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A B S T R A C T

We use Boltzmann theory to study the semi-classical dynamics of electrons in a two-dimensional
(2D) tilted Dirac material in which the tilt varies in space. The spatial variation of the tilt
parameter induces a non-trivial spacetime geometry on the background of which the electrons
roam about. As the first manifestation of gravito-electric phenomena, we find a geometric
planar Hall effect according to which a current flows in a direction transverse to the chemical
potential gradient and is proportional to 𝑔𝑥𝑦 component of the emergent spacetime structure.
The longitudinal conductivity contains information about the gravitational red-shift factors.
Furthermore, in the absence of externally applied electric field there can be ‘‘free-fall’’ or
zero-bias currents that can be used as detectors of terahertz radiation.

. Introduction

Before the emergence of Dirac materials [1,2], the Dirac equation was thought to describe behavior of elementary particles at
xtremely high energies and velocities comparable to the speed of light where relativistic effects become inevitable. Dirac solids
iffer from other solids in that they offer ‘‘Dirac fermions’’ at mundane sub-eV energy scales [3–5]. Interestingly their sub-eV energy
cale makes them attractive for sub-eV dark matter detection [6].

What else can a Dirac solid offer that the rest of solids cannot provide? To answer this question, let us note that the typical
ispersion relation ℏ2𝑘2∕(2𝑚∗) of ordinary conductors versus the dispersion 𝑣𝐹

√

|𝒌|2 + (𝑚𝑣𝐹 )2 of Dirac solids is reminiscent of the
ifference between Galilean spacetime versus the Minkowski spacetime. As such, the Dirac equation in such solids naturally follows
f one assumes an underlying Minkowski spacetime structure where the upper limit of speeds instead of 𝑐 is 𝑣𝐹 [7–11]. The nice thing
bout Dirac equation in solids is that starting from an emergent Lorentz-invariant formulation, one can easily envisage violation of
he Lorentz invariance [12]. In fact the two branches of the Dirac dispersion relation in solids correspond to upper (conduction)
nd lower (valence) bands of pertinent solids. As such, it is quite natural to expect an arbitrary crossing of the two bands that
eviates from being symmetric along the energy axis [13–15]. In this way a tilted Dirac cone band crossing can be obtained. Even
n this case one can find a generalized chiral symmetry to protect the crossing from being gapped out [16]. One way to tilt a Dirac
one in two space dimensions is to break the rotational symmetry of the continuum limit down to 𝐶2𝑣 [17]. When the lowering of
ymmetry to 𝐶2𝑣 is caused by an external effect, it can be used as a convenient tool to control the tilt of the Dirac cone. A very nice
xample of such externally induced tilting is given by magnetization induced tilting of the Dirac cone on the surface of topological
nsulators [18] where an in-plane magnetic influence couples to the Dirac cone in a way to control its tilt [19]. In this case the
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magnetization can be considered as the agent that externally imposes 𝐶2𝑣 symmetry on Dirac electrons. In this setting, a spatially
ariable magnetization of appropriate form can generate spatially variable tilt profile [19]. Given that the tilt parameters specify an
mergent spacetime metric [7,9,19–21], a spatially variable tilt will imprint a curved spacetime where the properties of spacetime

are given by the shape of variations of the tilt in the space [22].
In three space dimensions (3D) Weyl semimetals the cones can be naturally tilted: The 3D Dirac solids have both time-reversal

TR) and inversion symmetries. Breaking either of these results in Weyl semimetals where the two chiralities get separated in the
omentum space [23]. Since the Lorentz invariance is not stringent in solids, the Weyl nodes can be tilted to give rise to the so called

type-II Weyl semimetals [24–28]. The difference between type-I and type-II Weyl semimetals can be experimentally probed [29–31].
The violation of Lorentz invariance by tilting of the Dirac/Weyl cone still does leave a very rich symmetry behind. It turns out that
he Minkowski spacetime is destroyed, but a much more interesting spacetime which is a deformation of the Minkowski spacetime
merges that is determined by the amount of tilting [7,9,20,21]. However, in 3D it is difficult to tune the tilting by external means.

