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Abstract

The growing complexity arising from new technologies, particularly their interconnections, en-
abling dedicated planning, monitoring, and control of modern energy systems, raises the need for
powerful concepts that provide detailed insights about the particular energy system and its com-
ponents. In contrast to classical models that provide a generalized system description, this thesis
investigates the gap between the physical and digital worlds, yielding a replica of the physical re-
ality of energy systems and their components. We propose a definition and classification scheme
for digital representations, including digital models, shadows, and twins. To provide digital repre-
sentations, we investigate data-driven grey-box models that balance known and unknown system
properties. In particular, we encode system characteristics into Gaussian processes, yielding hy-
brid models between equation-based and probabilistic machine learning models. We provide a
system-specific modeling scheme and an algorithmic solution that guarantees numerical stability.
We propose and analyze applications in three energy-related domains.

First, we propose a digital twin for power system data quality in large-scale monitoring
platforms to detect and treat erroneous data. We propose a signal recovery technique that
can recover large periods of missing data of power systems signals based on only local power
systems topology. We provide information and detailed insights about key characteristics of
the proposed digital twin that generate practical benefits for system operators. In particular, a
self-aware failing indication allows system operators to directly evaluate the recovered data.

Second, we propose and compare four different types of digital shadows for non-invasive
parameter estimation to characterize power electronics converters. We investigate and compare
a forward-solver-based approach, a physics-informed neural network, and two different classes
of physics-informed Gaussian processes. We discuss their differences as well as their advantages
and disadvantages regarding power electronics parameter estimation. In particular, we propose
a new class of physics-informed Gaussian processes and a dedicated model-building scheme that
allows the application to power electronics converters in the field. By defining affine operator
kernels, we show that the proposed digital shadow significantly outperforms previous alternatives
when applied to power converters in the field. Moreover, we show that converter parameters can
be estimated subject to the particular operational regime, yielding detailed operational insights.

Third, in the area of building operations, we propose a digital twin for the generation of
pseudo-measurements usable by advanced control systems. Continuously updated by reference
measurements conducted at convenient locations, the proposed digital twin provides pseudo-
measurements at user-relevant locations. We provide detailed information on different types
of realizations, such as model-building characteristics regarding the number of reference inputs
and long-term applicability. The given algorithms can be trained on a minimal data set, which
immediately enables practical applications. We show that the proposed digital twin trained on
a couple of days in summer can be operated in winter.

To this end, we define digital representations, realize them through hybrid grey-box modeling
using Gaussian processes, and provide explicit applications in three energy-related areas.
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Kurzfassung

Mit wachsender Komplexität durch die Integration neuer Technologien und insbesondere deren
Verknüpfungen, die eine gezielte Planung, Überwachung und Steuerung moderner Energiesys-
teme ermöglichen, erhöht sich der Bedarf an leistungsfähigen Konzepten, die detaillierte Einblicke
in Energiesysteme und deren Komponenten bieten. Während klassische Modelle eine verallge-
meinerte Beschreibung von Energiesystemen liefern, untersucht diese Arbeit die Verbindung
zwischen der physischen und der digitalen Welt. Hierzu wird ein Definitions- und Klassi-
fizierungsschema für digitale Darstellungen entwickelt, welches digitale Modelle, digitale Schat-
ten und digitale Zwillinge beinhaltet. Zur Realisierung werden datengetriebene Modelle un-
tersucht, die bekannte Systemeigenschaften beinhalten und unbekannte Systemeigenschaften
lernen. Energiesystemcharakteristiken werden hierzu in Gauß-Prozesse integriert, welche eine
Beschreibung zwischen gleichungsbasierten und Modellen des probabilistischen maschinellen Ler-
nens ermöglichen. Es wird ein systemspezifisches Schema zur Modellgenerierung und eine nu-
merisch stabile Lösung definiert. Explizite Anwendungen werden für drei energierelevante Bere-
iche vorgestellt und analysieren.

Zunächst wird ein digitaler Zwilling für die Datenqualität von Stromversorgungssystemen in
großskaligen IT-Plattformen konstruiert und ein skalierbares Konzept zur Erfassung und Bere-
inigung von fehlerhaften Daten erarbeitet. Für längere Zeiträume von fehlerhafter oder fehlender
Daten in Stromversorgungssystemen wird ein Signalwiederherstellungsverfahren auf der Grund-
lage der lokalen Netztopologie vorgestellt. Es werden detaillierte Informationen zu den algo-
rithmischen Charakteristiken gegeben, welche unter anderem eine selbstinduzierte Evaluation
beinhalten, die eine direkte Bewertung und Auswertung der wiederhergestellten Daten erlaubt.

Für die nicht-invasive Parameterbestimmung von Leistungselektronik werden vier verschiedene
Arten von digitalen Schatten konstruiert. Hierfür wird ein auf einer Vorwärtslösung basieren-
der Algorithmus, ein physikalisch-informiertes neuronales Netz, sowie zwei verschiedene Klassen
physikalisch-informierter Gauß-Prozesse konstruiert und verglichen. Eine neue Klasse physikalisch-
informierter Gauß-Prozesse wird mittels affiner Operatoren konstruiert und ein dediziertes Mod-
ellbildungsschema wird entwickelt, das eine Anwendung auf Leistungswandler ermöglicht, welche
in realen Energiesystemen operieren. Die gegebene Konstruktion ermöglicht die Bestimmung
von Leistungselektronikparametern bezüglich des jeweiligen Operationsbereiches.

Weiter wird eine Anwendung eines digitalen Zwillings im Bereich des Gebäudebetriebs für
die Generierung von Pseudo-Messungen entwickelt. Die Konstruktion wird durch Referenzmes-
sungen an herkömmlichen Orten kontinuierlich aktualisiert und liefert Pseudo-Messungen an be-
nutzerrelevanten Positionen. Die Anzahl von der Referenzsensoren und eine langfristige Anwend-
barkeit wird diskutiert. Der konstruierte digitale Zwilling kann anhand weniger Tage trainiert
werden und ganzjährig betrieben werden.

Zusammenfassend werden in dieser Arbeit digitale Darstellungen definiert, durch hybride
Grey-Box-Modellierung unter Verwendung von Gaußschen Prozessen realisiert und explizite An-
wendungen in drei energiebezogenen Bereichen präsentiert.
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Introduction

Since its first introduction in 2003, the concept of digital twins has attracted a lot of attention

in various fields of applications such as power systems and their corresponding components,

transportation, smart cities, manufacturing, industrial applications, life science, healthcare, and

medicine [15], [16], [17], [18]. Digital twins changed the paradigm of modeling in these fields

significantly. While the attempt to provide insights about a specific physical object is not new,

the systematic attempt originating in the concept of digital twins highlights the importance of

object-specific modeling. The key distinction between a classical model and a digital twin is the

tailoring to a particular physical object. A classical model describes a generic or typical version

of a physical object utilizing a system’s description in terms of equations [19]. Correspondingly,

generic or typical physical effects can be described. Contrarily, a digital twin provides a replica

of a particular physical object, characterized by its individual specifications. The key idea is

that a digital twin provides insights about a single, distinguishable object and not about any

other. As such, questions about the current or future status of a particular object or process

can be posed, possibly under changing internal or environmental conditions. This provides

new types of information to stakeholders, enabling enhanced decision-making. This might be,

for example, the decision on possible pathways in manufacturing processes, live monitoring of

systems for operational safety and maintenance, or dedicated control schemes capable of adapting

to changing operational conditions [20], [21], [22].

The development and potential of digital twins are mainly driven by technological develop-

ment, such as increasing computational resources and the growing influence of machine learning

and big data analysis [17]. While technological aspects of enabling technologies, such as the

Internet-of-Things (IoT), advanced IT infrastructures, cyber-security aspects, etc., are inten-

sively addressed in the literature [23], there is no clear, unique, well-defined, and commonly used

concept of a digital twin. In Ch. 2 we address this research gap explicitly and propose a definition

as well as a classification scheme. More specifically, we propose a more general class of models,

1
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called digital representations, which consists of digital models, digital shadows, and digital twins.

In the realization of digital representations, data-driven modeling plays a key role as it serves

the need to include information about a particular physical object. At the same time, it is also

evident that not every aspect of a physical object is known or accessible in practical applications.

Thus, grey-box modeling, i.e., cases where something is known about a physical object but not

necessarily everything, is of major interest. Particular models serving as digital representations

might range from highly aggregated to very detailed representations. While in some applications,

pure information by a binary classification algorithm on the status of the system might be

sufficient, in others, a detailed replica of the physical object might be needed. In the latter case,

regression models serve as suitable algorithms and are the main object of investigation in this

thesis.

As a compelling class of algorithms in this regard, in Ch. 3 we propose Gaussian processes

(GPs) for data-driven grey-box realizations of digital representations. A GP is a supervised

probabilistic machine learning regression algorithm [24]. GPs can be seen as a generalization

of Gaussian distributions, yielding an extension to function space [25]. Defined by a mean

function and a kernel function, a GP is a stochastic process based on conditional probability [26].

Conditioned on a training data set, a GP provides a posterior mean function and a posterior

covariance function. The choice of the priors, i.e., the selection of mean function and kernel

function, defines the type of function utilized by the GP.

Standard GPs yields representations of individual functions [26]. To realize digital representa-

tions of physical objects via a grey-box description, multiple functions and their relative behavior

must be considered. For the corresponding GPs this implies a multi-output structure. While

these types of GPs yield the desired models with valuable characteristics, the model-building

and the algorithmic realization are non-trivial. In Ch. 3, we develop a dedicated model-building

scheme and propose a dedicated algorithmic solution for numerically stable computations. While

some theoretical and practical effort is needed to construct the proposed models as given in Ch.

3, the underlying issue inherent to this type of GPs can be intuitively understood as follows. In

general, kernels defining GP are numerically not optimal. This is due to the simple fact that there

are infinitely many functions describing a specific data set. A related effect can be observed in the

solution of a set of underdetermined algebraic equations. In the absence of sufficient constraints

by the set of equations, infinitely many solutions exist, resulting in a singular, non-invertible

matrix. Similarly, when providing finitely many data points to a GP, finitely many constraints

are provided, which is not sufficient to fully determine a function consisting of infinitely many

data points. For kernel matrices defining the GP, this is established in terms of high values of

condition numbers. The condition number measures the kernel’s spectrum, i.e., the range of

the set of eigenvalues, and indicates the numerical stability of the corresponding algorithms [27].

Summarizing, kernels of GP tend to have a broad spectrum, i.e., high condition numbers, and

consequently tend to be non-trivial numerically. In this work, the proposed kernels leading to

models with multiple outputs are characterized by a matrix block structure, which is induced by

the underlying digital representation. Thus, the individual blocks are not independent of each

other but have a common origin linked by the physical system’s description. Consequently, the

sub-blocks of the kernel have a similar spectrum except for a shift by parameters describing the

system interactions. Thus, the multi-output spectrum is significantly broadened compared to

the single-output spectrum, leading to serious numerical issues. We propose a general solution
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to this issue in Ch. 3.

We propose, investigate, and discuss explicit realizations of digital representations based on

data collected in the field for three different domains in the energy sector, i.e., power systems,

power electronics, and building operations. With data obtained at the Living Lab Energy Cam-

pus (LLEC), a real-life laboratory located at the campus of Forschungszentrum Jülich (FZJ),

we address power system signals based on local grid topology and temperature as well as CO2

signals obtained in building operations. A full characterization of power electronics converters is

provided based on data collected at the Energy Routing Lab at the University of South Carolina.

The three applications of digital representations can be described as follows.

In modern large-scale power systems Information and Communication Technology (ICT) plat-

forms, data quality plays an important role in monitoring and operation [28], [29]. Especially

with the growing size of these systems and corresponding ICT structures, malfunctioning devices

and data storing issues might affect reliable systems’ operation [30], [31]. Addressing this issue in

Ch. 4, we provide a digital twin for data quality in power systems. First, we propose a bad data

detection and handling framework applicable in large-scale ICT platforms. The proposed tool

can be easily applied to platforms with different structures to perform online and offline analysis

aimed at monitoring the data quality, recovering bad data, and investigating the proper operation

of the platform’s components. Second, we propose a signal recovery algorithm capable of dealing

with large missing periods of power system signals. Based on only local power system topology,

the presented Correlated Gaussian Process (Corr-GP) algorithms combine cross-channel infor-

mation of the considered signals with a GP, leading to an algorithm for the recovery of missing

intervals in power system signals. We demonstrate the use of the proposed approach for recov-

ering distribution grid signals obtained within the LLEC. We evaluate the performance of the

Corr-GP compared to that of other state-of-the-art techniques. In addition to outperformance in

terms of recovery accuracy, it is explained when and how the accuracy of the reconstructed signal

is independent of the missing interval length. Finally, detailed insights about key characteristics

of the proposed approach that generate practical benefits for system operators are provided. A

self-aware failing indication allowing system operators a direct evaluation of the recovered data

and enabling further improvement of the proposed approach is presented, as well as the detailed

description of online operation in dedicated ICT platforms.

Detailed knowledge of converter parameters is crucial in modern power electronics appli-

cations, ranging from condition monitoring to control applications [32], [33], [34]. In short,

dedicated knowledge about device characteristics, possibly under changing operational condi-

tions, yields enhanced and reliable power electronics applications [35]. In Ch. 5, we propose and

investigate digital shadows for power electronics parameter estimation, allowing non-invasive

extraction of converter parameters. First, for three types of algorithms, we propose a model-

building and training procedure enabling an application in the field of power electronics. We pro-

pose a power electronics-specific model-building scheme for Physics-Informed Gaussian Processes

(PIGPs) based on linear operators, we provide lightweight Physics-Informed Neural Networks

(PINNs) with a dedicated training strategy, and we propose a forward solver-based algorithm,

called Automatic Differentiation Shooting (ADShooting), that can be applied to power electron-

ics converters. In particular, for all three types of digital shadows, we present dedicated training

and noise-handling strategies, both being major aspects of the given application. Exemplary, we

apply both approaches for power electronics parameter estimation of a buck converter in a sim-



4 Introduction

ulation environment. We investigate the dependence of sampling rates, as well as, the influence

of noise. Second, we propose a new class of kernels, namely, affine operator kernels applicable in

PIGP. This enables the application to power electronics in the field, allowing the identification

of any physical parameter of interest. We define a dedicated noise-handling scheme that allows

outperforming alternative algorithms when applied to hardware tests. We analyze the numerical

stability of the presented approach and define a self-consistent normalization scheme allowing a

reliable application. As a particular feature of the proposed affine operator kernels, we show that

the algorithm is capable of estimating converter parameters for specific operational conditions.

The proposed approach is theoretically discussed and experimentally verified with data obtained

from a half-bridge converter in the field.

Indoor air quality and thermal comfort are directly related to occupant well-being [36], [37].

However, building control architectures are strongly limited by the systematic lack of measure-

ments at user-relevant locations [38]. We address this issue in Ch. 6 by proposing a digital

twin for building pseudo-measurement generation. Tested with thermal and CO2 measurements

collected from the field, close-to-person pseudo-measurements are provided based on the con-

tinuous input of remotely located measurement signals. We show that the proposed Corr-GP

approach is trainable on only a few days of measurements. This property is especially useful in

field applications, where alternative algorithms, such as, for example, Artificial Neural Networks

(ANNs) architectures, are not capable of dealing with small amounts of data [39]. Within the

given framework, we show how to utilize the proposed digital twin to couple multiple reference

sensors to provide close-to-person pseudo-measurements. By extending the Corr-GP approach

to a non-zero prior mean formulation, we show how to reduce the included information by the

reference sensors. More precisely, the extended approach can be defined as a digital twin with

only a single reference sensor. This enables a reliable long-term application by avoiding the need

for retraining caused by changing seasonalities within the signal characteristics. That is, we show

that the digital twin trained in summer can be operated in winter.

Scientific Contribution The overall scientific contributions of this thesis can be summarised

as follows. In Ch. 2, we propose a definition and classification scheme for digital representa-

tion, including digital models, digital shadows, and digital twins. In Ch. 3 we summarize the

technical contributions to the algorithmic realization of digital representations provided in [1],

[2], [3], [5], [6], [7]. In particular, we propose a dedicated model-building scheme as well as a

numerically stable algorithm. Published in [3], [8], in Ch. 4, we propose a bad data detection

and handling framework for power system ICT platforms and propose a Corr-GP signal recovery

algorithm for the recovery of large missing periods of power system signals based on local grid

topology. Provided in [1], [5], [6], we propose and investigate digital shadows for power elec-

tronics parameter estimation in Ch. 5. Published in [2], [7], we propose a digital twin providing

pseudo-measurements at user-relevant positions for building operations in Ch. 6. The outcomes

of [4], [9], [10] are not explicitly addressed in this thesis, but are not independent either.
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Concepts of Digital Representations in Energy Systems

In this chapter, we discuss the concepts, definitions, and applications of digital representations

applied to energy systems. In Sec. 2.1, we provide an overview of existing applications in var-

ious fields related to the energy sector. We then analyze and show the limitations of existing

definitions. In Sec. 2.2, we propose an extended universal definition and a classification scheme

of digital representations relevant to this work. In particular, the concepts of digital shadows

and digital twins are discussed. This allows us to analyze and classify the developed models in

this work within a well-defined framework. In Sec. 2.3, we provide possible technical realizations

from a general perspective. We discuss the requirements of digital representations specified by

the given definition and provide a high-level discussion on possible algorithmic realizations. To

conclude this chapter, we motivate the usage of algorithms based on GPs for the realization of

digital representations.

5
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2.1 Digital Twins in the Energy Sector

The concept of digital twins spreads across different fields of application, such as, but not limited

to, power systems and their corresponding components, transportation, smart cities, manufac-

turing, industrial applications, life science, healthcare, and medicine. We focus on applications

related to energy systems and review part of the existing concepts and use cases. As will be

evident during this discussion, there is no clear, commonly agreed definition of digital twins in

the literature, which constitutes the major research gap within the theoretical foundations of

digital twins. Sometimes, concepts called digital companion, digital shadow, digital model, or

digital version are used synonymously. In this section, we refer to all of these models as digital

twins which is the leading term commonly used in literature. In the next section, we provide a

more nuanced exploration.

2.1.1 Fields of Applications

In 2003, the concept of digital twins was first proposed in [18] for product lifecycle management.

The key idea can be stated as follows:

“... PLM [product lifecycle management] is an attempt to de-silo information by

function and create autonomous information representations of all physical objects

that will be available to all functions. All changes to the object during its life will be

collected and associated with the object, and everyone who needs to work with the

object will have access to the information about it.” [18]

Nine years later, the first attempt to give a definition of digital twins for NASA and U.S. Air

Force vehicles was given by [40], where the authors define:

“A Digital twin is an integrated multiphysics, multiscale, probabilistic simulation of

an as-built vehicle or system that uses the best available physical models, sensor

updates, fleet history, etc., to mirror the life of its corresponding flying twin.” [40]

Since then, the notion of a digital twin has appeared in various fields. Within the electrical

domain, digital twin applications range from single components over local energy communities

to the system level such as transmission and distribution level.

Electrical Components

Digital twins of electrical components ranging from power electronics applications to modeling

of systems like wind turbines or photovoltaic (PV) systems. In [41], a survey on digital twins

for power electronics-based energy conversion systems is presented. Power converter parameters

are determined by digital twinning in [42]. More precisely, initially fixed parameter values of

the power converter turn into probabilistic functions via polynomial chaos expansion yielding a

real-time probabilistic digital twin with stochastic parameter characteristics. To address critical
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issues relevant to reliable applications of offshore wind farms, the remaining lifetime of power

converters is captured by a digital twin in [43]. In [44], a digital twin for the fault diagnosis of

PV energy conversion units is proposed. A residual error vector indicates a deviation between

the measured output and a model-based estimate. Utilized as health indicators, a particle swarm

algorithm is used to estimate the circuit parameters of DC-DC converters in [45]. With the same

purpose but based on PINN, in [46] parameters of a DC-DC converter are estimated. In [47],

a digital twin approach by a temporal convolution neural network combined with a k-nearest

neighbor algorithm for predictive modeling of wind turbines is proposed.

Microgrids

We summarize digital twins for medium-sized power grids. This includes connected and isolated

microgrids, local energy communities as well as wind farms and PV systems. Similar to [47]

but applied at the system level, in [48] a physics-informed deep learning algorithm is proposed

to model the wind farm flow system. The review [49] provides an overview of the operation

and maintenance of offshore wind farms using digital twins. In [50], low voltage networks are

enhanced by a neural network-based digital twin that provides voltage calculations from smart

meter data. In [51], a digital twin evaluation for non-interconnected island power systems as

present in Greece is presented. Due to a high penetration of renewable energy sources, these

isolated systems benefit from modern digital twin applications as reported in [51]. In [52],

challenges and solutions according to big data aspects regarding wind farms are discussed.

Distribution and Transmission Grids

A survey on digital twins in distribution grids with a focus on a real-time application can be found

in [53]. In [54], the potential of digital twins in integrated energy systems is discussed. The role of

open source for building digital twins for the European energy infrastructure is provided in [55].

In [56], loss measurements of ultra-high voltage direct current systems are addressed by digital

twins. A digital twin for the temperature distribution of a high voltage cable is constructed

in [57] using a conditional generative adversarial network. In [22], the adaptation of digital

twin technology for applications in power system control centers is discussed. Dynamic system

observation based on time-synchronized Phasor Measurement Units (PMUs) can be archived by

a so-called, dynamic digital mirror.

Transportation

In the field of transportation, digital twins are applied to the components of single vehicles and

large-scale traffic structures. A review on digital twins for traffic safety and mobility can be

found in [16]. In [58], digital twins of electric drive trains are considered to identify unbalanced

rotor system states and for the optimization of run-up routines. For motorways, a digital twin for

a continuously synchronized model is proposed with a focus on real-time data integration [59].

In [60], a data-driven model handling crowd-sourced traffic data imputation is given. Beyond

modeling of physical entities, the driver behavior is modeled by a digital twin in [61].
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Smart Cities

The concept of smart cities combines individual fields of city planning and management with a

focus on transportation systems, microgrids, and power grids. A review on digital twins of smart

cities can be found in [62]. In [63], the possible impact of digital twin applications within smart

cities is discussed. The concept of digital twin cities is proposed and discussed in [64]. In [65],

the concept of a city’s state by spatiotemporal fluctuations integrated into an analytics platform

is discussed to address the human-infrastructure-technology interactions. The management of a

decentralized integrated natural gas-electric system by digital twin application is given in [66].

Other fields of Applications

A comprehensive overview of digital twins applied in the energy sector can be found in [15]. In

[67], a survey of digital twins for networks can be found. In particular, [67] provides the notion of

digital twin networks, which will also be discussed below. A cross-domain review with a focus on

software engineering is provided in [68]. A discussion on big data aspects in manufacturing and

industry enabling digital twin technologies can be found in [21]. In [69], integrated and intelligent

manufacturing including its possible potential is presented. A so-called digital companion for

industry applications is discussed in [70]. For product lifecycle management an application

framework for digital twins is considered in [71]. In [20], fault diagnosis by deep transfer learning

is presented to address maintenance aspects of shop floors during operation. The potential of

distributed digital twins compared to a centric approach is discussed in [72]. In [73], a human-

robot collaborative assembly is discussed. The latter highlights the potential of digital twin

technologies to merge two or more seemingly distinct types of physical systems.

2.1.2 Overview of Definitions of Digital Twins

There are widespread applications of digital twins in different fields of application, across different

scales, capturing different levels of detail. One challenge within the field of digital twins is the

lack of a proper, universal definition [62], [74]. In this section, we review some common definitions

provided in the literature and discuss their potential regarding a universal understanding of the,

up to now, vague concept of a digital twin.

The initial definition provided by NASA focuses on as-build vehicles or systems [40]. Demand-

ing in the definition of a digital twin a multiphysics, multiscale, and probabilistic component

limits the possible technical realizations significantly, while not being precise at the same time.

For example, multiphysics or multiscaling do not restrict the particular model in any practical

way as these terms can be interpreted very differently depending on the particular context. At

the same time, a lot of possible models are ruled out if they do not include multiple physical

effects or multiple scales. To this end, according to the definition of [40] it is easy to exclude

models from being a digital twin while not providing a practical definition of digital twins in a

useful way.

In [75], within the context of electric power systems, a digital twin is defined as
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“A digital twin virtually and dynamically represents a physical asset, system, or pro-

cess in the digital world. This digital counterpart mirrors the real-world entity in its

behavior, characteristics, and interactions by utilizing real-time data and simulations.

Essentially, it serves as a bridge between the physical and digital worlds, offering a

comprehensive view of the asset’s performance and functionality.” [75]

This definition captures the key ideas behind the concept of digital twins. However, there are the

following drawbacks to the explicit statement. The requirement of mutually capturing behavior,

characteristics, and interactions is challenging to achieve in general applications. Moreover, each

requirement depends on the system under consideration and is thus not suitable for a universal

characterization. Depending on the interpretation of the term “simulation”, cf. [19], the given

definition excludes pure data-driven models.

Digital twins in though-life engineering services are defined by

“A digital twin is a digital representation of a physical item or assembly using in-

tegrated simulations and service data. The digital representation holds information

from multiple sources across the product life cycle. This information is continuously

updated and is visualised in a variety of ways to predict current and future conditions,

in both design and operational environments, to enhance decision making.” [76]

In connection with the definitions presented in [40], [75], demanding simulations, information

from multiple sources which are continuously updated and visualized in a variety of ways to

predict current and future conditions is barely met by practical models in general.

On the other side of the spectrum, also purified definitions exist. In the manufacturing

context, a digital twin is described as

“A digital twin is a computerized model of a physical device or system that represents

all functional features and links with the working elements.” [69]

as well as

“A Digital twin is a set of virtual information that fully describes a potential or actual

physical production from the micro atomic level to the macro geometrical level.” [71]

For health indication of power converters, one might define

“A Digital Twin is a virtual representation of a physical object that shares the same

characteristics as its physical counterpart.” [45]

Within these definitions, the communication between the physical and the digital part does not

play a major role. Moreover, the demand to represent all functional features can be barely met

from a theoretical as well as practical perspective.

On top of the definition of a pure digital twin, new concepts emerging from that like, for

example, digital twin networks [67] and distributed digital twins [72]. These concepts should not
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exist as stand-alone entities but rather be a certain characteristic within the universally defined

digital twin.

To this end, no universally applicable definition of the concept of digital twins exists. Previous

definitions are too narrow, thus excluding many possible digital twin realizations, or too vague

to provide a careful distinction of other types of models. Moreover, related concepts are treated

separately instead of being considered inside a universal, conceptual paradigm.

2.2 Definition and Classification of Digital Representations

There is a need for a proper and universally applicable definition of the concept of digital twins.

Due to the vast amount of applications within distinct fields and the diverse individual character-

istics of each model, referred to as a “digital twin”, providing a universal definition is challenging.

For proper analysis and discussion in the discourse of this work, we propose a concept of

digital representations, which constitutes digital models, digital shadows, and digital twins. At

this point, it should be noted that we semantically switch from “digital twin” to “digital repre-

sentation” to summarize the concepts presented in Sec. 2.1. For now, “digital representation”

should be taken as a working terminology, containing everything that is representing something

digitally. A precise meaning of digital representations will be evident after the concepts of digital

models, digital shadows, and digital twins have been developed.

The proposed concept should be regarded within the material presented in this work. We do

not attempt to provide a final and universal definition valid in all fields of application. However,

as we provide a systematic approach, the proposed concept might yield a starting point for an

attempt to provide more universal considerations.

Current definitions provide very narrow or too broad notions of the concept of “digital twins”

as evident from the review provided in Sec. 2.1.2. The former case provides concepts only valid

in a specific domain, limiting comparability, analysis, and discussion of distinct manifestations

of digital representations. In the latter case, anything could be called a “digital twin”, thus,

limiting the explanatory power. In both cases, a precise understanding is prevented. To address

the widespread and diverse usage of the term “digital twin”, we propose a change of paradigm.

We propose a streamlined definition combined with a classification scheme. As such, we can

allocate specific realizations within the class of digital representations and provide attributes for

a better understanding of each individual model.

2.2.1 Concepts of Modeling

To introduce and clarify the terminology used in modeling and simulation science, we give a

short review of the concept of modeling.

System In this work, we follow the definition provided by [77] of a system, which states



2.2 Definition and Classification of Digital Representations 11

“A system is what is distinguished as a system.” [77]

Although this appears redundant at first sight, it captures the key insights. A system is a matter

of definition as reality is too complex to be addressed in all of its facets simultaneously. Thus,

we distinguish between physical reality and the abstract notion of a system, capturing aspects of

interest in physical reality. For a detailed discussion on this and a survey of possible alternative

definitions of systems, we refer to [19]. Not explicitly stressed in the definition above but the

key aspect implicitly present is the ability to distinguish between a system and, loosely speaking,

the rest. In other words, a border can be drawn between what belongs to a system and what

does not. Note that this does not exclude systems connected to other systems. Accordingly, the

definition is not as broad as it might seem at first sight. On one hand, this implies a relative

structure of systems. On the other hand, it provides flexibility on the level of detail captured by

the system of choice. This is in line with the discussion in [78] on a system as a choice of a list

of variables describing an object. We summarize these important aspects:

i) A system is a relative entity that can be distinguished from its environment.

ii) A system has an inherent notion of the level of detail.

For pure convenience, we might specify the relative notion of a system. We call a system a

subsystem if it is a subset of another system. We call a system connected if it shares parts with

another system, and isolated otherwise.

Experiments According to [19], an experiment is defined as

“An experiment is the process of extracting data from a system by exerting it through

its inputs.”[19]

Model To define a model, we follow the lines of [79].

“To an observer B, an object A* is a model of an object A to the extent that B can

use A* to answer questions that interest him about A.” [79]

Within simulation science, one can distinguish between qualitative and quantitative models [19],

[80]. A survey on qualitative models can be found in [80]. In [19], the main focus is on quantitative

models that can be further distinguished into time-continuous and time-discrete modeling. We

want to emphasize that the latter distinction significantly influences the model building provided

in this work and is further discussed in Sec. 2.3.3.1.

Types of Data In the course of this work, it is important to distinguish between different

types of data. Unfortunately, to our knowledge, there is no satisfying, universal, and precise

definition in the literature. Although distinguishing specific types of data is important for the

definition of digital representations, a contribution to providing a precise notion in this regard is

beyond the scope of this work.
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In [19], the author distinguishes between quantitative and qualitative models. Contrarily to

[19], we assign the attributes qualitative and quantitative to the data instead of the model. This

equivalent point of view fits better within the realm of data-driven modeling. We call data quan-

titative if it is obtained by an experiment in the sense of the given definition. This might be in the

form of time-series data such as, for example, voltage, current, and temperature measurements.

Data about the system itself is called qualitative. This might be in terms of, for example, math-

ematical equations describing the system or other system’s attributes. This includes meta-data

associated with qualitative data obtained by an experiment. It should be noted that it is possible

to provide certain system attributes without associating them with measured quantities. Thus,

using meta-data synonymously with qualitative data is not appropriate. This kind of distinction

between qualitative and quantitative data is shared in the field of data analytics [81]. We want

to emphasize that the term quantitative data does not induce a rating about the quality of the

data. We call a model a data-driven model if there exists a quantitative data transfer.

2.2.2 Towards a Definition of Digital Representations

The concept of digital representations can be seen as a subclass of general modeling discussed in

Sec. 2.2.1. We start with specifying the previously defined quantities in the given context.

In this work, the systems of interest are based on physical items. More precisely, we refer to

real-world objects as physical items, i.e., things that exist in reality. We call the system defined

for a physical item the physical object, denoted by Physical object (P). As pointed out in the

discussion of the concept of a system above, we have to distinguish between a physical item and

what we define as the system representing this physical item. According to the given definition,

we refer to a system as an abstract object representing parts of physical reality. To be precise,

we use the term physical object to refer to the system of the physical item, not the physical

item itself. Within digital twin literature, what we define as the physical object P is commonly

referred to as the “physical twin” [17]. Thus, referring to P as the “physical representation”

immediately suggests itself. However, this might lead to a misleading conceptualization of digital

representations as discussed below. To circumvent this, we go with a slight abuse of notation at

this point and use the term “physical object”. To improve readability in the following we refrain

from being too precise and use “physical object” for P as well as for the physical item. The

individual context implies the meaning. Contrarily, P is exclusively used as defined above. We

give the definition of a digital model in (2.I).

2.I. Definition of a Digital Model

We call the subclass D of all models for a given system P that is provided by a computer
program a digital model.

It should be noted that (2.I) holds for general systems, not only for those representing physical

items P. In this work, only the subclass P is of relevance. We want to emphasize, that by

definition (2.I) a digital model consists of the tuple

(P,D) (2.1)
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As a matter of fact, this is true for all models as there is no relevance of a model without a

corresponding system. This aspect is also reflected in the definition of a digital twin provided

by [51].

“A DT [Digital Twin] consists of three essential elements: a tangible object, its

corresponding virtual representation, and the vital data link that enables seamless

communication between these two.” [51]

In this definition, the data linking the physical and the digital object is put into the center.

The data exchange between P and D is a key aspect when it comes to the concept of digital

representations. Thus, the tuple (2.1) extends to(
P,D,P information←−−−−−−→

transfer
D
)

(2.2)

At this point, we used the loose term “information transfer” to indicate the need for clarification.

Although [51] put the data link into the center of the definition, no details or specifications are

provided. In [17], it is stated that

“A digital model is described as a digital version of a preexisting or planned physical

object, to correctly define a digital model there is to be no automatic data exchange

between the physical model and digital model. [...]

A digital shadow is a digital representation of an object that has a one-way flow

between the physical and digital object. A change in the state of the physical object

leads to a change in the digital object and not vice versus. [...]

If the data flows between an existing physical object and a digital object, and they

are fully integrated in both directions, this constituted the reference “Digital Twin”.

A change made to the physical object automatically leads to a change in the digital

object and vice versa. [...]” [17]

This definition puts the data exchange into the center to provide a distinction between a dig-

ital shadow and a digital twin. The focus on a directed data exchange is the crucial aspect

distinguishing a generic model from what should be called a digital shadow or digital twin. A

distinct terminology regarding the data flow direction provides not only a very useful and easily

accessible insight into the type of model but is also obvious to determine in practice.

Regarding digital representations, a distinction of the type of data is important. One key

intuition behind a digital representation is the reflection of a physical object during operation.

If the physical object changes, the digital representation should act accordingly. This can only

be archived by an exchange of quantitative data. Note that this does not exclude any qualitative

data transfer but puts the quantitative data exchange as a minimal requirement.

An additional point to stress is the modeling at the level of interest. Any system and thus,

any model has an inherent notion of the level of detail. This should be stressed, especially for

models operating in different regimes, combining different domains, and effects. Thus, the level

of detail is explicitly included in the definition of digital shadows and digital twins, which is

stated in (2.II).
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2.II. Definition of Digital Shadows and Digital Twins

We call a digital model D of a physical object P that shares the same characteristics at the
level of interest as its physical counterpart a

i) Digital Shadow (DS), if there exists a directed quantitative data flow from P to D.

ii) Digital Twin (DT), if there exists a bi-directional quantitative data flow between P
and D.

Equally true for digital representations as a subset of general models, the digital counterpart

is not a stand-alone quantity as there is no relevance to D without P. Additionally relevant to

DSs and DTs is the presence of a quantitative data transfer by definition (2.II). Thus, we can

equivalently state a DS by

(D,P,D ⇀ P) (2.3)

and a DT by

(D,P,D ⇌ P) (2.4)

where ⇀,⇌ denotes directed quantitative data flow.

2.III. Definition of Digital Representations

We mutually refer to digital models, digital shadows, and digital twins as digital represen-
tation.

Definitions (2.I), (2.II) and (2.III) are visualized in Fig. 2.1 with a focus on their relative

notion. We give a discussion of the presented definitions, starting with a comment on the termi-

nology “physical object” compared to “physical representation”. Using physical representation

for P easily suggests using digital representation for D. This is the case for the presentation

in [17], where only the quantity D is referred to as the DT. As argued above, this leads to

inconsistency as only the triple of P, D, and the quantitative data flow in between leads to a

well-defined concept. Despite being inconsistent, phrased like this a misconception is provided.

The data exchange is an integral part of the provided concept distinguishing it from other types

of models. Thus, it should be presented on equal footing. This is in line with [51].

The proposed definition differs with respect to the following aspects from [17]. In [17], only

online applications are allowed. Note that [17] requires this only for DTs in the definition. The

demand for online applications of DSs is given in the subsequent explanation, cf. [17, Fig. 1 ].

This is a very limiting requirement in practical applications. There is no reason to exclude

offline-operated models from the definition. Being online or offline is a classifying attribute,

which can be associated with individual realization. A further distinction is the requirement of

a quantitative data exchange. Stated as in [17] without this distinction, also a model given by

an analytic expression without any quantitative data exchange would qualify as a DT.

There are limiting aspects of the given definitions (2.I), (2.II) and (2.III). As a base quantity,

sufficient for this work we consider only physical objects P. In general, also digital represen-

tations of virtual objects could be possible. Examples of such virtual objects could be energy

market designs, surrogate models of computationally intense algorithms or decision-making pro-
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Figure 2.1: Illustration of the concept of digital representations including digital models, DS
(directed quantitative data transfer ⇀) and DT (bi-directional quantitative data transfer ⇌).

cesses by individual car drivers. However, from a conceptual point of view, this immediately

implies additional difficulties in proposing a precise definition. For example, a simple copy of

some computer script with a comparison of the individual copies’ outputs would yield a perfect

DT when naively extending the definition to virtual objects. Although nothing fundamentally

prevents this particular example from being included, we rather want to emphasize the need for

careful consideration of extending the given definitions as explanatory power might be reduced.

