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Abstract

Radiative decays of hadronic states provide an essential source of information that can
facilitate deciphering their nature and properties. However, a lot of confusion concerning
radiative decays of hadronic molecules and their interpretation can be found in the litera-
ture. In this paper, we briefly review several types of such decays and pinpoint similarities
and essential differences between them. In particular, we emphasise the crucial role played
by the hierarchy of the scales relevant to the studied system and the resulting necessity of
employing an approach that considers them appropriately. We illustrate the situation with
several instructive examples.

Keywords: radiative decays; hadronic molecules; wave function

1. Introduction

The emission of photons is governed by Quantum Electrodynamics (QED), which
is the simplest and most studied field theory within the Standard Model (SM). For this
reason, radiative decays of hadronic states are considered a promising tool to investigate
the hadrons in the initial and final states of the reaction and shed light on their nature
and properties. In particular, such decays can provide access to the inner structure of
these hadrons. However, the information provided by radiative decays requires care in
interpretation to avoid false conclusions. In this paper, we review several examples of
radiative decays of hadronic molecules and pinpoint various peculiarities related to them.
In particular, we discuss the hierarchy of internal scales that can be different for different
molecules and address the impact of the compact component of the wave function of the
molecular state on its radiative decays.

This paper is organised as follows: In Section 2, we start from a textbook example of
the two-photon decay of parapositronium and argue that the famous “universal” formula
for this decay width expressed in terms of the wave function at the origin, 1/}(0), does not
apply to hadronic molecules—states generated by the non-perturbative, strong interactions
of hadron pairs; see ref. [1] for a review. We introduce and discuss an alternative expression
for the width derived in the limit of zero-ranged interactions, consistent with the hierarchy
of scales relevant for such hadronic molecules, and demonstrate that the derived formula
works very well for two-photon decays of the scalar mesons ay/ fo(980) treated as KK
molecules. Then, in Section 3, we address the radiative decays of ¢(1020) that also involve
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the above scalars in the final state. We argue that a proper treatment of the diagrams and
the molecular vertex consistent with quantum mechanics and gauge invariance allows one
to arrive at a reliable finite prediction for the decay width. In Section 4, we proceed to the
radiative decays of the D4 (2460) meson treated as a D*K molecule. In this case, although
the loop amplitudes do not diverge, it follows from the power counting that there is no
enhancement of the loop diagrams compared with the contact term, so the corresponding
contact amplitude needs to be included. Thus, the radiative decays of the D1 (2460) meson
provide an example of the situation when an additional experimental input is necessary to
fix the unknown short-range parameter and this way to arrive at a complete theory capable
of providing definite predictions for observables. A ratio of the branching fractions of
two radiative decays of the Dg;(2460), if measured experimentally, is argued to be able to
provide such an input. Finally, in Section 5, we turn to the radiative decays of the X(3872),
also known as x.1(3872), as yet another prominent candidate for a hadronic molecule,
and argue that the divergence of the loop amplitudes contributing the decays X —
(¢ = J/¢, p(2S)) calls for the inclusion of the leading-order short-range contact term that
is further found to strongly depend on the renormalisation scale. It is concluded, therefore,
that the radiative decays of the X(3872) are mostly sensitive to the short-range component
of its wave function and as such are not decisive in probing the molecular nature of the X.
We conclude in Section 6.

2. Positronium Versus a Point-like Molecule

We start from two-photon decays of parapositronium as the most prominent example
of the radiative decay of a compound state. Parapositronium is a bound state of the
electron—positron pair with the quantum numbers !Sj. In what follows we also refer to it as
Ps(1Sp) or simply “positronium”. Given its positive C-parity, parapositronium decays into
an even number of photons, the two-photon decay being the dominant one. Two features
inherent in the positronium make it a distinct object for studies. On the one hand, it is
undoubtedly a composite system represented by a generic bound state. On the other hand,
the interaction responsible for its binding is very well understood—the bound state is
formed by the attractive Coulomb potential and can be readily found as a solution of the
corresponding Schrodinger equation with the ground state wave function and binding
momentum being (the meaning of the subscript A will be explained below)

73

Palr) = e e, v=+/2ucEg, (1)
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with m, being the electron mass and « = e2/ (47r) ~ 1/137 the electromagnetic fine
structure constant. Hereinafter we use the symbol y for the relevant reduced mass. Then,
according to textbooks in quantum mechanics, the width of a two-photon decay of the
positronium can be evaluated as

T[Ps('Sp) — 7] = vpo, 3)
where v is the velocity of the electron (positron) in the positronium rest frame, p = |4 (0)|?
is the probability of the electron and positron meeting each other at the origin (annihilation
point), and
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is the total cross section of the two-photon annihilation of a slow ee™ pair in the 1S state.
Combining Equations (1)—(4), it is easy to arrive at the famous formula

47702

2
nt,

$a(0) = 2 . ©)

T[Ps('Sp)] = 5

The corrections to Equation (5) are suppressed by higher powers of the fine structure
constant .

