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Abstract
Computationally cheap yet accurate dynamical models are a key requirement for real-time capable nonlinear optimization
and model-based control. When given a computationally expensive high-order prediction model, a reduction to a lower-
order simplified model can enable such real-time applications. Herein, we review nonlinear model order reduction methods
and provide a comparison of method characteristics. Additionally, we discuss both general-purpose methods and tailored
approaches for chemical process systems and we identify similarities and differences between these methods. As machine
learning manifold-Galerkin approaches currently do not account for inputs in the construction of the reduced state subspace,
we extend these methods to dynamical systems with inputs. In a comparative case study, we apply eight established model
order reduction methods to an air separation process model: POD-Galerkin, nonlinear-POD-Galerkin, manifold-Galerkin,
dynamic mode decomposition, Koopman theory, manifold learning with latent predictor, compartment modeling, and model
aggregation. Herein, we do not investigate hyperreduction, i.e., reduction of floating point operations. Based on our findings,
we discuss strengths and weaknesses of the model order reduction methods.
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Acronyms
Acronym Term

ANN Artificial neural network
AEN Autoencoder network
AGG Aggregation method

COMP Compartment method
DAE Differential-algebraic system of equations
DMD Dynamic mode decomposition
DMDc DMD with controls (or general inputs)
FOM Full-order model
HX Heat exchanger
KW Koopman-Wiener model
MFL Manifold learning

MFL-ANN MFL combined with latent ANN predictor
MFLu Manifold learning with inputs
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MOR Model order reduction
ODE Ordinary differential system of equations
POD Proper orthogonal decomposition

POD-Res POD residualization
ROM Reduced order model
RMSE Root mean squared error
SPT Singular perturbation theory
SVD Singular value decomposition

1 Introduction

Process systems in chemical engineering are inherently
nonlinear, e.g., as a result of reaction kinetics, transport phe-
nomena, and thermodynamic relationships [178]. Over the
past decades, detailed mechanistic process modeling has
become increasingly common in (chemical) process sys-
tems engineering. In particular, mechanistic first-principles
models, accounting for conservation of mass, energy, and
(less often) momentum, along with constitutive relations,
possess favorable generalization capabilities. Hence, digital
twins and digital shadows have been established as a valu-
able tool for process monitoring and operator training [141,
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215]. However, in such predictive models, the high number
of nonlinear differential equations is usually computationally
prohibitive for online optimization and model-based control
methods such as nonlinear model predictive control. Further-
more, process models are often stiff, making them even more
challenging to handle [33].

Model reduction is a popular technique to reduce the
computational cost of optimization by means of model sim-
plification. In this context, a reduction in the number of
differential states is called model order reduction (MOR)
and the resulting model is a reduced-order model (ROM) [4,
188]. Conversely, the original model is the full-order model
(FOM). MOR is particularly used for spatially distributed
systems, which are commonly described by partial differen-
tial equations or modeled as networks of lumped systems.
Examples of high-order process systems include computa-
tional fluid dynamics [251], distillation columns [301], heat
exchangers [102], chemical reactors [81], and integrated pro-
cess networks [55]. Fine-grained mechanistic modeling of
such systems can result in thousands or millions of states.

Althoughmechanisticmodels canbeveryhigh-dimensional,
FOMs often exhibit a certain coherence characterized by a
few dominant mechanisms or patterns, e.g., due to stiffness
of the system [209]. Provided that a part of the transients van-
ish after a short period of time due to dissipative phenomena
with a comparably fast exponential decay, we obtain a time-
scale separation between fast stable decay and slow response
[93]. As a result, the high-dimensional state evolves most
of the time near a low-dimensional topological subspace,
referred to as slow manifold [205]. Because this subspace
is characterized by a set of invariance equations, i.e., the
(quasi-)steady-state conditions of the fast stable phenomena,
the slow manifold is a special type of invariant manifold [68,
153, 243]. An accurate ROM is obtained when finding a low-
order approximation of the FOM on the slowmanifold. Such
reducible systems are also called lumpable [126].

MOR methods construct low-order approximations of a
FOM, i.e., a ROM, either by projecting the FOM onto the
slow manifold [18, 271] or by identifying an empirical ROM
directly from state data [150, 259]. Projecting the FOM onto
a linear subspace is called aGalerkin projection [5], a concept
of high significance for this article. Below, we also discuss
nonlinear variants of Galerkin methods as well as other pro-
jection methods. In many cases, a considerable reduction
(removing 80% of the states or more) of a FOM is possible
at a minor sacrifice of accuracy. However, the range of valid-
ity of a ROM is considerably reduced as well, e.g., highly
transient situations, such as process startup or shutdown, are
often no longer covered.

Reduction methods can be classified according to how the
FOM is utilized [253]. Specifically, intrusive methods rely
on structural and parametric knowledge of the FOM. Note
that the term “intrusive” as adopted here is fully indepen-

dent from its use in structural mechanics [195], and as such
partially inconsistent. A large subclass of intrusive methods
are reduced-basis methods, which seek a low-dimensional
set of basis vectors spanning a linear or affine subspace on
which the system approximately evolves, followed by an
(intrusive) projection of the FOM onto this subspace [208,
237]. Non-projection-based intrusive methods include sim-
plifying assumptions and heuristic reduction. On the other
hand, non-intrusive methods are fully detached from the
FOMequations, i.e., model-free. Thesemethods only require
time series data of the model states to generate a ROM.

Many projection-based approaches follow a two-stage
procedure to derive a ROM. First, the nonlinear system is
reversibly transformed into a favorable representation, e.g.,
some canonical or normal form [197, 244, 269]. Subse-
quently, reduction is performed on the transformed system
by systematic truncation or residualization of dynamic com-
ponents. Depending on the original model and the reduction
method, the resulting ROM can be anything from a white-
box (all equations have a physical meaning) to an almost
black-box (purely empirical) model. Examples of the first
step include proper orthogonal decomposition [25], nonlin-
ear normal modes [269, 290], input-output balancing [99,
197], singular perturbation canonical form [142],Weierstrass
canonical form [247], canonical bilinear or polynomial form
[66, 96, 228], and Koopman lifting [193, 300].

For some types of systems, e.g., convection-dominated
systems and wave-type equations, the assumption of a low-
dimensional linear subspace does not hold [15, 119]. Such
systems live on a nonlinear submanifold rather than on a lin-
ear subspace [133, 269]. Consequently, Galerkin projection
requires a large number of basis vectors to retain high ROM
accuracy [161, 271]. Instead, nonlinear subspace methods
can approximate the nonlinear slow manifold more closely.
Projecting the FOM onto the nonlinear submanifold is a non-
linear Galerkin [133] or manifold-Galerkin [161] projection,
which is closely connected to the concept of nonlinear normal
modes in mechanics [269]. Figure 1 illustrates the advan-
tage of using a nonlinear manifold as the reduced subspace.
Although the dimensionality of the 1D nonlinear subspace is
lower than the 2D linear subspace, the data points generated
by the 3D full-order system are well captured by either sub-
manifold. Consequently, using a nonlinear subspace method
may enable a similarly accurate ROM of lower order.

When reducing a nonlinear FOM, the CPU cost of evalu-
ating a ROM is often not significantly decreased, despite the
lower differential order [237]. Thus, to achieve a reduction
in computational costs, an additional consecutive hyperre-
duction step is performed [101, 254], which reduces the
arithmetic complexity, i.e., floating point operations per
model call. Hyperreduction is achieved by applying super-
vised approximation techniques to replace expensive terms
by, e.g., piecewise linear functions [17, 240], polynomials
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Fig. 1 Illustration of linear (M1, �) and nonlinear (M2, ) embed-
ded submanifolds of R3. The elements of M2 are close to M1 but not
necessarily elements thereof. Here, the samples from the original sys-
tem (•) are captured similarly well by both M1 and M2 despite their
different dimensions

[30, 47, 203], sparse regression models [35], or artificial
neural networks (ANNs) [101, 272]. In some cases, semi-
empirical shortcut methods are an alternative to eliminate
steady-state equations of a ROM [58]. Further, hyperreduc-
tionmethodsmay also be implemented in an adaptive fashion
[116, 177]. In case of a differential-algebraic ROM, hyper-
reduction automatically eliminates algebraic equations, so a
prior reduction of algebraic variables [162, 277] is often not
required. Combining data-driven and mechanistic elements,
the resulting ROM can be considered a hybrid model. Hyper-
reduction drives the ROM further towards a black-boxmodel
but is essential for real-time capability. The overall model
reduction process thus typically involves the two ingredients
(i) MOR and (ii) hyperreduction.

Although non-intrusive reduction methods do not operate
on the FOM equations, these methods are still based on FOM
state information (and sometimes also on time derivative
data). Conversely, the identification of a low-order black-box
model from input-output data (e.g., using subspace iden-
tification [234], Loewener framework [191, 220], or AAA
algorithm [32, 200, 245]) does not involve the original FOM
states and thus lacks the full information carried by the FOM
states. In particular, FOM state information turns out to be
highly valuable in someMOR problems, where input-output
system identification may fail to extract sensible latent infor-
mation [263].

Despite a long history of research,MOR remains an evolv-
ing field with major contributions made in recent years, e.g.,
[9, 161, 259, 300].Comprehensive reviewsofMORare found
in [18, 85, 157, 185, 251] as well as textbooks on linear
[5, 207] and nonlinear MOR [23, 124, 206, 282]. However,
although an extensive body of literature is available, low-
barrier introductory texts [4, 188] and comparative studies in
the process systems field [100, 251, 258] lack a discussion of
some recent developments. Furthermore, reduced modeling
strategies that have been developed in the chemical engineer-

ing community are often not discussed in the general model
reduction literature.

Over the years, managing the growing number of MOR
options and making a suitable choice has become increas-
ingly difficult. Therefore, this article aims to provide an
overview of classical and more recent methods. We con-
sider systems with inputs and focus on nonlinear state-space
models, but we also include index-one differential-algebraic
systems. We compare common methods both theoretically
and in an industrially relevant case study.

As we target ROM application within numerical opti-
mization and model predictive control, we want to preserve
the knowledge of all states and retain flexibility in for-
mulating the optimal control problem. Hence, we aim for
ROMs that allow reconstruction of all original states and
thus focus on input-to-state reduction methods rather than
input-outputmethods. Consequently, we do not review input-
output balancing methods for linear systems [197, 225],
empirical balancing of nonlinear systems [99, 121, 158,
257], or data-driven moment matching [255]. However,
we remark that for problems with fixed input-output con-
figuration, balancing methods can provide very low-order
ROMs of high accuracy and guaranteed stability preservation
[140]. Further, we disregard MOR methods based on lin-
earized FOMs, e.g., applying feedback linearization before
reduction [11]. Finally, we remark that model reduction of
non-autonomous systemswith inputs shares someconceptual
similarities with MOR of stochastic dynamical systems [59,
244]. Specifically, both systems feature a-priori unknown
external variables. However, we do not investigate these con-
nections further.

Themanuscript is structured as follows. First, we present a
general version of the MOR problem for systems with inputs
in Section 2. Therein, we characterize the reduced subspace
based on the invariance equations and explicitly account
for system inputs. In Section 3, we provide an overview of
general-purpose MOR methods. We divide this review into
intrusive methods in Section 3.1 and non-intrusive methods
inSection3.2.During the reviewof intrusivemethods, inSec-
tion 3.1.4,we observe that currentmanifold learningmethods
do not account for external inputs. Hence, we propose an
extension of themachine learningmanifold-Galerkinmethod
to non-autonomous systemswith inputs in Section 3.1.5. The
review of general-purpose methods concludes with a theo-
retical comparison in Section 3.3. In Section 4, we review
problem-specificMOR approaches that have been developed
in the field of process systems engineering and draw con-
nections to methods in Section 3. Additionally, we review
applications of MOR for three important unit operations,
namely distillation columns, heat exchangers, and reactors.
Section5provides a comparative case study,wherewe reduce
the process model of an air separation unit. Therein, we
compare eight MOR approaches that are selected as a rep-
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resentative ensemble of the methods reviewed. Notably, we
limit ourselves to MOR and do not consider hyperreduc-
tion and CPU costs of integration to avoid an extra level of
methods and complexity. However, we expect that any ROM
of sufficiently low order can be made real-time capable by
appropriate hyperreduction. In Section 6, we summarize and
discuss the strengths and weaknesses of the MOR methods.
Section 7 concludes the manuscript.
Notation. Given a matrix A ∈ R

n×m , A = [a1, ..., am],
the linear space spanned by the column vectors ai ∈ R

n is
denoted byA = col(A) and called the column space ofA. For
brevity, we prefer this notation over A = span{a1, ..., am}.
Given a real non-squarematrixA, the pseudoinverse isA+ �
(ATA)−1AT. Given some domain X , we denote by Cr (X )

the set of r -times continuously differentiable functions over
X , r ≥ 1, and call a function f smooth if f ∈ C∞(D).
We denote the identity matrix by I and the identity map
by id. Given a single independent coordinate t ∈ R (here
time), we call the map γ : R → R

n a curve. We denote
the velocity of a curve γ at time t by γ̇ (t) � dγ

dt |t . Given
some Cr -map f : R

n → R
m between Euclidean spaces

R
n and R

m , where n,m ≥ 1, we denote the linear differ-
ential map of f at x ∈ R

n by D f (x) : Rn → R
m . Given

some point x ∈ R
n , we associate D f (x) with its Jacobian

matrix D f (x) ∈ R
m×n . For a function f (x, y) of two argu-

ments, we consider Dx f (x, y) and D y f (x, y) separately.
An immersion is a smooth map, h : Z ⊆ R

nz → X ⊆ R
nx ,

satisfying rank(Dzh†( · )) = nz (injective) everywhere in Z .
We consider embedded submanifolds of ambient spaceRn

characterized in terms of level sets. The respective definition
is intuitive and sufficiently general for our purposes.

