PRX QUANTUM 7, 020354 (2026)

Multiqubit Rydberg Gates for Quantum Error Correction

David F. Locher®,'?-" Josias Old®,'? Katharina Brechtelsbauer®,? Jakob Holschbach®,!?
Hans Peter Biichler®,? Sebastian Weber®,*> and Markus Miiller!*f

' Theoretical Nanoelectronics, Peter Griinberg Institute, Forschungszentrum Jiilich, 52425 Jiilich, Germany
 Institute for Quantum Information, RWTH Aachen University, 52056 Aachen, Germany

’ Institute for Theoretical Physics III and Center for Integrated Quantum Science and Technology,
University of Stuttgart, 70550 Stuttgart, Germany

™ (Received 19 December 2025; revised 14 March 2026; accepted 29 April 2026; published 8 June 2026)

Multiqubit gates that involve three or more qubits are usually thought to be of little significance for
fault-tolerant quantum error correction because single gate faults can lead to errors of high Pauli weight.
However, recent works have shown that multiqubit gates can be beneficial for measurement-free fault-
tolerant quantum error correction and for fault-tolerant stabilizer readout in unrotated surface codes.
In this work, we investigate multiqubit Rydberg gates that are useful for fault-tolerant quantum error
correction in single-species neutral-atom platforms and can be implemented with global laser pulses
that do not individually address atomic sites. We develop an open-source Python package to generate
analytical, few-parameter pulses that implement the desired gates while minimizing gate errors due to
Rydberg-state decay. The tool also allows us to identify parameter-optimal pulses, characterized by a min-
imal parameter count for the pulse ansatz. Measurement-free quantum error correction protocols require
controlled-controlled-Z (CCZ) gates, which we analyze for atoms arranged in symmetric and asymmetric
configurations. We investigate the performance of these schemes for various single-, two-, and three-qubit
gate error rates, showing that break-even performance of measurement-free quantum error correction is
within reach of current hardware. Moreover, we study Floquet quantum error correction protocols that
comprise two-body stabilizer measurements. Those can be realized using global three-qubit gates, and we
show that this can lead to a significant reduction in shuttling operations. Simulations with realistic circuit-
level noise indicate that applying three-qubit gates for stabilizer measurements in Floquet codes can yield

competitive logical qubit performance in experimentally relevant error regimes.

DOI: 10.1103/j8fm-24cf

I. INTRODUCTION

Multiqubit gates that involve three or more qubits
can be very valuable in quantum information processing.
Although not required as part of a universal gate set, their
availability can significantly decrease circuit depths [1].
Such potential resource savings apply, in particular, to
fault-tolerant quantum computing protocols, where multi-
qubit gates occur, for example, in measurement-free quan-
tum error correction (QEC) [2—5] and in measurement-free
universal quantum computing [6,7] schemes. Recently, it
was established that multiqubit gates can also be applied
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for fault-tolerant stabilizer readout in unrotated surface
codes [8,9].

Several quantum computing platforms have demon-
strated native implementations of multiqubit gates [10—
12]. In this work, we focus on neutral atoms temporarily
excited to Rydberg states in order to execute two- and
multiqubit gates [13—16]. This platform has seen multiple
demonstrations of multiqubit gates [12,17—19], and many
more theory proposals for various types of multiqubit gates
have been put forward [9,20-26]. Moreover, neutral-atom
quantum processors are a leading platform for experimen-
tal demonstrations of elements from fault-tolerant quantum
computing [27-32].

This paper investigates multiqubit gates implemented by
global Rydberg laser pulses, i.e., laser beams that illumi-
nate all atoms homogeneously. We optimize gate pulses in
the presence of Rydberg-state decay to identify gate imple-
mentations that minimize decay-induced errors. For this,
we develop an optimization routine based on the chopped
random basis (CRAB) quantum control paradigm [33-35]
that yields analytical pulse shapes described by a small
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number of parameters. This distinguishes the approach
from gradient ascent pulse engineering (GRAPE), a
technique commonly used for the optimization of gate
pulses [18,23,26]. Our Rydberg gate optimization soft-
ware is available as an open-source Python package called
RydOpt [36].

The types of multiqubit gates we investigate are use-
ful for various fault-tolerant QEC protocols. In particular,
many measurement-free QEC protocols involve Toffoli-
type gates on three or more qubits. Interestingly, they often
occur in a context where the control qubits are discarded
after the gate. This relaxes constraints on the physical real-
ization of these gates because one may add arbitrary single-
and multiqubit unitaries on those qubits just before the
reset. Another application that can profit from multiqubit
gates is Floquet QEC [37—41], which requires repeated
measurements of two-body stabilizers. We show that the
mapping of these operators onto ancilla qubits can be
achieved using global three-qubit gates, which in turn
reduces circuit depths and simplifies shuttling schedules
for neutral-atom implementations.

The paper is structured as follows. Section II is a tech-
nical chapter that describes the physics of multiqubit Ryd-
berg gates and presents our optimization procedure. More-
over, it demonstrates the optimization routine’s capabili-
ties with the examples of controlled-Z (CZ) and controlled-
controlled-Z (CCZ) gates implemented with pulses that
minimize either the gate duration (time-optimal), the time
spent in Rydberg states (Rydberg time-optimal), or the
pulse’s total parameter count (parameter-optimal). Section
1T then discusses a first application that benefits from the
availability of multiqubit gates, which is measurement-
free fault-tolerant QEC. The respective protocols require
CCZ gates, which we analyze for nonsymmetric atomic
geometries. We investigate the gate fidelities required for
CCZ gates to be beneficial for measurement-free QEC,
showing that break-even performance of measurement-
free QEC protocols could be demonstrated on current
hardware. Section IV presents a Floquet quantum error
correction scheme that can benefit from global three-qubit
gates for two-body stabilizer readout due to efficient shut-
tling schedules and biased noise characteristics of Rydberg
gates. Finally, Sec. V concludes the paper.

II. MULTIQUBIT RYDBERG GATES

This section provides a brief summary of the physi-
cal details underlying two- and multiqubit Rydberg gates,
and outlines which types of gates are realizable using
only global laser pulses. We then carefully describe our
pulse optimization technique, which yields pulses that
implement high-fidelity gates and can be characterized
analytically with just a few parameters. Finally, we dis-
cuss time-optimal and Rydberg time-optimal CZ and CCZ
gates.

A. Physical details

State-of-the-art neutral-atom quantum computing setups
[15,16] consider qubits encoded in two low-lying elec-
tronic states of the atoms. Temporarily exciting atoms to a
Rydberg state |r) allows one to realize two- and multiqubit
gates due to strong van der Waals interactions between
highly excited atoms [13,14,42]. Transitions between the
atomic states |1) and |r) are driven by a laser with detun-
ing A(?) and complex Rabi frequency Q(¢) = |Q(¢)]e*®.
A laser illuminating N atoms homogeneously realizes the
Hamiltonian

N
1
H@=hY 5 @@Ll +he) = A@ i iri

i=1

+ZVij |riri Y (riri | (D

ij <i

where Vj; denotes the van der Waals interaction between
the atoms i and j, whose precise value depends on the
atomic details. In general, it decays with increasing dis-
tance d between the two atoms as 1/d°. Two-photon
Rydberg excitations can also be described by Eq. (1); 2(¢)
and A(?) then correspond to the effective two-photon Rabi
frequency and two-photon detuning, respectively.

Two- or multiqubit quantum gates are implemented by
laser pulses, i.e., variations in time of the Rabi frequency
and possibly also the detuning. The pulse temporarily
excites atoms to Rydberg states and eventually brings all
populations back to the computational space. For sim-
plicity, we consider pulses with a fixed Rabi frequency
amplitude |Q2(?)| = Q2 for the entire pulse duration 7.
This is not a severe restriction, as we study fast, strongly
nonadiabatic pulses in this paper. The quantity 2, sets a
natural scale for quantifying times and frequencies. In an
experiment, the laser power and, thus, the Rabi frequency
amplitude would be ramped up and down smoothly at the
beginning and the end of the pulse, respectively. Pulse opti-
mizations can just as well be performed for time-dependent
Rabi frequency profiles, which our software also supports.
One may choose to set the detuning to zero and vary only
the laser phase in time. Alternatively, one can fix the laser
phase to be zero and implement a time-dependent detun-
ing. This is possible because a pulse A described by £,(¥)
and A 4(f) = 0 can be shown to implement the same gate as
a pulse B with &g(f) = 0 and Ag(f) = —(d&4(¢)/dt). This
can be derived from a time-dependent unitary transforma-
tion of the Hamiltonian (1).

A laser pulse described by the Hamiltonian in Eq. (1)
does not affect the qubit states |0;). Therefore, the Hamilto-
nian exhibits a block-diagonal structure with one block for
each computational basis state |{0, 1}"). The types of gates
a Rydberg pulse can realize are thus gates that imprint
phases onto each computational basis state. Depending on
the atomic geometry and hence the interactions present
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Multiqubit Rydberg gates on three atoms. (a) Three atoms arranged in an isosceles triangle are illuminated by a global

Rydberg laser beam. This is not the most general arrangement of three atoms; however, it encompasses many geometries one might
encounter in a lattice (e.g., equilateral triangle, right triangle, or straight line). The interaction between the first atom and the third one
may be different from the interaction between the second atom and each of the other ones. This allows, in principle, for the realization
of multiqubit gates that are not symmetric with respect to the exchange of any two qubits. (b) A parameterization of all multiqubit

gates that the global Rydberg pulse can realize. The constituent gates are defined as C,Z(«) := diag(l, ...

Z(a) := CoZ(a) = diag(l, e™).

between the atoms, some of the Hamiltonian’s blocks are
equivalent and thus pick up the same phase. This also
implies that an atomic geometry that is not symmetric
under the exchange of any two atoms allows one to imple-
ment gates that are not completely symmetric, even though
the very same global laser field illuminates all atoms, with
no individual addressing [26,43]. Figure 1 shows a param-
eterization for all possible multiqubit Rydberg gates on
three atoms arranged in an isosceles triangle. We define
an n-qubit-controlled Z(«) gate as

C,Z(a) = diag (1,...,1,€%), dim(C,Z) =2""". (2)
The asymmetry of the atomic arrangement is reflected in
two different phases 6 and 6’ in the circuit. For a sym-
metric geometry with Vy, = Vi, one finds that 6’ = 0.
Single-qubit phases ¢ imprinted as a part of a Rydberg gate
Ryd;(¢,0,6’, 1) can be modified by a global single-qubit
gate pulse. Therefore, one usually allows a Rydberg pulse
to implement an arbitrary value of ¢ that can be easily
canceled to realize the desired three-qubit gate Gs:

G3(0,0', 1) = Ryd;(#,6,60", )Z(—¢)®>. 3)

B. Pulse engineering

A theoretically simple yet powerful pulse ansatz is the
expansion of the laser phase or the laser detuning in
trigonometric functions with adjustable frequencies. This
technique is known under the name chopped random basis
[33-35]. An advantage of this ansatz is that the pulse com-
plexity can be increased systematically by adding terms
with higher frequencies, thereby introducing more pulse
parameters. Moreover, the resulting pulses are naturally
smooth and can be described analytically. Also, the pulses
require only a limited bandwidth. As noted above, we may
choose to vary only the laser phase in time. For Rabi fre-
quency Q(f) = 0e® and detuning A(f) = Ay, such a

,1,e®) onn + 1 qubits, and

pulse may be written as follows:

K
£ = 3 asi (27”;1 (1 4 %tanh(An)) (t - g))

27 (14 Leannsy ) (- £
—I—ﬂncos(Tn( +§ anh( ,,))( _5))’

“
with ¢ € [0, T]. The parameters describing the pulse are

(T, Ao, A1, 01, By, Brs - - Ak, ok, Br, Br) - (5)
We see that this ansatz is essentially a truncated Fourier
series with coefficients «, and §,, where the frequencies
of all terms can be adjusted around the respective principal
harmonics by the parameters 4, and B,. For 4, = B, = 0,
we retrieve the principal harmonics of a standard Fourier
series. Note that the gate duration 7 is one of the optimiza-
tion parameters, i.e., it is not fixed beforehand, as in some
other pulse optimization methods.