The simplicity and the seemingly universal form of Equation (5) have made it an
extremely popular and de facto default approach to two-photon decays of compound
objects. For example, the two-photon decay of kaonium (the bound state of a kaon—
antikaon pair bound by the strong force—in other words, a hadronic molecule of KK) has
been studied in the literature employing the above technique with results ranging from
0.6 keV [2] to 6 keV [3]. The order-of-magnitude discrepancy between these predictions
should not come as a surprise given that the formula for the decay width relies on the
value of the wave function at the origin, which is extremely sensitive to the details of the
interaction. Since the strong interaction potential of kaons is not known at short distances,
any calculation of this kind relies on a particular model, and the corresponding hardly
quantifiable model uncertainty automatically propagates to the final result. However, a
blind application of the positronium-like formula (5) to a generic two-photon decay of
a molecule is potentially dangerous, since it relies on a particular hierarchy of scales [4].
Indeed, the positronium two-photon decay amplitude is encoded in the two diagrams
depicted in Figure 1. Then taking the integral in the loop energy po, and retaining only the
leading nonrelativistic contribution, one readily arrives at

M(Ps('Sp) — yy] =

1 Pp L

T / @ PalpIMlete =1, (6)
where MeTe™ — 7] is the amplitude of an unbound electron—positron pair annihilation
into two photons. Equation (6) is still general. In the case of positronium it is easy to
see that the two objects under the momentum integral in the amplitude (6) possess very
different typical momentum scales. While the wave function effectively cuts the integral
at p = |p| ~ am,, the momentum scale controlling the transition to the two photons is
much larger, of the order of m,, such that M[eTe™ — 7| stays basically constant in the
momentum range, where the integral has already converged. As a result, the amplitude
M/ete™ — 7] can be pulled out from the integral, so the positronium coordinate-space
wave function taken at the origin,

3
Pa(0) = / £7£3¢A<p>, )

arises quite naturally. Thus we conclude that the positronium-like formula (5) relies on a
particular hierarchy of scales,
rr >> 1’,1 7 (8)

with rr and r, for the typical scale of the bound state vertex and annihilation scale, respec-
tively, which in the case of positronium are

1 . 1
T~ Y with « ~ a(zmg) =1, 9)
and
Tq = (10)
a— me.
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Note that the case of positronium is very special, since the binding is provided by the
massless photon. Accordingly, the effective range of the interaction is provided by .,
which agrees with the binding momentum y—clearly, for hadronic molecules where the
range of the binding forces is O(m;!) or shorter, this equality is absent.

p—P

Figure 1. The two diagrams contributing to the two-photon decay of parapositronium. The black
filled circle indicates the positronium disintegration vertex that can be obtained as solution of the
Bethe-Salpeter bound-state equation and contains the positronium wave function as the central (but
not only!) ingredient—see, for example, the derivation of Equation (22) in Section 3 below. The other
two vertices in the diagrams are the standard photon emission vertices controlled by QED.

Hereinafter, we refer to the hierarchy of Equation (8) as case A (hence the subscript
A at the wave function) or the “positronium” limit. In this limit, the disintegration of
the molecule into its constituents effectively takes place at the origin—the point in space
where the constituents “meet” each other with probability |4 (0)|2. The wave function in
Equation (1) comes as solution of the Schrodinger equation with the Coulomb potential,

and its Fourier transform takes the form

Yalp) BV (11)
AP) = 755w
Py

As indicated above, a different (opposite to case A above) hierarchy of scales is
typically relevant for hadronic molecules, namely

<L, (12)

which we refer to as case B and accordingly use the corresponding subscript at the wave
function. Now the interaction of the constituents responsible for the formation of the
molecule is controlled by the mass of the lightest exchange particle allowed, in the following
denoted as f. The extreme limit of § — oo is often referred to as the “point-like” or zero-
range limit, since then the molecule is formed by a zero-range potential. In this case, the
bound state wave function takes the form