Although we define digital representation only for physical objects, a digital middle layer might

be present. For example, data collected from a power system might be collected and stored in a

database. That is, the database yields a digital version of the physical power system, as storing

data is required. From a conceptual point of view, this is a consequence of allowing digital rep-

resentations to be operated offline. In this case, we identify the digital intermediate layer with

the physical object. As such, the definitions given apply also to systems digitally mapped to

databases.

Another critical aspect already mentioned is the lack of a proper definition of data types.

Although intuitively clear which type of data exchange is relevant in the given context, a precise

definition is hard to specify.

As a last comment, we want to note that the distinction between models, shadows, and twins

is by no means at an evaluation level but rather a pure conceptual separation. All of these

concepts might lead to valuable and insightful models.

2.2.3 Classification Scheme of Digital Representations

The previous section conceptualizes the notions of digital models, DSs and DTs. Actual real-

izations of these concepts have more features worth addressing explicitly. We focus on those

characteristics relevant to this work, which are summarized in Fig. 2.2 at the end of this section.

To simplify the discussion, we separate it into three branches, i.e., the system of interest,

architectural, and executable aspects. The system of interest refers to the choice of the system

under consideration, i.e., the specification of P. With architectural features, we mainly refer to

the model chosen for D. The executable class describes the information flow ⇀,⇌ between both

constituents.
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Classifying the System of Interest P

Level of Detail Although in any application the system under consideration has to be speci-

fied, additional aspects have to be considered when dealing with digital representation. First, the

choice of the system implies which type of data could be collected and thus, the type of digital

representation. In other words, the system’s boundary of P, and thus, also the boundary of D
is set. Second, isolated systems, subsystems, and coupled systems demand careful consideration

of data collection. For example, it has to be determined if it is possible to define a digital repre-

sentation of a subsystem on its own and if not, which data from the ambient system should be

collected. Note that the level of detail describes a choice for P, but has direct implications for

D. More precisely, it sets the level of information within D that could be maximally expected.

Architectural Classification Scheme for D

Level of Aggregation While the level of detail captures the amount of information captured

for P, the level of aggregation describes the subset of this information, that is entered in, pro-

cessed by, and provided by D. This aspect is simply a restatement of “at the level of interest”

from (2.II). The level of aggregation has to be seen relative to the level of detail defined for P.

Static, Dynamic and Updatable Digital Representations The classification attributes

of static, dynamic and updatable refers to the flexibility of the digital representation. A static

representation captures a single effect under unchanged conditions. Contrarily, a dynamic digital

representation can adjust to certain input changes during runtime. Lying between both extremes,

the feature of being updatable to new conditions is the third option. The update is meant as an

active external action by an operator, adjusting the digital representation to new conditions.

Self-Validation This feature indicates whether the digital representation can indicate its ca-

pability of representing the physical counterpart. As P might change during operation, a self-

validation or self-failing indication possibly allows the adjustment of the digital representation

to the new conditions or indicates a failing.

Probabilistic and Deterministic These classes refer to which type of model is chosen for D,

i.e., a probabilistic or deterministic model. It should be noted that in order to be a useful attribute

for digital representations, the specification of which aspect of P is modeled probabilistically or

deterministically by D is needed. This becomes relevant in hybrid models that are partly driven

by data. For example, a variable of a classical probabilistic algorithm can turn deterministic if

the particular variable is given by measurements instead of being treated like a random variable.

Executable Classification Classes

Online and Offline Application The terminology online and offline application refers to the

degree of automation. We call the information transfer online if an automated data transfer

exists and offline otherwise.
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Real-Time Application We call a model operated in real-time, if the information provided

and transferred between P and D needs equally or less time to be provided and transferred

compared to the system dynamics to be represented. Both directions of data flow have to be

considered separately.

Explicit and Implicit Data Transfer We refer to the standard data transfer between P
and D in terms of physical bits as explicit. If some data or information flow is provided by

the ambient system, i.e., by a physical process not provided by collected data, we call the data

transfer implicit. The idea of implicit data transfer might seem counter-intuitive regarding the

demand for a quantitative data flow in definition 2.II. However, it is not stated that the data is

collected by a measurement device. Although this is not the usual case in common applications,

an example is provided in Ch. 6.

Summarizing, the classification classes relevant to this work can be depicted in Fig. 2.2.

2.3 Realizations of Digital Representations

We propose and discuss possible classes of models and how they meet the requirements of being

utilized as a digital representation. In Sec. 2.3.1 we discuss grey-box modeling and technical

aspects thereof with respect to data-driven modeling in digital representations. In Sec. 2.3.2, we

propose realizations by GPs and how they fit into the paradigm of digital representations. We

motivate and discuss the specific GP models developed and used in this work in Sec. 2.3.3.

2.3.1 White-, Grey- and Black-Box Modeling

2.3.1.1 Shades of Grey

We discuss the notion of white-, grey-, and black-box modeling with respect to the scope of

this work. We focus on hybrid models based on sets of equations. Suppose we have a set of

equations E , its solutions SE , inputs I and parameters ϕ. We refer to parameters ϕ that describe

the system’s characteristic via E as system parameters. An equivalent formulation of the set of

equations can be given by an operator FE . Then, (E ,SE , I, ϕ) can be written as

I1 = Fϕ1

E1
[(S1, . . .Sn), (I1, . . . Im)]

... ⇔ I = Fϕ
E [(SE , I)] (2.5)

Im = Fϕm

Em
[(S1, . . .Sn), (I1, . . . Im)]

with m equations given by m operators Fϕ
E = (Fϕ

E1
, . . . ,Fϕ

Em
) which depend on system parameters

ϕ, n solutions SE = (S1, . . .Sn) and m inputs I = (I1, . . . , Im).

The set of equations could be of algebraic, differential, integral, or mixed nature. Most

relevant to this work are linear differential equations dependent on a time variable t and algebraic
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Figure 2.2: Classification scheme of digital representations.

sets of equations. In this case, the operator Fϕi

i reads

Fϕi

Ei
= ϕi0 + ϕi1

d

dt
+ · · ·+ ϕik

dk

dtk
, t ∈ R (2.6)

for differential equations. In the algebraic case, we have

Fϕi

Ei
= ϕi0 + ϕi1 + · · ·+ ϕik (2.7)

In general, the solution SE might be given by analytic expressions or numerical solvers. Initial

conditions specify the particular solution SE among infinitely many possible solutions. In this

work, we omit to state the initial conditions explicitly. This is because the digital representations

presented in this work are based on measurements of SE . Thus, the information on the initial

condition is implicitly contained in the measured signal represented by SE . Note that this also

means that the equations do not have to be solved explicitly.

A set of equations is called forward solved if the solutions SE are computed according to I, ϕ.

A set of equations is called backward solved if the system parameter ϕ are computed according

to I,S.

White-box models are given by analytic solutions or provided by numerical solvers. A techni-

cal distinction between both solutions might be a time-continuous or a time-discrete description

[19]. We call a model white-box if (E , I, ϕ) is sufficiently known such that the computed solution

SE matches the corresponding physically observed quantities.

We call a model black-box if SE is given without any knowledge of (E , I, ϕ). An obvious

realization of pure black-box modeling is the usage of ANN in their basic formulation.

The full spectrum between white- and black boxes might yield useful digital representations.

As the focus of this work is the exploration between both extremes, we focus on grey-box aspects.

We call a model a grey box, if (Ẽ , S̃E , Ĩ, ϕ̃) are partly known where we use ·̃ to express that some

but not necessarily complete knowledge exist. A visualization of the spectrum between white-

and grey-box modeling is given in Fig. 2.3. The particular stages of included systems’ knowledge

are given by the color-coded boxes. The spectrum ranges from full system knowledge such as

particular system solutions and system parameters to qualitative notions such as the relative

signal behavior.
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Figure 2.3: Visualization of white-, grey- and black-box modeling with relation to system’s
description.

2.3.1.2 Operator Classification in Grey-Box Modeling

In the last section, we denoted a grey-box model by (Ẽ , S̃E , Ĩ, ϕ̃). This should express that some

knowledge about each individual constituent is available, but not necessarily all. Classically, a

set of equations is solved forward or backward. Within grey-box modeling, more possibilities

exist, depending on the prior knowledge about (Ẽ , S̃E , Ĩ, ϕ̃). This implies the need for careful

consideration when it comes to model description. A particular example is the notion of linear

operators. We illustrate this with a simple artificial example.

Consider a differential operator decorated with parameter a as a minimal example of (2.6)

acting on a term f(t)g(t) as a part of a differential equation, that is

· · · = a
d

dt
[f(t)g(t)] + . . . (2.8)

A forward solution is the specification of f(t) and g(t) subjected to the known parameter a. Note

that the operator a d
dt does not act linearly on the product f(t)g(t) due to the product rule. A

backward solution provides the parameter a subjected to the known product f(t)g(t), e.g., by a

dedicated measurement. In this case, the product f(t)g(t) or its derivative turns into a discrete

list of measurements, i.e., {f(ti)g(ti)|i = 1, . . . } or { d
dti

f(ti)g(ti)|i = 1, . . . }. Note that in this

case, it does not make any sense to talk about the linearity of the operator as it is simply given

by a list of measurements. Beyond forward and backward solutions, more possibilities exist. For

example, suppose that g(t) is given by measurements. Then, as evident from

a
d

dt
[f(t){g(ti)|i = 1, . . . }] = a

d

dt
[f(t)g(ti)], i = 1, . . . , ∀t = ti (2.9)

the operator acts linearly on f(t) as there is no product of analytical functions present. This is

because the product of functions reduces to the product of a function with a scalar given by the

measurements. Therefore, depending on the particular setup of (Ẽ , S̃E , Ĩ, ϕ̃), classically known

restrictions might not straightforwardly apply, which can be a particular advantage of grey-box

modeling by data-driven algorithms.

2.3.1.3 Machine Learning for Grey-Box Modeling in Digital Representations

Good candidates to be applied for grey-box modeling can be found in the field of machine

learning. One can roughly distinguish between supervised, unsupervised, and reinforcement

learning [24], [39], [82]. For the application of digital representations, supervised methods are

an obvious choice as the inclusion of quantitative data is a key ingredient. This data is usually
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obtained by conducting measurements of physical objects under normal conditions. Although

unsupervised and reinforcement methods are not excluded in general, additional justification is

needed if known system knowledge is not included in the particular realization. To contextualize

the chosen class of algorithms, we briefly discuss unsupervised and reinforcement methods in

the context of digital representations before elaborating on supervised machine learning in more

detail.

Reinforcement Learning Reinforcement learning can be described as a framework that learns

a certain output by reward and punishment signals according to some predefined goal [82]. As

such, the application of reinforcement learning is made for systems where the desired output is

unknown or can not be pre-determined. This is not the case for digital representations as the

measurement of the physical object is a key ingredient.

Unsupervised Learning Unsupervised machine learning does not require labeled data [39].

In line with the previous argument, this is rarely the case for digital representations as the signals

of interest are explicitly measured, commonly under normal operational conditions. Thus, a

natural label can be assigned.

Supervised Learning Within supervised machine learning, classification, and regression mod-

els can be considered [24]. The choice depends on the level of aggregation desired for the specific

application. In general, both types of algorithms might yield insightful digital representations.

For example, for a power system operator, it might be crucial to have a detailed representation

of each node and line within the system for a detailed understanding of the system dynamics.

In this case, a regression-based machine learning tool is in favor of this particular application.

However, it might be also sufficient to provide a binary classification of the system which simply

states if the system is working as desired are not.

2.3.1.4 Algorithmic Realizations

In this work, we focus on models yielding a full, non-aggregated representation of the physical

object. This is given by regression types of algorithms, which are summarized visually in Fig.

2.4. Independent of the particular application, any new algorithm should be able to outperform

a trivial solution. The Trivial Approach (TRIV) might take another related data point for the

regression of the one that should be provided. A simple classical algorithm dependent on a

single signal is Linear Interpolation (Lin-Int) [83]. A more evolved technique based on matrix

completion might be given by Compressive Sensing (CS) [84]. All three types of algorithms are

based on a single channel’s information, without any reference to a systematic relationship. Thus,

they can be rooted on the darker side of the spectrum. On a multi-signal level including relative

signals behavior, Vector-valued Auto-Regressive Moving Average (VARMA) models might be

considered [85]. Most prominent within the field of machine learning is the usage of neural

networks [39]. While ANN are pure black-box models, certain neural network architectures exist

that include more information about the system. For example, a temporal structure might be

implemented by a Long Short-Term Memory (LSTM) neural network [39]. Beyond that, PINNs
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Figure 2.4: Embedding of possible digital representation realizations in the realm of grey-box
modeling.

include information on the set of equations describing the physical object [86]. Thus, PINNs

can be placed halfway as the set of equations, but not their solutions are known. Based on a

classical solver but combined with automatic differentiation, an algorithm called ADShooting can

be considered. Although not the focus of this work, we propose technical contributions to PINNs

and ADShooting as indicated with the red color in Fig. 2.4. We provide a detailed exploration

of these algorithms in Sec. 5.2.

2.3.2 Gaussian Process Characteristics for Digital Representations

As described above, many possible algorithms might yield useful realizations of digital represen-

tations. In this work, we focus on GPs, a supervised probabilistic machine learning regression

algorithm [24], [26]. In particular, we consider a multi-output version thereof. Standard GPs,

which we refer to as Single-output Gaussian Process (S-GP) if clarification is needed, can repre-

sent functions

f : D ⊂ Rn → R (2.10)

for a compact set D. When modeling systems, usually more than one signal is of relevance.

Thus, there is a need to model different types of signals in a systematic way. In other words,

maps

f : D ⊂ Rn → Rm,m > 1 (2.11)

have to be considered. We provide a high-level discussion of the individual benefits of GPs

regarding their application in digital representations in this section. This should give an overview

of the framework of choice without any attempt to provide a mathematically deep and rigorous

discussion. A detailed and precise discussion is provided in the remaining part of this work.

2.3.2.1 Conceptual Benefits of Gaussian Processes

Probabilistic Mathematical Structures GPs can be routed in the field of probabilistic

machine learning. This includes mathematically well-defined probability spaces with an inter-

pretation of their constituents and the notion of a, so-called, Reproducing Kernel Hilbert Space

(RKHS). The latter is uniquely given by the GP’s kernel and defines the space of functions uti-

lized by the GP [25]. Contrarily, the function space provided by neural networks lacks this level
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of underlying structure. This is because the space of functions is generated by arbitrary com-

binations of activation functions, called artificial neurons. In particular, there is no well-defined

notion of accuracy and precision beyond point estimates.

In principle, a mathematically rich structure does not qualify any technique to be preferable.

However, with respect to digital representations, there are the following advantages. From a

technical perspective, the approach followed in this work is the inclusion of domain knowledge

given by a set of equations into the machine learning algorithm yielding a hybrid model. In other

words, the data-driven machine learning algorithm is tailored to the specific physical object P
which is described by a set of equations. Loosely speaking, including mathematical equations

into a framework consisting of a rich underlying mathematical structure is technical beneficial.

It should be noted that the system’s description in terms of equations does not have to fit the

observed physical object perfectly. Due to the additional presence of a trainable machine learning

algorithm, a set of equations at the level of interest is sufficient. In mathematical terms, this

refers to reduced or effective modeling. In the engineering community, the notion of equivalent

models is used.

Gaussians in Gaussian Processes By definition of GPs, the underlying assumption of being

Gaussian distributed holds at a function space level. A precise mathematical description is

beyond the scope of this work and we refer to [87] for a detailed description. Schematically,

we illustrate the Gaussian distribution present in GPs in Fig. 2.5. For a given data set, there

are infinitely many functions fitting this data set. As illustrated in Fig. 2.5-a, three possible

functions (colored lines) fitting the data (black crosses) are displayed. To each function, a

probability (colored dots) can be associated which is displayed in Fig. 2.5-b. This probability

assigns how likely the given function is the best possible choice. The main assumption of GPs is,

that the associated probability distribution follows a Gaussian distribution. Thus, demanding

the Gaussian distribution is assigned to the functions, which fit the data and not to the data set

itself.

Posterior Covariance Directly related to the previous paragraph is the notion of posterior

covariances. Similar to Gaussian distributions, a GP is specified by a mean (function) and

a covariance (function). The covariance of the trained GP is called the posterior covariance.

As the probability distribution is on a function space level, the posterior covariance can be

interpreted as a measure of how well the GP suits the data. Note that this depends on the prior

assumptions made for the GP. It should be noted that this is not the same as the accuracy of

the provided regression results. In other words, the posterior covariance indicates if subjected

to selected priors, the GP model fits the data and not the accuracy of the fit. The choices

made for the prior assumptions imply the posterior behavior. Thus, if the prior does not fit the

data, the quantities computed for the posterior do not provide a meaningful insight. Strictly

speaking, the only scenario where the posterior covariance can be interpreted as an error measure

of the predicted data can be described as follows. Suppose we fix the prior mean, covariance,

and hyper-parameter of a GP and sample from this to generate some data. The accuracy of an

additional GP with the same mean and covariance trained on this data set can be measured by

its posterior covariance.
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(a) (b)

Figure 2.5: Gaussians in Gaussian Processes: (a) Data (black crosses) and possible functions
explaining the data (colored lines), (b) Corresponding probabilities (colored dots) of the functions
provided in (a).

While this might seem to be a limiting aspect at first sight, it turns out that the proper

interpretation of posterior covariances yields a useful property for the application of digital

representations. While the absolute value of the posterior covariance has no direct meaning, this

is fundamentally different from a relative point of view. A key aspect of digital representation is

the adaption of the current state of a physical object by incoming data. If the object is changing

during operation this is reflected in the data entering the digital representation. In this case, the

GP’s posterior variance significantly increases. A practical use case is discussed in Ch. 4. Thus,

the posterior covariance yields a self-validation characteristic of digital representation. This is

very useful as the validity of the provided digital representation model is a major concern in

data-driven modeling.

Universal Approximator Certain GPs have the universal property, that is, they can fit any

continuous function up to arbitrary precision [88]. More precisely, those GPs yield a function

representation that is dense in the space of continuous functions. All GPs provided in this work

have this property. Stated differently, there are no practical limitations regarding the types of

signals that can be addressed.

2.3.2.2 Technical Benefits of Gaussian Processes

Noise Hyper-Parameter In the formulation of GPs, noise is added explicitly to the model

by an accessible hyper-parameter [26]. This hyper-parameter can be a trainable quantity or

pre-determined. Contrarily in ANNs, noise is treated implicitly via regularization [39]. Explicit

access to the noise level is especially useful in digital representations as noise is a key ingredient of

any data collected from physical objects. Moreover, this benefits the GP models to be restricted

to the level of interest.

Non-Equidistant Data Sets In its basic formulation, GPs model functions f : D ⊂ Rn → R
with a training data set (D, f(D)) [26]. That means a data point in the domain D is associated

with the function’s value. Consequently, GPs can be trained on arbitrarily distributed sets D,

not necessarily on uniform, i.e., equally spaced data. While this is a convenient property in

general, its true benefits will be evident in multi-output modeling for digital representations as

discussed below.
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Numerically Tractable In general, probabilistic modeling requires significant computational

resources [89]. This is because spaces defined by probabilistic models are much larger compared

to logical models as they contain all possibilities. Consequently, when dealing with these types

of models, dedicated approximation schemes such as Monte Carlo integration or Markov Chain

Monte Carlo simulations have to be considered. Compared to general probabilistic modeling,

GPs are computationally relatively cheap. Technically, this is because of the handy properties

of Gaussian distributions, implying computations at a linear algebra level. Moreover, posterior

mean and covariance can be computed without any approximations. Only the objective func-

tion, called Negative Log Marginal Likelihood (NLML), requires approximations in order to be

computationally tractable [26]. However, in general, GPs have a computational complexity of

O(N3), where N is the number of training data points.

2.3.3 Road to Gaussian Processes with Multiple-Outputs

In this section, we propose an application and model-building framework usable for digital rep-

resentation by GPs. Besides reviewing different modeling perspectives, we propose and discuss

the system’s point-of-view, yielding continuous single-input multi-output GPs models as suitable

realizations of digital representations.

2.3.3.1 The System’s Point of View

In general, the input-output relation of grey-box models needed for digital representations can

be visualized as in Fig. 2.6. We focus on the model-building aspects, highlighted with light blue

in Fig. 2.6. For simplicity, the connection to the physical object P is not considered for now.

The input signals that enter the digital representation are denoted by S1, S2, . . . while we denote

the output signals by S∗
1 , S

∗
2 , . . . .

Visualized in Fig. 2.7, there is no clear distinction between inputs and solutions. In panel a)

of Fig. 2.7, a classical solution of a set of equations is depicted with input I and output solution

SE . Usually, SE is called a state in this context. Classically, this scenario frames the terminology

input and solution/state. In panel c) the backward solution is visualized with inputs (of the

digital representation ) I and SE and digital representation output ϕ. In panel b) a particular

example of switching the notion of input and output from a classical perspective can be seen. In

this work, we stick to the classical notation of inputs and states as this is the common terminology

used. However, it should be noted that this does not automatically imply, that an input is also

the input of the digital representation nor a solution is synonymously used for an output. We

speak of signals instead of inputs, states, and solutions if this should be highlighted.

Digital 
Representation

S1
S2
S3

S1

S2*

*

Qualitative Data

Figure 2.6: Input-output of digital representations.
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Digital 
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Digital 
Representation

b) Grey-box modela) Forward solution c) Backward solution

Digital 
Representation

Figure 2.7: Variable input-output relations depending on the specific application.

Moreover, the definition of the input and output of the digital representation does not imply

that the model chosen as a realization takes these quantities also as inputs and outputs, respec-

tively. Highlighted in light blue in Fig. 2.8, the model’s input (x-axis) and the output (y-axis,

i.e., red and blue functions), which yields the digital representations, do not have to coincide with

the input/output of the digital representation. It should be noted, that from the perspective

described in Fig. 2.8, the model has multiple outputs but just a single input.

We call the known signals entering the digital representation the input of the digital repre-

sentation and the output, i.e., prediction of the digital representation the output of the digital

representation. These notions might not coincide with the input and output (states) of a given

set of equations or the particular algorithms used.

We illustrate this with the following, classical analogue. A general discussion is given in the

next section. Suppose we consider a system of coupled linear differential equations with analytic

solutions. Then, one might state the solution by their analytic expressions. When comparing

the data obtained by an experiment, only discrete instances of the solution are evaluated and

compared to the analytic expression. Alternatively, a numerical solution at finitely many points

might be given. Although both solutions are evaluated at discrete data points, there is a major

difference between both approaches. The analytic solution exists for every instance in the domain,

i.e., in a continuous space, while the second one only exists in a discrete subset thereof. It should

be noted that the latter is a pure consequence of solving the equations numerically and by no

means intrinsic to the general solution itself.

2.3.3.2 Continuous and Discrete Models

We discuss the difference between discrete and continuous modeling regarding its application

for digital representations from a broader perspective. First, note that at the level of governing

equations (2.5), the functions of interest are of the form

fi : D ⊂ Rl → R

x 7→ fi(x)
(2.12)

where fi = Si, Ii are mapped into a continuous space. The set of equations E provides a relation

between fi(x) and fj(x) with ∀i, j, i ̸= j and x ∈ Rl. In this work, x ∈ Rl usually denotes the

time variable t. When solved numerically, starting from some initial condition x0, (2.12) turns

discrete, i.e.,

fi(x0) 7→ fi(x1) 7→ fi(x2) 7→ . . . (2.13)
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Figure 2.8: Input (x-axis) and output (y-axis) of the model yielding the digital representations.

This is a consequence of numerically approximating derivatives and integrals as they are not

exactly tractable in numerical solvers. More formally, we have the following diagram.

{x0, . . . , xN} {fi(x0), . . . , fi(xN )} {x0, . . . , xN} R

D ⊂ Rl R D ⊂ Rl R

|{x0,...,xN}

fi

|{fi(x0),...,fi(xN )} |{x0,...,xN}

fi

Id
(2.14)

Although, both domains D ⊂ Rl are restricted to discrete spaces by the restriction map |{x0,...,xN},

i.e., the vertical maps of (2.14) on the left, the image of fi does not have to be restricted neces-

sarily. In the left diagram of (2.14), the image is to be considered in a discrete space by applying

|{x0,...,xN} while on the right, the identity Id maps to continuous space, even if evaluated at

discrete positions {x0, . . . , xN} afterward.

Summarizing, viewing the functions-image as a discrete space is a direct consequence of using

a numerical solver and is by no means intrinsic to the problem’s formulation. As such, also the

accuracy and precision of the provided digital representation constructed in continuous space

might be independent of the underlying discrete structure. In other words, avoiding a discrete

step-wise realization as in (2.13) might also avoid error propagation by the individual steps.

2.3.3.3 Continuous Space System’s Point of View Model for Gaussian Processes

By construction, S-GPs model continuous functions. Moreover, the system’s description in terms

of a set of equations is formulated in continuous space relating different signals. Thus, a digital

representation of the system in continuous space by a GP with multiple outputs, where each

individual output is linked to the other outputs by the system equations, is a straightforward

approach. The explicit construction is provided in Ch. 3 in detail. In the following, we highlight

certain facts and consequences of this approach.

First, turning from multi-input to multi-output models has the advantage of avoiding the

curse of dimensionality, which is a common issue in the field of machine learning [24]. When

inputs and outputs of the digital representation match the inputs and outputs of the GP model,

a relatively high dimension of the GP’s domain compared to the one-dimension representing the

time coordinate appears. Thus, the needed sampling in the GP’s domain, and thus, computa-

tional complexity can be reduced.

Second, each kernel comes with an associated RKHS, a function space with certain charac-

teristics. In other words, models based on GPs are not black boxes but always encode some
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chosen predefined properties. While each signal present is provided in the form of a time series

with certain physically interpretable properties, the inherent function characteristics get altered

when put into a function with multiple inputs. This complicates the process of kernel selection

in practical applications.

Third, by utilizing single-input, multi-output GP models, the system’s dynamics can be

encoded into the kernel as will be developed in the remaining part of this work. For multi-input

GPs there is no such construction.

Fourth, by staying in the continuous time regime, error propagation during operation can be

avoided. Refraining from a discrete solver-like iteration also avoids an accumulation of errors.

In particular, posterior covariances do not increase during operation.





3

Realizations of Digital Representations by Gaussian Processes

In this chapter, we propose and discuss the technical realizations of digital representations in

energy systems developed in this work. We focus on a general discussion for now and provide

details regarding specific applications in Chs. 4 - 6. We start with reviewing the basics of GPs in

Sec. 3.1. In Secs. 3.2 - 3.6, we propose technical realizations of digital representations by GPs.

We define, construct, and discuss two classes of GP kernels for digital representations of energy

systems. In Sec. 3.2, for both classes, we propose a dedicated model-building scheme allowing

a well-defined and numerically stable application within practical settings. In 3.3, we provide

implications thereof for physics-informed kernel matrices based on linear operators. These models

are known in literature and illustrated with mathematical toy problems. By the proposed model-

building scheme, we provide an application to more elaborated cases. In Sec. 3.4, we propose

affine operator kernel matrices. The extension from linear to affine operator kernels allows the

application in real-world applications. In 3.5, we provide the construction of correlated GPs based

on separable kernels. We summarize and classify the given constructions in Sec. 3.6. Provided

in [1], [2], [3], [5], [6], [7], this chapter summarizes the key technical contributions developed in

this work.

29
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3.1 Theoretical Background of Gaussian Processes

3.1.1 Machine Learning from a Probabilistic Perspective

In this section, we provide a review of the field of machine learning from a probabilistic perspec-

tive. We mainly follow the line of reasoning of, and refer to [24]. We give an informal discussion

on the probabilistic aspects of machine learning without any attempts of mathematical rigor.

This is to classify the techniques used in this work in the field of machine learning and to convey

its underlying concepts. We assume some familiarity with Bayesian probability theory which is

reviewed in App. A.3 - A.7.

Machine learning can be described as the attempt to learn from data. Contrary to classical

approaches, explaining physical effects by heuristic or first-principle derivations, machine learning

in its pure form tries to extract certain information directly from data avoiding an intermediate

description by an analytic mathematical description.

We informally discuss how supervised and unsupervised machine learning can be viewed

from a probabilistic perspective. Unsupervised learning can be seen as conditional probability

P(X|Θ) for some probability measure P, hyper-parameters Θ, and a data set X. The hyper-

parameters Θ summarize the model specification assumed together with a certain probability

measure P yielding the prior to extract data from a given data set X. Supervised learning can

be associated with the concept of conditional probability in the form of P(X∗|X,Θ). With some

prior beliefs Θ about the underlying data structure, the system is conditioned, called trained in

the field of machine learning, on the training data set X to make predictions on the test data set

X∗. An example of the explicit construction of the probability measure P and its corresponding

probability space for continuous functions can be found in [90]. In this work, the space of interest

is called the RKHS for which details will be given in Sec. 3.1.3. For point estimators like, for

example, neural networks, the (generalized) probability measure could be given by the Dirac

delta distribution δ(x) which is 1 when evaluated at x and zero otherwise.

When X∗ is categorical, the supervised machine learning algorithm is utilized for a classi-

fication task. A real-valued X∗ yields a regression algorithm. It is convenient to distinguish

between two types of regression models, namely parametric and non-parametric. A model is

said to be parametric if the amount of parameters grows with the amount of training data.

Otherwise, the model is called non-parametric. On top of parameters, both types of models

have hyper-parameters, i.e., those quantities that technically define the model. To distinguish,

in the machine learning literature parameters are trained while hyper-parameters are tuned. It

should be noted that the distinction between parameter and hyper-parameter depends on the

given context and is by no means well-defined or strictly used in the field of machine learning.

As the main technique of GPs used in this work is non-parametric, we use the term training for

adapting hyper-parameters to the given data sets as common in this field.

Well-known problems in machine learning are overfitting and the curse of dimensionality.

Overfitting occurs when highly variable models are trained to data sets in such a way that noise

is treated as a reasonable data structure. This is, for example, a common issue when dealing

with ANNs as they might consist of hundreds or thousands of parameters. In this work, non-
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parametric models are considered. Intrinsically, these types of models are less flexible, and thus,

overfitting is not an issue for non-parametric models. The curse of dimensionality can be rooted

in the simple fact that the volume of a space grows exponentially with the dimension of the

space. Thus, sampling with a reasonable resolution gets computationally intractable for higher

dimensions. This is not an issue for the models in this work. Roughly stated, by turning from

multi-input to multi-output models as proposed in this work, we can incorporate knowledge about

the systems under consideration into the model. This has two advantages. First, the domain

of the constructed algorithms is one-dimensional (time coordinate), yielding the possibly lowest

dimension. Second, by incorporating the system’s description into the multi-output structure,

the amount of data needed is significantly reduced. Consequently, overfitting and the curse of

dimensionality are not relevant concerns for the models developed in this work.

3.1.2 Basics of Gaussian Processes

We review the basic definitions and derive the explicit expressions of GPs following [24], [26].

3.1.2.1 Definition of Gaussian Processes

We start with the definition from a function space perspective.

Definition: A GP is a collection of random variables, any finite number of which

have a joint Gaussian distribution.
(3.1)

The statement of about any finite number indicates that implicitly a limit is considered which

turns (3.1) to a statement about function spaces. This has to be seen in contrast to spaces

consisting of (fixed) data sets in which Gaussian distributions can be defined. We discuss these

function spaces, i.e., RKHS, below.

We derive the basic equations from definition (3.1). Let X be a compact subset of RN , i.e.,

X is bounded and closed. We call

µ : X −→ R (3.2)

a prior mean function, mean function or simply mean. A function

κ : X ×X −→ R (3.3)

is called a prior covariance function or covariance function, if κ is symmetric positive semi-

definite. That is, κ must be symmetric

κ(x, x′) = κ(x′, x), ∀x, x′ ∈X (3.4)

and positive semi-definite,

N∑
i=1

N∑
j=1

κ(xi, xj)cicj ≥ 0, ∀xi, xj ∈ X , ci, cj ∈ R (3.5)
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for any finite subset X ⊂ X of dimension N . It is worth noting that the property (3.5) is very

restrictive, significantly limiting the existence of possible realizations. Having definition (3.3),

for X ,X ′ ⊂X finite, we define the prior covariance matrix as

K(X ,X ′) = (κ(xi, xj))ij , ∀xi ∈ X , ∀xj ∈ X ′ (3.6)

As (3.6) establishes the relation between the covariance function κ : X × X → R and the

corresponding matrix representation K(X ,X ′), we use the terms covariance matrix, kernel matrix

or simply kernel, interchangeably. It can be shown that positive semi-definiteness according to

(3.5) coincides with the notion of positive semi-definiteness for matrices [25], i.e.,

cTK(X ,X )c ≥ 0, ∀c ∈ RN (3.7)

Suppose a function f(x) can be represented as a GP. In that case, we write

f(x) ∼ GP(µ(x),K(x, x′)) (3.8)

It can be shown that a GP is fully characterized by a prior mean function µ(x) and a prior kernel

function K(x, x′) [91]. We have

µ(x) = E[f(x)] (3.9)

K(x, x′) = E [(f(x)− µ(x))(f(x′)− µ(x′))] (3.10)

where E[·] denotes an expectation value. Although (3.9) and (3.10) are defined point-wise, i.e.,

for every x individually, we want to emphasize that µ(x) and K(x, x′) are functions of x. This

has to be seen in contrast to a multivariate Gaussian distribution, where µ is a fixed vector and

Σ is a fixed matrix.

3.1.2.2 Predictions of Gaussian Processes

Suppose a function f can be represented by a GP. Moreover, let f be given by noisy observations

y, that is, f(x) + ϵ = y for some x ∈ X and noise ϵ ∈ R+. We denote the training data set by

(X ,Y) = {(X ,Y)|(x, y) ∈ RN × R, N ∈ N},

i.e., the set of the noisy function observations Y at positions X . The test set defined as

X ∗ = {x ∈ RN , N ∈ N} (3.11)

is the set at which f∗ should be predicted. By definition (3.1) the function evaluations f(x) as

well as the predicted function evaluations f∗(x∗) have a joint Gaussian distribution. That is,

(
f(X )

f∗(X ∗)

)
∼ N

((
µ(X )

µ∗(X ∗)

)
,

(
K(X ,X ) K(X ,X ∗)

K(X ∗,X ) K(X ∗,X ∗)

))
(3.12)
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If f(x) is given by noisy observation y(x), noise is included in the kernel dependent on the

training set via

K(X ,X ) 7→ K(X ,X ) + Iσ2
n, (3.13)

where I denotes the unit matrix of the corresponding dimension, σn ∈ R+ is the noise hyper-

parameter, and we assume additive independent identically distributed Gaussian noise. Conse-

quently, (
y(X )

f∗(X ∗)

)
∼ N

((
µ(X )

µ∗(X ∗)

)
,

(
K(X ,X ) + Iσ2

n K(X ,X ∗)

K(X ∗,X ) K(X ∗,X ∗)

))
(3.14)

By standard rules for conditioning, with details provided in App. A.7, we can write the

posterior as

P(f∗|X ∗,X ,Y) = N (f∗|µ∗,Σ∗) (3.15)

with posterior mean

µ∗ = µ(X ∗) + K(X ∗,X )T
[
K(X ,X ) + Iσ2

n

]−1
(f − µ(X )) (3.16)

and posterior covariance

Σ∗ = K(X ∗,X ∗)−K(X ∗,X )T
[
K(X ,X ) + Iσ2

n

]−1
K(X ∗,X ) (3.17)

Equation (3.16) describes the prediction of the GP at positions X ∗. Equation (3.17) computes

the posterior covariance with the variance on its diagonal.

3.1.2.3 Training of Gaussian Processes

The Bayesian approach can be divided into three parts. First, the prior is selected, that is the

mean function and prior covariance function. Second, the prior is trained on the given training

data set. Third, the trained prior gives the posterior from which predictions can be made.

The training process itself consists of two individual parts, where the notion of training is

often used interchangeably. On the one hand side, we have the conditioning of the chosen prior

on the given training data set. On the other hand, hyper-parameters of the GP are tuned to

match the training data. We follow the common language used in the literature and refer to both

aspects as training. If a distinction is necessary in some cases, we point them out specifically.

As the first part of conditioning was described in the previous section, we turn to the process of

hyper-parameter tuning in the following.

From a theoretical perspective, GPs are rooted in the mathematical framework of Bayesian

inference. Thus, there is a natural notion of an objective function in terms of the marginal

likelihood. The marginal likelihood is given by

P(Y|X ) =

∫
P(Y|f,X )P(f |X)df (3.18)

In other words, (3.18) is the probability of obtaining Y given X, where we marginalize over all
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possible function realizations f : X → Y. Under the main assumption of Gaussian probability

distributions and by applying the negative logarithm, equation (3.18) turns into the NLML

NLML = − ln (P(Y|X ))

=
1

2
(Y − µ(X ))

T (
K(X ,X ) + Iσ2

n

)−1
(Y − µ(X )) (3.19a)

+
1

2
ln det

(
K(X ,X ) + Iσ2

n

)
(3.19b)

+
dim(X )

2
ln(2π) (3.19c)

Any hyper-parameters specifying the kernel K(·, ·) are trained by minimizing the NLML (3.19).