A more restrictive ansatz is the expansion of the laser
phase in sine terms only, resulting in pulse profiles that are
antisymmetric:

K
£ = ;an sin (27”;1 (1 + %tanh(An)) (t - g))

(6)
with ¢ € [0, T], A(?) = Ay, and pulse parameters

(T,Ao,Al,Oll,...,AK,OlK). (7)
We will see later that for small numbers of pulse parame-
ters (= 10) this ansatz yields much better results than the
more general ansatz specified in Eq. (4). Considering small
numbers of pulse parameters is not only helpful in order
to make the numerical gate optimization more efficient.
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Also in experiments, it is convenient to calibrate just a few
parameters that specify the gate. Therefore, throughout the
paper, we mainly consider ansatz (6).

Note that the constant detuning A is equivalent to a lin-
ear contribution — A to the phase profile £(#) and, hence,
could be replaced accordingly. It is also possible to split
this term into two summands Ay = A + Aj. One part
can be implemented as a constant detuning, A(f) = A,
while the other part is realized as a linear contribution to
the phase, —A(z. By choosing Aj appropriately, one could
achieve that the pulse profile given in Eq. (6) begins and
ends with d¢ /dt|y = d& /dt|r = 0.

In order to implement a desired gate, one must find an
appropriate set of pulse parameters given a specific pulse
ansatz. We implement the gate optimization in Python
using the package JAX [44]. Our code is publicly available
on GitHub in the form of a Python package that we call
RydOpt [36]. The time evolution of an arbitrary computa-
tional state can be determined by calculating the dynamics
of each computational basis state individually, since they
all belong to distinct blocks of the Hamiltonian. We use the
Python package Diffrax [45] to solve the Schrodinger
equation for each subsystem numerically. Given a partic-
ular target gate Uy, we perform gradient ascent (adam)
using a generalized Bell state fidelity as a cost function

F = (+®V UL U [4+)N ]2, (8)

where U(?) is the unitary evolution up to time ¢ generated
by the pulse. Considering the example of three atoms, as
shown in Fig. 1, we specify a target gate by the phases
0, 6’, and X, while allowing for arbitrary single-qubit rota-
tions Z(¢) on the qubits. One might encounter applications
where the gate phase 6’ does not need to be fixed precisely.
This can happen, e.g., because two qubits are discarded
after the gate, as we will see in Sec. III. In such cases,
the gate optimization routines can also allow for arbitrary
values of 0'.

We now briefly comment on some differences of our
pulse optimization scheme and the method gradient ascent
pulse engineering, used in many recent works on two- and
multiqubit Rydberg gates [18,23,26,46]. GRAPE fixes a
gate time 7 and implements a pulse as a piecewise con-
stant function, where the number of pieces is chosen to
be large to achieve quasismooth functions. The approach
allows one to search for arbitrary functions on the given
time interval [0, 7]. However, the number of optimiza-
tion parameters is large; Ref. [23], for example, employs
between 99 and 399 parameters, and the resulting pulses
that implement the gates can, in general, not be described
analytically. Our approach, on the other hand, has the
advantage that, by construction, the pulse functions are
smooth and can be described analytically. Moreover, the
pulse complexity, i.e., the number of parameters required
to describe the pulse, can be increased systematically by

including more terms in the series. We find that typically
a small number of optimization parameters is sufficient
to design nearly time-optimal or Rydberg time-optimal
multiqubit gates.

C. Time-optimal and Rydberg time-optimal CZ and
CCZ gates

To demonstrate the capabilities of our pulse optimiza-
tion routine, this subsection analyzes two-qubit CZ and
three-qubit CCZ gates in the perfect blockade regime. We
reproduce optimal gate times discussed in Refs. [18,23,47].
Additionally, we investigate optimal Rydberg times for
CCZ gates, and we study how gate times and Rydberg
times depend on the pulse complexity.

Starting with the analysis of the two-qubit CZ gate,
Refs. [23,47] have shown that the minimal duration of a
pulse realizing this gate in the perfect blockade regime,
ie., Via/(hQy) = 0o, is Q¢T = 7.61. The time-optimal
CZ gate can be implemented with a pulse described by
just four parameters [48] using ansatz (4), or equivalently
ansatz (6). We show the pulse profile in Fig. 2 and provide
the pulse parameters in Appendix C, Table I.

A very important quantity to consider is the average time
spent in Rydberg states during the execution of the gate,

T N
Tp = / > HEY U 1)l UG 192t (9)
0 i=1

because leakage processes from Rydberg states, such as
radiative decay, are a dominant cause of gate errors. In
fact, for two-qubit CZ gates with fidelity = 0.999, Rydberg
decay is projected to be the principal error source [49]. To

§/(2m)

FIG. 2. Time-optimal and Rydberg time-optimal CZ gate
pulses in the perfect Rydberg blockade regime. The time-optimal
pulse [23,47] requires only four parameters using the antisym-
metric ansatz (6) (27 = 7.611,Q2yTr = 2.958). The Rydberg
time Tz can be reduced marginally when the pulse optimiza-
tion is performed in the presence of decay from Rydberg states,
which we model by adding a non-Hermitian term to the Hamilto-
nian [see Eq. (10)]. A six-parameter pulse with ansatz (6) yields
QT = 17.725, QT = 2.936. All pulse parameters are provided
in Appendix C, Table I. Here and in all following plots of pulse
profiles, a constant detuning Ay is translated into a linear con-
tribution — Ay to the phase profile £(#), and a constant is added
such that £(0) = 0.
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minimize such errors, it is thus reasonable to search for
pulses that minimize the Rydberg time 7x while imple-
menting the desired gate. To do so, one can simply add
a decay term

N .
1
Hdecay = E _Ehy |rj)<rj| (10)

j=1

to the Hamiltonian (1) describing the system dynamics.
Since this contribution to the total Hamiltonian A is non-
Hermitian, the norm of a state |y) being evolved in time
under the action of H is not conserved. The term thus
describes decay with rate y from the Rydberg state into
additional states that are not part of the Hilbert space
described by H. Alternatively, one may interpret a decay
event as a loss of atoms in our description. Unlike a Lind-
blad evolution, the approach does not allow one to model
decay into states that evolve coherently under H. We are
interested in the regime of small errors, in which this
method provides a sufficiently accurate description. More-
over, it is computationally less demanding than an open-
system simulation. An analogous non-Hermitian approach
can be employed to model intermediate-state decay dur-
ing two-photon Rydberg excitations. It is also supported
by RydOpt and can capture, for example, different decay
errors depending on the sign of the intermediate-state
detuning, as discussed in Ref. [18].

Performing the pulse optimization in the presence of
decay, we find that a Tk-optimal pulse implementing the
CZ gate is described by six parameters and yields an
improvement in 7% of less than 1% compared to the time-
optimal pulse. This is hardly significant, in agreement with
what has been found in Ref. [23]. Nevertheless, we plot the
pulse in Fig. 2 as well.

We now go on to the CCZ gate realized with a global
Rydberg laser beam. This gate has been analyzed in Ref.
[23], which discusses that in the perfect blockade regime,
ie., Vij/(h&y) = oo Vi,j, the minimal duration of a pulse
implementing the gate is o7 = 16.4. It was found later
and discussed in Ref. [18] that the gate duration can be
further reduced by making use of the identity sketched in
Fig. 3. To realize a CCZ gate, one can physically apply the
global Rydberg gate Gs(w,7,m) =: CCZ preceded and
succeeded by global single-qubit gates. It turns out that
the CCZ gate can be implemented with a faster Rydberg
laser pulse than the standard CCZ gate. Concretely, Ref.
[18] finds the duration of the time-optimal CCZ gate to be
QT =10.8.

We analyze the CCZ gate using the pulse ansitze spec-
ified in Egs. (4) and (6). The results are summarized in
Fig. 4. Panel (a) investigates the time-optimal gate. For
various numbers of pulse parameters, we perform 4 x 10*
optimization runs and plot the gate time Q2,7 of the fastest

X

FIG. 3. Fast implementation of a Rydberg CCZ gate. A
CCZ gate can be realized by physically applying the gate
G3(m,m,m) =: CCZ preceded and succeeded by global single-
qubit rotations. As described in Ref. [18], the CCZ gate can
be implemented with a faster global Rydberg pulse than the
traditional CCZ gate. While the minimal pulse duration of the
former gate is Qo7 = 10.8, the latter one takes at least a time
Q0T = 16.4 in the perfect blockade regime.

run that reaches an infidelity <10~7. The pulse optimiza-
tion is likely to converge to suboptimal solutions; there-
fore, running multiple independent optimization attempts
increases the chance of finding a solution that is close to
the global optimum. We find that a gate duration Q¢7 =
10.83 requires 14 pulse parameters using the general pulse
ansatz. However, it turns out that a nearly time-optimal
gate with Q¢7 = 10.97 can be realized with a pulse that
is described by just eight parameters using the antisym-
metric ansatz. These results are consistent with what has
been found in Ref. [18]. The gate can even be imple-
mented with a pulse described by only six parameters.
This closely matches the number of constraints that must
be satisfied to implement the desired gate: In the perfect
blockade case, there are three distinct subsystems (repre-
sentatives of which are the states [100), |110), and |111),
respectively) whose populations must return to the com-
putational space at the end of the gate. These subsystems
have to acquire appropriate phases, up to a global single-
qubit rotation, making up five constraints in total. Our
ansatz supports only even numbers of parameters; thus, our
minimal-parameter gate employs a six-parameter pulse.
One might refer to a gate pulse that realizes a desired gate
with minimal parameter count as a “parameter-optimal”
pulse.

