indicate the relation between the
parameters in Fig. 13 and the more basic molecular parame-
ters. We have introduced two reaction rates in our model, the
bond-forming rate K, and the bond-breaking rate K_. The
sum of the two rates gives the bond-formation time
Ky +K_=1/7,. As usual with first order reactions, they
determine the equilibrium concentration of bonds, c«, as
given in Eq. (13); cmax in this equation is the maximum
number of possible cross-links, which is expressed in terms
of cw by Eq. (11). The final relaxation time is related to K_
through K_ s ce = 1/7; the only new parameter here is s,
the fraction of system strain lost with each breaking bond.

We mention that a strong indication of the quality of the
model is given by the fact that the variations of the model
parameters with varying systems and/or preshear characteris-
tics can be understood to a large extent by variations of
molecular characteristics and network stresses at time zero. In
order to predict the latter, the theory must be extended to be
applicable to networks under shear.

Clearly, how successful the theory may be, there are
several open ends that may need further study. First, we do
not differentiate between structure and strain. This was
briefly touched when we discussed the results for system I,
where it was found that 7., depended on the applied preshear.
This is within our theory, in principle, not possible because
during the final decay, the cross-link density is equal to its
equilibrium value, independent of preshear, and s, K_, and
A are treated as constants. In order to account for this
dependency, we must introduce a structural order parameter
besides the strain that is already available. Second, some
readers might want to stay closer to the molecular structure
of the polymers and make different theories for different
systems. This was not our intention here because we wanted
to create a framework that can be used for a range of
polymer systems. More generally, several of the parameters
[in particular, s in the derivation of Eq. (5), f to arrive at
Eq. (7), and K and K_ to obtain Eq. (12)] are argued to be
independent of y and c, at least for the associative polymers
under consideration in the present work. To specify, such
possible dependencies would require a more molecular-based
theory, where the structural order parameter mentioned above
will certainly come into play. Finally, the main limitation of
our theory is that it cannot be used under flowing conditions.
The solution of this problem, together with some of the
others, may also bring within reach a description of the
initial decay, which is now treated ad hoc.
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APPENDIX A: BOND-SNAPPING

In the considerations below, we adopt the affine network
model where the dangling ends of the network chains are
attached to an elastic nonfluctuating polymer backbone that
is affinely deformed.

Consider two dangling chains that are attached to the
polymer backbone under strain conditions at positions R;
and R;. These positions are related to their positions r; and
r; before straining as given in Eq. (B3). The fluctuating posi-
tions of the functional groups attached to the dangling ends
are denoted as x; and X,, respectively.

We will use coordinates,

Xx=x—%X; x; =X-—x/2,
X+ X

o

X (A1) 5

x; = X+ x/2.

9202

When the distance x =| X, — X; | between the two functional g
groups under strain conditions is small enough, they may &
bind. The total energy may then be written as &

2
Ox, X | 7) = AEO<1 - 1) 0(xy — x)
X

k k
+5|X—X/2—R1 |2+5|R2—X—X/2‘2,
(A2)

where the Heaviside function ©(x, —x) ensures that the
binding potential only applies when the distance between the
two groups is less than the width x; of the binding potential.
The latter is small compared to the size of the macromolecules
that makeup the system and so guarantees that the binding
well is a narrow well. Furthermore, AEy > 0 is the binding
depth of the potential well of the two functionalized groups.
The last two terms on the right-hand side are the contributions
due to stretching of the two springlike strands with a spring
constant k. When the two groups are bound, the probability
for breaking loose is proportional to e 2£/%7  where

—AE = ®(0,X | y) — O(xp, X | 7)

k k
= —AE +§ X - (Ry — Ry) +in, (A3)

with x;, = (x/x) x,. Stretching of the chains over distances as
small as x;, requires an energy much smaller than the thermal
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energy so that the last term in the above result may be
neglected in the probability for bond breaking. Both in the
nonstrained and the strained state, the chains tend to pull the
bonded functional groups in a direction of the chain attach-
ment positions. There is thus a preferred direction of x along
R, — R so that on average,

xp- (R —Ry)=~x, |[Ro —Ry|, (A4)
up to a factor of order unity. From Eq. (B3), we have

R =R P =[r,—r |

+ 27 (r2,x - rl,x) (r2,y - l'l,y)

+ 77 (o — 11y, (AS)
where, as before, r; , are the position coordinates in the non-
strained state, while x is the straining direction and y is the
gradient direction. Expanding the square root of the right-
hand side of Eq. (AS) with respect to the last two terms up to

order y? and averaging with respect to the nonstrained posi-
tions, using that

<(r2,x - rl,x) (rZ,y - rl,y)> = O’
((ryy —11,)?) =48/3, (A6)

with Iy =|r, —r;|/2 the average distance between cross-
links in equilibrium, it is found that, to leading order in ¥,

1
| Ry — R 2210{14—%7} (A7)

The bond-breakage probability R_ is, therefore, again to
leading order in the strain,

R_ = vexp{—BAE}
= vexp{ B (AEo—kx, ) }

1
X {1 +Eﬂkxb I 7/2], (A8)
where v is some attempt frequency. Defining
K_ = vexp{f,B (AEy — kloxh)}, (A9)

we obtain Eq. (4) from the main text.