1 _ mim
Ya(r) = \[5=1e ", 7= V2uEg, =Tl (13)

mq + mp

in coordinate space, or
V8y

¥B(p) = Pk (14)
in momentum space. More generally, Equation (13) describes the long-distance tail of the
wave function outside the range where the interaction potential is different from zero. As
such this wave function is universal, since it does not depend on the details of the particular
potential employed in the corresponding Schrodinger equation at short range. It can be
obtained as a solution of the Schrodinger equation in the potential 5 (r). However, in
reality it gets modified for distances of the order of the range of forces or lower—a regime
that in effective field theories is largely parametrised by local operators (see ref. [5] for a

related discussion). The fact that the wave function in Equation (13) diverges in the limit
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r — 0 does not cause trouble in the pertinent calculations, since the positronium formula
for the width in Equation (5) that involves ¢(0) does not apply as soon as the interaction is
of a shorter range than the transition of the constituents to the final state. The described
situation is always realised in the point-like limit, such that in case B the two-photon decay
width of a molecule of mass M is calculated as [4]

Tyq(B) =Ty (1 +0 (W;B)>/ Eg =2m—M, (15)

where
Ty =Tyy (B — 00) = gz(zy\/@(i’;) [(%\zn)zarcsinz (2]\:1> — 1] 2, (16)

and the factor { < 1 accounts for the fact that not all constituents of the molecule (for
example, neutral hadrons) may participate in the decay. The expression above is provided
for my = my = m to simplify the formula. Importantly, it was argued on general grounds
and demonstrated explicitly in ref. [4] that potentially sizable corrections of the order
O(m?/p?) to the point-like formula in Equation (16) cannot appear. Importantly, the
width in Equation (16) comes as a result of the straightforward evaluation of the loop
amplitude that acquires three contributions: two of them taking the form of the diagrams
in Figure 1 plus a contact diagram depicted in Figure 2 that appears for gauge theories of
charged spinless particles interacting with photons as well as for charged nonrelativistic
particles with spin. The molecular vertex is in an S-wave, so it does not introduce any loop
momentum, and the corresponding coupling constant can be evaluated in terms of the
binding momentum—see Equation (22) below. Thus, all photon emission vertices in the
diagrams are electric ones. Then the gauge invariance of the amplitude leads to delicate
cancellations between different terms coming from the above three diagrams and is only
in place if all three contributions to the amplitude are retained. Those cancellations at the
same time remove the divergent pieces from the amplitude, such that the total amplitude
is ultraviolet (UV) finite, while its individual (gauge non-invariant!) parts are divergent.
Indeed, gauge invariance forces internal loop momenta to get converted into external
momenta, this way improving the UV behaviour of the integrated function, to allow for a
transverse tensor structure of the total amplitude.

Figure 2. Contact diagram that contributes to the amplitude of the two-photon decay of a composite
object composed of two charged scalar (or pseudoscalar) particles.

The formulae in Equations (15) and (16) apply to the case of the two-photon decays of
the scalar f((980) treated as a KK molecule. Indeed, the relevant scales in this case are

et o o1 (17)

with m, ~ 770 MeV and mg ~ 490 MeV. In Equation (17) the pion exchange between
pseudoscalar kaons is forbidden by parity conservation, so the lightest allowed exchange
particle is the p meson. The hierarchy of the scales in Equation (17) is obviously at odds
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with case A in Equation (8) and the two-photon decay of a KK molecule rather falls into
class B as given by Equation (12). Then Equations (15) and (16) give for the width [4]

T [£o(980)] = (0.22+0.07) keV, (18)

where mg = 980 MeV was used that, together with the kaon mass quoted above, translates
into the binding energy Eg = 10 MeV. It was also taken into account that, in case of f;(980),
only the charged kaons in the loop couple to the photons in leading order, so {2 = 1/2. The
uncertainty was estimated from the size of the leading neglected correction O(mEg /%)
in Equation (15), with B = my,, as given in Equation (17). The result in Equation (18) is
consistent with the experimental measurement by Belle [6],

T97 [£0(980)] = 0.2057 0092 (stat) *0117 (syst) keV. (19)

In summary, we stress that the appropriate approach to two-photon decays of compos-
ite systems crucially depends on the hierarchy of the scales responsible for the formation of
the state and the annihilation of its constituents to a pair of photons. Since the zero-range
potential often provides a valid approximation for the binding interaction of hadronic
molecules, a positronium-like treatment, Equation (8), is not justified and the point-like
limit of Equation (12) should be used instead. In the latter case, the result for the decay
width is not sensitive to the details of the interaction at short distances and only depends
on the long-range tail of the molecule wave function that is model-independent. In case of
a KK molecule, the loop integral converges in the point-like limit as a result of the gauge
invariance of the photon vertices. In particular, no short-range operator needs to be added
at leading order, since the kaon loops provide the dominating contribution to the decay
amplitude. Therefore, the result in Equation (18) comes as a theoretical prediction for the
two-photon decay of the KK molecule that depends only on the masses of the decaying
state and its constituents.