An important observation is that a small gate time Q7T
does not imply a small Rydberg time $2¢7%. For exam-
ple, among all pulses from panel (a), the pulse labeled
2 exhibits the smallest Rydberg time with Q¢7Tz = 4.18,
although pulse 1 is shorter (see, e.g., Appendix C, Table
II). To implement the gate with a pulse that minimizes 7%,
we perform the pulse optimization in the presence of the
decay term (10) with y/ Qo = 10~* for various numbers
of pulse parameters. Figure 4(b) shows Rydberg times T
and gate infidelities corresponding to the best pulses found
among 4 x 10* optimization attempts for each data point.
As explained in Ref. [23], a pulse that implements the gate
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FIG. 4. Time-optimal and T-optimal CCZ gates in the perfect Rydberg blockade regime. For an increasing number of pulse param-
eters, and thus increasing pulse complexity, we optimize CCZ gate pulses using the general ansatz (4) and the antisymmetric ansatz
(6). Panel (a) shows the minimal pulse durations 27 found among 4 x 10* optimization runs for each data point. Every such pulse
realizes the target gate with infidelity <1077 in the absence of Rydberg-state decay. The time-optimal pulse [18], marked with a gray
number 1 in the plot, requires 14 parameters (1: Qo7 = 10.83, Q¢Tr = 4.91). A nearly time-optimal gate can be realized with a pulse
described by eight parameters (2: 27 = 10.97, Qy Tz = 4.18). The minimal number of pulse parameters required to realize the gate is
six (3: QoT = 12.24, Q4T = 4.40). In panel (b), pulses are optimized in the presence of Rydberg-state decay with rate y/ Q¢ = 10™*.
Again, each data point corresponds to the best out of 4 x 10* optimization runs. In order to achieve the smallest possible gate error, the
Rydberg time T is minimized. We calculate both quantities separately, confirming 1 — F = y Ty for y T <« 1. A ten-parameter pulse
can reduce Ty considerably compared to the time-optimal gates (4: Q207 = 12.73, Q¢Tz = 3.95). Note that a smaller gate duration does
not imply smaller Rydberg times Tk. Panel (c) shows the pulse profiles for the gates 1—4 discussed in panels (a) and (b). The respective

pulse parameters are provided in Appendix C, Table II.

perfectly in the absence of decay exhibits an infidelity 1 —
F = y Ty if decay is present and y T < 1. We find that
the Rydberg time 7y can be improved considerably com-
pared to the time-optimal pulses. Figure 4(c) finally shows
the pulse profiles for the (nearly) time-optimal gates, the
minimal-parameter gate, as well as the Tz-optimal gate
marked in the previous panels. In Appendix C we provide
the pulse parameters in Table 1. Moreover, in Appendix
A we discuss time-optimal and Tk-optimal pulses imple-
menting four-qubit CCCZ gates, adding insights to what
has been discussed in Ref. [18].

D. Errors on CZ and CCZ gates

Although RydOpt is primarily aimed at optimizing gate
pulses, one may use its routines to analyze the performance
of a gate in the presence of errors that extend beyond only
Rydberg-state decay. Providing a microscopic error bud-
get for multiqubit gates is beyond the scope of the present
work. Still, in this subsection, we perform an approxi-
mate analysis of how multiple error channels affect the
expected performance of three-qubit CCZ gates compared
to two-qubit CZ gates.

Tsai et al. [49] perform detailed experimental and the-
oretical analyses of two-qubit gate errors. As mentioned
in the previous subsection, they find that the fidelity of
two-qubit gates is fundamentally limited by Rydberg-state
decay. Laser frequency noise, intensity noise, and atomic
motion are identified as the next-most important sources of
error; however, the latter two are considerably less dom-
inant than Rydberg decay. They remark that techniques
such as cavity filtering can also reduce laser frequency

noise to strongly subdominant levels. In our simulations,
we incorporate Rydberg-state decay by adding a non-
Hermitian term to the system Hamiltonian, as done for
gate optimization. We model the other three types of errors
as shot-to-shot fluctuations of the laser detuning A, the
Rabi frequency amplitude |€2|, and the atomic positions,
the latter of which translate into fluctuations of atomic
interaction strengths V;;. Modeling those errors as shot-to-
shot fluctuations is, of course, a simplistic approach that
does not capture all physical details. A more exhaustive,
microscopic analysis could, e.g., incorporate fluctuations
during gate pulses. Also, laser-intensity inhomogeneities
on the atoms can be modeled using RydOpt. Never-
theless, we compare the infidelities of three-qubit gates
and two-qubit gates based on a simplified error model in
order to obtain an estimate of achievable three-qubit gate
fidelities.

Concretely, we investigate CZ and CCZ gate pulses,
described by four and eight parameters, respectively, opti-
mized for symmetric interaction strengths V,, = 32h.
This choice is based on realistic parameters discussed
in Ref. [47]. The Rydberg state |r) = |60°S,,m; = 1)
of ®Sr exhibits a van der Waals coefficient Cg/h =
—154 GHZ wm®. With a Rydberg Rabi frequency Qo =
27 x 10 MHz and an interatomic spacing of d,, = 2.8 um
we obtain Vy,/(h€2y) = 32 for the nearest-neighbor inter-
action strength. The Rydberg decay rate is estimated
at y = 20kHz, corresponding to a ratio y /2 ~ 3.18 x
10~4. All these values are similar to those reported in the
experimental demonstrations of Refs. [18,49].

The three panels of Fig. 5 show the gate infideli-
ties resulting from shot-to-shot fluctuations of the laser
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FIG. 5.

Gate errors due to shot-to-shot fluctuations of the laser detuning (a), Rabi frequency amplitude (b), and atomic positions (c).

We consider Gaussian fluctuations with standard deviations oget, Orabi, and opes, respectively, to determine the expected gate infidelities

(1 = F) of two-qubit CZ and three-qubit CCZ gates. We employ a four-parameter CZ gate pulse and an eight-parameter CCZ gate
pulse using the antisymmetric ansatz (6). Both pulses are optmized for interatomic interaction strengths ¥, /(h29) = 32. All panels

include Rydberg-state decay with rate ¥/ y = 3.18 x 107*,

detuning, the Rabi frequency amplitude, and the atomic
positions, each including Rydberg-state decay. All fluc-
tuations are modeled to be Gaussian, characterized by
standard deviations oget, Grabi, and opes, respectively. In the
presence of only Rydberg-state decay, the CZ-gate infi-
delity is estimated to be slightly below 10~3. The CCZ gate
exhibits an error of 1.28 x 1073 considering only Ryd-
berg decay, due to the slightly larger Rydberg time 2 7k.
Interestingly, shot-to-shot fluctuations of the laser detuning
and Rabi frequency amplitude have a stronger influence
on the CZ-gate fidelity than on the CCZ-gate fidelity.
Fluctuations of the atomic positions, however, deteriorate
the three-qubit gate fidelity more severely than the two-
qubit gate fidelity. This effect, however, could be reduced
by increasing the interatomic interaction strengths. If one
assumes that those three error sources each contribute an
infidelity of 10~ to the two-qubit CZ gate, similar to the
estimate of Ref. [49], we obtain a total CZ-gate error of
1.22 x 1073, The same fluctuations yield a CCZ-gate infi-
delity of 1.74 x 1073, which is larger than the two-qubit
gate error by a factor of &~ 1.43.

Experimental demonstrations of multiqubit Rydberg
gates are still rare; however, Evered et al. [18] report CZ
gate infidelities of ~ 0.5%, while in the same experiment,
CCZ gate infidelities are larger by a factor of approx-
imately four. This is significantly more than we expect
from the analysis above, suggesting error rates increased
by a factor of roughly 1.5. Based on Fig. 5, one may
speculate that larger positional fluctuations might con-
tribute to this finding, as the three-qubit gate fidelity is
much more sensitive in this regard than the two-qubit gate
fidelity. Furthermore, the discrepancies between experi-
mentally observed and predicted three-qubit gate infideli-
ties may indicate greater difficulties in calibrating the com-
plex pulses required to implement multiqubit gates. This
emphasizes the importance of analytical few-parameter
pulses provided, e.g., by RydOpt.

III. MULTIQUBIT-CONTROLLED GATES FOR
MEASUREMENT-FREE QEC

In this section, we investigate the benefit of multi-
qubit gates for fault-tolerant measurement-free quantum
error correction schemes. We begin by summarizing how
these recently developed protocols work, thereby explain-
ing how three-qubit CCZ gates occur in that context. We
then analyze the required CCZ gates in practical scenarios
and perform circuit-level noise simulations to estimate the
break-even error rates of measurement-free QEC protocols
for realistic gate noise.

A. Fault-tolerant measurement-free QEC

Traditional fault-tolerant quantum error correction pro-
tocols require midcircuit measurements of ancilla qubits to
read out the stabilizers and, potentially, also flag qubits.
A decoder then processes the extracted classical syn-
drome information to apply real-time feedback operations
to the data qubits. Midcircuit measurements, however,
are technically challenging in many hardware platforms,
such as those based on neutral atoms. In atomic quan-
tum computing platforms, qubits are measured by per-
forming fluorescence imaging. In the latest large-scale
neutral-atom quantum computing experiments, this pro-
cess still takes much longer than typical gate times [31].
If performed naively, fast measurements eject atoms from
their traps, and scattered photons might accidentally excite
other atoms. However, these challenges are currently being
addressed by incorporating experimental developments
such as cavity-assisted readout, shelving of atomic pop-
ulations, and other techniques into state-of-the-art exper-
iments [50-57]. Nevertheless, the aforementioned diffi-
culties have led to renewed interest in early proposals
[58-60] and motivated further research in the direction
of measurement-free fault-tolerant QEC [2—5] and also
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measurement-free universal quantum computing protocols
[6,7] in recent years.

All these protocols have in common that stabilizer
information is mapped onto ancilla qubits and feedback
operations are then applied coherently to the data qubits.
Entropy is removed from the system by resetting the
ancilla qubits afterward or replacing them with fresh ones.
The coherent feedback operations implement the decoding
of classical syndrome information encoded in the ancilla
qubits and the resultant correction of errors. This proce-
dure requires multiqubit gates. The protocols from Ref. [2]
that realize fault-tolerant measurement-free QEC on the
seven-qubit Steane code employ C,Z gates with n = 2,3,
whereas the schemes in Ref. [4] require only C,Z gates.
The protocols from both of these papers have in common
that a subset of qubits, on which the multiqubit gates act,
is reset afterward. This can be useful if the spatial arrange-
ment of atoms is not symmetric under the exchange of any
two atoms. We discuss this in more detail in the following
subsection.

B. CCZ gate for finite interactions

In experiments, atoms are usually not arranged at dis-
tances close enough to assume an infinite Rydberg block-
ade, and they might not even be arranged symmetrically.

Here we discuss the implications of such circumstances,
and we will see that the option to reset a subset of
qubits after the application of a native C,Z gate can be
valuable.

First, we examine the case of symmetrically arranged
atoms in the strong but finite blockade regime. As dis-
cussed previously, a realistic value for the nearest-neighbor
interaction strength is V;,/(h€20) = 32, which we there-
fore employ in the following. We optimize CCZ gate
pulses in the presence of Rydberg-state decay to determine
the shortest possible Rydberg times 2,7, using the anti-
symmetric ansatz (6). We find Rydberg times that are very
similar to those in the infinite-blockade case, as shown
in the left panel of Fig. 6(a). The eight-parameter pulse
marked with the number 1 is the pulse that we have used
in the gate-error analysis of Sec. IID. Here we employ
a Rydberg decay strength y/Q = 10~#, which slightly
underestimates the realistic decay used earlier, but allows
for a convenient extrapolation of gate infidelities given
a specific value of /. To visualize the robustness of
the marked CCZ gate with respect to small variations in
interatomic distances, we consider two of the atoms being
slightly pushed away from each other or pushed toward
each other. The left panel in Fig. 6(b) indicates that vari-
ations in the order of 1% affect the gate infidelity by an
amount that is smaller than 10~%.
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FIG. 6. CCZ gate at finite interaction strengths and asymmetric atomic geometries. (a) Minimal Rydberg times achievable for
CCZ and 0’-CCZ gates on three atoms arranged in an equilateral triangle with Vyn/(A€20) = 32, a right triangle (Van/(AS20) = 32,
Vamn/(AS20) = 4), and on a line (Vyn/(A20) = 32, Vanmn/(h€20) = 0.5). We use the antisymmetric pulse ansatz (6) and perform
8 x 10* optimizations for each data point, choosing the best run. (b) Sensitivity of the gates indicated above to variations in the
interatomic distances, i.e., variations in the interaction strengths. The left plot considers an eight-parameter pulse calibrated for
Vin/ (R20) = Vann/ (hS20) = 32. The center panel investigates two 14-parameter pulses calibrated for atoms arranged in a right tri-
angle. The right panel considers two 12-parameter pulses calibrated for atoms arranged on a line. In all panels in this figure, the decay

strength is setto ¥/ Qo = 1074,
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FIG. 7. CCZ gate followed by reset of two qubits. The oper-
ation can be realized by a global multiatom Rydberg gate
G3(0,60',r) =: 6'-CCZ, where the precise value of the gate
parameter 6" does not matter. In Appendix A, Fig. 14, we show
that the faster Rydberg gate G3(w,0’,7) =: 8’-CCZ can also
implement a CCZ gate followed by a reset of two qubits.

