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Identifying robust designs for multi-energy systems is computationally challenging. As rigorous ap-
proaches are often computationally intractable, heuristics are employed to generate candidate designs.
One example is the feasibility time-step heuristic by Teichgraeber et al. [Appl. Energy, 275, 115223,
2020]. We theoretically investigate how three common nonconvexities, i.e., piecewise-linear energy inflow-
outflow relationships, minimal part-loads, and storage complementarity, affect the robustness of designs
identified by this heuristic. We find that, if surplus energy cannot be curtailed, any of these nonconvexities
may cause the heuristic to fail. If curtailment is allowed, storage complementarity does not compromise
robustness, and convex piecewise-linear inflow-outflow relationships can be reformulated linearly. How-
ever, minimal part loads may lead to failure of the heuristic. Furthermore, if the objective function of
the operational problem is not jointly convex in the uncertain variables and the operational variables,
the heuristic may fail. We consider an illustrative multi-energy system, where minimal part-loads and
nonconvex dependence of the objective function on heat-pump efficiency are identified as possible fail-
ure modes. We propose a hybrid method that discretizes integer variables and embeds the dual of the
lower-level problem into a single-level formulation to verify whether a design identified by the heuristic is
robust. The results show that the feasibility time-step heuristic may identify robust designs despite the
presence of nonconvexities, but the success is case-dependent. Hence, the heuristic can serve as a first
step in identifying robust designs; however, when robustness guarantees are required, rigorous methods
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1 Introduction

When designing multi-energy systems, it is paramount that these are robust, i.e., they can meet any en-
ergy demand that the system is expected to encounter during operation. Robustness is an even stronger
concern in isolated energy systems, which are not connected to a superordinate grid. The limited number
of users and small geographic extent of isolated systems lead to large relative fluctuations in load and
renewable generation, necessitating robustness against uncertainties in both demand and renewable sup-
ply. To hedge against uncertainty, multi-energy systems are often designed using historical realizations
of the uncertainties. As incorporating the full historical dataset is often computationally intractable,
time-series aggregation methods are frequently applied (Kotzur et al., 2018; Teichgraeber and Brandt,
2019; Fleschutz et al., 2025).

A major limitation of these aggregation approaches is that they often neglect extreme events, even
though such events can strongly influence system costs (Bahl et al., 2017a). Consequently, several ap-
proaches have been developed to better account for extreme scenarios. One option is to manually include
extreme periods in the representative scenarios used for system design (Dominguez-Muifioz et al., 2011;
Voll et al., 2013). In a similar vein, Gabrielli et al. (2019) created synthetic worst-case scenarios with
artificially increased demands and analyzed the robustness of the candidate designs. However, the inter-
actions between different uncertainties are difficult to assess a priori.

In a series of papers, Bardow and co-workers (Bahl et al., 2017a, 2018; Baumgértner et al., 2019a,b)
developed methods that iteratively refine the temporal resolution of aggregated time series to accurately
approximate the optimal objective value of the full dataset for mixed-integer linear programming (MILP)
energy system design problems. Wang et al. (2024) extended these methods to nonlinear problems.
In addition to improving the approximation of system costs, these approaches also aim to ensure the
feasibility of the candidate design for the complete historical dataset. In a similar vein, Teichgraeber
et al. (2020) introduced the feasibility time-step heuristic, based on work by Bahl et al. (2017b). Instead
of increasing the resolution of the entire time series, as done in Bahl et al. (2017a, 2018); Baumgértner
et al. (2019a,b), Teichgraeber et al. (2020) and Bahl et al. (2017b) iteratively check the operational
problem for feasibility, and add violating scenarios to the design problem.

However, feasibility with respect to the historical data alone may not be sufficient to guarantee
feasibility for future uncertainty realizations (Wedemeyer et al., 2026), since the available historical data
represent only a finite subset of all possible operating conditions. To obtain robustness guarantees, robust
optimization (Ben-Tal et al., 2009), originally introduced by Soyster (1973), can be employed. Robust

optimization addresses optimization problems with uncertain parameters, e.g., future energy demands,
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renewable generation, and energy prices. The objective is to identify solutions that remain feasible for all
realizations of the uncertain parameters within a predefined uncertainty set. Enforcing feasibility for all
possible uncertainty realizations naturally leads to semi-infinite programs (SIPs) (Stein, 2003; Charnes
et al., 1962), which involve finitely many decision variables but infinitely many constraints.

In many energy system applications, some decisions must be taken before the uncertainty is realized,
while others can be adjusted afterwards. This setting is commonly addressed using adjustable robust
optimization (Ben-Tal et al., 2004), in which here-and-now decisions are complemented by wait-and-
see variables acting as recourse decisions. Including recourse decisions leads to multi-level optimization
problems, making adjustable robust optimization problems even harder to solve than regular robust
optimization problems.

Existing approaches, therefore, typically balance the tractability of the robust optimization problem
against the generality of the uncertainty set and the flexibility of the recourse decisions. Majewski et al.
(2017) proposed a robust energy system design approach, but restricted the uncertainty set to intervals
around nominal parameter values. They reformulated the resulting SIP into a tractable single-level
problem by considering only the extreme values of these intervals. However, Grossmann and Sargent
(1978) have shown that this reformulation is not valid for general polyhedral uncertainty sets. Similarly,
Abdin et al. (2022) propose an adjustable robust optimization approach based on the same interval-type
uncertainty set, in which wait-and-see variables are approximated using affine decision rules parametrized
by here-and-now variables. In contrast, Shen et al. (2020) introduce a data-driven uncertainty set to better
capture the correlation between uncertain parameters, but do not explicitly model recourse decisions.

Recently, we transferred a robust design approach from process systems engineering (Grossmann
and Sargent, 1978) to energy system design (Wedemeyer et al., 2026). While this approach enables
the exact solution of robust energy system design problems without restrictions on the structure of the
uncertainty set or the recourse decisions, it is computationally demanding. Consequently, in practical
settings, heuristics such as the feasibility time-step heuristic (Teichgraeber et al., 2020) may still be
needed.

We previously proved that for convex operational problems, the feasibility time-step heuristic (Teich-
graeber et al., 2020) indeed guarantees feasibility for all scenarios within the convex hull of the historical
data (Wedemeyer et al., 2026). However, multi-energy system design problems are often formulated as
MILP problems, which are inherently nonconvex (Ommen et al., 2014; Kotzur et al., 2021; Wirtz et al.,
2021; Hoffmann et al., 2024; Manco et al., 2024). As a result, the robustness guarantees established

for convex operational problems no longer apply. Nevertheless, already the original work by Bahl et al.
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(2017b) applied the heuristic to an MILP energy system synthesis problem.

This raises the question of whether practically relevant nonconvexities invalidate the robustness guar-
antees of the heuristic. In our previous work (Wedemeyer et al., 2026), we showed that minimal part load
operation, if combined with a no-curtailment assumption, can cause the feasibility time-step heuristic
(Teichgraeber et al., 2020) to identify designs which are not robust, i.e., for which not all realizations in
the uncertainty set are feasible. However, the example was minimal, considered only a single timestep,
and relied on the assumption that surplus energy could not be curtailed.

In the present work, we extend this analysis and provide comprehensive guidelines for assessing the
robustness of designs obtained using the feasibility time-step heuristic. Specifically, we (i) classify common
nonconvexities in multi-energy system models, (ii) analyze their impact on robustness, and (iii) propose
a method to rigorously verify candidate designs. To the best of our knowledge, this is the first systematic
analysis of how typical nonconvexities affect robustness and the first work to provide general guidelines
for the robust application of the feasibility time-step heuristic. The findings, therefore, have important
implications for the robust design of multi-energy systems with MILP operational problems.

The remainder of this work is structured as follows. Section 2 presents the modeling framework for
multi-energy system design and discusses the key nonconvexities arising in the operational problem. Their
impact on robustness is then analyzed. Section 3 introduces an illustrative case study that demonstrates
the impact of nonconvexities. Additionally, a method is proposed to verify whether a design candidate is
robust for all scenarios within the convex hull of the historical data, and its application is demonstrated

using the case study. Finally, Section 4 discusses the results and summarizes the main findings.