Definition 1 (Level set, [160]) Let c : X → R
m , X ⊆ R

n

open, 1 ≤ m < n, be a Cr -mapping, r ≥ 1. Denote by
M ⊆ R

n the zero level set:

M = {x ∈ R
n : c(x) = 0} . (1)

Assume that M is non-empty and the Jacobian Dc(x) ∈
R
m×n has constant rank m at all x ∈ M. Then, M is a

manifold of class Cr , i.e., a differentiable manifold. More-
over, M has dimension k = n − m and is embedded in R

n ,
and therefore called an embedded k-submanifold of Rn . By
the definition of continuity, the preimage M = c−1({0}) is
closed in Rn and thereforeM is said to be properly embed-
ded.

We remark that the embedding is not an essential part of
the definition, i.e., there existmore generic definitions that are
independent of an ambient space [160]. Therefore, we some-
times drop the terms embedded or “sub” (manifold). Note
that Rn is a manifold itself. By limiting ourselves to embed-
ded submanifolds of open subsets X ⊆ R

n of Euclidean

space Rn defined through level sets, we circumvent geomet-
ric concepts like charts and tangent bundles. We refer the
interested reader to [31, 37, 160, 199]. Below,we always con-
sider the case m < n, where n = nx (FOM dimension) and
k = nz ≥ 1 (ROM dimension). For notational and concep-
tual simplicity, wewill focus on C∞ maps and C∞ manifolds.
However, we remark that most methods are applicable to a
less restrictive setup, such as C2, which is occasionally also
referred to as “smooth” in the literature.

2 Model order reduction problem

In this section, we present a general formulation of the
MOR problem. We are concerned with two types of non-
autonomous dynamical systems with inputs. We focus on
nonlinear dynamical systems with external inputs, described
by a system of ordinary differential equations (ODE):

ẋ(t) = f (x(t), u(t)) , (2)

where t ∈ [t0, t∞] denotes time, x(t) ∈ X denote the dif-
ferential states, X ⊆ R

nx , u(t) ∈ U are the system inputs,
U ⊆ R

nu , and f : X × U → R
nx is smooth. We call X the

state space, U the input space, and (2) a state space model.
Notably, the input trajectory is generally unknown, i.e., u(t)
are unknown time-variant parameters. The dimension nx is
the model order.

We further consider semi-explicit differential-algebraic
systems of equations (DAE) with external inputs:

ẋ(t) = f (x(t), y(t), u(t)) , (3a)

0 = g(x(t), y(t), u(t)) , (3b)

where x(t) ∈ X ⊆ R
nx , y(t) ∈ Y ⊆ R

ny are the algebraic
variables, and u(t) ∈ U ⊆ R

nu are the external inputs. Let
X , Y and U be open, and f : X × Y × U → R

nx and
g : X ×Y ×U → R

ny be smooth. We say that the DAE has
index one ifD y g(x̂, ŷ, û) has rank ny for any (x̂, û) ∈ X̂×Û
on the solution set of g [33, 217].

The class of semi-explicit DAEs covers a wide range of
process models, where ODEs are often not sufficiently ver-
satile. However, MORmethods are typically presented in the
ODE framework. Fortunately, this is not a problem because
an index-one DAE (3) may be regarded as an ODE that
lives on a submanifold of X̂ × Ŷ × Û [205, 241]. Apply-
ing Definition 1 to (3b) verifies this point of view. Moreover,
higher-index DAEs can usually be reduced to index-one sys-
tems [33]. Consequently, we can adopt ODE methods to
index-one DAEs, cf. also [116, 172]. Further works that
explicitly deal with DAEs are, e.g., in [162, 166, 273, 277,
289]. For conciseness, we will only consider FOMs of the

123



Nonlinear model order reduction of dynamical systems in… Page 5 of 30 630

form (2). However, the MORmethods can also be applied to
(3) under the assumption of index-one.

The second reason for introducing both (2) and (3) is that
someMORmethods reduce a high-order ODE to a low-order
DAE, which we generally assume to be index-one. Hence,
we will frequently encounter ROMs of the form (3). Next,
we formalize the MOR problem for nonlinear systems with
external inputs:

Problem 1 (MOR)Given a FOM (2), find a low-order index-
one DAE (the prototype of a ROM):

ż(t) = f r(z(t), u(t)), (4a)

0 = h(z(t), xr(t), u(t)) , (4b)

where differential states z(t) ∈ Z , Z ⊆ R
nz , nz � nx ,

algebraic variables xr(t) ∈ X that approximate the FOM
states x(t), and where f r : Z ×U → R

nz and h : Z ×X ×
U → R

nx are smooth. Let (4) be such that for any x(t0) ∈ X ,
u(t0) ∈ U , and u(t)= û ∈ U , t > t0, the prediction error,
ε(t) � ‖xr(t) − x(t)‖, satisfies ε(t) < ε∗ for all t > t1,
where t1 ≥ t0 and ε∗ ≥ 0 are sufficiently small.

We call (4a) the latent dynamics or internal dynam-
ics of the ROM. For simplicity, we do not impose further
requirements on the upper bound ε∗, e.g., the existence of a
contractionmapping [10, 142]. In general, a quickly decaying
ε(t) also depends on the ROM initialization strategy, where
naïve minimization of ‖xr(t0)− x(t0)‖2 may result in a sub-
optimal z(t0) [212, 242].

The dimension nz is the reduced model order. A suit-
able value of nz is fundamentally system- and application-
dependent and no universal rule can be given. More specif-
ically, the feasible degree of reduction depends on factors
such as i. the type of dynamical system and its attractors (e.g.,
multiplicity, stability/hyperbolicity), ii. the chosen reduction
method, iii. the required accuracy and computational costs of
the ROM, and iv. the time-scales/frequencies and subset of
state-space relevant to application (e.g., prediction horizon,
time steps, bounded region on controllable manifold). For
example, some reduction methods provide specific require-
ments, e.g., on the slow/fast time-scale separation [106, 270],
thus limiting the feasible degree of reduction.

Next, we characterize the subset of X on which the ROM
(4) evolves. To this end, we first examine the level set:

M � {(x̂, ẑ, û) ∈ X × Z × U : 0 = h(x̂, ẑ, û)}. (5)

Due to the index-one assumption in Definition 1,M consti-
tutes a smooth embedded submanifold ofX ×Z ×U , where
dimM = nz + nu . In addition, when fixing û ∈ U , the level
set:

M(û) � {(x̂, ẑ) ∈ X × Z : 0 = h(x̂, ẑ, û)} (6)

constitutes a smooth embedded nz-submanifold of X × Z ,
where M(û) × {û} is a slice of M. Finally, we denote the
canonical projection of M(û) on X by:

MX (û) � {x̂ ∈ X : 0 = h(x̂, ẑ, û), ẑ ∈ Z}. (7)

To satisfy the requirements in Problem 1, we search for an
invariant manifoldM having the property that f (x(t), u(t))
is tangent to MX (u(t)) if x(t) ∈ MX (u(t)). Then, Eq. (4)
solves the invariance equations:

∀(x̂, ẑ, û) ∈ M : Dxh(x̂, ẑ, û) f (x̂, û) + Dzh(x̂, ẑ, û) f r( ẑ, û) = 0,

(8)

which can be derived by differentiating (4b) with respect
to t and inserting (2) and (4a) for u(t) = û fixed. Finally,
notice that invariance is closely connected to conservation
principles, e.g., the conservation of mass and energy [36,
309].

There exist various local and global approaches for deter-
mining invariant (sub)manifolds of nonlinear dynamical
systems [132, 153, 283]. Within many of these approaches,
the invariance equations (8) play a key role. For example,
the parameterization method [40, 111, 112] and extensions
[45, 210, 286, 289] have been proposed as a local intrusive
method to construct invariant manifolds. If a rigorous solu-
tion of the invariance equations is impractical, the invariant
manifold may be approximated based on system data (see
Section 3.1.4). Finally, projecting the FOM onto an invari-
ant manifold enables a reduced-order representation valid on
this subspace.

A fundamental difference to autonomous systems is that
changes in u(t) can affect MX . For example, changing
u(t) may rotate or shift the respective embedded MX . If
u(t) is piecewise constant, then MX may change its shape
abruptly at the input grid points. If u(t) is continuous, then
MX may gradually deform over time. When changing u(t)
from û− to û+ at time t1, the prior x−

r � limt↗t1 xr(t) may
not be in MX (û+

). In the ROM, this offset is immediately
addressed by a projection of x−

r onto MX (û+
), inherently

defined by (4b). Accordingly, the ROM can exhibit a direct
feedthrough from the inputs u(t) to the reconstructed states
xr(t), as indicated by (4b). This projection corresponds to
the fast-time-scale response of the FOM to changes in u(t).
Furthermore, depending on h, the associated projection after
a change in u(t) can introduce unwanted artifacts in theROM
response (see Section 3.1.2).

A common simplification of (4) is to use a one-to-one
immersion h† : Z → X , so that MX = {h†( ẑ) : ẑ ∈ Z}
and ẋr(t) ∈ col(Dh†(z(t))) on M. In this case, we have
M(û) ≡ M∗, ∀û ∈ U , and M = M∗ × U (trivial bundle),
and the invariance equations (8) become:

∀(x̂, ẑ, û) ∈ M : f (x̂, û) − Dzh†( ẑ) f r( ẑ, û) = 0. (9)
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3 General-purpose reductionmethods

We review state-of-the-art reduction methods that are appli-
cable to a wide range of systems, rather than developed for
a specific type of process model. Additionally, in Section
3.1.5, we develop an extension of the manifold-Galerkin
method (reviewed in Section 3.1.4) to explicitly account for
the dependence of the slow manifold on the inputs. For the
sake of brevity,we omit equations as far as possible and rather
focus on an informal discussion.

3.1 Intrusive general-purposemethods

We begin with a review of intrusive MOR methods, which
involve the FOM equations in the MOR procedure. First, we
discuss two classical intrusive approaches: proper orthogo-
nal decomposition (POD) and singular perturbation theory
(SPT). Afterwards, we present more recent extensions using
machine learning, specifically manifold learning methods.

The POD belongs to the class of linear subspace methods,
whereas SPT constructs a nonlinear subspace. Linear sub-
space methods are typically divided into methods based on
singular values decomposition (SVD) and Krylov subspace
methods [6]. Herein, we do not discuss Krylov subspace
methods [12], which are major reduction techniques for lin-
ear systems, but their extension to nonlinear MIMO systems
is not straightforward. We refer to [9, 228] for some recent
works towards this goal. An extensive overview of MOR
using Krylov subspace methods is given in [18].

3.1.1 POD-Galerkin method

The POD, also known as Karhunen-Loéve decomposition, is
a method to extract a low-dimensional linear basis capturing
the dominant behavior of a system [46]. Usually, the POD
basis is determined through SVD of discrete state trajectory
samples (snapshots) from simulation studies. Define the data
matrix D ∈ R

nx×N , N ≥ nx , by stacking snapshots x(tk),
k = 1, 2, ..., N . Compute the mean x̄ ∈ R

nx and form the
zero-centered matrix X = [x(t1) − x̄, ..., x(tN ) − x̄]. Then,
SVD provides:

X = U�VT , (10)

where� ∈ R
nx×N is a non-square diagonalmatrix of ordered

entries σi , which are the singular values. The orthogonal
matricesU ∈ R

nx×nx andV ∈ R
N×N collect the correspond-

ing left and right singular vectors, respectively. The columns
of U are also called principal components of X, since they
are ordered by their relevance to represent the data X. As
opposed to the eigendecomposition of X, the SVD is well-
conditioned and stable [5]. However, SVD is sensitive to data
scaling, so improper scaling can result in a poor ROM [46].