That is why we focus on 2D tilted Dirac cones.
Viewing the tilt in this way has far reaching consequences [32]. The fact that ‘‘tilt’’ deformation of the Dirac dispersion can

be encoded as a deformation of the Minkowski spacetime in a more precise language can be attributed to ‘‘frame field’’ (vierbein).
herefore tilting of the Dirac cone is a solid-state way of attaching vierbein fields to Dirac fermions [33]. Hence the ability to design

spatially non-uniform tilt will be tantamount to designing frame fields that are not constant in space or spacetime — similar to basis
ectors on the sphere that vary from point to point. In this way one obtains a (curved) spacetime geometry for the electrons moving
n such materials. As such, the curvature of the synthetic spacetime arises from the electrical forces and peculiar arrangements of
toms and orbitals. One can envisage that this can provide much stronger curvature effects than the actual (weak) gravitational
ields. Given that the entire band structure is a result of Coulomb interaction between the electron and ions, the existence of frame

fields in this context is quite non-trivial and can be considered as a paradigm for the geometric formulation of electrical forces.
In fact the other side of this analogy is known as gravitomagnetic effects [34], according to which certain aspects of gravitational
forces formally resemble the electromagnetic forces. But what concerns us in the case of tilted Dirac/Weyl cone materials is the
fact (at least some parts of) the Coulomb forces may look like ‘‘gravitational’’ forces in the sense that they can be encoded into a
spacetime geometry (metric). The availability of such a (synthetic) curved spacetime in quantum materials [22,35] with tilted Dirac
cone, and the promising possibilities to control the location [36] of the Dirac node and its tilting [17] by atomic manipulations,
invites us to revisit basic solid state phenomena in an arbitrary spacetime background.

A very well formulated problems in a curved background spacetime is the study of the classical path of particles or geodesics [32,
34]. At a quantum level, although the study of wave propagation in curved spacetimes is a highly non-trivial problem [37,38], the
null geodesics (classical trajectory of massless particles) provides information about the wave function [39]. Within a semi-classical
treatment where the energy band structure of electron arises from quantum mechanical treatment of the band theory, while the
motion of electron is governed by classical equations of motion, the form of the motion of electrons (i.e. their geodesic) is expected
to leave its fingerprint in the conductivity of these solid. The purpose of this paper is to formulate the conductivity of a 2D tilted
Dirac material whose tilt depends on spatial coordinates in two space dimensions.

A note on the comparison of the Berry curvature and the curvature arising from the emergent spacetime metric is in order: The
erry curvature arises from attaching a Bloch fiber to every point in the Brillouin zone taken to be the base manifold. In this way

one forms the Bloch fiber-bundle structure where the curvature effects arises from the twist of the wave function on the Bloch fiber.
In the tilted Dirac cone materials with spatially variable tilt, the curvature effects arises from attaching a tangent space as a fiber to
every point in the real space. The connections in the former case are Berry connections (ori Berry gauge fields), whereas in the latter
case they could be Christoffel connections (for bosons) or spin connections or spin gauge fields for fermions [22]. Any type of Band
crossing will be a source of Berry curvature. Since the tilting is proportional to unit matrix, it will not modify the eigen-functions
of the Bloch Hamiltonian. Therefore, the tilting does not change the Berry curvature property of Dirac electrons and tilted band
crossings still remain sources of Berry curvature. The Berry curvature is known to modify the semiclassical transport by adding a
term that behaves like a magnetic field int the momentum space. The Berry phase effects become manifest when one considers the
semiclassical theory in a background magnetic field [40] and have been vastly studied in the literature [41]. Since we are only
interested in the response of the electrons to an applied electric field, and to focus only on the curvature effects that arise from the
tangent bundle which is our new source non-Berry curvature, in this work we do not consider the Berry curvature and focus only on
the curvature effects arising from the spatial variation of the tilt of the Dirac cone. The situation where both of the connections are
non-trivial, namely a topologically non-trivial band on an emergent solid-state spacetime can also be formulated which is beyond
the scope of the current work.