2 Problem Structure

Throughout the manuscript, scalar-valued quantities are denoted in regular font, e.g., x, vector-valued
quantities are denoted in bold font, e.g., x, and set-valued quantities are denoted in calligraphic font,

e.g., X. We consider energy system design problems of the form:

min Cinw(X) + Z Cop(2Zs) (PS)

X,z;€Z:(x)VseS
X€EX,z2,€2:(x)VsE ses

s.t. max min E x,vy,z) <0
YeY 2€2 (x,y) gap( 'Y )_
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with feasible sets

X = {x € R"| g,(x) < 0 (Design constraints)}
Zi(x) = {25 € R™| gen(X,¥s,25) <0 (Energy system model)}
Y ={y e R"| g,(y) <0 (Uncertainty bounds)}

Z(x,y) = {2 € R™| gen(x,y,2) <0 (Energy system model)},

where x represents design decisions such as component capacities, y, are the fixed uncertainty realizations
of the representative scenarios s, and zs represents the corresponding upper-level operational decisions
such as component energy outflow. c;, and c,, are the investement and operational costs, respectively.
g:(x) are the design constraints, e.g., piecewise-linear investment curves, and g, (y) are the uncertainty
bounds, i.e., constraints describing the convex hull of the historical data. ge,(x,-,:) < 0 are the model

equations that describe the behavior of the energy system.

i Euup(X,y, MLP
max win - Eoap(x,y,2) (MLP)

An embedded optimization problem, which we refer to as the medial-level problem (MLP), ensures the
feasibility of the design for all possible uncertainty realizations y, such as wind-power realizations, using
operational recourse decisions z to counteract the uncertainty realization. We refer to the objective

function of problem (MLP) as the energy gap, which is defined as:

Egap(x7 Yy, Z) =
. . . . . (1)
66116'1%}6(7’ Ee,dem,t - Z Ee,c,t + Z Ee,c,t + Z (Ee,c,t,in - Ee,c,t,out)

c€Ce,out c€Ce,in c€Ce,sto

Here, the energy gap represents the maximum energy balance violation across all energy forms e € £ and
timesteps t € T. Ee,dem,t is the energy demand for energy form e at time ¢, and Ee’c,t represent energy
flows associated with component ¢, where C. ;,, and Cc o+ denote the sets of components consuming and
supplying energy form e, respectively. For storage components ¢ € Cc sto, Ee,c,t,m and Ee’c,mut denote
the energy inflows and outflows.

(PS) is a so-called existence-constrained semi-infinite program (ESIP) (Djelassi and Mitsos, 2021).
Importantly, if the feasible set of the lower-level problem Z(x,y) depends on the uncertain variables y,

(MLP) is a generalized semi-infinite program (GSIP). To facilitate the solution of (MLP), the coupling
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constraints g;(y,z) in Z(x,y), which introduce the dependency of the medial-level variables y, are moved

into the objective function:

a i ax s Fyup(X,y,2), ma i(y, MLP-ref
e Al R

Here j € J are the indices of the coupling constraints. If (MLP) is replaced by (MLP-ref) in (PS), an
equivalent ESIP is obtained (cf. Section 5.2.4 in Djelassi (2020)).

If YV is a polyhedral set, as we will assume here, a sufficient condition for the worst-case scenario to
lie on a vertex of the uncertainty set is joint convexity of the optimal value function

min  max < Fyq,(X,y,2), max{g;(y,z
i e By v mas (0522

with respect to y and z (Halemane and Grossmann, 1983). Consequently, if the objective function of
the lower-level problem is not jointly convex in the uncertain variables or if there are nonconvexities in
the operational problem, the worst-case scenario may not lie on a vertex of the uncertainty set, which
may lead to failure of the feasibility time-step heuristic and thus a non-robust design (Wedemeyer et al.,
2026).

(PS) can be solved using adaptive discretization approaches (Djelassi, 2020) based on the algorithm by
Blankenship and Falk (1976). As shown in our previous work (Wedemeyer et al., 2026), these adaptive-
discretization approaches are working in a similar principle as the feasibility time-step heuristic, which is
illustrated in Figure 1. In both methods, design optimization is performed using a set of representative
scenarios S drawn from the historical dataset D to obtain candidate designs. Subsequently, worst-case
scenarios are iteratively identified and added to S to refine the design problem.

The two approaches differ in how the worst-case scenarios are determined. In the feasibility time-step
heuristic, operational feasibility is evaluated for all historical scenarios. If one or more infeasible scenarios
are identified, they are added to the representative scenario set, and a new candidate design is computed
(cf. Figure 1). The procedure terminates once all historical scenarios are feasible, at which point the
design is deemed robust with respect to the historical data.

In contrast, adaptive discretization algorithms (Djelassi, 2020) identify worst-case scenarios by solving
(MLP-ref) directly. Consequently, if the uncertainty set ) is defined as the convex hull of the historical

data, the feasibility time-step heuristic solves a relaxation of (PS) (Wedemeyer et al., 2026).
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Fig. 1. Ilustration of the feasibility time-step heuristic (Teichgraeber et al., 2020): A candidate design is
obtained using a set of representative scenarios S. Its operational feasibility is evaluated for all historical
scenarios (circles) in the historical data D. If all scenarios are feasible, the design is deemed robust;
otherwise, the set of representative scenarios is augmented with one or more infeasible scenarios from
the historical data, and the procedure is repeated. For convex operational problems, the feasibility of
all historical scenarios guarantees feasibility for the entire interior of their convex hull (shaded region)
(Wedemeyer et al., 2026).
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2.1 Common nonconvexities

Looking at recent publications and reviews of energy system modeling (Ommen et al., 2014; Kotzur et al.,
2021; Wirtz et al., 2021; Hoffmann et al., 2024; Manco et al., 2024), we have identified 5 types to which

nonconvexities occurring in energy system design problems can typically be attributed:
1. Piecewise-linear investment curves
2. Multiple units of the same component type
3. Piecewise-linear performance curves
4. Minimal part-loads
5. Complementarity of storage input and output

In this work, we focus on the impact of nonconvexities on the robustness of energy system designs.
Piecewise-linear investment curves and integer variables used to model multiple units of the same com-
ponent type appear only in the upper-level design problem (PS) and not in the embedded problem
(MLP), which ensures the robustness of the design. Consequently, these nonconvexities do not affect the
robustness of designs identified by the feasibility time-step method.

This leaves 3 relevant nonconvexities in the operational problem. For these nonconvexities, their
impact depends on two additional factors: (i) whether the input energy flow of the considered component
is externally supplied, and (ii) whether curtailment of excess energy is permitted. Multi-energy systems
comprise components that convert between different energy carriers and must satisfy demand constraints
for each carrier. If the input energy form is externally supplied and thus does not appear in any system
balance equation, the nonconvexities affect only operational costs but not robustness, as the external
supply is assumed to be able to meet any required demand. Curtailment refers to the ability to dispose of
surplus energy, for example, by releasing excess heat to the environment via a heat exchanger. Curtailment
has a substantial influence on the mathematical structure and difficulty of the problem. If curtailment
is allowed, (PS) constitutes a regular ESIP (Djelassi and Mitsos, 2021), in which the objective function
(1) of the medial-level problem (MLP) must be less than or equal to zero. If curtailment is prohibited,
the energy balance must be satisfied exactly, resulting in a semi-infinite equality constraint. However,
the presence of a semi-infinite equality constraint violates the assumption that a Slater point exists
(Djelassi and Mitsos, 2021). The existence of Slater points, even near-optimal ones, is rather standard
among deterministic global solution methods for semi-infinite problems, including for (PS), as they rely

on restriction to generate feasible bounds (upper bounding procedure). In the absence of Slater points,
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the algorithms, including those proposed in Djelassi and Mitsos (2021), are not guaranteed to converge,
and typically do not do so in practice. In the presence of semi-infinite equality constraints, specialized
solution strategies are required, e.g. Djelassi et al. (2019) or Stuber and Barton (2015). In line with
previous works on the robustness of energy systems (Majewski et al., 2017), we focus on the case with
curtailment, as it yields a more tractable yet realistic optimization problem formulation. In practice,
excess energy can often be dissipated, e.g., via curtailing renewable energy sources or dissipating heat
energy to the environment through the use of heat exchangers.

In addition to the previously mentioned nonconvexities in the operational problem, the way uncer-
tainties enter the operational problem can also lead to the feasibility time-step heuristic being unable to
identify a robust design. Typical uncertainties in energy system optimization problems include energy
demand and weather realizations.

While energy demand enters the operational problem linearly in the energy balance equations of the
objective function (1), weather variables may appear nonlinearly. For example, the efficiency of a heat
PUMP Nhp nom,t(Tamp,e) may depend on ambient temperature T (Sass et al., 2020) and appears in

the energy inflow-outflow relation as:

; Eeout:hp7t
Eem,hp,t - =0
nhp,nom,t(Tamb,t)
When E,. ., is replaced in the energy balance by the expression ——<eut"2:t ___ 5 nonconvex depen-
mn p7

Nhp,nom,t(Tamp,t)’

dency of the objective function (1) on the uncertain variable 7pp nom, i (Tamp, t) arises.

Therefore, when assessing the validity of the feasibility time-step heuristic, it is necessary to consider
not only the convexity of the operational problem but also whether the objective function (1) of the
medial-level problem (MLP) is jointly convex in the uncertain variables y and the operational variables
z (Halemane and Grossmann, 1983). The influence of the 3 relevant nonconvexities in the operational
problem and the joint nonconvexity of the objective function on robustness is summarized in Table 1.

In the following sections, we will describe the 3 nonconvexities and under which conditions they may

pose challenges to the feasibility time-step heuristic.

2.2 Piecewise-linear performance curves

Nonlinear component efficiency curves can be approximated using piecewise-linear functions. Rather
than modeling the efficiency curves directly, it is often advantageous to describe the relationship between

the energy inflow and outflow of a conversion component, as this relationship typically exhibits a more
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linear behavior (Voll et al., 2013). The relevance of component performance curves in the context of
robustness depends on whether the input energy carrier is externally supplied or must be provided by the
multi-energy system itself. For example, meeting a cooling demand with a compression chiller induces
an additional electricity demand within the system, whereas externally supplied inputs, such as natural
gas for a boiler, are assumed to be unconstrained and affect only operational costs. Consequently, for
robustness analysis, performance relations of components whose inputs are externally supplied can be
replaced by admissible energy outflow ranges. In contrast, if a component induces additional demand for
another energy carrier, the feasibility time-step heuristic may fail in providing a robust design.

