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Kagome spin ice is an intriguing class of spin systems constituted by in-plane Ising spins with
ferromagnetic interaction residing on the kagome lattice, theoretically predicted to host a plethora of
magnetic transitions and excitations. In particular, different variants of kagome spin ice models can exhibit
different sequences of symmetry breaking upon cooling from the paramagnetic to the fully ordered ground
state. Recently, it has been demonstrated that the frustrated intermetallic HoAgGe stands as a faithful solid-
state realization of kagome spin ice. However, whether any of the established symmetry-breaking pathways
apply to this material remains unaddressed. Here, we use single-crystal neutron diffuse scattering to map the
spin ordering of HoAgGe at various temperatures more accurately; surprisingly, we find that the ordering
sequence appears to be different from previously known scenarios: From the paramagnetic state, the system
first enters a partially ordered state with fluctuating magnetic charges, in contrast to a charge-ordered
paramagnetic phase, before reaching the fully ordered state. Through Monte Carlo simulations and scaling
analyses using an extended three-dimensional (3D) spin model for the distorted kagome spin ice in HoAgGe,
we elucidate a single 3DXYphase transition into the ground statewith broken time-reversal symmetry (TRS).
However, the 3D XY transition has a long crossover tail before the fluctuating magnetic charges fully order.
More interestingly, we find, both experimentally and theoretically, that the TRS-breaking phase of HoAgGe
features an unusual, hysteretic response:Despite their vanishingmagnetization, the two time-reversal partners
are distinguished and selected by a nonlinearmagnetic susceptibility tied to the kagome ice rule.Our discovery
not only unveils a new symmetry-breaking hierarchy of kagome spin ice but also demonstrates the potential of
TRS-breaking frustrated spin systems for information technology applications.
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I. INTRODUCTION

Geometrical frustration in spin systems can result in exotic
phases of matter [1–9]. In two dimensions (2D), in-plane
Ising spins with dominant nearest-neighbor ferromagnetic
coupling on the kagome lattice, known as the kagome spin
ice, have been a rich playground for unconventional critical
behavior due to frustration [10–31]. If there is only the
nearest-neighbor ferromagnetic coupling J1, the ground state
of the model has an extensive entropy of 0.501kB per spin.
This degeneracy can be removed with the help of either a
second-neighbor interaction J2 or a long-range dipolar
interaction JDD [13–15]; then, the system is ordered into
the classic

ffiffiffi
3

p
×

ffiffiffi
3

p
state at the lowest temperature.

Interesting proposals have been made on how the
different kagome spin ice models transition into the ground
state as temperature decreases. Pioneering analytical and
numerical studies have established that varying J2 vs JDD
leads to different symmetry-breaking pathways: A J1-J2
model is ordered through a floating Berezinskii-Kosterlitz-
Thouless (BKT) critical region separated from the para-
magnetic and the ground states by two BKT transitions,
whereas a J1-JDD model goes through a novel magnetic-
charge-ordered (MCO) state, bounded by a transition in the
universality class of the three-state Potts model at low
temperature, as well as an Ising transition at high temper-
ature [13–15]. In the MCO state, the local spins, each
viewed as a dipole of magnetic charges, are fluctuating, but
the sum of magnetic charges on the two triangular
plaquettes of the kagome lattice forms a long-range order,
leaving an entropy 0.108kB per spin. The MCO state is a
genuine Coulomb phase, reminiscent of the spin ice
behavior in pyrochlore Dy2Ti2O7 and Ho2Ti2O7 systems
[32–34].
Kagome spin ice states have been realized in artificial spin

ice systems [35–37], in a field-induced stable state in
pyrochlore spin ice materials [32–34], and more recently
in the intermetallic HoAgGe [16]. In the last case, the strong
local easy-axis anisotropy, together with ferromagnetic J1 of
the Ho3þ moments, leads to the ice rules on a distorted
kagome lattice formed by Ho atoms in each (001) plane. The
kagome ice rules in HoAgGe are also consistent with the
various phases accessed by varying the magnetic field and
temperature. However, the precise nature of the zero-field
intermediate phase inHoAgGe and that of the two transitions
separating it from the ground and the paramagnetic states are
still unclear, despite the experimental and numerical evi-
dence suggesting a partially ordered state, which is different
from any of the established scenarios mentioned above.
As another consequence of the kagome ice rules coexist-

ing with non-negligible further-neighbor interactions, at low
temperatures, the magnetization of HoAgGe versus external
magnetic fields parallel to the kagome plane exhibits a series
of plateaus [16,17,24–29]. More recently, it was discovered
that an emergent time-reversal-like degeneracy appears at the
1=3 and 2=3 plateaus as revealed by the anomalous Hall

effect (AHE) [17,38–45]. However, the ground-state plateau
has vanishing AHE and net magnetization due to its anti-
ferromagnetic (AFM) nature, as does the zero-field inter-
mediate phase, making them challenging to characterize by
thermodynamic and transport measurements.
Any symmetry-breaking phase, in general, has character-

istic response properties. Despite the vanishing magneti-
zation and the AHE, the ground state of HoAgGe hosts
other responses that underpin its time-reversal-symmetry
(TRS)-breaking nature. In Ref. [17], we showed that the
linear magnetoresistance is such a quantity. In this work,
we further point out that a unique nonlinear magnetic
susceptibility, defined as the second derivative of magneti-
zation with respect to the magnetic field, becomes nonzero
in the TRS breaking ground state of HoAgGe.
Discussions of nonlinear magnetic susceptibility can be

traced back to 1960s [46,47], when magnetic symmetry
became widely used in constraining physical properties of
solids. More comprehensive microscopic understandings of
nonlinear susceptibilitywere developed in the 1970s through
the case study of dysprosium aluminum garnet (Dy3Al5O12)
[48–52], which has a noncollinear AFM order. Other recent
reports of nonlinear susceptibility include that on pyrochlore
Eu2Ir2O7 [53–55] and Nd2Zr2O7 [56,57], which have all-in-
all-out spin order. Here, we use the previously established
classical spin model to give a minimal microscopic theory of
the nonlinear susceptibility of HoAgGe, which also applies
to other kagome spin ice systems. Moreover, we argue that
the nonlinear susceptibility not only serves as a signature of
TRS breaking but also offers an experimental protocol of
selecting TRS partners in a large class of antiferromagnetic
spin systems.
The rest of the article is organized as follows. Section II

elucidates the transition pathways of HoAgGe. In Sec. II A,
we first use spin-polarized diffuse neutron scattering to
unveil important details of the spin order in HoAgGe at
different temperatures. Then, in Sec. II B, through com-
prehensive Monte Carlo (MC) simulations of an experimen-
tally motivated 3D model and scaling analysis, we establish
that the intermediate phase is better characterized as a gra-
dual charge-ordering crossover, following a phase transi-
tion at higher temperature in the 3D XY universality class
[13–15,58–66]. Section III focuses on macroscopic
responses of the TRS breaking phases below the 3D XY
transition of HoAgGe. Following a general discussion on the
symmetry of nonlinear susceptibility χð1Þ in Sec. III A, in
Sec. III B we present thermodynamic and magnetic mea-
surements that reveal the unusual finite and hysteretic χð1Þ. A
minimal microscopic theory is then given in Sec. III C.
Discussions and conclusions are included in Sec. IV.

II. 3D XY CRITICALITY OF HoAgGe

A. Spin-polarized diffuse neutron scattering results

The short-range ice correlations have been established in
HoAgGe below 20K through thermodynamic probes [16].
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As a sanity check, here we first perform polarized neutron
diffuse scattering measurements on coaligned HoAgGe
single crystals (see Fig. 13 for experiment setup) above T2 ¼
11.6 K at 15 K. With neutron dipole moments polarized
along the c axis of the HoAgGe crystal, aside from any
nuclear contributions, the spin-flip (SF) channel is related to
the ab-plane magnetization components dominated by the
in-plane Ising spins (see Fig. 13) and should therefore reveal
the short-range ice correlation at this temperature, which is
indeed the case, as shown in Fig. 1(f): The triangular shape of
the diffuse pattern at the K point of the first Brillouin zone
indicates the establishment of the kagome ice rule; i.e., there
is onemagnetic charge per triangular plaquette [see Fig. 1(c)]
[18,19]. Below, we name this ice-correlated paramagnetic
phase the kagome ice I, or KI. MC simulations using
the classical spin model also give similar patterns in KI
[see Fig. 1(g)].
The SF diffuse scattering map at 10 K [Fig. 1(e)], below

the transition temperature T2, reveals the emergence of
long-range order at K points, corresponding to a

ffiffiffi
3

p
×

ffiffiffi
3

p
magnetic unit cell [see Figs. 1(e) and 2(a)–2(c)]. In this

intermediate phase denoted as kagome ice II (KII), the Ho
spins are only partially ordered, as seen from the persisting
diffuse scattering features. Moreover, magnetic contribu-
tions to the neutron intensities at the nuclear sites are
vanishingly small, which suggests that the three inequiva-
lent ordered Ising spins in the

ffiffiffi
3

p
×

ffiffiffi
3

p
cell, denoted by

ðσ̄Ho1; σ̄Ho2; σ̄Ho3Þ, must add up to zero (see Appendix E
for details). Previously, by assuming a partial order similar
to that in Ref. [12], we performed neutron refinement
with ðσ̄Ho1; σ̄Ho2; σ̄Ho3Þ ¼ ðσ̄;−σ̄; 0Þ at 10 K and obtained
σ̄ ¼ 5.2ð1ÞμB (Table I and Fig. S10B in Ref. [16]).
The vanishing total of ðσ̄Ho1; σ̄Ho2; σ̄Ho3Þ in KII also

means that the ordered spins have zero net magnetic charge
per triangle, distinguishing it from the ground state, which
has ordered magnetic charge Q̄m ¼ �1 per triangle. The
KII phase is therefore characterized by a “divergence-free”
triad of ðσ̄Ho1; σ̄Ho2; σ̄Ho3Þ which breaks lattice translation
symmetry but still has fluctuating magnetic charges [20].
Compared to the charge-ordered phase in dipolar kagome
ice [13–15], which can be described using the above
quantities as Q̄m ¼ �1 and σ̄Ho1 ¼ σ̄Ho2 ¼ σ̄Ho3 ¼ 0, KII