3. Radiative Decays of ¢ (1020)

The processes ¢(1020) — yag/ fo(980) constitute yet another example of radiative
decays involving the scalar mesons 4/ fp(980). They are studied in refs. [7,8] and a
conclusion is made that, for the scalars treated as KK molecules with the radial wave
function in Equation (11), the ¢(1020) radiative decay rates are strongly suppressed in
comparison with the case of compact scalars. In addition, the authors of refs. [8,9] claim
that the integrals in the corresponding loop amplitudes in Figure 3 are sensitive to very
large (of the order of GeVs) loop momenta and, therefore, ag/ fo(980) need to be interpreted
as compact tetraquark states rather than extended hadronic molecules. These findings and
conclusions are scrutinised and criticised in refs. [10,11], so below we briefly mention the
arguments put forward in the latter works that are in line with the discussion above.

It was shown in the previous section that the scalars ay/ f(980) treated as KK
molecules comply with the hierarchy of the relevant scale in Equation (12) rather than
Equation (8), so the choice of the wave function in the form of {4 (p) in Equation (11) is
not justified. As a next step we derive the molecule disintegration vertex and notice that, in
the vicinity of a bound state, the nonrelativistic t-matrix takes the form

tp,p' E) = M, (20)

where the nonrelativistic vertex f(p) = 0yp(p) (here Pg(p) is the wave function in

Equation (14) and 9 is the nonrelativistic interaction operator) can be found directly from
the Schrodinger equation in momentum space,
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Kt
¢
K-

(a

2
%I/JB(F) —0yp(p) = —Epys(p), (21)

with Eg = 9%/ (2u), that gives a constant nonrelativistic vertex,

\/8my
o (22)

fp) = 21;4(”2 P)ps(p) =

in agreement with the point-like limit introduced in the previous section and the famous
Weinberg formula for the molecule coupling to its constituents [1,12]. Explicit calculations
performed in ref. [10] demonstrate that, for a realistic set of parameters, there is no suppres-
sion of the decay rates ¢(1020) — yag/ fp for the scalar mesons regarded as molecules, and
the deviations from the point-like limit caused by a residual momentum dependence of the
molecular vertex have only very little effect on the result. It needs to be noted that, similarly
to the case of the two-photon decay of a molecule addressed in the previous section, the
photon is emitted from electric vertices and the individual loop diagrams in Figure 3a—c
lead to divergent integrals but the full amplitude that sums these contributions is finite.
Moreover, contrary to the claim in refs. [9,13], after a proper treatment of the individual
contributions to the amplitude, the resulting loop integral converges at nonrelativistic
momenta—again a direct consequence of gauge invariance. We therefore conclude that the
data for the scalars ag/ fy(980) in the final state of the ¢(1020) radiative decay are consistent
with these enigmatic states being pure KK molecular states.

Y Y
K+t Kt Kt 7
ao/ fo ¢ ao/ fo ¢ ao/ fo ¢ : : ao/ fo
K~ K~ K~
Y
) (b) (

<) (d)

Figure 3. Loop diagrams contributing to the radiative decays ¢(1020) — yao/ fp(980). The diagrams
(a—c) are from the minimal coupling. Diagram (c) guarantees gauge invariance of the total amplitude
while diagram (d) appears only when proceeding beyond the strict point-like limit for the vertex
KK — ag/ fo. Adapted from ref. [10].

4. Radiative Decays of Ds1(2460)

In this section, we review the radiative decays of the D;;(2460). We start from the
two-body decay D;;(2460) — yD},(2317) assuming dominating molecular components
in the wave functions of both Ds; mesons involved [14-21]. The effective Lagrangian
describing this decay takes the form

Lot = k" *PF, 05D, D7 +hec., (23)

where v denotes the 4-velocity of the Dy; meson and « represents a dimensionless effective
coupling constant. Notice that an alternative identification of v as the 4-velocity of the
decaying D, meson would only affect subleading terms in the heavy quark mass expansion
that can be neglected. Then the decay width is calculated as