The POD-Galerkin method consists of two main steps.
First, SVD provides the PODmodesU. Next, we specify the
reduced order nz < nx and subdivide U = [U1,U2], where
U1 ∈ R

nx×nz . BecauseU1 carries the dominant PODmodes,
we may truncate the modes U2 and use the approximation:

x(tk) − x̄ ≈ U1z(tk), k = 1, 2, ..., N , (11)

where z(tk) ∈ R
nz are lower-dimensional coordinates and

x̄ ∈ R
nx is the mean used in the SVD above. Eq. (11) corre-

sponds to the optimal, i.e., proper, approximation of the data
X in the 2-norm [22]. However, the optimality of U1 refers
only to the training data and not to ROM prediction accu-
racy [237]. The reduced state space is defined as the affine
subspace, MX = {x̄ + v : v ∈ col(U1)}. Using (11), we
perform a Galerkin projection of the FOM (2) onto the basis
U1 and obtain the ROM [237]:

ż(t) = UT
1 f (U1z(t) + x̄, u(t)),

xr(t) = U1z(t) + x̄.
(12)

The POD is data-driven and therefore non-intrusive, but
subsequent Galerkin projection is intrusive. Combining data-
driven reduced basis and physics-based FOM, the nonlinear
ROM (12) is a hybrid model. As the original map f is still
contained in ROM (12), an additional hyperreduction step
may be required to enable real-time applications [30]. In par-
ticular, the matrix U1 is usually dense, so a sparse model f
may even lose its sparsity.

Alternative methods to POD exist that construct a non-
orthogonal reduced basis, e.g., sequential greedy approaches
[29]. Projecting a FOM onto such a non-orthogonal basis
is called a Petrov-Galerkin projection [5]. Greedy methods
have long been considered as a remedy for thememory issues
of standard SVDwhen applied to high-order problems. How-
ever, modern matrix decomposition methods, particularly
randomized SVD [76, 104], can efficiently handle millions
or billions of states and snapshots. Hence, the POD-Galerkin
method has become a feasible option also for very high order.

3.1.2 Singular perturbation theory

Model reduction by SPT is a nonlinear subspace method
based on time-scale separation of a FOM [67, 147]. Assume
that the FOM (2) is originally in singular perturbation canon-
ical form [142]:

ẋ1(t) = f 1(x1(t), x2(t), u(t)) , (13a)

ε ẋ2(t) = f 2(x1(t), x2(t), u(t)) , (13b)

where ε � 1 and x1(t) ∈ R
nz and x2(t) ∈ R

nx−nz .
Eqs. (13a) and (13b) collect the slow and fast dynamics,
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respectively. We assume that exponential stability of the fast
dynamics holds uniformly.

The key idea of perturbation theory is that the system
response does not change significantly when ε is perturbed.
When setting ε = 0 in (13), the fast dynamics degenerate
into quasi-stationary equations, yielding a ROM defined by:

ẋ1(t) = f 1(x1(t), x2(t), u(t)), (14a)

0 = f 2(x1(t), x2(t), u(t)). (14b)

Assuming that (14) is index-one, the corresponding slow
manifold is given by:

M = {(x̂1, x̂2, û) ∈ R
nz ×R

nx−nz ×R
nu : f 2(x̂1, x̂2, û) = 0} .

(15)

Overall, the projection of (13) ontoM is inherently defined
via the degeneration.

Typically, a process model is initially not in the form (13).
Identifying the perturbation parameter ε is often not obvi-
ous and frequently based on human assumptions rather than
system-theoretic arguments. In many cases, we seek a linear
transformation, x(t) = T1x1(t) + T2x2(t). For chemical
process systems,T1 andT2 are sometimes determined based
on a time scale assumption on energy and mass transport
[246, 295]. More rigorous approaches search for a subset of
X or X × U whose defect of invariance is sufficiently small
[111, 132, 142]. Further, note that implicit condensation [123,
204] and static condensation [106] in mechanics are closely
connected to SPT. For example, the needed slow/fast time-
scale separation for nonlinear vibrations was examined in
[106, 270].

An important property of (14) is that the steady-state
response remains exact.However, the degeneration of the fast
dynamics occasionally introduces undesirable dynamic arti-
facts, especially a non-physical inverse response [20, 236].
In other words, the degenerated finite-ε dynamics have a
substantial macroscopic effect when (13) does not consti-
tute a proper normal form [244]. Also, the appearance of an
inverse response depends on the degree of reduction and the
determination ofT1 andT2 [127]. In control, a sign-reversed
model gain can degrade the closed-loop behavior of a model-
based controller toward infeasibility or instability. However,
a false inverse response is only problematic when appearing
on the prediction time grid of the ROM application, where
an extremely fast inverse response may be uncritical.

3.1.3 Residualization method

Closely related to the singular perturbation method is the
POD residualization (POD-Res) or nonlinear-POD-Galerkin
method [70, 93]. Instead of Galerkin projection onto a linear

subspace via POD truncation, a nonlinear subspace ROM is
obtainedby considering the limit of infinitely fast (degenerate
or slaved) dynamics. Let the POD modes U = [U1,U2,U3]
so that U1 ∈ R

nx×nz and U2 ∈ R
nx×nq , where 1 < nq ≤

nx − nz . Accordingly, we first extend (12) and truncate U3

so that:

ż1(t) = UT
1 f (U1z1(t) + U2z2(t) + x̄, u(t)) (16a)

ż2(t) = UT
2 f (U1z1(t) + U2z2(t) + x̄, u(t)), (16b)

xr(t) = U1z1(t) + U2z2(t) + x̄ . (16c)

Then, by residualization of (16b), i.e., setting ż2(t) = 0, we
obtain [271]:

ż1(t) = UT
1 f (U1z1(t) + U2z2(t) + x̄, u(t)) , (17a)

0 = UT
2 f (U1z1(t) + U2z2(t) + x̄, u(t)) , (17b)

xr(t) = U1z1(t) + U2z2(t) + x̄ . (17c)

Despite the POD-based partitioning of states in the first step,
the residualization provides a nonlinear subspace due to
(17b). In [258], the authors compared POD-Galerkin and
POD-Res, finding that low-order POD-Res ROMs are more
accurate than POD-Galerkin ROMs but also more computa-
tionally expensive without hyperreduction.

When setting nq = nx − nz , i.e., applying an exhaustive
residualization with no truncation, POD-Res can be regarded
as an SPT method. This interpretation implies that the POD-
based affine transformation divides the states into fast and
slow dynamics. In our experience, a certain degree of POD
truncation is possible without a relevant loss of precision,
yet enabling a significant improvement of numerical condi-
tioning. Therefore, we use nq < nx − nz below. Finally,
there exist alternatives to POD in the context of nonlinear
Galerkin methods [133, 186], e.g., using wavelets [183]. In
the next subsection, we discuss another nonlinear Galerkin
variant based on machine learning, which circumvents the
residualization step and is fully detached from a linear POD
basis.

3.1.4 Manifold-Galerkin method

Applying machine learning to approximate a manifold from
snapshot data is called manifold learning (MFL) or represen-
tation learning [181, 281]. MFL encompasses a wide array
of tools and techniques that can be grouped into (i) learning
methods, including autoencoder networks (AENs) [14, 152]
and self-organizing maps [146], (ii) spectral methods, such
as classical PCA or kernel PCA [196, 260], locally linear
embeddings [249], Laplacian eigenmaps [19], and diffusion
maps [52], and (iii) probabilistic methods [83]. These meth-
ods can also be combined, e.g., classical PCA and quadratic
decoding [15, 79] or classical PCA and AENs [229].
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Not all MFL methods are suitable for MOR via Galerkin
projection. The subset of viable options includes AENs, self-
organizing maps, and kernel PCA [161]. Herein, we focus on
MOR using AENs, which are a prominent choice, e.g., [86,
138, 161]. We here consider undercomplete AENs, where
nz < nx . First, the encoder network φ : X → R

nz ,
X ⊆ R

nx open, projects the high-dimensional input vec-
tor x ∈ X to a lower-dimensional representation z ∈ R

nz .
Often, z are called features or latent variables. In the sec-
ond step, the decoder network φ† : Z → R

nx , where
Z ⊆ R

nz , reconstructs the high-dimensional vector from
the features. The images of the two mappings are φ(X ) ⊆ Z
and φ†(Z) ⊆ X . The standard unsupervised AEN train-
ing problem minimizes the mean squared reconstruction
error,

∑N
k=1‖x(tk) − φ† ◦ φ(x(tk))‖22, given a data set

D = {x(tk)}Nk=1 [288]. Assuming that φ† is a one-to-one
immersion, the subset MX � {φ†( ẑ) : ẑ ∈ Z} is an nz-
dimensional embedded submanifold of X . When using an
mean squared training loss, the composition φ† ◦ φ approx-
imates an orthogonal projection from X toMX .

Intrusive MOR based on AENs is presented in [138,
161] and refined, e.g., in [211, 229]. Here, we adopt the
method of [161] and we comment on the refinements below.
Training an AEN on snapshots approximates the slow man-
ifold by MX × U . Differentiation of the approximation
x(t) ≈ φ†(z(t)) and insertion into (2) yields:

Dφ†(z(t)) ż(t) = f (φ†(z(t)), u(t)) ,

xr(t) = φ†(z(t)) ,
(18)

where ż(t) ∈ R
nz and xr(t) ∈ R

nx . Clearly, the map φ† (and
thus the activation function) need to be differentiable. To
obtain a well-posed ROM, we multiply (18) by Dφ†(z(t))T:

Dφ†(z(t))TDφ†(z(t)) ż(t) = Dφ†(z(t))T f (φ†(z(t)), u(t)) ,

(19a)

xr(t) = φ†(z(t)) . (19b)

As a result,weobtain amanifold-Galerkin projectionofFOM
(2) onto MX [161]. By applying the definition of the pseu-
doinverse, Dφ†(z(t))+, Eq. (19) can be finally brought into
the form of (4):

ż(t) = Dφ†(z(t))+ f (φ†(z(t)), u(t)) , (20a)

0 = xr(t) − φ†(z(t)) . (20b)

In practice, we employ (19) rather than (20) to circumvent
matrix inversion or SVD associated with pseudoinversion
in the model. Note that both (18) and (20) do not involve
the encoding φ. While φ†(z(t)) is an embedding of Z into
X , the map Dφ†(z(t))+ is a linear projection from R

nx to
R
nz (more precisely from the tangent space to X at φ†(z(t))

onto the tangent space to Z at z(t)). When using a linear
AEN, then (20) reduces to (12). Finally, we highlight the
close connection between (20) and other approaches using a
single parameterization/decoder map, e.g., [132, 242].

An alternative to pseudoinversion is to apply the left-
inverse property, Dφ(φ†( · )) ◦ Dφ†( · ) = I, to (18). This
approach is also valid for non-orthogonal (oblique) projec-
tions and yields [211]:

ż(t) = Dφ(φ†( · )) f (φ†(z(t)), u(t)) (21)

instead of (20a). However, computing Dφ(φ†( · )) can be
expensive and the precise satisfaction of the left-inverse prop-
erty is a crucial prerequisite of this method.

Despite their intuitive structure and popularity in recent
years, standard dense AENs suffer from limited applicabil-
ity, poor scaling in the number of parameters and training
costs, expensive model evaluation, moderate accuracy, and
potential singularity issues.Wediscuss these challenges next.
First, the simultaneous strength and weakness of AENs is
their feedforward structure, which renders AENs conceptu-
ally and numerically simple to deal with. However, some
manifolds cannot be globally represented by a single param-
eterization/decoder as provided by an AEN. Consequently,
AENs may not be applicable to some problems. On the pos-
itive side, the slow manifold is represented by a feedforward
structure rather than by a set of implicit equations, see (4b).

A second issue is that very high nx and nz cause an
explosion in the parameters of dense encoder and decoder
networks, resulting in intractable training and model evalua-
tion. Additionally, embedding an AEN into a ROM increases
the number of floating point operations of model evaluation
considerably. For spatially distributed systems, computa-
tional improvements can be achieved by using convolutional
instead of fully connected AENs [74, 248]. Moreover, there
exist more parameter-efficient approaches to realize the
autoencoder structure, e.g., polynomials with compressed
tensor coefficients have linear complexity scaling [94, 281].
On the other hand, we remark that the FOM equations, f
in (20), are often already computationally expensive, neces-
sitating a hyperreduction step in any case. Then, the AEN
evaluation costs are secondary as the right-hand side of (20a)
will be ultimately replaced by a cheaper function.