Inspired by recent progress in gigantic tilting of the spin–orbit coupled Dirac cones [18,19], our model will consists in a single
tilted Dirac cone in 2D with arbitrary spatial dependence of the tilt parameter 𝜻(𝒓) that corresponds to the metric [22,42],

𝑔𝜇 𝜈 =
⎛

⎜

⎜

⎝

𝜁2 − 1 −𝜁𝑥 −𝜁𝑦
−𝜁𝑥 1 0
−𝜁𝑦 0 1

⎞

⎟

⎟

⎠

. (1)

The ability to synthesize a spacetime metric with a given 𝜻(𝒓) is tantamount to implementing certain built-in background electric
fields that are encoded in the Christoffel connections of the above metric. Such fields are physically similar to the built-in electric
fields that arise in pn-junctions [43,44]. But since in the present case such built-in electric fields are acting on Dirac electrons, their
effect can be nicely described with appropriate Christoffel connections. As such in a quantum material with a spatially variable
tilted Dirac cone, the background electric fields that are encoded into the spacetime metric (ultimately arising from ions) guide the
2 
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electrons in certain paths even if no probe (external) electric field is applied. This is similar to a free-fall motion in a gravitational
ield. When a probe electric field is introduced, in response to it, additional currents will be generated from which the conductivity in
 curved background spacetime can be obtained. When the external electric field tries to drive a current along/against the geometric
urrents, the system will appear in low-/high-resistance state.

With the above motivations to study the semi-classical transport of tilted Dirac fermions, in the rest of the paper we adopt the
Boltzmann equations in curved spacetime to address the transport in such solids. Then we present our results and end the paper
with discussions.

2. Boltzmann equations in the curved spacetime

The semiclassical dynamics of relativistic fermions in arbitrary metric background is a well studied problem [32,45]. In this
section we adopt the established formulation for the case of electrons in solids with tilted Dirac cone. In this case the spacetime
eometry is entirely determined by the tilt of the Dirac cone and its variation profile in the space that can be obtained from Eq. (1).

On the solid-state side, the semi-classical dynamics of Bloch electrons is a well established approach and was developed in the early
ays of solid state physics to provide an intuitive picture of the motion of electrons in an ionic background of a lattice. In combination

with the Boltzmann equation, many equilibrium and transport phenomena are well described [43,46]. In the semi-classical regime,
the external fields vary slowly in space and time, such that the size of the fermion wavepacket while being much larger than the
lattice spacing, is much smaller than the length scale over which the externally applied probe fields are varying. Therefore 𝒑 and
𝒙 can be simultaneously well defined and form a phase space. The dimensionless distribution function 𝑓 (𝒙,𝒑, 𝑡) in the phase space
is a quantity that must be calculated. This quantity is probability that the Bloch state with momentum 𝒑 (in some band 𝑛) at time
𝑡 is occupied by an electron centered at 𝒙.1

To enforce the underlying structure of the spacetime in the Boltzmann equation, we must formulate it within the geometric
description of the relativistic system. Electrons are characterized as electron gas with rest mass 𝑚 (corresponding to the energy gap
𝑚𝑣2𝐹 ), space–time coordinates (𝑥𝛼) = (𝑣𝐹 𝑡,𝒙) and three-momentum vectors (𝑝𝛼) = (𝑝0,𝒑) (in two space dimensions) where 𝑝0 = 𝜀∕𝑣𝐹

with 𝜀 being energy and 𝑣𝐹 the upper limit of speeds in the solid. Given that the length of the three momentum vectors must be
equal to 𝑚𝑣𝐹 , the quantity 𝑝0 is related to 𝒑 with the relation 𝑝0 =

√

|𝒑|2 + 𝑚2𝑣2𝐹 . The relativistic Boltzmann equation for Minkowski
space–time is [46]

𝑝𝛼
𝜕 𝑓
𝜕 𝑥𝛼 + 𝑚

𝜕(𝑓 𝐾𝛼)
𝜕 𝑝𝛼 = 𝑄(𝑓 , 𝑓 ′), 𝛼 = 0, 1, 2 (2)

where 𝑄(𝑓 , 𝑓 ′) is the collision integral and (𝐾𝛼) = (𝐾0,𝐅) is the (relativistic) force vector. The quantity 𝐾0 is determined by the
relation 𝐾𝛼𝑝𝛼 = 0.

The equation of a geodesics (path of least action) in a system of arbitrary coordinates are written in terms of the three-velocity
𝑈𝛼 as 𝛿 𝑈𝛼

𝛿 𝑠 = 0 where the variations is taken in a ‘‘covariant’’ way that accounts for non-trivial structure of the background
spacetime [46]. This equation simply states that the velocity is parallel transported along the classical path. Using the definition of
the above derivative for the three vector as 𝛿 𝐴𝛼 (𝜆)