2.,3
Dgy

where w ~ 139 MeV is the energy of the photon.
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Formally, the decay Dy (2460) — yD},(2317) proceeds through the diagrams shown in
Figure 4. We study the loop amplitude first and notice that (i) the molecular vertices Dg; —
D*K and D}, — DK are S-wave ones, so they do not bring powers of the loop momentum
and (ii) the coupling constants can be evaluated either from the corresponding binding
energies using the well-known Weinberg formula [12] or from the residues of the scattering
amplitudes in the unitarised chiral perturbation theory (UChPT) that generates the D}, and
Ds1 mesons dynamically. In addition, the magnetic photon emission vertex D* — yD is
also well understood and its parameters can be extracted directly from the experimental
data on the corresponding radiative decay. Then, as discussed in ref. [22], the momentum-
dependent effective loop coupling kjop (4%) coming from the loop diagram in Figure 4
can be evaluated straightforwardly since the corresponding loop amplitude involves only
convergent integrals. It is instructive to note that, in this case, gauge invariance (and
UV-finiteness) of the loop amplitude is guaranteed by the anomalous coupling in the
effective Lagrangian (23) and the magnetic photon emission vertex D* — D that is by
construction transverse with respect to the photon momentum. In particular, here the
subtle cancellations discussed above do not take place. For a realistic set of parameters,
Kloop (7%) evaluated on the mass shell of the D}, reads [22]

Kloop(qz = m%;o) ~ 0.19. (25)

The momentum dependence of Kjoop (¢%) is depicted in Figure 5, with the result in
Equation (25) shown by the vertical dashed-dotted line.

K/n

Figure 4. The loop and contact diagrams contributing to the radiative decay Dy (2460) — yD,(2317).
Adapted from [22].

As argued in ref. [23] and contrary to the hadronic decays of the Dg; (2460), there is no
enhancement of the loop diagrams compared with the contact term in its radiative decay.
Then the full coupling x in Equation (24) acquires two contributions,

K= Kloop(q2 = mZD:O) + Kcont, (26)

where the term %cont sets the strength of the contact diagram in Figure 4. The value of
Keont 1S currently unknown and was estimated in ref. [22] in two ways. On the one hand,
Equation (24) was applied to a quark-model result for the decay width of a generic c5 state,
T[17(c8) — 07 (c3) + 9] ~ 2.74 keV [24], to find

|iccont| = 0.24. 27)

On the other hand, the exciting experimental data on the radiative decay Dy (2460) —
vD},(2317) [25] and theoretical estimates for various D (2460) partial decay widths were
employed to get [22]

Keont == 0.2. (28)

Remarkably, the numerical estimates in Equations (27) and (28) comply well with
both a natural expectation xcont ~ Aqcp /M ~ 0.2, coming from the fact that the consid-
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ered decay involves a heavy quark spin flip, and the power counting argued in ref. [26],
thus yielding
|Keont| = |Kloop (qz = m%)joﬂ (29)

e
o
————

<
—
T

0.0 F—— : | i
2.30 2.35 2.40 2.45

¢ [GeV]

Figure 5. The momentum dependence of the effective loop coupling xjoop (¢%), as an example, evalu-
2

ated for the masses of D) and KV. The vertical dashed-dotted line shows the position of q2 = mp

relevant for the two-body decay Dy (2460) — yD},(2317). The gray band shows the range of the
phase space integration in the three-body decay Dy;(2460) — yDK*, (mpo + my+)? < 4% < m%)sl.
Adapted from ref. [22].

Then indeed, as anticipated in ref. [23], different models for the structure of the Dy;
meson may lead to similar results for its radiative decay width. However, the result
in Equation (27) is strongly model-dependent while, given the very poor knowledge of
the experimental branching Br(Ds; (2460) — D},(2317)), the estimate in Equation (28)
comes with a large uncertainty, around 100%. Thus, more reliable and accurate methods to
evaluate xcont Need to be invoked. In particular, it is argued in ref. [22] that the value of the
contact contribution xcont could be extracted from the ratio

n_ Br(Ds(2460) - 7D;(2317))
Pa ™ T Br(Dy; (2460) — 7DOKT)

(30)

that demonstrates a lively dependence on this parameter. The amplitude for the transition
D,1(2460) — yD},(2317) enters the amplitude for the three-body decay Dj;(2460) —
vDYK* as a substructure (see Figure 6b) and in this way gives it a dependence on «con-
Experimental determination of the ratio in Equation (30) or at least imposing a constraint
on its value, which is easier than measuring the involved partial decay widths separately,
may already be sufficient to arrive at a fair estimate for xcont. Furthermore, as found in
ref. [22], the width of the three-body radiative decay Dy (2460) — vDOK™ is sensitive to
the loop coupling Kjoop (¢%) evaluated in a different kinematical regime compared with the
two-body decay Dy;(2460) — yD},(2317)—see the gray shaded band in Figure 5. It is,
therefore, further argued in ref. [22] that experimental studies of this three-body radiative
decay may shed light on the internal structure of the D;; mesons involved.