The three terms of (3.19) can be interpreted as follows. The first term (3.19a), consists of the

two-sided multiplication of the training data Y with the inverse kernel, i.e., the precision of the

Gaussian. As such, we can interpret (3.19a) as the data fitting term. The second term (3.19b)

consists of the determinant of the kernel, which gives a notion of the model complexity. The last

term (3.19c) is a constant resulting from computing the marginal likelihood.

In the relevant equations (3.15) and (3.19) for GPs, the inverse of the kernel matrix is present.

For numerical reasons, the inverse matrix is not computed directly. Instead, a Cholesky decom-

position of the symmetric, positive semi-definite kernel matrices is performed followed by forward

and backward substitution.

3.1.3 Kernels

So far, kernels have been treated on an abstract level based on their defining property. In this

section, we give some specific kernels used in this work following [26]. Moreover, we elaborate

on the function spaces utilized by the corresponding GPs.

3.1.3.1 Function Spaces of Gaussian Processes

We comment on some theoretical foundations without any attempt for completeness. This dis-

cussion is based on [25], [26], [88], on which we refer to for a complete and mathematically

rigorous treatment. As stated before, by definition (3.1) a GP yields a probability distribution

over functions. Thus, the spaces of interest, called RKHS, are function spaces, defined as follows.

Let H be the Hilbert space of real functions defined on an index set X , i.e., {f |f : X → R},
endowed with a scalar product ⟨·, ·⟩H. We call H a RKHS if there exists a function κ : X ×X →
R such that

(i) for every x, κ(x, x′) as a function of x′ belongs to H

(ii) κ has the reproducing property ⟨f(·), k(·, x)H⟩ = f(x)
(3.20)

As shown in [25], for every positive semi-definite function κ there exists a unique RKHS and vice

versa. In other words, the kernel defines the particular space of functions used by the GP.

The first property of (3.20) states that for the first argument fixed, the function also belongs
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to the same space H as a function of the second argument. By rewriting part (i) of (3.20) for x′

fixed, we define

κx′ : X → R (3.21)

and the corresponding space of functions spanned by (3.21) as

K(X ) = span{κx′ : x′ ∈X compact} (3.22)

In [88] it is shown, that some kernels have the universal property in the following sense. One can

show that K(X ) is dense in the space of continuous functions defined on X . In other words,

GPs based on this kernel can fit any continuous function up to arbitrary precision. Thus, no

constraints regarding the signals that should be represented by a GP exist. All kernels used in

this work have this universal property.

The second property of (3.20) can be interpreted as a generalized analog of the Dirac delta

distribution, linking to the discussion on point estimators in a probabilistic context given in Sec

3.1.1. This can be seen as follows. Scalar products ⟨·, ·⟩H in function spaces can be defined by

integrals. Informally, we can compare∫
f(x′)δ(x− x′)dx′ = f(x) (3.23)

with ∫
f(x)κ(x, x′)dx′ = f(x) (3.24)

which illustrates the analogy. Contrarily to the Dirac delta function, the kernel is non-zero in

the neighborhood of x describing the probabilistic aspect of every point x within the GP.

Each RKHS defined by a particular kernel consists of functions displaying certain character-

istics. This might be, for example, the order of continuity and differentiability [26], [92].

3.1.3.2 Standard Single-Output Kernels

Based on [26], we give details on the single-output kernels used in this work. Within this work,

the single-input dimension is given by the time coordinate. Following common notation in the

literature, we define all kernels including a hyper-parameter σ ∈ R+. This hyper-parameter σ

describes a scaling along the function’s values, i.e., along the y-axis. Note that σ (without a

subscript) as part of the covariance function is whether related to the noise hyper-parameter

nor the (prior/posterior) variance of the GP. The inclusion of σ is the reason why standard

single-output GPs do not require normalization in general. Let x, x′ ∈ X ⊂ R compact in the

following.

Squared Exponential Kernel: The Squared Exponential Kernel, also called the Radial Basis

Function Kernel, reads

KRBF(x, x′) = σ2 exp

(
−|x− x′|2

2l2

)
(3.25)
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with hyper-parameter σ, l ∈ R+. The hyper-parameter l can be interpreted as a lengthscale,

specifying the GP behavior with respect to the distance |x − x′|. This kernel has the universal

property [88] and provides smooth functions [26]. The RBF can be obtained by a limit of Gaussian

basis functions centered around x [26]. As such, in common applications, the prediction of the

GP based on the RBF kernel tends to drop down to zero beyond the provided training data set.

This property is hereditary from the used Gaussian basis functions.

Rational Quadratic Kernel: The Rational Quadratic Kernel reads

KRQ(x, x′) = σ2

(
1 +
|x− x′|2

2αl2

)−α

(3.26)

with σ, l, α ∈ R+. The hyper-parameters l, α can be seen as a scale mixture of lengthscale

parameters [26]. In the limit l →∞, the RBF kernel (3.25) can be obtained [26]. The Rational

Quadratic Kernel (3.26) has the universal property [88] and yields smooth function [26].

Matérn Kernel The family of Matérn Kernels can be defined as

KMν+1/2(x, x′) = σ2 21−ν

Γ(ν)

(√
2ν|x− x′|2

l

)ν

Kν

(√
2ν|x− x′|2

l

)
(3.27)

with l, σ, ν ∈ R+, Gamma function Γ and modified Bessel function Kν [26]. The Matérn kernel

is ⌈ν⌉ − 1 times differentiable [26]. For ν → ∞, we obtain the RBF kernel as a limit [26]. The

kernel of the Matérn class has the universal property which can be proven as follows. In [93], it

is shown that for characteristics obtained by (3.27), universal in the sense of [88] is equivalent

to a property called cc-universal. With properties of (3.27) given in [26], it is shown that (3.27)

is cc-universal [94]. The relevant members of the Matérn family for this work are the kernels

generated fort ν = 1, 2. The 1-time differentiable Matérn 3/2 kernel

KM3/2(x, x′) = σ2

(
l +
√

3|x− x′|
l

)
exp

(
−
√

3|x− x′|
l

)
(3.28)

is used for roughly varying signals. The two-times differentiable Matérn 5/2 kernel

KM5/2(x, x′) = σ2

(
1 +

√
5|x− x′|

l
+

5(x− x′)2

3l2

)
exp

(
−
√

5|x− x′|
l

)
(3.29)

is used for less roughly varying signals and is a choice between (3.28) and smooth kernels such

as (3.25) and (3.26).

3.1.3.3 Operations on Kernels

Let f ∼ GP[f ] and g ∼ GP[g] be independent functions represented by GPs with individual

kernels Kf and Kg, respectively.
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Addition The sum of two kernels Kf , Kg yields a kernel for the function f + g with

Kf+g(X ,X ′) = Kf (X ,X ′) + Kg(X ,X ′) (3.30)

Note that here we refer to the standard addition, i.e., the componentwise addition of the ker-

nel entries as scalars. Thus, two single-output GP representations provide a single-output GP

describing the addition of two functions.

Multiplication Similar to the addition, kernel matrices can be multiplied componentwise.

The multiplication

Kfg(X ,X ′) = Kf (X ,X ′) ·Kg(X ,X ′) (3.31)

yields a kernel for the function f(x) · g(x).

It should be noted, that by addition and multiplication, function characteristics can be en-

coded in the kernel. For example, having two different characteristics present in a single process

that is uniformly present in the entire data set, one could describe each individually by a suitable

kernel and add them together. A multiplicative structure would be preferred if certain charac-

teristics are only present in certain regions of the data set. This can be rooted in the individual

characteristics of the scalar operations · and +. Loosely speaking, a product is large if one of

the factors is, while the same holds for the addition if both summands are.

Direct Sum The direct sum ⊕ of kernels for two functions reads

Kf (X1,X ′
1)⊕Kg(X2,X ′

2) =

(
0

Kf (X1,X ′
1)

Kg(X2,X ′
2)

0
)

(3.32)

Tensor Product At the level of kernel matrices, the tensor product ⊗ of two GPs is established

in terms of the Kronecker product, also denoted by ⊗. Let B[d] be a symmetric positive semi-

definite d× d-matrix. The Kronecker product reads

B[d] ⊗K(X ,X ′) =


b11 . . . b1d
...

. . .
...

bd1 . . . bdd

⊗K(X ,X ′) =


bd1K(X ,X ′)

...

b11K(X ,X ′)

. . .

. . .

. . .

bddK(X ,X ′)

...

b1dK(X ,X ′)
 (3.33)

Linear Operator Linear operators applied to kernels yield valid kernels. Let L be a linear

operator. The joined kernel for f(x1), x1 ∈ X1 and L[f(x2)], x2 ∈ X2 reads

Kf,Lx[f ] =

(
Kf (X1,X1) Lx2 [Kf (X1,X2)]

Lx1 [Kf (X2,X1)] Lx1Lx2 [Kf (X2,X2])

)
(3.34)

Note that in general the sets X1 and X2 do not have to be identical.
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3.2 Design of Gaussian Processes with Multiple Outputs

In this section, we propose a detailed algorithmic solution for the design of the developed GP

models and their corresponding kernels as provided in [1], [2], [3], [5], [7]. We provide details

about the peculiarities of the multi-output kernel and propose an algorithmic scheme allowing

a consistent and well-defined application. In particular, we propose a balanced training proce-

dure, the usage and handling of noise hyper-parameters, and a dedicated regularization scheme

necessary for numerically stable applications.

It should be noted that in literature, sometimes multi-output GPs are synonymously used for

separable kernels which are discussed in Sec. 3.5. However, there exist more kernels that yield

multi-output GPs as will be discussed in this work.

For simplicity, we derive the proposed algorithmic solution for a two-fold decomposition, i.e.,

a GP with two outputs. Generalized by iterative application, the results hold for an arbitrary but

finite number of outputs. In general, a kernel K(X ,X ′) with a two-fold output can be written

in block form as

K(X ,X ′) = K((X1,X2), (X ′
1,X ′

2)) =

(
K11(X1,X ′

1) K12(X1,X ′
2)

K21(X2,X ′
1) K22(X2,X ′

2)

)
(3.35)

with sub-kernels K11(X1,X ′
1), K12(X1,X ′

2), K21(X2,X ′
1), and K22(X2,X ′

2).

3.2.1 Balanced Training Procedure

When considering GP with multiple outputs, data normalization has to be explicitly taken into

account. In particular, the training process on multiple signals would not be accurate without

proper balancing as can be seen by the following derivation. For a kernel in block form (3.35),

the Schur complement K(X ,X ′)/K22(X2,X ′
2) of K(X ,X ′) with respect to K22(X2,X ′

2) is defined

as

K(X ,X ′)/K22(X2,X ′
2) = K11(X1,X ′

1)−K12(X1,X ′
2)K22(X2,X ′

2)−1K21(X2,X ′
1) (3.36)

Then, we can write the inverse of (3.35) as

K(X ,X ′)−1 =

(
K−1

11 K−1
12

K−1
21 K−1

22

)
(3.37)

with

K−1
11 =(K(X ,X ′)/K22(X2,X ′

2))−1 (3.38a)

K−1
12 =− (K(X ,X ′)/K22(X2,X ′

2))
−1

K12(X1,X ′
2)K22(X2,X ′

2)−1 (3.38b)

K−1
21 =−K22(X2,X ′

2)−1K21(X2,X ′
1) (K(X ,X ′)/K22(X2,X ′

2))
−1

(3.38c)

K−1
22 =K22(X2,X ′

2)−1 + K22(X2,X ′
2)−1K21(X2,X ′

1)(K(X ,X ′)/K22(X2,X ′
2))−1

K12(X1,X ′
2)K22(X2,X ′

2)−1 (3.38d)
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Mathematical details of inverse matrices by the Schur complements are given in App. A.1. Cor-

respondingly, the NLML (3.19) of (3.35) can be partitioned as

NLML =
1

2
YT
1 (K(X ,X ′)/K22(X2,X ′

2))
−1 Y1 (3.39a)

+
1

2
YT
1

(
− (K(X ,X ′)/K22(X2,X ′

2))
−1

K12(X1,X ′
2)K−1

22 (X2,X ′
2)
)
Y2 (3.39b)

+
1

2
YT
2

(
−K−1

22 (X2,X ′
2)K21(X2,X ′

1) (K(X ,X ′)/K22(X2,X ′
2))

−1
)
Y1 (3.39c)

+
1

2
YT
2

(
K−1

22 (X2,X ′
2) + K−1

22 (X2,X ′
2)K21(X2,X ′

1) (K(X ,X ′)/K22(X2,X ′
2))

−1

K12(X1,X ′
2)K−1

22 (X2,X ′
2)
)
Y2 (3.39d)

+
1

2
det[K22(X2,X ′)2] · det [K(X ,X ′)/K22(X2,X ′

2)] (3.39e)

+
N1 + N2

2
ln(2π) (3.39f)

where we used Y = (Y1,Y2)T for each individual signal Yi, i = 1, 2. From (3.39a) - (3.39d) it is

evident that each signal Yi enters the NLML (3.39) in the form of

Yi(. . . )Yj (3.40)

where (. . . ) abbreviates combinations of the corresponding sub-kernel and its inverse. Thus, if

the order of magnitude of Yi and Yj for i ̸= j is very different with respect to each other, the

numerical contribution to the NLML of the individual parts (3.39a) - (3.39d) differs significantly.

Thus, the non-normalized multi-output GP would be primarily trained on just one of the signals,

ignoring the other. Practically, this is established by a drop out of the optimizer as the abortion

conditions are fulfilled due to a non-significantly change of the value of the objective function

NLML. As the GP operated as a digital representation should capture the structure of the system,

i.e., the coupling between several signals, normalization of each signal Yi is a crucial aspect of

block-structured GP. It should be noted that the type of normalization should be consistent with

the structure of the original, i.e., the physical system. We summarize as follows.

3.IV. Balanced Training Procedure

A balanced training procedure via a consistent normalization of individual signals is crucial
for the design of digital representations via GPs with multiple outputs.

3.2.2 Noise Hyper-Parameter in Multi-Output Structures

GPs display a practical feature regarding noise handling. There exists a noise hyper-parameter

σn ∈ R+ in (3.13) that accounts for the level of detail that should be captured by the GP.

In other words, direct access to the level of noise is given. This is fundamentally different

from, for example, neural networks, where noise is usually addressed indirectly via regularization

schemes. Contrarily to other hyper-parameters present in GPs, σn plays a distinguished role as,

for example, any signal can be described by a linear function for a sufficiently high value of σn.

It should be noted that the GP noise hyper-parameter does not have to coincide with the
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measurement noise of the signals. There are three contributions that might be included in the

value of σn. Besides measurement noise, effects or behavior within the signals that should be

discarded by the GP can be addressed. Additionally, a third noise-like contribution related to

matrix regularization as discussed in the next section can be associated.

In general, the noise hyper-parameter can be trained or pre-determined. Although in certain

circumstances the GP algorithm is able to determine σn from the training data set, a pre-

determination benefits the training process significantly. It should be noted that this is only

advantageous if a proper pre-determination in the corresponding application can be guaranteed.

As GP models are very sensitive concerning the value of σn, care must be taken to fix this value

in the model-building process.

The inclusion of the noise hyper-parameter (3.13) into the GP can be extended to multi-output

structures as follows. As multiple signals are present, each signal is provided with its inherent

noise level in the sense described above. Thus, we define individual noise hyper-parameter

σ{Yi}, i = 1, 2, . . . . Then, for i = 1, 2 equation (3.13) turns into(
K11(X1,X ′

1) K12(X1,X ′
2)

K21(X2,X ′
1) K22(X2,X ′

2)

)
7−→

(
K11(X1,X ′

1) K12(X1,X ′
2)

K21(X2,X ′
1) K22(X2,X ′

2)

)
+

(
Iσ2

{Y1} 0

0 Iσ2
{Y2}

)
(3.41)

where I denotes the unit matrix of the corresponding dimension. It should be noted that the value

of the noise hyper-parameter or its domain, should be balanced according to the considerations

in Sec. 3.2.1 for a consistent model. We summarize in (3.V).

3.V. Gaussian Process Noise Hyper-Parameters for Digital Representations

Contributions to the signals that should be discarded by the GP can be addressed by noise
hyper-parameters σ{Yi}, i = 1, 2 according to(

K11(X1,X ′
1) K12(X1,X ′

2)
K21(X2,X ′

1) K22(X2,X ′
2)

)
7−→

(
K11(X1,X ′

1) K12(X1,X ′
2)

K21(X2,X ′
1) K22(X2,X ′

2)

)
+

(
Iσ2

{Y1} 0

0 Iσ2
{Y2}

)

Fixing the noise hyper-parameters in the model-building process significantly benefits the
models’ quality if an accurate pre-determination can be guaranteed.

3.2.3 Regularizations of Kernel Matrices with Block Structure

Analogous to the normalization of signals, care has to be taken when constructing the kernel.

This is due to its internal structure caused by the kernel’s block form. We develop a dedicated

regularization scheme. This has two advantages. First, similar to signal normalization, it reg-

ularizes the contribution of each sub-block of the kernel. That is, each sub-kernel contributes

equally. It should be noted that this is not only important for the NLML during the training

period, but also for the prediction made by the multi-output GP. Second, it solves numerical

issues by reducing the kernel’s condition number. For kernel matrices, the condition number can

be defined as the quotient of the highest and the lowest eigenvalue [27]. It can be shown that

the accuracy of the Cholesky decomposition is bounded by the condition number of the kernel

matrix [27]. A common issue, also in standard GPs, is relatively high condition numbers of kernel
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matrices [95]. The consideration in this work indicates that this characteristic is amplified for

kernels with multiple outputs. The threshold of an acceptable value for the condition number de-

pends on the given application, the precise characteristic of the matrix A, the specific algorithm

chosen for the Cholesky decomposition, and the corresponding machine precision. In the course

of this work, we experienced numerical issues if the condition number roughly approaches 106.

We propose the following regularization scheme. We describe the individual parts separately.

Two-Sided Regularization First, a two-sided regularization according to [27] is performed.

Let K = K(X ,X ) be a kernel matrix with Cholesky decomposition K = LKLT
K . We define a

diagonal matrix D such that

D = diag(k
1/2
ii )i=1,...dim(K) (3.42)

Then, we define the two-sided transformation

K 7−→ D−1KD−1 (3.43)

Note that according to (3.42), the resulting matrix transformed by (3.43) has a unit diagonal.

In particular, this holds for both sub-kernels on the block-diagonal, which initially might have

different orders of magnitude. The transformation (3.43) provides a change of basis such that

the resulting kernel has the lowest condition number, up to ϵ > 0 [27]. The transformation (3.43)

has to be taken into account when computing the GP. For (3.19a) we have

K−1 =
(
DD−1KD−1D

)−1

=
(
DLD−1KD−1LT

D−1KD−1D
)−1

= D−1
(
LT
D−1KD−1

)−1
(LD−1KD−1)

−1
D−1 (3.44)

for the Cholesky decomposition. We denote the solution x ∈ Rn of Ax = b for a n× n matrix A

and b ∈ Rn using the backslash operator, i.e., x = A\b. Thus, we have

LT
K\(LK\Y) 7−→ D−1LT

D−1KD−1\(LD−1KD−1\D−1Y) (3.45)

For (3.19b), we get

1

2
ln(detK) =

1

2
ln(det[DD−1KD−1D])

=
1

2
ln
(
det[D] · det

[
D−1KD−1

]
· det[D]

)
=

1

2
ln
(

det[D] · det
[
L(D−1KD−1)L

T
(D−1KD−1)

]
· det[D])

)
=

1

2
ln
(

det[D]2 · det
[
L(D−1KD−1)

]2)
= ln det[D] + ln det

[
L(D−1KD−1)

]
= ln

N∏
i=1

Dii + ln

N∏
i=1

L(D−1KD−1)ii

=
N∑
i=1

lnDii +
N∑
i=1

lnL(D−1KD−1)ii (3.46)
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That is, we have an additional contribution to the determinant by
N∑
i=1

lnDii. Similarly, the

posterior mean of the transformed multi-output GP reads

µ∗
post = µ(X ∗) + K(X ∗,X )

(
DD−1K(X ,X )D−1D

)−1
(Y − µ(X ))

= µ(X ∗) + K(X ∗,X )D−1
(
D−1K(X ,X )D−1

)−1
D−1(Y − µ(X ))

= µ(X ∗) + K(X ∗,X )D−1
(
LT
D−1KD−1\

(
LD−1KD−1\

(
D−1 (Y − µ(X ))

)))
(3.47)

For the posterior covariance, we have

Σ∗
post = K(X ∗,X ∗)−K(X ∗,X )

(
DD−1K(X ,X )D−1D

)−1
K(X ,X ∗)

= K(X ∗,X ∗)−K(X ∗,X )D−1
(
D−1K(X ,X )D−1

)−1
D−1K(X ,X ∗)

= K(X ∗,X ∗)−K(X ∗,X )D−1
(
LT
D−1KD−1\

(
LD−1KD−1\

(
D−1K(X ,X ∗)

)))
(3.48)

Note that, contrary to (3.47), the backslash operator acts on a matrix in (3.48). This operation

is meant to be column-wise.

Tikhonov Regularization As a second regularization, a basic version of Tikhonov regular-

ization can be performed [96]. The idea of Tikhonov regularization is to change the initial task

of solving

Ax = b (3.49)

for x, i.e., x = A\b to

(A + Iϵ)x = b (3.50)

for ϵ > 0 and unit matrix I. By adding a small positive constant ϵ to the diagonal of A, the

eigenvalues close to zero are positively shifted. This minimizes numerical errors as the Cholesky

decomposition utilizes division by diagonal entries of A. In implementations like, for example,

[97], a constant ϵ = 10−8 · mean(diag(K)) is always added and incrementally increased if the

Cholesky decomposition fails. Note that adding ϵ to the diagonal of the kernel is equivalent to

(3.13), i.e., adding noise to the GP. Also, note that the signals remain unchanged. The drawback

of this approach is that the initial task might be altered in a non-acceptable manner. While not

a problem in arbitrary black-box-like GP applications, in this work, hybrid models between GPs

and mechanistic models are considered. Thus, certain aspects of these hybrid models have a

physical interpretation which might get altered or lost due to this numerical necessity.

Adding Noise In addition to increasing the value of the noise hyper-parameter, noise could

also be added to the signals themselves. It turns out, that especially for clean, non-fluctuating

signals this might be beneficial. In Sec. 3.2.2, the ability of GPs to handle noise is discussed.

At this point, the need for noisy data is stressed. In particular, when working with simulation

scenarios a good amount of noise is crucial for numerical stability. In certain test cases investi-

gated in this work, clean signals lead to condition numbers in the order of 1033. For data sets

obtained by measurements in the field, this depends on the signal quality and the corresponding

individual kernel.
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3.2.4 Algorithmic Solution for Block-Structured Gaussian Processes

We summarize the individual regularization steps and propose an algorithmic solution for ar-

bitrarily GP block structures. Note that the order of applications of the regularization scheme

matters. First, artificial noise should be added to the individual signals. This is an optional reg-

ularization task and depends on the signal’s characteristics. Second, a two-sided regularization

has to be performed, which unit-diagonalizes the kernel. This procedure does not alter the initial

task and should be always taken into account. Third, Tikhonov regularization has to be applied

if the Cholesky decomposition is numerically unstable after applying the previous regularization

steps. Note that if the kernel is not unit-diagonal before applying Tikhonov regularization, the

different orders of magnitude of the kernels on the block-diagonal are altered non-coherently.

While on one of the blocks, the added ϵ is minimal in the sense that it causes numerical stability

without altering the underlying task too much, this does not necessarily hold for the other block.

When minimizing the NLML, it turns out that several restarts of the optimizer benefit con-

vergence to the minimum of NLML due to local minima. In this work, an L-BFGS-B optimizer

is used [98]. Summarizing, we propose the algorithm (3.VI) for block-structured GP.

3.3 Linear Operator Kernel Design

We review the basics of circuit modeling in Sec. 3.3.1. In Sec. 3.3.2, we encode the model’s

state-space equation into the GP kernel. This is based on a (Linear) PIGPs, which are defined

and tested with artificial toy problems in [99]. Provided in [1], [5], [6], we propose a detailed

algorithmic procedure for applications as digital representation in Sec. 3.3.3. Moreover, we show

and discuss mathematical restrictions of [99] which drastically limits the applicability in real-

world problems. We extend the given construction to affine operators as given in [1] in Sec. 3.4.

This allows an application of the given framework to real-world problems.

3.3.1 Electrical Circuit Modeling

The core concept underlying the modeling of various systems of interest, such as power electronics

and power systems can be addressed via graph theory. We review basic notions thereof [100]. A

graph G is an ordered pair

G = (N,E), s.t. (3.51)

N = {n1, . . . ni, i ∈ N} is a set of nodes and

E ⊂ {{n1, n2}|n1, n2 ∈ N,n1 ̸= n2} is a set of edges

We call G directed, if E consists of ordered tuple (n1, n2) ∈ N×N, v1 ̸= v2. We label the directed

edges according to the ordered nodes, i.e., edge ekl refers to the ordered tuple (nk, nl), k, l =

1, . . . i, i ∈ N. In the given context, edges are also called lines.

A directed edge between k and l can be associated with its instantaneous current value Ikl(t).

We say that a current is entering a node if the current’s direction points towards the node,



44 Realizations of Digital Representations

3.VI. Algorithm for Block-Structured Gaussian Processes

Denote the multi-signal training set by (X ,Y) = ((X1,X2, . . . ), (Y1,Y2, . . . )), with signals
Yi(Xi) : Di → R, Di ⊂ RNcompact, i.e., Yi(Xi) = {yi1(xi1), yi2(xi2), . . . } and the test set
by X ∗ = (X ∗

1 ,X ∗
2 , . . . ). Denote the normalizing constant of signal Yi by n{Yi}, ∀i. For prior

mean function µ(X ) = (µ1(X1), µ2(X2), . . . ) and kernel

K(X ,X ′) = K((X1,X2, . . . ), (X ′
1,X ′

2, . . . )) =

K11(X1,X ′
1) K12(X1,X ′

2) . . .
K21(X2,X ′

1) K22(X2,X ′
2) . . .

...
...

. . .


which depends on hyper-parameter h we propose the following algorithm for GPs with block
structure.

Algorithm for GPs with block structure.

Prior K(·, ·), µ(·)

Training
Input: (X ,Y)
Output: µ∗(X ∗), Σ∗, h
1: if clean signals then ▷ optional
2: add noise
3: (Yi, ....) 7→

(
Yi/n{Yi}, ....

)
▷ balance signals

4: (σYi
, ....) 7→

(
σYi

/n{Yi}, ....
)

▷ balance noise
5: for random restarts do
6: for minimizer w.r.t. h do
7: D = diag

(
K(X ,X ) + 1(σ2

1 , σ
2
2 , . . . )

T
) 1

2

8: K = D−1
(
K(X ,X ) + 1(σ2

1 , σ
2
2 , . . . )

T
)
D−1

9: try
10: L = chol(K)
11: except
12: L = chol(K + Iϵ) ▷ increase ϵ if needed
13: α = D−1LT \ (L \D−1(Y − µ(X ))
14: NLML = −1

2 (Y − µ(X ))Tα−
∑
i

lnLii −
∑
i

lnDii − N
2 ln 2π

Posterior
Input: X ∗,X , α, L
15: µ∗(X ∗) = µ(X ∗) + K(X ∗,X )α ▷ posterior mean (prediction)
16: v = L\

(
D−1KT (X ∗,X )

)
17: Σ∗ = K(X ∗,X ∗)− vT v ▷ posterior covariance
18: return µ∗, Σ∗, h

otherwise, we say that the current is leaving the node. Given an ordered pair of nodes (k, l)

the voltage drop vkl across the nodes k and l can be measured via Vkl(t) = Vk(t)− Vl(t), where

Vk(t), Vl(t) are absolute electrical potentials. A path can be defined via node labels or line labels.

A path is said to be closed if the first node index equals the second node index of the last path

segment. Two fundamental laws exist, known as Kirchhoff’s current and voltage law.

Kirchhoff’s Current Law: The sum of all currents entering or leaving a node must be zero

at any instant of time. That is, for node l we have for I1l(t), . . . , I1n(t)
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n∑
k=1

Ikl(t) = 0, ∀t (3.52)

Kirchhoff’s Voltage Law: The sum of all voltage drops around any closed path of the circuit

is zero at any instant of time. That is, for the closed path v12(t), . . . , vk,k+1(t) . . . vn1(t)

n∑
k=1

Vkk+1(t) = 0, where n + 1 = 1, ∀t (3.53)

In the given graph-theoretical framework, we have described electrical circuits via their graph

structure including a consistency requirement formulated in terms of Kirchhoff’s laws. This

constitutes an algebraic structure between voltages and currents in the graph. On top of the

algebraic structure, an additional differential structure can be included in the graph. This is due

to passive electrical components. The set of first-order differential equations arising from this

construction is called the state-space representation, where functions are divided into states and

inputs.

Passive Components We give the basic functional relationships for passive components as

can be found in [100], [101]. It should be noted that the given expressions are approximations

of the real behavior of electrical components in the fields, usually valid under, so-called normal

conditions or in the linear regime. More formally, we assume that passive components can be

described by constants. In particular, physical effects like thermal degradation or drifting due

to high-induced energy can treated individually by parameter values constant in corresponding

periods.

The resistance R of a resistor is defined by the voltage drop VR across the resistor and the

current IR through the resistor by Ohm’s law

VR(t) = RIR(t) (3.54)

As a consequence of (3.52) and (3.53), the equivalent resistance Req of resistances R1, . . . Ri, i ∈
N, can be computed as Req = R1 + · · · + Ri if in series and as Req = 1/R1 + · · · + 1/Ri if in

parallel.

The capacity C of a capacitor is defined by the current IC(t) entering the capacity and the

temporal change of voltage across the capacity, i.e.,

IC(t) = C
d

dt
VC(t) (3.55)

Via (3.52) and (3.53), the equivalent capacity Ceq of capacities C1, . . . Ci, i ∈ N, can be computed

as Ceq = 1/C1 + · · ·+ 1/Ci if in series and as Ceq = C1 + · · ·+ Ci if in parallel.

The inductivity L of an inductor is defined by the voltage VL across the inductor and the

temporal change of current through the inductor, i.e.,

VL(t) = L
d

dt
IL(t) (3.56)
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Following from (3.52) and (3.53), the equivalent inductivity Leq of inductivities L1, . . . Li, i ∈ N,

can be computed as Leq = L1 + · · ·+Li if in series and as Leq = 1/L1 + · · ·+ 1/Li if in parallel.

3.3.2 Linear Operator Kernel Design

A generic state-space equation for an electrical circuit model can be written as

ẋ = Ax(t) + Bx(t) (3.57a)

y = Cx(t) + Dx(t) (3.57b)

with state vector x(t), input (or control) vector u(t), state matrix A, input matrix B, output

matrix C and feedforeward matrix D. It should be noted that (3.57a), can be written using a

linear operator Lt, i.e.,

Lt[x(t)] =

(
d

dt
−A

)
[x(t)] = Bu(t) (3.58)

Often synonymously called linear, in the context of this work the difference between a linear and

an affine map should be emphasized. For a variable or function x, the map

x 7→ ax + b (3.59)

is called affine if a, b ̸= 0 and linear if a ̸= 0, b = 0.

3.3.2.1 Linear Operator Kernel

In [99], the application of linear operators (3.34) given by differential equations to GPs is pre-

sented. The author focuses on providing a solution for the differential equation which is illustrated

by a mathematical toy model. We transfer this construction to the usage of digital representa-

tions for real-world problems. Contrarily to [99], we refer to models like these as linear operator

PIGP instead of PIGP as there will be another class of PIGP proposed in this work.

Let xi(t) ∼ GP[xi(t)] be an arbitrary state of (3.57) that is represented by a GP. Using the

state-space equations (3.57), according to [99], we write

GP[x1(t1)] = x1(t1) , t1 ∈ T1 (3.60a)

d

dt2
GP[x1(t2)] = a1x1(t2) + a2x2(t2) + · · ·+ b1u1(t2) + . . . , t2 ∈ T2 (3.60b)

for the joint GP, where T1, T2 denote the sets of time instances at which the measurements of

states and inputs are performed. In general, T1 and T2 do not have to coincide. From (3.60b),

we can define a linear operator

Lt2 =
d

dt2
(3.61)

acting on state x1(t2). If T1 = T2, we can define the linear operator as

La1
t =

d

dt
− a1 (3.62)
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where t = t1 = t2. Formulated like in (3.62), the linear operator La1
t contains the parameter a1 of

the state-space equations. Let x1(t) be represented by a GP with kernel Kx1(t1, t
′
1), for t1, t

′
1 ∈

T1. According to (3.34), we can write the kernel of the system (3.60) as

Kx1,Lt2
[x1] =

(
Kx1(t1, t

′
1) Lt′2

Kx1(t1, t
′
2)

Lt2Kx1(t2, t
′
1) Lt2Lt′2

Kx1(t2, t2)

)
(3.63)

or

Kx1,L
a1
t [x1]

=

(
Kx1

(t, t′) La1

t′ Kx1
(t, t′)

LtKx1
(t, t′) La1

t L
a1

t′ Kx1
(t, t)

)
(3.64)

with t1, t
′
1 ∈ T1, t2, t′2 ∈ T2 or t, t′ ∈ T . Note that in (3.64), the parameter a1 of system (3.60)

turns into a hyper-parameter of the GP.

We call the state x1(t) the coupling signal, as it is the quantity used for coupling the set

of equations by the linear operator. Note that any other state or input might also be used as

the coupling object. For example, also the linear operator La2 = a2 could be defined, yielding

equivalent expressions for (3.64). In this case, ẋ1(t) appears on the right-hand side of (3.60b)

and has to be measured explicitly. Note that, the GP model is trained on the right-hand side of

(3.60), implying a sensitivity with respect to these qualities. When not measuring ẋ1(t) directly,

obtaining x1(t) and taking numerical derivatives might cause inaccuracies regarding data quality.

In machine learning jargon commonly referred to as “garbage in, garbage out”, care has to be

taken when processing data under consideration. This holds especially for applications of digital

representation as noisy measurements are a key aspect thereof. Note that there are no numerical

derivatives present if x1(t) is selected as the coupling signal. This is because derivatives are

calculated analytically due to the representation of x1(t) as a GP.

3.3.2.2 Limitations of Linear Operator Kernel

Most generally, i.e., with the least amount of prior system knowledge, the PIGP based on the

linear operator (3.60) can be stated as

GP[x1(t)] = x1(t) (3.65a)

La1
t [GP[x1(t)]] = res(t) (3.65b)

with

res(t) = a2x2(t) + · · ·+ anxn(t) + b1u1(t) + · · ·+ bmum(t) (3.66)

As res(t) remains on the right-hand side of (3.65) all quantities present have to be known. In

particular, this includes system parameters a2, . . . , an, b1, . . . bm ∈ R. While states and inputs

might be measurable in practical applications, the precise determination of system parameters

is quite challenging during operation. Although in principle every component could be analyzed

individually, practically speaking this produces a huge overhead of additional measurements.

Despite lucky circumstances of trivial res(t), this prevents an application in any practical setup.
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3.3.3 Balancing, Noise Hyper-Parameter and Regularization of Linear

Operator Kernel

We propose the application of the multi-output kernel design developed in Sec. 3.2 to linear

operator kernels. This is crucial for well-defined and reliable applications of linear operator

kernels to digital representations for energy systems.

In common machine learning applications, feature normalization is archived by affine trans-

formations like min-max-, mean-, or Z-score normalization [39]. However, this is not applicable

in the given context as affine normalization schemes violate the system of equations (3.65). Ev-

ident from (3.65), only the linear part of each scaling is consistent with (3.65). That is the

multiplication by a scalar. We denote the normalizer of signal s by n{s} ∈ R. Then, (3.65) can

be written as

GP
[

x1(t)

n{x1(t)}

]
=

x1(t)

n{x1(t)}
(3.67a)

n{x1(t)}

n{res(t)}

(
d

dt
− a1

)
GP
[

x1(t)

n{x1(t)}

]
=

a2x2(t) + · · ·+ bmum(t)

n{res(t)}
(3.67b)

The normalization factor can be included in the operator by linearity via redefining(
d

dt
− a1

)
7→

n{x1(t)}

n{res(t)}

(
d

dt
− a1

)
(3.68)

Suppose the noise level can be pre-determined, i.e., σ{x2(t)}, . . . , σ{xn(t)}, σ{u1(t)}, . . . , σ{um(t)}

are given. According to uncertainty propagation [102], for the noise level of res(t) we have

σres(t) =

√√√√ M∑
i=2

(
aiσ{xi(t)}

)2
+

N∑
j=1

(
bjσ{uj(t)}

)2
(3.69)

The noise hyper-parameter σ{x1(t)} and σ{res(t)} have to be balanced according to

σ{x1(t)} 7→
σ{x1(t)}

n{x1(t)}
and σ{res(t)} 7→

σ{res(t)}

n{res(t)}
(3.70)

Despite a two-sided regularization which should always be performed, the precise regularization

scheme depends on the individual use case. We give details in the corresponding applications

provided in Ch. 5.

3.4 Affine Operator Kernel Design

As presented in [1], [5], we propose and develop a framework to extend the class of operators

used for PIGP. Thereby, we overcome restrictions provided by linear operators. In Sec. 3.4.1,

we propose the construction of affine operator kernels. This enables a wide range of real-world

applications. In Sec. 3.4.2, we propose a detailed algorithmic scheme for a well-defined and

numerical stable application.
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3.4.1 Affine Operator Kernel

Distinct GPs can be added by a direct sum (3.32). That is, for two independent functions

f(t1) ∼ GP[f(t1)] and g(t2) ∼ GP[g(t2)], where Ti, i = 1, 2 denotes the sets of time coordinates,

the joint kernel is given by

Kf (T1, T1)⊕Kg(T2, T2) =

(
0

Kf (T1, T1)

Kg(T2, T2)

0
)

(3.71)

Note that two non-independent signals can be represented by two independent GPs.