The piecewise-linear relationship between the energy inflow and outflow of a conversion component

E,, (F,,,) can be modeled as follows according to Sass et al. (2020):

- Enom j . .
Eein = Z (bj)‘zn,jn + ﬁj (Eeout,j - )\out,jbjEnom>>

jeT nom MNnom
Xout.j Enombj < Ee,,, VieJ
)\out,j+1Enombj > Eeout,j v.] eJ
> bi=1
JjeT
Eeout = Z Eeoutyj
JjeJ
Here, Eem and E’ewt denote the total energy inflow and outflow of the component, respectively, and

Epom is the nominal capacity of the component. The binary variable b; selects the active segment j € J
of the piecewise-linear approximation. The parameters \;, ; and Aoy ; define the breakpoints of the

approximation, and the slope
ﬂ' _ )\in,j+1 - )\in,j
’ )\out7j+1 - Aout,j
characterizes segment j. The parameter 7,0, denotes the nominal efficiency. This formulation represents
a piecewise-linear approximation of the conversion efficiency. During design optimization, the bilinear
terms bjEnom can be linearized using Glover’s reformulation (Glover, 1975). In the operational problem,

E,om is a fixed parameter, and the formulation directly reduces to a linear model.

A simple multi-energy system with two energy forms, e;, and e,,;, and allowed curtailment can be
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represented by the following operational feasibility problem:

min
z€Z,peR

st By oagg+ Fer, < ¢

€in,

Eeout;agg - Eeout S ¢

. E B; ) .
Eem = Z bj/\i%jﬂ + ! (Eem,t,j - )‘out,jbjEnom)
‘ Nnom Tnom
JjeT
Nout,jEnombs < Be, .. VieJ
)\out,jJrlEnombj > Eegut,j V] S J
> bi=1
JjET
Eeout = Z E€O'ut7j
JjET

The component takes E,, as input energy and transforms it to £ which it outputs, hence the opposite

€in €out?

signs in the energy balance equations. ¢ is an auxiliary variable introduced to model the energy gap, i.e.,

Egap(xﬂ Y, Z) = maX{EeimGQQ + Eein7Eeout7agg - Eeout}7

and the operation is feasible if ¢ < 0. For simplicity, all other components and demands have been
aggregated into Eem,agg and E"emmagg, respectively, to focus solely on the influence of the piecewise-linear
energy inflow-outflow.

Although many energy systems are modeled as MILP problems, the linearized performance curves are
often convex and only appear nonconvex due to the modeling choice. For example, the piecewise-linear
functions used by Voll (2014) to model the energy inflow-outflow relation of a boiler, a combined heat
and power unit, an absorption chiller, and a compression chiller are all convex functions.

If the linearized energy inflow-outflow curve is convex, a simplified formulation of E,, (E.,,,) can be

used (cf., Chapter 1.3 in Bertsimas and Tsitsiklis (1997) and Section 3.2.2 in Varelmann et al. (2022)):

Jj€T nom Mnom

- Enom j . .
Ee,, = max {bj)‘in,j + L (Eeout - )‘out,jbjEnom) }
n

This results in the following problem formulation by dropping the constraints describing the piecewise-
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linear behavior in the general case:

min
z€Z,peR

sit. E

€in,

agg + Eein S ¢

Eeout;agg - Eeout S ¢

. Enom j . .
Eem = max {bj)\in,j + BJ (Eeaut - )\out,jbjEnom) }

JjeET nom Mnom
E., . < Enom

€out —

By substituting, we obtain the inequality

. E B
E. . bi\ip, i —2 J
ins gg"‘rjnégi{ jAin,j +

nom Tnom

(EWM—%%ﬁﬂ%m)}§¢

which can be formulated as multiple linear constraints (Bertsimas and Tsitsiklis, 1997; Varelmann et al.,

2022):

E Bi
agg + bjAin j — + —

nom 771’LOTTL

E

(Bews = AoutibiBuom) <6 Vi €T (2)

€in,

Consequently, if the piecewise linearization of the energy inflow-outflow curve of the component is convex,
ie., E., (E.,,) is a convex function, it can be formulated fully linearly. As a result, the designs identified
by the feasibility time-step heuristic are guaranteed to be robust.

In contrast, if the part-load behavior is nonconvex, this guarantee no longer holds; the feasibility time-
step heuristic may still produce robust designs, but only incidentally. For clarity, we relabel the energy

forms by 1 and 2 instead of using e;,, and e,,; since input and output energies differ across components.
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An example of a system where the feasibility time-step heuristic fails can be written as follows:

min Emaac,cl + Ema:c,cz

x€X,Z€ 2
st. Eigemdt+ Breyd— B1ep.a <0 vd € D
B dgemd — Faey.a <0 Vd € D
Eiea=) bcl,d,jAm,jE”ﬂ 4 P (Eg,clyd,j - Aout,jbcl,d,jEnom) vd € D
= Mnom  Thnom
Nout j Enomber dj < Ez.ey.d. YdeD,Vj €T
Nout,j+1 Enomber.dj > Eocra,) YdeDNVjeJ
> beyay=1 vd e D
JjeET
EQ,Cl,d = Z EQ,cl,d,j Vd € D
jeT
Bty < Emaz.cs Vd e D
E2,c1,d < Ema:b,cl Vd € D
with
x = [Emaz,e» Bmas.c)
X =R,
z = [El,cl,ly .- '7E17c1,|'D\7E2,61,17 cee ,EQ,Cl,\D|,E1,c2,1, .- '7E1,62,\D|uE2,c1,1,17 cee 7E2,cl,\D|,|J|7
bey 1,15+ 0cy D), 7))

z =REEHID « (0,121

Here, x are the design variables and z are operational variables. Emax,c are the component capacities, c;
is a component with nonconvex F; (EQ) and ¢, is an externally supplied component that can supply Fj,
hence the input energy of co does not occur in any of the energy balances. A schematic of the example
system is shown in Figure 2 and the nonconvex piecewise-linear performance curve is illustrated in Figure
3. The operational constraints are enforced for every data point d in the historical data D.

Figure 4 illustrates the historical data and the feasible region of the resulting design. Even though all

three vertices of the convex hull are feasible, the convex hull contains infeasible regions. The infeasible
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Fig. 2. Illustration of an example system with nonconvex part-load behavior for component 1. Compo-

nent 2 is externally supplied and hence has no input energy here.
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Fig. 3. Nonconvex piecewise-linear performance curve for Component ¢; in Figure 2.

region is approximated by sampling uniformly spaced energy demands and solving the corresponding

operational feasibility problem. The worst-case scenario is identified by solving (MLP) using an adaptive

discretization algorithm (Blankenship and Falk, 1976).

In the case where curtailment is not allowed, we have a semi-infinite equality constraint, which can be

replaced by two corresponding inequality constraints, cf. Section 2.1, leading to the following operational
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Fig. 4. Counter example that showcases how a design obtained using the feasibility time-step heuristic
can fail to ensure feasibility within the convex hull of the historical data for a component with a nonconvex
piecewise-linear energy inflow-outflow curve. The convex hull of historical demand data for energy forms
1 and 2 is plotted in blue. The infeasible region is shaded in red. The worst-case scenario inside the
convex hull of the historical data is marked by a star. The example demonstrates that even if the heuristic
identifies a design that is feasible for all historical scenarios, it may fail to guarantee feasibility for all

points within the convex hull when nonconvexities are present.

feasibility problem:

L
s.t. Eem,agg + Een <o
Bepivagg — Bepn < 0
— B, 099 — Be, <0
~EBe,viagg + Fepu <0

: E
Eeop = ) bjAin; —2* +
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Here, the inequalities with the opposite signs also appear:

Egap(xv y,2z) = maX{Eem,agg + EemaEeom,agg - Eeout7 - (Eem,agg + Eem) » (Eeout,agg - Eeout>}

Reformulation (2) used in the curtailment case is only applicable to constraints where the maximum
term occurs with a positive sign (cf., Chapter 1.3 in Bertsimas and Tsitsiklis (1997)). E.,,, and hence
the maximum term, occurs with a positive coefficient in one of the energy balances and with a negative
coefficient in the complement of that energy balance, leading to the reformulation not being applicable
in one case. Consequently, the feasibility time-step heuristic is not guaranteed to yield robust designs,

even if the piecewise-linear performance curves themselves are convex.

2.3 Minimal part-load

Many energy conversion units have a minimal part-load requirement, below which they cannot operate,

and binary variables are commonly used to model the on/off behavior of such components (Manco et al.,

2024):
Eeout S bEmaz
bEmin S Eeout
Here, Eewt is the energy outflow of the component, and Epmin and E,,.. are the minimal and maximal

energy outflows, respectively. If the binary variable b = 0, the component is off and Eewt =0. Ifb=1,

the component is on, and the minimal part-load is enforced, i.e., Emm < E < E'mm. In our previous

€out
work (Wedemeyer et al., 2026), we demonstrated that when curtailment is not allowed, and the supplied
energy outflow E'eout must exactly meet the demand, minimal part-load constraints can render operation
infeasible for low-demand scenarios.