(a) (b) (c) Ground State   Kagome spin ice I

Static component & Fluctuation component  

(d) (e) (f) (g)

1
11

23

3
32 2

Kagome spin ice II: Partial order

T

FIG. 1. Multistage ordering behavior under changing temperature in kagome spin ice HoAgGe. (a) Illustration of magnetic structure of
the fully ordered ground state. (b) Kagome ice II: partial order, including static component with (σ̄=2, σ̄=2, −σ̄) order and related
fluctuation component. (c) Kagome ice I: short-range correlation state, with the definition of the a and b directions in panels (a)–(c) and
the three inequivalent Ho sites Ho1, Ho2, and Ho3 labeled by 1, 2, and 3, respectively, for simplicity. The SF channel of polarized
neutron diffuse scattering reveals magnetic correlations of HoAgGe in the ab plane at 4 K (d), 10 K (e), and 15 K (f), together with the
structure factor SðQÞ for the kagome ice I state at T ¼ 20 K (g) from MC simulations based on the quasi-2D spin model (see text). The
schematics of the Brillouin zones contain the vertices of a hexagon, shown as K points.
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has Q̄m ¼ 0 and σ̄Ho1 þ σ̄Ho2 þ σ̄Ho3 ¼ 0, although the fluc-
tuating spins still obey the ice rule as depicted in Fig. 1(b).
We note that ðσ̄Ho1; σ̄Ho2; σ̄Ho3Þ ¼ ðσ̄;−σ̄; 0Þ is not the

only possibility that satisfies the above constraint. We
refine the elastic magnetic neutron data at 10 K using the
(σ̄=2, σ̄=2, −σ̄) and (σ̄=3, 2σ̄=3, −σ̄) states [see Figs. 2(b)
and 9] that have the same magnetic space group (MSG),
and we obtain almost identical refinement factors R and wR
as in the previous case but with σ̄ ¼ 6.0ð1ÞμB and 5.9ð1ÞμB,
respectively. In fact, any ordered states that fulfill the
divergence-free constraint would yield virtually the same
refinement factors.
As the temperature continues to decrease below 10 K, the

neutron diffuse scattering intensities gradually disappear,
accompanied by the increase of magnetic contributions at
the nuclear sites, as shown in Figs. 1(d) and 2(a). Despite
being small, the magnetic contribution at nuclear site
(2, −1, 0) arises below T2, while its behavior resembles
a power-law spin correlation in the vicinity of T1 ∼ 7 K
[see Fig. 2(a)]. At 4 K, the system reaches its ground
state ðσ̄; σ̄;−σ̄Þ, with the ordered spin σ̄ ¼ 7.5ð1ÞμB
[see Figs. 1(a) and 2(b)] [16]. The evolution of T1 and

T2 transitions under magnetic fields Hkb is shown in the
phase diagram in Fig. 2(f) based on low-temperature
magnetic specific heat Cmag in Figs. 2(d) and 2(e).

B. Monte Carlo simulation and scaling analysis

To understand the critical behavior of HoAgGe revealed
from neutron and previous thermodynamic experiments,
we first resort to the 2D classical spin model introduced
in Ref. [16]:

H ¼ J1
X
nn

σiσj þ J2
X
nnn1

σiσj þ J4
X
nnn2

σiσj þ J3
X
tnn

σiσj

þ
X
hi;ji

Edði; jÞ; ð1Þ

where σi ¼ �1 is an Ising variable on site i. As shown
in Fig. 3(a), J1 stands for the nearest-neighbor (nn)
antiferromagnetic Ising coupling, while J2 and J4 both
originate from the next-nearest-neighbor (nnn) coupling on
the ideal kagome lattice but become different here due to
the rotation of the triangular plaquettes. Note that J3 stands
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FIG. 2. Magnetic specific heat and neutron diffraction results of HoAgGe. (a) Integrated intensity of nuclear site (2, −1, 0) from 15 K
down to 3.8 K, with solid lines representing a linear fitting to log-log data points between 6 K and 10 K [inset shows integrated intensity
of nuclear site (2, −1, 0) from 15 K down to 9.5 K] (b) Square root of integrated intensity of magnetic peak (1=3, 1=3, 0) from 15 K
down to 3.8 K, with the Ho ordered moment derived from neutron refinement on the right side (see text). (c) Integrated intensity of the
magnetic peak (1=3, 1=3, 0) and nuclear site (2, −1, 0) from 15 K down to 3.8 K according to the neutron diffraction, and the magnetic
specific heat Cmag=T of HoAgGe from 20 K down to 2 K, with the dotted lines indicating the onset of T1 and T2 (see text). (d),(e) Field
dependence of the magnetic specific heat Cmag under Hkb with various temperatures, respectively. (f) H-T phase diagram of HoAgGe
under Hkb as derived from MðHÞ (filled circles) and Cmag and ΓH (empty stars) measurements (see Ref. [17]), with the color coding
represents the magnetic specific heat Cmag=T (see text).
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for the interactions between third-nearest neighbors (tnn);
Edði; jÞ is the magnetic dipolar interaction between two
spins on sites i and j [see Eq. (S2) in Ref. [16] ]; and
J1 − J4 absorbs the dot products of Ising axis unit vectors
of different pairs. Consequently, J1 ¼ 1.0 meV, J2 ¼−0.115 meV, J3 ¼ 0.127 meV, J4 ¼ −0.0635 meV [16].
Figure 3(b) presents the MC-simulated magnetic specific

heat Cmag curves derived from the 2D spin model for
various lattice sizes. In addition to the high-temperature
anomaly observed around 22 K, a magnetic transition at
T1 ¼ 3.0 K exhibits weak dependence on system size,
whereas a distinct sharp peak emerges at T2 ¼ 9.5 K,
8.3 K, and 8.0 K for lattice sizes L ¼ 6, 12, and 18,
respectively, consistent with previous results [16].
To gain a deeper understanding of the universality class

of the transition at T1 and T2, we consider the complex-
order parameter M [15,22],

M ¼ 1

N

XN
i¼1

σi expðiQ⃗ · r!iÞ; ð2Þ

with N the total number of spins and Q⃗ ¼ f½ð4πÞ=3�; 0g.
The sixfold degenerate ground states are captured by the
discrete phase of M ¼ jMjeiϕ, with ϕ ¼ ½ðnπÞ=3� and
integer 0 ≤ n ≤ 5 [15,22], as shown in Fig. 3(c), which
plots the histogram of M at 2 K on the complex plane (the
2D MC simulations were performed on the ideal kagome
lattice).