APPENDIX B: CROSS-LINK DENSITY
DEPENDENCE OF THE SHEAR MODULUS FOR
GAUSSIAN CHAINS

In our model, cross-links are force bearing elements,
while the polymer strands only transmit the forces. We there-
fore write the stress in the system as

1
O-xy - - V Z<RIXFH>

= ——Z e — R Figy), (B1)

i>j

where i and j run over all cross-links and the pointy arrows
indicate an average over all configurations compatible with
the fixed number of cross-links and their geometrical distri-
bution. R;, denotes the x-coordinate of cross-link i and Fj;,
the y-component of the force exerted on cross-link i by cross-
link j. Introducing the Rouse force transmitted by the
polymer strands, we get

= (3T -

R;) 3"; (Riy — R,»,y)>, (B2)
i JEN;
with kp being the Boltzmann constant, b being the
Kuhn-length, and n being the number of Kuhn-lengths per
strand; N; is the set of neighbors of cross-link i that are con-
nected to it via a polymer strand. Letting y be the gradient
direction, we have

Ri,x - Rj,x = (ri,x - rj,x) + (ri,y - rj,y) Y, (B3)
Riy = Rjy = (riy = 1jy),

where r;, is the x-coordinate of particle i in the unsheared &

state. With these and the fact that the averaging is now overZ

cross-link configurations in the nonsheared state, we get for 8

the stress

€€:G¥:80 9

3kgT
ou =y n§2< Z(m r,))> (B4)

where ((rjx — rj)(riy —
modulus then reads

3k
=c— < > iy — r,\)> (BS)

JEN;

rjy)) = 0 has been used. The shear

Letting z be the bond-coordination number, we get

3kpT z
b2

G=c ((riy — riy)%). (B6)

With end-functionalized polymers, we may assume that the
average distance squared will be independent of the cross-
link density, and we arrive at the law introduced in the main
text. In case the cross-links are randomly distributed along
the polymer-backbone, we assume that ((r;, — r;,)* > =15/3
is proportional to ¢=2/3 and n is proportional to ¢~!, which
finally yields G oc ¢*/3. The scaling of the shear modulus
with the bond number concentration will be different for non-
ideal Rouse chains, where the force is not proportional to the
chain extension. What is essential is that the shear modulus
is an increasing function of the number of bonds. For this
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reason, and to keep the equations tractable, we ignore the fact
that there may be deviations from a linear dependence of the
shear modulus with the number of bonds, and stick to
G = Ac. Note that this underestimates the degree of nonmo-
notonic stress relaxation as compared to the ~c*/?3
dependence.

APPENDIX C: SHEAR BANDING OF ASSOCIATIVE
POLYMER NETWORKS

For the associative polymer networks subjected to an
externally applied shear rate ¥, the total stress is equal to

o(y) = o5(¥) + o,(7), (CI)

where o /() is the stress of the purely viscous, fluid part of
the system (free polymers and possibly solvent), and o(y) is
the stress of the solid part of the system, that is, the net-
work’s cross-link stress,

o) =yn),

(C2)
os(7) = v(7) Gr(7)),
where 77 is the viscosity of the fluid part and, as before, G is
the shear modulus of the network. Here, Eq. (24) for the
shear-rate dependence of the network strain has been
substituted.

Consider a two-plate geometry with y being the distance
from the lower stationary plate, which is the gradient direc-
tion. For an inhomogeneous flow profile that evolves with
time, the shear rate (and hence, the network’s strain) varies
with position y and is a function of time. Assuming low
Reynolds numbers, the Navier—Stokes equation for the flow
velocity u reduces to

Ou(y,r) 0 ] _
P % = By [0/ (), 1) + o(7(3), D], (C3)

with p being the mass density of the system, which can be
assumed independent of the position.

To assess the condition under which a linear flow profile,
with a position-independent shear rate y, becomes unstable
proceeds just like for purely viscous systems as follows.
Consider a small sinusoidal perturbation with wavelength 4 =
27 /k of the linear velocity profile u(y, t) = 7y + e(®)sin{ky},
with e(f) being a relatively small contribution to the flow
velocity so that o(y, 1) = o(y) + [do(7)/dy] () k cos{ky}.
Substitution into Eq. (C3) and linearization with respect to
€(1) leads to

€(t)~ exp{—;—..k t}. (C4)

A linear flow profile with shear rate y is thus absolutely
unstable when

do(y) _ d

5 =5 [0/ +o,)] <. (C5)

Contrary to gradient banding of purely viscous systems, in
the present case, we have do(y)/dy > 0. Substitution of
Eq. (C2) now leads to the following criterion for gradient
shear banding of associative polymer networks:

dy(y)
dy

d d
I [y G()] x < ——[ynl, (Co)
4 dy

which immediately leads to Eq. (25).

As is well-known, additional higher order spatial gradients
of the flow field should be added to the right-hand side of
Eq. (C3) in order to prevent the unphysical arbitrary rapid
increase in small wavelength perturbations as predicted in
Eq. (C4) and to account for the large spatial gradients of the
fluid flow velocity within the interface between the two
bands (see, for example, [21] and [22]).
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