However, if curtailment is allowed, the component can operate continuously at its minimal part-load,
and any surplus energy can be dissipated. Similar to the case of piecewise-linear performance curves,
minimal part-load constraints can be replaced by admissible energy outflow ranges if the energy inflow
of the component is externally supplied and unconstrained, and hence cannot lead to the failure of the
feasibility time-step heuristic. In contrast, if the energy inflow induces an additional demand in a different
energy form within the multi-energy system, operating at minimal part-load may create an extra demand

that cannot be satisfied, potentially leading to infeasibility. An example problem for which the feasibility

time-step heuristic fails is shown in Figure 5. It consists of three components. Components 1 and 2 can
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convert energy form 1 into energy form 2, and component 3 can supply energy form 1 from an externally

Component

3

Component
— 1 -———
(minimal 1
part load) 1

E; demand

F = E, demand

1
Component 1

N 2 cm
(minimal

part load)

Fig. 5. Ilustration of the minimal part-load example system.

supplied energy form, which is not shown in the figure.

The corresponding design problem can be formulated as

min Emaz,cl + Emax,c?, + E77Laa:,03

xeX ,ze€Z

s.t.
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with

X = [Emax,cl ’ Emaz,q ) E’max,ce,a Emin,cl ) Emin,C2]

X =R,

zZ — [E1,0171, ey El,cl7|D\7E1702,17 . 7E17027\D|7E2701,17 e 7E2,c1,\D|aE1,03,15 ey EI,C3,|D\a
Boeytsevs By ey D)sber 15+ bey (D) De 15 -+ s bey 1]

z =Ry x {0,137

where Emm’c are the component capacities. For simplicity, a constant conversion efficiency of n = 1
between energy inflow E; and energy outflow Es is assumed. The operational constraints are enforced
for every data point d in the historical data D. Importantly, the allowed capacities for ¢; and co differ
and lead to a gap between the maximum output of component 1 and the minimal part-load of component
2.

Figure 6 illustrates the convex hull of the historical dataset and the feasible region of the design
identified by the introduced problem. The infeasible region is approximated by sampling uniformly
spaced energy demands and solving the corresponding operational feasibility problem. The worst-case
scenario is identified by solving (MLP) using an adaptive discretization algorithm (Blankenship and Falk,
1976). Although all vertices of the convex hull are feasible, there are infeasible points inside the convex
hull, introduced by the extra demand that is created when component cs has to be operated at minimal

part-load.

2.4 Storage complementarity

Storage complementarity refers to the restriction that an energy storage device cannot simultaneously

charge and discharge, which, according to Sass et al. (2020), can be expressed as

Esto,inEsto,out =0,

where E‘Sw’m is the storage energy inflow and Est()’out is the storage energy outflow. This nonconvex
constraint is often applied when modeling battery systems (Appino et al., 2018; Sass et al., 2020). At the
cell level, it is physically justified because the redox reaction proceeds in only one direction, depending
on the applied potential (Goodenough and Kim, 2010). At the system level, simultaneous charging and

discharging is also undesirable, as repeated cycling accelerates degradation (Kabir and Demirocak, 2017).
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Fig. 6. Counter example for minimal part-load. The system schematic is shown in Figure 5. The figure
illustrates how a design obtained using the feasibility time-step heuristic can be infeasible within the
convex hull of the historical demand data. The convex hull of historical demand data for energy forms 1
and 2 is shown in blue, while the infeasible region is shaded in red. The worst-case scenario within the
convex hull is marked by a star.

Simultaneous charging and discharging can be interpreted as a form of curtailment, since the associ-
ated losses lead to energy dissipation. In the following, we show that, if curtailment is allowed, storage
complementarity does not affect the robustness of designs obtained using the feasibility time-step heuris-
tic. We achieve this by demonstrating that if storage complementarity is neglected during operational
optimization, a feasible schedule with the same objective function that satisfies complementarity can be
recovered in a post-processing step by adjusting the storage operation while preserving the trajectory of
the storage level. Since the operational problem is convex if storage complementarity is neglected, as-
suming no other nonconvexities are present, the design identified by the feasibility time-step heuristic is
guaranteed to be robust. Automatically, this design is then also robust for the same operational problem
with enforced complementarity, as we can then construct a feasible complementarity respecting schedule
for every uncertainty realization.

In contrast, if curtailment is prohibited, this post-processing step is no longer applicable. Storage
complementarity must then be enforced during optimization, introducing a nonconvexity that may result
in non-robust designs.

We model the storage according to Sass et al. (2020). The following constraints have to be satisfied
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by a feasible storage schedule:

0< Esto,out,t < Esto,out,max Vie T (3)
0 S Esto,in,t S Esto,in,maa: Vit € T (4)
Ay . 1 .
Esto,t 1+ 7 - Esto,t—l = At ninEsto,imt - Esto,oubt vte T (5)
out
Eagg,t + Esto,in,t - Esto,out,t S 0 YVt € T (6)

Here, Ey;,; denotes the storage level, Esto,in,t and Esto,out,t are the energy inflows and outflows of the
storage, t are the timesteps and 7T is the set of all timesteps, A; is the timestep length, 7 is the time
constant for energy loss, and 7, and 7, are the charging and discharging efficiencies. The differential
equation describing the storage of a generic storage is written as

dFg, . 1 . 1

. = ninEsto,in - 7Esto,out - 7Est0a
dt n T

out

which we discretize using the implicit Euler scheme to obtain

. 1 . 1
Esto,t = Esto,tfl + At (ninEsto,in,t - Esto,ouut - 7Esto,t
Nout T

and rearrange to obtain the equation describing the change of storage (5). The balance equation (6)
ensures that the energy demand is met or exceeded. Eagg,t aggregates the energy demand and the energy

inflows and outflows of all other components and is introduced for ease of exposition.

Given a schedule (E‘Sto,t, Esto,in,h Estmout,t) that does no respect complementarity, a complementarity-

respecting schedule can be constructed by determining (EA'Stoyt, Esioint Esto,out’t) such that the storage

levels EAStO,t remain unchanged as is shown in the following. Substituting into (5) yields the condition

i 1 = T 1 =
At <ninEsto,in,t - Esto,out,t) = At (ninEsto,in,t - Esto,out,t) (7)

out out

Enforcing complementarity requires setting either E.Sw’m’t = 0 (discharging) or Esto,out’t = 0 (charging).

Which variable is set to zero is determined by evaluating the right-hand side of Equation (5):

2 1 =
ninEstmimt - Esto,out,t

out
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Solving Equation (7) for the remaining variable gives two cases:

2 2 . 2 1 f
< ot (05 Esto,outﬂf - ninnoutEsto,in,t) ) if ninEstmimt - Tout Esto,outﬂf S 07
(Esto,in,ta Esto,out,t) =

2 1 2 . 2 L
(Esto,in,t T Tintlout Esto,out,h 0) , if ninEsto,in,t - noutEsto,out,t >0
First, consider the case
2 1 =
indsto,in,t — sto,out,t >
NinEsto,in, Esto,out,t <0
out

and

Esto,out,t = Esto,out,t - ninnoutEsto,in,t

Feasibility is verified as follows. Since nmnoutE.stO,myt >0,

Esto,out,t = Esto,out,t - ninnoutEsto,in,t S Esto,out,t S Esto,out,maw
~—_———
>0

Together with nonnegativity, i.e., Esto,out,t = (E.Sto,out,t — nmnoutE.sm,m,t) > 0, which follows from the

case condition, Constraint (3) is satisfied. Trivially Es;pin,c = O satisfies Constraint (4). It remains to

verify the balance constraint (6):

2 2 [N A A
Eagg,t - Esto,out,t = Eagg,t - (Esto,out,t - ninnoutEsto,in,t> S Eagg,t - (Esto,out,t - Esto,in,t) S 0

. 2 1.
To ensure Fqg4,s — (Esto,out,t - ninnoutEsto,in,t> < Faggt — (Esto,out,t - Esto,in,t) it is sufficient that

NinMout < 1. For physically consistent storage systems, the charging and discharging efficiencies fullfill
0 <mip < 1and 0 < 1yt <1 and hence 7;,70u: < 1 holds. Otherwise, the storage would generate energy
when charging or discharging. Therefore, the balance constraint (6) is satisfied.

Importantly, if curtailment is not allowed, the schedule needs to satisfy the balance constraint (6)

with equality

o 2 | . v
Eagg,t - Esto,out,t = Eagg,t - (Esto,out,t - ninnoutEsto,in,t> = Eagg,t - (Esto,out,t - Esto,in,t) = 07

which is only the case for 1;,1,u¢ = 1. Hence, for n;, < 1 or 94, < 1, complementarity must be enforced
in the operational problem, which introduces a nonconvexity that may lead to designs identified by the

feasibility time-step heuristic not being robust.
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Now consider the case

2 1 =
ninEsto,in,t - Esto,out,t >0
Nout
and
T 2 1 2
Esto,in,t = Esto,in,t - Esto,out,t
NinMout
Feasibility follows similarly:
< 2 1 2 2 .
Esto,in,t = Esto,in,t - Esto,out,t S Estoﬁmt S Esto7in,maw
ninnout

>0

Together with nonnegativity, which follows from the case condition, Constraint (4) is satisfied. Trivially

Esto,out,r = 0 satisfies Constraint (3). Again, the balance constraint has to hold:

< . 2 1 2 [ 2 2
Eagg,t + Esto,in,t = Eagg,t + (Esto,in,t - NinT) Estoput,t S Eagg,t + (Esto,in,t - Esto,out7t) S 07
in'lout

which again holds true if 7;,70u: < 1.