At 6 K, the histogram of M is distributed around a circle
centered at the origin in Fig. 3(e), consistent with the Uð1Þ
symmetry in the J1-J2 model [15,22]. Thus, the 2D model
is ordered through a floating Berezinskii-Kosterlitz-
Thouless (BKT) critical region separated from the para-
magnetic and the ground states by two BKT transitions at
T1 ¼ 3 K and T2 ∼ 8 K, similar to the J1-J2 model
case [15,22].
The pure 2D model above corresponds to the limiting

situation where the intra-ayer ferromagnetic coupling
between the kagome layers approaches infinity. In reality,
the interlayer distance dc ¼ 4.1864 Å is larger than the
intralayer nearest-neighbor distance d1 ¼ 3.6860 Å but
smaller than the second-nearest-neighbor distance d2 ¼
5.1207 Å [16]. Given the RKKY nature of magnetic
interactions in metallic HoAgGe, it is expected that the
intralayer exchange coupling Jc falls between J1 and J2
and therefore has important influences on the critical
behavior of the 3D system.
We therefore generalize Eq. (1) to a 3D model by

additionally including an interlayer exchange coupling Jc:

H ¼ J1
X
nm

σiσj þ J2
X
nnn1

σiσj þ J4
X
nnn2

σiσj

þ J3
X
tnn

σiσj þ Jc
X
cnn

σiσj þ
X
hi;ji

Edði; jÞ: ð3Þ

(a) (b)

(c) (d) (e) (f)

C
m

ag

FIG. 3. MC simulated physical property and order parameter symmetry analysis based on the 2D spin model. (a) In-plane nearest
neighbors on the distorted kagome lattice of HoAgGe. (b) Monte Carlo simulated magnetic specific heat Cmag, based on the 2D spin
model here with various lattice size. The distribution of the complex-order parameter M defined in Eq. (2) based on the 2D spin model
with 18 × 18 lattice size at T ¼ 2 K (c), T ¼ 4 K (d), T ¼ 6 K (e), and T ¼ 10 K (f), respectively.
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During the classical MC simulations (see Appendix D for
details), Jc has been fixed to −0.27 meV to ensure that
each kagome layer maintains identical spin ordering in the
ordered phases. Consequently, the 3D spin system exhibits
the same in-plane field-induced magnetization plateaus as
the 2D model described in Ref. [16]. The MC simulations
are performed on three-dimensional lattices of size
L × L × L, where the third L is along the c axis.
Specific heat Cmag from our MC simulations [Fig. 4(e)]

clearly exhibits two features: A sharp peak appears at
T2 ¼ 17.8K, with obvious system-size dependence;
another broad anomaly starts below 10 K and centers at
T1 ¼ 6.5 K, insensitive to system sizes. The two specific
heat features qualitatively agree with that in the exper-
imental data [Fig. 2(c)]. In addition, the entropy Smag in
Fig. 4(e) decreases from 0.693kB per spin of the Ising
paramagnet to 0.52kB per spin around 20 K, indicative of
the short-range ice order and consistent with the magnetic
structure factor SðQÞ data in Fig. 1(g). After T2, Smag

quickly decreases to 0.262kB per spin at 10 K and
eventually approaches zero after the broad anomaly in
Cmag around T1.
The peak values of the Cmag at T2 show saturation as the

size of the system increases. Therefore, the critical expo-
nent α is expected to be a small, negative value, reminiscent
of the α ¼ −0.02 of the 3D XYmodel [58,59]. A finite-size
scaling analysis with the 3D XY critical exponents
α ¼ −0.02 and v ¼ 0.67 indeed shows reasonable data
collapse close to T2 [Fig. 5(a)].

To understand why the transition at T2 is of 3D XY
universality, we further investigate the order para-
meter at varying temperatures. First, consider the com-
plex-order parameter M. The sixfold degenerate ground
states are captured by the discrete phase of M with
ϕ ¼ ½ðnπ=3Þ� and integer 0 ≤ n ≤ 5 [15,22], as shown in
Fig. 4(a), which plots the histogram of M at 4 K on the
complex plane. (The phase angle ϕ is slightly tilted
away from nπ=3 due to the distorted kagome lattice of
our model.)
At 15 K, the histogram of M in Fig. 4(c) is

distributed around a circle centered at the origin, yet
not evenly, distinct from the emergent Uð1Þ symmetry
in the 2D model above. From 15 K to 10 K, the circle
falls into one of six maximum regions in the clock
phase [see Fig. 4(b)] and eventually to the six sharp
peaks at 4 K.
The finite jMj of the histogram at 15 K suggests that

long-range order with nonzero ordered local spins is
forming but cannot be fully established due to the com-
petition between many (more than six) degenerate states,
corresponding to different values of ϕ around the circle.
Such behavior indeed suggests an XYorder parameter with
weak sixfold anisotropy.
The precise form of the anisotropy for the XY order

parameter at T < T2 determines which spin order, charac-
terized by ðσ̄Ho1; σ̄Ho2; σ̄Ho3Þ, is favored. In particular, in the
event that the anisotropy changes between different sets of
clock orientations [15,21], a first-order phase transition
may still occur. To address this issue, we introduce a triad

C
m

ag S m
ag

(a) (b) (c) (d)

(e)

FIG. 4. MC simulated physical property and order parameter symmetry analysis based on the 3D spin model. (e) Simulated
low-temperature magnetic specific heat Cmag and entropy Smag curve with lattice size L ¼ 6, 12, 18, 24, and 30 (see text). The
distribution of the complex-order parameter M defined in Eq. (2) is shown at various temperatures, T ¼ 4 K (a), T ¼ 10 K (b),
T ¼ 15 K (c), and T ¼ 25 K (d).
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of ordered Ising variables ðσ1; σ2; σ3Þ (see below and
Appendix E for details) analogous to the experimental
ðσ̄Ho1; σ̄Ho2; σ̄Ho3Þ to study the weakly anisotropic XYorder
below T2. A benefit of ðσ1; σ2; σ3Þ compared to M is that it
can be defined locally in each magnetic unit cell and can,
e.g., help map out domains of favored clock states in
real space.
Subject to the constraint of vanishing magnetic

charge, ðσ1; σ2; σ3Þ can be represented by points on a
ternary plot. Specifically, we define rescaled variables
σ̃α ≡ ½ðσα þ 1Þ=3� so that σ̃1 þ σ̃2 þ σ̃3 ¼ 1. A ternary plot
for ðσ̃1; σ̃2; σ̃3Þ has three corners of the equilateral triangle
corresponding to (1, 0, 0) and their permutations. The σ̃α
coordinate of any point inside the triangle is the ratio of the
height of the point, measured from the edge opposed to the
α-th vertex and the triangle height. In this representation,
the ðσ̄;−σ̄; 0Þ phase corresponds to the (1

3
, 2
3
, 0) point and its

equivalent on the ternary plot [Fig. 5(b)]. Mappings of
(σ̄=2, σ̄=2, −σ̄) and (σ̄=3, 2σ̄=3, −σ̄) discussed above
are illustrated in Fig. 5(c). Figures 5(d) and 5(e) depict
the ternary plots for the intermediate state at 10 K (see
Fig. 18) averaged over 1000 and 5000 steps, respectively.
Apparently, the anisotropy leans more towards that of

(σ̄=2, σ̄=2, −σ̄) and (σ̄=3, 2σ̄=3, −σ̄) than ðσ̄;−σ̄; 0Þ.
The former two states are therefore more likely to describe
the KII phase of HoAgGe.
Since the emergent Uð1Þ symmetry is fully broken at

T2, there should not be additional second-order phase
transitions below T2. Moreover, since the form of sixfold
anisotropy is consistent with that of the ground state, no
first-order transitions are expected below T2 either.
Therefore, the broad anomaly of Cmag at T1 should be
a crossover, during which the remnant fluctuating spin
components in the divergence channel become ordered
but without a symmetry change. On the one hand, this
case is supported by the rather weak sample-size depend-
ence of the T1 specific heat peak. On the other hand, the
structure factor SðQÞ from our MC simulations also has
vanishing intensities at the nuclear sites at 15 K, but the
latter gradually become finite at 10 K (Fig. 17), con-
sistent with experimental results. The above MC results
and scaling analysis provide concrete evidence supporting
the 3D XY universality in our quasi-2D model as well as
in HoAgGe.
Since the ground state and KII have the same symmetry

and, in particular, both break TRS, they should have similar

C
m

ag

FIG. 5. MonteCarlo simulation of the kagome ice II state and phase transition atT2. (a) Scaling of specific heatCmag near theT2 transition
using critical exponents α ¼ −0.02 and v ¼ 0.67 expected from that of the 3DXYuniversality class (see text), with lattice sizeL from 6 to
30. Ternary plots of (σ̃1, eσ2, eσ3) for (b)MCOphase and ðσ;−σ̄; 0Þ order; (c) (σ̄=3, 2σ̄=3,−σ̄) and (σ̄=2, σ̄=2,−σ̄) order; and the intermediate
state of our kagome ice model at 10 K, with an average of (d) 1000 steps and (e) 5000 steps from the Monte Carlo simulations.
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time-reversal-odd response functions. In the next section,
we discuss the nonlinear magnetic susceptibility as such a
response.

III. NONLINEAR SUSCEPTIBILITY DUE
TO TRS BREAKING

A. Relevance of nonlinear susceptibility
to TRS breaking

For a TRS-breaking state, if its TRS partner is not
equivalent to itself up to a translation, i.e., its magnetic
point group does not involve time reversal T , the two states
are distinguishable, in the sense that certain macroscopic
measurements involving averaging over unit cells can, in
principle, distinguish them. Moreover, if a TRS-breaking
state has exactly vanishing net magnetization but finite
nonlinear magnetic susceptibilities, it can even be switched
by an external magnetic field into its partner state.
Specifically, magnets that can be switched between two

TRS partner states by a uniform magnetic field must have
different energies in the presence of the magnetic field:

F½MðrÞ;B� ≠ F½−MðrÞ;B� ¼ F½MðrÞ;−B�; ð4Þ

where F is the free energy of the system and MðrÞ stands
for the microscopic magnetization field that breaks time-
reversal symmetry. Therefore, by expanding F into power
series of B,

F ¼ F0 þ
∂F
∂Bi1

Bi1 þ
1

2

∂
2F

∂Bi1∂Bi2

Bi1Bi2

þ 1

3!