We therefore conclude this section noting that the radiative decays of the Dy (2460)
are sensitive to both the long-range molecular and short-range compact components of
its wave function which can potentially be quantified if sufficiently accurate experimental
data become available.
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¥(ps)

¥(p3)
(b)

Figure 6. Various contributions to the decay amplitude Dy; — yDK. The structure of the vertex

Ds; — 9D}, in diagram (b) is shown in Figure 4. Details concerning the vertex Dg; — yDY in
diagram (c) can be found in refs. [23,26,27]. Adapted from ref. [22]; see this reference also for a
detailed investigation of the corresponding amplitude.

5. Radiative Decays of the X (3872)

In this section, we discuss the radiative decays X(3872) — y(2S) and X(3872) —
]/ that, in recent years, have attracted a lot of attention from both experimentalists and
theorists. Interest in these decays was recently catalysed by the improved analysis per-
formed by the LHCb Collaboration. In particular, it provided the most precise measurement

so far of the ratio
Br(X(3872) — yy(2S))

Rx = Br(X(3872) — 7] /)

(31)

that reads [28]
REHC — 167 40.21£0.12 +0.04 (32)

and supersedes the previous, 10-year-old result belonging to the same collaboration [29].
The ratio in Equation (31) has been under intensive discussion in the literature starting from
its first experimental measurement by the BaBar Collaboration in 2008 [30]. Since then, sev-
eral attempts have been undertaken to improve on this value (see Table 1 for a collection of
the measurements belonging to various experimental groups), and the recent measurement
by LHCb in Equation (32) indeed considerably advances the experimental situation.

From the theory side, shortly after the X(3872) discovery by the Belle collaboration in
2003 [31], the ratio of its radiative decays in Equation (31) was argued to provide a decisive
selection rule to discriminate between different assignments for the nature of the X [32]. In
particular, for this state interpreted as a pure DD* molecule, the cited work reported the
expectation Rx < 1 at odds with most of the experimental results in Table 1. Shortly after
the updated LHCb analysis in ref. [28] was announced, a tiny ratio Rx for a molecular
X(3872) was argued for in ref. [33], based on the estimates of the overlaps of various
wave functions with the molecular wave function taken to be the asymptotic long-distance
form as in Equation (13). This leads to the conclusion that the recent LHCb measurement
precludes a molecular nature of the X(3872). After some general remarks concerning the
X(3872), we demonstrate below that these claims are at odds with the general discussion
presented in the previous sections.

Table 1. Experimental measurements of the ratio Ry in Equation (31) for the X(3872) radiative

decays widths.
BaBar [30]  Belle [34] LHCb (0O1d) [29] BESIII [35] LHCb (New) [28]
34+14 <21 246 £0.64 £0.29 <0.59 1.67£0.21 £0.12 £+ 0.04

Given the unambiguously established quantum numbers 11" of the X(3872) [36,37]
and the proximity of its mass to the nominal neutral DD* threshold [25], assuming a
considerable molecular DD* component in the X wave function looks quite plausible.
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(Hereinafter, a proper C-even combination of the DD* and DD* components is understood).
Then, based on the experience gained in the previous sections, a relevant question that
arises is whether the hierarchy of the intrinsic scales in the X(3872) is more consistent
with the positronium case in Equation (8) or the point-like limit in Equation (12). It should
be noted that, unlike the system of two kaons studied above, the pion exchange is not
forbidden between the D and D* mesons. Meanwhile, the DDt vertex is still not allowed
by P-parity conservation, so the pion-driven interaction between the D and D* proceeds in
the u-channel, and the corresponding potential reads

2 . . /%

where p() and e!") are the momenta and polarisation vectors of the D* mesons in the initial
and final states, respectively, ¢ = p’ — p is the pion momentum and the factor 3 stems
from the eigenvalue of the isospin operator T - T for an isoscalar DD* system (we work in
the strict isospin limit—for a discussion on the role of isospin violation and how to find a
possibly existing isovector partner state see ref. [38]). Furthermore,