Next, we investigate CCZ gates applied to three qubits
arranged in an isosceles triangle. If two qubits are reset
after the gate, which is common in MF QEC protocols,
one gains the freedom to implement the CCZ gate up to a
well-defined miscalibration that we sketch in Fig. 7. If the
qubits to be discarded correspond to the atoms labeled 1
and 3, the desired gate can be realized by implementing
a global Rydberg gate G5(0,6',7) =: 6’-CCZ. An arbi-
trary value of 6’ does not matter, because the two qubits
affected by it will be reset. Figure 14 in Appendix A shows
that the implementation of a faster CCZ gate can also be
simplified if two qubits are discarded after the gate, result-
ing in G3(7,6',m) =: ’-CCZ. Note that this freedom in
gate design only matters if the atoms are arranged in a
configuration that is not totally symmetric. Otherwise, the
parameter 6’ cannot be chosen independently from 6.

We now look at two concrete examples, namely, (/4
gates and 6'-CCZ gates applied to three atoms arranged
in a right triangle and three atoms arranged on a line.
These geometries are likely to occur if atoms are placed
on a square lattice, and individual atoms can be addressed
with a Rydberg laser [61]. We keep the interaction strength
between nearest neighbors at V;,/(h€2y) = 32. The right
triangle then corresponds to a next-nearest neighbor inter-
action strength of Vyu,/(h€2y) = 4, and for the line we
get Vom/(AS20) = 0.5. In both of these cases, the real-
ization of the gate is more difficult than in the infinite
blockade and the symmetric finite blockade cases because
more constraints have to be fulfilled and more states are
involved in the dynamics. We therefore expect the num-
ber of pulse parameters required to implement the gate to
be higher than in the cases considered so far. This turns
out to be true, as shown in the center and right panels of
Fig. 6(a). The plots show the Rydberg times 27y and the
infidelities achievable in the presence of Rydberg decay
for varying numbers of pulse parameters. We see that the
pulses exhibit larger Rydberg times than in the symmet-
ric case analyzed in the left panel. Moreover, we observe
that the 6’-CCZ gate can be implemented with fewer pulse

parameters and smaller Rydberg times (7% than the tra-
ditional CCZ gate. A comparison with Rydberg times of
time-optimal CZ gates reveals that the 6’-CCZ gates dis-
cussed here exhibit values of (7% that are at most ~2.5
times larger. These gates may thus be very useful for
measurement-free QEC applied to atoms arranged in a
lattice. The second and third plots of Fig. 6(b) show the
robustness of the gates indicated in panel (a) with respect
to variations in interatomic distances. The CCZ gates are
much more sensitive in this regard than the gate in the
symmetric configuration with a strong blockade. Further-
more, one observes that the 0’-CCZ gates are more robust
than the full CCZ gates. Variations in interatomic distances
may be caused by variations in the exact tweezer positions
or by forces between atoms excited to Rydberg states. In
the strong blockade regime, joint Rydberg excitations are
highly suppressed. However, in the linear atomic config-
uration considered here, the two outermost atoms do not
block each other. We therefore expect distance variations
to be particularly present in this setup. For three atoms on
a line, a large sensitivity of a gate to variations in the inter-
action strength may thus result in poor gate performance
[26].

C. Performance of measurement-free fault-tolerant
QEC with native multiqubit gates

We now investigate the performance of measurement-
free fault-tolerant QEC protocols from Ref. [4] for various
single-, two-, and three-qubit gate error rates. We consider
two exemplary distance-three codes, namely, the seven-
qubit Steane code [62] and the nine-qubit Bacon-Shor
code [63,64]. As a simple but meaningful noise model, we
employ multiqubit depolarizing noise for every circuit ele-
ment. The n-qubit depolarizing noise channel with error
rate p,, acting on a density matrix p, reads

Dn
PpP 11
4,,_1;/), (11)

Nau(p) =1 =pa)p +

with P € {I,X,Y,Z}®"\ I®". We consider the CZ gate
error rate as a reference noise rate denoted by p, while the
single- and three-qubit gate error rates are scaled by the
factors A; = p1/p and A3 = p3/p, respectively. We model
the initialization of a qubit in |0) to be followed by a bit flip
with probability p;. Consecutive single-qubit gates on the
same qubit are combined into one individual single-qubit
gate, followed by the error channel. To assess the perfor-
mance of the measurement-free QEC protocols for varying
physical error rates, we perform circuit-level noise simula-
tions using giskit [65]. We determine the logical error
rate p; as a function of the physical error rate p . For the cal-
culation of p;, we average over the logical states |0); and
|[4+); as inputs to the protocol. This allows us to identify a
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break-even error rate p; (p.) = p., which provides an esti-
mate of the gate error rates required for the QEC protocol
to be useful.

Figure 8(a) shows an exemplary scaling of the logical
error rate p; as a function of the physical error rate p
for the Bacon-Shor code. The dashed curve exhibits the
performance of the protocol if all three-qubit gates are
decomposed into single- and two-qubit gates. We decom-
pose three-qubit gates that are followed by the reset of
two qubits into four two-qubit and five single-qubit gates,
analogous to Ref. [2]. Two solid curves for different val-
ues of A3 show how the break-even error rate p. decreases
for larger three-qubit gate error rates. Figure 8(b) demon-
strates this in more detail. Break-even error rates p. are
plotted as a function of A3 for the Bacon-Shor code as

(a) decomposition
1072 3
8
10~ 3
106 -+
p
(b) =
® Bacon-Shor @ X =0 == decomposition
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o 103
M 3
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FIG. 8. Measurement-free QEC performance. Using protocols

from Ref. [4] for the Bacon-Shor code and the Steane code, we
analyze the logical error rate for various single-, two- and three-
qubit gate errors. (a) Error rate p; of a logical qubit encoded in
the Bacon-Shor code as a function of the two-qubit gate error rate
p for p;/p = 0.2 and p3/p = A3. Logical error rates are deter-
mined by averaging over the input states |0.) and |+.). The
dashed line corresponds to a decomposition of all three-qubit
gates into single- and two-qubit gates. Crossings with the dot-
ted line p; = p, marked also by the vertical lines, define the
respective break-even error rates p.. (b) Break-even error rate as
a function of the three-qubit gate error factor A3. Lighter shaded
colors correspond to p; /p = 0.2, darker colors to p; /p = 0. Hor-
izontal dashed lines mark the break-even points obtained with
decomposed three-qubit gates. Three-qubit error scaling factors
A3 & 4 have been demonstrated experimentally [18], while A3 =~
1.5 could be possibly achieved.

well as for the Steane code, for two different single-qubit
gate error strengths characterized by A;. Fundamentally,
a scaling factor A3 ~ 1.5 should be possible to achieve
for three-qubit CCZ gates, as discussed in Sec. I In
practice, experiments have demonstrated three-qubit gate
fidelities that are a factor of A3 ~ 4 worse than the CZ
gate fidelities in the same experiment [18]. We see that
the break-even points for the Bacon-Shor code lie roughly
between 2 x 1073 and 1072. Two-qubit gate error rates
in this range have been demonstrated experimentally [27—
32,49]. The Steane code exhibits break-even error rates
approximately one order of magnitude lower, which would
require improved physical error rates compared to what is
available today. These findings align well with the results
of Ref. [4], which identified the Bacon-Shor code to exhibit
the most promising break-even error rate for near-term
hardware. The dashed lines in panel (b) correspond to the
values of p. obtained if all three-qubit gates are decom-
posed into single- and two-qubit gates. This allows us to
infer how good the three-qubit gate fidelity must be to out-
perform the decomposition. We learn that the three-qubit
gates may perform approximately four to five times worse
than the CZ gates, depending on the single-qubit gate error
strength. This can be understood from the fact that a CCZ
gate followed by the reset of two qubits has to be decom-
posed into four CZ gates and five single-qubit gates. All in
all, we learn that the fidelity requirements for three-qubit
gates are not as ambitious as those for the two-qubit gates.
For example, CZ gates with 0.3% error rate and CCZ gates
with ~1.2% error rate could enable break-even demonstra-
tions of measurement-free QEC, which should be feasible
with current hardware.

IV. GLOBAL STABILIZER READOUT FOR
FLOQUET CODES

This section analyzes the application of global multi-
qubit gates in the context of Floquet QEC codes. We first
briefly introduce Floquet codes and then describe how
global three-qubit gates can be used for stabilizer read-
out in these codes. Finally, we simulate the performance of
Floquet QEC cycles using two-qubit gates and three-qubit
gates.

A. Floquet quantum error correction

Floquet codes, introduced with the honeycomb code
in Refs. [37,38], are dynamical error correcting codes
based on periodic low-weight Pauli operator measure-
ments. The honeycomb code is defined on a hexagonal,
three-colorable tiling of a torus—we show the planar hon-
eycomb code [39,40] in Fig. 9(a). Qubits are put on
vertices, and the colors of the edges define the kind of mea-
surement: Pauli XX, YY, and ZZ operators are measured
on qubits adjacent to red, green, and blue edges, respec-
tively. Equipped with a periodic measurement sequence,
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FIG. 9. The honeycomb Floquet quantum error correction code. (a) Planar honeycomb Floquet code of size s = 2. The data qubits
are located on the vertices of a hexagonal, tri-colorable tiling. Boundaries cut through edges of the same color along one direction of
the torus. In the x-direction, we cut blue edges; in the y-direction, we cut green edges. In this direction, we also cut a zig-zag boundary
as in Ref. [40]. Red, green, and blue edges indicate a measurement of Pauli XX, YY, and ZZ on adjacent qubits. In the bulk, every
red (green, blue) plaquette admits a six-body X (Y, Z) stabilizer that commutes with all adjacent measurements. (b) The rewinding
measurement schedule periodically measures the sequence [(rx), (gy), (bz), (rx), (bz), (gy)]- We show a red bulk plaquette and for
each subround a generating set of stabilizers supported on that plaquette. Note that the X -plaquette stabilizer is measured twice—the
eigenvalue can always be reconstructed using subsequent YY- and ZZ-measurements. Once initialized, these outcomes will always be
the same due to commutation if there are no faults. This allows for the detection of errors by comparing measurement outcomes of
plaquettes to those of previous (sub)rounds. (c) In an implementation with two-qubit gates (left), a correlated XX -error after the first
entangling gate propagates to an XZ-error on the data qubits. This error is stabilizer equivalent to a single-qubit Y-error. In a three-qubit
gate implementation (right), a correlated XX -error can occur directly on the data qubits, leading to an effectively halved circuit-level
distance, as discussed in Sec. IV D.

as sketched in Fig. 9(b), the state cycles through dif-
ferent instantaneous stabilizer groups (ISGs). Elements
thereof can be periodically reconstructed from the two-
body measurements, enabling the detection of errors. The
dynamics and error correction properties of such codes can
be understood in the detector error model formalism or
using graphical calculus [66,67]. We use the construction
of Ref. [40], which, for a size s, results in a family of planar
codes with parameters [[n, k, d]] = [[6s%,1,2s — 1]]. For a
detailed technical exposition of Floquet codes, we refer to
Appendix B.