To improve ROM accuracy, the standard AEN training
problem may be extended by a robustness loss [310] as well
as a velocity loss [211], which we regard as a step towards
physics-informed model reduction. Furthermore, a standard
AEN often faces injection errors, i.e., violating the identity
ϕ ◦ ϕ† = id or equivalently ϕ† ◦ ϕ ◦ ϕ† ◦ ϕ = ϕ† ◦ ϕ

(idempotence). This identity can be included into the train-
ing problem [281] or enforced structurally [211]. Moreover,
learning an invariant foliation instead of a single manifold
may increase accuracy of the reduced space [280, 281].
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The AEN-based manifold-Galerkin method is sensitive to
ill-conditioning of the Jacobian Dφ†( · ). Unfortunately, the
Jacobian from a standard AEN trainingmay be arbitrarily ill-
conditioned. However, conditioning issues can be addressed
by including a rank loss [202] in the training or employing an
invertible network structure possessing an exact (full-rank)
Jacobian left-inverse [211].

Herein, we are particularly interested in systems with
input. Although [161, 211] consider input-affine or paramet-
ric systems, these works do not account for the effect of
inputs or parameters on the slow manifold, cf. (7). Instead, a
trivial bundle M = MX × U is constructed. However, we
expect this simplification to demand an unnecessarily high-
dimensional slowmanifold for some systems. Consequently,
we employ the concepts from Section 2 to propose a respec-
tive extension below.

3.1.5 Manifold-Galerkin method with inputs

We extend the machine learning manifold-Galerkin method
[161] to account for the parametric effect of system inputs
on the slow manifold M and MX . This explicit parametric
dependency has not been accounted for in the learning strat-
egy proposed in [161] and related works (see Sections 3.1.4
and 3.2.4).

Restricting ourselves toAENs,we are generally interested
in maps of the form ϕ : X ×U → Z×U and ϕ† : Z×U →
X × U . The corresponding manifold is M = {(x̂, ẑ, û) ∈
X × Z × U : 0 = x̂ − ϕ†( ẑ, û)}, where ϕ ◦ ϕ† = id.
For convenience, we substructure ϕ† by stacking the maps
ψ† : Z × U → X and id : U → U , so thatMX (û) = {x̂ ∈
X : 0 = x̂ − ψ†( ẑ, û), ẑ ∈ Z}. Similarly, we substructure
ϕ into the stacked maps ψ : X × U → Z and id : U → U .

Given the above characterization ofM, Eq. (8) becomes:

∀(x̂, ẑ, û) ∈ M : f (x̂, û)−Dzψ
†( ẑ, û) f r( ẑ, û) = 0. (22)

To guarantee that z(t) is not algebraically coupled to u(t), we
simplify ψ toψ : X → Z . Consequently, the encoding only
depends on x(t). We apply an AEN training that minimizes
the loss

∑N
k=1‖x(tk) − ψ†(ψ(x(tk)), u(tk)‖22. Similarly to

Section 3.1.4, this loss may be extended to incorporate sys-
tem knowledge and reduce projection errors. We call our
approach manifold learning with inputs (MFLu). Next, we
project f onto MX (u(t)):

Dzψ
†(z(t), u(t)) ż(t) = f (ψ†(z(t), u(t)), u(t)). (23)

Finally, after left-multiplication by the pseudoinverse
Dzψ

†(z(t), u(t))+, we obtain the ROM:

ż(t) = Dzψ
†(z(t), u(t))+ f (ψ†(z(t), u(t)), u(t)) ,

xr(t) = ψ†(z(t), u(t)) .
(24)

This extension is related to studies on parametric model
reduction; see [22, 24] for an overview. However, present
works mostly deal with stationary parametric systems and
use extensions of linear basismethods. In particular, [38, 179]
combine a reduced POD basis and polynomial interpolation
to build low-dimensional steady-state models of parametric
problems. Refinements of this approach are found in [120,
184]. Reduction of parametric systems via manifold learn-
ing has also been investigated in the literature: To reduce
the dimensionality of steady parametric flow problems, [72]
present a strategy based on isomaps, and [57] apply kernel
PCA. In [122], diffusion maps are used to learn submani-
folds of the input-output space for reducing the parameter
dimension. However, these works do not consider MOR of
non-autonomous dynamical systems with inputs. Finally, we
remark thatMFLu is conceptually not restricted to AENs and
may be adapted to other types of manifold learning.

3.2 Non-intrusive general-purposemethods

Besides the classical intrusive reduction methods, recent
advances in machine learning and system identification have
opened new avenues toward data-driven non-intrusive model
reduction [34, 82, 144]. Importantly, non-intrusive reduc-
tion does not operate on the FOM equations and is therefore
model-free. In addition, many non-intrusive methods com-
bine MOR and hyperreduction in a single step. However,
notice that non-intrusive reduction may still exploit some
structural knowledge, e.g., knowing that the FOM is a poly-
nomial model [151]. Finally, the generic and homogeneous
structure of non-intrusive ROMs can be exploited in opti-
mization [262, 265]. Like Krylov subspace methods, we
disregard non-intrusive rational approximation [191, 200,
220, 255], as these methods are not (yet) applicable to non-
linear multi-input systems.

3.2.1 Dynamic mode decomposition

Among the conceptually most simple yet effective non-
intrusive methods is dynamic mode decomposition (DMD)
[105, 259], a non-intrusive linear approach to construct lin-
ear ROMs, i.e., linear latent dynamics on a linear subspace.
DMD employs SVD to identify and truncate the principal
linear modes from trajectory snapshot data. An extension of
DMD to systemswith inputs or controls (DMDc) is presented
in [231], providing a ROM:

z(k + 1) = Az(k) + Bu(k),

xr(k) = U1z(k),
(25)

where U1 ∈ R
nx×nz , A ∈ R

nz×nz , and B ∈ R
nz×nu . We refer

to [231] for details on the computation of A, B, and U1. For
a stable linear FOM, [173] presents bounds on the prediction
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Fig. 2 Model structure of the
Koopman-Wiener ROM

error, e(k) � xr(k)−x(k), for k > N . However, as discussed
in [131], DMDc may encounter inaccuracies when applied
to significantly nonlinear systems.

3.2.2 Applied Koopman theory

An extension of the DMD algorithm was proposed in [300].
Their approach still provides a linear ROM, but the mathe-
matical procedure to construct the dynamics involves a prior
nonlinear lifting step based on Koopman theory. Koopman
theory [193, 214] postulates that a nonlinear dynamical sys-
tem possesses a linear operator representation when lifted
to a generally infinite-dimensional space of observables g :
X → C. Constructing a finite-dimensional or even low-
order Koopman model by means of (E)DMD corresponds
to a Galerkin projection of the Koopman operator onto a set
of basis functions gi , collected in a vector g. Hence, despite
being a linear method, DMD is applicable to nonlinear sys-
tems, when substituting state snapshots x(k) by a sufficiently
rich set of embedded snapshots g(x(k)). Common choices of
real-valued observables include Hermite polynomials, radial
basis functions, sparse regression, and ANNs [167, 300].
More recently, kernel methods have gained attention due to
their strong approximation capabilities [56, 114, 145].

Notably, a Koopman model does not necessarily predict
states but only dealswith observables.However,we can adapt
the Koopman framework to state prediction by demanding
that x(t) can be inferred from g(x(t)). To this end, a common
assumption is that x(t) can be linearly reconstructed from the
nonlinear observables. For example, [148] and follow-ups
[109, 110, 201] use extended DMDc:

ż(t) = Az(t) + Bu(t),

z(t0) = g(x(t0)),

x(t) = Cz(t),

(26)

where z(t) ∈ R
nz are the Koopman states, g : X → R

nz is
the nonlinear observable map, andA ∈ R

nz×nz ,B ∈ R
nz×nu ,

C ∈ R
nx×nz . A ROM is obtained when setting nz < nx .

In the past years, Koopman theory has become a popu-
lar approach for both model bilinearization [223, 278, 299]
and non-intrusiveMOR[213, 222]. For autonomous systems,
[176] relaxes the assumption of a global linear projection and
proposed to combine linear dynamics and nonlinear recon-
struction by means of a decoder network g†. In [263], we
have shown that this strategy is also valid for input-affine

systems. Under certain assumptions on the observables g,
see [263], the respective ROM takes the form:

ż(t) = Az(t) + Bu(t),

z(t0) = g(x(t0)),

xr(t) = g†(z(t)),

(27)

which is visualized by Fig. 2. Notice that the linear dynam-
ics in (27) is a special case of the bilinear dynamics derived
in [263]. For non-oscillating systems, we may choose a
diagonal A and thereby reduce the trainable parameters.
The combination of linear dynamics and nonlinear static
map has Wiener structure and we term (27) a Koopman-
Wiener (KW) model. In contrast to (20), we do not only
project the nonlinear dynamics onto some subspace of X ,
but we additionally demand the projection g to be lineariz-
ing. Consequently, the learning problem is more complex
than standard MFL. Realizing the KW framework is most
straightforward in a non-intrusive fashion, where a training
problem combines reconstruction, prediction, and regular-
ization loss terms [263].

Finally, the flexibility of machine learning enables modi-
fications of the KW structure. For example, the encoder may
serve as a state estimator [264].

3.2.3 Lift-and-project methods

Lift-and-project methods expand the FOM into an even
higher-dimensional canonical form before projecting this
representation to a low-dimensional subspace. The lifting
step usually targets a linear, bilinear, or quadratic repre-
sentation of the FOM. Notably, this extra step enables (i)
the use of linear or quadratic/polynomial MOR methods,
and (ii) circumvents hyperreduction due to mathematically
simpler ROMs.Methods such asKoopman lifting [149], Car-
leman bilinearization [275], piecewise linearization [239],
variational analysis via Taylor expansion [66, 228], and
quadratization [39, 96, 117] lay the theoretical foundation
of lift-and-project methods. An overview is given in [18]
and software to automate the lifting was recently presented
in [39, 65, 118].

In cases where intrusive variants of lift-and-project meth-
ods are mathematically involved or too computationally
expensive, non-intrusive implementations are convenient to
circumvent lifting the FOM. For example, the studies [151,
232] presented a non-intrusive lifting method for polynomial
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FOMs, where snapshot data is lifted and POD-projected to
learn a quadratic ROM. Therein, the model regression of
the quadratic ROM is called operator inference [21, 221].
Extensions of operator inference to polynomial manifolds
and ROMs are found, e.g., in [78, 79]. Also, the non-intrusive
(extended) DMDc and KW methods can be regarded as a
variant of operator inference, where the latent dynamics are
restricted to a linear or bilinear form.

3.2.4 Reduced basis andmanifold learning methods

An alternative non-intrusive reduction approach is to com-
bine reduced basismethods ormanifold learningwith system
identification methods. For example, given POD-reduced
snapshots, the latent ROM dynamics may be learned using
recurrent neural networks [293], temporal convolutional
ANNs [302], or feedforward ANN predictors [77]. Analo-
gously, given AEN-compressed snapshots, an ROM can be
obtained, e.g., using ANNs [297] or Hammerstein-Wiener
models [285]. These approaches are non-intrusive counter-
parts to (20). Non-intrusive operator inference for quadratic
manifolds was presented in [79], where the authors infer
a quadratic ROM from POD-projected snapshot data. This
approach was extended to polynomial manifolds and ROMs
in [78].

The above methods are two-stage procedures because the
slow manifold is constructed independently of the latent
dynamics. However, this separation may introduce a bot-
tleneck, i.e., the latent variables may not be suitable latent
states, depending on the type of predictor. Interestingly, a
similar bottleneck is also present in intrusive model reduc-
tion, as highlighted in [211, 212]. Non-intrusive single-stage
approaches address this issue by learning slow manifold
and latent dynamics simultaneously. Conveniently, the KW
method reviewed above inherently follows this strategy
[263]. In a similar but empirical setup, theworks [90, 294] use
AENs and linear time-invariant dynamics to learn stochas-
tic ROMs. A combination of AEN and quadratic dynamics
is used in [92]. Alternative approaches combine MFL and
recurrent ANNs [87] or feedforward ANNs [8, 73, 86, 189]
(termedMFL-ANN below), as well as MFL and sparse iden-
tification of latent dynamics [53].