2 2 2
T

Uu—my=q-—m 2

=@ - ) - = —g*— (mi— ) ~ —(* +12),

where the recoil terms for the D(*) mesons were neglected by setting o = Ep. — Ep ~
mp+ — mp (in this way the three-body cut, discussed in some detail in ref. [39], is removed
from the amplitude; however, this is not crucial for the discussion here) and an effective
pion mass parameter,

pr = m — (mps —mp)?, (34)
has appeared naturally [40—42]. Numerically || ~ 42 MeV and one may be tempted to
deduce from this estimate that, in the DD* system at hand, the inverse range of the force
B is given by the parameter |y | and as such it is small compared with the other mass
scales present in the system. Then, naively, the positronium-like hierarchy of the scales
in Equation (8) should be relevant for the X(3872). However, the latter conclusion is not
justified. To demonstrate this, consider the central part of the pion exchange potential (33),

2 2 2 2
cent _ & q _ & _ Hn
V) = <2fﬂ> u—m% B <2f7r) ( b ‘72"‘#%)’ =

where the substitution eie;* — %(Sij, relevant for the central potential, was used. Since a

constant potential in momentum space (coming from the term —1 in parentheses) turns to
a zero-radius potential 5 (r) in coordinate space, Equation (35) corresponds to an explicit
separation of the short- and long-ranged contributions, and the second term in parentheses
vanishes in the limit |q| — oco. Therefore, as stressed in ref. [43], the OPE potential in the
DD* system is well defined in the sense of an effective field theory only in connection with
a contact operator that corresponds to the range parameter f — oc.

The latter may acquire additional contributions from various heavy-meson exchanges
that are allowed between the D and D* mesons. Therefore, the hierarchy of the scales
relevant to the radiative decays of the X (3872) is in fact provided by case B in Equation (12).
Following the discussion in Section 3 above and substituting the momentum-space wave
function in Equation (14) into the vertex in Equation (22), one concludes that the decay ver-
tex X(3872) — DD* can be taken as a constant that drops out from the ratio in Equation (31).
Thus, no overlap of the deuteron-like wave function in Equation (13) with anything else
can drive the ratio Rx in Equation (31) as a matter of principle, contrary to the claim in
ref. [33]. Instead, the loop amplitudes depicted in Figure 7a—e need to be evaluated. The
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result of this calculation reported in ref. [44] (see also an update contained in ref. [45] and a
similar calculation in ref. [46])

(i) Shows that the mechanism of the radiative decays of the X(3872), assumed to be a
DD* molecule, does not imply light-quark pair annihilation, as considered in ref. [33],
since the photon is emitted electrically or magnetically from a D*) meson in the loop.

(i) Implies that, even for a purely DD* molecule assignment for the X(3872), the ratio
in Equation (31) can be of the order of unity under a not restrictive assumption
for the couplings of the vector charmonia J /¢ and 1(25) to the D(*) mesons being
numerically close to each other. (Since both ]/ and ¢(2S) lie below the open-charm
threshold, these couplings cannot be evaluated from the corresponding decay widths.
Meanwhile, since the §(2S) has a larger mass and therefore lies closer to the relevant
open-charm thresholds, the corresponding couplings are expected to somewhat exceed
those inherent in the [/ that lies lower in the spectrum of charmonium and, therefore,
further from the open-charm thresholds.)

(iii) Demonstrates a sizeable dependence of the ratio in Equation (31) on the renormali-
sation scale pren introduced by the regularisation procedure applied to the divergent
loop amplitudes. In particular,

‘SRmol(,uren) =~ Rmol(l’lrel’l)r (36)

for piren varied in the range from my /2 to 2my, with my for the nominal X mass.

Figure 7. The diagrams (a—f) contributing to the amplitude of the decay X(3872) — yyp withyp = J/¢,
(2S). Adapted from ref. [44].

The latter conclusion above is naturally interpreted then as a signal of sensitivity of the
ratio Rx to the short-range physics encoded in the additional contact diagram depicted in
Figure 7f. The corresponding short-range interaction needs to absorb the dependence of the
decay amplitude on piren to ensure that the total result is consistent with the renormalisation
group equation 0Rx /9eq = 0. In particular, Equation (36) implies that the contribution
from the compact component given by the diagram in Figure 7f should be at least of
the same size as the “molecular” contribution coming from the diagrams in Figure 7a—e.
However, no further quantitative conclusion on the nature of the X(3872) can be deduced
from this calculation, since a scheme-independent separation of the contributions to the
ratio in Equation (31) coming from the compact and molecular components is not possible
as a matter of principle. Thus one is forced to conclude that the radiative decays of the
X (3872) are sensitive to the short-range component of the X wave function and as such are
out of control in the effective field theory framework for the X. In other words, the ratio
Rx in Equation (31) is not decisive in establishing the nature of the X(3872) (assuming
the radiative decays of the X(3872) proceed through the short-range component of its
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wave function one can naturally arrive at the experimental ratio in Equation (31)—see, for
example, refs. [44,47]). One the other hand, the radiative decays Y (4260) — X (3872) that
involve the X(3872) in the final state are sensitive to its molecular component [48].