Although (3.71) seems to be a trivial statement for the modeling of two signals f and g as

there are no correlations, i.e., non-zero off-diagonal sub-blocks, it allows the construction of a

new class of operators applicable to GPs, called affine operators. Recall from (3.65) and (3.66)

that the mathematical restriction of linearity implies a non-trivial res(t)-term. Using (3.71),

the right-hand side of (3.65) can be decomposed such that also the signals present in (3.66)

can be represented as GP. In other words, signals not serving as a coupling state via a linear

operator and their associated system parameters can be included in the representation by the

GP. Accordingly, the present system parameters turn into linear operators. Thus, we can write

the system of equations with GP representations as

GP[x1(t)] = x1(t) (3.72a)

...

GP[xn(t)] = xn(t) (3.72b)

GP[u1(t)] = u1(t) (3.72c)

...

GP[un(t)] = un(t) (3.72d)(
d

dt
− a1

)
GP[x1(t)]− a2GP[x2(t)]− · · · − b1GP[u1(t)]− . . . = ˜res(t) (3.72e)

where ˜res(t) includes all states, inputs, and system parameters that should not be represented

by the joint GP. Note that by construction, ˜res(t) = 0 is always possible. That is, the given

construction might provide a complete decomposition of res(t). Moreover, arbitrarily many

system parameters a1, . . . , b1, . . . turn into hyper-parameters of the GP and are thus determinable

in the training process.

We want to emphasize that the construction allows the addition of linear operators in general.

In the given application, the second linear operator L is given by terms like for example, L = −ai
or L = −bi. In general, also adding differentiable operators is possible. Due to the focus on the

application of state-space equations in this work, this is not explicitly addressed in the following.

We call states and inputs appearing on the left side of (3.72e) the coupling signals. Note that

the corresponding system parameters appearing in the individual associated linear operators

Lt =

(
d

dt
− a1

)
, La2 = −a2, . . . , Lb1 = −b1 (3.73)
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turn into hyper-parameters of the affine operator GP model. Thus, they are trainable quantities.

3.4.2 Balancing, Noise Hyper-Parameter and Regularization of Affine

Operator Kernel

Similar to the linear case, the multiple signals entering the affine-operator GP model have to be

balanced, i.e., normalized. While including normalization constants into the linear operator is a

useful option when one signal is given by a GP, for systems consisting of more than one signal,

a redefinition is crucial. Otherwise, each signal could not be normalized independently of the

remaining ones leading to practical constraints. Accordingly, (3.72) turns into

GP
[

x1(t)

n{x1(t)}

]
=

x1(t)

n{x1(t)}
(3.74a)

...

GP
[

xn(t)

n{xn(t)}

]
=

xn(t)

n{xn(t)}
(3.74b)

GP
[

u1(t)

n{u1(t)}

]
=

u1(t)

n{u1(t)}
(3.74c)

...

GP
[

un(t)

n{un(t)}

]
=

un(t)

n{un(t)}
(3.74d)(

n{x1(t)}

n{ ˜res(t)}

(
d

dt
− a1

))
GP

[
x1(t)

n{x1(t)}

]
−

a2n{x2(t)}

n{ ˜res(t)}
GP

[
x2(t)

n{x2(t)}

]
− . . .

−
b1n{u1(t)}

n{ ˜res(t)}
GP

[
u1(t)

n{u1(t)}

]
− . . . =

˜res(t)

n{ ˜res(t)}

(3.74e)

Balancing the pre-determined noise hyper-parameter σ{x1(t)}, . . . , σ{u1(t)}, . . . , σ{ ˜res(t)} yields

σ{x1(t)}

n{x1(t)}
, . . . ,

σ{u1(t)}

n{u1(t)}
, . . . ,

σ{ ˜res(t)}

n{ ˜res(t)}
(3.75)

There is one peculiarity for the noise level within affine operator kernels. Suppose the decomposi-

tion by the affine construction is extensive, i.e., ˜res(t) = 0 ∀t. This means that all signals present

are represented by a GP, leaving the zero signal for the coupling in (3.74e) by the affine differ-

ential operator. Zero noise level for this signal leads to numerical issues. Interpreted physically,

for a zero noise level of (3.74e) we demand the coupled GP to fulfill the state-space equations

exactly. Having noisy signals in general, this is already a contradiction. Despite that, in exact

simulation scenarios, where the differential operator generating the use case is applied to the GP,

zero noise leads to an ill-posed kernel. Consequently, in the case of ˜res(t) = 0 ∀t a small amount

of noise σ{ ˜res(t)=0}, i.e., Tikhonov regularization, has to be utilized for physical consistency and

numerical stability.

A two-sided regularization is crucial before applying Tikhonov regularization for the coupling

part (3.74e). The full regularization scheme is specified by the individual use case. We give

details in Ch. 5.
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3.4.3 Affine Operator Kernel Algorithmic Solution

We summarize the given construction of affine operator kernels in (3.VII).

3.VII. Proposed Affine Operator Construction

Suppose we have state-space equations with component

d

dt
x1(t)− a1x1(t) = a2x2(t) + · · ·+ b1u1(t) + · · · = res(t)

To decompose the individual signals contained in res(t) and represent them by individual
GP, we utilize the direct sum ⊕. The balanced system reads

GP
[

x1(t)

n{x1(t)}

]
=

x1(t)

n{x1(t)}

...

GP
[

xn(t)

n{xn(t)}

]
=

xn(t)

n{xn(t)}

GP
[

u1(t)

n{u1(t)}

]
=

u1(t)

n{u1(t)}

...

GP
[

un(t)

n{un(t)}

]
=

un(t)

n{un(t)}

Lt

[
GP

[
x1(t)

n{x1(t)}

]]
+ La2

[
GP

[
x2(t)

n{x2(t)}

]]
+ · · ·+ Lb1

[
GP

[
u1(t)

n{u1(t)}

]]
− . . . =

˜res(t)

n{ ˜res(t)}

with operators

Lt =

(
n{x1(t)}

n{ ˜res(t)}

(
d

dt
− a1

))
, La2 = −

a2n{x2(t)}

n{ ˜res(t)}
, . . . , Lb1 = −

b1n{u1(t)}

n{ ˜res(t)}

In particular, for basis kernels Kx1
(t, t′), . . . ,Ku1

(t, t′), . . . for the individual normalized
signals x1(t)/n{x1(t)}, . . . , u1(t)/n{u1(t)}, . . . , we have
Lt [Kx1

(t, t′)]

0

0

0

0

Kx1(t, t′)

La2
[Kx2

(t, t′)]

0

0

0

Kx2
(t, t′)

0

. . .

0

0

. . .

0

0

Lb1 [Ku1
(t, t′)]

0

Ku1
(t, t′)

0

0

0

. . .

. . .

0

0

0

0

LtLt′ [Kx1
(t, t′)] + L2

a2
[Kx2

(t, t′)]

+ · · ·+ L2
b1 [Ku1(t, t′)] + . . .

...

Lb1 [Ku1(t, t′)]

...

La2
[Kx2

(t, t′)]

Lt′ [Kx1(t, t′)]


for the affine operator kernel.
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3.5 Correlated Kernel Design

When considering signals in the energy domain at a system level, it turns out that certain signals

are not independent of each other. Depending on the operational regime, correlations among the

individual constituencies might exist. This holds, for example, for temperature measurements

at distinct locations within a room or for voltage magnitudes in a balanced power grid. In both

cases, physical constraints imply similar signal characteristics yielding a correlation between

them. Thus, assuming the same underlying GP model combined with a correlation term is a

straightforward approach. GPs encoding this property are based on separable kernels, called

correlated kernels hereafter. While the mathematical term separable describes the construction,

the term correlated indicates the physical interpretation. We refer to models within this class as

Corr-GP.

We propose the application of Corr-GPs to provide digital representations in the energy

domain in Sec. 3.5.1 and define a concrete application scheme in Sec. 3.5.2

3.5.1 Separable Kernel for System Modeling in Gaussian Processes

We give the construction of separable kernels at the level of kernel matrices [103]. For a derivation

in terms of RKHS, we refer to [103].

Suppose multiple signals display the same characteristics. Consequently, they can be de-

scribed by the same kernel K(·, ·). We established in Sec. 3.1.2.3, that the GP training consists

of hyper-parameter training and conditioning on the explicit data set. By the same kernel K(·, ·),
we refer to the selected covariance function and its hyper-parameter values. Each kernel repre-

senting the individual signal is conditioned on its own data set.

The key mathematical operation describing the correlation among the signals is the tensor

product ⊗ with a symmetric positive semi-definite matrix. Using (3.33), we have

B[d] ⊗K(T , T ′) =


bd1

...

b11

. . .

. . .

. . .

bdd

...

b1d
⊗K(T , T ′) =


bd1K(T , T ′)

...

b11K(T , T ′)

. . .

. . .

. . .

bddK(T , T ′)

...

b1dK(T , T ′)
 (3.76)

for symmetric positive semi-definite matrix B[d] of dimension d.

The matrix B[d], called coregionalization matrix, describes the coupling between the d signals

and can be interpreted as follows. The entries {bij |i, j = 1, . . . , d} of B[d] are trainable hyper-

parameters of the given GP. Diagonal entries {bii|i = 1, . . . , d} describe the self-contribution

of each individual signal to the joint GP model. Off-diagonal terms {bij |i ̸= j; i, j = 1, . . . , d}
account for cross-correlations among related signals. With this at hand, we may define two types

of models, one being the generalization of the other.



3.6 Digital Representation Design by Multi-Output Gaussian Processes 53

Intrinsic Coregionalization Model (ICM) Let K(T , T ′) be a kernel describing all signals

under consideration. The ICM is defined as

KICM(T , T ′) = B[d] ⊗K(T , T ′) (3.77)

This type of model is used in the case of a single class of correlated signals.

Linear Coregionalization Model (LCM) For multiple classes of correlated signals, several

ICMs can be added. This type of model is called LCM and is given by

KLCM(T , T ′) =
∑
q

B[d]
q ⊗Kq(T , T ′) (3.78)

where q denotes the number of considered similarity classes.

3.5.2 Balancing, Noise Hyper-Parameter and Regularization of Corre-

lated Kernel

The kernels of the ICM and the LCM are designed to be applied to signals sharing the same

characteristics including similar order of magnitudes. Thus, balancing all signals with the same

factor is a natural choice. As this type of model and its corresponding hyper-parameter contained

in B[d] does not have a physical interpretation, rescaling via an affine transformation is in principle

possible. For the models developed in this work, we used linear rescaling. For the same reason,

rescaling each signal by an individual factor is also possible. As the hyper-parameters of B[d]

and its diagonal entries in particular describe the relative scaling of each signal, there is no need

for individual rescaling.

In this work, for correlated kernels, a pre-determination of noise hyper-parameter was not

performed. In the given applications as described in Ch. 4 and Ch. 6, a pre-determination is

practically hard to realize. Second, in the given implementation using GPy [97], the noise hyper-

parameter heavily interferes with the implemented regularization scheme as can be understood

as follows. Due to the lack of direct physical interpretation of hyper-parameters of GP models

with correlated kernels, altering the initial task is acceptable if numerical stability can be guar-

anteed. Additionally to Tikhonov regularization for the basis kernel K(T , T ′), another Tikhonov

regularization term is added to the correlation matrix B[d] as the default option in [97]. Thus,

additional contributions to the diagonal coming from the signal’s noise play numerically a minor

role.

3.6 Digital Representation Design by Multi-Output Gaus-

sian Processes

A summary and contextualization of the proposed models in this chapter can be seen in Fig.

3.1. The developed models with linear, affine, and correlated kernels are classified according

to their inherent system knowledge. As shown in Fig. 3.1, Corr-GPss encode the least prior



54 Realizations of Digital Representations

white
box

black
box

ANNLSTM
S-GP

System
Equations

System Solution Single Signals
Behavior

System Signals
Relative
Behavior

Numerical Solver
CSVARMA

System level Single
Channel

Lin-IntTRIVADShooting
PINN

System
Parameter

Linear
operator 

GP

Affine
operator 

GP
Corr-GP

System Knowledge                                                                

Figure 3.1: Embedding and contextualization of digital representations provided by linear, affine,
and correlated kernel GPs.

information about the underlying system. This might be, for example, the local power system

topology relevant in Ch. 4 or similar temperature measurements in Ch. 6. Based solely on

the relative behavior of systems signals, Corr-GPs models are comparable to VARMA models

in terms of the degree of system information included. From a model-building perspective,

the construction allows for tailoring of the Corr-GP model to the specific application which

has two advantages. First, compared to VARMA models, Corr-GPs are kernel methods that

have the universal property instead of pure statistical weights. Second, the coupling by the

coregionalization matrix has a physical interpretation, yielding a user-accessible adaptability to

the specific application.

On the other side of the spectrum, linear operator GPs are based on a system’s description

via state-space equations. An application as a power electronics parameter estimator for the toy

problem of a buck converter with LC-topology is presented in Sec. 5.2. Compared to solver-based

algorithms, linear operator GPs encodes the system’s equation but not their solutions. Actually,

the solver is replaced by the GP.

Compared to linear operators, less prior information is needed for affine operator GP. Al-

though linear and affine operators utilize the description of the system by state-space equations,

less information on system parameters is required. Precise knowledge of system parameters is

often not given in practical applications. Unless explicitly measured, allowing system parameters

to be trainable hyper-parameters of the GP models enables an application to a widespread class of

use cases. The most prominent alternatives to affine operator GPs are PINNs. In general, PINNs

allow any kind of operator to be included in the loss function, not only linear ones. Contrary to

GPs, where the system’s description is encoded into the core process via the kernel, in PINNs

only the loss function is affected. The neural network architecture plays no role in this regard.

Although not an issue in general, in certain circumstances this might have some drawbacks. This

is because no distinct consideration of signal is possible as the individual contributions are added

to the loss function.
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A Digital Twin for Data Quality in Power Systems

In this chapter, we propose a DT for data quality in power systems ICT platforms. We develop a

DT based on Corr-GPs of local subsystems of power systems with the purpose of signal recovery

for large missing periods of data. We describe the automated application as a bad data detection

and signal recovery DT of an ICT platform monitoring a power system operated at FZJ. In

Sec. 4.1, we start with contextualizing and motivating the provided DT application. The ICT

platform of the considered power system operated at the LLEC at FZJ is introduced in Sec. 4.2.

The realization of the DT as a signal recovery tool is developed in Sec. 4.3. The case study is

described in Sec. 4.4. We evaluate results of the application of a Corr-GP DT in Sec. 4.5. We

provide details on the algorithm’s performance and accuracy which is independent of the missing

interval length within the proposed application. Detailed insights about key characteristics of

the DT that generate practical benefits for system operators are provided. A self-aware failing

indication allows system operators a direct evaluation of the recovered data. In Sec. 4.6, the

online application of the Corr-GP models is described. To finalize this chapter, we conclude and

characterize the presented DT in Sec. 4.7. This chapter is based on the publications [3], [8].
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4.1 Introduction

4.1.1 Motivation

Nowadays, power systems are monitored with an increasing number of measurement devices,

aimed at providing the system operator with fundamental information about the operating con-

ditions of the system. From smart meters and power quality meters [104], largely applied in

low-voltage networks, to PMUs [105], mostly used in transmission and distribution systems, ev-

ery day huge datasets are generated in the field. In control centers, this large amount of data is

provided as input to routines for monitoring, e.g., state estimation [105] or the estimation of line

parameters [106], automation, e.g., harmonic analysis [29] and control, e.g., for voltage stability

[107] which strongly rely on these measurements. Within this framework, it is evident that the

successful operation of these algorithms depends not only on the number and accuracy of mea-

surements but also on the data quality [108]. In particular, bad data is the term commonly used

when referring to corrupted data and data loss. Such issues can originate from malfunctioning of

the devices in the monitoring chain (instrument transformers and measurement devices), issues

with the communication network, or failures when storing the data. An example with reference

to a PMU-based measurement system is reported in [31], while in [109] the problem of outliers

in a Supervisory Control And Data Acquisition (SCADA) based monitoring environment is ad-

dressed. Bad data can play a key role in the monitoring of health conditions of components

where, as underlined in [28], data considered incorrect in other fields are indicators of faults in

the machinery. Moreover, it is worth mentioning that bad data can also originate from malicious

cyberattacks, which are causing an increasing concern [110]. Since the issues mentioned above

are getting more and more common, being able to recover a missing section of a signal would

help the system operator overcome the issues due to bad data and ensure the proper operation

of network managing routines.

4.1.2 Related Work

Detecting bad data might be trivial for certain anomalies, like, for example, missing entries or

zeros but could be challenging in case of more subtle anomalies, such as measurements that

are apparently reasonable but characterized by a large error. Different approaches have been

considered to address such issues. In [111], a computationally efficient largest normalized resid-

ual method has been presented for the identification of bad data in large-scale power systems.

In [112], a graph signal processing-based bad data detection method for three-phase distribu-

tion systems has been proposed. In [113], bad data detection has been approached through

backpropagation of neural networks incorporating K-means clustering.

Signal recovery methods applied to large-scale monitoring systems can roughly be classified

into single-channel and multi-channel algorithms [114]. Classical single-channel methods range

from expectation-maximization methods [115] to mean methods [114]. As linear interpolation,

denoted by Lin-Int in the following, is a common representative of those methods, we use it

to evaluate the Corr-GP algorithm. Modern single-channel approaches include both regression

and matrix completion algorithms. In [116], the authors addressed the problem of data losses
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in a monitoring framework composed of PMUs utilizing OLAP-t. Such an algorithm allows the

recovery of signals exhibiting temporal patterns subjected to prolonged data outages. Alterna-

tively, based on the method of multipliers in the alternating direction, in [117] the recovery of

missing PMU data has been addressed by exploiting the low-rank property of the corresponding

measurement matrix. Addressing the matrix completion algorithms, we evaluate the proposed

approach against a compressive sensing-based recovery technique, abbreviated as CS in the fol-

lowing, which is presented in [84]. One such technique, which has been shown to provide the

best performance in case of varying signals, uses a discrete cosine transform to reformulate the

recovery problem on a sparse basis, such that a norm-1 minimization algorithm can be applied

to recover not-null components. Due to the lack of information within larger missing intervals,

single-channel methods have a natural limitation.

A straightforward cross-channel approach utilizes related signals. Referred to as Rep-phase

in this work, such as other phases of a multi-phase system. Although this approach is highly

dependent on the balance of the power system and is not universally applicable, any dedicated

algorithm has to outperform this trivial method. More elaborated multi-channel algorithms in-

clude the power system’s graph structure, extended matrix completion algorithms, as well as

machine learning techniques. Similarly to [116], [117], but combined with Kirchhoff’s laws and

three-phase circuit relations as regularization terms, in [118] the recovered values are given by

using cross-correlations of synchrophasor measurements to complete a low-rank tensor. In [119],

the authors considered the spatial and temporal graph to define the correlations between sys-

tem components and quantities, before applying a regression neural network for the recovery

of missing data in large power systems. Similarly, in [118] cross-correlations of synchropha-

sor measurements are recovered by the completion of a low-rank tensor using Kirchhoff’s laws

and three-phase circuit relations as regularization terms. In [120], a jointly low-rank tensor-

completion is applied to recover data from logistic systems. In [117], the recovery of missing

PMU data has been addressed by exploiting the low-rank property of the corresponding mea-

surement matrix. In [121], a network expectation-maximization algorithm is proposed to recover

data in spatiotemporal applications for small missing intervals. Using neural networks including

graph structures, missing power system synchrophasors caused by communication delays are re-

covered as reported in [122]. In [123], a generative adversarial network is used for missing data

reconstruction.

To summarize, single-channel recovery algorithms capture typical signal behaviors and are

mainly capable of dealing with short missing data intervals. Multi-channel approaches can in-

corporate simultaneously appearing information but might be limited by unknown system infor-

mation in practical applications. For example, in [123], the entire power system has to be known

first, a simulation model has to be built on top, and a decent amount of scenarios, e.g., 12000

in the application in [123], has to be simulated to generate training data. In other words, the

need for big data in artificial intelligence might be a limitation in a practical setting. Moreover,

a changing system topology, which once in a while appears in real power systems, can not be

tracked without dedicated effort. On top, the inherent strong dependency of artificial intelligence

on the specific data set, i.e., on a specific regularisation scheme, makes universal application dif-

ficult. Consequently, there is a need for a multi-channel approach based only on local system

topology that is capable of recovering large missing intervals from a relatively small amount of

known data.
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Similar to the given Corr-GP approach, applications in different domains including distinct

domain-specific peculiarities, have been investigated [60], [124]. In [60], a Corr-GP is utilized for

model building of crowdsourced traffic data. With a focus on real-time information processing,

the application of data collection from a weather sensor network is presented in [124].

4.1.3 Preliminary Remarks on Technical Realizations

We motivate the selected Corr-GP algorithm for the application as a signal recovery tool for power

system signals. Single missing values might be recovered easily by single-channel methods. This

is because power system signals do not vary rapidly under normal operational conditions with

respect to usual reporting rates. For larger missing periods this certainly does not hold. This is

because generation and loads might change quite significantly during this period. Thus, without

any additional simultaneous information providing insights during this period, single-channel

algorithms are naturally limited. A quite obvious way to incorporate simultaneous information

is to utilize the knowledge about the power system, i.e., the grid topology and the implications

for the respective power system signals. However, the drawback of working at the system level,

i.e., the inclusion of physical equations describing the power grid, is the need for full system

knowledge. Phrased differently, if a quantity appears in the system equations, it also has to be

obtained by system operators from physical measurements. In practice, this might be challenging.

Although system operators monitor a significant part of the grid, usually they do not monitor it

at a level of detail needed for a descriptive and complete system model. The solution to this, as

provided in this chapter, is a DT based on only local system topology. From a data collection

perspective, this means also that only local measurements have to be provided for the DT.

4.1.4 Contribution

We propose a Corr-GP framework for the application within the field of power systems’ data

recovery. First, we provide a construction of single and multi-channel models for use in power

systems, utilized for signal recovery. We then emphasize cross-channel information transfer

that encodes the local power system’s topology. In particular, we show that the amount of

needed data to recover a signal is comparable to the desired signal to be recovered. Thus, the

Corr-GP can handle large periods of missing data, while getting along with comparably small

amounts of training data. We propose, analyze and demonstrate the signal recovery algorithm’s

self-aware failing indication, yielding trustworthy recovery results. More precisely, we show

that the approach allows for a direct and inherent evaluation of performance, which can be

utilized as a possibly automated reliable recovery procedure applied to large databases. We

demonstrate that the results provided by the Corr-GP approach are independent of the length of

the missing window if sufficient local cross-channel information is available. Moreover, supported

by a detailed mathematical analysis, we show that the approach is almost unconstrained within

the desired application. The entire evaluation and analysis of the above statements is performed

using real data collected from the field. We apply the proposed framework to the LLEC. We

propose a modular tool for bad data detection and the operation of the developed Corr-GP

algorithm. The structure of the tool is presented generically, to emphasize its applicability to

different types of ICT platforms with specific references to real scenarios.



4.2 ICT Platforms for Energy Systems 59

4.2 ICT Platforms for Energy Systems

4.2.1 The ICT Platform of the Living Lab Energy Campus

The ICT platform of FZJ is based on the open-source IoT platform FIWARE [125]. A schematic

representation of its implementation in the LLEC framework is shown in Fig. 4.1. Via an

MQTT broker, the platform allows gathering data from various components in the field, e.g., PV

systems, batteries, monitoring devices, and so on in real-time. Then, via the IoT agent, data is

converted into the NGSIv2 data format and sent via REST API to the FIWARE Orion Context

Broker (OCB). Here, only the most updated data are stored in the MongoDB database, while

historical data is stored in the InfluxDB database. Since this large-scale framework is used to

store data from different components and sensors, the internal structure of the databases consists

of multiple subdatabases customized to properly store data from specific components. It is worth

noting that different devices and sensors are typically characterized by different reporting rates.

For example, temperature sensors installed in the rooms of the FZJ campus provide change-

of-value measurements, i.e., no fixed reporting rate can be given. Instead, the power system

data considered in this chapter, RMS voltages, and currents collected from the energy meters

installed in the field, are provided with a fixed reporting rate of 5 minutes. All these data are

first saved independently in the MongoDB, overwriting the data stored in the previous reporting

interval, and then saved in the InfluxDB, concatenated to the corresponding set of historical

data. In addition to the specific quantities for each device/sensor, the metadata structure is

also composed of more general information like timestamps, unique identification number of the

device/sensor, location, etc. External applications and services can read/write data directly from

the databases. In particular, the ICT platform is modular, which allows different applications

to run independently, suppressing malfunctioning due to chain effects.

4.2.2 Power system at FZJ

Over the campus, the power distribution is carried out on the 10 kV level via two main busbars.

In total, 136 three-phase medium-voltage/low-voltage (MV/LV) transformers are used to supply

the low-voltage loads on the 400 V level. On each transformer, the RMS values of voltages and

currents on each phase are monitored by means of measurement devices in compliance with class

1 of the standard IEC 61036 [126], as well as the total active and reactive powers. The collected

data are stored in internal databases, introduced in the previous section, for monitoring, control,

and planning purposes.

4.3 Correlated Gaussian Processes for Signal Recovery in

Power Systems

Published in [3], in this section, we propose the application of Corr-GP as a signal-recovering

digital representation in power systems.
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Figure 4.1: Simplified scheme of ICT FIWARE-based platform.

4.3.1 Gaussian Process Characteristics for Signal Recovery

Implied by definition (3.1), the Gaussian assumption in Gaussian processes holds at a function

space level. Thus, a generic signal of interest interpreted as a time series does not have to

explicitly obtain a Gaussian distribution, e.g., with respect to temporal structures or measure-

ment errors. Nevertheless, it is worth underlining, that the Gaussian assumption on individual

measurement values can still be valid for conventional measurement devices. As discussed in

Sec. 3.1.3.2, the considered GPs are universal approximators, meaning any continuous function

can be approximated by the selected GPs. Thus, within the proposed application there are no

constraints according to the signals under consideration.

In the framework of signal recovery, we refer to the available or known data as the training

set. The temporal component of the data to be recovered is called the test set. The posterior

variance, σpost, is given by the square root of the diagonal of the posterior covariance Σpost. As

discussed in Sec. 2.3.2, σpost cannot be interpreted as an error interval in the usual sense, and

thus cannot be associated with the model’s accuracy. However, as being a major concern of

this chapter, it provides a measure of the model’s precision, as well as, a self-contained failing

indication. Thus, on top of recovering missing data, the suggested models provide a reliable, in

a sense self-aware technique, conveniently usable by system operators.

In the given power system application, due to the continuous power demand fluctuations,

the signals of interest are non-deterministic. To this end, imposing a pre-build structure on the

data by a non-zero prior mean function is not applicable due to the required flexibility and the

considered time scale. Thus, we choose µprior = 0 in this chapter.

4.3.2 Single-Channel Model for Voltage and Current Magnitudes

We start by selecting a single-channel kernel for the modeling of power system signals. A roughly

varying voltage or current RMS signal, collected from the low-voltage side of a transformer with

a reporting rate of one minute, as investigated in this chapter, is best described by a one-time

continuous differentiable kernel, e.g., the ν = 3/2 Matérn kernel. Recall from (3.28) that

KM3/2(t,t′) = σ2

(
l +
√

3|t− t′|
l

)
exp

(
−
√

3|t− t′|
l

)
, for t,t′ ∈ T (4.1)
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where T denotes the set of time variables, hyper-parameter l ∈ R+ defines the timescale of the

given process and σ ∈ R+ accounts for a scaling in magnitudes’ direction.

In order to take slowly varying trends into account, a smooth kernel such as (3.25) of the

form

KRBF(t, t′) = σ2 exp

(
−|t− t′|2

2l2

)
, for t, t′ ∈ T (4.2)

has to be selected with l, σ ∈ R+ and time coordinates T . It is worth to note two important

aspects. First, due to the universal property, for data characterized by a high time resolution,

the specific choice appears to be less important as the presented kernels yield a universal approx-

imation. In the case of coarser data sets, the signals of interest tend to appear smoother, which

implies the usage of smooth kernels. Second, as described in the next section, the key feature of

the presented approach to power system signals is the coupling of different single-channel signals

into a mutual multi-channel signal. As this appears to be the dominant effect of the proposed

approach, the single-channel kernel selection becomes less significant in Corr-GPs.

4.3.3 Multi-Channel Model for Correlated Voltage and Current Mag-

nitudes

Intrinsically induced by their local topological nature, power system signals display a certain

degree of similarity depending on the level of balance present in the given system. The Corr-

GP approach takes these characteristic cross-correlations between certain signals explicitly into

account. In other words, by construction, the proposed method accounts for the balance induced

by the power system topology while being flexible with respect to the considered type of signal.

Developed in Sec. 3.5, the mathematical structure encoding this property is given by (3.76) as

B[d] ⊗K(t, t′) =


bd1

...

b11

. . .

. . .

. . .

bdd

...

b1d
⊗K(t, t′) (4.3)

where the superscript d denotes the number of coupled signals and basis kernel K(t, t′) as in the

previous Sec. 4.3.2.

Recall the interpretation of B[d]. First, it should be noted that the entries {bij |i, j = 1, . . . , d}
of B[d] are trainable hyper-parameters of the given model. That is, no prior knowledge about

the quantitative coupling, i.e., the actual balance between power system signals, is required.

Diagonal entries {bii|i = 1, . . . , d} describe the self-contribution of the signal to be recovered to

the given model while off-diagonal terms {bij |i ̸= j; i, j = 1, . . . , d} account for cross-correlations

among related signals induced by the local system’s topology. The latter is the key component of

the proposed approach to incorporate simultaneous local power system information, improving

the accuracy of recovery results. Emphasizing the consequences of this technicality regarding

the given application, we have the following comments.

First, note that the possibility of including simultaneously appearing information of the power

system of arbitrary size allows the Corr-GP approach to handle large missing periods. Practically

constrained by the availability of sufficient simultaneous system information, theoretically, the
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proposed approach can recover missing intervals of arbitrary size. Second, the different inter-

pretation of elements of B[d] induces a particular choice of the data set from which the missing

interval can be recovered. To train diagonal elements {b11, b22, . . . }, the available data on both

sides of the missing period is selected. We considered the missing window to be in between two

known intervals of almost the same size, as described in Sec. 4.4 and visualized for this case

study in Fig. 4.3 and Fig. 4.4. It should be noted that this is done for a matter of convenience

and by no means mandatory. In fact, having known data before and after the missing period

is recommended as it conditions the given model on both ends of the missing window. For off-

diagonal entries {bij |i ̸= j; i, j = 1, . . . , d}, correlated signals are chosen, which are selected by

the local power system’s topology.

Selecting a basis kernel Kbasis(t, t
′) according to Sec. 4.3.2, both the ICM (3.77) and the LCM

(3.78) can be defined. That is, for each similarity class, we have

KICM(t, t′) = B[d] ⊗Kbasis(t, t
′) (4.4)

which can be extended to

KLCM(t, t′) =
∑
q

B[d]
q ⊗Kbasis,q(t, t′) (4.5)

for q similarity classes.

4.3.4 Multi-Channel Recovered Signals

We summarize the given construction. For j signals
(
s∗1(t∗1), . . . s∗j (t∗j )

)
to be recovered from i

signals (s1(t1), . . . si(ti)), the proposed approach reads
s∗j (t∗j )

...

s∗1(t∗1)
 =

∑
q


bqd1K

q(t∗j , t1)

...

bq11K
q(t∗1, t1)

. . .

. . .

. . .

bqddK
q(t∗j , ti)

...

bq1dK
q(t∗1, ti)



·


bqd1K

q(ti, t1)

...

bq11K
q(t1, t1) + σ2

s1

. . .

. . .

. . .

bqddK
q(ti, ti) + σ2

si

...

bq1dK
q(t1, ti)


−1

si(ti)

...

s1(t1)
 (4.6)

where q runs over the corresponding similarity classes and d = i + j.

For the base kernel Kq(t, t′) we choose (4.1) for each similarity class. That is, for example,

q = 1 for balanced three-phase current magnitudes of a single transformer. For p transformers,

we have p ≥ q, depending on the balance between the transformers. For larger models, i.e., those

with q > 2 similarity classes, an additional kernel (4.2) should be included to account for an

underlying mutual trend.
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4.4 Case Study - Living Lab Energy Campus

For the test cases, two different buildings located at FZJ as part of the LLEC have been consid-

ered, as shown in Fig. 4.2. The corresponding different internal configurations can be described

as follows:

• Building 1 is characterized by two MV/LV transformers (in the following labeled as B1-TR1

and B1-TR2) in parallel;

• Building 2, directly connected to Building 1, being in the same ring, is characterized by 3

MV/LV transformers (in the following labeled as B2-TR1, B2-TR2 and B2-TR3), two of

which are connected in parallel.

For these two buildings, a 10-hour interval of voltages and currents without missing data has

been identified in the historical database. Then, in order to be able to evaluate and discuss key

characteristics of the proposed Corr-GP, different missing intervals have been simulated during

the tests. The considered voltage and current signals are reported in Fig. 4.3 and in Fig. 4.4.

Black curves denote training data, while green sections underline the maximum interval of the

considered missing data, i.e., the sets under test. In particular, during the tests, the total duration

of these intervals will vary from 5 minutes to a total period of 4 hours. Different patterns are used

to represent the different phases. In order to properly evaluate the performance of the proposed

method and to underline its associated coupling features, three different test cases have been

considered. In Case 1, the recovery of the voltage magnitude on phase B of the first three-phase

MV/LV transformer in Building 2, i.e., B2-Tr1-B, will be investigated by taking into account the

magnitude of the voltages on the two other phases of the same transformer, i.e., B2-TR1-A and

B2-TR2-C. First, case 1-a analyses the performance with respect to a missing 4-hour interval

compared to the state-of-the-art methods Single-output Gaussian process (S-GP), Compressive

Sensing (CS) [84], Linear Interpolation (Lin-Int) and the naive approach of substitution by data

collected from phase A and C, denoted Rep-A and Rep-C, respectively. Second, case 1-b analyses

the effect of the missing interval length, and a comparison is made with the stated alternatives.

In Case 2, in addition to Case 1, the voltage magnitudes collected from all transformers

present in Building 1 and 2 are provided as input to the proposed method. More specifically, all

of the three phases from the first transformer in Building 1, B1-Tr1, and the last transformer in

10 kV
400 V

10 kV
400 V

Tr1 Tr2 Tr1 Tr2 Tr3

Building 1 Building 2

Building 3Busbar 1

Figure 4.2: Overview of the considered buildings.
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Figure 4.3: Reference signals - Voltages.

Building 2, B2-Tr3, are considered missing for 4 hours. In case 2-a, scalability and the ability to

identify relevant cross-correlations of Corr-GPs are discussed. In case 2-b, a self-failing indication

is presented.

Finally, to show the applicability of Corr-GPs to signals with different characteristics, the

recovery of the current magnitudes of Building 2 is considered in Case 3. In particular, the

current profile of B2-Tr2 will be recovered on the basis of the current magnitudes collected from

B2-Tr1 and B2-Tr3.

In Table 4.1, a summary of missing and available data for each considered test case is reported,

50

100 B2-TR1
Phase A Phase B Phase C

50

100

Cu
rre

nt
s [

A] B2-TR2

0 100 200 300 400 500 600
Time [min]

300
400

B2-TR3

Figure 4.4: Reference signals - Currents.
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in terms of RMS samples. In the table, also the number of channels (i.e., signals) considered

in the test cases is indicated. Thus, with reference to Case 1-A, a total of 360 samples are

considered from 3 channels (i.e., 120 samples per signal) 48 of which are considered missing.

It is worth noting that, although the proposed approach is rooted in the realm of probabilistic

machine learning, the amount of available data (training data) to recover missing data (test

data), is comparable in size.

4.5 Results of Correlated Gaussian Process as Digital Twins

for Signal Recovery

In this section, the validity of the proposed approach will be investigated by discussing its

performance with reference to the test cases described in the previous section. All of the results

are evaluated with respect to the normalized root mean squared error (NRMSE), stated as

NRMSE(ytrue, yrec) =
1

ȳtrue

√√√√ 1

N

N∑
i=1

(ytrue,i − yrec,i)2 (4.7)

where ytrue and yrec denote the true and the recovered values, respectively, and ȳtrue denotes the

arithmetic mean of ytrue,i over the N samples.

4.5.1 Results Case 1-a: Accuracy, Precision and Basic Characteristics

The basic characteristics and the performance of Corr-GPs as a recovery tool will be presented.

We consider signals derived from the collection of voltage magnitudes of the first three-phase

transformer in Building 2, B2-Tr1. The explicit model reads

KCase1(t, t′) = B[3] ⊗KM3/2(t, t′) (4.8)

In Fig. 4.5, the recovery results for a missing 4-hour interval are presented. The color-contrasting

upper subplot recaps the available data of 10 hours taken into account. Focusing on the missing

interval, the green crosses denote the signals considered missing while blue crosses describe the

recovered values by the Corr-GP. It has to be noticed that in the figure it is not possible to see

the blue error bars representing the posterior variances 2σpost, since their value is in the order of

magnitude of 0.08 V. This is in line with the interpretation of posterior variances of Corr-GPs

provided in Sec. 2.3.2.1.