∂
3F

∂Bi1∂Bi2∂Bi3

Bi1Bi2Bi3 þ…

≡ F0 −Mi1Bi1 −
1

2
χð0Þi1i2

Bi1Bi2 −
1

3!
χð1Þi1i2i3

Bi1Bi2Bi3 −…;

ð5Þ
where χð0Þ is the usual magnetic susceptibility at zero
magnetic field, and χðnÞ with n > 0 denotes higher-order
nonlinear susceptibilities, at least some odd-power terms
must be finite. If the uniform magnetization M ¼ 0, the
above condition requires certain χð2nþ1Þ, with n a non-
negative integer. Clearly, χð2nþ1Þ ¼ 0 if the system has
time-reversal symmetry T . Since B is a pseudovector and
does not change under spatial inversion I , χð2nþ1Þ ¼ 0 if
the system has combined T I symmetry as well.
Besides these simple twofold symmetry operations that

change all B components identically, other space group
operations will at least change some components of B
differently from others and would therefore not completely
forbid all components of χð2nþ1Þ. Below, we particularize to
the case of applying magnetic fields along a high-symmetry
direction, chosen as x without loss of generality, and χð1Þ.
In addition to T and T I , a special class of magnetic point

group symmetry operations are binary transformations
including twofold proper rotation, mirror reflection, and
those combined with time reversal, which preserve the
indices of tensors up to a sign. The transformation proper-

ties of χð1Þxxx under these four classes of operations are

summarized in Table I. One can see that χð1Þxxx is forbidden
by C2y;z; my;z; C2xT ; mxT . Namely, there cannot be any
twofold axes perpendicular to x or mirror planes parallel to
x if not considering time reversal, which will swap the
perpendicular and parallel conditions.
For the ground state as well as the KII state of HoAgGe,

which has the magnetic space group P-60m20 (187.212), the
allowed components of χð1Þ are [65–67]

χð1Þbbb ¼ −χð1Þaab ¼ −χð1Þaba ¼ −χð1Þbaa ≡ χð1Þb : ð6Þ

Namely, there is only one free parameter χð1Þb , and χð1Þ is
effective only when the magnetic field is parallel to the ab
plane. To verify Eq. (6) explicitly, we note that P-60m20 has
a mirror planem100, i.e., a mirror plane perpendicular to the
[100] (or b) axis. This symmetry forbids, according to

Table I, χð1Þaaa and χ
ð1Þ
ccc, but it allows χ

ð1Þ
bbb. Similarly, P-60m20

also has m001T , which forbids χð1Þccc but allows χð1Þbbb and

χð1Þaaa. This finding is consistent with the experimental
observation that the zero-field hysteresis of χð1Þ only shows
up for Hkb but vanishes for Hka [see Figs. 8(c) and 11].
The above symmetry analysis also allows us to obtain the

angular dependence of zero-field χð1Þ along the direction of
H rotating in the ab plane:

χð1Þϕ ¼ RbiRbjRbkχ
ð1Þ
ijk

¼ cosϕðcos2ϕ − 3sin2ϕÞχð1Þb ; ð7Þ

where R stands for the rotation matrix about c axis by angle

−ϕ. For example, χð1Þϕ is equal to 1;−1, 0 at ϕ ¼ 0, π=3,
π=2, as shown in Fig. 8(b).

B. Experimental evidence of TRS breaking below T2

Following the above symmetry analysis, in this section,
we present experimental results of magnetometry as well
as magnetostriction measurements under varying Hkb
around zero field. Figures 6(a)–6(d) summarize field- and

TABLE I. Sign factor of χð1Þxxx transformed by a few binary
magnetic space group operations involving twofold rotations.

Operation âkx̂ â⊥x̂

C2a þ −
ma þ −
C2aT − þ
maT − þ
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temperature-dependent magnetization M, its derivative
dM=dH and second derivative d2M=dH2 data (see
Fig. 10 for details). First of all, the absence of net M at
zero field under field sweeps between �2.25 T is consis-
tent with the AFM nature of the ground state. However,
pronounced hysteretic behavior is observed inM, dM=dH,
and d2M=dH2 curves below 10 K, particularly with χð1Þ ¼
d2M=dH2 having finite values at zero field. As depicted
in Fig. 10, the hysteretic signal merges into the phase
boundary of 1=6 plateau under μ0Hb ¼ 0.8 T at 2.4 K [see
Figs. 2(f) and 10(d)]. The coercive field of hysteresis
significantly decreases with increasing temperature, reach-
ing μ0Hb ¼ 0.12 T at 10 K, reminiscent of the finite
magnetic contributions at nuclear site (2, −1, 0) below
T2 [see Fig. 2(a)]. The field and temperature dependence of
the hysteretic peaks in dM=dH curves (see Fig. 10) is
summarized in Fig. 6(f).
We next focus on the temperature dependence of χð1Þ.

As shown in Fig. 8(d), it increases from 0.245μB=Ho=T2

at 8 K to the max value 0.287μB=Ho=T2 at 6 K, then
gradually decreases to 0.017μB=Ho=T2 at 2.4 K. The
appearance of the MðHÞ hysteresis below T2 is critically

connected to the zero-field χð1Þ (i.e., χð1Þbbb) since such a
nonlinear susceptibility breaks the degeneracy of the two
TRS partners of the ground state under a weak magnetic

field Hkb, in spite of the vanishing net magnetization of
both states [46–57]. We note the zero-field χð1Þ has a
similar temperature dependence as that of dχ=dT mea-
sured under a 500 Oe field, the origin of which deserves
future investigation.
Intriguingly, the low field hysteretic signature is also

observed in the relative length change ΔL=L and its field
derivative dðΔL=LÞ=dH, i.e., magnetostriction λb, under
Hkb (see Fig. 7). Sweeping fields from þ4 T to −4 T, the
metamagnetic transitions between the ground state, 1=6
plateau, 1=3 plateau, 2=3 plateau, and saturated states are
accompanied by large λb peaks due to the first-order nature
of such transitions below 4 K. In particular, λb becomes as
large as 1.5 × 10−4=T (between the ground state and the
1=6 plateau) and 2.1 × 10−4=T (between the 1=3 and 2=3
plateau), comparable with that in the isostructural heavy-
fermion AFM CePdAl and YbAgGe [68,69].
With increasing temperature, the change of the height

and sharpness of the λb peaks suggests an evolution from
first- to second-order transitions. This suggestion is con-
sistent with the magnetic specific heat Cmag=T data with
prominent peaks near the metamagnetic transitions below
T2 [see Figs. 2(d)–2(f)], which are notably suppressed
below 4 K. In short, both Cmag and λb data demonstrate
the second-order phase transition lines approaching a

FIG. 6. Magnetization and ac susceptibility of HoAgGe under Hkb. (a) Magnetization M, (b) its derivative dM=dH, and (c), (d) its
second derivative d2M=dH2 curves of HoAgGe under Hkb with both H increasing and decreasing conditions at various temperatures.
(e) The ac susceptibility χ0ðTÞ of HoAgGewith 557 Hz for Hkb under 0, 2000 Oe, and 3000 Oe. (f) Field and temperature dependence of
low field hysteresis for HoAgGe under Hkb as derived from MðHÞ (empty squares), λb (empty stars), and ac susceptibility χ0
(empty triangles) measurements (see text).
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first-order one extending to low temperatures in the phase
diagram of HoAgGe under Hkb [see Fig. 2(f)], which has
also been observed in CePdAl and YbAgGe [68,69]. The
zoomed-in λb versus H curves in Fig. 7(d) give almost
the same coercive fields as that from the MðHÞ, dM=dH,
and ac susceptibility χ0 curves [see Figs. 6(e), 6(f),
and 12].
Taken together, the hysteretic behavior observed in both

magnetization and magnetostriction data provides compel-
ling evidence for the presence of TRS breaking in the zero-
field, low-temperature phases of HoAgGe.

C. Nonlinear susceptibility in kagome spin ice

To see how nonlinear susceptibility arises in HoAgGe
and related kagome spin ice models, we consider a general
classical spin model with quadratic spin interactions subject
to an external magnetic field:

H ¼
X
ij;αβ

Jiα;jβniαnjβ − gμBS
X
iα

Bαniα; ð8Þ

where spins are denoted by their length Smultiplied by unit
vectors n̂i. According to Eq. (5), χð1Þ is

χð1Þαβγ ¼ ðgμBSÞ3β2hðδntotα Þðδntotβ Þðδntotγ Þi
0
; ð9Þ

where ntot ≡P
i ni and δn̂tot ≡ n̂tot − hn̂toti0.