A primary motivation for using Floquet codes is that
they only require low-weight Pauli measurements. On the

one hand, this can reduce the experimental requirements
for qubit connectivity when using a planar Floquet code
that only requires nearest-neighbor interactions in a 2D
plane. On the other hand, the low weight of the mea-
surements eases a fault-tolerant (FT) implementation: A
two-qubit Pauli measurement realized by a circuit based
on two-qubit gates is shown on the left-hand side in Fig.
10. In a circuit-level noise model with n-qubit depolarizing
channels after n-qubit gates, this circuit is always FT: any
fault results in at most one error on the data qubits. This
is because (i) any gate involves at most one data qubit, so
the corresponding noise channels induce at most a weight-
1 error; and (ii) the just measured operator, e.g., a Pauli

o

. Gs(m0.0)

Z [ —
0y —{ H] 0 0 7/2)

5 {2 —

_______________

FIG. 10. Circuits for two-body stabilizer readout. Both circuits realize the same quantum instrument, described by the Kraus oper-
ators Ky = %(]l + Z1Z3) and K = %(]l — Z,7Z3) for a measurement of the ancilla qubit in |0) and |1), respectively. In particular, one
can use the Rydberg gate G (i, , 0) that is completely symmetric and can thus be implemented in the perfect blockade regime. The
gate Z(6'/2) on the ancilla does not affect the measurement and, therefore, can be omitted.
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ZZ, is part of the stabilizer group. Take, e.g., a Pauli XX
fault on the first entangling CZ-gate in Fig. 9(c). This fault
propagates to an XZ data error. This has weight two, but
multiplying with the (now stabilizer) (—1)"ZZ results in
the weight-1 error o< Y1.

Another envisioned application of Floquet codes is in
the context of proposed platforms based on Majorana zero
mode qubits [68]. In such systems, the two-qubit Pauli
measurements can be performed directly without an ancil-
lary qubit. With a general error model that allows for
arbitrary two-qubit Pauli errors on the qubits, an XX -fault
might, e.g., occur while measuring a ZZ-operator. This
leads to the code distance being asymptotically reduced
to half of its original value. The smaller number of fault
locations, however, results in a much higher threshold.
Reference [38] reports a threshold of 1.5-2% for the
direct two-body measurement compared to 0.2—0.3% for
an implementation based on two-qubit CZ gates.

In the following, we explain how the two-body Pauli
measurements can be implemented using global three-
qubit Rydberg gates. We will see that for depolarizing
noise on the multiqubit gates, the circuit-level distance
is halved, as for the direct two-qubit Pauli measurements
mentioned above. However, the later subsections demon-
strate that three-qubit gates may still be beneficial for
stabilizer readout in Floquet codes.

B. Stabilizer readout with multiqubit gates

The left-hand side of Fig. 10 shows the standard circuit
to read out a ZZ-stabilizer of a QEC code, such as the hon-
eycomb Floquet code. An ancilla qubit is coupled to two
data qubits using two CZ gates, and a final measurement
of the ancilla qubit projects the two data qubits into the
even or odd subspace of the operator ZZ. The circuit thus

realizes a quantum instrument with Kraus operators Ky =
1 + ZZ) and K, = (1 — ZZ) on the data qubits corre-
sponding to a measurement of the ancilla in |0) and |1),
respectively. The very same quantum instrument can be
realized with a slightly different circuit, shown on the right-
hand side of Fig. 10. The effect of an additional C,Z(0")
gate on the two data qubits can be canceled by appropri-
ate single-qubit gates Z(—6'/2) on the data qubits. This
means that instead of two addressed two-qubit CZ gates,
a single global three-qubit Rydberg gate G3(r,6’,0) =:
CZ-CZ-CZ(0") may be used to map the stabilizer infor-
mation onto the ancilla qubit. Local addressing is just
required for single-qubit gates. The case 6’ = 7 is of par-
ticular interest because the gate G5 (ir, 7, 0)—equivalent to
CZ gates on all pairs of qubits—is completely symmetric
on the three atoms and can thus be realized in the per-
fect blockade regime. We refer to this gate as CZ-CZ-CZ
gate. Generalizations of this gate on up to nine atoms have
already been demonstrated experimentally [19].

In Fig. 11, we investigate time-optimal and 7z-optimal
CZ-CZ-CZ gates in the perfect blockade regime, similarly
to how we analyzed CCZ gates in Fig. 4. Panel (a) shows
that a time-optimal CZ-CZ-CZ gate with a pulse duration
QT = 16.4 can be implemented with an eight-parameter
pulse using the antisymmetric pulse ansatz. Panel (b) indi-
cates that eight parameters suffice to realize a Tz-optimal
gate with Rydberg time 27z = 6.1. In panel (c), we
sketch the profiles of the pulses that realize a CZ-CZ-CZ
gate in minimal time, minimal Rydberg time, and with
the least number of pulse parameters. One might won-
der how well a CZ-CZ-CZ(6’) gate can be implemented
for atomic geometries that are not symmetric under the
exchange of any two atoms. We find that these geometries
lead to larger Rydberg times as compared to the infinite
blockade regime, as demonstrated in Appendix A. Two
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FIG. 11.

Time-optimal and T-optimal CZ-CZ-CZ gates in the perfect Rydberg blockade regime. For an increasing number of pulse

parameters, and thus increasing pulse complexity, we search for CZ-CZ-CZ gates using the general ansatz (4) and the antisymmetric
ansatz (6). Panel (a) shows the minimal pulse durations 7 retrieved among 4 x 10* optimization runs for each data point. Every
pulse realizes the target gate with infidelity <1077 in the absence of Rydberg-state decay. The time-optimal pulse requires eight
parameters (1: Qo7 = 16.37, QyTr = 6.54). The minimal number of pulse parameters required to realize the gate is six (2: Qo7 =
18.17, 0T = 7.87). In panel (b), pulses are optimized in the presence of Rydberg state decay with rate ¥/ 2o = 10~%. In order to
achieve the smallest possible gate error, the Rydberg time Ty is minimized. An eight-parameter pulse can reduce Tz compared to the
time-optimal gates (3: Q07 = 16.56, Q0T = 6.11). Panel (c) shows the pulse profiles for the gates discussed in panels (a) and (b).
All pulse parameters are provided in Appendix C, Table I'V.
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subsequent time-optimal CZ gates exhibit a total dura-
tion Qo7 = 15.2 and Rydberg time 2,7z = 5.9, which is
only slightly shorter than for the global CZ-CZ-CZ gate.
However, if every CZ gate requires a rearrangement of
atoms, the global gate could halve the number of shut-
tle operations. Note, however, that a global three-qubit
gate may introduce correlated errors on the participating
qubits, which affects the fault tolerance of protocols mak-
ing use of this gate. The following subsection discusses
CZ-CZ-CZ gates in the context of honeycomb Floquet
codes. Furthermore, we note that it is not possible to read
out a four-body stabilizer using two consecutive CZ-CZ-
CZ gates that involve a single ancilla and four data qubits.
The protocols for fault-tolerant stabilizer readout in the
unrotated surface code with three-qubit gates discussed
in Refs. [8,9] thus require genuinely asymmetric gates
G3(m,0,0).

C. Implementation of a Floquet QEC protocol in a
neutral-atom quantum processor

This subsection discusses a possible implementation
of planar honeycomb Floquet codes in neutral-atom

platforms. We envision an experimental platform with
dedicated storage, entangling, and measurement zones
[27,31], as depicted in Fig. 12(a). We envision to have a
reservoir of ancilla atoms in the storage zone, while the
atoms that encode the data qubits remain always in the
entangling zone. For every measurement subround of the
Floquet protocol, a group of ancilla atoms of the respec-
tive “color” is shuttled into the entangling zone, such that
the stabilizer values of the corresponding edges can be
mapped onto them. These ancillas are then shuttled into the
measurement zone for readout, while a new set of ancillas
can simultaneously move from the storage into the entan-
gling zone for the next Floquet subround. An observation
is that every single data qubit participates in every Floquet
subround. One can think of the computational dynamics
as a nearly constant conveyance of ancilla qubits from
the storage into the measurement zone, passing through
the entangling zone with a short stop for the entangling
operation. We visualize this process in Fig. 12.

An advantage of using global three-qubit gates for the
entangling operation is that every data qubit participates in
every Rydberg laser pulse, as can be seen in the circuit
snippet in Fig. 12(b). Using two-qubit gates, however,
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FIG. 12. Quantum error correction with the honeycomb Floquet code in a neutral-atom platform. (a) Possible platform architecture
consisting of a storage zone, an entangling zone, and a measurement zone. A nearly constant conveyance of ancilla qubits from the
storage into the measurement zone passes through the entangling zone to perform the required entangling operations. (b) Circuit for
one round of measurements. Note that every data qubit participates in every Floquet measurement subround and thus in every Rydberg
laser pulse. This means that data qubits never have to be shuttled out of the entangling zone. Also, the single-qubit gates can be applied
globally to all data qubits. We denote Hy; = (Z+ Y)/ N2, Czyy = HyzH and Cyy; = HHy;.
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every CZ gate pulse involves only half of the data qubits.
Suppose the set of data atoms not involved in a CZ gate is
kept in the entangling zone. These atoms are still temporar-
ily excited to Rydberg states, rendering them susceptible to
associated noise processes. Idling data qubits in the entan-
gling zone are thus nearly as prone to errors as data qubits
actively involved in CZ gates. To avoid this, one may shut-
tle idling atoms out of the entangling zone during a CZ
gate. However, each Floquet subround consists of two CZ
gates acting on disjoint sets of data atoms. This means
that in every step, all data atoms must be shuttled out and
back into the entangling zone, which incurs a significant
shuttling overhead.

D. Performance of Floquet QEC with native
multiqubit gates

We now benchmark the memory performance of pla-
nar honeycomb Floquet codes using the Clifford circuit
simulator stim [69]. We perform memory experiments
that estimate the error-corrected expectation value of a
logical operator for a specific number of rounds. For a cir-
cuit with circuit-level distance d.i., we perform memory
experiments consisting of three steps:

(1) Initializing all n data qubits in the state |+)®".
(2) Performing 3d.y. rounds of measurements, each
containing the six subrounds of measurements in the

schedule [(rx), (gv), (bz), (rx), (bz), (g¥)].
(3) Measuring all data qubits in the X -basis.