3.3 Discussion and comparison

We present a comparison of the reviewed methods with
respect to their nonlinear reduction properties in Table 1.
First, we distinguish methods by their intrusive character
(Intr). Intrusive MOR methods do not inherently perform
hyperreduction (Hr) and thus require additional model sim-
plification efforts for real-time applications. In contrast,
non-intrusive methods use ROM structures that are typically
(by design)much cheaper to evaluate so that a separate hyper-
reduction step is not needed.

Next, we distinguish whether the methods are snapshot-
based (Snap). This categorization reveals another practical
limitation, namely the ability to deal with a large number of
inputs (Nu). Snapshot-based methods usually face the curse
of dimensionality in nu , since an independent excitation of
inputs is commonly used to adequately cover the relevant
state-space regions. As a consequence, snapshot-basedmeth-
ods are less straightforward to apply to systems with many
inputs, i.e., nu � 1. Hence, for systems with many inde-
pendent inputs u(t), snapshot-free intrusive methods are the
most suitable.

Despite the curse of dimensionality in data sampling,
input-response snapshots contain valuable information about
controllability. As discussed in [298], when the snapshots
are created via broad excitation of the system through the
inputs, these data sample the controllable subspace. As a
consequence, building a ROM based on input-response data
inherently approximates the controllable subspace and elim-
inates the uncontrollable states (Ctr).

Next, we distinguish betweenmethods that construct a lin-
ear (or affine) subspace versus a nonlinearmanifold (Manif).
As discussed in Section 1, using a linear subspace can limit
the possible degree of reduction. On the other hand, com-
puting a reduced basis by means of POD is numerically
robust and computationally cheaper than MFL. The effort
of a system-theoretic reduction, such as SPT, depends on
the system knowledge and availability of heuristics. Over-
all, there is a trade-off between reduced order and reduction
effort.

Lastly, we distinguish the reduction methods by the type
of latent dynamics (Lat), see (4a). In general, the ROM of a
nonlinear FOM is also nonlinear. However, DMDc and KW
reductionmethods construct linear latent dynamics, whereby
the nonlinear ROM is simplified and structurally regularized.
In other words, a ROM with linear latent dynamics cannot
falsely exhibit strong nonlinear phenomena such as chaos or
state multiplicity [219]. At the same time, these ROMs are
limited to mildly nonlinear systems or short prediction hori-
zons.However, aROMwith linear or bilinear latent dynamics
is oftentimes sufficient, where more complex structures, e.g.,
MFL-ANN, bear a higher risk of overfitting and undesired
dynamical behavior.

Only a subgroup of nonlinear model reduction meth-
ods provide a-priori guarantees on stability preservation
(Stab). These guarantees are established by system-theoretic
arguments (SPT, AGG, POD-Res.) or through constrained
learning problems (DMD, KW, and operator inference).
In reduced basis methods, stability preservation may be
enabled through variable transformation or modification of
the inner product [16, 250]. Other methods require a care-
ful a-posteriori investigation of ROM stability [22, 119].
We also mention methods developed to incorporate physics
priors, particularly for Hamiltonian [2, 36, 95, 268], port-
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Table 1 Comparison of
nonlinear MOR methods that
preserve state information. Intr:
intrusive method, Snap:
snapshot-based method,Manif :
type of submanifold, Lat: type
of latent dynamics, Hr:
hyperreduction features, Nu:
suitable for many inputs
(nu � 1), Ctr: approximates
controllable subspace, Stab:
preserves stability. �: yes, (�):
practical limitations, ×: no

Method Section Intr Snap Manif Lat Hr Nu Ctr Stab

a) POD-Galerkin 3.1.1 � � Lin. Nonlin. × (�) � (�)

b) SPT 3.1.2 � × Nonlin. Nonlin. × � × �
c) POD-Res. 3.1.3 � � Nonlin. Nonlin. × (�) � �
d) MFL-Galerkin 3.1.4 � � Nonlin. Nonlin. × (�) � ×
e) MFLu-Galerkin 3.1.5 � � Nonlin. Nonlin. × (�) � ×
f) (Extended) DMDc 3.2.1/2 × � Lin. Lin./Bilin. � (�) � �
g) KW 3.2.2 × � Nonlin. Lin./Bilin. � (�) � �
h) Operator inference 3.2.3 × � Polyn. Polyn. � (�) � �
i) POD-ANN 3.2.4 × � Lin. Nonlin. � (�) � ×
j) MFL-ANN 3.2.4 × � Nonlin. Nonlin. � (�) � ×

Hamiltonian [80, 97, 192], and Lagrangian systems [42,
75]. These formalisms support the construction of ROMs
that respect energy and mass conservation and preserve sta-
bility [36, 164]. Here, the port-Hamiltonian framework is
particularly suitable for dynamical systems with inputs or
interconnected process subsystems.

Regarding the ROM error, e(t) � xr(t) − x(t), many
publications onMORtechniques donot derive universal error
bounds but perform a-posteriori ROM validation. Rigorous
error bounds are presented, e.g., in [10, 26, 140, 142, 267].
The accuracy of a ROM is directly coupled to modal closure
and memory effects [3]. Hence, methods for ROM closure
modeling, e.g., the Mori-Zwanzig formalism [91], support
tighter error bounds.

4 Reducedmodeling of chemical processes

We now review specialized MOR methods developed in the
process systems engineering field as well as applications
of general-purpose methods to such problems. In Section
4.1, we review three specializations of MOR methods from
the previous section, namely (i) compartment modeling, (ii)
model aggregation, and (iii) collocationmethod. Afterwards,
in Section 4.2, we discuss the application of MOR to three
very common unit operations: (i) distillation columns, (ii)
heat exchangers (HX), and (iii) reactors. Again, we omit
equations as far as possible and rather focus on an informal
discussion. Besides deterministic reduction, reduced model-
ing is often achieved based on knowledge or intuition through
simplifying assumptions in the modeling process [64]. We
also comment on these aspects.

4.1 Problem-specific approaches

4.1.1 Compartment modeling

The key concept in compartment modeling (COMP) is the
definition of interconnected functional subsystems, termed
compartments, between the local microscale and the global
system scale [136]. When applied for MOR, the introduc-

tion of compartments is often motivated by a time scale
assumption, where local phenomena inside a compartment
are assumed to be much faster than the overall response
of the compartment [20]. Given a discretized model of a
conservative distributed system, a compartment is a clus-
ter of neighboring cells, and the compartment equations are
obtained by superposition of the extensive balance equations,
e.g., absolute enthalpy or total molar holdup, of these cells. In
terms of intensive quantities, e.g., molar enthalpy and molar
fraction, this superposition corresponds to a mass-weighted
averaging.

By applying the above time scale assumption, the local
dynamics of cells within a compartment are degenerated
to quasi-stationary equations, and we obtain a ROM. In
addition, replacing quasi-stationary equations by shortcut
methods, averaging rules, or regression models realizes a
hyperreduction. COMP is a heuristic approach to transform
an FOM into Eqs. (13) and (14). Hence, we regard COMP
as a heuristic SPT method, inheriting properties such as the
potential appearance of a non-physical inverse response.

4.1.2 Model aggregation

In order to eliminate the potential inverse response in COMP
ROMs and improve model sparsity, [165] presents the aggre-
gation method (AGG). AGG is a heuristic modification of
SPT for 1D distributed systems. Instead of transforming
the FOM into the canonical form (13), the authors multi-
ply (only) the left-hand side of the FOM by a matrix H̃ =
diag(h̃1, h̃2, ..., h̃nx ), h̃i ≥ 0. Thereby, the time constants
of individual stage dynamics are artificially increased or
reduced. H̃ is a hyperparameter and commonly selected such
that trace(H̃) ≈ nx . Let� be the nx ×nx permutation matrix
such that �H̃ = [

H 0
0 0

]
, where H = diag(h1, h2, ..., hnz ),

hi > 1. The resulting ROM reads:

Hẋ1(t) = f 1(x1(t), x2(t), u(t)) , (28a)

0 = f 2(x1(t), x2(t), u(t)) . (28b)
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A systematic comparison ofAGG toCOMP is given in [170].
By contrasting (14) and (28), we notice that the manifolds on
which the ROMs evolve are identical if f 2 coincide. Hence,
bothmethodsmay realize a different ROM living on the same
manifold M.

4.1.3 Collocation method

Motivated by the collocationmethod for solving ordinary and
partial differential equations [71, 103], the studies [49, 301]
adapt the collocation method to MOR of spatially discrete
problems. The underlying assumption is a polynomial coher-
ence of the differential variables of the FOM. Then, a ROM is
obtained by combining polynomial interpolation and a num-
ber of discrete cells (collocation points), e.g., finite volume
elements or column stages. However, the collocation points
do not necessarily correspond to cells in the FOM. Intuitively,
the number and position of collocation points depend on the
system, i.e., whether a low-order polynomial is able to cap-
ture the underlyingpatterns characterizing the slowmanifold.
The positions of the collocation points are typically chosen
a-priori as the roots of Legendre, Hahn, or Jacobi polynomi-
als and not further adapted online [276, 279]. In other words,
the spatial collocation points are determined once and for all,
i.e., do not change over time.

4.2 Applications

4.2.1 Distillation columns

Detailed distillation column models typically include stage-
by-stage differential energy, mass, and possibly momentum
balances [128]. Common simplifying assumptions are ide-
ally mixed stages with no diffusion effects, thermodynamic
vapor-liquid equilibrium, and quasi-stationary pressure and
enthalpy dynamics of both phases [236, 246]. These assump-
tions rely on time-scale assumptions and may be regarded as
a heuristic application of SPT, rendering such mechanistic
models already reduced. However, these models are often
too expensive for online applications and therefore require
MOR [1, 261].

Early applications of MOR to columns are found in [49,
301] for COL and [84] for COMP. As mentioned above,
when applying COL, the collocation points do not neces-
sarily correspond to physical separation stages, i.e., can be
pseudo-stages. Moreover, constructing COL models based
on a log-transformedFOMcan improvemodel accuracy [41].

Using SPT, [20] derives awidely applicable COMPmodel
form and shows a higher accuracy over COL. The COMP
ROMs therein combine dynamic compartment balances and
quasi-stationary stage models. The separation stage whose
differential balances are replaced by compartment balances
is termed sensitivity stage. The appearance of a non-physical

inverse response depends on the number of compartments
and the position of the sensitivity stages [127, 129]. How-
ever, avoiding an inverse response may limit the degree of
order reduction. On the other hand, the particular struc-
ture of COMP models, featuring large sets of neighboring
quasi-stationary stage models, enables hyperreduction via
steady-state shortcut methods, e.g., FUG shortcut [58] or
group methods [60, 137]. Typically, these shortcuts have
fewer parameters than universal regressors (e.g., ANNs) and
are less prone to overfitting. On the other hand, ANNs can
reach almost arbitrary precision [256].

In steady operation, a distillation column exhibits a set
of coherent composition patterns, which can be analytically
derived under simplifying assumptions [130, 187]. These
analytical solutions are wave-shaped profiles, and therefore
called nonlinear wave propagation model. Ref. [143] pro-
posed a semi-empirical ROM for multi-species distillation
columns, by combining wave propagation equations, global
column balances, and a boundary equilibrium assumption.
The resulting ROM is a compartment model (a non-physical
inverse response is also observedhere). In [43], thisROMwas
extended to account for effects due to non-constant holdup.

TheAGGmethodwas originally developed for distillation
columns [165]. Like COMP models, AGG ROMs involve
clusters of quasi-stationary trays that can be simplified using
shortcutmodels.Different fromCOMP, theAGGROMstates
may be associated with actual stages in a distillation column.
While avoiding a non-physical inverse response, the AGG
predictions usually converge more slowly to the FOM states
after a change of system inputs [169].

Besides the specialized MOR methods, general-purpose
MORmethods have been applied to distillation columnmod-
els, e.g., usingPOD-Galerkin [100, 115], standardSPT [156],
KW [262, 264], and DMDc [233]. However, as opposed
to these general-purpose methods, the specialized methods,
COMP, nonlinear wave propagation, AGG, and COL, build
on the intrinsic system structure, providing generic low-order
models that can be written (almost) independently of a FOM.
In particular, these specialized ROMs can be pre-configured
for generic columns with similar stage models and in many
cases steady-state data is sufficient to customize these ROMs
for a specific column. Moreover, COMP and AGG may
access an extra set of hyperreduction methods in the form
of steady-state shortcuts as described above.