The comparison to alternative methods is reported in Table 4.2, in terms of the NRMSE, and

Table 4.1: Summary of missing and available data or each test case.

Case
# Missing- # Available- # Missing # Available
Channels Channels Data Data

1-A,B 1 2 48, 1:48 312, 359:312
2 3 12 144 1656
3 3 6 144 936
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Figure 4.5: Case 1-a - True (green) and recovered voltage profiles (blue) of the three-phase
transformer B2-Tr1, with Corr-GP.

displayed in Fig. 4.6. Contextualizing recap and color coding of Fig. 4.6 is used the same way as

before. From Fig. 4.5, Fig. 4.6 and Table 4.2, the first two main results can be deduced. In par-

ticular, the overlapping green and blue curves in Fig. 4.5, with an NRMSE of 0.031%, underline

the accuracy of the Corr-GP recovery. Compared to the alternative methods, an improvement

by a factor between 5.3 and 32.0 can be archived by using the Corr-GP. With the naive approach

Rep-A and Rep-C, which can also be seen as a model correlating different phases, the accuracy

of this rudimentary method is unpredictable in practice as it fully relies on the network balance.

While Rep-C is less accurate than the Corr-GP by a factor of 5.3, Rep-A deviates by a factor

of 32.0. Linear interpolation, compressive sensing, and single-output Gaussian Processes with

kernel (3.28) are less accurate by factors of 7.4, 10.7, and 10.4, respectively.

Furthermore, being in a range too small to be visualized in Fig. 4.5, the posterior covariance

indicates a high precision of the given Corr-GP. This is in particular evident when compared

to the S-GP, shown in Fig. 4.6-d. In both cases, the same (base) kernel (4.1) is used. This

comparison clearly indicates the value of taking cross-correlations between different phases into

account. While the single-phase GP is not able to accurately recover the missing signal due to

missing information during the recovery period, the use of a separable kernel, given by (4.8),

enables the inclusion of simultaneously occurring information. Contrarily, if no cross-correlation

information is available, the proposed Corr-GP approach reduces to an uncoupled multi-output

model, i.e., the correlation matrices have zero off-diagonal terms. Note that in this case, the

tensor product (3.33) effectively reduces to the direct sum (3.32). As this is equivalent to multiple

S-GP, in the absence of sufficient correlations, the accuracy of Corr-GP reduces to the given

single-output GP alternatives.

Table 4.2: Comparison of different methods.

Corr-GP Rep-A Rep-C Lin-Int CS S-GP
NRMSE [%] 0.031 0.995 0.1651 0.230 0.333 0.322



4.5 Results 67

232
234

(a) Rep-A / Rep-C 

233
234
235

(b) Lin-Int

B2-TR1-B missing
B2-TR1-B recovered

233
234
235

(c) CS

200 250 300 350 400
Time [min]

232
234
236

(d) S-GP ±2

0.0 0.2 0.4 0.6 0.8 1.00.0

0.2

0.4

0.6

0.8

1.0
Vo

lta
ge

 [V
]

Figure 4.6: Case 1-a - Comparison between recovered voltage profiles of phase B of transformer
B2-Tr1.

4.5.2 Results Case 1-b: Missing Interval Independent Recovery Accu-

racy

Besides the high accuracy and precision of Corr-GPs, a main characteristic is the independence

of the recovery performances with respect to the missing interval length as long as a good level

of correlation exists between the signal to be reconstructed and other signals in the systems.

In practical applications, this property is met for sufficient large power systems by the local

topological system characteristics. Using the same data set as above, this property is shown by

varying the missing interval length from 5 minutes (1 sample) to 4 hours (48 samples), with an

increasing step of 5 minutes. Individual NRMSEs of the methods discussed above with respect

to the percentage of missing values in reference to the total interval length are reported in Fig.

4.7. The blue line is used for the results of the Corr-GP while the remaining methods are

reported in black. From the figure, it is possible to deduce that the performance of Corr-GP

is almost independent of the percentage amount of missing data. Due to the lack of further

network unbalances in the observed period, such stability also holds for the replacement by the

other phases Rep-A and Rep-C. As for the other methods considered in the comparison, it is

possible to observe that the corresponding NRMSE is sensitive to the increase in the portion of

missing data. In other words, these results provide an experimental validation, within the given

case study, of the independence of the proposed algorithm’s accuracy with respect to the missing

period size, theoretically discussed in Sec. 2.3.3.1.

Furthermore, the presence of peaks in the curves of these methods underlines how their

performances are also affected by the different characteristics of the available and the missing
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Figure 4.7: Case 1-b - Comparison of NRMSE of different methods with respect to the length of
the missing signal.

signals. These considerations are not only shown in the given test case but are also clear from

a theoretic perspective. As these methods do not take into account any information within the

missing time frame, they cannot be expected to provide precise results for larger intervals.

4.5.3 Results Case 2-a: Cross-Correlation Identification

In the second case study, the amount of information provided as input to the Corr-GP method

is increased, by considering the voltage magnitudes of all five transformers present in both

Building 1 and Building 2. Instead of recovering the missing window only from one phase of

a single transformer, here, three phases from two different transformers located in different

buildings, B1-Tr1 and B2-Tr3, will be considered as missing. The comparison of the results

achieved with the previous ICM model for 5 three-phase transformers, formulated as

KICM
Case2(t, t′) = B[15] ⊗KM3/2(t, t′) (4.9)

and the generalized LCM model, formulated as

KLCM
Case2(t, t′) = B

[15]
1 ⊗K

M
3/2
1

(t, t′) + B
[15]
2 ⊗K

M
3/2
2

(t, t′) (4.10)

are reported in terms of the NRMSE, in Table 4.3.

While the results for transformer B1-Tr1 are comparable for both considered Corr-GP’s and

similar to those discussed in Case 1, different considerations should be made for the accuracy of

B2-Tr3. We elaborate on this and discuss a key feature of Corr-GPs in the remaining part of

this section.

In general, signals collected across different buildings are expected to have fewer similarities

than signals collected within a single transformer. Exemplarily shown in Fig. 4.8, we report

the current magnitudes of phase A for the first three hours of the considered interval for all

five transformers. From Fig. 4.8, it is possible to appreciate that transformers B1-Tr1, B1-Tr2,

B2-Tr1 and B2-Tr2, denoted in black, are quite balanced while transformer B2-Tr3, denoted in

blue, slightly deviates. Thus, taking two classes of signal types into account by using an LCM

instead of an ICM model, leads to the better performance of the Corr-GP for transformer B2-
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Table 4.3: Case 2 - NRMSE of Corr-GP for B1-Tr1 and B2-Tr3.

NRMSE [%]

B1-Tr1 B2-Tr3

Ph. A Ph. B Ph. C Ph. A Ph. B Ph. C

KICM
Case2(T , T ′) 0.023 0.022 0.024 0.685 0.350 0.186

KLCM
Case2(T , T ′) 0.016 0.012 0.023 0.153 0.153 0.143
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Figure 4.8: Phase A for three hours of available signals of all five transformers.

Tr3, reported in Table 4.3. The overall better performance of the LCM Corr-GP model (4.10)

for the recovery of B1-Tr1 compared to those of B2-Tr3 is also evident, as B2-Tr3 is the only

transformer displaying this isolated behavior. In fact, there are fewer cross-correlations available

to recover voltage magnitudes of B2-Tr3. In summary, the Corr-GP learns during training which

cross-correlation to take into account. If less cross-information is available in this regard, the

corresponding signals are treated separately, giving results that are similarly accurate to the

single-phase methods provided in Case 1.

4.5.4 Results Case 2-b: Self-Aware Failing Indication

So far, the discussion mainly focused on the Corr-GP’s performance. In this subsection, an

additional feature of Corr-GP for practical, and possibly automated, usage by system operators

is underlined. In Fig. 4.9, posterior variances are shown for both models under test with respect

to the overall 4-hour missing interval as well as the corresponding accuracy results.

As shown in Fig. 4.9-a, the ICM approach is characterized by a significant increase of

σpost-values when compared to the LCM model depicted in Fig. 4.9-b. Moreover, a depen-

dence between σpost (l.h.s. of Fig. 4.9) and the NRMSE (r.h.s of Fig. 4.9) is evident. Thus, not

only does the proper Corr-GP model, in this case, the LCM, come with high accuracy, but the

less fitting Corr-GP approach can be detected by a high posterior variance. Contrarily to the

common usage as an error estimate of the resulting values, the posterior variance of GPs displays

an error estimate of the selected model. The posterior variance describes the uncertainty of the

Corr-GP associated with each recovered sample, where the latter is the corresponding Corr-GP

mean value. This means that the higher the posterior variance, the less the selected Corr-GP

model fits the recovery task of a desired accuracy. Thus, the notion of posterior variances yields a

self-failing indication allowing a direct evaluation of the performance of the given model. Conse-

quently, an automated iterative procedure could be performed by system operators, by gradually

increasing model complexity. In cases without detailed prior knowledge of the similarity classes
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Figure 4.9: Posterior variances (left) for transformer B2-Tr3, by a) ICM and b) LCM, with
corresponding NRMSE (right).

provided by the topology and load conditions of the power system, or within an automated oper-

ation, a trial-and-error approach could be performed. First, a basic ICM model of the proposed

approach corresponding to a single similarity class including posterior variances is computed. If,

based on the posterior variance, the desired model accuracy is not sufficient, an additional ICM

term is appended and the extended Corr-GP is retrained. This procedure might be iterated until

an acceptable value for the posterior variance is reached. In other words, the iterations terminate

when the number of added ICM terms corresponds to the number of similarity classes. How-

ever, in practical applications, the number of possible iterations is bounded by computational

resources, thus, limiting a fully automated operation in cases where no cross-channel informa-

tion is available. In cases where detailed information can be provided by system operators or a

dedicated pre-analysis of the given signals is performed, the trial and error procedure might be

neglected. In such a case, the posterior variance serves as a consistency check.

4.5.5 Results Case 3: Modeling of Multi Cross-Correlated Signals

Due to their different characteristics, current signals cannot be modeled as the voltage ones.

Evident from Fig. 4.10 and Fig. 4.4, in Case 3 the current magnitudes are considered which are

characterized by less homogeneity and cross-correlation compared to the voltages. Taking into

account the 10-hour current profiles of all phases of B2-Tr1 and B2-Tr-3, as well as the preceding

and following 3-hour intervals of B2-Tr2, the recovered 4-hour interval profiles are displayed in

blue in Fig. 4.10. In particular, missing current magnitudes to be recovered are denoted in green.

By a closer inspection of Fig. 4.4, it is possible to observe that there exist three similarity

classes in the given data set, yielding (4.11b). Moreover, to also have a correlation term across

distinct classes, we take long-term correlations into account, established by (4.11a). Thus, the

proposed Corr-GP model reads

KCase3(t, t′) = B
[9]
0 ⊗KRBF(t, t′) (4.11a)

+

3∑
q=1

B[9]
q ⊗K

M
3/2
q

(t, t′) (4.11b)

and gives accuracies with respect to the NRMSE of 1.2%, 1.0% and 1.3% for phase A, B and C,
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Figure 4.10: Case 3 - True (green) and recovered current profiles (blue) for the three phases of
transformer B2-Tr2.

respectively. Contrarily, in this scenario linear interpolation results in 4.6%, 7.5% and 5.5%.

From Fig. 4.4, it is possible to observe that the current profiles of B2-Tr1 and B2-Tr2 are very

similar, while the currents flowing in the third transformer are almost 4 times higher, and also

characterized by a more volatile profile. Considering the results shown in Fig. 4.10, we can thus

observe that the Corr-GP recovery method is able to distinguish between the characteristics of

the different coupled signals and to give more weight to the information coming from the more

similar inputs.

4.6 Online Application of a Digital Twin for Data Quality

in Power Systems ICT Platforms

The main area of application of the presented Corr-GP signal recovery algorithm is the data

recovery of large missing periods. Although nothing prevents the Corr-GP model to be applied

to single missing data points, the computational overhead compared to comparably accurate but

computationally cheaper algorithms such as, for example, linear interpolation has to be taken

into account. This is in particular relevant for large-scale databases like the presented use cases.

To take this into account, in the given ICT platform we provide the following modular framework.

In its core functionality, the framework consists of two modules, one for detection and one for

recovery of bad data. Both modules consist of submodules themselves, which allows an easy and

modular application of different detection and recovery algorithms. On top, to provide a useful

framework for system operators, additional modules are included. We describe the framework in

Sec. 4.6.1 and each module in Sec. 4.6.2.
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4.6.1 Digital Twin Framework in ICT Platforms

We propose a modular tool for possibly automated anomaly detection and signal recovery. In

Fig. 4.11, an overview of the components of the approach is shown. To provide a clean solution

from a data processing point of view, we do not alter the data stored in the original database, in

the following referred to as Measurements DB. The proposed tool includes a dedicated database,

namely Applications DB, for internal data handling. Then, the tool itself is composed of six

modules which can be grouped into four levels:

• control level, where the modules aimed at ensuring the reliable operation of the tool are

defined;

• data processing, where the scan and recovery modules are allocated;

• data storage, where the databases are allocated;

• user interaction, where the dashboard module allows the users to interact with the databases

and the execution module.

4.6.2 Modules in ICT Framework

4.6.2.1 Scan Module

The scan module constitutes the first part of the data processing level in the proposed tool, the

one focusing on the identification of anomalies in the signals, thus on the bad data detection. Its

general scheme is shown in Fig. 4.12, and it is composed of three main sections.

The first part of the module consists of reading the most updated data from the Measurements

DB. This action could be performed in real-time, as soon as a new value, or set of values, is

available in the database. Nevertheless, there are cases in which data cannot be scanned in

real-time, because of computational and/or communication network limitations, thus a buffer to

deal with data characterized by too high reporting rates and/or queues would be required.

The data are then provided as input to the data-processing sub-modules, each one aimed at

detecting a specific anomaly. For example, anomalies of interest could be zeros, not-a-numbers

(NaNs), unexpected sudden changes or large missing periods of data. It is worth mentioning that

missing values are typically replaced by zeros or NaNs, thus included within the above-mentioned

categories. Nevertheless, there are also cases, such as in the Measurements DB at FZJ, where

Scan module Recovery module

Dashboard module

Measurements DB Applications DB

Monitoring module Execution module Validation moduleControl 

level

Data processing

level

Data storage

level
User interaction

level

Figure 4.11: Overview of the proposed approach.
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Figure 4.12: Scan module scheme

missing values are not replaced and thus they can be identified by analyzing the distance between

two following time tags.

Having dedicated sub-modules aimed at discovering specific anomalies allows to easily im-

plement ad-hoc developed algorithms depending on the needs. The sub-modules could be im-

plemented by APIs running on dedicated hardware, which empower their computation on the

most suitable platform. For example, scan sub-modules characterized by a low computational

burden (e.g., detecting zeros and NaNs) could be executed directly on the server where the ICT

platform interface runs. More computationally intensive sub-modules, such as those aimed at

recognizing values that seem reasonable but are affected by high errors, should run on more pow-

erful platforms, such as dedicated servers. Nevertheless, it is worth mentioning that in certain

applications having a scan module that captures slightly fewer anomalies with respect to another

one, while being characterized by a lower computational burden could be a trade-off one would

be willing to accept.

Once the anomaly is detected, each sub-module records key information associated with it,

such as original value, time tag, and sensor ID. These information are stored in dedicated tables

of the Applications DB, in order to avoid modifications on the values stored in the Measurements

DB.

4.6.2.2 Recovery Module

The recovery module constitutes the second unit of the data processing level. Also in this case,

the main structure of the module is organized into three parts: data reading, data processing,

and data saving, as shown in Fig. 4.13.

Individual sub-modules could be implemented for specific recovery methods. In particular,

each recovery sub-module is enabled to read the data from the tables previously populated by the

scan module. According to the type of anomaly, and the specific requirements of the implemented

recovery algorithm, the recovery sub-module queries the Measurements DB to get the additional

information needed for the recovery, e.g., a specific set of “correct” samples. With all of the

necessary information available, the recovery algorithm implemented in the sub-module provides

a new estimation for the anomaly under analysis and stores it in a dedicated column of the

corresponding table.

Another interesting feature of the recovery module is the statistics sub-module. Similarly

to the other sub-modules, this component can read the data from the various tables in the

Applications DB, but it is aimed at collecting information on the number of failures of a specific
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Figure 4.13: Recovery module scheme.

device, the number of occurrences of a specific anomaly, and others. Its role is of particular

importance since this information can be used by the system operator to conduct dedicated

investigations on specific devices and/or plan maintenance.

4.6.2.3 Execution Module

A decentralized approach like the one presented, with many instances and possible resource-

binding algorithms requires dedicated control. The execution module is the key of the control

level and coordinates the self and mutual activities of the other modules of the tool. For example,

it could avoid query delays in the Measurements DB, preventing reading operations from running

in parallel. If large communication traffic is expected, the execution module could impose the

scan and recovery modules described above to be executed during reduced communication phases.

With the same principle, the modules of the data processing level can be also used to perform

analysis on historical data, or other databases.

Both versions, i.e. the automated as well as the on-demand executions should also have a

stop, break and rollback functionality to avoid blocking the databases for other processes, like

updates or cross-system applications. In general, the operations of the execution modules could

be automatized, thanks to the coordination with the information gathered from the monitoring

module, described in the following subsection. Nevertheless, it is worth mentioning that, for

safety reasons, the system operator must always be capable of directly manage the execution

module, and thus every other module of the tool.

4.6.2.4 Monitoring Module

The monitoring module is a self-monitoring component that keeps track of all metadata. This

includes but is not limited to start and end time of active scripts, devices and servers of execution,

as well as every access to databases, tables and specific entries. The module guarantees a full

reconstructability of every process. This is not only a benefit for the operator, but constitutes a

key aspect of scalability and decentralized execution. For example, the more instances mutually

query the same entry of a specific table, the more caution with respect to read/write errors is

needed. Moreover, the gained knowledge can be used for a safe and automated operation of the

execution module.
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4.6.2.5 Validation Module

The validation module gives the possibility to test different applications with respect to each

other. In particular, it defines an interface to artificially include typical anomalies described

above. This could be used to validate the activities of the modules described above. By partly

mirroring a chosen table, an automatic insertion of predefined artificial anomalies is performed.

The automated aspect is a key feature as it supports the large scale analysis instead of single

values or events.

4.6.2.6 Dashboard Module

Finally, the dashboard module constitutes the interface between the tool and the users. As shown

in Fig. 4.14, the dashboard module should be able to read data from both the Measurements and

the Applications DB. From the former, the original data collected from the network are read with

reference to both real-time and historical data, while from the latter only the recovered values

are considered. Depending on the specific needs, the GUI of the dashboard can be customized

with various functionalities. Nevertheless, for the generic signal of interest, it would be sufficient

to give an overview of the real data with the recovered values marked accordingly.

4.7 Conclusion and Characterization of Power System Dig-

ital Twins

4.7.1 Discussion

ICT Framework for Bad Data Detection & Handling The structure of a modular tool for

bad data detection and handling in ICT platforms for modern energy systems has been proposed.

The functionalities of the six modules composing the tool have been discussed based on the ICT

platform of FZJ. While the concept is theoretically proposed, actual implementations on large-

scale platforms come along with additional obstacles. For example, bottlenecks in interfaces

might affect the communication between individual substations. On top of this, writing/reading

processes of the bad data detection and handling routines might cause additional bad data.

Moreover, needed computational capacities must be determined and monitored regularly as they

might change during operation.

Correlated Gaussian Processes for Signal Recovery Power systems data recovery by

Corr-GP has been proposed, discussed, and evaluated. Tested with voltage and current signals

collected from the LLEC, the proposed Corr-GP is capable of outperforming the alternative

state-of-the-art methods. In contrast to the considered alternatives, the accurate performance

is mainly independent of the missing interval length. Besides the approximately one order of

magnitude higher accuracy when cross-correlated information is available, Corr-GPs perform

comparable accurately to the stated alternatives if no such correlated information is available.

The proposed method yields a self-failing indication in terms of posterior variances, thus recovery
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Figure 4.14: Dashboard scheme

precision, allowing system operators a direct evaluation and further improvement if needed.

The proposed Corr-GP approach is neither limited by the missing window length nor the

type of correlation under consideration. However, it is worth emphasizing that the absence of

any correlated signal makes the given approach not applicable. Thus, regarding an automated

application, the relevant domain is within large-scale monitoring systems, in which the existence

of correlated signals can be guaranteed in practical scenarios.

One aspect to consider is the computational complexity associated with the matrix inversion

by Cholesky decomposition. In [124], an updated Cholesky decomposition is proposed to accel-

erate the calculation of the matrix inverse. However, this means a continuous operation, i.e., the

inclusion of every data point into the Corr-GP. In the recovery of large missing windows, this

is not beneficial since the outage of sensors, communication problems within the database, or

maintenance work do not frequently occur but are limited to individual occasions.

4.7.2 Characterization of Power Systems Data Quality Digital Twins

ICT Framework for Bad Data Detection & Handling The characterization of the pre-

sented approach for the ICT framework for bad data detection is vizualized in Fig. 4.15. The

given framework can cover an arbitrary level of detail as the monitoring and recovery abilities are

only limited by physical resources. The data transfer can be classified as online and explicit. The

classification according to real-time aspects only applies to the modules accessing the MongoDB,

which stores the most recent data points. As the InfluxDB only stores historic data, no notion of

(power) system dynamics exists, and thus, no real-/not-in-real-time classification applies. Lim-

itations thereof are only due to computational resources as the given structure displays a high

level of parallelization. The given framework displays no aggregation as each signal is represented

in a one-to-one deterministic correspondence. Due to the modular approach, the framework is

updatable with self-validation due to the dedicated validation module.

Correlated Gaussian Processes for Signal Recovery The Corr-GP approach can be char-

acterized as shown in Fig. 4.16. In its basic formulation, the Corr-GP model maps signals dis-

playing a missing period to the recovered signals. Thus, these models can be characterized as

DSs. As shown in Fig. 4.16, with reference to the entire power system, the level of detail can

be characterized as medium due to the local power system consideration. The data transfer can

be classified as explicit, while the type depends on the given implementation. In the given case

study, the missing signals were recovered offline. An online application is possible as described
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Figure 4.15: DT characterization of the provided ICT framework.
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Figure 4.16: DS characterization of the provided Corr-GP signal recovery algorithm.

in the ICT framework given above. As the recovery algorithm is applied subsequentially in the

InfluxDB, a classification in terms of real-/not-in-real-time does not apply. The Corr-GP repre-

sents each signal one-to-one, thus, no aggregation is performed. Due to the interpretation of the

posterior covariance, the proposed DS can be characterized as self-validating, and consequently

dynamic. The DS is probabilistic.

4.7.3 Outlook

The next step for the ICT framework of bad data detection and handling is the implementation

within the LLEC. To keep the Corr-GP computationally tractable in large-scale platforms, the

computational burden has to be analyzed and possibly reduced. A possible reduction can be

obtained with the use of a minimal data set in each recovery task, i.e., the ratio between known

and missing data has to be minimized. Within a large-scale application, this requires a statistical

analysis to ensure reliable applicability. Another possibility is the limitation of hyper-parameters

to a relevant domain. Although re-training can not be avoided completely as timescales and

magnitudes might change during online operation, the number of optimizer restarts might be de-

creased. Another aspect to analyse within the application at large-scale platforms is an analytical

pre-analysis of the given signals to pre-determine the number of needed similarity classes. This

might reduce the number of possible model iterations, and could thus, reduce computational

costs. Despite reducing data and algorithmic solutions, a tailored GPU-based computational

environment including a specialized Corr-GP implementation might be worth investigating.
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A Digital Shadow for Power Electronics Parameter Estimation

In this chapter, we provide a DS for power electronics parameter estimation. By encoding the

power electronics state-space equations into the machine learning algorithm, we construct a back-

ward solution for the power electronics component. Purely based on input/output measurements,

this provides a non-invasive characterization of the specific power electronics device. Although

the presented DSs are based on supervised machine learning algorithms, the application of esti-

mating the device parameters is unsupervised. More precisely, there is no need to measure the

device parameters in a dedicated experiment to provide training data. In Sec. 5.1 we motivate

and contextualize the provided DS. In Sec. 5.2, within a simulation environment, the parameters

of a DC-DC buck converter described by an LC model are estimated. We test, analyze, and

compare a PIGP based on linear operators, a forward solver-based approach, called ADShoot-

ing, and provide an application-tailored PINN. In particular, we discuss the limitations of these

algorithms when applied to real power electronics devices. In Sec. 5.3, we propose affine operator

kernels that apply to devices operating in the field. Tested with measurements conducted in the

field, parameters of half-bridge converters operated in buck and boost topologies are provided.

To conclude this chapter, we give a discussion and characterization in Sec. 5.4. This chapter is

based on [1], [5], [6].

79
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5.1 Introduction

5.1.1 Motivation

Parameter estimation of power electronic converters leads to useful insights into the converter

characteristics, which can be utilized to improve various applications such as control [35], fault

diagnosis [32], as well as condition and health monitoring [33]. In control applications, adaptive

control depending on the device characteristics and the operational regime can lead to enhanced

control schemes, such as model predictive control (MPC) [35], finite-time control [127], and

system identification control schemes [34]. Within the field of fault diagnosis and condition

monitoring, parameter estimation leads to safe and reliable operation [45], [128]. In particular,

parameter degradation has to be taken into account [129]. Although nominal values of parame-

ters are given in data sheets, the stated values are often given with relatively large uncertainty

margins, which might not be sufficient for the desired application [130], [131]. Besides accuracy

and robustness, additional properties, such as adaptability and sufficiently fast online execution,

are needed [34], [127], [130]. Consequently, there is a need for flexible parameter estimation tech-

niques that are capable of extracting non-invasively converter parameters from power electronics

devices.

5.1.2 Related Work

For power electronics parameter estimation, a broad variation of approaches ranging from para-

metric and non-parametric to dual hybrid modeling exists, yielding various system identification

algorithms [132]. In [42], initially fixed parameter values turn into probabilistic functions via

polynomial chaos expansion, yielding a real-time probabilistic digital twin with stochastic pa-

rameter characteristics. In [133], the effects on power electronics parameters are considered

via thermal modeling of the physical devices based on cross-coupling effects using an artificial

intelligence-aided thermal model. In [134], the equivalent series resistance for the output capaci-

tor of a boost converter is estimated based on a model derived by the output ripple. In [135], an

artificial neural network is trained to obtain the DC-link capacitance in a diode-bridge front-end

converter system. With an explicit focus on measurement noise, in [136] a state-space model

is used to identify parameters via full-state observation. In forward solver-based approaches,

many possibilities for the backward update have been tested in different domains [137]. For the

backward update with respect to parameters of interest, among others, automatic differentiation

has been used [138]. Regarding solver-based approaches, the main drawback is the profound

sensitivity to noise, which complicates a practical application.

Artificial intelligence has found many applications, including power electronics [139]. With

a focus on condition monitoring, machine learning-based parameter estimation techniques are

reviewed in [33]. More specificall,y concerning applications to DC-DC buck converter parameter

estimation, the authors of [46], [140] utilize distinct architectures of neural networks to extract

power electronics parameters from state and input measurements. In [46], a fully connected

PINN with five layers, 50 neurons each, is used. With a sampling rate of 20 kHz, the given

approach is tested in simulation and experimentally verified. Although the results of [46] appear
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quite promising when tested in simulation scenarios with clean data sets, the same method,

when tested using real measurement results, in estimation errors above 10%. In [140], within a

simulation scenario with a sampling frequency of 200 kHz, a physics-informed LSTM network

is constructed. As both approaches [46], [140] consist of rather large neural network structures,

scaling to large systems might be challenging. Moreover, [46], [140] formulate the PINN for

a discrete solver-step-like change of states instead of the states themselves. As the capability

of a PINNs to estimate parameters is independent of the particular forward solver, the given

constructions seem not to be the natural formulation for the given application of power electronics

parameter estimation [86]. Despite the neural network architecture itself, the training procedure

plays a significant role in the given application [86]. This has not been explicitly explored in

literature. Similar to pure solver-based approaches, solver-based neural network approaches like

in [46], [140] are sensitive to the presence of noise. In [141], linear operators PIGPs are used to

extract line parameters of small power systems. As the methods used in [141] only utilize linear

differential operators as developed in [99], the application is limited to very special circumstances

and thus, not applicable to power electronics in general. Moreover, the result presented in [141]

indicates that the given algorithmic solution is not applicable in real-world applications.

To summarize, the existing power electronics parameter estimation techniques discussed

above are limited in their ability to reliably extract parameters from measurement signals of

power electronic converters. Thus, there is a need for a DS with application to power electronics

parameter estimation capable of dealing explicitly with noisy measurements to overcome these

limitations.

5.1.3 Preliminary Remarks on Technical Realizations

The construction of DSs with the purpose of power electronics parameter estimation can be

given by the inclusion of the device state-space equations into the machine learning algorithm.

However, a priori, it is not evident which specific system description should be used. More

precisely, in practice, it is not obvious how to choose the model description matching a given data

set obtained by measurements of devices operated in the field. Thus, immediate questions arise

such as which set of equations displays the underlying physics, which level of detail is obtainable

subjected to a significant signal-to-noise ratio, and how this depends on internal and external

operational conditions, possibly corrupted by the measurement process. Therefore, educated

guesses by dedicated experts are needed to provide an analytically precise system description.

However, the hybrid approach of combining mechanistic and machine learning modeling opens

new possibilities. First, note that a key assumption of any algorithm providing a backward

solution is the validity of the given equation. Wrongly chosen equations lead to physically non-

interpretable parameters. Restated positively, as the underlying equation is taken for granted,

the backward solution provides device parameters of effective/equivalent models. Consequently,

not every single effect within the data set has to be captured by the set of equations but only at

an effective/equivalent level.

Apart from expert knowledge, some conclusions for the selection of a sufficient description

in terms of state-space equations can be drawn from a purely mathematical perspective. As
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described in Sec. 3.3.1, we can write a general state-space equation as

d

dt

(
x1

x2

)
(t) =

(
a11 a12

a21 a22

)(
x1

x2

)
(t) +

(
b11 b12

b21 b22

)(
u1

u2

)
(t) (5.1)

with states xi and inputs ui. Typically true for power electronics applications and in a certain

sense for a large part of any electrical power-related systems is its topological characteristic.

That is, due to the spreading of electric and magnetic fields throughout the entire system, each

individual branch affects the remaining part of the network. With regard to (5.1), this indicates

to include all parameters a11, a12, a21, a22, b11, b12, b21, b22 in the model building process. This

guarantees the (partial) presence of all states and inputs in each signal’s characteristics. A

counterexample in terms of a toy model is provided in Sec. 5.2, which is a toy model exactly

because of the absence of coupling. On top of non-zero parameters, additional internal coupling

might be present. For example, a mutual parameter R might be shared among distinct matrix

entries, e.g. a′ij = R·aij and a′kl = R·akl for i, j ̸= k, l. Depending on the specific application, the

training process benefits from internal parameter correlations yielding a physical interpretation

of the given parameter. Nevertheless, from a purely effective/equivalent modeling point of view,

this is not required.

Another consequence from the effective/equivalent perspective is using average state-space

equations to estimate the parameters of interest. The switching dynamics do not influence the

converter parameters. Thus, average state-space equations should be sufficient. Moreover, the

average level significantly simplifies the model-building process. This is due to the change in the

device topology caused by the switching in on- and off-phase. Mathematically, this implies a

switching between two state-space equations that have to be integrated into the corresponding

machine learning method, including precise temporal monitoring of the present state. At the

average level, only a single (average) state-space equation has to be taken care of.

Recall from Sec. 2.3.3, that we argued for a continuous-time model from a system’s perspec-

tive, i.e., states are modeled as a function of time t 7→ x(t). Contrarily, the models developed in

[46], [140] do not follow this point of view. In [46], [140], the neural networks model the state

evolution x(ti) 7→ x(ti+1). Although this procedure might seem natural from a simulation or

control perspective, it is by no means crucial in the realm of physics-informed machine learning.

A counterargument to this approach is the profound sensitivity to noise, which is a major aspect

of power electronics.

5.1.4 Contribution

In Sec. 5.2, we propose, discuss, and compare three power electronics parameter estimation

techniques. For all three methods, we propose application-tailored model formulation and cor-

responding training strategies. We illustrate the proposed approaches as parameter estimators

of a DC-DC buck converter in simulation scenarios. First, we propose an application scheme

for linear PIGP enabling an application in power electronics parameter estimation. We define

an algorithmic scheme for PIGP based on linear operator kernels, enabling a well-defined and

numerically stable application. We discuss the need and how to approach a balanced training

procedure in the field of power electronics. We explicitly show how to determine noise hyper-
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parameters from power electronic signals. We provide a dedicated algorithmic scheme for kernel

regularization. Second, we propose a lightweight PINN architecture as well as a dedicated train-

ing strategy. The lightweight construction enables the scaling of system size. Compared to 10654

parameters present in [46], we use 754 parameters. Conceptually, the proposed PINN approach

differs from [140] and [46] in the following sense. We represent the state x(t) as a function of

time t with temporal system dynamics given by the state-space equations. Contrarily, in [46],

[140], the state evolution x(ti) 7→ x(ti+1) is modeled by the neural network. In other words,

the state-space equations are implicitly/explicitly forward-solved and backward-trained. How-

ever, parameter estimation is the backward solution of the state-space equations. We propose

the following dedicated training strategy. We utilize relative weights in the loss function and

corresponding suppression of learning rates. Converter parameter updates are limited to sup-

press premature learning directions. We further use neural network representations of power

electronics inputs in the physics-informed part of the loss function. The latter solves the issue

of computing residuals of differential equations, as reported in [140]. Third, based on a forward

solver with backward training update by automatic differentiation, a method called ADShooting

is presented. For training, we propose to use a cubic root for gradient updates as a smoothing

operator, and for low-gradient amplification, a rolling solver starts to suppress the noise depen-

dence of initial values and a K-wise iterative training strategy. The latter allows the application

of the given approach to second-order systems, generalizing [142].

In Sec. 5.3, we propose the construction of affine operator kernels yielding PIGP applicable

to power converters in the field. We show and discuss the limitations of linear operator kernels

and clarify the need for as well as the value of the extension to the affine case. We show how

affine operator PIGP outperforms PINN and ADShooting algorithms in its ability to deal with

measurement noise. Phrased differently, we show how explicit access to the noise level in terms of

hyper-parameters of the proposed approach can be utilized. We propose an application-tailored

model-building process including a proper self-consistent normalization scheme. We show how to

pre-determine noise hyper-parameters and discuss differences from the linear construction. We

provide a dedicated algorithmic scheme solving numerical issues arising in this type of model.

In particular, numerical differences and their influence on the model-building between power

converters in the field and simulation scenarios are discussed. We explicitly address the proposed

algorithm’s ability to extract any parameter of interest from the corresponding measurement

signals. As a case study, we consider the application of the proposed approach to the parameter

estimation of a half-bridge converter with buck and boost topology operated in the field.

5.2 Power Electronics Parameter Estimation - Basic Mod-

eling and Theoretical Insights

5.2.1 LC Model for Buck Converter Parameter Estimation

Consider a DC-DC buck converter with a topology depicted in Fig. 5.1. With inductor current
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L

CVin(t) Vout(t)

IL(t)

G2(t)

Iout(t)G1(t)

Figure 5.1: LC model of a DC-DC buck converter.

IL(t) and output voltage Vout(t) as states, we have(
İL

V̇out

)
(t) =

(
0 − 1

L
1
C 0

)(
IL

Vout

)
(t) +

(
δ
L

0

)
Vin(t) +

(
0

− 1
C

)
Iout(t) (5.2)

with converter parameters L,C describing inductivity and capacity, respectively, duty cycle δ

and inputs Vin(t) and Iout(t). The gate signals measured by the voltages across the switches are

denoted by G1 and G2 in Fig. 5.1. Note that there are two input terms present in (5.2), which

can be motivated as follows. When deriving (5.2) from the topology as given in Fig. 5.1, one

obtains a load resistance Rload decorating the output voltage Vout(t) [143]. As this parameter

describes the equivalent resistance with origin from the connection to the grid at the output side

and not an inherent converter property, we use Vout(t)/Rload = Iout(t) to replace this parameter.

Equation (5.2) describes an average model with duty cycle δ. From a theoretical point of

view, this is sufficient as the converter parameters ϕ = {C,L} are fully determined at the average

level as can be seen in (5.2).

5.2.1.1 The Role of Duty Cycle

From a power electronics application perspective, the system (5.2) has two device parameters

L,C, and a controllable duty cycle δ. From the backward solution point of view, all three

quantities L,C, δ are parameters that might be estimated. Due to its different origin as an

effective, average quantity, we investigate the role of the duty cycle δ separately. By definition,

the duty cycle is defined as

δGate =
PW

Tperiod
(5.3)

with pulse width PW and total period Tperiod. This quantity can be computed from the two

gate signals G1 and G2 via a voltage measurement across the switches. Alternatively, we can

consider the first equation of (5.2), i.e.,

L
d

dt
IL(t)− (−Vout(t) + δVin(t))︸ ︷︷ ︸

=rhsδ(t)

= 0 (5.4)

and minimize with respect to δ. That is,

δmin = min
δ∈[0,1]

√√√√N−1∑
i=1

(
IL(ti+1)− IL(ti−1)

ti+1 − ti−1
− δVin(ti)− Vout(ti)

L

)2

(5.5)
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using discrete measurements and the numerical derivative. Although the duty cycle is set by the

considered controller to a specific value δset, the effective duty experienced by the LC-component

might differ in general. This might be due to, for example, dead times present for safety reasons

during operation. Also, when computed via measurements, the sampling rate affects the actual

value significantly. We provide an illustrative example in Table 5.1. For a current load step with

δset = 0.5, results according to (5.3) and (5.5) are provided. We use the BFGS algorithm for

minimization [98] in (5.5). The evaluation of the computed results for the effective duty cycle

provided in Table 5.1 can be seen in Fig. 5.2. In Fig. 5.2-(a), we display the right-hand side of the

first state-space equation as defined in (5.4) for the computed duty cycles δG1
(red), δG2

(green),

δmin (blue) and the left-hand side provided by L d
dtIL(t), where we used the numerical derivative.