To evaluate χð1Þ, we recall that response properties of a
symmetry-breaking state are determined by its elementary
excitations. For general Ising spin systems where elemen-
tary excitations are single spin flips, the calculation of
response functions for a particular symmetry breaking state
should be done by tracing over excited states obtained from
the given ground state by a relatively small number of spin
flips, such as that considered in Ref [51]. For spin ice

(a) (b)

(c) (d)

FIG. 7. Magnetostriction results of HoAgGe under Hkb. (a) Field-dependent relative length change [ΔL=L ¼ ½LðBÞ − Lð0 TÞ�=
Lð0 TÞ] for HoAgGe along the b axis under Hkb obtained upon the H decreasing condition at various temperatures, and the enlargement
of the low field region in panel (b). (c) Field-dependent magnetostriction λb for HoAgGe along the b axis under Hkb obtained upon the
H decreasing condition at various temperatures. (d) Enlargement of the low field region of magnetostriction λb data with both the H
increasing and decreasing conditions, with the increasing dataset obtained through antisymmetric operation of the H decreasing dataset
in panel (d) on magnetic fields.
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systems, it further requires the excited states to satisfy the
ice rule.
For kagome spin ice, the difference between the ground

state illustrated in Fig. 8(a) and its TRS partner already
arises at the one-spin-flip level. To be concrete, in Table II,
we list the net spin vector sum n̂tot for a total of six ice-rule
excited states obtained by flipping a single Ho spin. One
can see that ntotb ¼ þ2 appears twice, but ntotb ¼ −2 appears
zero times. In addition, ntotb ¼ −1 appears 4 times, but its
time reversal ntotb ¼ þ1 appears zero times. For the time-
reversal partner of SGS, denoted by S0GS, all numbers in the
right column of Table II just need to be multiplied by −1.
Such an imbalance between time-reversal partners in the

excited states is the reason for the nonvanishing χð1Þbbb, as we
show below.
To simplify the discussion, we assume all six one-spin-

flip ice-rule states have the same energy E1 relative to the

ground-state energy. Ignoring all other excited states and
considering the low-temperature limit, we have

χð1Þbbb ≈ ðgμBSÞ3β2e−βE1

X
1−flip

ðntotb Þ3; ð10Þ

FIG. 8. Nonlinear magnetic susceptibility of HoAgGe. (a) Ground state SGS of HoAgGe with only Ho spins shown. Labeled Ho spins
enclosed in the dashed-line triangle belong to one magnetic unit cell; its TRS partner S0GS could be obtained by flipping all nine Ho spins
of SGS. The orientation of the local Ising axes for the three Ho sites in each triangle aligns with that in the ideal kagome lattice in panels
(a) and (b). (b) Angular dependence of χð1Þ projected to the direction of a magnetic field rotating in the ab plane. The horizontal and
vertical axes correspond to a and b axes as defined in Ref. [16]. (c) Enlargement of the low field region of d2M=dH2 data under Hka at
various temperatures. (d) Left panel: low-temperature dχ=dT data of HoAgGe for Hkb under 500 Oe; right panel: d2M=dH2 value with
μ0H ¼ 0 T under Hkb at various temperatures.

TABLE II. One-spin-flip ice-rule states from the ground state
SGS in Fig. 8(a) and the corresponding net spin vector.

Number of flipped spin Net spin vector ðntota ; ntotb Þ
1 ð− ffiffiffi

3
p

;−1Þ
3 ð0; 2Þ
4 ð− ffiffiffi

3
p

;−1Þ
5 ð ffiffiffi

3
p

;−1Þ
8 ð ffiffiffi

3
p

;−1Þ
9 ð0; 2Þ
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where the sum is over all six one-spin-flip ice-rule states.
Expressions of other components of χð1Þ can be written
down in a similar manner. Using Table II, we obtain

χð1Þbbb ≈ 12ðgμBSÞ3β2e−βE1 ð11Þ

while χð1Þaaa ¼ 0. Clearly, repeating the calculation for S0GS
gives a negative χð1Þbbb.
Using the 2D classical spin model and its parameters in

Ref. [16], we find that E1 ≈ 1.04 meV. Note that this value
is essentially the energy of the 1=3 plateau state relative to
the ground state. At a temperature of 4 K, β ∼ 2.9 meV−1

with gμBS ∼ 0.58 meV=T, we obtain χð1Þbbb ≈ 1.85 μB T−2
per Ho. If using the Ho moment size of 7.5μB from neutron

refinement instead of 10μB, we obtain χð1Þbbb ≈ 0.78 μB T−2.
Moreover, the χð1Þb due to such spin-flip excitations is
expected to vanish at 0 K (no excitations), and when T

approaches T2 from below (χð1Þb is forbidden by symmetry
above T2); hence, it is consistent with the experimental
observation of its nonmonotonic temperature dependence.

IV. DISCUSSION AND CONCLUSION

Our work establishes that HoAgGe is a 3D stacked
kagome spin ice with moderate interlayer ferromagnetic
coupling. Its behavior, nonetheless, applies to general
kagome ice physics as follows:
(1) The origin of χð1Þ in terms of ice-rule-compatible

one-spin-flip excitations applies to generic kagome
spin ice as well, thus standing as a genuine pro-
perty of the TRS-breaking ground state of any
variants of kagome spin ice sharing the same ground
state.

(2) The rotational distortion of the kagome lattice in
HoAgGe does not undermine the kagome ice prop-
erties. On an ideal kagome lattice, our 2D model
(without Jc) corresponds to a J1-J2-J3 model, i.e.,

(a) (b)

(c) (d)

FIG. 9. (a) Rocking curves of nuclear site (2, −1, 0) of HoAgGe at 15 K and 3.8 K. (b) Plots of calculated vs experimental magnetic
structure factors for the refined magnetic structure at 10 K with the (σ̄=2, σ̄=2, −σ̄) model. Refined magnetic structures at 10 K with the
(σ̄, −σ̄, 0) (c) and (σ̄=3, 2σ̄=3, −σ̄) (d) models.
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up to the third neighbor. The distortion splits the four
second-nearest neighbors into two groups, respec-
tively, coupled through J2 and J4 in our model. As
already found in previous studies, the ordering
behavior of kagome spin ice has certain robustness
against changing the form of the spin Hamiltonian
and parameter values, a common feature in critical

phenomena. Particularizing to the 3D XY criticality
revealed in this work, a minimal J1-J2-Jc kagome
ice model is already sufficient to host the “diver-
gence-free” KII phase. Our minimally extended
models are therefore an indispensable link between
the actual material HoAgGe and genuine kagome
spin ice physics.

(a) (b) (c)

(d) (e) (f)

FIG. 10. Isothermal in-plane (Hkb) magnetization (a) and the corresponding differential susceptibility dM=dH for HoAgGe at various
temperatures between 2.25 T and −2.25 T (b), at 10 K between 0.9 T and −0.9 T (c). Enlargement of the low field region ofMðHÞ data
at 2.4 K (d) and d2M=dH2 data at various temperatures (e). And (f) the field dependence of d2M=dH2 data under Hkb at various
temperatures between 2.25 T and −2.25 T.

(a) (b) (c)

FIG. 11. Isothermal in-plane (Hka) magnetization (a) and the corresponding differential susceptibility dM=dH (b) for HoAgGe at
various temperatures. (c) Field and temperature dependence of low field hysteresis for HoAgGe under Hka as derived from MðHÞ
measurements.
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(3) The critical behavior of HoAgGe is representative of
3D stacked kagome ice. Previous studies have estab-
lished that the ordering pathways of kagome spin ice
can be analyzed using a generalized six-state clock
model [13–15,21,22] since the

ffiffiffi
3

p
×

ffiffiffi
3

p
ground state

has exact sixfold degeneracy due to translation and
time reversal. However, since HoAgGe is inherently
3D, it is expected to behave similarly to the 3D six-
state clock model, which orders through a single 3D
XY transition from the paramagnetic state [58,59]. As
critical phenomena are inherently insensitive to
material or model details and are predominantly
determined by symmetry and dimension, we expect
that our finding for HoAgGe applies to general quasi-
2D kagome spin ice systems.