4.2.2 Heat exchangers

HX are another type of distributed systems that are com-
monly associated with high-order FOMs. For industrial
processes, the 3D discretized model of a multi-stream HX
can reach an order of over a million states [102]. Clearly,
such fine-grained models are prohibitive for real-time appli-
cations.
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As an alternative toMOR, simplifying assumptions enable
a heuristic degeneration or lumping of differential equations.
Common assumptions are (i) a time scale separation between
energy dynamics of fluids and walls and (ii) for parallel flow
HX, a uniform common wall temperature in each cross sec-
tion perpendicular to the principal flow axis [230]. Common
examples of lumped parameter models are ε-NTU, P-NTU
and LMTD [266]. However, these are typically only valid at
stationary points and under simplified assumptions on geom-
etry, heat transfer, and thermodynamics.

Under reasonable simplifying assumptions, such as con-
stant heat capacities and linear heat transfer correlations,
the HX FOMs are (quasi-)linear or bilinear [175]. In that
case, linear or bilinear MOR may be applied [303], which is
less involved than general nonlinear MOR. Moreover, when
including dynamical HX submodels in a process model, the
heat transfer phenomenaoftenhave significantly smaller time
constants than mass conversion and mass transfer problems
[13]. Under these assumptions, a dynamical HX model may
fully degenerate into a quasi-stationary model.

Applications of general-purpose MOR methods to HX
include POD-Galerkin [50, 180, 304], DMD [305], and POD
combined with ANN predictors [168]. Furthermore, both
classical collocation and Galerkin projection are standard
methods to approximate low-order solutions of partial differ-
ential equations [108, 266]. In addition, all three specialized
approaches (COMP, AGG, COL) have been applied to spa-
tially discretized dynamical models of 1D distributed HX.
Specifically, [41, 235] use the collocation method to reduce
finite volumemodels of HXs. Lumped COMPmodels of HX
are presented in [190, 194, 308]. Also, the reduced model-
ing of HX with phase change (evaporators or condensers) is
often accomplished using themoving boundarymodel [134],
which is a COMP model. The moving boundary model uses
compartments with flexible boundaries to account for spa-
tially moving phase regions and can exhibit a non-physical
inverse response [287]. Finally, AGG is applied to HX in
[171].

Similar to separation columns, there exist steady-state
shortcutmodels and analytic solutions to replace steady-state
equations in COMP and AGG models. Common lumped
parameter models are reviewed in [266]. The work [175]
presents an analytic solution to the stationary multi-stream
HX equations under simplifying assumptions. Further, HX
networks may be used as a surrogate model of multi-stream
HX [113, 307].

4.2.3 Reactors

There are two main aspects that can result in high-order
FOMs of chemical reactors. First, reaction systems can
include high-dimensional multispecies kinetics with numer-
ous reaction pathways [182, 238, 291]. Second, the spatial

distribution of a reactor can prohibit lumped models, e.g., for
non-ideally mixed tanks or for tubular reactors [125, 271].

For kinetic systems, a reduction in the number of species
corresponds to MOR, whereas a reduction in the number
of modeled reactions may be regarded as hyperreduction.
Analogously to the simplifying assumptions discussed for
column and HX modeling, the FOM of a kinetic system is
often already a simplification of the real mechanisms and
so is the mechanistic model of a reactor. Naturally, for two-
timescale kinetic systems with a clear partitioning between
slow and fast dynamics, SPT can be directly applied [292].

A large set of works has been devoted to constructing
invariant manifolds by solving the invariance equations of
chemical kinetic systems with non-obvious slow and fast
partitioning. These methods employ system linearization
[182], computational singular perturbation [159], thermo-
dynamic dissipativity and symmetry [89] relation graphs
[174, 224], or sensitivity analysis and numerical optimization
[28, 61, 227]. Extensive reviews are given in [48, 88, 274].
Recently, machine learning has been increasingly applied to
reduce kinetic systems [135, 139, 218, 296]. Interestingly, the
chemical reaction network formalism has also been applied
as mathematical framework to facilitate quadratization of
generic ODEs [65, 117].

For spatially distributed reaction systems, e.g., reaction
diffusion problems and tube reactors, the application of POD-
Galerkin method [7, 125, 154, 216], nonlinear-Galerkin
method [69, 93, 271], manifold-Galerkin method [161], and
lift-and-reduce techniques [21, 151] have been reported. As
shown in [161], nonlinear subspace methods can signifi-
cantly outperform linear basis methods in the very-low-order
region. The classical collocation method is applied, e.g., in
[81, 107, 163], to obtain low-order solutions of respective
partial differential equations.Moreover, an overview of com-
partment modeling of distributed chemical reactors is found
in [98].

For integrated reaction-separation systems (with recycle),
theworks [51, 155] performed a time scale analysis bymeans
of SPT to deriveROMs for control.Along the same lines, [13]
investigated integrated reaction-HX networks. Ref. [258]
compared the POD-Galerkin and POD-Res method on an
integrated reaction-separation system, finding similar ROM
accuracy but higher CPU costs of POD-Res ROMs.

5 Case study

We compare the performance of MORmethods on an indus-
trial process by studying the air separation unit presented
in [44]. Clearly, comparing all the methods reviewed in Sec-
tions 3 and4would exceed the scope of this article.Hence,we
examine a subset of methods listed in Table 1. Specifically,
we compare theMOR approaches (a-g) and (j). Additionally,
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we consider the two tailored methods COMP and AGG from
Section 4.

We briefly comment on this choice of methods. Despite
successful applications in the literature, we investigate nei-
ther COL nor nonlinear wave propagation models, because
the former are known to exhibit a significant steady-state
offset [20] and the latter are a special case of COMP. We
refer to [41, 43] for applications of these methods to the pro-
cess considered herein. As discussed in Section 3.2.3, we
regard KW and DMDc as a variant of operator inference (h)
and do not investigate other forms herein. Of the many pos-
sible approaches (i) and (j) reviewed in Section 3.2.4, we
choose the MFL-ANN method [189] due to conceptual sim-
plicity and low implementation efforts. Further, class (i) is
theoretically included in (j) and therefore not investigated
separately. In particular, we expect all single-stage methods
in Section 3.2.4 to reach a comparable accuracy. Finally,
recall that POD-Res and COMP represent data-driven and
heuristic variants of SPT, respectively. In this regard, our
case study covers SPT. As discussed in Section 1, we focus
on MOR and do not investigate a potential hyperreduction
and CPU times.

Figure 3 illustrates the process under investigation, which
produces gaseous nitrogen and is built of a main air compres-
sor with precooling, three multi-stream HXs, two turbines, a
high-pressure rectifying column with 30 trays, and an inte-
grated reboiler-condenser unit. The unit has fourmanipulated
input variables, which are the molar flow rate of air Fmac, the
molar flow fraction to the turbine ζturb, the reflux fraction at
the column top ζcond, and the purge stream Fdrain.

The system is open-loop unstable due to the integrator
behavior of the liquid molar holdup Mirc of the reboiler tank.
For unstable processes, data sampling is more challenging,
especially if only a small subregion of the state space is rele-
vant for ROM application. However, most chemical plants
feature a stabilizing base layer as part of the automation
hierarchy, so stability is not an issue [63]. For simplicity,
we thus assume that the reboiler tank is equipped with an
ideal inventory controller that manipulates Fdrain to stabilize
Mirc at its nominal value. Additionally, we fix ζturb to its
nominal value. Consequently, we have two variable inputs
u = [Fmac, ζcond]T.

For our purpose, the selected process features some char-
acteristic properties of industrial process systems, such as
variable coupling and nonlinear process response. More-
over, we regard the process as a good compromise between
the complexity of the process system and the complexity
of the MOR problem. However, the selected process does
not incorporate a chemical reactor and has few inputs. The
investigation of MOR for complex processes including reac-
tion and many input variables is indispensable and should be
undertaken in future studies.

5.1 Full-order model

Weconsider the threemain species of air nitrogen, argon, and
oxygen. In contrast, we do not model carbon dioxide, hydro-
carbons, or other residual chemical species here. The FOM
comprises material and energy balances of all process units
as well as constitutive equilibrium-based thermodynamic
equations. The column is modeled in a tray-to-tray fashion
assuming thermal equilibrium with constant relative volatili-
ties, constant specific heat capacities of all species, and ideal
mixture (no excess properties). Both the column bottom tray
and the reboiler are modeled as special column trays with
an extra feed stream and fixed liquid outflow, respectively.
The condenser is a total condenser with negligible material
holdup and modeled using lumped quasi-stationary balance
equations. We apply a logarithmic transformation of molar
fractions to support the extraction of composition patterns,
i.e., the logarithmic molar fractions are the respective dif-
ferential states. The HX models feature energy balances for
the metal wall and quasi-stationary balances for the fluids,
assuming a single flow chanel for each stream, 1D spatial dis-
cretization with nHX cells per stream, and the common wall
assumption. Following [44], we set nHX1 = 25, nHX2 = 25,
and nHX3 = 1. Lastly, first-order low-pass filters account for
the lagged vapor flow rate in heat exchangers and column.

In total, the FOM comprises nu = 2 inputs and nx =
176 differential states, and is implemented in Modelica.
Although nx may appear low compared to some structural
mechanic or fluid dynamics problems, the system investi-
gated here constitutes a representative example of model
reduction in the process control field, cf. [62, 235, 261].
The admissible input set U is a box defined by Fmac ∈
[30mol/s, 50mol/s] and ζcond ∈ [0.51, 0.54]. As the ini-
tial state x0, we use the nominal steady state corresponding
to Fmac = 52.2mol/s, ζcond = 0.535, ζturb = 0.805, and
Mirc = 25 kmol. At x0, the process produces 25 mol/s nitro-
gen of 100 ppm impurity grade.

5.2 Data sampling

In order to guarantee a fair comparison of snapshot-based
methods against each other, we always use the same training
data. This data set is recorded by simulating the FOM subject
to randomly ordered inputs drawn from an equidistant 5× 5
grid inU . Following [44], the sampling time is�ts = 15min.
We impose the input sequence as steps (zero-order hold)
of 240 h (10 days) each. Thereby, we include information
from both the fast spectrum of the system response and the
stationary states. We illustrate the input profile u(t) in the
supplementary information.

We simulate the FOM in Dymola 2025x using the inte-
grator DASSL [226] with integration tolerance 10−6. The
recorded data set comprises N = 24 000 snapshots of each
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Fig. 3 Schematic process
flowsheet of the investigated air
separation unit. Blue circles
indicate the system inputs u(t)

state. The corresponding snapshot matrices have the form
X ∈ R

nx×N and U ∈ R
nu×N . These snapshots cover the

operating space between 15 mol/s and 27 mol/s production
rate andproduct quality between10ppmand1000ppm impu-
rities.

5.3 Implementation

As previously discussed, PODandMFL are strongly affected
by scaling. Herein, we scale all states and inputs individu-
ally to the range [−1, 1] and apply zero-mean centering. We
remark that a tailored scaling strategy, e.g., scaling based
on physical relevance and range, may enable more accu-
rate ROMs (with respect to a target application). Like the
FOM, we implement all intrusive ROMs in Modelica
and perform all simulations in Dymola using DASSL with
an integration tolerance of 10−6. The non-intrusive ROMs
(DMDc, KW, MFL-ANN) are directly evaluated in the
respective machine learning environments in Python (see
below). Next, we provide further details on the implementa-
tion.

5.3.1 PODmethods and DMDc

We implement POD and DMDc using SciPy as a Python
interface to the SVD implementation in LAPACK. All other
matrix computations are performed using Numpy. We spec-
ify float64 precision, which was found to be crucial for
obtaining reliable SVD results. We scale the latent states z(t)
heuristically, which was found to improve model condition-
ing. For DMDc, we calculate the coefficient matrices A, B,
and U1 in (25) using the formulas given in [231]. To derive a
POD-Res model, we use a truncated residualization, where

nq = 50 − nz . The truncation improves simulation conver-
gence without significant loss of precision.

5.3.2 MFL-Galerkin andMFLu-Galerkin methods

We train AENs in Tensorflow using the standard training
problem [288]. To reduce the number of trainable parameters
and speed up the training, we prereduce the scaled and zero-
centered snapshots by projecting the data onto the first 100
PODmodes [229]. For the success ofMFL, it is crucial to not
rescale thePOD-projected snapshots again.The encoders and
decoders have a single fully connected nonlinear hidden layer
with 50 neuronswith (smooth)tanh activation, respectively.
Using deeper networks or additional neurons did not improve
the reconstruction accuracy considerably.