A zoom is given in Fig. 5.2-(b). First note, that the switching ripple is present in L d
dtIL(t)

(light blue), which should be treated as noise in the following proposed algorithms as we give an

averaged construction. In 5.2-(c), equation (5.4) is given. A zoom on states obtained in steady-

state are provided in Fig. 5.2-(d). Evident from Fig. 5.2-(d), the duty cycle δmin given by the

minimization scheme matches the given state-space equation best. The duty cycles determined

from the gates cause a mismatch in (5.4) of 2 kV in steady-state. It should be noted that (5.5)

is only applicable if all converter parameters are known. Thus, independent of the proposed

parameter estimation model, we can deduce that the duty cycle can not be predetermined by the

gate signals. A pre-determination by minimization is only applicable in simulation scenarios with

full system knowledge. Note also that according to (5.2), the duty cycle decorates Vin(t), i.e.,

the signal with the highest numerical value present. On top, the term δVin(t) is part of the data

that defines the training set. Thus, an imprecise determination of the duty cycle significantly

affects all follow-up processes including the parameter estimation. Consequently, in any real-

world parameter estimation application, the duty cycle has to be treated as a parameter, which

can be estimated. Note that this also holds if one is not interested in the precise determination

of the duty cycle itself.

In order to discuss the basic properties of the DS approaches, in this section we assume that

the duty cycle is known. The effective value is set to δ = δmin for simplicity.

5.2.1.2 Expectable Error Estimates

In the presence of noise, expectable inaccuracies of any parameter estimation algorithm exist.

We give an estimate thereof. Formally, we can solve (5.2) for L and C, incorporate averaged

measurements and compute the uncertainty propagation [102] as

εL2
σn

=

(
∆t

N

)2 N∑
i=1

[(
∆Vinδ

ILi+1
− ILi

)2

+

(
∆Vout

ILi+1
− ILi

)2

+ ∆I2L

(
δVini+1 − Vouti+1

(ILi+2 − ILi+1)2
− δVini

− Vouti

(ILi+1 − ILi)
2

)2
]

(5.6)

Table 5.1: Nominal and calculated duty cycle values.

δset δG1
δG2

δmin

0.5000 0.4818 0.4817 0.4774
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Figure 5.2: Evaluation of duty cycle determination. (a) L d
dtIL(t) (numerical derivative), rhsδ

according to (5.4), (b) zoom of panel (a), (c) equation (5.4), (d) zoom of panel (c)

and

εC2
σn

=

(
∆t

N

)2 N∑
i=1

[(
∆IL

Vouti+1
− Vouti

)2

+

(
∆Iout

Vouti+1
− Vouti

)2

+

(
∆V 2

out(ILi+1 − Iouti+1)

(Vouti+2
− Vouti+1

)2
− ∆V 2

out(ILi
− Iouti)

(Vouti+1
− Vouti)

2

)2
]

(5.7)

Solely based on the state-space equations and corresponding single signal error estimates, (5.6)

and (5.7) serve as a reasonable measure of the expected inaccuracies. Technically, this corre-

sponds to the direct hands-on approach of solving state-space-equations with respect to converter

parameters and averaging over all given signals per time instance.

5.2.2 Parameter Estimation by Linear Operator Gaussian Processes

We propose a model-building scheme that enables linear operator PIGP to be applied in power

electronics parameter estimation. In particular, we propose a balanced training procedure, show

how to pre-determine the noise level, and propose a regularization scheme for a stable numerical

computation.

No Filter Needed Data collected from measurements as well as simulation data display a

switching ripple on top of the transient. As we consider the system at an average level, the

switching ripple can be interpreted as noise to the proposed GP model. Moreover, experimental

data is corrupted by measurement noise. As argued in Sec. 3.2.3, for DS based on GP this is

not only an acceptable but rather a needed circumstance. More precisely, linear operator GPs

can not be applied to clean signals due to ill-defined kernel matrices. Within this application,

no data pre-processing to deal with noisy signals is needed.

Linear Operator Kernel We give the construction of the linear operator GP as provided in

Sec. 3.3 for the buck converter (5.2) explicitly. Representing states IL(t) and Vout(t) by GP, the
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set of equations reads

GP[IL(t)] = IL(t) (5.8a)

L
d

dt
[GP[IL(t)]] = δVin − Vout(t) (5.8b)

and

GP[Vout(t)] = Vout(t) (5.9a)

C
d

dt
GP[Vout(t)] = IL(t)− Iout(t) (5.9b)

Balancing Balancing (5.8) and (5.9) yields

GP
[

IL(t)

n{IL(t)}

]
=

IL(t)

n{IL(t)}
(5.10a)

L n{IL(t)}

n{δminVin−Vout(t)}
d

dt

[
GP

[
IL(t)

n{IL(t)}

]]
=

δminVin − Vout(t)

n{δminVin−Vout(t)}
(5.10b)

and

GP
[

Vout(t)

n{Vout(t)}

]
=

Vout(t)

n{Vout(t)}
(5.11a)

C n{Vout(t)}

n{IL(t)−Iout(t)}

d

dt

[
GP

[
Vout(t)

n{Vout(t)}

]]
=

IL(t)− Iout(t)

n{IL(t)−Iout(t)}
(5.11b)

For the specific choice of normalization constants, we have the arithmetic mean for n{IL(t)},

n{δminVin−Vout(t)}, and n{Vout(t)}. For n{IL(t)−Iout(t)}, we select a min-max normalization. This is

because of a numerically vanishing amplitude of the transient when applying mean normalization

for n{IL(t)−Iout(t)}.

Noise For the application of power electronics parameter estimation, it is beneficial to pre-

determine noise hyper-parameter. For the states s = IL(t), Vout(t) this can be directly determined

from the signals in steady state sst-st. The variance of one sigma computes as

σ2
{sst-st} =

1

N

N∑
q=1

(sst-st,q − sst-st)
2

(5.12)

where sst-st denotes the arithmetic mean for N data points. For implicitly entering signals as in

(5.8) and (5.9), the noise value can be determined by uncertainty propagation [102]. That is, for

signal sst-st depending on sst-st,1, . . . , sst-st,M we have

σ2
sst-st =

M∑
p=1

N∑
q=1

(
∂sst-stq (sst-st,1q , . . . , sst-st,mq

)

∂sst-st,pq

)2

σ2
sst-st,p (5.13)

Regularization Due to the present switching ripple within the data set and relatively high

measurement noise present in typically power electronics applications, the GP’s noise level is
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relatively high. Thus, there is no need for a full regularization scheme in the sense of Sec. 3.2.3.

For the given application, a two-sided regularization according to (3.43) is sufficient.

Linear Operator Gaussian Processes for Buck Converter Parameter Estimation

Subjected to a current load step, the signals IL(t) and Vout(t) vary smoothly in time at the

average level. This can be seen, for example, in Fig. 5.2. Thus, as a basis kernel describing

both signals individually, we choose the smooth kernel (3.25). The derivates of (3.25) can be

computed as

d

dt
KRBF(t, t′) = −(t− t′)

σ2

l2
exp

(
− (t− t′)2

2l2

)
(5.14)

d

dt′
KRBF(t, t′) = (t− t′)

σ2

l2
exp

(
− (t− t′)2

2l2

)
(5.15)

d

dt

d

dt′
KRBF(t, t′) =

σ2

l2

(
(t− t′)2

l2
+ 1

)
exp

(
− (t− t′)2

2l2

)
(5.16)

for σ, l ∈ R+. Due to the normalization needed for a balanced training, the hyper-parameter

σ can be set to the mean of the training signals ĪL and V̄out(t), respectively. The interval of

the lengthscale parameter l can be determined via the system’s dynamics. For example, for a

transient period of 3 · 10−3 s, we choose l ∈ [10−3s, 10−4s]. Normalized noise hyper-parameter

determined via signals in steady-state are given by

σ2

{ILst-st}
n{ILst-st}

,
σ2

{δminVinst-st−Voutst-st}
n{δminVinst-st−Voutst-st}

,
σ2

{Voutst-st}
n{Voutst-st}

,
σ2

{ILst-st−Ioutst-st
}

n{ILst-st−Ioutst-st
}

(5.17)

Then, (5.8) yields the kernel for training (3.13) as

 Ī2L
l2

exp

(
− (t− t′)2

2l2

)
+

σ2

{ILst-st}
n{ILst-st}


t,t′

(
L(t− t′)

Ī2L
l2

exp

(
− (t− t′)2

2l2

))
t,t′

(
−L(t− t′)

Ī2L
l2

exp

(
− (t− t′)2

2l2

))
t,t′

(
L2 Ī

2
L

l2

(
(t− t′)2

l2
+ 1

)
exp

(
− (t− t′)2

2l2

)

+
σ2

{δminVinst-st−Voutst-st}
n{δminVinst-st−Voutst-st}


t,t′


(5.18)

Similarly, (5.9) yields

 V̄ 2
out

l2
exp

(
− (t− t′)2

2l2

)
+
σ2

{Voutst-st}
n{Voutst-st}


t,t′

(
C(t− t′)

V̄ 2
out

l2
exp

(
− (t− t′)2

2l2

))
t,t′

(
−C(t− t′)

V̄ 2
out

l2
exp

(
− (t− t′)2

2l2

))
t,t′

(
C2 V̄

2
out

l2

(
(t− t′)2

l2
+1

)
exp

(
− (t− t′)2

2l2

)

+
σ2

{ILst-st−Ioutst-st
}

n{ILst-st−Ioutst-st
}


t,t′


(5.19)
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The parameter bounds for the device parameters L and C are chosen in the order of magnitude

of the nominal value. Note that each kernel consists of only a single initial GP hyper-parameter

Θ = {l} and converter parameters ϕ = {L,C}, which turn to be also trainable hyper-parameters

of the constructed linear operator PIGP.

5.2.3 Parameter Estimation by Lightweight Physics-Informed Neural

Networks

We propose a lightweight PINN architecture as well as a dedicated training strategy for power

electronics parameter estimation. In particular, we propose to utilize relative weights in the

loss function, corresponding suppression of learning rates, and ANN representations of power

electronics inputs in the physics-informed part of the loss function.

Basics of Neural Networks In general, an ANN can be written as

fx
NN(x) = xl = Wlx

l−1 + bl

xk = Gk(Wkx
k−1 + bk), k = 1, . . . , l − 1 (5.20)

x0 = x ∈ Rd

with activation functions Gk, weights Wk and biases bk [39]. We write fx
NN dependent on θ =

(W, b).

Filter ANN can handle noise implicitly via regularization schemes in the loss function. In

practice, there is a certain threshold. As we consider the switching ripple as noise concerning the

ANN, the results of [12] indicate that proper pre-processing is needed. We apply a FIR filter to

get rid of measurement noise as well as the switching ripple. It should be noted that systematic

errors are easily produced by filtering. In particular, an offset added to the given data set might

be produced, if not carefully applied. Although a small offset is negligible in many applications,

the proposed application is very sensitive with respect to this. This is because the parameters

to be estimated are given precisely by their signal’s relative behavior. Thus, a small deviation in

the signal mean caused by an offset yields a shift in the relative behavior and consequently very

different converter parameters.

Neural Network Architecture We proposed the following PINN architecture and training

strategy, which is illustrated in Fig. 5.3. Each power electronics signal is modeled by an individual

neural network. Denote N1-measurements of M states as xj(t) = {xji = xj(ti)|i = 1, . . . , N1}.
Correspondingly, we write uj(t) = {uji = uj(ti)|i = 1, . . . N2} for inputs. For each xj(t) and

uj(t), respectively, a separate neural network is defined in which the individual sizes account

for the type of signal. By that, a minimal amount of neurons can be achieved. For example,

volatile signals are treated with larger neural network architectures than slowly varying ones.

Independent of computational aspects, the usage of relatively small neural networks benefits

regularization [86]. The individual outputs f
xj

NN and f
uj

NN, depending on network parameters θj ,

do not only have to fit the measured quantities but also match the state-space equations (5.2)
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Figure 5.3: Illustration of PINN approach: Data set (orange crosses), (filtered) states and inputs
(orange line), neural network architectures and corresponding fit (dark blue) and training strategy
with loss function (5.21a) - (5.21c) (light blue).

with converter parameters ϕ. Thus, the loss function reads

LPINN(ϕ, θ) =
w

MN1

M∑
j=1

N1∑
i=1

(
xji − f

xj

NN(tji)
)2

(5.21a)

+
w

MN2

M∑
j=1

N2∑
i=1

(
uji − f

uj

NN(tji)
)2

(5.21b)

+
1

MN3

M∑
j=1

N3∑
i=1

(
f
uji

NN −F
ϕ
j

[
f
xj

NN(tji)
])2

(5.21c)

with w ∈ R+. Note that the number of measurements, i.e. N1, N2, N3 may vary in the individual

terms of (5.21).

Training Strategy For the proposed lightweight physics-informed neural network architec-

ture with four individual neural networks for states xj(t), inputs uj(t), and loss function (5.21),

we propose the following training strategy as illustrated in Fig. 5.3. First, note that we intro-

duced a relative parameter w in (5.21) that controls the strength of the contribution of (5.21a)

and (5.21b) with respect to (5.21c). During training, the parameter w is controlled. Initially,

the randomly initialized network parameters are tuned into a reasonable range by emphasizing

(5.21a) and (5.21b). With converging fits of the individual networks, w is decreased to amplify

the contribution of the state-space equation part (5.21c). In that way, at least for small architec-

tures like in the proposed approach, (5.21c) yields a sufficient regularization to avoid over-fitting

[86]. Note that, in practice this enables the usage f
uj

NN instead of uj in (5.21c), which solves

the convergence issue reported in [140]. Moreover, the learning rate of the converter parameters

is also reduced by the factor w to suppress oscillations of converter parameters. Second, as

evaluations in (5.21c) can be selected arbitrarily by construction, for N3 evaluation points, we

randomly chose evaluation instances within equally sized intervals in each iteration step. Third,

each converter parameter is updated by subtracting the product of the current parameter and
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the corresponding gradient. To avoid precipitate direction selection, the converter parameter

adaption rate is limited to 10% per training step. Fourth, the learning rate is automatically

decreased if the parameter starts oscillating.

5.2.4 Parameter Estimation by Automatic Differentiation Shooting

We propose a forward solver-based parameter estimation approach, called ADShooting. While

a similar approach has been investigated previously [138], [142], we propose a training scheme

extending the applicability to power electronics in general, and power electronics parameter

estimation specifically.

Filter Numerically solving a differential equation is always an initial value problem. Taking

the initial value for granted, the solver computes all consecutive states accordingly. However,

when provided by a measurement value, the initial value is corrupted by noise. Thus, there

exists a quite natural discrepancy between solutions provided by a solver and measured solutions

corrupted by measurement noise. Compared to PINNs described above, the requirement and

influence of proper pre-processing via an FIR filter is even more important. However, this is only

part of the noise-handling strategy needed as will be shown below.

Shooting A classical method to extract parameters from physical systems is similar to a so-

called shooting approach. With the initially guessed converter parameter, a forward simulation

is performed and compared to the measured signals [137]. For the backward update with respect

to the parameters of interest, several methods have been investigated [144]. Among others,

automatic differentiation has been used for first-order systems [142]. As forward solvers do not

have any parameters up to physical ones, no solver-inherent parameters are present, i.e., Θ = ∅.

The ADShooting algorithm is illustrated in Fig. 5.4. The solution for one of the M states xj is

denoted by f
xj ,ϕ
solver(tji). Note that the solution of the corresponding state, provided by the solver,

depends on the converter parameter ϕ. At first, converter parameters ϕ are randomly initialized.

By automatic differentiation, a gradient-based minimization is performed with respect to the

converter parameters ϕ. We propose the following loss function

LADShooting(ϕ) =
1

MN

M∑
j=1

N∑
i=1

(
xji − f

xj

solver(ti, ϕ)

ηxj

)2

(5.22)

where ηyj
denotes the min-max normalizer of state measurments {xji = xj(ti)}i=1,...N . The

normalization is applied due to different units and orders of magnitude of the involved signals,

i.e. voltages and currents. Forward simulation, backward differentiation with respect to the

converter parameters, and their corresponding update are iteratively performed.

Training Strategy For the proposed ADShooting approach, we propose the following training

procedure as illustrated in Fig. 5.4. First, the update of the converter parameters is done by

multiplying the normalized root-mean-square error of the forward simulation with the current

parameter value and the cubic root of the loss function’s gradient with respect to the converter
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Backward system
parameter update
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Figure 5.4: Illustration of ADShooting approach: (Filtered) states and inputs (orange) with
forward solver (dark blue) and training strategy (light blue).

parameters. The cubic root is chosen as a smoothing operator for high values and as an amplifier

for low values of the gradient. Second, we perform a K-wise training procedure to avoid local

optima due to periodic signals. This allows us to extend the approach given in [145] to the

given application. More precisely, after training with respect to converter parameters for the

first subinterval, consecutive data points are appended and initially trained before iterating this

process. Third, a premature selection of the training direction is suppressed through update

limits by a factor of two in either direction. Fourth, a lowering of learning rates is applied in

case of sudden fluctuations in converter parameters. Fifth, as the performance of the solver is

especially influenced by noise on the initial state values, a dedicated strategy to mitigate this

effect is proposed. Instead of initializing the solver from the same data point, which might be

corrupted by noise, we use the first l data points as initial values and change in each iteration

step, respectively. In that way, an averaging over noisy initial data points might be provided.

5.2.5 Case Study: LC - Buck Converter

We consider the transient response to a current load step to identify converter parameters L

and C. The DC-DC buck converter is simulated with a switching frequency of 12 kHz and

a sampling rate of 1000 kHz. We fix the duty cycle δset = 0.5. The effective duty cycle is

determined according to Sec. 5.2.1.1 and states δ = 0.4774. Besides the noise-free simulation

σ0 = 0, we add and discuss white noise σn. Averaged magnitudes for voltages and currents and

noise specifications are given in Table 5.2. We consider three full periods of the transient, which

corresponds to 0.018 ms. We investigate the performance of the proposed methods with respect

to the sampling rate and the effect of noise. As converter parameters of interest, we use

Ltrue = 1 mH, Ctrue = 900 µF

for the simulation model. For five different sampling rates, i.e. 20 kHz, 10 kHz, 5kHz, 2 kHz,

and 1kHz, the transient response to a single current load step is considered for both cases.

Both cases are down-sampled using a FIR filter with a Nyquist rate of half the desired
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Table 5.2: Noise variances σ, absolute average signals ȳ and percentage errors by inverse signal-
to-noise ratio σ% = (ȳ/σ)−1.

Vout[V ](σ%[%]) Vin[V ](σ%[%]) Iout[A](σ%[%]) IL[A](σ%[%])

σ0 0 0 0 0

σA 2 (0.8) 2 (0.4) 1 (2.5) 1 (2.5)

ȳ 237.7 498.1 40.0 40.1

sampling rate. Note that this procedure is needed for a correct down-sampling in the given

validation study. However, it should be noted that this is conceptually independent of the

proposed pre-processing applied to each method. In this specific case study, preparing the data set

for the desired tests coincides with the pre-processing proposed for the PINN and the ADShooting

approach. In the case of the linear PIGP, additional noise is added after filtering and down-

sampling such that the data sets obey characteristics as provided in Table 5.2.

5.2.6 Results

Model Specifications For the linear PIGP, parameter bounds are set to l ∈ [10−3 s, 10−2 s]

for both states. The converter parameter bounds are set to L ∈ [0.8 mH, 1.2 mH] and C ∈
[800 µF, 1000 µF]. While broadened bounds are possible in principle, it should be noted that

kernel conditioning turns worse if parameters deviate too much from the optimal one, which might

occur during optimization. Thus, relatively tight bounds induced by nominal values support

well-defined kernel matrices. Optimization is performed using an L-BFGS-B algorithm with 100

restarts to avoid local minima [98]. For the PINN architecture, we chose three hidden layers,

single neuron input and output layers, respectively, and tanh activation functions. For IL(t) and

Vout(t), the hidden layers consist of 10 neurons each. Five neurons per hidden layer are used for

Iout(t) and Vin(t). For system (5.2), we have Fϕ
1 = L · ∂

∂t and Fϕ
2 = C · ∂

∂t and corresponding

input terms u1(t) = δminVin(t)− Vout(t) and u2(t) = IL(t)− Iout(t). The evaluation number N3

of (5.21c) is set to 20. For ADShooting, a 4-step Runge Kutta solver is used. The first 5 data

points are chosen for a rolling start of the simulation in each iteration step to minimize noise

effects. A single normalized value for the expectable error estimates described in Sec. 5.2.1.2 is

provided for all cases as the computed values do not vary with respect to the sampling rates in

the stated precision.

Data Pre-Processing The pre-processing by an FIR-filter, which is needed for the proposed

PINN and ADShooting algorithms and present to prepare the given case study for the linear

PIGP, is cross-validated in terms of mean values to ensure the absence of a potential artificial

offset, unintentionally added via filtering. Note that the key aspect considered in this cross-

validation is the signal mean, while potential artificial harmonics play a minor role in the given

application. Artificial harmonics are neglected by all three proposed algorithms by the presented

noise-mitigating strategies.

Comparison of Linear PIGP, PINNs, and ADShooting Algorithms The estimated

converter parameter ϕi is evaluated with respect to the true converter parameter ϕtrue,i according
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to the normalized absolute percentage error as

∆ϕi =

∣∣∣∣ϕtrue,i − ϕi

ϕtrue,i

∣∣∣∣ (5.23)

The obtained results for each converter parameter are provided in Table 5.3 and displayed in Fig.

5.5. Dotted and a dashed line are selected for C and L, respectively, according to the sampling

rate and the noise level for the three proposed approaches. Results for ADShooting (blue),

PINN (green), and linear PIGP (red) are visualized in Fig. 5.5. Additionally, the expected error

estimates (orange) are stated.

In noise-free scenarios, from Table 5.3 and the upper panel of Fig. 5.5, we can deduce that

linear PIGPs and PINNs can be applied to all considered sampling rates with relative errors

below 1%. Compared to the results obtained by the PINNs, the linear operator PIGP provides

better results by factors ranging between 40 and 94. We want to emphasize that the linear

operator PIGP does not need any data pre-processing, reducing the risk of error induction by

data manipulation schemes. It should be noted that the 1 kHz scenario consists of only 17 data

points per signal. This strongly indicates the ability of PINNs and PIGPs to deal with small data

sets. The proposed ADShooting algorithm gives only sufficient results for sampling rates with 20

kHz and 10 kHz. Lower sampling rates can not be sufficiently utilized. This can be understood

as follows. As the ADShooting needs a relatively small step size by the solver-based construction

in the forward simulation, a low sampling rate of the training data causes a lot of intermediate

iteration steps before hitting the next training data point. During each iteration, small numerical

errors propagate. Thus, the ratio between produced data by the forward solver pronoun to error

propagation and training data is relatively low. For low sampling rates of the training data set,

the proposed ADShooting algorithm is not capable of dealing with the described mismatch by

construction.

In the noisy scenarios, the PINN accuracy range remains unchanged when subjected to noise.

The linear operator PIGP accuracy is slightly reduced, still outperforming the PINN results

in most cases. Contrarily, noise is an issue for ADShootings. This is evident from the lower

panel in Fig. 5.5. Note that not only lower accuracies can be archived, but no clear trend

regarding sampling rates can be deduced. This can be understood as follows. The distinct

estimation accuracy in the same scenario with respect to both parameters can be rooted in the

Table 5.3: Relative percentage error of converter parameters.

Sampling Noise PINN ADShooting Linear PIGP
rate [kHz] ∆C[%] ∆L[%] ∆C[%] ∆L[%] ∆L[%] ∆C[%]

20 0.86 0.27 0.41 0.38 0.02 <0.01
10 0.52 0.64 0.48 0.40 <0.01 <0.01
5 σ0 0.46 0.88 1.95 1.89 0.09 <0.01
2 0.36 0.23 2.23 1.17 0.23 <0.01
1 0.04 0.10 4.73 2.10 0.05 0.3

εCσn [%] εLσn [%] (8.05) (9.96) (8.05) (9.96) (8.05) (9.96)
20 0.55 0.22 0.15 0.14 0.25 0.18
10 0.44 0.13 0.89 1.84 0.26 0.18
5 σn 0.15 0.09 0.60 0.48 0.35 0.21
2 0.22 0.34 2.20 0.43 0.46 0.05
1 0.20 0.74 5.97 6.94 0.22 1.43
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Figure 5.5: Relative percentage error of converter parameters.

loss functions construction. The individual contribution enters the loss additively and thus,

balancing effects within both parameter contributions to the loss function exist. Moreover, we

use the first five data points for changing initial values for the solver in all scenarios as a noise-

handling strategy. Although using the same number enables comparability within the case study,

in practical applications, a dedicated analysis of the corresponding signals might be necessary.

For a general application, we propose two solutions. First, a high number of starting points

for rotating initialization yields stronger averaging effects. This is only possible if sufficient

data is available. Second, using multiple, differently initialized ADShootings in parallel yields a

consistency check and allows outliers to be detected and sorted out. A comparison to the results

obtained in [46] is given in Table 5.4. Compared to the presented case study with the same

sampling frequency of 20kHz, lower signal-to-noise values σ% are considered in [46] for the states.

In Table 5.4, it is evident that in noisy scenarios, all three proposed approaches outperform results

obtained in [46]. It should be noted, that we only refer to the simulation scenarios at this point.

The synchronization error discussed in [46] is not relevant for the given PINN architecture due to

the solver-free construction, highlighting an additional feature of this lightweight PINN approach.

It should be noted, that in the proposed approaches several noise mitigation strategies have been

established. Consequently, this smoothing operation allows parameter estimation accuracies to

be below the analytical expectable estimates given by uncertainty propagation.

Table 5.4: Comparison of results from noisy scenario as in Table 5.3 to results provided in [46].

Sampling σ%(IL) σ%(Vout) ∆C ∆L

rate [kHz] [%] [%] [%] [%]

Linear PIGP 20 2.5 0.8 0.25 0.18

PINN 20 2.5 0.8 0.55 0.22

ADShooting 20 2.5 0.8 0.15 0.14

Ref. [46] 20 1.8 0.5 0.7 0.3
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5.3 Power Electronics Parameter Estimation in the Field

We propose the construction of affine operator kernels enabling PIGP to be applied to parameter

estimation for power electronics converters in the field.

5.3.1 Modeling of Power Converters in the Field

5.3.1.1 Buck Converter Topology

The average model for the converter topology given in Fig. 5.6-(a) for inductor current IL(t) and

output voltage Vout(t), can be written as(
İL

V̇out

)
(t) =

(
1
C

−RL

L

− 1
CRB

− 1
L

)(
IL

Vout

)
(t) +

(
δ
L

0

)
Vin(t) +

(
0

− 1
C

)
Iout(t) (5.24)

with converter parameters L,C describing inductivity and capacity, respectively, duty cycle δ,

series resistance RL, bleeding resistance RB and input voltage Vin(t) and output current Iout(t).

The gate signals measured by the voltages across the switches are denoted by G1 and G2 in Fig.

5.6. Note that there are two input terms present in (5.24), which can be motivated as follows.

The second input Iout(t) is needed to represent the load. Although we consider the converter as

a unit separated from the rest of the system, we can not neglect loading effects. For this reason,

an additional parameter Z which accounts for an impedance at the load side, i.e., an equivalent

RL-component, has to be included in the converter model.

5.3.1.2 Boost Converter Topology

For the boost topology as in Fig. 5.6-(b), the state-space equation can be stated as(
İL

V̇out

)
(t) =

(
1−δ
C

−RL

L

− 1
CRB

− 1−δ
L

)(
IL

Vout

)
(t) +

(
1
L

0

)
Vin(t) +

(
0

− 1
C

)
Iout(t) (5.25)

5.3.2 A Digital Shadow by Affine Physics-Informed Gaussian Pro-

cesses

We define the proposed affine operator kernels for power electronics parameter estimation. We

provide a detailed construction with applications to buck converters in Sec. 5.3.2.1. In Sec.

5.3.2.2, we transfer the construction to boost converters.
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Figure 5.6: Converter topology with converter parameters ϕ = L,RL, C,RB for (a) buck topology
and (b) boost topology.

5.3.2.1 Affine Operator Kernels

Limitations of Linear Operator Kernels for Power Converters in the Field Stating

(5.24) including the load parameter Z reads(
L
d

dt
+ RL

)
IL(t) = −Vout(t) + δVin(t) (5.26a)(

C
d

dt
+

1

RB

)
Vout(t) = IL(t)− ZIout(t) (5.26b)

In (5.26a) the duty cycle δ has to be known. As discussed within the LC toy model in Sec. 5.2.1.1,

this is not a trivial task. Additionally, we explicitly state pre-determined duty cycle values for the

given case study below. For (5.26b), the parameter Z has to be pre-determined. In practice, this

means that additional measurements of the ambient system have to be conducted. In this case,

the parameter estimation task can not be solved by pure input/output measurements. Rewriting

(5.26) with desired training data set appearing on the right-hand side yields(
L
d

dt
+ RL

)
IL(t)− δVin(t) = −Vout(t) (5.27a)(

C
d

dt
+

1

RB

)
Vout(t) + ZIout(t) = IL(t) (5.27b)

Thus, in addition to the linear operator appearing on the left-hand side of (5.26) an additional

signal must be added and represented by a GP.

Affine Operators To achieve this, we propose the following affine construction. Distinct GPs

might be added by a direct sum (3.32). That is, for two independent functions f(t1) ∼ GP[f(t1)]

and g(t2) ∼ GP[g(t2)] with ti ∈ Ti = {tik |k = 1, . . . , N temporal index, i = 1, 2}, the joint kernel

is given by the direct sum ⊕, i.e.,

Kf (T1, T1)⊕Kg(T2, T2) =

(
0

Kf (T1, T1)

Kg(T2, T2)

0
)

(5.28)
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Although (5.28) seems to be a rather trivial statement for the modeling of states, in terms of

power electronics parameter estimation it has a significant impact as it allows the selection of

arbitrary parameters to be estimated. Signals not serving as a coupling state via a differential

operator, and thus, also their associated parameters (δ, Z), can be included as trainable hyper-

parameter into the joint GP. Thus, with GP representations and (5.27) we define

GP[IL(t)] = IL(t) (5.29a)

GP[Vin(t)] = Vin(t) (5.29b)(
L
d

dt
+ RL

)
[GP[IL(t)]]− δGP[Vin] = −Vout(t) (5.29c)

and

GP[Vout(t)] = Vout(t) (5.30a)

GP[Iout(t)] = Iout(t) (5.30b)(
C

d

dt
+

1

RB

)
GP[Vout(t)] + ZGP[Iout(t)] = IL(t) (5.30c)

for the system representation.

Balancing, Noise Hyper-Parameters and Regularization Balancing (5.8) and (5.9) yields

GP
[

IL(t)

n{IL(t)}

]
=

IL(t)

n{IL(t)}
(5.31a)

GP
[

Vin(t)

n{Vin(t)}

]
=

Vin(t)

n{Vin(t)}
(5.31b)

L n{IL(t)}

n{−Vout(t)}

d

dt

[
GP

[
IL(t)

n{IL(t)}

]]
−

δ n{Vin(t)}

n{−Vout(t)}

[
GP

[
Vin(t)

n{Vin(t)}

]]
=
−Vout(t)

n{−Vout(t)}
(5.31c)

and

GP
[

Vout(t)

n{Vout(t)}

]
=

Vout(t)

n{Vout(t)}
(5.32a)

GP
[

Iout(t)

n{Iout(t)}

]
=

Iout(t)

n{Iout(t)}
(5.32b)

C n{Vout(t)}

n{IL(t)}

d

dt

[
GP

[
Vout(t)

n{Vout(t)}

]]
+

Z n{Iout(t)}

n{IL(t)}

[
GP

[
Iout(t)

n{Iout(t)}

]]
=

IL(t)

n{IL(t)}
(5.32c)

It should be noted that the inclusion of balancing constants into the operators via redefining

L
d

dt
7→

L n{IL(t)}

n{−Vout(t)}

d

dt
= LL

t − δ 7→ −
δ n{Vin(t)}

n{−Vout(t)}
= Lδ (5.33)

C
d

dt
7→

C n{Vout(t)}

n{IL(t)}

d

dt
= LC

t Z 7→
Z n{Iout(t)}

n{IL(t)}
= LZ (5.34)

allows an independent scaling of the individual signals. This is possible due to the linearity of the

individual operators. For the specific choice of normalization constants, we choose the arithmetic

mean for all signals. Careful consideration is not needed as no cancelation effects occur in this
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type of model as only one signal appears on the right-hand side of (5.31) and (5.32). Thus,

amplitudes of corresponding converter signals are not significantly suppressed.

Similar to the linear case, the pre-determination of noise hyper-parameters for each signal

can be archived by

σ2
{sst-st} =

1

N

N∑
q=1

(sst-st,q − sst-st)
2

(5.35)

where sst-st denotes the arithmetic mean for N data points. Note that uncertainty propagation

according to (5.13) is not required.

A two-sided regularization according to (3.43) in combination with the schemes described

above is sufficient for numerically stable application.

Affine Operator Gaussian Processes for Buck Converter Parameter Estimation We

summarize the proposed affine operator approach described above and specify details for power

electronics applications. A graphical representation of the given construction is displayed in Fig.

5.7. For the same reason as in the linear case, we choose the squared exponential kernel (3.25)

as a base kernel Ki with the same fixed hyper-parameters and their corresponding bounds.

From (5.31) we get
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Figure 5.7: Summary proposed approach: input (dark blue), algorithm workflow (light blue),
output (red).

5.3.2.2 Affine Operator Kernels of Boost Converters

The proposed approach for (5.25) reads

GP[IL(t)] = IL(t) (5.38a)

GP[Vout(t)] = Vout(t) (5.38b)(
L
d

dt
+ RL

)
[GP[IL(t)]] + (1− δ)GP[Vout] = Vin(t) (5.38c)

and

GP[Vout(t)] = Vout(t) (5.39a)

GP[IL(t)] = IL(t) (5.39b)

GP[Iout(t)] = Iout(t) (5.39c)(
C

d

dt
+

1

RB

)
GP[Vout(t)]− (1− δ)GP[IL(t)]− ZGP[Iout(t)] = 0 (5.39d)

Contrary to the corresponding model (5.30) in buck topology, (5.39) displays an additional

dimension due to four converter parameters present in (5.25) for state Vout(t). This highlights

the capability of the proposed approach to estimate any parameter of interest. Accordingly,

(5.39d) is trained on the zero-channel.

5.3.3 Case Study: Power Electronic Converters in the Field

As a case study of the proposed method, we consider a half-bridge converter in buck and on

boost configuration, Fig. 5.6. We consider both a simulation scenario as well as a hardware

implementation of the same converter. We use the transient response of the converter to a

current load step to identify inductivity L, inductive series resistance RL, capacity C and bleeding

resistance RB from the input voltage Vin(t), the output voltage Vout(t), the inductor current IL(t)

and the output current Iout(t). We refer to the gate signals of the switching elements by G1(t)

and G2(t), respectively, and δ denotes the duty cycle.

We consider roughly three periods of the transient after the current load step for the parameter

estimation. The sampling frequency is 100 kHz, which corresponds to 1000 data points per signal.
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For the determination of the duty cycle by the gate signals, a sampling rate of 1000 kHz is used.

Case 1: Simulation Scenario - Buck Converter Topology The simulation of a switching

model with a switching frequency of Fsw = 12 kHz is performed with Simulink using a time step

of 1µs. A current load step from 25 A to 40 A is performed. The signals are down-sampled

to 100 kHz to match experimental conditions. Dead times and finite slew rates are taken into

account. Specific details of the simulation are given in Table 5.5. We consider three different

sampling rates, i.e., 100 kHz, 10 kHz, and 1kHz. In addition to the noise-free cases, we consider

three different noise levels, where 1%, 2%, and 3% of the corresponding mean signal values are

added to the individual signals as white noise.

Case 2: Hardware Measurement Data - Buck Converter Topology A hardware testbed

in Fig. 5.8 was constructed to capture measurements for parameter estimation. The testbed

centers around a PM1000 IGBT-based switching converter, configured into the buck topology of

Fig. 5.6, and rated for 100kW maximum power and 12kHz switching frequency. Control of the

converter is performed using a custom in-house digital controller, modulating the converter open-

loop with duty of 0.5 with Fsw = 12kHz switching frequency. To provide power to the converter,

a Keysight N8900 DC power supply rated for 14kW max draw is applied, set to Vin = 300V DC.

For the current load from the converter during testing, a 24kW Chroma DC electronic load is used

in the current mode. Measurement data captured from the testbed hardware is taken from probes

connected to said hardware and recorded to textual data files by 350MHz 8-channel oscilloscope;

the measured quantities are labeled in Fig. 5.6. The converter hardware was operated with

current load stepping between 10A and 20A, for four different voltage steps, i.e., 200V to 100V,

400V to 200V, 600V to 300V, and 800V to 400V. Measurements were recorded during the step

transition at a 100 kHz sampling rate.