As far as we know, HoAgGe is the first spin system that
exhibits a 3D XY criticality. Our work therefore adds a new
member to the family of 3D XY universality, most
famously represented by the superfluid transition of 4He
at 2.17 K [70–75]. Moreover, the critical behavior of
HoAgGe is not the “trivial” 3D XY since it is known that
anisotropic terms in 3D XY models are “dangerously
irrelevant,” which means that they are irrelevant in the
renormalization group sense in the paramagnetic state but
can change the critical behavior immediately below the
transition in the ordered phase [60–64]. Such subtle
behavior is indeed observed in our experiments as well
as MC simulations, in that the critical exponents are
difficult to obtain by fitting the data below T2. For example,
the magnetic (1=3, 1=3, 0) neutron peak can be used to
extract the exponent β, which, for the 3D XYmodel, should
be β ¼ 0.3485. Using the peak intensity data very close to
T2 yields β ∼ 0.342ð5Þ in Fig. 2(c), in good agreement with
the 3D XY value. However, using the data between 9 K and
11.6 K [16] leads to different β ∼ 0.321ð3Þ. The danger-
ously irrelevant nature of the anisotropy term may also
contribute to the slow ordering of the divergence channel
below T2 through a crossover.
Finally, we compare the ground state of HoAgGe to

other popular metallic noncollinear AFM such as Mn3X
(X ¼ Ir, Pt, Sn, Ge, etc.) and Mn3NiN. In the latter, the
TRS-breaking nature is reflected in their weak magnetiza-
tion and the AHE, similar to that of ferromagnets [38–45],
and they are, in this sense, “chiral.” The ground state of
HoAgGe [see Fig. 1(a)], and of kagome ice in general,
belongs to a different category of chiral AFM, in the sense
that the above “linear” properties as in typical ferromagnets
vanish, but the two time-reversal partners still exhibit
different nonlinear responses, allowing them to be distin-
guished and switched by external means. Such a function-
ality can potentially be exploited for information
technology applications based on frustrated spin systems.
In summary, our work has established that HoAgGe is a

3D stacked kagome spin ice exhibiting 3D XY criticality
and that it hosts a characteristic nonlinear magnetic

susceptibility that allows its TRS-breaking partner states
to be distinguished macroscopically. We expect our find-
ings to inspire new theoretical developments for general
kagome ice physics, such as exploring the effects of
dimensionality, inversion symmetry breaking (J2 ≠ J4),
and new ways to probe and harness TRS-breaking phases
in quantum spin systems.
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APPENDIX A: METHODS

1. Single-crystal growth and characterization

High-quality single crystals of HoAgGe were grown
using the Ag–Ge-rich self-flux method, with typical con-
centration R0.06ðAg0.75Ge0.25Þ0.94 (R: Ho and Lu) [76].
Mixtures were placed in alumina crucibles and sealed in a
quartz tube, heated to 1150 °C, held there for 10 h and
cooled to 836 °C within 76 h, where the flux was decanted
using a centrifuge. All single crystals were characterized
via x-ray diffraction with a Laue backscattering diffrac-
tometer using Cu Kα radiation.

2. Magnetic and thermodynamic measurements,
and demagnetization correction

Magnetization measurements were performed using a
vibrating sample magnetometer (Quantum Design MPMS).
The specific heat data were obtained with Quantum Design
PPMS. Themagnetostrictionmeasurement along the b axis of
HoAgGe under the Hkb axis was measured by utilizing a
high-resolution capacitive dilatometer in the PPMS [77,78].
The demagnetization correction was considered for the
magnetic and thermodynamic measurements, according to
the different shapes of HoAgGe crystals [79].

3. Elastic neutron scattering and magnetic
structure refinement

Elastic neutron scattering experiments were conducted on
the short-wavelength single-crystal diffractometer POLI at
Maier-Leibnitz Zentrum (MLZ) Germany using nonpolar-
ized neutrons [80,81]; the technical details can be found in
the Supplemental Material of Ref. [16]. The magnetic struc-
tures were determined using Jana 2006 software [82–84].

4. Diffuse neutron scattering of HoAgGe single crystal

The diffuse scattering experiment was performed on the
DNS spectrometer at MLZ on coaligned HoAgGe single
crystals to probe the elastic spin correlations with polarized
neutrons [85]. To avoid unexpected incoherent scattering

from commonly used varnish, the crystals were fixed on the
flat copper plates using hydrogen-free varnish and then
fixed on a copper holder. The neutron wavelength adopted
for the experiment was 4.74 Å.
The elastic neutron scattering experiment of HoAgGe at

15 K was conducted on the time-of-flight single-crystal
diffractometer SXD at ISIS, UK using nonpolarized neu-
trons, with the intensity normalized with vanadium meas-
urement [86].

5. Monte Carlo simulation

In this work, all computational results for the two- and
three-dimensional classical Ising models were obtained
using classical MC simulations based on the Metropolis
algorithm [87] with periodic boundary conditions. At each
MC step, a single spin was randomly selected and flipped.
The flip was accepted according to the Metropolis criterion
Paccept ¼ minð1; e−βΔEÞ with Paccept the flipping probabil-
ity, β the inverse of temperature, and ΔE the energy
difference between before and after flipping. Each
Monte Carlo sweep consisted of N such spin-flip attempts,
where N is the total number of spins in the lattice.
To ensure equilibration, the system was first evolved for

104–2 × 104 MC sweeps, with the exact number depending
on the system size [88]. Physical observables—including
the order parameter M and the specific heat—were mea-
sured after equilibration. The measurements were averaged
over an additional 2 times the equilibration sweep to ensure
the statistical accuracy.

APPENDIX B: MAGNETIC STRUCTURE
REFINEMENT AND THE LOW-TEMPERATURE

MAGNETIC PROPERTY, INCLUDING ac
SUSCEPTIBILITY OF HoAgGe SINGLE

CRYSTALS

The low-temperature dc susceptibilities χðTÞ of HoAgGe
were measured for Hkb under 500 Oe, 2000 Oe, and
3000 Oe, respectively. The two transitions, labeled

(a) (b) (c)

FIG. 12. (a) Low-temperature susceptibility χðTÞ of HoAgGe for Hkb under 500 Oe, 2000 Oe, and 3000 Oe, with dχðTÞ=dT in the
right panel. (b) The ac susceptibility χ0ðTÞ of HoAgGe with 9.57 Hz, 95.7 Hz and 557 Hz, respectively. (c) The ac susceptibility χ00ðTÞ
with various frequencies and fields along the b axis, respectively.
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T1 ∼ 7 K and T2 ¼ 11.6 K, can be clearly observed in
Fig. 12(a) and exhibit a slight shift toward lower temper-
atures with increasing magnetic field up to 3000 Oe. As
shown in Fig. 12(b), the ac susceptibility χ0ðTÞ curve of
HoAgGe measured at frequencies of 9.57 Hz, 95.7 Hz,
and 557 Hz is identical to the χðTÞ data obtained under
Hb ¼ 500 Oe in Fig. 12(a).
At a fixed frequency of 557 Hz, the χ0ðTÞ curves exhibit

a clear difference below T2 as the magnetic field along the b
axis increases. Upon entering the magnetic space group
P-60m20, an additional peak feature emerges in the
dχ0ðTÞ=dT curve, superimposed on the broad anomaly
centered at T1 ∼ 7 K, occurring at 5.9 K and 4.7 K under
Hb ¼ 0.2 T and 0.3 T, respectively. Notably, this behavior
is absent in the dc susceptibility data shown in Fig. 12(a),
indicating the dynamic origin of the nonlinear response in
the kagome spin ice state.
As shown in the phase diagram in Fig. 6(f), the data points

extracted from the χ0ðTÞ curves exhibit good consistency
with the datasets derived fromMðHÞ and λb measurements.
Furthermore, as the frequency increases, the imaginary part

of the ac susceptibility χ00ðTÞ in Fig. 12(c) exhibits an
anomaly at T2 ¼ 11.6 K. Meanwhile, the noise level in
the χ00ðTÞ curve increases with increasing applied mag-
netic field.

APPENDIX C: DIFFUSE SCATTERING OF
HoAgGe SINGLE CRYSTAL WITH POLARIZED

AND UNPOLARIZED NEUTRONS

The experiment setup at the DNS station is briefly listed
in Fig. 13(a), with the coaligned single crystals fixed as the
c axis along the vertical direction in Fig. 13(b), to detect the
(HK0) scattering plane. The conventional polarization
configurations used for standard experiments were set to
Pkz⊥Q, with P the polarization direction andQ the neutron
momentum transfer.
Concerning polarized neutron diffuse scattering at the

DNS station, as shown in Figs. 1(e) and 1(f), the green
circle close to the second Brillouin zone (BZ) boundary is
due to the background signal during the measurement. Note
the powder ring of (2, 2, 0) diffraction from the Cu plate

FIG. 13. (a) Illustration of the polarized neutron diffuse scattering process of the HoAgGe single crystal at SXD station. (b) Optical
image of four coaligned HoAgGe single crystals used for the neutron diffuse and INS measurement, fixed on a copper holder. (c) Laue
image of a HoAgGe single crystal shown above with the horizontal direction being the (100) orientation and the vertical direction being
the (001) orientation. (d) SF channel of diffuse scattering at 7 K.
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in Fig. 13(b). Its d value 1.28 Å−1 is slight larger than
1.18 Å−1 of magnetic diffraction (−2=3, −2=3, 0), con-
sistent with the cases in Figs. 1(e) and 1(f).
Intriguingly, the short-range spin ice correlations have

been detected not only in the (H, K, 0) plane but also in

the (H, K, 1), (H, K, 2), and (H, K, 3) planes,
respectively. With L changing from 0 to 3, the diffuse
scattering pattern is the combination of spin ice corre-
lation due to the magnetic exchange interaction between
Ho3þ ions, together with the magnetic form factor F of

(a) (b)

FIG. 14. (a)Q dependence of magnetic form factor FðqÞ of the Ho3þ ion. (b) Magnetic structure factor SðQÞ for the kagome ice I state
at T ¼ 20 K within the large q space.