Summing up, as long as 7,7 < 1, which is the physically relevant case, storage complementarity
can be neglected if curtailment is allowed, as a feasible complementarity-respecting schedule can always be
constructed in post-processing, guaranteeing that designs identified by the feasibility time-step heuristic

are robust.

2.5 Guidelines and mitigating factors

Table 1 summarizes our results from this section and indicates the cases in which the feasibility time-step

heuristic is guaranteed to identify robust designs.

Curtailment | No-curtailment
Piecewise-linear convex energy inflow-outflow curve v X
Piecewise-linear nonconvex energy inflow-outflow curve X X
Minimal part-load X X
Storage complementarity v X
Objective function not jointly convex in y and z X X

Tab. 1. Overview of common types of nonconvexities: A checkmark indicates that the feasibility time-
step heuristic is guaranteed to yield a robust design despite the nonconvexity, whereas a cross indicates
that the design may not be robust. Piecewise-linear energy inflow-outflow curves are separated by the
convexity of the piecewise-linear curve, as piecewise-linear convex curves can be modeled fully linear if
curtailment is allowed.

If the objective function of (MLP) is not jointly convex in the uncertainties and the operational
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variables, the feasibility time-step method does not, in general, guarantee robust designs. In the absence
of curtailment, any nonconvexity can lead to solutions that are not robust. In contrast, if curtailment
is allowed, storage complementarity and piecewise-linear convex energy inflow-outflow curves do not
compromise the robustness of designs identified by the heuristic. However, nonconvex energy inflow-
outflow curves or minimal part-loads may lead the feasibility time-step heuristic to fail. We have shown
small single-time-step examples for which the design identified by the feasibility time-step heuristic is
infeasible within the convex hull of historical data.

If storage components are included in the design, coupling between time steps increases system flex-
ibility by allowing energy to be shifted across timesteps. In the minimal part-load case, storage may
compensate for low-demand periods where the installed components cannot operate at or below their
minimal part-load by shifting generated energy flow from other timesteps. Similarly, energy losses in
storage by simultaneous charging and discharging (e.g., thermal energy storage) can act as a weak form
of curtailment. However, this curtailment is limited and hard to estimate a priori.

In general, the feasibility time-step heuristic can always be used to identify candidate designs. Never-
theless, when the problematic nonconvexities identified in Table 1 are present, verifying the feasibility of
the design is recommended. At the current time, this can only be achieved by solving (MLP) to global

optimality given the identified design, an approach that may quickly become computationally intractable.

3 Illustrative energy system example

We investigate an illustrative example based on the work by (Sass et al., 2020) and (Voll et al., 2013), which
contains all of the previously discussed nonconvexities. We modify the case study from Sass et al. (2020)
by removing the connection to the electricity grid, leading to an island multi-energy system; the only
imported energy source is gas, used to power the CHPs and boilers. Figure 7 showcases the investigated
system. Up to two copies of each component may be installed. For the CHPs, three categories are
available: small, medium, and large, with different nominal capacity ranges and economic data. Unlike
Sass et al. (2020), we only investigate the minimization of the total annualized cost (TAC) of the energy
system and do not investigate the global warming impact, as our focus lies on investigating the robustness
of the identified designs.

The data for the demands, solar irradiation, and ambient temperature is obtained from Sass et al.
(2020) and accessible at Helmholtz Energy Computing Initiative (HECI) (2019). To construct repre-
sentative days from the historical data, we follow the data preprocessing methodology of our previous

work (Wedemeyer et al., 2026). The data is separated into days and resampled to 12 timesteps per day,
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Fig. 7. Ilustration of the modified example system based on Sass et al. (2020). Here, no connection to
the electrical grid is present. Up to two copies of each component may be installed. For the CHPs, three
categories are available: small, medium, and large, with different nominal capacity ranges and economic
data. Note that the gas inflow into the CHP and boiler components is omitted from the illustration, as
gas is externally supplied. Thermal energy storage units are abbreviated by TES.

then normalized to have unit variance and zero mean, and clustered into 4 representative scenarios using
k-means clustering (MacQueen et al., 1967). All components are modeled according to Sass et al. (2020).
The investigated system contains components with piecewise-linear performance curves. We noticed that
the piecewise-linear performance curves provided by Sass et al. (2020) are nonconvex and do not fit with
the provided original nonlinear curves. Furthermore, they also disagree with the piecewise linearizations
provided by Voll et al. (2013) on which the work of Sass et al. (2020) is based. Hence, we re-linearized the
nonlinear performance curves provided by Sass et al. (2020). For our linearization method and results,
see Section 1 in the supplementary material. Additionally, the linearization data by Sass et al. (2020)
suggests different minimal part-loads for the electricity and heat output of the CHPs. We follow the
approach of Voll et al. (2013), who assume a shared minimal part-load of 0.5.

For a complete description of the used parameters and the optimization model, we refer to Section 2
of the supplementary material.

The linearized energy inflow-outflow curves of the boiler, CHP, and heat pump only have a single
linear segment and are hence convex. The PV system and the energy storages are modeled with constant
efficiencies. Only the linearized energy inflow-outflow curves of compression and absorption chillers are

modeled with two linear segments each, and the curves are convex too. The battery is modeled with
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charging complementarity constraints. However, those can be neglected with respect to robustness as
described in Section 2.4. Regarding joint convexity of the objective function, the nominal efficiency of the

heat pump depends on the uncertain ambient temperature and enters the lower-level problem as follows:

Eeout hp,t — O
Nhp,nom,t (Tamb,t)

Eeiafwhpvt -

To remove the coupling equality constraint, we directly insert this definition of the energy inflow into the
energy balance, cf. Section 2.1. The resulting term is not jointly convex in y and z and hence may lead
to a failure of the feasibility timestep heuristic (Teichgraeber et al., 2020).

Consequently, from the preceding analysis, the only sources of nonconvexity in this case study that
may cause the feasibility time-step heuristic to fail are the objective function not being jointly convex
and the presence of minimal part-load constraints. We determine a candidate robust design using the

feasibility time-step heuristic (Teichgraeber et al., 2020) and investigate its robustness.

3.1 Rigorously verifying robustness

To validate the robustness of the candidate design generated by the feasibility time-step heuristic (Te-
ichgraeber et al., 2020) and to determine whether minimal part-load constraints or joint nonconvexities
in the objective function introduce infeasibilities, we solve problem (MLP) to rigorously identify the
maximum violation within the convex hull of the historical data.

(MLP) is a challenging bilevel problem, and preliminary numerical experiments showed prohibitively
long convergence times when using adaptive-discretization approaches (Blankenship and Falk, 1976).
Furthermore, the presence of integer variables renders the lower-level problem nonconvex, making com-
mon single-level reformulation approaches based on the KKT-optimality conditions (Fortuny-Amat and
McCarl, 1981) or the linear dual (Burgard et al., 2003) inapplicable. To address this issue, we propose
a hybrid approach that combines elements of classical adaptive discretization methods (Blankenship and
Falk, 1976) with a single-level reformulation by embedding the linear dual of the lower-level problem
(Burgard et al., 2003). Specifically, we apply an adaptive discretization approach to the integer variables
and then embed the dual of the resulting linear program into the medial-level problem for each set of
discretized integer variables.

Our approach is similar to that proposed in Mitsos (2010), where the KKT conditions are used to
tighten the lower bounding scheme to solve a mixed-integer bilevel program. In contrast, we do not

introduce a parametric upper bound on the objective value of the lower-level problem and instead embed
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the linear dual at each discretization point.

min clz. (LLP)
z.ER"c,z4€{0,1}"d

st. Ac(y)ze < b(y) — Agzq

To this end, we first introduce how we form the dual of the lower-level problem with fixed integer variables
that is then embedded into the medial-level problem. (LLP) shows the lower-level problem, rewritten
in inequality-constrained form without explicit bounds on the continuous variables, which have been
moved to the constraints, to simplify the dual formulation. For a general treatment of dual problems of
linear programs, see Bertsimas and Tsitsiklis (1997). Here, c. is the cost vector and A.(y) and A4 are
the coefficient matrices for the linear constraints for the continuous and integer variables, respectively.
A.(y) may be a function of the medial-level variables. For example in the present case study, the
uncertain variables include ambient temperatures 75,5+, which affect the efficiency of the heat pumps:
Nhp.nom,t(Lamb,t) = %7 where T}, is the output temperature of the heat pump (Sass et al., 2020)
and may appear in the lower-level program in constraints as Eem,hp,t — % = 0. The vector b(y)
denotes the right-hand side of the constraints and depends linearly on the medial-level variables y.