To identify the parameters of the inductor and capacitor separately from the converter for

comparison to parameter estimations for the complete system, said components were removed

from the converter and placed into their own characterization testbeds. The inductor was con-

nected into series with a 40kW power resistor bank and an Egston power amplifier acting as

a programmable AC current source. The amplifier was configured to operate between 5A-40A

peak with frequencies from 60Hz to 6kHz and RMS voltage V , current I, and phase θ between

these quantities of the inductor were measured for inductance L estimation via impedance using

2πFL = im(V/Iejθ). For the capacitor, it was placed in parallel to a 25kΩ resistor R and the

Keysight DC power supply set to V0 = 300V DC. With the capacitor fully charged to V0, the

supply was disconnected from the capacitor by a contactor and the voltage V of the capaci-

tor measured as it discharged into the resistor. The measurement was applied to estimate the

Table 5.5: Simulation Specifications.

Converter specifications

L C RL 1/RB δ

500 µH 900 µF 0.1 Ω 1/24150 1/Ω 0.5

Load Slew Rate Tdead Fsw

12 V/µs 2 · 10−6s 12 kHz
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Figure 5.8: Power electronic testbed for data acquisition.

capacitance C of the capacitor via the RC time constant using

V (t) = V0(e−t/RC) (5.40)

Case 3: Hardware Measurement Data - Boost Converter Topology The same setup

as described in Case 2 is used, but operated in boost topology, i.e., swapped DC source input and

halved current load to stay within the specified power supply. The boost converter hardware was

operated with current load stepping between Iout =10A and 20A for output voltage Vout = 300V .

5.3.4 Results

For the evaluation of the system parameter ϕ, normalized errors according to

∆ϕ =

∣∣∣∣ϕestim − ϕtrue

ϕtrue

∣∣∣∣ (5.41)

are given in percent.

5.3.4.1 Model Specifications

Selected parameter bounds for the L-BFGS-B optimizer are naturally given by the system char-

acteristics and provided in Table 5.6. The nominal value for the duty cycle serves as an upper

bound. This is because dead times reduce the interval length of the open-state period. The

lengthscale bounds for the GP hyper-parameter l1 and l2 are in the range of the period of one

transient, which is approximately given by 3.3 · 10−3s.
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Table 5.6: Range of parameter bounds with nominal values.

L[µH] C[µF ] RL[Ω] 1/RB [1/Ω]
bounds 300-700 700-1100 0.01-1 10−8-10−2

nominal 500 900 0.1 4.14 · 10−5

δ l1 l2
bounds 0.45-0.5 10−3-10−2 10−3-10−2

nominal 0.5 ≈ 3.3 · 10−3 ≈ 3.3 · 10−3

Regarding the duty cycle, the computed numerical values by the pulse width of the gate signals

with a sampling frequency of 1000 kHz are given in Table 5.7. The range in the determination for

each duty cycle arises from the finite sampling rate, measurement errors, and truncation errors

specifying the gates’ state. Consequently, variations in the corresponding interval length of the

pulse width and the switching period occur.

5.3.4.2 Results Case 1: Theoretical Insights from Simulation Scenarios

The test for the simulation scenarios of Case 1 has been performed on a laptop equipped with a

1.60 GHz Intel Core i5-8265U CPU with 24 GB of RAM. The proposed approach is implemented

in Python using standard libraries like Numpy and Pandas. For Case 1, 50 restarts of the

optimizer are selected to avoid local minima.

The results obtained by (5.29) and (5.30) are given in Table 5.8, where the normalized relative

error according to

∆ϕ =

∣∣∣∣ϕestim − ϕtrue

ϕtrue

∣∣∣∣ (5.42)

are given in percent with respect to the true parameter values ϕtrue provided in Table 5.5.

Two facts are worth noting. First, a systematic error might be introduced into the converter

signals by down-sampling using an anti-alias filter as discussed in [5]. In other words, although a

well-known simulation scenario is considered, the data pre-processing needed to provide the case

study might cause some accuracy loss with respect to converter parameter estimation. Second,

the accuracy of the estimated parameters by the proposed approach is consistently obtained.

More specifically, the same results are obtained for each execution of the proposed algorithm.

This has to be seen in contrast to neural network approaches like [6], [46], where a certain amount

of variation in the obtained accuracy naturally occurs as neural networks almost always end up

in local minima.

The first thing to note from Table 5.8 is that the proposed approach yields better results

for the noisy scenarios than for the clean cases. This is because the proposed approach is not

only able to address noisy data, but in fact, noise is a requirement. This is due to numerical

errors caused by ill-conditioned kernels resulting from clean data. The proposed approach is

Table 5.7: Computed values for the duty cycle.

δnom δG1
δG2

Case 1 0.5000 0.4756− 0.4878 0.4756− 0.4878
Case 2 0.5000 0.4814− 0.4938 0.4814− 0.4938
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Table 5.8: Relative errors and runtime for simulation test with buck topology - Case 1.

Noise
Sampling ∆L ∆RL ∆δ ∆C ∆1/RB Execution

rate [%] [%] [%] [%] [%] time

100 kHz 2.6 100.4 4.0 0.3 45.4 3.9 d

0% 10 kHz 19.9 362.9 1.6 4.8 5.2 4.2 min

1 kHz 35.2 745.7 6.9 4.3 117.9 4.3 s

100 kHz 0.6 2.4 0.1 0.9 11.5 2.3 d

1% 10 kHz 0.1 4.8 4.3 0.1 60.5 16.1 min

1 kHz 0.3 6.4 3.2 0.1 75.85 50.9 s

100 kHz 0.9 2.5 0.1 0.2 141.5 1.6 d

2% 10 kHz 1.5 4.4 4.4 1.5 141.5 12.9 min

1 kHz 1.9 12.5 4.1 2.9 141.5 45.9 s

100 kHz 0.8 29.5 1.0 1.5 141.5 1.8 d

3% 10 kHz 0.3 33.8 3.4 1.0 141.4 14.4 min

1 kHz 0.6 36.8 3.2 0.6 141.4 49.6 s

σmeas 2.0 47.4 4.2 - -

sufficient to provide a stable algorithm for noisy data, but it comes to its limits in the clean

setting. However, this is an artificial problem with no significance in real-world applications.

For the noisy test cases, we regard accuracies below a relative measurement deviation σmeas

obtained for converter parameters L, RL, and δ as obtained from the hardware test as sufficient.

The corresponding values are provided in the last row of Table 5.8. For C and RB , such values are

not provided in the given case study, as these parameters depend on the operational conditions

of the converters. The proposed approach successfully estimates converter parameters L and RL.

Also, the duty cycle δ is estimated accurately, except for two cases where the relative error is

0.1% and 0.2% above the benchmark deviation. The capacity C is obtained with good accuracy

below 1% for 1% noise case. The higher noise cases are also quite accurate, but no trend with

respect to sampling rate or noise level can be obtained. We expect that this is caused by a

systematic error introduced by down-sampling, cf. [5]. Nevertheless, the accuracy for all noise

cases is comparable with the expected measurement error from hardware tests. The bleeding

resistor, i.e., 1/RB , is estimated with a relative error between 11.5% and 75.9% for the 1% noise

level. The value for the higher noise accuracies is the upper limit of the parameter bounds.

Concluding more generally, converter parameters L, C, and δ can be estimated with higher

accuracy than resistances RL and RB , which can be explained in terms of sensitivity. That is,

these parameters contribute less significantly to the converters’ dynamics due to their comparably

small numerical value. While, for example, the product of the (nominal) capacity and mean value

of Vout(t) is of the order O(C · V̄out(t)) ≈ 1.3, we have for O(1/RB · V̄out(t)) ≈ 0.006. Thus,

the contribution of 1/RB is suppressed by a factor of approximately 200 with respect to the

contribution of C, and consequently, is less significant. As the proposed algorithm does not

have to solve the state-space equation but is instead ’physically informed’, the more relevant the

corresponding contribution, the better the estimation performs. It should be noted that similar

effects occur for individual hardware measurements, as small resistances are harder to determine
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due to the contact resistances of the measurement devices.

The computational complexity of the proposed approach scales cubically with the number of

data points included, as it is governed by matrix inversion via Choleski decomposition present

in (3.19). Run times of the proposed approach are provided in Table 5.8, ranging from seconds

to days. It is worth noting that the results obtained for the 1 kHz test cases are quite accurate,

as the data set for each converter signal consists of only 9 measurement points. Regarding RAM

used, the limit of the given setup concerning the laptop used can be estimated at around 10000

data points taken into account. That limits the number of states/inputs that can be taken into

account to ten, subject to the given test case (three transient periods, 100 kHz sampling rate).

The 100 kHz test cases comprise 3,000 data points.

Some general conclusions can be drawn from the simulation test cases. The proposed approach

requires noisy data and estimates converter parameters independent of the noise level. The

performance of the proposed approach depends on the sensitivity of the corresponding converter

parameters to the respective dynamics. Down-sampling of the data should be avoided, with the

drawback of significant extensions of run times from seconds (1kHz) to days (100 kHz).

5.3.4.3 Results Case 2: Parameter Estimation under Operational Conditions -

Hardware Measurement Data

For the second case study, the proposed approach is tested with measurements conducted from

hardware tests with buck topology. Results are provided in Table 5.9. First, the gap between

nominal and measured parameter values should be noted, which illustrates the need for the

proposed approach.

The results provided for (5.29) in Table 5.9 show that the proposed approach can estimate

the converter parameters L,RL, δ up to experimental characterization accuracy. More precisely,

the provided results by the proposed approach, as well as the corresponding standard deviation,

match the experimentally characterized values.

Converter parameters estimated by (5.30) are stated in Table 5.9 and values for the capaci-

tance C are visualized in Fig. 5.9. It can be seen that the estimated parameter values of C follow

the voltage dependence provided in the experimental characterization. It should be noted that

Table 5.9: Estimated converter parameter values for hardware test with buck topology - Case 2.

Model Parameter Nominal Measured Estimated

L [µH] 500.0 356.6± 7.2 361.2± 8.1

(5.29) RL [Ω] - 0.19± 0.09 0.13± 0.05

δ 0.5 (0.48− 0.49)± 0.02 0.4975

C100V [µF ] 900.0 815.1 816.9

200V [µF ] 900.0 797.9 798.6

(5.30) 300V [µF ] 900.0 801.4 810.0

400V [µF ] 900.0 802.2 787.1

1/RB [1/kΩ] - - 0.02
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Figure 5.9: Estimated capacity Cestim[µF ] (red crosses) and measured capacity Cmeas[µF ] (blue
dots).

the experimental identification of component parameters via (5.40) displays increasing errors

with increasing output voltage, which might explain the growing deviation with higher voltage

values. For simplicity, we state the average value 1/RB over the four voltage levels to provide

results for the bleeding resistor due to the lack of experimental verification.

Compared to the results provided in [46] with the relative error above 10%, the proposed

approach outperforms the estimation algorithm provided by [46] in real applications where noise

can not be neglected. It should be noted that the estimation errors provided in [46] are averaged

error values. The proposed approach estimated L with a relative error of 1.3% with respect to

averaged measured values and capacities Cmeas depending on the output voltage Vout(t) within

a range between 0.1% − 1.9%. For the equivalent series resistance RL, the relative error of the

estimation is 31.1% and appears to be quite large. However, when taking measurement errors

due to probe contact and the internal resistances of the measurement device itself into account,

which affect small resistances in particular, the results might be interpreted in such a way that

the estimated parameter value reflects the real converter parameter closer than the measured

value corrupted by measurement errors. However, due to the data used in this case study, we can

not finally validate and answer this indication. Although a precise determination might yield

theoretical insights as well as possibly increase confidence in the proposed approach, from an

application perspective, the relevance is questionable.

We conclude that the proposed approach enables an estimation of converter parameters,

subject to the specific point of operation.

5.3.4.4 Results Case 3: Generalizability - Boost Topology and Hardware Mea-

surement Data

The results for the hardware test with the boost topology are given in Table 5.10. It can be

seen that the results provided by model (5.38) are very close to the experimentally found pa-

rameter values within the corresponding error bounds. The normalized relative error between

the experimentally found (including measurement uncertainties) value (356.6 + 7.2) µH and the

estimated parameter value of 365.2 µH is 0.4%. Similarly, the deviation of RL is 0.01 Ω. A

possible explanation for the small deviation compared to the buck converter results is as follows.

When the gate signals to the converter are off, such as during dead-time in switching, the anti-
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Table 5.10: Estimated converter parameter values for hardware test with boost topology - Case
3.

Model Parameter Nominal Measured Estimated

L [µH] 500.0 356.6± 7.2 365.2

(5.38) RL [Ω] - 0.19± 0.09 0.09

δ 0.5 (0.48− 0.49)± 0.02 0.4968

(5.39) C300V [µF ] 900.0 801.4 809.5

1/RB [1/kΩ] - - 0.06

parallel diodes across the switching elements will conduct based on their across voltage biasing

and inductor current flow. For the buck converter in the presented configuration, the diode

across the bottom switch will primarily conduct during this off/dead time. In the boost con-

verter configuration during the dead time, the diode across the top switch will instead primarily

conduct. As the diodes of the two switching elements can have slightly different characteristics

due to component tolerances and age, along with having different conduction intervals in the

two different topologies, slight deviation can occur between buck and boost topology parameter

estimations in the proposed approach.

Regarding model (5.39), we obtain the same estimation an estimated capacitance value of

809.5 µF , which is remarkably close to the value found in buck topology of 810.0 µF . This

might be interpreted as a further hint that the proposed approach is closer to the real parameter

values as present during operation than a measurement of the disconnected component. For the

inverse bleeding resistor, we obtain a deviation between the estimation of the buck and the boost

topology by a factor of 3. While this seems to be a rather big deviation, it should be noted that

the corresponding numerical value of the parameter is significantly lower than the capacitance.

Thus, less numerical sensitivity is present to determine this comparably small value.

5.4 Conclusion and Characterization of Power Electronics

Digital Shadows

5.4.1 Discussion

In the first part of this chapter, we propose, analyze, and compare three power electronics

parameter estimation algorithms. We propose and test a linear PIGP, a lightweight PINN, and

a ADShooting algorithm with data obtained in a simulation scenario. The obtained results show

that the linear PIGPs provides the best results among all presented methods. Moreover, we

show that no data pre-processing is needed, yielding a robust application. We show that the

linear PIGP and the PINN approach can be utilized to estimate power electronics parameters,

independent of the considered sampling rate. In particular, small data sets are sufficient, e.g., 1

kHz sampling rates with a 0.018 ms training period. Moreover, the results indicate an immunity

of the proposed linear PIGP and PINNs to noise. For the PINNs, the noise immunity is only

achieved by dedicated pre-processing. Given the high sensitivity of ADShooting to noise, a

dedicated strategy to improve the performance of the method is proposed and tested. The
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results show that the mixed forward-backward ADShooting approach is preferably trained on

larger data sets, i.e., higher sampling rates.

In the second part of this chapter, we propose a power electronics parameter estimation

algorithm by defining affine operator kernels applied in PIGPs. We develop the concept and

provide the construction of PIGPs using affine differential operators, discuss the training proce-

dure including a proper self-consistent normalization scheme, show how to utilize noise hyper-

parameters, and provide a dedicated algorithmic scheme explicitly. We show that the proposed

algorithm is able to accurately estimate physically relevant parameters from non-invasive state

and input measurements of power electronic converters in the field. In particular, we show that

the proposed approach is applicable in hardware tests where noise can not be neglected.

5.4.2 Characterization of Power Electronics Digital Shadows

In the given application, the provided algorithms for power electronics parameter estimation can

be classified as a DS. An extension to provide DTs could be given by follow-up processes, where

the estimated parameters are provided to enhance modeling and control schemes. For example,

after estimating device parameters accurately, the given results might be provided to simulators

to produce a precise copy of the specific component. This allows the inclusion of particular

devices into the simulation context, instead of typical, average devices. Alternatively, the given

estimated parameters could be included in dedicated model-based control schemes.

A classification of the provided models is visualized in Fig. 5.10. Although not every physical

effect has to be displayed, based on an effective/equivalent description of the power electronics

devices, the proposed DSs provides a high level of detail. The data transfer can be classified

as offline and explicit. The provided models do not show any aggregation. The proposed DSs

are updatable, in the sense that they provide the parameters for the specific data set, which

might depend on the specific operational conditions. The algorithms are not self-validating,

meaning they always provide a parameter value subjected to the implicit assumption of a valid

device description in terms of state-space equations. A slight exception to this can be observed in

both PIGPs. In cases where the provided data set and the assumed state-space equations deviate

significantly, the conditioning of linear and affine operator kernels significantly increases, yielding

a strongly ill-defined kernel matrix that is numerically not computable. We give an illustrative

example. In the course of this work, it turns out that numerically acceptable errors occur for

condition numbers below 5 · 105, with issues starting for condition numbers around 106. For the

affine operator buck converter model the latter is the case when neglecting the load parameter

Z. While this yields bad but computable results, in the absence of the bleeding resistor RB , the

condition number rises above 1010. In this case, the proposed PIGP is not computable. Although

the contribution of RB in terms of signals present in the state-space equation is negligible on

top of the fact that the determination of the actual value of RB might not be very relevant from

an engineering point of view, an explicit inclusion of RB can not be avoided. Note that this

underlines the argument for full matrices given in Sec. 5.1.3. Even worse condition numbers of

the order of 1033 can be reached when working with clean data sets, i.e., in the absence of noise.

Finally, the proposed linear and affine PIGP can be classified as a probabilistic model. States

and inputs are modeled probabilistically by the GP, while converter parameters are scalars. The



5.4 Conclusion and Characterization of Power Electronics Digital Shadows 109

Directed Data Transfer

static

updatable

dynamic

deterministic

probabilistic

self-validating

not self-
validating

level of
aggregation

Digital ObjectPhysical Object

level of detail online

offline

real-time

not real-time

explicit data
transfer

implicit data
transfer

Figure 5.10: Classification of DSs for power electronics parameter estimation.

PINN and the ADShooting algorithm are point estimators for states, inputs, and parameters.

5.4.3 Outlook

As a future research direction, the proposed parameter estimation methods could be applied in

different fields. This might be, for example, power systems, heat and gas nets, or a combination

thereof. Especially within multi-energy systems, a model reduction by effective/equivalent mod-

els might yield a significant computational benefit while displaying real systems, in the sense of a

DSs or DTs. Another promising candidate to be investigated is the effective modeling of battery

systems. While exact chemical states and reactions are hard to monitor in practice, an effective

model trained on individual batteries might be a reasonable description. Beyond pure parameter

estimation, the active integration into control schemes could be investigated. This might be in

terms of knowledge about the specific devices as described in this chapter. Alternatively, parts

of the control loop could be effectively modeled by the proposed methods. A simple example of

this has been presented in terms of effective duty calculations in this chapter.





6

A Digital Twin for Building Pseudo-Measurements

In this chapter, DTs are provided to generate pseudo-measurements for building operations.

For practical reasons, measurements of the building’s state are usually performed at accessible

locations. Integrated into light switches, heater valves, or mounted at the ceiling, typical sensor

locations only estimate information at user-relevant locations. We construct a DT framework

providing this information usable in control strategies in terms of pseudo-measurement. In Sec.

6.1, we start with contextualizing and motivating the provided DT application. The developed

algorithm is presented in Sec. 6.2. With the case study described in Sec. 6.3, we provide results

of the given DT in Sec. 6.5. To finalize this chapter, we conclude and characterize the presented

DT in Sec. 6.6. This chapter is based on the publications [2], [7].

111
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6.1 Introduction

6.1.1 Motivation

People spend approximately 60 % to 70 % of their time indoors [146], and this share is increasing

even further [147]. As indoor air quality (IAQ) and thermal comfort directly relate to occupant

well-being, productivity, and building energy consumption [36], [37], monitoring and control of

IAQ and thermal comfort are essential elements of successful building operation.

Guidelines on thermal comfort have been implemented in the form of international standards,

e.g., through ISO 7730:2005 [148]. These standards are based on the calculation of a predicted

mean vote and a predicted percentage of dissatisfied. Recent studies dealt with more adaptive

approaches or even individual thermal comfort models that make use of numerous in-depth

measurements such as skin temperature or heart rate measured via wearables [38]. Modern

IoT-enabled technologies and sensor networks can significantly improve occupant comfort and

outperform classical approaches [38]. However, they also require a high number of additional

sensors, a sophisticated IoT-setup [149], and a high level of data protection [150], [151].

Two prominent and widespread indicators for building indoor comfort are the temperature

[152] and the CO2 level representing air quality [153]. Both quantities are commonly measured

once per building space, e.g., in the form of a sensor integrated into a room control panel. Based

on the obtained air temperature and a user-defined temperature set-point, either the building’s

central heating or a room-individual heating appliance, e.g., a radiator, is operated to establish

thermal comfort [154]. In this typical scenario, the control performance, and thus the thermal

comfort, is strongly affected by sensor placement and accuracy. Nowadays, the trend is moving

towards multiple stationary sensors per room at different locations, even in existing buildings

[154]. It would therefore be of great benefit to be able to use these measurements to predict

individual, close-to-person temperature profiles and thereby unlock comfort improvements and

energy-saving potentials in building operation. Both standard (e.g., P/PI/PID) and advanced

control concepts, e.g., MPC could thus be upgraded to provide comfort specifically to the oc-

cupied zone. At the same time, additional (personal) sensor hardware would be avoided, which

otherwise would result in additional financial effort and, as being located in the occupied zone,

could constitute a disturbance to the occupants.

6.1.2 Related Work

Reviewed in [155], DTs are applied for thermal comfort and energy efficiency in buildings. In this

field, applications range from specific quantities, such as energy saving by lighting [156], to het-

erogeneous data approaches for energy management [157]. However, so far, dedicated algorithms

applied as in our developed conceptual structure have not been used to provide indoor close-to-

person temperature or CO2 pseudo-measurements [155]. In general, pseudo-measurements have

been considered in the domain of distribution grids [158], uncertainty quantification of power

system state estimation [159] as well as for estimation of GPS outages [160].



6.1 Introduction 113

6.1.3 Preliminary Remarks on Technical Realizations

We motivate the selected Corr-GP algorithm for the application in building pseudo-measurement

generation. In line with the considerations in Ch. 5, the physical description of rooms and build-

ings could be given in terms of state-space equations as visualized in Fig. 6.1-(a) or describes

in [161]. The states are given by the room and the heater temperature Tr and Th, respectively.

The system inputs are the ambient outside temperature Ta, the ambient building temperature

Tb, and the heat flow into the heater Q̇. For positive system parameters, we have transition

coefficients Rra, Rhr, Rrb and heat capacities Ch, Cr. In common building operations such as the

LLEC, temperatures are measured with a sampling rate of 15 minutes [154]. For the application

of digital representations based on state-space equations, this is not sufficient. This is because

the timescale of the heater dynamics is in the range of several minutes. While more frequent

temperature measurements are not an issue for modern temperature measurement devices, this

is different for the measurement of the heat flow Q̇. Depending on the energy carrier utilized

for heating, at the building level, this quantity might be provided on a coarse temporal basis.

However, at room level, there is no such measurement possible due to the lack of suitable mea-

surement devices. While there are sensors on the market that could provide an estimated value

for Q̇ based on temperature differences, the provided measurements lack accuracy and temporal

resolution. In particular, it turns out that the sampling rate of Q̇ should be in the range of 30

seconds due to the sensitivity of the corresponding state-space equation on this specific input

[12]. Measurement devices possibly included within the LLEC might provide a value once per

day. In addition to the issues mentioned, installing measurement devices at each heater, in each

room, for each building causes a fair amount of effort in terms of workload and financial invest-

ments. In this regard, whether the effort is worth it in terms of energy savings provided by the

DT pseudo-measurement is questionable and has to be determined.

An alternative approach, which is visualized in Fig. 6.1-(b), is the assumption that signals

obtained within a room, such as temperature profiles, display a certain amount of correlations.

We propose a detailed construction, use case, and results in this chapter.

6.1.4 Contribution

We develop the concept of DTs for indoor temperature and CO2 pseudo-measurements and pro-

pose a realization by Corr-GP. First, we provide temperature and CO2 pseudo-measurements for

a user-relevant position based on two permanently installed sensors, called reference measure-

ments hereafter, in a real-life office building. In addition to the reference measurements installed

at standard locations, an additional measurement is collected at a user-relevant position. Based

on the three measurements, a Corr-GP is trained. Then, we show how to define a non-zero prior

mean function in the context of thermal- and CO2-DTs for pseudo-measurement generation.

This accounts for training the proposed approach by deviations from typical patterns instead

of the signals themselves. With that, not only a reliable long-term application can be achieved

without the need for retraining the DT, but also a single reference sensor suffices as input. We

compare the proposed approach to a trivial algorithm TRIV model as well as a standard time

series VARMA model [85]. We give a two-fold evaluation. First, the performance of the DT is

evaluated and compared to the given alternative algorithms with respect to the consecutive 14
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Figure 6.1: Different modeling approaches: (a) state-space approach, (b) correlation-based ap-
proach.

days after the training period. Second, a seven-month long-term analysis is provided. We show

that the approach with multiple DT-inputs outperforms the given alternatives, due to its ability

to determine inherent correlations across different measurements. The provided results indicate

the superior ability of Corr-GPs to incorporate multiple signals, providing an algorithmic solution

for multi-sensor-equipped rooms and buildings. Moreover, we show that the Corr-GP model with

a single DT-input can be reliably utilized in long-term applications. That is, a model trained in

summer can be accurately operated during the winter month.

6.2 Pseudo-Measurements by Correlated Gaussian Processes

Published in [2], [7], in this section, we propose a Corr-GP framework for the pseudo-measurement

generation of temperature and CO2 signals at user-relevant locations.

6.2.1 Technical Conceptualization of Building Digital Twins

The proposed concept of a DT for pseudo-measurements is presented in Fig. 6.2. In Fig. 6.2-(a),

the training phase of the model is shown. For a certain period, all collected signals are used as

training data for the DT. In the execution phase, depicted in Fig. 6.2-(b), the reference signals

are continuously included in the model, while the signal of interest is predicted at times t∗ of

interest. Recall from Sec. 2.3.3.1, that there are two notions of inputs and outputs, visualized

in Fig. 6.2. Reference signals are continuously included (DT input) while the signal of interest

is predicted (DT output). For further clarification, we write DToutput
input in the remaining part of

this chapter. However, inside the DT realization by a Corr-GP, the reference signals as well as

the predictions are both outputs of the multi-output GP (GP output), as functions of time (GP

input).

On an intraday basis, every new reference measurement is continuously included in the DT to

update the adaptive model in a rolling horizon fashion. As visualized in Fig. 6.3, for every new

day N , the data of the previous day N − 1 is deleted on a daily basis. The proposed approach is

only updated with the data from the day on which the pseudo-measurements should be provided.

The DT runs between 8:00 am (tstart) and 7:00 pm (tend). In addition, an initialization phase,

labeled as init in Fig. 6.3, is used, where prior to the operational period, reference measurements
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Figure 6.2: Proposed DT concept.

are included.

6.2.2 Technical Realization of Building Digital Twins

6.2.2.1 Correlated Kernel for Building Pseudo-Measurements

Correlations between differently located measurements of temperature signals T (t), t ∈ T , as

well as CO2 signals, within a room are given. For the given application with q reference sensors,

the kernel can be written according to (3.78), as

KLCM(t, t′) =
∑
q

B[q+r]
q ⊗Kbasis,q(t, t′), t, t′ ∈ T (6.1)

The amount of LCM-terms results from the number of reference sensors q plus the number of

pseudo-measurements r that should be provided.
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Figure 6.3: Intraday rolling horizon for DT pseudo-measurement.
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The required data set defining the training period can be deduced from the following facts.

The single-signals hyper-parameters describing intraday characteristics can be determined by a

single day of data. To determine the correlation hyper-parameters {b1,1, . . . , bq,q} data reflecting

the correlations must be provided. For the given case study, the minimal training period reflecting

this is given by a data set of five days.

For the given approach, the noise hyper-parameters σn reflect the input sensor noise level. As

part of the GP, in this application, these hyper-parameters can be trained on the provided data

set. Thus, the sensor accuracy does not have to be individually considered but is determined

from the training data set.

Temperature Profiles Room temperature profiles do not vary extensively during the day.

This type of smooth variation can be captured by the rational quadratic kernel (3.26), given by

KRQ(t, t′) =

(
1 +
|t− t

′ |
2αl2

)−α

(6.2)

with α, l ∈ R+. It should be noted, that the prediction scheme described in Fig. 6.3, is a

consequence of this choice as (6.2) is defined by an Euclidean distance. An operation like this

implies that the model is staying close to the data points of the training data set. In addition,

a scaling by a constant factor is applied to ensure stable scaling during operation.

CO2 Profiles Contrarily to temperature profiles, CO2 profiles tend to vary more rapidly. Thus,

a less smooth kernel, i.e., the Matérn kernel (3.29)

KM5/2(t, t′) =

(
1 +

√
5|t− t′|

l
+

5(t− t′)2

3l2

)
· exp

(
−
√

5|t− t′|
l

)
(6.3)

with lengthscale hyper-parameter l ∈ R+ is the appropriate choice.

6.2.2.2 Non-zero Mean Functions for Digital Twins

Within general GP applications, a non-zero mean function might be used to incorporate prior

knowledge about the functions to be described. This might be realized by a parametric model

of the function if detailed knowledge about the signal characteristics is available. In the given

data-driven application, an analytic function can not be given as temperature and CO2 signal

characteristics are determined by non-measured quantities like occupancy within the room or

solar radiation. However, it turns out to be sufficient to select a trivial approach that averages

the signal values of the training period per time step and is updated by the reference signal. It

should be noted that this type of procedure requires equidistant measurements. Thus, for the

signal of interest SDT(t) with a single reference sensor Sref(t), the prior mean function at time

instance tj reads

µSDT

Sref
(tj) =

1

2

(
Soffset
j + Sref(tj)

)
(6.4)
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with

Soffset
j =

1

i

∑
i

(
SDTi(t̂j)− Srefi(t̂j)

)
(6.5)

where t̂j runs over discrete, equidistant time instances during the day in the training set and i

is indexing training days.

As will be experimentally verified in Sec. 6.5, this construction allows to rely on only a single

reference sensor as input for the DT. Thus, (6.4) is stated only for one reference sensor. Contrary

to the zero-mean approach, this type of model is trained on the correlation between deviation

from the trivial expectation instead of the correlation across signals themselves. This construction

enables a long-term application without the need for dedicated retraining strategies. This is due

to the fact that external changes, like for example seasonality, are affecting all measurements as

well as pseudo-measurements present likewise. Thus, the DT model trained on correlations of

deviations is not significantly affected by changing seasons. It should be noted that in the case

of a single-input reference signal, (6.1) reduces the ICM

KICM(t, t′) = B[2] ⊗Kbasis(t, t
′) (6.6)

6.2.3 Trivial and VARMA Realizations

The alternative models TRIV and VARMA as defined below, require equidistant time steps

considering only the latest change of value (COV) measurement per time step.

The TRIV-model provides pseudo-measurements SDT similar to (6.4). For one M = {1} or

two M = {1, 2} reference measurements Srefm ,m ∈M we define

TRIV(tj) =
1

M

M∑
m=1

(
Soffset
mj + Srefm(tj)

)
(6.7)

with

Soffset
mj =

1

i

∑
i

(
SDTi

(t̂j)− Srefmi
(t̂j)
)

(6.8)

where t̂j runs over discrete, equidistant time instances during the day in the training set and i

is indexing training days.

The VARMA-model for one S = (Sref1 , SDT )T and two S = (Sref1 , Sref2 , SDT )T reference

measurements, respectively, reads

VARMA = ν(tj) + AR(p) + ϵj + MA(q) (6.9)

with autoregression AR(p) = A1Sj−1 + · · ·+ ApSj−p, moving average MA(q) = M1ϵj−1 + · · ·+
Mqϵj−q, vector-valued Gaussian white noise ϵj ∼ N (0, σ2) and a linear trend ν(tj) = a + btj

for 2 or 3 dimensional square matrices A1, · · · , Ap, M1, · · · ,Mq and vectors a, b ∈ R3 or R2,

respectively. A least square algorithm is used for training. In the given case study, we have

p=q=4. Stationarity is achieved by subtracting the average daily profile (6.8), analogously to

the trivial approach.
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6.3 Case Study: JuLab

The validity of the given approach is evaluated in a case study based on data collected at a

building of the LLEC. For this case study, we select a multi-purpose room that is used as both

student laboratory and meeting room, displayed in Fig. 6.4. The room is furnished with multiple

workstations and has three glass facades oriented in SE, SW, and NW directions. All three

facades can be fully shaded through manual blind operation via a wall-mounted human machine

interface (HMI) control panel.

There are three air temperature signals available for the selected room: 1) one permanent

measurement integrated into the HMI, which is located next to the main entrance door at a height

of 1.60 m providing data on COV with an accuracy of ±0.5 K and bound to a resolution of 0.1 K,

2) one additional permanent measurement as part of a ceiling-mounted presence multisensor

(PM) providing data on COV with an accuracy of ±0.2 K and bound to a resolution of 0.1 K,

and 3) a temporary measurement via an on-desk personal IAQ sensor providing data every 5 min

to 15 min (depending on the dynamics of the measured values) with an accuracy of ±0.5 K and

bound to a resolution of 0.2 K.

The temperature measurement from the HMI constitutes a thermal comfort parameter that

is quite commonly available in modern buildings nowadays Althaus2022. This is due to the use

of the room air temperature information to control the heating system based on a temperature

set-point provided by the occupants. As the HMI is anyway required to obtain these set points,

integrating a temperature measurement represents the industry’s best practice. However, the

location of the HMI does not allow for a measurement close to the occupants, which leads

to a mismatch between the measurable and the occupant-experienced thermal comfort. An

increasingly common second sensor at a different location, in this case, the ceiling-mounted PM

sensor, can be used to better approximate the real room air temperature. The third temperature

signal from the desk-mounted IAQ sensor is the best approximation of the real temperature

experienced by a person in the room.

The on-desk IAQ sensor and the PM not only measure the air temperature but also the CO2

concentration. In addition to these two CO2 signals, a third one is available through a sensor

that is also mounted on a desk multi-sensor (MS) but at a comparably remote position in a

presumably better-ventilated part of the room. We choose this spot to achieve a measurement

comparable to that of a conventional wall-mounted sensor while still being able to capture the

important dynamics inside the occupied area of the room. Regarding the sensors’ properties in

terms of CO2, both IAQ and MS have an accuracy of ±125 ppm. The accuracy of the PM sensor

is slightly higher at ±90 ppm. All three devices have a resolution of 10 ppm and report new CO2

values with the same sampling rate as for the temperature observations. We summarize sensor

specifications in Table 6.1.

Measurements from the four sensors are collected using a cloud-based infrastructure [154],

[162]. Each sensor is connected to a programmable logic controller (PLC) via a KNX field-bus

network. The IAQ and MS sensors are wireless sensors that use the radio-based EnOcean protocol

and connect to the KNX bus through a dedicated, bidirectional EnOcean-to-KNX gateway. The

other two sensors (HMI, PM) are directly connected to the KNX bus. The collected device
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Figure 6.4: Measurement setup for obtaining temperature data at different locations inside the
test room.

data is transferred from the PLC into a time-series database. This is done via a data transfer

script, which fetches the data from the PLC using the ADS protocol. The fetching mechanism is

driven by changes in the data on the PLC to achieve low latencies in data transmission. Finally,

the sensor data is retrieved from the database, which is deployed in a cloud environment, using

Structured Query Language (SQL) statements.

The data set used in this case study contains five full days of measurements for training,

14 days for the short-term, and seven months for the long-term evaluation, respectively. Tem-

perature and CO2 data from the four sensors HMI, PM, IAQ, and MS, with varying temporal

resolutions ranging from seconds to hours, was obtained during 01 June to 31 December 2023.

6.4 Implementation Framework

The proposed DT framework is implemented in Python. A minimal set of preprocessing steps is

applied, where the daytimes of each day are selected from the individual signals, and NaN values

are filtered. The proposed Corr-GP is implemented using GPy [97]. For the given application,

hyper-parameters specifications are given by GPy’s default settings. For the continuous update

of the DT during offline operation, signals are retrieved from a database (CrateDB [163]).

The measurements obtained through the various sensors are collected and standardized at

a PLC (cf. Table 6.1). Via an edge-to-cloud adapter, based on PyADS [164] and the Eclipse

Paho MQTT python client [165], and implemented in Python, we retrieve the standardized data

from the PLC and forward it to an Eclipse Mosquitto MQTT broker [166]. From there, the data

is written into the database via a script based on the CrateDB python client library [167]. All
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Table 6.1: Summary of important specifications of the devices used in the case study.

Device Manufacturer Model Protocol Quantities

IAQ, MS
Pressac
Communications

60 CO2 SLR -
TMP HUM 868

EnOcean1

(A5-09-04)
Temperature

CO2

HMI MDT Technologies BE-GT2TW.02 KNX-TP Temperature

PM STEINEL
True Presence
Multisensor KNX KNX-TP

Temperature

CO2

PLC Beckhoff Automation CX5130 ADS n/a

Device Accuracy Resolution Range Sampling

IAQ, MS
±0.5 K 0.2 K 0–51 ◦C

5–15 min2

±125 ppm 10 ppm 0–2555 ppm

HMI ±0.5 K 0.1 K 0–40 ◦C on COV

PM
±0.2 K 0.1 K 0–40 ◦C

on COV
±90 ppm 10 ppm 400–10 000 ppm

PLC n/a n/a n/a 10 ms3

1 The EnOcean Equipment Profile is provided here as it defines not only the payload of the telegram but also
the resolution of the transmitted data.
2 The sampling rate depends on the dynamics of the measured values; the higher the fluctuations, the higher the
sampling rate and vice versa.
3 The sampling rate, here, represents the cycle time of the PLC.

scripts, the MQTT broker and the database are deployed using Docker [168] in our self-hosted

cloud environment built on OpenStack [169]. More details on the data collection infrastructure

can be found in [162].