FIG. 15. (a)–(e) Diffuse neutron scattering pattern of the HoAgGe single crystal at 15 K at the SXD station within the (H, K, L)
(L ¼ 0, 1, 2, 3, and 4) plane (right panel), together with the simulated diffuse scattering pattern at 20 K (left panel).
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the Ho3þ ion, which could be expressed as

F ¼ j0ðqÞ þ
2 − g
g

j2ðqÞ;

with the g factor being 1.25 for Ho3þ; j0ðqÞ, j2ðqÞ, andFðqÞ
could be found in Fig. 14(a). The spin ice correlations are
clearly demonstrated at 20 K in Fig. 14(b) based on the 3D
kagome spin ice model (see below) within a large q value.
Here, we focus on the influence of the magnetic form factor
on the diffuse scattering spectra.
As shown in Figs. 15(a)–15(e), the left panel is the

theoretical simulation pattern, accounting for the FðqÞ
influence, with the right panel the diffuse pattern of
HoAgGe at the SXD station at 15 K. For the L ¼ 0 and
1 cases, the diffuse scattering spectra are basically similar
to the simulated pattern. The unique variations of the
scattering pattern within the (H, K, L) (L ¼ 2 and 3) plane
are mainly due to the FðqÞ effect, together with the
polarization factor issue. Note the neutron dipole moment
only interacts with the spin component perpendicular to the
scattering vector q. Thus, for kagome spin ice orders in
the ab plane, the polarization factor might change consid-
erably for the scattering vector q in the large L plane. In
addition, the diffuse scattering is almost invisible due to the
large q value at the (H, K, 4) plane, with q > 6 Å−1
and I ¼ F2 < 0.2.

APPENDIX D: THE 3D KAGOME SPIN ICE
MODEL FOR HoAgGe

Adding the ferromagnetic nearest-neighbor interlayer
coupling Jc, the 3D spin model would go through a
single 3D XY phase transition into the ground state.
Correspondingly, both the order parameter M and the
magnetic charge per triangle Q start to increase below
T2 ¼ 17.8 K in Figs. 16(a) and 16(b).
Regarding the upper limit of Jc, Fig. 16(c) summarizes

the Monte Carlo simulated specific heat Cmag curves based
on the 3D spin model with Jc ¼ 0.9 meV for various lattice

sizes. For a lattice size of 18 × 18 × 18, the Cmag curve
exhibits two magnetic transitions: a sharp peak at T2 ¼
27.5 K and a broader anomaly centered at T1 ¼ 12.4 K,
which is significantly higher than the experimental value
observed in HoAgGe. Therefore, Jc should lie within the
range 0.45 � J1 > Jc > J2 in the 3D model that includes
both the magnetic interactions J1-J4 and the dipolar
interaction Ed.
In the MC simulation of thermodynamic properties and

scaling analyses, we used 3D kagome lattices of size
L × L × L, while in the calculation of order parameter M,
we chose the results of a single two-dimensional kagome
layer. The spin order should be the same for each kagome
layer connected by the ferromagnetic interlayer interactions,
which is the case in our simulation. Additionally, this choice
can also avoid the possible fluctuation caused by the finite-
size effect between different layers as the temperature
increases if only a single layer is chosen. Thus, the value
of M averaged over all the MC simulation samples can be
regarded as the order parameter for the whole system.

APPENDIX E: TERNARY PLOT
REPRESENTATION OF INTERMEDIATE ORDER

We first discuss what the vanishing magnetic contribu-
tions at nuclear sites of the elastic neutron scattering
intensities mean. For the hexagonal lattice of HoAgGe,
if we choose the primitive Bravais lattice vectors as

a1 ¼ ax̂; a2 ¼ −a
2
x̂þ

ffiffiffi
3

p
a

2
ŷ; a3 ¼ cẑ;

where a ¼ 7.0862 Å and b ¼ 4.186 Å, we have the
reciprocal lattice vectors

b1 ¼
4πffiffiffi
3

p
a

� ffiffiffi
3

p

2
x̂þ 1

2
ŷ

�
; b2 ¼

4πffiffiffi
3

p
a
ŷ; b3 ¼

2π

c
ẑ:

Below T2 and at zero magnetic field, the unit cell is
tripled because of magnetic ordering. The magnetic unit

(a) (b) (c)

FIG. 16. Monte Carlo simulated (a) complex-order parameterM and (b) magnetic charge per triangleQ, and (c) magnetic specific heat
Cmag based on the 3D spin model with various lattice sizes (see text).
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cells have primitive lattice vectors

aM1 ¼ 2a1 þ a2; aM2 ¼ 2a2 þ a1; aM3 ¼ a3:

The corresponding reciprocal lattice vectors are

bM
1 ¼ 4π

3a
x̂; bM

2 ¼ 4π

3a

�
− 1

2
x̂þ

ffiffiffi
3

p

2
ŷ

�
; bM

3 ¼ 2π

c
ẑ:

We assume that a general spin in the structural unit cell
labeled by i and a sublattice labeled by α is denoted by

Siα ¼ σiαn̂α

where n̂α is a unit vector along the local Ising axis on
sublattice α and σiα ¼ �1 is an Ising variable. For
simplicity, we only consider the static structure factor
due to the σ variables on the same sublattices,

Sq ¼ 1

N

X
ij;α

hσiασjαieiðRj−RiÞ·q:

Because of the magnetic ordering, peaks of Sq will
generally appear at q ¼ qM ¼ q1bM

1 þ q2bM
2 þ q3bM

3 ,
where q1;2;3 are integers. Namely,

SqM ¼ 1

N

X
ij;α

hσiασjαieiðRj−RiÞ·q ∝ N:

If, however, certain SqM ¼ 0, we need

1

N

X
ij;α

hσiασjαieiðRj−RiÞ·q

≈
N
9

X
iα∈muc

X
Rj−Ri ∈ws

1

dij
σ̄iασ̄jαeðRj−RiÞ·qM

¼ 0 ðD1Þ

where the first sum is over all sites within a magnetic
unit cell, the second sum is over all j such that the vector
Rj −Ri does not go beyond the first Wigner-Seitz mag-
netic unit cell, and dij is a degeneracy factor accounting
for the number of Wigner-Seitz cells sharing the same
site jα. The approximation amounts to replacing all σiα ¼
σ̄iα þ δσiα by their ordered parts σ̄iα.
We next see what Eq. (D1) translates to for the present

system. We pick the magnetic unit cell by combining the
original unit cell and its translation by a1 and a1 þ a2,
respectively, as depicted by the solid triangle in Fig. 8(a).
We label the three sublattices in the original unit cell
counterclockwise starting from the bottom-left corner as
α ¼ 1, 2, 3, and the three unit cells in the magnetic unit cell
as A ¼ 1, 2, 3, also counterclockwise from the bottom-left
corner. The nine spins in the magnetic unit cell are therefore
denoted by σαAj, where j labels magnetic unit cells. Their
positions are at

rαAj ¼ RM
j þ τα þ πA

where RM
j are magnetic lattice vectors, τα are the positions

of the sublattices in the structural unit cell, and

(a) (b)

FIG. 17. Magnetic structure factor SðQÞ from MC simulations based on the 3D spin model at (a) T ¼ 15 K and (b) T ¼ 10 K,
respectively.
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Fig. 18. (Continued).
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FIG. 18. (a)–(f) Averaged spin configurations within the single kagome layer from the Monte Carlo simulations in a 12 × 12 unit cell
at T ¼ 10 K, with the arrow length indicating the order moment size of the Ho spin.
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π1 ¼ 0; π2 ¼ a1; π3 ¼ a1 þ a2

Then,

SqM ≈
N
9

X
Aα

X
ws

1

d0A;jB
σ̄0Aασ̄jBαe

iðRM
j þπB−πAÞ·qM

where the second sum is over jB, which satisfies
RM

j þ πB − πA ∈ws. This case is nothing but the six
nearest neighbors of σ̄0Aα on the same structural sublattices,
each having d0A;jB ¼ 3, plus site 0A itself. We thus have

SqM ≈
N
9

X
α

�
2

3
Re½eia1·qM þ eia2·q

M þ e−iða1þa2Þ·qM �

× ðσ̄1ασ̄2α þ σ̄2ασ̄3α þ σ̄3ασ̄1αÞ þ ðσ̄21α þ σ̄22α þ σ̄23αÞ
�
:

In the present case, SqM vanishes for any qM ¼ q1b1 þ
q2b2 þ q3b3, i.e., the structural reciprocal lattice vectors,
which results in

0 ¼ SqM ≈
N
9
ð2σ̄1ασ̄2α þ 2σ̄2ασ̄3α þ 2σ̄3ασ̄1α þ σ̄21α

þ σ̄22α þ σ̄23αÞ

¼ N
9

X
α

ðσ̄1α þ σ̄2α þ σ̄3αÞ2: ðD2Þ

Namely, the intermediate phase must satisfy the con-
straint that the Ising spins on the same structural sublattice
in the magnetic unit cell sum to zero. Additionally, the
kagome ice rule dictates that