We divide the pre-processed snapshots into 80% train-
ing data and 20% validation data. For every network, we
run three trainings with random seeds and select the weights
with the best performance on the validation data set.We train
all networks for a total of 20 000 epochs and minibatch size
256, using Adam with initial learning rate of 10−4 for the
first 15 000 epochs and SGD with learning rate of 10−6 for
subsequent finetuning. For the implementation of MFLu, we
modify the AEN structure from (ϕ,ϕ†) to (ψ,ψ†) as dis-
cussed in Section 3.1.5. However, the general training setup
remains the same. To include the AENs in the ROMs, we
implement the decoder network structure in Modelica.

5.3.3 KWmodels

We use our machine learning framework [263] to train
reducedKWmodels. This framework is basedonTensorflow
and implements the KW model structure along with a train-
ing procedure based on snapshot data. As in Section 5.3.2,
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we pre-reduce the training data through projection onto the
principal 100 POD modes. The trajectory snippets required
for the prediction loss are created by sliding along the training
data set in a moving horizon fashion, stopping every 10 sam-
ples and copying a series of 100 consecutive snapshots. The
encoder and decoder networks have a symmetric structure
with two hidden layers and linear output layer. The num-
ber of hidden neurons are determined via linear interpolation
between 100 and nz . We use ELU activation and train the
model for 10 000 epochs and minibatch size 32, where the
first 8 000 epochs use ADAM with learning rate of 10−3 and
the final 2 000 epochs use SGDwith learning rate of 10−6 for
finetuning. All other hyperparameters have the default values
from [263]. The ROM simulation employs the graph-based
execution mode of Tensorflow.

5.3.4 MFL-ANNmodels

We implement the method in [189] by means of a modifica-
tion of our aforementioned framework [263]. To this end, we
substitute the linear dynamics in (27) by a feedforward ANN
to learn the discrete-time latent predictor:

zk+1 = F(zk, uk), (29)

where F : Z × U → Z and k ∈ {0, 1, ...}. The ANN F
features two hidden layers of each 2nz neurons and ReLU
activation, and a linear output layer. This specification is par-
simonious compared to [189], who use three hidden layers of
each 5nz neurons. However, we found that overparameteriza-
tion results in poor training convergence. All other settings,
including AEN structure and training hyperparameters, are
identical to (5.3.3).

5.3.5 COMP and AGGmodels

Both methods are applied to the FOM in a unit-by-unit fash-
ion. However, the submodels of HX3, column feed stage, and
reboiler/condenser already have a minimal form and can-
not be further reduced by the COMP or AGG. Since the
dynamic relevance of these units is unclear without further
investigation, we leave them untouched. Moreover, prelimi-
nary experimentation showed that the HX dynamics have a
noticeable effect on the overall system response. Hence, we
do not replace these units by quasi-stationary models, i.e.,
we create and insert ROM submodels for HX1, HX2, and
column.

The number and size of compartments and the position
of the sensitive elements (referring to column trays and HX
cells simultaneously) are degrees of freedom of the COMP
method and may be regarded as hyperparameters. Similarly,
the hyperparameters of AGG are the number and positions
of aggregation elements. We follow [256] and use compart-

ments of a uniform size, with sensitive elements located in
the center of the respective compartments. A perturbation
analysis of the positions confirmed this choice. We select
the same central positions for the aggregation elements.
Using the same number of compartments or aggregation
elements nc for each HX1, HX2, and column, we obtain
nz = 10 + 6 · nc. In all AGG models, we specify H in (28)
such that diag(H) = nx .

5.4 Definition of the comparison criteria

We compare the selectedMOR techniques in two tests. First,
we only assess the accuracy of the linear or nonlinear sub-
spaces, i.e., the slow manifold approximations, constructed
by the MOR methods. This assessment does not yet include
ROMs but merely determines the average accuracy of pro-
jecting the FOM state snapshots of a test data set onto
the respective low-dimensional subspaces. In particular, the
projection error constitutes a lower bound on the ROM pre-
diction error [237]. Second, we simulate the ROMs, i.e., we
examine the prediction capabilities of the ROMs. This pre-
diction test is the most important criterion as we assess the
overall ROMaccuracy.We initialize all ROMs at the nominal
steady state described above.

In both evaluations, we use an independent test data set
that comprises a series of random uniformly distributed
zero-order hold inputs (illustration see supplementary infor-
mation). Furthermore, we consider different degrees of
reduction, i.e., we vary the reduced order nz . As previ-
ously discussed, for COMP and AGG, the values of nz are
not freely selectable but are restricted by the subsystem-by-
subsystem application of the methods, where viable options
are nz ∈ {16, 22, 28, ...}. To facilitate a comparison of the
MOR methods, we include such values of nz into the study.

Weevaluate the accuracy in terms of the rootmean squared
error (RMSE), which we define in terms of the Frobenius
norm:

RMSE(X,Xr) �
√

1

nx N
‖X − Xr‖2F. (30)

Therein, X ∈ R
nx×N is the scaled test snapshot matrix, hav-

ing the snapshots x(k), k = 1, ..., N , as matrix rows. The
matrix Xr ∈ R

nx×N collects the projected or predicted snap-
shots, x(k)

r ∈ R
nx , k = 1, ..., N . We scale and shift X and Xr

consistently with the training data.
We note, however, that the choice of the error norm and

test data set can have a significant impact on the conclusions
and should always be selected based on theROMapplication.
For example, the RMSE averages out peak deviations so that
the slow and steady-state errors are prioritized over maxi-
mum errors, e.g., an inverse response on a short-term scale
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does not drastically increase the error. Herein, our test data
set comprises a significant share of slow response and near-
stationary snapshots. We consider this choice to be suitable
for examining ROMs that capture the slow manifold.

Finally, we describe how the projections for test 1 are
obtained. Regarding the linear basis methods POD and
DMDc, both the linear subspaces and the projections coin-
cide, respectively. The projection is given by the projection
matrix, 	 � U1UT

1 , where U1 is from (11) or (25). To com-
pute the projections performed by MFL, MFLu, KW, and
MFL-ANN, we encode and decode the test data through
the respective AENs. The projections in POD-Res, COMP
and AGG are inherently defined through the degenera-
tion/residualization.We evaluate these projections by solving
the respective nonlinear systems of equations, Eqs. (17b),
(14b) and (28b), on the test data in Dymola. Recall that for
the selected hyperparameters, the slow manifolds of AGG
and COMP coincide; however, the projections differ.

5.5 Results: projection accuracy

We present the results of the projection test. Table 2 com-
pares the projection RMSE on the test data set. First, we
consider small nz ≤ 10, i.e., the very-low-order region.
As expected, the nonlinear subspace methods (POD-Res,
MFL, MFLu) perform significantly better than the linear
basis methods (POD, DMDc). The respective difference in
RMSE is approximately one order of magnitude. Overall,
the smallest projection errors are reached by the MFLu
approach. However, the difference in RMSE between MFL
and MFLu decreases with increasing nz . This confirms the
input-dependency of the slow manifold as discussed in Sec-
tion 3.1.5. Clearly, the error difference is system-dependent
and may be even more substantial for a strongly parameter-
ized slow manifold. Finally, the projection RMSEs of the
non-intrusive nonlinear subspace methods KW and MFL-
ANN are comparable to POD. The higher RMSE than for
MFL is attributed to the additional loss terms included in the
KW and MFL-ANN trainings.

Moving to higher orders, i.e., nz ∈ {16, 28}, the improve-
ment by the MFL-based methods is only moderate, which
was also observed in [161, 229]. We attribute this limited
improvement to the challenging convergence of the respec-
tive unsupervised learning problems using local solvers, i.e.,
training AENs by stochastic gradient descent algorithms.
As a result, POD truncation outperforms the MFL meth-
ods at nz = 28, facilitating the overall smallest projection
error. Interestingly, the linear POD subspace projection also
exceeds the accuracy of the nonlinear POD-Res method. A
further investigation of the POD-Res results revealed notable
deviations between x(t) and xr(t) at the points of abrupt
changes in u(t). Finally, both COMP and AGG exhibit rela-

tively large errors compared to the otherROMmethods.Here,
the COMP subspace shows significant deviations from the
FOM samples near the input steps but relatively small errors
otherwise. In contrast, the maximum deviations of AGG are
lower, but a greater number of samples have a notable pro-
jection error.

5.6 Results: ROM predictions

We now present the results of the ROM prediction test. Table
3 collects the state prediction RMSE of the ROMs. The
RMSE in Table 3 is consistently higher than in Table 2,
because ROM predictions are less accurate than the mere
projection of FOM snapshots onto the ROM subspace.

Both linear subspacemethods, POD-Galerkin andDMDc,
do not reach the desired accuracy at very low order, i.e.,
nz ≤ 10. For reduced orders 11 ≤ nz ≤ 21, the simula-
tions of the POD-Galerkin ROMs did not converge at all. As
we discuss in the supplementary information, these critical
values of nz lie below the truncation threshold of nz = 23,
obtained from the POD singular values. At order nz = 28, the
POD-Galerkin ROM successfully provides an accurate pre-
diction, whereas the DMDc prediction is still poor. Clearly,
the nonlinearity of the FOMprohibits highly accurate DMDc
models. Finally, we notice a significant gap between projec-
tion error (Table 2) and projection error (Table 3) for both
POD-Galerkin and DMDc.

Compared to the POD-Galerkin results, the POD-Res
model is more accurate throughout all orders. This advan-
tage is particularly significant in the very-low-order region. In
contrast to the projection accuracy (Table 2), POD-Res out-
performs the POD-Galerkin ROMs in the prediction. Even
for nz = 2, we notice a fairly small prediction error of POD-
Res. Since an RMSE of 10−2 roughly corresponds to 1%
average error in the scaled states, we expect a satisfactory
precision of POD-Res ROMs of order nz = 10 (and possi-
bly even nz = 5) in tasks such as control. When moving to
higher nz , the accuracy improves further.

Similarly to POD-Res, the methods MFL and MFLu
enable a higher precision than the linear basis methods at
very low order (except for nz = 2). Moreover, at nz = 5,
the MFLu-Galerkin ROM clearly outperforms the MFL-
Galerkin ROM. On the other hand, at higher order, both
models perform similarly. At nz = 28, the simulation of both
MFL and MFLu ROMs did not converge. Using a different
activation function or adding neurons to the AENs did not
resolve this issue.A possible cause is the combination of rela-
tively high ROM order at moderate AEN accuracy (similarly
to the issues with POD-Galerkin ROMs). Although we are
confident that modifications based on more extensive train-
ing might facilitate convergence, we did not undertake such
attempts. Instead, we highlight the potential numerical issues
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Table 2 Results of projection accuracy. The RMSE indicates the average error between the states projected on the reduced subspace versus the
original FOM states. We consider different ROM orders nz

nz POD/DMDc POD-Res MFL MFLu KW MFL-ANN COMP AGG

2 7.8 · 10−2 4.9 · 10−2 1.0 · 10−2 5.3 · 10−3 1.5 · 10−1 1.6 · 10−1 − −
5 1.6 · 10−2 1.7 · 10−2 2.2 · 10−3 1.8 · 10−3 1.4 · 10−2 2.5 · 10−2 − −
10 3.8 · 10−3 1.2 · 10−2 1.3 · 10−3 1.4 · 10−3 7.3 · 10−3 2.5 · 10−2 − −
16 1.1 · 10−3 5.5 · 10−3 7.3 · 10−4 1.5 · 10−3 6.1 · 10−3 1.5 · 10−2 9.4 · 10−2 4.8 · 10−2

28 9.0 · 10−5 3.6 · 10−3 1.4 · 10−3 1.5 · 10−3 5.9 · 10−3 1.5 · 10−2 1.8 · 10−2 2.0 · 10−2

Table 3 Results of ROM predictions. The RMSE indicates the average error between the state predictions by the ROMs versus the true FOM states.
We consider different ROM orders nz . Non-converged simulations are indicated by (∗)

nz POD DMDc POD-Res MFL MFLu KW MFL-ANN COMP AGG

2 1.1 · 10−1 1.5 · 10−1 3.6 · 10−2 6.1 · 10−1 2.9 · 10−1 1.5 · 10−1 1.7 · 10−1 − −
5 6.3 · 10−2 1.5 · 10−1 2.1 · 10−2 1.4 · 10−1 2.2 · 10−2 1.5 · 10−2 2.9 · 10−2 − −
10 4.9 · 10−2 1.3 · 10−1 8.8 · 10−3 2.1 · 10−2 1.5 · 10−2 9.9 · 10−3 3.3 · 10−2 − −
16 (∗) 9.4 · 10−2 7.9 · 10−3 1.0 · 10−2 1.1 · 10−2 1.9 · 10−2 3.2 · 10−2 2.5 · 10−1 4.9 · 10−2

28 8.7 · 10−3 7.8 · 10−2 7.5 · 10−3 (∗) (∗) 1.1 · 10−2 3.3 · 10−2 3.7 · 10−2 1.7 · 10−2

with higher-order MFL-Galerkin ROMs when working in a
standard AEN training setup.