The circuit-level distance is the number of fault mecha-
nisms required to introduce an undetected logical error. It
therefore depends on the actual circuit implementing the
measurements and on the noise model. For a strictly fault-
tolerant circuit, this distance coincides with the distance
of the underlying code. To perform error correction, we
annotate defectors and identify which measurements con-
tribute to the observable, as detailed in Appendix B2. We
decode a detector outcome vector using pymatching
[70] and record a logical error whenever the predicted
observable outcome does not match the measured out-
come. We rescale the logical error rate to represent the
logical error rate per dg. rounds with py =1 — (1 —

1/3
pLa3dcirc) / :

a. Depolarizing noise. First, we employ a depolarizing
circuit-level noise model based on a single parameter p.
Gates acting on n qubits are followed by n-qubit depolar-
izing channels [cf. Eq. (11)] of strengths p,, = A,,p. Similar
to Sec. III, we set A, = 1, such that the CZ gate error rate
serves as a reference. Moreover, we fix A; = 0.1, since
single-qubit gates typically exhibit much smaller error
rates than two-qubit gates. We choose A3 = 2, reflecting

that the total Rydberg time 2¢7Tx of the CZ-CZ-CZ gate
is approximately twice as long as for the CZ gate. Resets
are followed by a single-qubit depolarizing channel of
strength pr = 0.1p and measurements are preceded by a
single-qubit depolarizing channel of strength p,,, = p.
Figure 13(a) demonstrates the scaling of the logical error
rate p;, as a function of the physical error rate p for differ-
ent code distances. As expected, for the implementation
with two-qubit gates, the circuit is distance preserving and
d$% =d =2s— 1. Similar to the noise models inspired
by Majorana zero modes [40,68], we find that the circuit-
level distance is essentially halved for the three-qubit

gate implementation: dggc =s. This is due to arbitrary
weight-two Pauli faults that may occur on two data qubits
involved in a measurement. The thresholds, however, are

very similar for both implementations.

b. Z-biased noise. The above analysis assumes depolar-
izing noise on all circuit elements, which is expressive but
might be overly pessimistic in some cases. In neutral-atom
systems specifically, the errors on two- and multiqubit
gates have a special character. It has been shown, as dis-
cussed above, that the most dominant errors originate from
Rydberg state decay [47,49]. An evident question is what
types of errors are caused by such decay events. In gen-
eral, a Rydberg decay event can result in three outcomes.
The atom may decay to either of the qubit states, |0) or |1),
or the atom may end up in neither of the computational
states. The latter case is called leakage. Leakages may be
detected, resulting in localized errors, so-called erasures,
which are beneficial for QEC [71—73]. Another option to
address leakage errors is to pump the population in these
states into the computational state |1) [74]. Because the
two- and multiqubit gate Hamiltonian couples just the state
[1) to the Rydberg state, this procedure results solely in Z-
type errors. This is also the case for direct decay from |r) to
|1). X -type errors are only caused by decay events from |r)
to |0). It has been argued that for particular atomic species
and qubit encodings, these events only make up a small
fraction of all errors [71,74]. Thus, one may encounter
the situation in which errors on two- and multiqubit gates
are predominantly correlated phase errors. Therefore, we
investigate the performance of QEC with the honeycomb
Floquet code for a Z-biased noise model. Concretely, for
single-qubit gates, we use a regular depolarizing channel,
while on gates acting on n > 2 qubits we employ an error
channel that is biased toward Pauli-Z terms,

NPy =1 =pup

Pn .
+ T ((1+2 B) > PpP+(1-p) ZP,{)P),

PeA, PeBy
(12)
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FIG. 13. Performance of planar honeycomb Floquet codes with two-qubit gates and three-qubit gates. The two-qubit gate error
serves as a reference noise strength p. Single-qubit, three-qubit, measurement, and reset error rates are scaled by the factors (A =
0.1,A3 = 2, A = 1, Ar = 0.1), respectively. Different panels show logical error rates p; for different Z-bias strengths g (left to right)
and for different idling noise strengths during CZ gates A; (top, bottom). Panels (a)(c) consider A; = 0. In (a), we show results for
no Z-bias, 8 = 0, corresponding to uniform depolarizing noise. The thresholds for two- and three-qubit gate implementations are very
similar. The multiqubit gate implementation, denoted G5, however, exhibits higher logical error rates and a reduced low-p scaling
due to a reduced circuit-level distance. (b) For a strong Z-bias, 8 = 0.95, above p ~ 1073, the multiqubit gate implementation has
an advantage in logical error rate over the CZ-CZ implementation and a significantly higher threshold. However, due to the reduced
circuit-level distance, the curves still flatten out for small values of p. (¢) In an infinite bias regime, 8 = 1, we recover the full circuit-
level distance for the multiqubit gate implementation, with a higher threshold and a lower logical error rate in the simulated physical
error regime. In panels (d)«f), we show results for A; = 0.5: Idling data qubits during CZ gates are exposed to errors, which models
the effect of a Rydberg gate pulse on single atoms that do not participate in CZ gates but remain in the entangling zone. (d) With this
noise model, already at zero Z-bias, § = 0, the three-qubit gate implementation outperforms the two-qubit gate implementation in
terms of threshold. The logical error rate is lower for p > 2 x 1073, (e) With increasing Z-bias, the advantages get more pronounced,
until (f) the FT behavior is restored for infinite Z-bias, § = 1.

implementation can actually outperform the two-qubit gate
implementation for relevant physical error strengths of p >
107, Also, the threshold is higher, p* &~ 0.6% > p$% ~
0.5%. This can be explained by the significant suppres-
sion of fault-tolerance-breaking errors in the three-qubit

where B is a bias parameter and we define A, = {Z,1}®"\
I®" and B, ={,X,Y,Z}*"\ {Z,1}®". For B =0, we
recover a regular depolarizing error channel, while for 8 =
1, we obtain only Z-type errors. Note that this convention
differs from the one used in Ref. [5].

Figures 13(b) and 13(c) show the performance of the
discussed Floquet QEC protocols for bias strengths g =
0.95 and B =1, respectively. The order of magnitude is
inspired by Ref. [71], which states that up to 98% of
errors might be converted into erasures and, thus, may
be converted to Z-type errors. For finite bias, the reduced
distance of the multiqubit gate implementation is clearly
visible, indicated by the flattened scaling for small p where
pr o pl@t)/4 A fully fault-tolerant scaling is recovered
for infinite Z-bias, where the only two-qubit faults on the
data qubits are ZZ-faults corresponding to a stabilizer.
For the realistic Z-bias of 8 = 0.95, the multiqubit gate

gates. Additionally, there are fewer fault locations. We also
observe this influence in the infinite Z-bias case. Despite
three-qubit gates having twice the noise strength of two-
qubit gates, the overall logical error rate is lower, and
thresholds are higher.

c. Idling errors due to Rydberg excitations. Finally, we
analyze the influence of the global Rydberg laser illuminat-
ing idling data atoms on QEC performance. As explained
above, in the two-qubit gate implementation, a single Flo-
quet subround consists of two global CZ gate pulses,
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each involving half of the data atoms. If the data atoms
shall always remain in the entangling zone, the laser thus
excites idling atoms to Rydberg states, which are prone to
decay. To model this source of error, we apply a Z-biased
single-qubit depolarizing channel with strength p; = 0.5p
to data qubits that are idling during the application of a
CZ gate. Figures 13(d)—13(f) shows the performance of
Floquet QEC using this error model with different bias
strengths. We find that in these cases, the threshold of the
three-qubit gate implementation is larger than the thresh-
old of the CZ gate implementation, even in the absence
of any noise bias. For biased noise, the advantage of mul-
tiqubit gates in experimentally relevant noise regimes is
even more pronounced than previously discussed.

V. CONCLUSION

In this paper, we have presented the open-source Ryd-
berg gate optimization package RydOpt that generates
multiqubit Rydberg gate pulses described by analytic
functions. The pulse complexity can be increased system-
atically by including more pulse parameters. We have ana-
lyzed three-qubit CCZ and CZ-CZ-CZ gates and found that
symmetric pulse ansitze allow us to describe nearly time-
optimal and Rydberg time-optimal pulses with only a few
parameters. The CCZ gate, in particular, exhibits a Ryd-
berg time that is only ~ 30% larger than the Rydberg time
of a CZ gate and should therefore be possible to imple-
ment with a just slightly lower gate fidelity. Multiqubit
gates applied to atoms that are not arranged symmetrically
are, in general, more complicated to realize than gates on
symmetrically arranged atoms. The paper discusses that
the respective gate pulses are more complex and exhibit
larger Rydberg times. Moreover, we find that these gates
are more sensitive to variations in interatomic distances.

We describe how multiqubit gates are highly beneficial
for measurement-free fault-tolerant QEC protocols. Even
if CCZ gates exhibit error rates approximately four to five
times larger than the two-qubit CZ gate error rate, they
are more useful than decompositions of multiqubit gates
into single- and two-qubit gates. For Floquet QEC, we
have observed that the use of multiqubit gates may enable
the implementation of convenient shuttling schedules, in
which ancilla atoms are moved in a conveyor-belt fash-
ion through the entangling zone containing all data atoms.
The use of three-qubit gates reduces the circuit-level dis-
tance due to fault-tolerance-breaking errors; however, for
experimentally motivated biased noise on two- and mul-
tiqubit gates, one may see an advantage in logical qubit
performance for realistic physical error rates. Ultimately,
physical error rates cannot be made infinitely small; there-
fore, the asymptotic scaling of the logical error rate is of
rather theoretical interest only. Arbitrarily low logical error
rates will be achieved at moderate physical error rates by
scaling to large code distances. A better performance of

the three-qubit gate implementation for relevant physical
error rates may thus be more important than reaching the
maximal possible circuit-level distance.

One of the motivations for the development of
measurement-free QEC protocols is that midcircuit mea-
surements are still slow compared to quantum gate opera-
tions. In this context, it should be noted that atom shuttling
is also considerably slower than gates. However, both the
measurement-free QEC and the Floquet QEC protocols
discussed in this paper involve significant shuttling moves,
either to establish the required qubit connectivity or to
move ancilla atoms into a dedicated measurement zone.
The margin of benefit of these protocols will therefore
depend on details such as shuttling times. Many applica-
tions, also beyond those discussed in this paper, would thus
benefit from future research aimed at reducing the time
overhead associated with atom shuttling.

In experimental realizations of multiqubit gates, the
most dominant errors are likely to result from Rydberg
decay, motional dephasing, and, probably, pulse miscali-
brations. To achieve the best possible gate performance,
one may therefore want to optimize a figure of merit that
is susceptible to the Rydberg time T and, potentially, to
the gate’s sensitivity with respect to positional fluctuations.
The pulse complexity can be restricted by choosing ansétze
with a small number of parameters.

An open question for future research is the feasibility
of genuinely nonsymmetric multiqubit gates. Recent work
[9] has demonstrated how G;(ir,0,0) gates for stabilizer
readout can be implemented with dual species arrays. An
interesting question is whether this can be done robustly
in single-species atomic arrays, either by spatial block-
ade engineering or locally addressed phases. Another open
question is whether multiqubit gates on four or five atoms
can be designed such that errors are restricted in a way that
makes the gates feasible for fault-tolerant stabilizer readout
[8,9], or, more generally, for fault-tolerant circuit design.
Finally, a more explicit inclusion and handling of leakage
and loss errors would be a valuable extension of the pre-
sented results. An active research direction is, for example,
how to advance measurement-free QEC schemes to handle
these important types of errors.
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APPENDIX A: MORE MULTIQUBIT GATES

The circuit in Fig. 14 illustrates that a CCZ gate fol-
lowed by reset of the first and the third qubit can be
implemented by a global Rydberg gate G;(r,0’, ) and
global single-qubit rotations, where the value of 6’ can be
arbitrary. This can be useful if the gate is applied on three
qubits that are not arranged symmetrically, as discussed in
Sec. III.