To apply the Corr-GP online for live generation of pseudo-measurements, we developed an

MQTT interface that allows us to feed the GP directly with live data from the sensors.

6.5 Results

The evaluation of the overall performance and the comparison to alternative algorithms is given

with respect to the NRMSE, i.e.,

NRMSE(SDT, SIAQ) =
1

S̄IAQ

√√√√ 1

N

N∑
j=1

(SIAQ,j − SDT,j)2 (6.10)

with N true measurements SIAQ and, correspondingly, predicted pseudo-measurements SDT.

S̄IAQ denotes the arithmetic signals average for this specific period. It should be noted that

(6.10) provides a relative error per day. That is, j runs over N time instances for each individual

day. Long-term evaluations are performed per month, where the arithmetic mean over daily

relative errors is computed.
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6.5.1 Temperature Digital Twins

6.5.1.1 Multi-Input Temperature Digital Twins

The multi-input temperature DT based on Corr-GPIAQ
HMI,PM is calculated according to Fig. 6.2

and Fig. 6.3 and is defined by (6.1) with q = 2 using (6.2), i.e.,

DTIAQ
HMI,PM = GP

0,
∑

q=HMI,PM

B[3]
q ⊗KRQ(t, t′)

 (6.11)

Detailed Short-Term Analysis In Fig. 6.5, the comparison of the Corr-GPIAQ
HMI,PM (blue)

with the TRIVIAQ
HMI,PM (orange) and VARMAIAQ

HMI,PM (green) model evaluated by NRMSE [%]

per day can be seen. The Corr-GPIAQ
HMI,PM approach outperforms the given alternatives, for the

entire evaluation set except for day 7. This can be explained via a distinct correlation on that

specific day, which can be quantified, for example, in terms of the Pearson correlation coefficient

[170], given by

rIAQ
i =

∑
j

(
Tij − T̄i

)
(TIAQj

− T̄IAQ)√∑
j(Tij − T̄i)2

√∑
j(TIAQj

− T̄IAQ)2
(6.12)

where Ti ∈ {THMI, TPM}, j runs over times instances during a day and bars denote the arithmetic

average. The calculated rIAQ
i for the given time-series are displayed in Fig. 6.6-(a). It can be

seen that on day seven, a lack of correlation between the IAQ measurements and both the HMI

and PM measurements is evident. In line with the given theoretical construction of the Corr-GP

in terms of correlated kernel, this result indicates a strong connection between the proposed

Corr-GP approach and the level of correlation across the considered signals. Considering Fig.

6.6-(b), this can be explained by a transition in the shading position on day 7 at 10:24 am,

in which the previously fully opened blinds are completely closed by the user. Solar radiation

that is transmitted into the room heats up the room surfaces and, if hitting a sensor, results in

an increased measured temperature. Hence, changes in shading intensity affect the correlation

between the temperature sensors. For a prospective field application of Corr-GPs, this relation

has to be investigated in detail and corresponding dedicated strategies have to be developed. As

an example, the information on the blinds could be included in the DT.
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Figure 6.5: Daily NRMSE-based comparison among the considered methods.
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Figure 6.6: (a) Pearson correlation coefficient of IAQ and HMI, PM measurements per day. (b)
Blind position.

Long-Term Statistical Analysis As an additional test of the proposed approach, we give

a long-term evaluation. The daily-based NRMSEs are aggregated monthly and displayed in

Table 6.2. It can be seen that the Corr-GPIAQ
HMI,PM yields good results for the first months with

consecutive increasing errors afterward. This can be explained by seasonality effects and thus,

a change in signal correlation. Consequently, for this type of model (6.11), dedicated retraining

would be required, i.e., additional measurements have to be performed which limits the usage of

the DT model (6.11). It should be noted that although the performance of the trivial approach

gets slightly worse over time, the NRMSE does not increase as much as the Corr-GP model.

Before presenting a possible solution for the proposed Corr-GP approach in terms of the prior-

mean function, we give more details on the individual signal’s contribution in the next section.

Model Selection, Limits and Analysis of Correlated Gaussian processes In order

to evaluate a possible model extension, we first consider single-input models. In Fig. 6.7, the

NRMSE of the continuous single-input models Corr-GPIAQ
PM and Corr-GPIAQ

HMI with zero prior

mean function, i.e.,

GP
(

0, B[3]
q ⊗KRQ(t, t′)

)
(6.13)

with q = HMI or PM and TRIVIAQ
PM and TRIVIAQ

HMI are displayed. From Fig. 6.7 it can be deduced

that the single-input GP architectures perform worse than the single-input trivial algorithm when

evaluated for 14 days in June. Contrarily, when having multiple measurement devices available,

the results shown in Fig. 6.5 indicate that Corr-GPs are superior with a combination of several

reference signals. This is due to the fact that the correlations are modeled as trainable hyper-

parameters of the Corr-GP model.

In addition to the NRMSE, intraday performance and individual outliers play a significant

role in all follow-up processes based on the pseudo-measurements, e.g., building operation. More

Table 6.2: NRMSE per month [%] of long-term evaluation of multi-input temperature DT.

Jun Jul Aug Sep Oct Nov Dez

Corr-GPIAQ
HMI,PM 1.3 2.2 3.3 3.8 6.3 7.3 6.4

TRIVIAQ
HMI,PM 2.1 2.2 3.5 4.2 3.3 3.7 3.9

VARMAIAQ
HMI,PM 2.0 2.1 3.5 4.0 3.1 3.5 3.8
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Figure 6.7: NRMSE of single-input zero-mean Corr-GP and single-input .

precisely, the intraday prediction accuracy and the correct estimation of the current system state

directly affect the controller’s ability to maximize individual thermal comfort and save energy.

In Fig. 6.8, the normalized maximum deviation

∆Tmax =
1

T̄IAQ
max

i=1,...,Mj

{|TIAQ,i − TDT,i|} (6.14)

is displayed in addition to the NRMSE. The max-operator determines the maximum deviation

between the true TIAQ and the predicted temperature TDT for a single day normalized by the

daily average T̄IAQ.

As can be seen in Fig. 6.8, a connection between NRMSE (blue) and ∆Tmax (orange) is

evident. More precisely, we can deduce that mostly if ∆Tmax rises, so does the NRMSE. In other

words, the performance of approach is primarily driven by short-term deviations. An example

of this can be seen in Fig. 6.9, where two particular days are depicted.

Fig. 6.9-(a) displays an example with a comparably high NRMSE of 2.46 % and Fig. 6.9-(b)

shows a well-performing day with an NRMSE of 0.93%. In Fig. 6.9-(a), it can be seen that

the dynamics of the true IAQ measurements (blue crosses) clearly deviate from the two input

reference sensors HMI (red) and PM (orange) after 4:30 pm. The local rise in temperature can

be explained by an increase in the solar irradiation hitting the IAQ sensor but not the permanent

ones. The filled grey area in Fig. 6.9 shows the measured indoor luminosity for the two days,

indicating that, (i) high luminosity (i.e., solar irradiation) generally leads to high air tempera-

tures, and, (ii) solely the IAQ sensor reacts to the significant changes in measured luminosity.
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Figure 6.8: Normalized maximum deviation ∆Tmax and NRMSE.
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Figure 6.9: Reference measurements, IAQ measurements, the predicted Corr-GP DT and the
luminosity for (a) day 4 and (b) day 8 are given.

Due to a low solar elevation angle in the afternoon, the IAQ sensor, which is mounted at a

lower height, is hit by incoming solar radiation resulting in an increase in measured temperature.

However, the two permanent sensors which are mounted at higher heights are not exposed and,

therefore, do not report a temperature increase. As this information is not provided to the DT

Corr-GPIAQ
HMI,PM by the reference signals, it cannot be reproduced by the proposed approach.

6.5.1.2 Single-Input Temperature Digital Twin

Summarizing the discussion in Sec. 6.5.1.1, the Corr-GP approach is superior to the given alterna-

tives regarding the incorporation of multiple inputs but remains sensitive to broken correlations.

In the remaining part of this work, we solve the latter issue as periodical retraining would limit

the application in practical settings. As the incorporation of additional measurement signals is

out of the scope of this work, we leave a dedicated analysis for future work.

The key observation from the previous discussion is the good performance of the trivial

alternative. This allowing us to extend the given approach. More precisely, the trivial method

TRIV can be included in the Corr-GP in terms of a prior mean function as constructed in (6.4).

It should be noted that in the given application it is not possible to give an analytic expression

for the prior mean function. Thus, we propose

DT IAQ
HMI = GP

(
µIAQ
HMI(t), B

[2]
HMI ⊗KRQ(t, t′)

)
(6.15)

The results for model (6.15) in terms of a long-term evaluation are displayed in Table 6.3. Only

results for the model with HMI-input are explicitly given due to better performance compared

to the PM sensor as input.

In Table 6.3, it can be seen that the Corr-GP model (6.15) outperforms the alternatives and

provides a sufficient prediction capability. It should be noted that the independent accuracy of the

Corr-GP model regarding seasonalities is a result of the given analysis as no seasonal pattern can
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Table 6.3: NRMSE per month [%] of long-term evaluation of the single-input temperature DT.

Jun Jul Aug Sep Oct Nov Dez

Corr-GPIAQ
HMI 1.2 1.1 3.0 3.7 3.0 2.4 2.5

TRIVIAQ
HMI 1.7 2.0 3.3 4.2 3.2 3.1 3.1

VARMAIAQ
HMI 1.8 1.8 3.1 4.0 3.1 3.1 3.2

be observed for the results of Corr-GPIAQ
HMI in Table 6.3. However, as discussed in Sec. 6.2.2.2, this

type of independence can be understood by construction. Contrary to the zero-mean approach

(6.11) and (6.13), the (6.15) approach is not trained on correlations across signals. Instead, it

captures the deviations from an expected mean provided by the trivial approach. As seasonal

changes affect all instances simultaneously, DT model (6.15) is also more resistant regarding

changing seasonalities.

6.5.2 CO2 Digital Twins

For the second case study concerning CO2 pseudo-measurements, both models, i.e., single- and

double-input, are tested and evaluated, while the single-input model is individually tested with

both possible reference sensors PM and MS. Summarizing the Corr-GP models, we have

DTIAQ
MS,PM = GP

0,
∑

q=MS,PM

B[3]
q ⊗KM5/2(t, t′)

 (6.16)

DTIAQ
PM = GP

(
µIAQ
PM , B

[2]
PM ⊗KM5/2(t, t′)

)
(6.17)

DTIAQ
MS = GP

(
µIAQ
MS , B

[2]
MS ⊗KM5/2(t, t′)

)
(6.18)

The results are provided in Table 6.4. It can be seen that only the Corr-GPIAQ
MS outperforms

the alternative algorithms. As exemplarily shown in Fig. 6.10, this is rooted in the fact that

the MS sensor yields measurements sufficiently correlated to the desired IAQ measurements.

Contrarily, the PM sensor displays a lower amount of correlation as evident from Fig. 6.10.

Thus, both models, including readings from PM perform worse.

6.6 Conclusion and Characteristics of Building Digital Twins

In this chapter, a DT architecture providing temperature and CO2 pseudo-measurements realized

by two types of Corr-GP is proposed. In particular, a multi-input zero-mean as well as a single-

input non-zero-mean Corr-GP is proposed and analyzed. It is shown that the proposed Corr-GP

digital twin outperforms alternative approaches in predicting a close-to-person temperature and

CO2 pseudo-measurement based on remotely mounted measurement devices.

We conclude this chapter with a comparison of the presented DTs, address limitations, and

discuss future research directions. Moreover, we provide a characterization of the developed
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Table 6.4: NRMSE per month [%] of CO2 .

Jun Jul Aug Sep Oct Nov Dez

PM
MS

Corr-GPIAQ
MS,PM 8.1 6.8 13.7 11.3 12.4 13.1 14.2

TRIVIAQ
MS,PM 7.0 7.1 11.5 10.9 10.7 10.4 9.6

VARMAIAQ
MS,PM 7.0 6.9 11.2 13.8 11.9 8.3 12.3

Corr-GPIAQ
PM 10.1 12.9 22.9 23.7 24.4 24.4 23.1

PM TRIVIAQ
PM 8.8 10.7 21.0 21.9 22.7 22.7 21.5

VARMAIAQ
PM 8.3 9.6 20.0 20.9 21.6 21.8 20.6

Corr-GPIAQ
MS 6.9 6.3 5.6 5.5 5.2 4.9 4.7

MS TRIVIAQ
MS 7.7 7.6 6.3 6.9 6.1 5.8 5.9

VARMAIAQ
MS 7.9 7.7 6.5 7.1 6.3 6.0 6.0

framework of digital representations.

6.6.1 Discussion

Comparison Regarding temperature pseudo-measurements, both approaches, i.e., mean-zero

multi-input DT (6.11) and TRIV-mean single-input (6.15), outperform the alternatives subjected

to an unchanged seasonality. In case of changing seasonality, the long-term results of Sec. 6.5.1.2

and Sec. 6.5.2 indicate that the TRIV-mean single-input model Corr-GPIAQ
MS is applicable without

retraining. Thus, long-term pseudo-measurements can be provided by Corr-GPIAQ
MS with TRIV-

mean function. The comparison of Table 6.2 and Table 6.3 show a possible reduction from

two reference sensors to one reference sensor if the GP approach with TRIV-mean function

Corr-GPIAQ
MS is considered. With application to CO2 pseudo-measurements, only the TRIV-

means single-input with the MS as a reference provides sufficient results.

Concerning the class of vector autoregressive approaches, like VARMA, it should be noted

that they require non-seasonal data as they assume an underlying stationary stochastic process.
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Figure 6.10: Exemplary CO2 data of a random day (Dec 2).
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As this is not the case for the given application, the data must be preprocessed to be usable by

VARMA models. In the given case study, a trend-stationarity is not applicable as the test was

aborted after 10 evaluation days at most. This is due to a changing seasonal behavior during

operation, which is not assignable by the training set. A common method is to consider the

difference between neighboring data points. However, this is not applicable as there is no initial

point to reverse this transformation to the actual signals. The proposed Corr-GP approaches do

not require any preprocessing.

In the given case study, small training data sets are considered. Although more data could

be collected in principle, in practical applications, additional measurements should be limited

to reduce hardware costs, implementation effort and user disturbances to a minimum. In the

presented case study with five training days, the number of available training data points is

summarized in Table 6.5. Thus, neural network architectures are not applicable due to the small

amount of training data [171].

Limitations A key aspect of the proposed DT framework is the sensitivity to correlations

among signals. However, this might also be a limiting fact in practical application. For example,

as described in Fig. 6.9, only one of the sensors might be affected by individual effects like shading.

Turning the roles of the considered signals around, that is, using the IAQ as a reference sensor

predicting HMI or PM in Fig. 6.9 would display a sensitive response to the single-sensor effect.

Thus, care must be taken in sensor layout omitting single-sensor effects in reference sensors.

Depending on the type of sensors and signals included, sensor drifting can also not be ne-

glected. As the proposed DT is trained on a specific correlation, retraining can not be avoided

in this case. Practically, this implies the installation of the sensor conducting training data, at

which the pseudo-measurements should be performed. In general, retraining is always manda-

tory in cases, in which the correlations between the considered reference measurements and

pseudo-measurements change.

In the case study provided, we show that the proposed approach can be updated with respect

to new, possibly sparsely sampled COV measurements. However, if the reference sensor fails to

provide any data, also the DT can not be updated such that no pseudo-measurements can be

provided.

6.6.2 Characterization of Building Digital Twins

A classification of the proposed DT framework is provided in Fig. 6.11. The first thing to specify

is the type of digital representation. The explicit data flow between the building and its digital

counterpart qualifies the provided model as a DS. Regarding the opposite direction, a more

Table 6.5: Number of available training data points per sensor.

Temperature CO2

Sensor type PM HMI IAQ PM MS IAQ

# data points 155 462 197 377 543 562



128 A Digital Twin for Building Pseudo-Measurements

Directed Data Transfer

static

updatable

dynamic

deterministic

probabilistic

self-validating

not self-
validating

level of
aggregation

Digital ObjectPhysical Object

level of detail online

offline

real-time

not real-time

explicit data
transfer

implicit data
transfer

Figure 6.11: Classification of building DTs for pseudo-measurement generation.

refined consideration is needed. Within the application described above, there is no explicit

data flow from the digital object to the physical object in terms of a quantitative data stream

in the form of bits. However, an implicit data transfer is present. Due to the coupling of the

corresponding signals caused by thermodynamics within the room, a change of values in the

pseudo-measurement (caused by a change in the reference measurement) is also present in the

reference sensor. In this case, we speak of an implicit data transfer. An explicit data transfer

in terms of a back-coupling to provide pseudo-measurements influencing a MPC algorithm is

investigated in [10].

Compared to the level of detail of a physics-based approach as discussed in Sec. 6.1.3, the

given approach lacks physically interpretable parameters. Only based on several temperature or

CO2 measurements, the Corr-GP displays a relatively low level of detail that is captured. The

included measurements are represented in a one-to-one correspondence yielding a low level of

aggregation. The Corr-GP model is implemented such that it can be operated online. The test

run for the given case study was performed offline on a laptop equipped with a 1.60 GHz Intel

Core i5-8265U CPU with 24 GB of RAM. The average execution time of the update triggered by

the reference sensor is in the range of roughly 10 seconds. Regarding common control schemes

such as the MPC described in [10], the proposed algorithm can be operated in real-time at

the necessary sampling rate of 15 minutes. Among all sensors, the HMI delivers the most COV

measurement values with an average reporting rate of roughly 5 minutes. Even below, including a

buffer the proposed DT could be safely operated when updated on a half-minute basis. Regarding

the rate of pseudo-measurement generated, no such restriction exists. When not subjected to

an update by a reference sensor, the delivery of pseudo-measurements is computationally cheap

as no matrix inversion is needed. The provided TRIV-mean single-input models are dynamic

in the sense that they adapt to changing seasonalities. For the zero-mean multi-input models,

dedicated retraining can not be avoided, thus, they can be classified as updatable. The update

would require performing additional measurements, which include periodically installation of

sensors at the user-relevant locations. Thus, for these types of models, an application is not

practically feasible. In the given case study, the posterior covariance of the Corr-GP that could

possibly provide a self-validation has not been mentioned. Similar to the application of power

system signal recovery in Ch. 4, the posterior covariance can be utilized as an indicator of the

correlation among coupled signal changes during operation. In general, this might be applied to

the multi-input DT to monitor the correlations among the two reference sensors. However, this

change is simply not present in the given data set of the case study. Thus, we were not able to

show this effect within the given case study explicitly. Since it is possible to do so in general, we

marked the self-validating class in Fig. 6.11 hatched. For the single-input models, self-validation

is not possible as these models are based on a single reference sensor because no relative change

to another signal exists. Regarding the change of the posterior covariance of the single reference
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signal itself, a deviation from a typical behavior would mean that the inherent time scale of the

signal changes dramatically during operation. Considering the order of magnitude required to be

observable by the posterior covariance would require a thermodynamically non-realistic scenario.

6.6.3 Outlook

In future works, the demonstrated DTs could be applied to rooms and buildings with different

characteristics. In particular, transfer learning could be investigated to reduce costs and imple-

mentation of additional measurement devices for training. It is expected that the benefits of

the approach are larger in spaces where the distance and height between the remotely mounted

sensors and the occupied zone are large, which could be examined as well. The prediction accu-

racy of the pseudo-measurements was demonstrated to be sensitive to various shading variables,

like the position of the blinds and indoor illuminance. Adding such additional information by

dedicated measurements could be used to feed the Corr-GP in order to improve the overall per-

formance. The proposed approach is trainable on small data sets which practically benefits a

quick application omitting long periods of collecting training data. Nevertheless, including data

obtained during long-term application might be beneficial. In particular, the analysis of changes

within a particular signal as well as across multiple reference signals might be used and could

render retraining unnecessary. The influence on control strategies in terms of thermal comfort

or energy saving is investigated in [10].

Beyond the Corr-GP approach, a physics-based approach might be considered at the building

level. As the heat flow is usually known for whole buildings, effective/equivalent RC models

could be considered to physically model the buildings as a whole based on multi-room-averaged

temperatures. Contrarily to single-room characteristics, the physics-informed approach would

yield effective models for an equivalent heat capacity and heat transfer parameter, respectively.

This might be useful in model reduction of buildings, which might be beneficial to large-scale

multi-energy simulation models.
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Conclusion

In this thesis, we propose the concept of digital representations in energy systems, construct

realizations by dedicated GP models, and provide three different applications in energy-related

domains. We address power systems data quality, power electronics parameter estimation, and

building pseudo-measurement generation. A detailed discussion of each aspect is provided in

the corresponding sections of Chs. 2 - 6. In the following, we discuss, address limitations, and

propose future research directions from a high-level perspective.

Definition and Classification Scheme of Digital Representations In Ch. 2 we propose

a definition and a classification scheme for digital representations within the context of energy

systems. The minimal characteristic of the proposed definition (2.II) allows broad applicability

while the specific realizations are further specified by a classification scheme. Future possible

research routes could include an extension to digital representations of digital objects. This

might be desirable to establish an overall well-defined framework applicable to a broader range

of applications. Besides that, there is no precise definition of different types of data. As the

type of information transferred between both constituents of digital representations is crucial,

further clarification would benefit a precise understanding of the proposed concept. On top

of these inherent aspects, the proposed definition is developed in the framework of this work,

and should thus be evaluated and tested in a broad context. This might identify weak points

regarding an extension towards a generalized conception. Moreover, it should be noted that the

given classification, as presented in Fig. 2.2 addresses characteristics present in the proposed

applications. Other applications and realizations might need further classes to be defined and

discussed.
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User-Friendly Applications In Ch. 3 we propose a model-building scheme and a dedicated

algorithmic solution for digital representations by GPs with multiple outputs. The scheme allows

us to address individual peculiarities of specific data sets. Although we have provided sufficient

information for the general applicability of the proposed digital representation realizations, a

simplified, user-friendly algorithmic solution might be beneficial for an extensive application of

the presented models. As of now, the proposed models have to be manually adapted to the

individual data sets. A generic solution in terms of, for example, a software package might be

desirable. The current GP implementations in Python do not allow for dedicated model-building

as described in this thesis. Common implementations in Python are within scikit-learn [172],

GPyTorch [173], and GPy [97]. Although the GP implementation in scikit-learn allows the

definition of a customized kernel, access to the underlying training procedures is rather limited.

GPyTorch is based on PyTorch [174], which demands a tensor structure of the provided data

set. As such, the application to the proposed applications, for example, missing data intervals or

forward applications, is prohibited by the underlying required data structure. On top, GPyTorch

utilizes an approximation for the Cholesky decomposition, which might cause issues regarding

the physics-informed models as the original task of computing the kernel’s inverse is altered. The

Python library GPy, which is also used in this work, allows for a fast and easy implementation

of GP with multiple outputs. The drawback of GPy is the brute force handling of ill-conditioned

kernel matrices by Tykhonov regularization, which is a disadvantage for physics-informed models

and prohibits the application of finer, noise-specific algorithms.

Types of Correlations The DT provided for signal recovery in Ch. 4 and for pseudo-measurement

generation in Ch. 6 are both based on Corr-GP models. For both cases, the applicability of the

proposed DT is presented with sufficient accuracy. Nevertheless, the individual model building

is worth discussing. The models for temperature and CO2 signals in Ch. 6 are defined via an

individual term of the LCM for each signal. For applications in power systems, fewer ICM-terms

are needed to define the LCM. This is because of the underlying balanced power system. In

voltage magnitudes of power systems, all three phases can be described by the same GP. On

top, closely located transformers within the power system might also be described by the same

GP. As a possible research direction in this regard, other fields of applications displaying a high

share of correlation might be addressed by Corr-GPs.

From Correlations to Physically Informed Systems and Beyond The models provided

by Corr-GPs, which are applied in Ch. 4 and Ch. 6 and linear/affine operator kernels applied

in Ch. 5, are both utilized to model systems. However, their individual assumptions differ. As

explained in (7.1), physics-informed kernels are tight on the coupling and allow looser modeling

of the individual signals, while correlated kernels are loose on the coupling and tight on the

individual signal modeling. The relation between both models can be seen with the following

minimal example. We define a linear operator as L = ±aL̃ with a ∈ R+ and L̃ = d/dt or L̃ = Id.

Then, we have the following special cases(
K ±aL̃[K]

±aL̃[K] a2L̃2[K]

)
L̃=Id−−−−−−→

(
1 ±a
±a a2

)
︸ ︷︷ ︸

A

⊗K b11=1,...←−−−−−

(
b11 b12

b21 b22

)
︸ ︷︷ ︸

B

⊗K (7.1)
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The left-hand side of (7.1) is well defined as A is symmetric and xTAx ≥ 0 ∀x ∈ R2 holds. In

(7.1) it can be seen that both types of models coincide if no differential structure and only a

specific coregionalization matrix B is defined. While the Corr-GPs only allows modeling each

signal by the same kernel K, PIGPs differ in the sense that they also allow a relative coupling in

terms of linear operators, i.e., L̃[K]. For power-related applications, i.e., power electronics and

power systems, this is a beneficial feature due to the differential coupling introduced by passive

components. For other types of systems, this might not be a valid assumption. A more general

class of individual signal models might be worth investigating in future research activities. This

would allow a more application-tailored model-building concerning the grey-box level obtained

in these representations. Another aspect to consider is the coupling matrices. While A has a

single degree of freedom, B has three degrees of freedom (B symmetric). This flexibility allows

the Corr-GP models to determine the system’s correlations as demonstrated in Ch. 4 and Ch.

6. However, the matrix B is not unique as an additional scaling parameter could be included,

yielding the same model. Consequently, B is not unique, which makes it difficult to relate it to

physically interpretable quantities. In future research activities, more general application-tailored

coupling structures might be worth investigating.

Decoupled Coupling Equations for Affine Operators Kernels In this work, we develop

affine operator kernels based on a single coupling equation. While utilizing a single equation is

always possible as the set of equations can be reduced to a single one, in certain circumstances, it

might be beneficial to keep individual equations separate. Mathematically this implies a handling

of multiple operators and their relative relation on multiple blocks, which might be an interesting

future research direction.

Forward and Backward Applications In this work, linear and affine operator kernels were

applied to parameter estimation, i.e., backward solutions of differential equations. Alternatively,

also forward applications might lead to useful digital representations. In particular, the proposed

models in Ch. 3 are constructed independently of the type of applied direction. Thus, the forward

application scheme as described in Ch. 6 could also be applied to affine operator PIGPs, yielding

a forward digital shadow. The estimated signal could then be fed back to an online control

scheme, establishing a digital twin for control purposes. A particular advantage could be that

there is no distinction between states and inputs within the digital shadow component, leading

to flexible solutions regarding inputs and outputs of the digital twin.

Fields and Purposes of Applications In addition to the given applications, further fields

could be explored by the proposed digital representation realizations of which we give some

possible examples. In the field of battery modeling, data-driven algorithms could yield promising

candidates to provide battery models. The issue with battery systems is that it is not possible to

determine the state of the battery by dedicated measurements. The possibility of selecting the

digital representation’s input and output signals could allow us to provide a digital representation

that can be built with the signals available. A further aspect worth mentioning is the posterior

covariance with interpretation as provided in this work. Correspondingly, operational changes in

systems might be detectable. This might be applied from, for example, the detection of sensor

drifts to the monitoring of power systems operation. Within the modeling of buildings, parameter
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estimation by the proposed algorithms could yield effective/equivalent models of entire buildings.

In practice, it is hard to determine building parameters such as the heat capacity on the building

level due to its special configuration. A model reduction in terms of the proposed methods

might reduce computational cost, enabling multi-energy system simulation based on a realistic

component description. More generally, due to simple key aspects of the proposed GP models,

e.g., non-equidistant input data, noise hyper-parameter, and the possibility of incorporating grey-

box aspects of physical objects, a more systematic investigation of multi-energy systems could

be applied. Especially the incorporation of different timescales into one digital representation is

an open question.

Beyond Gaussian Processes Beyond GP, there are many other possible realizations of digital

representations yielding useful insights about physical objects. A prominent source of models is

within the field of neural networks, which are explored intensively in the literature. More in line

with the presented probabilistic machine learning approach, a generalized version of GPs might

be worth investigating as a class of models for digital representations. A particular example,

generalizing the features obtained by GP, are (generalized) Wishart processes. Contrarily to

GP, (generalized) Wishart processes allow for time-varying covariance matrices [175], [176]. This

is, in particular, interesting for time-varying parameter estimation as system parameters might

turn into functions of time. As such, online monitoring of current system states under changing

conditions might be accurately addressed by this type of digital representation.



APPENDIX A

Appendix

A.1 The Inverse of a Block Matrix

Suppose a matrix M can be written in block form

M =

(
A B

C D

)
(A.1)

such that the submatrices A and D are invertible. The Schur complement M/A of M with

respect to A is defined as

M/A = D − CA−1B (A.2)

and the Schur complement M/D of M with respect to D is given by

M/D = A−BD−1C (A.3)

With the theorem on the inverse of a partitioned matrix [24, Ch. 4.3.4], the inverse of M can be

written as

M−1 =

(
A−1 + A−1B(M/A)−1CA−1 −A−1B(M/A)−1

−(M/A)−1CA−1 (M/A)−1

)
(A.4)

=

(
(M/D)

−1 − (M/D)
−1

BD−1

−D−1C (M/D)
−1

D−1 + D−1C(M/D)−1BD−1

)
(A.5)

A proof can be given by direct computation of MM−1 and M−1M .
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A.2 Determinant of a Block Matrix

Suppose M is a symmetric block matrix of the form

M =

(
A B

BT D

)
(A.6)

If A is invertible, we can write M as(
I 0

BTA−1 I

)(
A 0

0 M/A

)(
I A−1B

0 I

)
(A.7)

which can be proven by direct computation. Applying the determinant yields

|M | = |A| · |M/A| (A.8)

Similarly, one can show that

|M | = |D| · |M/D| (A.9)

A.3 Basics of Probability

We summarize basic definitions of probability from a set-theoretic perspective. We refer to [177,

Ch. 1] for references and further details. Let Ω be a sample space, i.e., the space of possible

outcomes of an experiment, and ω ∈ Ω. We call a subset A ⊂ Ω an event. A function P : A→ R
is called a probability measure if

P(A) ≥ 0 ∀A (A.10)

P(Ω) = 1 (A.11)

P

( ∞⋃
i=1

Ai

)
=

∞∑
i=1

P(Ai) (A.12)

with A1, A2, . . . disjoint. Let A and B be two events. We write P(AB) := P(A
⋂
B). We say

that two events are independent if

P(AB) = P(A)P(B) (A.13)

If P(B) > 0, the conditional probability of A given B is

P(A|B) =
P(AB)

P(B)
(A.14)

Let A1, . . . , Ak be a partition of Ω. Then, the law for total probability reads

P(B) =

k∑
i=1

P(B|Ai)P(Ai) (A.15)
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for any B. For a proof, we refer to [177, Thm 1.16]. Let A1, . . . , Ak be a partition of Ω such that

P(Ai) > 0 ∀i. If P(B) > 0 then Bayes’ Theorem states that for each i = 1, . . . k,

P(Ai|B) =
P(B|Ai)P(Ai)

k∑
j=1

P(B|Aj)P(Aj)

(A.16)

We call P(Ai) the prior probability of Ai and P(Ai|B) the posterior probability of Ai. A proof

of Bayes’ Theorem can be given by direct computations using conditionals and the law of total

probability.

A.4 Basics of Random Variables

We summarize basic definitions of random variables as can be found in [177, Ch. 2]. A random

variable is a measurable (see [178] for details) map

X : Ω→ R (A.17)

A random variable X is called discrete if it takes countably finite many values. We define the

probability mass function for discrete X as

fX(x) = P(X = x) (A.18)

A random variable X is called continuous if there exists a function fX such that

fX(x) ≥ 0 ∀x (A.19)

∞∫
−∞

fX(x)dx = 1 (A.20)

P(a < X < b) =

b∫
a

fX(x)dx (A.21)

for every a ≥ b. The function fX is called the probability density function. We give the following

definitions for bivariate distributions. The multivariate case holds accordingly. For discrete

random variables X and Y the joint probability mass function reads

fX,Y = f(x, y) = P(X = x, Y = y) (A.22)

In the continuous case, we have for f(x, y)

f(x, y) ≥ 0 ∀(x, y) (A.23)

∞∫
−∞

∞∫
−∞

f(x, y)dxdy = 1 (A.24)

P((X,Y ) ∈ A) =

∫∫
A

f(x, y)dxdy (A.25)
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for any A ∈ R × R. For discrete joint distributions of (X,Y ) with fX,Y the marginal functions

read

fX(x) =
∑
y∈Ω

f(x, y) and fY (y) =
∑
x∈Ω

f(x, y) (A.26)

while in the continuous case we have

fX(x) =

∫
R

f(x, y)dy and fY (y) =

∫
R

f(x, y)dx (A.27)

for their density analogs. Two random variables are independent if

P(X ∈ A, Y ∈ B) = P(X ∈ A)P(Y ∈ B) (A.28)

The conditional probability reads

fX|Y (x|y) =
fX,Y

fY (y)
(A.29)

if fY (y) > 0.

A.5 Basics of Expectations, Variance and Covariances

We summarize basic notions of expectations, variance, and covariances definitions as can be

found in [177, Ch. 3]. The expectation value, also called the mean, of a random variable X is

given by

E(X) = µX = µ =


∑
x∈Ω

xfX(x), if X is discrete∫
R
xfX(x)dx, if X is continuous

(A.30)

assuming that the sum or integral exists. For a random variable X with mean µX , the variance,

denoted by σ2, is defined as

σ2 = E(X − µX) (A.31)

The standard deviation σ is given by
√
σ2. Let X and Y be a random variables with mean µX

and µY . The covariance Σ between X and Y is given by

Σ = Σ(X,Y ) = E ((X − µX)(Y − µY )) (A.32)

The conditional expectation of X given Y = y is

E(X|Y = y) =


∑
x∈Ω

fX|Y (x|y), if X,Y are discrete∫
R
xfX|Y (x|y)dx, if X,Y are continuous

(A.33)
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A.6 Gaussian Distribution

A random vector X = (X1, . . . , Xk) has a multivariate Gaussian distribution, denoted X ∼
N(µ,Σ), if it has the density

f(x|µ,Σ) =
1

(2π)
k
2 |Σ| 12

exp

(
−1

2
(x− µ)T Σ−1(x− µ)

)
(A.34)

where Σ is a symmetric positive definite matrix, i.e., xT Σx > 0,∀x ̸= 0 [177, Ch. 2].

A.7 Marginals and Conditioning for Jointly Gaussian Dis-

tributions

We give details for the computation of marginals and conditionals of Gaussian distributions [24,

Ch. 4.3]. Suppose x = (x1, x2) is jointly Gaussian with parameters

µ =

(
µ1

µ2

)
and Σ =

(
Σ11 Σ12

Σ21 Σ22

)
(A.35)

Then, the marginals are given by

p(x1) = N (x1|µ1,Σ11) (A.36)

p(x2) = N (x2|µ2,Σ22) (A.37)

and the conditional is given by

p(x1|x2) = N
(
x1|µ1 + Σ12Σ−1

22 (x2 − µ2),Σ11 − Σ12Σ−1
22 Σ21

)
(A.38)

We give the following proof. The joint Gaussian p(x1, x2) is given with (A.35) by

p(x1, x2) = exp

−1

2

(
x1 − µ1

x2 − µ2

)T (
Σ11 Σ12

Σ21 Σ22

)−1(
x1 − µ1

x2 − µ2

) (A.39)

Using (A.5) written as

Σ−1 =

(
Σ11 Σ12

Σ21 Σ22

)−1

=

(
(Σ/Σ22)

−1 − (Σ/Σ22)
−1

Σ12Σ−1
21

−Σ−1
22 Σ21 (Σ/Σ22)

−1
Σ−1

22 + Σ−1
22 Σ21(Σ/Σ22)−1Σ12Σ−1

22

)

=

(
1 0

−Σ−1
22 Σ21 1

)(
(Σ/Σ22)−1 0

0Σ−1
22

)(
1 −Σ12Σ−1

22

0 1

)
(A.40)
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we can factorize (A.39) as

p(x1, x2) = exp

(
−1

2

(
x1 − µ1 − Σ12Σ−1

22 (x2 − µ2)
)T

(Σ/Σ22)
−1

−1

2

(
x1 − µ1 − Σ12Σ−1

22 (x2 − µ2)
))
· exp

(
−1

2
(x2 − µ2)T Σ−1

22 (x2 − µ2)

)
= p(x1|x2)p(x2) (A.41)

and thus, obtain (A.38). For the normalization constants, we can use (A.9) to verify

(2π)
dim(x1)+dim(x2)

2 |Σ| 12 = (2π)
dim(x1)+dim(x2)

2 (|Σ/Σ22| · |Σ22|)
1
2

= (2π)
dim(x1)

2 |Σ/Σ22|
1
2 (2π)

dim(x2)
2 |Σ22|

1
2 (A.42)
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