The non-intrusive KW and MFL-ANN ROMs have a
prediction error comparable to the intrusive nonlinear sub-
space methods. For each nz , the differences in RMSE are
insignificant, where KW models perform only slightly bet-
ter. Notably, the MFL-ANN models do not perform better
than the KW models. A comparison to the performance on
the training data set revealed a tendency of MFL-ANN to
overfit the training data (the RMSEs on the training data
were approximately one order of magnitude smaller than on
the test data), which was less pronounced for the KW struc-
ture. From nz = 10 to nz = 28, there is no improvement
in RMSE for both model types, i.e., increasing the ROM
order does not improve the accuracy. Finally, we notice that
the projection and prediction errors are comparable for both
models, respectively.

For COMP and AGG models with a single compartment
and aggregation cell for each unit operation, respectively, we
find significant prediction errors. In particular, the COMP
model is far from the desired accuracy due to severe inverse
response. Increasing the ROM order results in a notably
smaller RMSE, where the AGG results reach the desired
error level. However, the COMP response still exhibits a
notable inverse response, diminishing ROM accuracy (see
Fig. 4 below).

Besides comparing the numerical results, we also com-
ment on the numerical properties of the ROMs. Perform-
ing the simulations was most straightforward using the
non-intrusive ROMs (DMDc, KW, MFL-ANN), which are
numerically favorable to deal with due to the sequential

model structure. On the other hand, simulating the POD-Res
andCOMPmodelswas computationallymost expensive, and
required a very careful initialization and scaling of the model
equations to converge the simulations. As a result, the high
accuracy of the POD-Res model is offset by the fact that it is
difficult to handle numerically.

To illustrate the results, we examine the molar fraction of
oxygen on the column top tray, which is directly connected
to the quality of the nitrogen product. We show the predic-
tions for nz = 5 in Fig. 4a and for nz = 28 in Fig. 4b. In
Fig. 4a, we observe a significant offset between ROM pre-
diction and FOM response for POD, DMDc, and MFL. This
finding is consistent with Table 3. For these ROMs, the off-
set involves both a transient and a steady-state mismatch.
Moreover, despite the relatively small RMSE of POD-Res,
the graph shows significant inverse response near the input
steps, whereas the steady states are captured accurately. All
other ROMs (MFLu, KW, MFL-ANN) reproduce the FOM
trajectory closely.

Observing the higher-order case in Fig. 4b, we find signif-
icantly better predictions by the POD and POD-Res models.
At the same time, the DMDc forecast remains inaccurate.
The effect of overfitting discussed above for the MFL-ANN
ROMs is also visible. Compared to Fig. 4a, the MFL-ANN
prediction is less accurate despite a higher-order model. Fur-
ther, notable deviations from the FOM trajectory are visible
for the COMP model in the form of severe inverse response.
In contrast, the AGG ROM provides a close reproduction of
the FOM trajectory.
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Fig. 4 Results of test 2 (prediction). Depicted is the liquid molar fraction of oxygen on the column top stage over the first 2000 h of the test. ROM
order is (a) nz = 5 and (b) nz = 28

6 Discussion

Based on theoretical properties of the MOR methods and
the findings of the case study, we summarize characteristic
properties of the methods investigated. However, we empha-
size that definitive statements onmethod ranking are delicate,
because in addition to nz , most MOR techniques possess fur-
ther hyperparameters that can strongly affect ROM behavior,
e.g., the position of the sensitive element (COMP, AGG) or
the ANN architecture (MFL, KW, MFL-ANN). Although
we performed a basic validation of crucial hyperparameters
within the case study, we do not claim that this screening was
exhaustive. Additionally, the performance of a certain type
of ROM may be system-dependent, and in that sense our
experimental results may be specific to air separation units.

Comparing the results of intrusive (MFL, MFLu) to non-
intrusive nonlinear subspace methods (KW, MFL-ANN) in
the case study, we conclude that similar ROM accuracy
is reached when targeting very low-order models. Such
very-low-order ROMs are important in control applications,
where CPU reduction has a high priority whereas moderate
errors are acceptable. Often, a moderate prediction error can
be compensated by state estimation and model adaptation,
especially if the error is predominantly steady-state offset
[198]. On the other hand, despite a relatively low RMSE,
the POD-Res results exhibited an inverse response in the
very-low-order setup, which can be problematic in control
applications.

When prioritizing accuracy over low order, non-intrusive
methods may face difficulties to reach arbitrary precision
due to their inherently difficult learning problems. In such
cases, intrusive strategies can be easier to apply. In particular,
the POD-based methods were able to generate very accu-

rate ROMs given sufficiently high order. In this context, we
acknowledge the simplicity and approximation guarantees
(on the training data) of the POD. In contrast, high projec-
tion and prediction accuracies were difficult to reach when
using MFL strategies.

The advantage of non-intrusive over intrusive reduction
methods is that non-intrusive strategies combine MOR and
hyperreduction. The weakness of non-intrusive methods is
that they can be prone to overfitting if not carefully regu-
larized. One possible structural regularization strategy is to
restrict the latent dynamics to a linear or bilinear form. In
particular, applied Koopman theory combines MFL and lin-
earization into a KW structure, which enables reliable ROMs
of the moderately nonlinear systems.

POD-Res and COMP may be considered as data-driven
and heuristic variants of SPT, respectively. However, COMP
retains most of the model sparsity, whereas POD-Res ROMs
are generally dense and can therefore be more challenging
to solve. Here, both POD-Res and COMP were numeri-
cally the most delicate to handle. Specifically, large-scale
implicit nonlinear systems of equations and non-physical
inverse response made these models difficult to converge.

In terms of reduction effort, the (non-intrusive) KW and
MFL-ANN strategies involved the most extensive offline
computations. Achieving sufficiently accurate models may
require multiple trainings and extensive hyperparameter
tuning, which introduces delays into the model reduction
procedure. Furthermore, non-intrusivemethods aremost sen-
sible to the training data in our experience. In particular, a
balanced amount of transient and stationary data is essential
for the successful generation of ROMs that enable precise
long-term forecasts.
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The model reduction efforts in intrusive reduction meth-
ods (including tailored methods) demand a great share of
model building and reformulation (debugging, robustifica-
tion). On the other hand, the training problems used within
intrusivemethods, e.g., AEN training, are typically less com-
putationally demanding than in non-intrusive approaches. In
our experience, intrusive data-driven methods are slightly
more tolerant to a poorly designed data set (e.g., too few
steady-state data) than non-intrusive methods. For intrusive
methods, further efforts have to be expected in terms of
hyperreduction, often necessary to obtain a real-time capable
ROM.

Lastly, we comment on the model reduction procedure
for interconnected systems. Applying the tailored methods,
such as COMP and AGG, is naturally done in a subsystem-
by-subsystem fashion, since these methods provide reduced
models of the subsystems, e.g., distillation columns or HXs,
of an interconnected system, e.g., a process flowsheet model.
In particular,whenworking in a structuredmodeling environ-
ment, such as Unisim Design or gPROMS, these ROMs
can be pre-configured and included into the model library.
Reducing an interconnected system model is then achieved
by substituting full-order submodels by reduced submod-
els. The “subsystem-by-subsystem” approach preserves the
model sparsity originating from the interconnection. How-
ever, the feasible degree of reduction may be limited, as
shown by the case study results. Further, the reduction prob-
lem becomes a combinatorial problem due to potentially
many subsystem ROMs to be configured and combined.

From a mathematical perspective, the subsystem-by-
subsystem strategy falls into the port-Hamiltonian formal-
ism. Notably, in this framework, the respective ROMs are
invariant under couplings and preserve their properties.
Hence, this formalism should be investigated in future work
to develop more accurate alternatives to COMP and AGG.

In contrast to the subsystem-by-subsystem approach,
general-purposemethods aremost easily applied to the entire
FOM. Then, the complete model of the interconnected sys-
tem is reduced as a whole. As shown by the case study,
such an approach can enable a lower ROM order. How-
ever, for systems with many inputs, the data sampling efforts
grow exponentially with nu , which can result in a curse of
dimensionality. This curse may be broken by a subsystem-
by-subsystem strategy if the high-dimensional inputs enter
the system only locally and are evenly distributed over the
submodels.

7 Conclusions and outlook

Model order reduction spans a collection of techniques to
construct a low-order model approximating the evolution of
a high-order system. Herein, we have reviewed and com-

pared reduction methods for nonlinear dynamical models
with inputs. In particular, we have contrasted the different
strategies both theoretically and in a case study. As expected,
there is no universal best choice when selecting a reduction
method. Rather, a suitable choice depends on targeted ROM
properties.

If very-low-order ROMs are needed, then intrusive non-
linear subspace methods, e.g., the MFLu approach, as well
as non-intrusive nonlinear subspace methods, e.g., the KW
model, have provided accurate ROMs within our case study.
Notably, non-intrusive reductionmethods combineMORand
hyperreduction in a single step, providing a ROM that is
real-time capable. If high ROM accuracy is needed but the
degree of reduction is of secondary importance, then lin-
ear subspace methods, e.g., the POD-Galerkin method, are
a good choice due to their (theoretically) arbitrary degree
of accuracy and simplicity of application. Finally, when
desiring structural preservation of a given network or flow-
sheet model comprising interconnected subsystems, then
structure-preserving (especially port-Hamiltonian) ROMs or
problem-specific ROMs are a straightforward choice. These
approaches reduce the subunits individually bymeans of pre-
configured ROM blocks.

Besides reviewing and comparing existingMORmethods,
we have also proposed an extension of themanifold-Galerkin
method to systems with inputs (Section 3.1.5). In particular,
we stress that system inputs u(t) can deform the slow mani-
foldMX . Consequently, if the effect of inputs is disregarded,
an accurate approximation of MX may necessitate a high
ROM order.

Within the case study,wevalidated theproposedmanifold-
Galerkin extension for systems with inputs. In cases of very
strong reduction, we found that our approach outperforms
the standard method both in terms of the projection accuracy
and the ROMprediction accuracy. As expected, our extended
approach and the established approach performed similarly
at higher orders.

In our case study, we did not investigate hyperreduction or
CPU cost of integration. Instead, we expect that a sufficiently
low order combined with hyperreduction enables real-time
applications, e.g., [256, 262]. Clearly, real-time capability
depends on the application, so there is no universal CPU
threshold to classify performance. In any case, accounting
for hyperreduction already within MOR could be a promis-
ing step towards more holistic methods. Even though our
case study represents a realistic MOR problem in the pro-
cess systems control field, future work should investigate
higher-dimensional problems and examine additional reduc-
tion methods, e.g., [39, 78].

Despite increasing computer power, nonlinear MOR
(especially for parametric and non-autonomous systems)
remains a challenging discipline worth of investigation.
The curse of dimensionality, when sampling systems with
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many inputs or parameters, is connected to the need for
robust methods applicable in the low-data limit. In this
regard, structure-preserving MOR is a promising approach
to enrich the non-intrusive manifold learning task by addi-
tional (physics-based) information.Moreover, the scalability
of manifold learning methods to very-high-order problems
remains an open challenge. Recently, promising results have
been presented using quadratic/polynomial manifold learn-
ing [78, 281] and convolutional autoencoders [74, 248].

Although several methods offer stability preservation,
such guarantees are not inherently provided by every method
[119]. Consequently, a careful method selection or a-
posteriori error and stability analysis are required. Another
important topic is the development of a-priori error bounds
on ROM accuracy.

Finally, we notice some limitations of current reduction
methods with respect to numerical optimization and control
applications. First, most numerical optimization techniques
are based on derivative information, in particular, the Jaco-
bian of the ROM variables z(t) and xr(t) in (4) with respect
to each other and the inputs u(t). However, standard MOR
methods do not explicitly account for the accuracy of such
derivatives. For learning-based MOR and hyperreduction
approaches, Sobolev trainings [54, 284]may improve deriva-
tive accuracy. Additionally, in our experience, sensitivity
integration is often considerably more expensive than stan-
dard integration, and therefore accounting for sensitivities
in the reduction process might enable fundamental improve-
ments in CPU costs of optimization applications. Second,
model reduction of non-smooth or even discontinuous mod-
els, e.g., for controlling a process start-up, is a relevant but
mostly unexplored topic [27, 306].
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