Figure 15 investigates the four-qubit CCCZ gate in
the perfect blockade regime. Similar to the gate CCZ =
Gs(m,m,m), we define the gate CCCZ as a unitary con-
sisting of CZ, CCZ, and CCCZ gates acting on all possible
subsets of qubits. Panels (a) and (b) show how the minimal
gate duration 2¢7 and minimal Rydberg time 2¢73 of the
gate depend on the number of pulse parameters. Panel (c)
plots pulse profiles for gates marked in the previous panels.

Finally, Fig. 16 analyzes G3(rr,6’,0) =: CZ-CZ-CZ(9’)
gates for finite interaction strengths between the three
atoms. The plot shows the minimal Rydberg times

Z(m —¢)

0!
— 767L9

C1Z(m + 0')

Z(m —0')

achievable with 12-parameter pulses for various next-
nearest neighbor interaction strengths Vy,,, while keep-
ing the nearest neighbor interaction strength constant at
Van/ (hS20) = 32. We vary the atomic geometries from a
line to an equilateral triangle. It is visible from the plot
that the shortest possible Rydberg time is achieved for the
symmetric geometry. The inset shows the values of 6 the
respective gates implement. For Vi, = Vi it is fixed to be
7. For Viypn < Vam, 0” smoothly deviates from 7.

APPENDIX B: DETAILS ON FLOQUET CODES

A Floquet code is defined by a periodic sequence of sets
of Pauli operators M = [M,]. Each M typically con-
sists of single- or two-body Pauli operators and generates
a stabilizer group. In a Floquet code protocol, the Pauli
operators of each sequence are measured one after another.
Typically, we start the Floquet protocol in a product state,
e.g., |[+)®", which is stabilized by S_; = ({X},). Mea-
suring all operators in M, projects the state into the
subspace stabilizers by {(—1)"M;|M; € My}. The new
stabilizer group Sy can be efficiently constructed from S_;
and M [75]. For each Pauli operator M; it may anticom-
mute with some S € Sy. This set of operators S C Sy can
be reduced to a single representative by multiplying all
S; = 80S;¥j €[1,]S| — 1]. The only anticommuting ele-
ment remaining, Sp, is then replaced by the just measured
operator (—1)"M;.

The measurement sequence therefore defines a sequence
of so-called instantaneous stabilizer groups

My

871—980—/\—4581—./\—/[3)82—'/\—42).... (Bl)

In order to preserve the logical information from one ISG
to the next, the ISGs have to constitute a reversible pair
of Pauli stabilizer groups, following Ref. [76]. One key
condition for two ISGs S; and S;;; to constitute such a
reversible pair is that they share logical operators. For-
mally, there exist a group £ such that LA = Np(Sy) and
LB = Np(S)). In practice, only consecutive ISGs share

representatives of logical operators. To track the logical
operators, the measurement outcomes of edges have to be

5 Hx
Eipaen o Form e
—H X

FIG. 14. Fast implementation of a CCZ gate followed by reset of two qubits. The gate sequence can be used as a CCZ gate followed
by reset of qubits 1 and 3. It can be realized by a fast pulse, analogous to Fig. 3, by employing the gate G3(x,6’,7) =: 8’-CCZ and

global single-qubit rotations, as shown on the right-hand side.
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FIG. 15. Time-optimal and Tk-optimal CCCZ gates in the perfect Rydberg blockade regime. For an increasing number of pulse

parameters, and thus increasing pulse complexity, we search for CCCZ gates using the general ansatz (4) and the antisymmetric
ansatz (6). Panel (a) shows the minimal pulse durations €247 found among 8 x 10* optimization runs for each data point. Every such
pulse realizes the target gate with infidelity < 107 in the absence of Rydberg-state decay. The time-optimal pulse [18] requires 18
parameters (1: Qo7 = 11.80, 2¢Tr = 5.49). A nearly time-optimal gate can be realized with a pulse described by ten parameters (2:
QT = 12.42, QoTr = 4.93). The minimal number of pulse parameters required to realize the gate is eight (3: Qo7 = 14.14, Q¢ Tz =
6.41). In panel (b) pulses are optimized in the presence of Rydberg state decay with rate y/ Qo = 10™*. In order to achieve the smallest
possible gate error, the Rydberg time T is minimized. A 14-parameter pulse can reduce 7 compared to the time-optimal gates (4:
QT = 15.65,2Tr = 4.76). Panel (c) shows the pulse profiles for the gates discussed in panels (a) and (b). All pulse parameters are

provided in Table III.

taken into account. In the following, we explain the estab-
lishment of the ISG and the evolution of logical operators
in the planar honeycomb Floquet code.

1. Planar honeycomb Floquet code

The honeycomb Floquet code, introduced in Refs. [37,
38] defines the Floquet code on a hexagonal, three-
colorable tiling of a torus: qubits are put on vertices, and
the colors of the edges define the measurement sequence:
Pauli XX, YY, and ZZ operators are measured on qubits
adjacent to red, green, and blue edges, respectively. We
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FIG. 16. CZ-CZ-CZ(#') gate infidelity and minimal Rydberg
times Q7 for varying atomic geometries. We optimize pulse
parameters in the presence of Rydberg state decay with rate
v/ = 107, considering the antisymmetric pulse ansatz (6)
with 12 parameters. The interaction between nearest neighbors
is set to Viun/(h€2) = 32, while interaction strengths between
next-nearest neighbors are varied from Vyn,/(hS20) = 0.5 (line)
to Vimn/(R20) = 32 (equilateral triangle).

denote by (cp) the measurement of Pauli P on all edges of
color ¢, then M = [{rx), (gv), (b2)].

We now explain how the ISGs of the honeycomb code
establish, exemplary for a blue plaquette in the honeycomb
Floquet code in Fig. 9(b). As any measurement outcome is
completely random (the currently measured edges always
anticommute with the previously measured edges), we
assume without loss of generality that their measurement
always yields +1. After the XX -measurement of red edges,
the corresponding two-body stabilizers are part of the ISG.
Measuring YY on the green edges, the red edges individu-
ally anticommute with the measurements. However, their
product X ®¢ commutes with all green YY-egdes and is part
of the following ISG. The subsequent ZZ-measurement on
(outgoing) blue edges anticommutes with all green edges
and the red plaquette. Again, their product, now a Z®° pla-
quette commutes with the ZZ-measurements and is also
part of the next ISG. Note that after this plaquette has been
initialized for the first time, it is always part of the ISG:
green Y'Y and red XX edges overlap on two locations and
the outgoing blue Z edges trivially commute with the Z°
plaquette. Correspondingly, on red and green plaquettes,
X® and Y®° operators are always part of any ISG. The
full sequence of ISGs is generated by

{(rx ), (Px ), (Py), (Pz)) = (), (Px), (Py), (Pz))
= ((bz), (Px), (Py), (Pz)) = ..., (B2)

where we denote by (Py) the set of all six-body Pauli X
operators on red plaquettes.

Focusing on neutral-atom platforms, we consider pla-
nar honeycomb codes [39]. We follow the construction of
Ref. [40], which requires a rewinding schedule [77]: M =
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Evolution of a vertical logical operator in the planar honeycomb Floquet code. Time goes from left to right, and we show

representatives of logical operators that are shared between subrounds by a shading behind the labels for the measurement. We start
with a representative after having measured (ry )-edges, that is given by Pauli X on green edges along a string in the vertical direction.
Because of the even overlap with (gy)-edges, this logical operator is already shared with this subsequent round. The then following
(bz)-edges, however, anticommutes with this representative. A shared logical operator is given by multiplying the just measured (gy)-
edges, indicated by light green color. This results in a Z-string along the green edges. For the following (ry)-measurement, the blue
edges along the string have to be multiplied in the logical operator. At this point, the schedule rewinds and we can follow the same

transitions until the next (ry)-measurement.

[{rx), {gy), (bz), {rx), (bz), {(gy)]. The boundaries are con-
structed by cutting edges of the same color. In one direction
of the torus, they are cut linearly, in a second in a zig-zag
fashion. We choose to cut along blue and green edges in
the x- and y-direction, respectively, see Fig. 9(a). Cut edges
represent single-body measurements.

In Fig. 17, we show the evolution of a vertical logi-
cal operator. A representative after having measured (rx)
edges is given by Pauli X on green edges along a string
in the vertical direction. Because of the even overlap with
(gy)-edges, this logical operator is already shared with
the next round. The then following (hz)-edges, however,
anticommute with this representative. A shared logical
operator is given by multiplying the just measured (gy)-
edges, resulting in a Z-string along the green edges. For
the following (ry)-measurement, the blue edges along the
string have to be multiplied in the logical operator. At this
point, the schedule rewinds and we can follow the same
transitions until the next (ry )-measurement.

2. Error correction in planar Floquet codes

Error correction in general works by looking at measure-
ments or sets of measurements that are deterministic in the
absence of noise. We refer to such a (set of) measurements
as a detector [66,67,69]. For a regular stabilizer code, the
detectors are the stabilizer measurements, or parities, i.e.,
sums, of consecutive stabilizer measurements.

For a Floquet code, typically all two-body Pauli opera-
tor measurements are individually random. However, six-
body X (Y,Z) Pauli operators on red (green, blue) bulk
plaquettes commute with all edges. Once initialized (i.e.,
the adjacent edges are measured for the first time), they
are always part of the ISGs. Their eigenvalue can therefore

be periodically reconstructed each time the blue and green
(blue and red, green and red) edges are measured one after
another. We visualize these bulk detectors in Fig. 18(a).
By a dark shade, we indicate the rounds where measure-
ments contribute to a plaquette eigenvalue. The light shade
spans between two consecutive measurements of plaquette
operators. We refer to the total shaded area as a detecting
region. A red (i.e., X -type) detecting region is sensitive to
Y- and Z-faults occurring in that region, because a Z-fault,
e.g., anticommutes with the X -plaquette and therefore flips
its eigenvalue. Note that every timestep is covered by at
least two detecting regions of different colors. In practice,
a generating set of detectors is necessary, and any basis
of detectors is valid. We therefore combine some of the
detectors that include 12 measurements to smaller ones
that only require six. One example is a detector on green
plaquettes consisting of only (blue) ZZ-measurement out-
comes. This is possible, because in the rewinding sched-
ule, the sequence (bz) — (ry) — (bz) exists. On green
plaquettes, the product of Z-edges survives the XX mea-
surement. The product around the same green plaquette of
immediately following ZZ-measurements therefore yields
the same outcome compared to two subrounds before.
This kind of detector also exists for blue plaquettes with
the corresponding YY measurements in the subsequence
(gr) = (rx) = (gr).

At the boundary, qubits undergo single-qubit Z- and
Y-measurements. Here, the order is important: Only if
a two-qubit measurement follows two single-qubit mea-
surements (on the same two qubits), the product of the
two single-qubit measurement continues to be part of
the stabilizer group. A following single-qubit measure-
ment therefore can close a detecting region. This is the
case for all green and blue boundary plaquettes based on
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FIG. 18.