Importantly, we assume here that (LLP) corresponds to the lower level of an SIP or has been trans-
formed into an SIP by moving the coupling constraints into the objective function, as described in Section
2. Under this assumption, the dependence of A.(y) and b(y) on the medial-level variables y results solely
from the reformulation of the nonlinear maximum terms in the objective function of the medial-level prob-
lem (1) into an equivalent linear form (cf., Chapter 1.3 in Bertsimas and Tsitsiklis (1997) and Section
3.2.2 in Varelmann et al. (2022)).

When forming the dual, the integer variables z, are fixed and therefore appear as constants on the

right-hand side. Forming the dual of problem (LLP) with fixed integer variables z,; yields problem
(LLP dual).

max AT (b(y) — Ayzg) (LLP dual)
AERLE

st. ATA(y)=cl

In contrast to classical adaptive discretization methods, which discretize all lower-level variables
(Blankenship and Falk, 1976; Djelassi and Mitsos, 2021), we discretize only the integer variables z,.

Let Zq 1, denote a fixed realization of the integer variables corresponding to discretization index k£ € K.
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The resulting discretized medial-level problem can be written as

MLP-di
i (MLP-disc)
st. o< min cfzc’k Vk e K

Ze k€ 2disc(Y,2d,k)

Here, ¢ is an auxiliary variable that ensures that the objective is smaller than the optimal value of
any of the discretizations so far, and Zg;sc(y, Za,x) = {2c | Ac(y)2zZe < b(y) — AgZa k), 2. € R")} denotes
the feasible set for the continuous lower-level variables.

Since the objective here is to verify the robustness of a given design, the design variables x are treated
as fixed and their dependence is omitted from the notation for simplicity, unlike in problem (MLP).

(MLP-disc) is a bi-level problem. To obtain a single-level formulation, we replace the embedded

lower-level problem by its dual for each discretization point:

vev, ¢€R7AkeRg%méK’zc,kekaeK ¢ (MLP-dual-disc)
st. ¢ <AL (b(y) — AdZax) Vk e K
A Ac(y) =c! Vk € K
A (Y)Zek < b(y) — AdZa Vk e K
AL (b(y) — AdZak) = L ze Yk e K

Note that we additionally embed the primal constraints and set the primal and dual objective equal, as
we found this to improve performance in preliminary studies.

(MLP) is then solved iteratively, similar to the algorithm of Blankenship and Falk (1976): In each
iteration, a worst-case candidate y is determined by solving problem (MLP-dual-disc). The lower-level
problem (LLP) is subsequently solved to obtain a new realization of the integer variables, which is added
to the discretization set. The discretization set is initialized with the integer variable values of the solution
to the operational problem for the historical data point with the highest objective value. This procedure
is repeated until convergence.

In each iteration of the adaptive discretization algorithm, the dual formulation corresponding to an
additional integer discretization point is added to problem (MLP-dual-disc). Furthermore, the terms
Afb(y) and AL A.(y) lead to bilinear constraints with respect to the medial-level variables y and the
dual variables Ag. As a result, the optimization problem grows rapidly and becomes computationally

challenging. Consequently, the size of the problem that can be solved is limited, and we restrict the
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Component Initial SOC as 50% of nominal capacity | Variable initial SOC
Boiler 441 kW 433 kW
CHP 328 kW 331 kW
Heat pump 153 kW 150 kW
Compression Chiller 400 kW 400 kW
TES cooling 1735 kW h 1636 kW h

Tab. 2. Nominal capacitities of the installed components for the case where the initial state of charge
(SOC) of the storages is fixed to half of the nominal capacity (Nominal capacity) and for the case where
the initial SOC is a design variable.

number of timesteps per day in order to maintain tractability.

3.2 Robustness of the identified design

We verify the robustness of the candidate design for the illustrative case study using the method presented
in the previous subsection. Despite the removal of the electrical grid connection and modified parameters
for the piecewise-linear input—output relations, the resulting system design is similar to the low total
annualized cost design reported in the original publication by Sass et al. (2020). The installed conversion
components are a boiler, a small CHP plant, a heat pump, and a compression chiller. The only installed
storage component is a thermal energy storage (TES) unit for cooling.

Compared to the low-TAC design in Sass et al. (2020), the design identified in our study includes
a heat pump but no heat storage. This difference is likely due to the removal of the electrical grid
connection. Excess electricity produced by the CHP can no longer be exported to the grid and is instead
converted into heat using the heat pump. The installed capacities are given in Table 2.

Version 13.0.0 of the Gurobi optimizer (Gurobi Optimization, LLC, 2025) is used to solve all sub-
problems. For the design problem in the feasibility time-step heuristic, we set the ‘MIPGap’ parameter
to 0.005, i.e., a relative optimality gap of 0.5%, as solving the design problem to global optimality took
prohibitively long, likely due to the large number of integer variables. Other than that, the default
parameters were used. In total, seven iterations of the adaptive discretization algorithm (Section 3.1)
were required, i.e., seven realizations of the binary on—off variables were sufficient to cover all relevant
uncertainty realizations. This comparatively small number of discretization points is notable. With four
installed components and twelve timesteps, the number of possible on—off combinations is 4'2. The lim-
ited number of active discretization points is likely due to two factors. First, the boiler and CHP are
externally supplied components and can therefore always be operated at maximum capacity, as their input
energy is externally supplied. Second, the installed cooling storage allows demand to be shifted between

timesteps, which reduces the number of distinct operational patterns required to cover the uncertainty
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realizations.

Importantly, solving (MLP) identifies a scenario within the convex hull of the historical data for
which a violation of 1.1kW occurs, i.e., the design is not robust. The violation is small and occurs in
the electricity balance; the demand at the corresponding time step is 313.6kW. To model the energy
storage, we assume a cyclical constraint, i.e., the last time step of each scenario is connected to the
first. Furthermore, we assume that in the first time step, the initial state of charge (SOC) is at 50%.
This introduces an additional cooling demand even on days where no cooling is required, as the energy
dissipated by the TES needs to be compensated. Hence, a second run is performed where the initial
storage level is a design variable in the upper-level. The resulting capacities for the variable initial SOC
case are shown in the right column of Table 2. Overall, the design is very similar to the design without a
variable initial state of charge, with slight deviations in capacity for most components. The initial SOC
of the TES for cooling is 278 kW h, which corresponds to 17% and is less than in the fixed SOC case. No
infeasible scenarios were identified within the convex hull of the historical data by solving (MLP) for this

design, hence it is robust.

4 Conclusion

Identifying energy system designs that can meet demand under any uncertainty realization in the prede-
fined uncertainty set is crucial to ensure reliable energy supply. To this end, heuristic approaches such as
the feasibility time-step heuristic (Teichgraeber et al., 2020) have been applied, e.g., Bahl et al. (2017b).
This is because rigorous solution approaches, such as our robust energy system design approach (Wede-
meyer et al., 2026), quickly become computationally intractable as system size and temporal resolution
increase. However, if the operational problem contains nonconvexities, the robustness of designs identified
by this heuristic is not guaranteed.

This study provides a critical theoretical and empirical validation of the feasibility time-step heuristic
in the context of nonconvex MILP energy system models. We identify 3 common nonconvexities in
MILP energy system models that affect robustness: piecewise-linear modeling of energy inflow-outflow
behavior, minimal part loads, and storage complementarity constraints. Additionally, care must be taken
to identify how the uncertain variables y enter the lower-level problem. If the objective function of the
lower-level problem is not convex in y, the feasibility timestep heuristic may fail even if the lower-level
problem is convex in z.

Our analysis shows that if curtailment of surplus energy flows is not allowed, any of these non-

convexities may lead to infeasible designs when using the feasibility time-step heuristic (Teichgraeber
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et al., 2020). If curtailment is permitted, however, most of these issues disappear. In particular, convex
piecewise-linear input—output relations constitute only an apparent nonconvexity and can be reformulated
as linear constraints, while storage complementarity can be ignored. Under these conditions, minimal
part-load constraints remain the primary source of potential infeasibility, although storage can partially
mitigate their impact by shifting energy between timesteps.

To rigorously verify robustness, we propose a hybrid approach that combines adaptive discretization
(Blankenship and Falk, 1976) with duality-based single-level reformulations (Fortuny-Amat and McCarl,
1981; Burgard et al., 2003) to verify the robustness of designs identified by the feasibility time-step heuris-
tic. While this approach provides a formal verification procedure, it leads to a quadratically constrained
optimization problem whose size grows with each discretization iteration and is therefore computationally
demanding.

We apply the hybrid approach to an illustrative case study based on Sass et al. (2020) and Voll
et al. (2013). A candidate design is first identified using the feasibility time-step heuristic (Teichgraeber
et al., 2020) and subsequently verified using the hybrid method. A scenario within the convex hull of
the historical data is identified, for which a small infeasibility of 1.1 kW arises. The mismatch occurs
in the electricity balance, and the demand at the timestep where the violation occurs is 313.6 kW. We
resolve the problem by allowing the initial state of charge of storage components to be determined by
the optimizer. Despite the presence of minimal part-load constraints and the objective function being
nonconvex in the nominal efficiency of the heat pump, which is uncertain due to its dependence on
ambient temperature, the identified design is shown to be robust for all uncertainty realizations within
the convex hull of the historical data. Together with the theoretical analysis of the relevant nonconvexities,
this result demonstrates that the feasibility time-step heuristic can yield robust designs even when the
operational problem is formulated as an MILP problem and nonconvexity in the uncertain variables is
present. However, the fact that the design with a fixed initial state of charge was proven not to be robust
highlights that care must be taken when applying the feasibility timestep heuristic.