To conclude this section, it is instructive to compare the case of the X radiative decays
studied here to the decays addressed in the previous sections. On the one hand, unlike the
Dg1 — yD}, decay in Section 4, only one molecular state is involved in the process X — 1.
Moreover, the charmonium ¢ is not selective in its coupling to the various D*) D(*) pairs,
which appears to be in P-wave and therefore brings an extra power of the loop momentum.
As a result, photon emission vertices of both electric and magnetic types contribute to the
total amplitude. In the meantime, to preserve parity, the coupling of the X to ¢ has to be
anomalous and involves the field tensor for the electromagnetic field,

Left = §xypry€vor X PV F7. (37)

It automatically guarantees gauge invariance of the amplitude and, therefore, the latter
does not call for the delicate cancellations between the different parts of the amplitude
to form a transverse structure as discussed in Section 2. As a result, the amplitude of the
decay X — 1 diverges while staying consistent with gauge invariance. This marks the
crucial difference between the radiative X decays and the cases of the radiative decays that
were addressed in Sections 2 and 3.

6. Conclusions

In this paper, we reviewed various radiative decays involving hadronic molecules and
stressed that information on such decays can provide valuable insight into their nature.
However, one has to bear in mind that

(i) The hierarchy of the scales relevant to the studied hadron plays a crucial role—sticking
to a wrong hierarchy will result in a misinterpretation of the information contained in
the experimental data;

(if) Different radiative decays may be sensitive to different components of the wave func-
tion of the studied hadron, so probing its long-range molecular component requires a
careful choice of the observables to employ.

We provided several examples of the radiative decays that involve various strong
candidates for hadronic molecules, illustrating the general pattern just outlined. In par-
ticular, we argue that a typical hierarchy of the scales inherent in hadronic molecules
precludes employing the positronium-like formula based on 1 (0) for their two-photon
decays. Instead, the molecule disintegration vertex to its constituents should be taken as
a constant obtained either employing the Weinberg formula or, more generally, derived
from the residue of the corresponding scattering amplitude at the pole. After that, the loop
diagrams that arise for a considered radiative decay need to be evaluated employing the
standard field theory technique. Then one of the following three situations can take place:

e The decay amplitude contains convergent loop integrals and the power counting
shows no need for a contact diagram. The width of such radiative decay can be
evaluated without unknown parameters and then, as a prediction, confronted with
the existing experimental data. This way the data allow one to probe the molecular
nature of the hadronic state under study. The given situation is well exemplified with
the radiative decays S — 7y and ¢(1020) — S (with S = ay/ fy(980) treated as KK
molecules) discussed in Sections 2 and 3.

* The decay amplitude contains convergent loop integrals but the power counting
demonstrates no enhancement of the loop diagrams over a contact one. Then a contact
term needs to be added to the effective Lagrangian with an unknown coefficient.

https://doi.org/10.3390/particles9020046


https://doi.org/10.3390/particles9020046

Particles 2026, 9, 46 14 of 16

In this case, experimental data need to be employed first to fix the strength of the
contact interaction. The radiative decay Dy;(2460) — D},(2317), with both Dy;
mesons treated as D(*) K molecules, addressed in Section 4 provides an example of
this pattern. It is expected that, once the strength of the contact interaction is fixed in
the experiment, further predictions become possible for various reactions involving
the vertex Ds; D7,y as a building block or related to it via heavy quark symmetry.

*  The decay amplitude contains divergent loop integrals and, therefore, requires a
contact diagram already at leading order. The strength of the corresponding contact
term can be estimated from its scheme dependence and, if the latter is strong, one
is forced to conclude that the studied radiative decay is sensitive to the short-range
component of the wave function of the decaying state rather than its long-range
molecular one. In this case, experimental studies of this radiative decay do not allow
one to probe the molecular nature of the state in question. Such a situation is well
exemplified by the radiative decays X(3872) — vy (with ¢ = J/1, (2S)) addressed
in Section 5.

We conclude, therefore, that (i) identification of the hierarchy of the scales inherent
to the studied molecule candidate, (ii) establishment of the power counting relevant to
various contributions to its decay amplitude, and (iii) verification of the convergence and
scheme dependence of the loop integrals involved are the necessary prerequisites that allow
one to unambiguously judge whether or not the studied radiative decays can probe the
nature of the given hadronic state.
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