Detector error model details. (a) Detecting regions of the planar honeycomb code. Time goes from left to right and we show

rounds i and i + 1 with their blocks 0 and 1. Dark shaded regions indicate steps where measured edges contribute to the drawn plaquette
operator. Each detection region starts and ends with a measurement of these operators. Any fault anticommuting with these operators
in between subsequent measurement can be detected, indicated by the light shade. As an example, a Z-fault after having measured (ryx)
edges is detected by a red X -type and two green Y-type detectors. (b) Detector error model for a size s = 3 planar honeycomb Floquet
code using a circuit level noise model and three-qubit G5 gates. Detector are represented by circles. Faults correspond to edges. A fault
also flipping a logical observable is drawn in red. If a fault flips more than two detectors, the hyperedge is drawn in blue. (c) In the
decomposed detector error model, each fault flips at most two detectors, i.e., this is a matchable graph.

the subrounds (b)) — (ry) — (bz) and (gy) — (ry) —
(gy), respectively. The other detectors on blue and green
bulk plaquettes start with red X measurements, which at
the boundary get unrecoverably randomized by the sub-
sequent single-qubit ¥ and Z measurements. For the red
plaquettes, on the green boundary, detectors only exist
for detecting regions starting in block 0 ( {(gy) — (bz) —
...). On the blue boundary, detectors only exist for detect-
ing regions starting in block 1 ( (bz) — (gy) = ...). In
the corners, no detectors are formed because the corner-
qubits are measured in single-qubit Y and Z.

In a memory experiment, we initialize a specific logical
eigenstate and probe whether the logical information sur-
vives a given number of error correction cycles. For a CSS
stabilizer code, this could, e.g., be a single-qubit initial-
ization |+)®”, which is a +1 eigenstate of the logical X -
operator. After nyungs rounds of stabilizer measurements,
a single-qubit X -measurement allows one to reconstruct
the eigenvalue of the logical X -operator. The sets of mea-
surements that contribute to the eigenvalue of the logical
operator we probe are referred to as observable. In Floquet

codes, the logical operators typically transform from one
measurement to the next by multiplication of edge mea-
surement outcomes, see Appendix B 1. These measure-
ments therefore also contribute to the logical observable
of the memory experiment.

Finally, given a circuit and a noise model, the action
of elementary faults on detector outcomes is specified in
a detector error model, essentially a collection of matri-
ces D € ]F;'detectorsxnfaults, Oe ]Fgobservablesxnfaults’ and a vector
p € [0,1]"ts . D is the detector matrix encoding which
faults flip which detector and can be thought of as the par-
ity check matrix of the circuits. O is the observable matrix
that encodes which faults flip the observable(s). p is the
vector of probabilities of the faults. We show a graphical
representation of the detector error model for the circuit-
level noise and using the Gs-gate in Fig. 18(b). There,
edges are faults that flip the adjacent detectors, represented
by circles. If a fault also flips an observable, it is colored
in red. Faults that flip more than two detectors are colored
blue.

The simulation then proceeds as follows.
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TABLE I. Time-optimal and Tk-optimal CZ gate parameters.
The table shows the parameters of two pulses implementing a
CZ gate in the perfect blockade regime using ansatz (6). The left
column corresponds to the time-optimal pulse. The right column
describes a pulse that minimizes the time 2,7 spent in Ryd-
berg states during gate execution. In the absence of Rydberg-state
decay, the gates reach infidelities 1 — F'. Both pulse profiles are
shown in Fig. 2.

Ansatz (6) Ansatz (6)

4 parameters 6 parameters
QT 7.61140652 7.72506187
Ao/ 2 0.07842706 —0.92491109
A, 1.803 009 02 —0.891 191 31
aj —0.61792703 —2.91001616
A 0.632103 87
o2 —0.08132401
QoTr 2.958 2.936
1-F 6 x 107! 4x107°

(1) Sample the noisy circuits. A shot samples a fault-
vector f according to the probability distribution
p and calculates the syndrome d= Df and the
observable outcome 8 = Of .

(2) Decode the syndrome d. This results in a fault-
guess f " and an associated observable prediction
5 =0f"

(3) Ifo’ # 0, count a logical error.

It turns out that decoding the honeycomb Floquet code
is equivalent to decoding the surface code [37]. For a
circuit-level noise model, the detector error model still
has to be decomposed in order to generate a matchable
decoding problem. We show a decomposed detector error
model graph in Fig. 18(c). This graph is then suitable for
decoding using minimum-weight perfect matching. For all
simulations, we use pymatching [70].

3. Other variants of Floquet codes

There exist CSS versions of honeycomb codes where
only X- and Z- operators are measured [78,79]. Planar
honeycomb codes were introduced in Refs. [39,80] and
benchmarked in Ref. [40]. There are numerous other con-
structions of Floquet codes, iyperbolic honeycomb codes,
e.g., allow for a higher encoding rate [81,82]. XYZ ruby
codes and variants implement a color code and enable
transversal logical gates [66,77,83].

4. Implementing three-qubit gates and n-qubit
depolarizing errors in stim

To implement the Gs-gates and depolarizing channels
acting on n > 2 qubits in stim, we place three CZ-gates
in the same TICK. To mimic a three-qubit depolarizing
channel, we use stims included correlated error feature.
We present the basic idea with an example. Consider
a two-qubit bit-flip channel with probabilities p (XT) =
pxr,p(UX) = prx,p(XX) =0 and p(II) = 1 — px; — pix.

TABLEIL Time-optimal, minimal-parameter, and Tz-optimal CCZ gate parameters. The table shows pulse parameters realizing CCZ
gates in the perfect blockade regime. The time-optimal pulse [18] requires the general ansatz (4) with 14 parameters (left column).
A nearly time-optimal gate can be realized with a pulse described by eight parameters using the symmetric ansatz (6). The minimal
number of pulse parameters required to realize the gate is six. A pulse described by ten parameters can reduce the Rydberg time €275
significantly. In the absence of Rydberg-state decay, the gates reach infidelities 1 — F. The pulses are plotted in Fig. 4(c).

Ansatz (4) Ansatz (6) Ansatz (6) Ansatz (6)

14 parameters 8 parameters 6 parameters 10 parameters
QT 10.832 648 40 10.970946 81 12.242 29503 12.729 11958
Ao/ Qo —0.008 08517 —0.195 663 67 —0.73502207 —1.43281803
A, 1.29967575 0.43131090 3.00127734 —1.98920752
oy —0.15117887 —1.164 602 09 2.80831494 —6.314 64092
B 0.26117336
Bi 0.32173635
A —0.18593552 1.056 69771 3.45152105 0.10028046
o —0.379469 65 —0.705 45851 1.089 33841 1.082343 50
B, —0.330146 85
B2 —1.013 00629
As 0.078 13142 0.880549 14 0.719769 22
a3 —0.481 86569 —0.227566 92 —0.43203706
B3 0.36779145
B3 0.24847061
Ay 0.65327507
oy 0.206387 12
QoTx 4.905 4.179 4.403 3.947
1-F 1 x 1071 5x107° 2x107° 1 x 1077
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TABLE IIl. Time-optimal, minimal-parameter, and 7x-optimal CCCZ gate parameters. The table shows pulse parameters realizing
CCCZ gates in the perfect blockade regime. The time-optimal pulse [18] requires the general ansatz (4) with 18 parameters (left
column). A nearly time-optimal gate can be realized with a pulse described by ten parameters using the symmetric ansatz (6). The
minimal number of pulse parameters required to realize the gate is eight. A pulse described by 14 parameters can reduce the Rydberg
time 27 significantly. In the absence of Rydberg-state decay, the gates reach infidelities 1 — F. The pulses are plotted in Fig. 15(c).

Ansatz (4) Ansatz (6) Ansatz (6) Ansatz (6)

18 parameters 10 parameters 8 parameters 14 parameters
QT 11.80271325 12.42032121 14.14222223 15.648 82230
YA 0.13332200 —0.09371255 —0.169543 82 —0.623 44592
A 0.669 83248 1.023 59835 0.316479 08 —1.213099 50
a) 1.314764 92 —0.999453 57 —0.756 701 50 0.303953 21
B 281147759
Bi —1.58457206
A, —0.36210033 1.963 61795 0.39053196 3.655896 21
o —1.57467284 —0.800006 98 1.306261 62 0.070 868 44
B, —2.17781176
B2 1.094 32979
A3 0.416 49028 0.746919 15 0.805 03678 —0.90823921
as —0.645277 64 —0.18123922 0.576283 61 —2.608 57295
B; 0.470124 71
B3 0.191 648 86
Ay 0.145937 50 0.705 143 04 —0.12491227
on 0.510 868 08 0.326 56123 0.98704073
By 1.081 96100
Ba —0.065067 73
As 0.31508103
os 0.34077972
Bs
Bs
Ag —0.359484 49
a6 —0.802 74892
QoTr 5.494 4.925 6.407 4.755
1-F 5% 1078 1x1078 2x 1078 5% 107°

The probability distribution of this channel cannot be
reconstructed using independent single-qubit channels,
because then p (XX) = pixpxr + pxx # 0. With the corre-
lated error feature, this two-qubit bit-flip channel can be
written as

CORRELATED_ERROR (p_XTI) X1

ELSE_CORRELATED_ERROR (p_IX/(1-p_XI)) X2.
(B3)

For p;y = px; = 0.01, this is

CORRELATED_ERROR(0.01) X1

ELSE_CORRELATED_ERROR (0.01010101) X2.
(B4)

In the simulation, the ELSE_CORRELATED_ERROR (p)
P1+P2x*... only occurs with probability p if none of the
preceding (ELSE_)CORRELATED_ERRORs occurred.
For a nonuniform depolarizing channel, e.g., the Z-bias
channel from above, on 7 qubits with probabilities p =

{p,-}?il_l of (Pauli) errors E = {Pi}?ll_l, we can there-
fore simulate the channel using subsequent and ordered
ELSE_CORRELATED_ERROR (p; ) s with rescaled prob-

abilities,

b= )i _ Pi
[ =p) 1=, p

(BS)

APPENDIX C: PULSE PARAMETERS

This Appendix provides parameters for the pulses whose
profiles are shown throughout this paper. Table I contains
information on the time-optimal and Tk-optimal two-qubit
CZ gates. Table II presents the parameters for the time-
optimal, Tr-optimal, and minimal-parameter pulses imple-
menting three-qubit CCZ gates. Table III provides data for
four-qubit CCCZ gates discussed in Appendix A. Finally,
Table IV presents the pulse parameters for three-qubit
CZ-CZ-CZ gates.
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TABLEIV. Time-optimal, minimal-parameter, and 7z-optimal
CZ-CZ-CZ gate parameters. The table shows pulse parameters
realizing CZ-CZ-CZ gates in the perfect blockade regime. The
time-optimal pulse requires eight parameters using ansatz (6)
(left column). The minimal number of pulse parameters required
to realize the gate is six. A pulse described by eight parameters
can reduce the Rydberg time (7 significantly. In the absence
of Rydberg-state decay, the gates reach infidelities 1 — F. The

pulses are plotted in Fig. 11(c).

Ansatz (6) Ansatz (6) Ansatz (6)

8 parameters 6 parameters 8 parameters
QT 16.369 73127 18.171 82396 16.564 560 40
Ao/ —0.28705772 —0.51050960 —0.41971218
Ay —0.62187299  —1.03247663  —0.04643639
o 240051297 2.200242 45 —0.835278 65
A 0.284 034 66 0.740 440 80 1.346 783 03
o 0.45564291 —1.34735876 0.05257253
As 1.989 74449 0.819060 55
a3 —0.200409 35 —0.315964 55
QoTr 6.541 7.867 6.105
1-F 3x 1078 6 x 107° 5% 1078
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