Interestingly, we were unable to identify any conversion components with inherently nonconvex in-
put—output energy flow relations. Future work may investigate whether there is a thermodynamic basis
substantiating this observation. Moreover, the development of computationally efficient methods for
verifying the robustness of candidate designs remains an important direction for future research, as the

proposed hybrid method quickly becomes computationally infeasible for large-scale problems.
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Nomenclature

Abbreviations

ESIP
GSIP

Existence-constrained semi-infinite program

Generalized semi-infinite program

MILP Mixed-integer linear programming

SOC
TAC
TES

State of charge
Total annualized cost

Thermal energy storage

Greek symbols

Slope parameter

Timestep length

Efficiency

Linearization parameter
Dual variables

Time constant for energy loss

Auxillary variable
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Latin symbols

Ac(y)
Ag

Cc

Cinv

@

= ™

Gen (X, )
gz (%)
gy(x)

s

Constraint matrix for continuous variables
Constraint matrix for integer variables
Binary variable

Right hand side vector

Component

Set of components

Cost vector

Investment costs

Operational costs

Data point

Historical data

Energy form

Energy

Set of energy forms

Energy flow

Constraint

Constraints for energy system model
Design constraints

Uncertainty bounds

Index set

Discretization index

Set of discretization indices

Dimensionality of continuous operational variables
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Nes Number of constraints

N4 Dimensionality of integer operational variables

Ng Dimensionality of design variables

Ny Dimensionality of uncertainty realizations

n, Dimensionality of operational variables

s Scenario

S Set of scenarios

t Time step

T Set of time steps

Toms Ambient temperature

X Design variables

X Feasible set of design variables

y Uncertainty realizations

Yy Feasible set of uncertainty realizations

./ Operational variables

Z Continuous operational variables

74 Integer operational variables

Z Feasible set of operational variables

Zq4isc Feasible set of operational variables for fixed integer variables
Subscripts

agg  Aggregated

dem  Demand

in Inflow

hp Heat pump

J Index

k Discretization index

mazr Maximum

maen  Minimum

nom  Nominal
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s Representative scenario
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t Time step
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1 Linearization

As mentioned in the main manuscript, we relinearize the energy inflow-outflow for all conversion com-
ponents, i.e., boiler, CHP, absorption chiller (AC), compression chiller (CC), and the heat pump (HP),
in the case study by Sass et al. (2020). To ensure that the piecewise energy inflow-outflow relationship
closely approximates the original nonlinear relationship, we apply the following linearization procedure:
We sample the nonlinear function at 250 equidistant points between the minimum part-load and the
maximum part-load. We then minimize the sum of the squared residuals between a piecewise-linear
function and the sampled points. The locations of the breakpoints of the piecewise-linear function are
optimization variables, and we fix the output part-load of the lowest and highest breakpoints to be at
the minimum and maximum part-load, respectively. To ensure comparability, we use the same number
of breakpoints as Sass et al. (2020). Table 1 shows the parameters of the linearization, i.e., the relative
input i, which is the energy inflow E;,, divided by the nominal capacity Eyon, multiplied by the nominal
efficiency 7mpom, and the relative output A;, which is calculated from the energy outflow Fou: and the
nominal capacitiy. Figure 1 shows the original input-output relationship, the linearization by Sass et al.

(2020), and our linearization (relinearization).

2 Optimization models

In general, all components are modeled according to the description by Sass et al. (2020). The relevant
differences between our study and Sass et al. (2020) are: (i) the removal of the electricity grid connection,

(ii) our parameters for the linearized performance curves (cf. Section 1), and (iii) the utilized represen-

*M. Dahmen, Institute of Climate and Energy Systems, Energy Systems Engineering (ICE-1), Forschungszentrum Jiilich
GmbH, Jilich 52425, Germany
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Fig. 1. Original input-output relationship according to Sass et al. (2020), linearization by Sass et al.
(2020), and our linearization (relinearization).
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Component )\in,O >\out,0 Ain,l >\out,1 )\in,2 /\out,2
Boiler 0.221 0.2 0.996 1 - -
CHP thermal 0.585 0.5 1 1 - -
CHP electric 0.461 0.5 0.992 1 - -
Absorption chiller (AC) | 0.245 | 0.2 | 0478 | 0.6 | 0.978 1
Compression chiller (CC) | 0.309 | 0.2 | 0.580 | 0.689 | 0.97 1
Heat pump (HP) 0.2 0.2 1 1 - -

Tab. 1. Linearization parameters for all conversion components.

tative scenario data and extreme scenarios, which are determined according to the description in Section

3 of the main manuscript.

Throughout the manuscript, scalar-valued quantities are denoted in regular font, e.g., x, vector-valued

quantities are denoted in bold font, e.g., x, and set-valued quantities are denoted in calligraphic font,

eg., X.
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1 .
r;nznz (C’apemc ('Vf + 7maintenance,c>) + Z Zws Z ('quelEfuel,c,s,tAt)
pU

ceC cECfyel SES teT

s.t. e dem,s,t — Z Ee ,c,8,t + Z Ee c,s,t + Z ( e,c,s,t,in Ee,c,s,t,out) S 0 Ve € E,VS € Sth € T

c€Ce,out c€Ce,in c€Ce,sto
Enom,cbem,c S Emar,c VeeC
Enom,cbew,c > Emin,c VYeeC
Capexc = Z bcapez,c,jcapexc,lb,j + Bcapex,c,j (Enom,c,j - Elb,c,jbcapea:,c,j> VeeC
jEJcapez,c
Enom,c = Z Enom,qj VeeC
J€Jcapex,c
Enom,c,jbcapex,c,j < Elb,c,j—i—l Ve € C,Vj S jcapeac,c
Enom,c,jbcape:r,c,j Z Elb,c,j Ve € C,V] S jcapegmc
Z bcape:c,c,j <1 VYeeC
JE€Jcapex,c
: E
Eem(c)707$7t = Z beff,e,c,s,t,j)\in,e,c,j —e
JETeffe nom,c,s,t
ﬂ e.c.j . .
+ Zefhecd (Ee,c,s,t,j - )\out,e,c,jbeff,e,c,s,t,jEnom,c) Ve € Cconvave S 5out(0), Vs € S, Vte T
TInom,c,s,t
Becor= >, FBecot; Ve € Coonp, Ve € Equr(c),Vs € SVt €T
JE€ETeff,c
)\out,e,c,jEnom,cbeff,e,c s,t,5 < Ee ,C 8,7 Ve € Cconvavj S j@ffyc,ve S 5out(c); Vs € S, Vte T
)\out,e7c,j+1Enom7cbef,f,e7c,s t,J > Ee ,C, 8,7 Ve e Cconvavj S jefﬂcave € gout(c)avs € Sth eT
> beffecsti <1 Ve € Coono, Ve € Equr(c), Vs € SVt ET
J€ETesf,c
Ee(c),c,s,t < ’Ysto,cEnom,c Ve e Csto; Vs € S,Vt cT
Ee(c),c,s,t,in < Enom,c Ve e CstO,VS S S,\V/t cT
Ee(c),c,s,t,out < Enom,c Ve € Cyp0,Vs € S,VEET
Ay : Ee(e),c,s,t,0ut
Ee(e).e.s.t <1 * > = Buoyentt + At [ Nein By eatin — — S0 ) e € Cy, Vs € 8,0 € T\ {1}
Te Tlc,out
Ay : Ee(e),e,s1,0ut
Ee(c),c,&l <1 + > = Ee(c),c,s,\T| + At <nC,inEe(c),c,s,1,in - M Ve e Cstmvs €S8
Te nc,out
Ee(c),c,s,l = Einit,c Ve e Csths )

Ee(c),c,s,t < fsolar,s,tEnom,c Ve e {PV'L ‘ Viel,... ancomponents} Vs € S,Vt € T
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with

X = [C@pe%, Enom,c; beﬂc,Ca Eim’t,w Enom,c,ja bcapeac,c,j

——
Veel VeeCsto Vcecyvjchape:z,c

Capexc S Rzo, Enom,c c Rzo, bez,c c {07 1}

z = [ Ee,c,s,t ) Ee,c,s,t,invEe,c,s,t,out ) Ee(c)7c,s,t ; Ee,c,s,t,j7beff,e,c,s,t,j

Ve€Ceonv,Ve€E(c),VsESVLET Ve€Cato,Ve€E(c),VSESVLET Vc€Csto,VSES,VEET Ve€Ceonv,Ve€Eout(c),VsESVtET Vj€Tes s c
Ee,c,&t S RZOa Ee,c,s,t,j € RZOy Ee,c,s,t,in € RZOa Ee,c,s,t,out € RZO; Ee(c),c,s,t S RZO, beff,e,c7s,t7j S {07 1}
C= {OHPS'rnallﬂ;, CHPmedium,ia CH]Dlarge,ia Boileri, CC“ ACZ, HR, PV;, BCLttGTyi,