σjA1 þ σjA2 þ σjA3 ≡QjA ¼ �1 ðD3Þ

where QjA is the magnetic charge on plaquette jA, which
constrains the fluctuating σjAα but not the ordered part
σ̄jAα individually. Two common situations considered
in previous works are the charge-ordered phase, which
amounts to Q̄jA ¼ �1 but σ̄jAα ¼ 0, and the partial-
ordered phase, which corresponds to Q̄jA ¼ 0 and
ðσ̄jA1; σ̄jA2; σ̄jA3Þ ¼ ð0; 1;−1Þ; ð1; 0;−1Þ;…. Both cases
also satisfy the constraint for the intermediate phase,
Eq. (D3), but the charge-ordered phase does not have
Bragg peaks since σ̄jAα ¼ 0. Therefore, only the partial-
ordered phase was considered in Refs. [16] and [17].
However, there are other possible phases that satisfy both
Eqs. (D2) and (D3). Our goal is to find a suitable quantity
that can compactly represent such orderings and their
degeneracies.
To this end, we first look into the complex-order

parameter in the main text:

M ¼ 1

N

X
i

σieiQ·ri ðD4Þ

where Q ¼ ½ð4πÞ=ð3aÞ�x̂ ¼ bM
1 and N is the total number

of spins (while our N above is the total number of unit
cells). In our notation,

M ¼ M̄ ¼ 1

9

X
Aα

ᾱAαeib
M
1
·ðταþπAÞ:

For the partial-ordered phase, we have

ðσ̄11; σ̄12; σ̄13Þ ¼ ðσ̄22; σ̄23; σ̄21Þ
¼ ðσ̄33; σ̄31; σ̄32Þ≡ ðσ1; σ2; σ3Þ
¼ ð0;−1; 1Þ; ð1;−1; 0Þ; ð1; 0;−1Þ;
ð0; 1;−1Þ; ð−1; 1; 0Þ; ð−1; 0; 1Þ ðD5Þ

where the first line is a requirement of C3 symmetry. The
second line can be viewed as all permutations of ð1;−1; 0Þ.
If we only consider possible phases that satisfy the first line
of Eq. (D5), M becomes (here, we do not consider the
distortion of the kagome lattice)

M ¼ 2

9
ðσ1 þ ei

2π
3 σ2 þ ei

4π
3 σ3Þ

As a result, any cyclic permutation of σ1;2;3 is equivalent to
multiplying M by ei

2π
3 or ei

4π
3 , while the anticyclic permu-

tations can be obtained from the former by complex
conjugation. Therefore, M will be located at six vertices
of a hexagon centered at the origin on the complex plane.
Since the intermediate phase supposedly only depends

on two free parameters (σ1;2;3 with the constraint
σ1 þ σ2 þ σ3), and M as a complex number has two
independent degrees of freedom, the latter can, in principle,
describe any possible intermediate phases. However, when
M from MC simulations falls onto a ring, which is due to
the prevalence of domains, it is more desirable to under-
stand what spin structures each domain has. Then, such
structures are mostly likely the symmetry-breaking states in
the actual 3D material. However,M is not ideally suited for
such a purpose since it is defined as a summation over the
whole system. Instead, it is more desirable to use σ1;2;3
directly, which can be plotted in real space.
We therefore propose to use the triad

ðσ1; σ2; σ3Þj ¼
�
σj11 þ σj22 þ σj33

3
;
σj12 þ σj23 þ σj31

3
;

σj13 þ σj21 þ σj32
3

�
− 1

9

X
Aα

σjAα ðD6Þ

as the order parameter for the intermediate phase, which
can be evaluated for each magnetic unit cell j. Note that the
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last term ensures σ1;2;3 sum to zero. Such three numbers
whose sum is a constant can be conveniently represented on
a ternary plot. Since σ1;2;3 ∈ ½−1; 1�, we first define rescaled
variables

σ̃α ≡ σα þ 1

3
ðD7Þ

so that σ̃1 þ σ̃2 þ σ̃3 ¼ 1. Then, the charge-ordered phase
corresponds to ðσ̃1; σ̃2; σ̃3Þ ¼ ð1

3
; 1
3
; 1
3
Þ, and the partial-

ordered phase ðσ̄;−σ̄; 0Þ corresponds to all permutations
of ð1

3
; 2
3
; 0Þ and their time reversal, which coincide with

the former. For the other possible phases in the main
text, ðσ̄

3
; 2σ̄
3
;−σ̄Þ→ ð4

9
; 5
9
;0Þ;ð2

9
; 1
9
; 2
3
Þ, ðσ̄

2
; σ̄
2
;−σ̄Þ → ð1

2
; 1
2
; 0Þ;

ð1
6
; 1
6
; 2
3
Þ. The corresponding ternary plots are shown in

Fig. 5 of the main text. Equation (D7) can be calculated by
either averaging over the whole MC cell or locally in each
magnetic unit cell.

APPENDIX F: RELEVANCE OF DISTORTED
KAGOME LATTICE OF HoAgGe TO IDEAL
KAGOME LATTICE SPIN ICE PHYSICS

In this appendix, we discuss any possible influences of
the rotation distortion of the kagome lattice in HoAgGe on
its relevance to general kagome spin ice physics.
The ground state of HoAgGe is characterized by three

inequivalent Ho sites. This feature is mainly a result of the
magnetic space group of the fully ordered

ffiffiffi
3

p
×

ffiffiffi
3

p
ground

state of HoAgGe and does not necessarily suggest the
crystal structure or the associated spin Hamiltonian are very
different from that of ideal kagome spin ice.
As shown in Table 1 of Ref. [16], HoAgGe crystallizes in

the space group P-62m (No. 189), featuring a single Ho
site located on a distorted kagome lattice. This structural
distortion nonetheless breaks the spatial inversion sym-
metry. Below T2 ¼ 11.6 K, the magnetic ordering emerges
with a propagation vector k ¼ ð1=3; 1=3; 0Þ, leading to
the establishment of the MSG P-60m20 and an enlarged

ffiffiffi
3

p
×

ffiffiffi
3

p
magnetic unit cell. Describing such an ordered

spin state requires three inequivalent Ho sites.
To see how different the situation is on an ideal kagome

lattice, we consider an imaginary “ideal” stacked kagome
spin ice, using the structure of FeSn as an example.
FeSn crystallizes in the space group P6=mmm (No. 191),

with Fe atoms forming an ideal kagome lattice [89,90].
Under the assumption of a magnetic propagation vector
k ¼ ð1=3; 1=3; 0Þ, the ground-state magnetic configura-
tions of a fictitious kagome spin ice formed by spins on
the Fe sites are shown in Fig. 19. The corresponding
magnetic space groups compatible with both the crystal
symmetry and the ordering wave vector are presented in
Fig. 20. The

ffiffiffi
3

p
×

ffiffiffi
3

p
ground state, having the MSG

P60=m0mm0, still has two inequivalent Fe sites (see Fig. 19).
Within the

ffiffiffi
3

p
×

ffiffiffi
3

p
magnetic unit cell [indicated by the

blue rhombus in Fig. 19(a)], the three Fe2 positions are
related by threefold rotational symmetry around the c axis,
while the six Fe1 positions are connected through a
combination of threefold rotation about the c axis and
in-plane twofold rotational symmetry. In simple terms,
having inequivalent sites in the magnetically ordered state
should not be used as a criterion for the kagome ice system
being unideal.
It is nonetheless worth figuring out the origin of the three

inequivalent sites compared to two. As illustrated in
Fig. 20, the MSG P-60m20 is a subgroup of P60=m0mm0,
with equivalent Ho sites related by threefold rotation
around the c axis. Consequently, the two inequivalent Fe
sites in the MSG P60=m0mm0 are split into three inequiva-
lent Ho sites in the MSG P-60m20 due to the structural
distortion. The effect of this structural symmetry breaking
is encoded in the different J2 and J4 values of the spin
model, and, as shown in the main text, does not qualita-
tively change the ordering behavior of 2D and 3D kagome
spin ice.
It is noteworthy that HoAgGe may undergo a first-

order phase transition at T2, which could render the
three Ho sites inequivalent in the presence of strong

FIG. 19. Proposed magnetic structures of hypothetical kagome spin ice in FeSn. (a) Magnetic unit cell indicated by the blue rhombus,
with the two inequivalent Fe sites Fe1 and Fe2 labeled by 1 and 2, respectively, for simplicity. (b) Clockwise and counterclockwise
hexagons of spins in the expected ground state of kagome spin ice.
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spin-phonon coupling. According to recent explicit Raman
measurements [28], the magnitude of the phonon softening
betweenT1 andT2 is about 0.2 cm−1 inHoAgGe, associated
with the development of a large ordered magnetic moment.
The estimated spin-phonon coupling constant in HoAgGe is
approximately 0.02 cm−1, an order of magnitude smaller
than those observed in typical antiferromagnets such as FeF2
and MnF2, where the values average around 0.3–0.4 cm−1
[91], and significantly smaller than that of ZnCr2O4, which
exhibits a coupling constant of about 5 cm−1 [92]. As
discussed above, the transition at T2 has been identified as
a second-order transition belonging to the 3D XY univer-
sality class, coinciding with a magnetic charge crossover at
T1, with no clear evidence supporting a first-order transition
in HoAgGe.
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