TESheat,ia TEScooling,i | 1= 1a cee 7ncomponents}
Cfuel = {CHPsmall,h OHPmedium,ia CHPlarge,i; BOileri | 1= 17 ey ncomponents}
Ccom) = {CHPsmall,i; CHPmedium7ia CHPlarge,i; Boileri, CC“ ACZ, HPZ' ‘ 1= 1, . 7ncomponents}
Csto = {Batteryia TESheat,i’ TEScooling,i | 1= 17 ey ncomponents}
Cheatput = {CHPsmall,ia CHPmedium,i7 CHI)largeJa BOil@Ti, HPZ ‘ 1= 17 cee 7ncomponents}
Cheat,in = {AC’L | 1= ]-7 e 7ncomponents}
Celectricity,out = {CHPsmall7ia CHPmedium,i7 CH[)largeyi | 1= 17 ceey ncomponents}
Celectm’city,in = {0027 HPz ‘ 1= ]-7 cee >ncomponent5}
Ccoolingput = {CC“ ACZ | 1= 17 ce. 7ncomponents}

& = {heat, electricity, cooling}

Here, x are the design variables and z are the operational variables. The considered components are
boilers, three different sizes of CHPs (small, medium, large), absorption chillers (ACs), compression
chillers (CCs), heat pumps (HPs), photovoltaic modules (PVs), batteries, and thermal energy storage
(TES) for heat and cooling. Capex. are the capital expenditures to install component c, Efuel,c,s,t are
the energy imports of fuel, i.e., natural gas, for the fuel burning components, which are boilers and CHPs.
In our example, Up t0 Ncomponents = 2 copies can be installed of each component.

€ is the set of energy forms, S is the set of scenarios and 7 is the set of timesteps. Jeapes,c is the set
of linearization indices for the linearization of the capital expenditures for each component, and Jesy .
is the set of linearization indices for the linearization of the energy inflow-outflow relationship for each

component. C is the set of components, Cyye; is the set of components supplied externally by gas, Ccony is
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the set of conversion components, Cg, is the set of storage components, Cheat,out and Cheat,in are the sets
of components whose energy outflows and inflows are heat, respectively. Cejectricity,out a0d Celectricity,in
are the sets of components whose energy outflows and inflows are electricity, respectively, and Ccooting,out
is the set of components whose energy outflows are cooling and there are no conversion components taking
cooling energy as input. e;,(c) is a function that maps each component to its inflow energy, and e(c)
maps each storage component to its inflow and outflow energy. A similar mapping cannot be constructed
for the energy outflows, as the CHPs have two output energy forms.

Ee%s’t are the energy flows of energy form e for conversion component c¢ in scenario s and timestep
t, while Ee,c,s,t,m and Ee70787t,0ut are the energy inflows and outflows of storage components, and Ejy;t .
is the initial state of charge. In the default case study, the initial state of charge is fixed to 50% of the
nominal capacity; in the variable SOC case study, it is a design variable. E,wm’c is the nominal capacity
of component ¢ and b, . is a binary variable that indicates whether component c has been installed.

The nonlinear dependency of Capex. on Enom’c is approximated by a piecewise-linear relationship.
To this end, binary variables bcqpes,c,; indicate which segment j € Jeapes,. of the piecewise linearization
is active. E’nom,c,j is the nominal capacity variable for each respective segment. Similarly, the nonlinear
dependency of Eem(c),c,s,t on E'e,c,s’t is approximated by a piecewise-linear relationship. Importantly, for
the CHPs, there are two output energy forms, electricity and heat. Hence, &,,:(c) are the index sets
that contain all output energy forms for each component. Again, beffec,s,¢,; are binary variables that
indicate which segment j € J.yy,. of the linearization is active, and Ee,c,s,t,j is the output energy flow
for that segment. Ee( . are the storage levels of each storage. The equation to determine the energy
storage level is obtained by using the implicit Euler scheme on the differential equation of the storage.
For a detailed description of the linearization formulation and the modeling equations, we refer to Sass
et al. (2020). Note that where Sass et al. (2020) use Q to refer to energy flow, we use E.

The energy flow demands Ee,dem,s,t» the capacity factor of the PV modules fsoqr,s,¢, and the am-
bient temperature Tpmp s are uncertain variables that are determined for each representative scenario
s from historical data. The ambient temperature is then used to calculate the efficiency of the heat

0.36T, . .
"e__ For all other components, the nominal efficiency 7nom.c.s.t

pumps: 77n07n,HP7;,s,t(Tamb,s,t) = Thp—Tamb.o.t ,C,S,

is constant and does not depend on uncertain variables.
The objective function minimizes the total annualized cost. To this end, the present value factor is

defined as
(140.08)" —1

T E =008 (14 0.08)°

for an interest rate of 0.08 and a time horizon of 4 years. The maintenance factors vymqaintenance,c can be
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obtained from Tables 1 and 2 in Sass et al. (2020). The scenario weights are defined as

Ndata,s
ws = 365ﬂ,

Ndata

where ngqtq,s are the number of days in the historical data in the cluster of scenario s and 144, are the

total number of days in the historical data. yfue; = 0.08 E\I,JV—R

L are the fuel costs and Ay is the timestep

length, which is 2h in our example.

The parameters for the economic variables Capex. 1 ; and the capacities E’lb,c’ j can be obtained from
Sass et al. (2020) in their publication from Table C.2. Note, that we use Ej . ; where Sass et al. (2020)
use Qé{)j, E.mam’c and Emm,c correspond to the smallest and largest values of Ezb,c,j- Beapes,c,j is calculated
as
Capexep j+1 — Capexe .

Bcapem,c,j = -
Etp,c.jr1 = Eib,c.j

The values for the linearization parameters A ¢ ¢,; and Aoyt,e,c,; Of the piecewise-linear energy inflow-

outflow curves can be found in Section 1. Bctf.e,c,; is calculated as

Ainje,c,itl — Ainse,c,j

Beff e,c,j — .
T Aout,e,c,j-&-l - Aout,e,c,j

Vsto,c 15 the coefficient that determines the relation between the nominal capacity of each storage
component to the maximum storage capacity. For batteries it is 4 % and for thermal energy storages
1 % While 7, are the time constants for self-discharge, and 7., and 7.y are the charging and

discharging efficiencies.
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The operational problem is formulated as:

e
s.t. Ee,dem,t - Z -E.e,c,t + Z Ee,c,t + Z (Ee,c,t,in - Ee,c,t,out) S ¢> ve S 57Vt € T
c€Ce out c€Cein c€Ce sto
: E
Eein(c)vcvt = Z beff:€3cﬁtsj Ain7e7cij —Dome
GE€ETer e Tlnom,c,t
Betteci (7 :
+ —— Ee,c,t,j - )\out,e,c,jbeff,e,c,t,jEnom,c Ve € Cconv7V€ € gout(c)7Vt eT
Tlnom,c,t
Ee,c,t = Z Ee,c,t,j Ve e CCOM,Ve S Sout(c),Vt S T
J€ETesf,c
)\out,e,c,jEnom,cbeff,e,c,t,j < Ee,c,t,j Ve € CCO’I’L’LMVJ € jeff,cave € gout(c)7Vt eT
/\out,e,c,j—HEnom,cbeff,e,c,t,j > Ee,c,t,j Ve e Ccom}avj S jeff,(nve € gout(c)7Vt eT
> bepect; <1 Ve € Coonp, Ve € Egui(c), Pt € T
JE€ETesf,c
Ee(c),c,t < ’Ysto,cEnom,c Ve € Csto,Vt eT
Ee(c),c,t,in < Enom,c Ve € CStO,Vt ceT
Ee(c),c,t,out < Enom,c Ve € Csto,Vt eT
Ay . 1 .
Ee(c),c,t 1+ T = Ee(c)ﬂz,tfl + At HC,iHEe(c),c,Lin - 7Ee(c)7c7t,out Ve € CsthVt € T\ {1}
c c,out
Ay . 1 .
Ee(c),c,l I+ — )= Ee(C)’C,\T\ + At nc,inEe(c),c,l,in - 7Ee(c),c,1,out Ve € Csto
Te nc,out
Ee(c),c,l = Einit,c Ve € Cyto
Ee(c),c,t < fsolar,tEnom,c Ve € {P‘/l | Vi € ]-7 .. ,ncomponents} ,VS S 87Vt € T
with
Zz = [ E.Ieyc,t y Ee,c,t,ina Ee,c,t,out ) Ee(c),c,t 3 Eewcvtvj7beff7evcit7j ]
——

Ve€Ceonw,Ve€E(c),VEET Vc€Cst0,Ye€E(c),VIET Ve€Csto, VEET Ve€Ceonu,Ve€Eout(¢),YLET VjE€ETes e

¢ S Ra Ee,c,t S RZOy Ee,c,t,j S RZOa Ee,c,t,in S RZO, Ee,c,t,out S Ran Ee(c),c,t S Rzo, beff,e,c,t,j S {07 1}

The operational problem is similar to the design problem. The equations to calculate the capital

expenditures are omitted, and the objective function is replaced by an auxiliary variable ¢, which measures
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the maximum violation of the energy balance equations. Variables and parameters are similar to the
design problem, except that no scenario index is included, as there is only one scenario per operational

problem.
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