𝛿 𝜆 ≡ 𝑑 𝐴𝛼

𝑑 𝜆 +𝛤 𝛼
𝜈 𝜎 𝑑 𝑥𝜈

𝑑 𝜆 𝐴𝜎 (𝜆) the Boltzmann equation is generalized to curved space–time
ith an arbitrary metric 𝑔𝜇 𝜈 [𝜻(𝒓)] which in the absence of external forces is

𝑝𝛼
𝜕 𝑓
𝜕 𝑥𝛼 − 𝛤 𝑖

𝜈 𝜎𝑝𝜈𝑝𝜎
𝜕 𝑓
𝜕 𝑝𝑖 = 𝑄(𝑓 , 𝑓 ′), 𝑖 = 1, 2 (3)

where, 𝛤 𝛼
𝜈 𝜎 are the Christoffel connections which in the case of torsion-free spacetime is fully determined by the space–time metric

and its derivatives as [34,50]

𝛤 𝛼
𝜈 𝜎 =

𝑔𝛼 𝛽
2

( 𝜕 𝑔𝜈 𝛽
𝜕 𝑥𝜎 +

𝜕 𝑔𝜎 𝛽
𝜕 𝑥𝜈 −

𝜕 𝑔𝜈 𝜎
𝜕 𝑥𝛽

)

. (4)

To account for the external electromagnetic force in this formulation, we use the short-hand representation of the electromagnetic
ield tensor 𝐹 𝛼 𝛽 = (−E, 𝑣𝐹B) by which we mean

𝐹 𝛼 𝛽 =
⎛

⎜

⎜

⎝

0 −𝐸1 −𝐸2

𝐸1 0 −𝑣𝐹𝐵3

𝐸2 𝑣𝐹𝐵3 0

⎞

⎟

⎟

⎠

, (5)

where again in the present synthetic case the Fermi velocity 𝑣𝐹 that defines the Dirac theory in these solids replaces the speed 𝑐
of light in relativistic theories of gravitation. In fact if one studies the propagation of transverse electric fields in such materials, it
turns out that the propagation velocity is set by 𝑣𝐹 rather than 𝑐 [51]. The electromagnetic force for a particle with charge 𝑞 will
be 𝑞

𝑣𝐹
𝐹 𝛼 𝛽𝑈𝛽 , where 𝑈𝛽 = (𝛾 𝑣𝐹 ,−𝛾𝒗) is velocity three-vector and 𝛾 = 1∕

√

1 − (𝑣∕𝑣𝐹 )2. Finally, adding the electromagnetic force as an
xternal force, the Boltzmann transport equation for an electronic system is written in space–time with a general metric as follows:

𝑝𝛼
𝜕 𝑓
𝜕 𝑥𝛼 − 𝛤 𝑖

𝜈 𝜎𝑝𝜈𝑝𝜎
𝜕 𝑓
𝜕 𝑝𝑖 −

𝑒
𝑣𝐹

𝐹 𝛼 𝛽𝑝𝛽
𝜕 𝑓
𝜕 𝑝𝛼 = 𝑄(𝑓 , 𝑓 ′), (6)

1 It must be noted that distribution function is a scalar quantity as long as the chemical potential lies well above the Dirac node, thereby the inter-band
rocesses can be ignored. At the charge neutrality point where the interband processes become important, the distribution function must be promoted to the

form 𝑓 𝜎 + 𝒈.𝝈 in the band space represented by the pseudospin 𝝈 [47–49].
0
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where 𝑞 = −𝑒 is the electric charge of the electron. Eq. (6) shows that in curved space–time, in addition to the terms related to the
changes in space–time coordinates of the distribution function and the electromagnetic force, there is a connection term 𝛤 𝑖

𝜈 𝜎 that
arises from the geometry and depends on the metric and its derivatives.

In the following, we solve Eq. (6) for the one-particle distribution function at zero temperature. In the term related to
lectromagnetic fields, we take the magnetic field equal to zero and study the system only in the presence of an externally applied
lectric field. Since there is no applied magnetic field, we ignore the Berry phase contributions. This can be done in the well-
stablished approximation that encodes overall effect of collisions into a single time scale that encodes the scattering effects as an
verage scattering rate.

2.1. Relaxation time approximation

The one-particle distribution function is the quantity obtained by solving the Boltzmann equation. In other words, Eq. (6) is an
equation of motion for one-particle distribution function. To begin solving Eq. (6) for 𝑓 , we first start with the collision integral.

he exact functionality of the collision integral depends on the characteristics of the collision source and parameters such as the
electron–electron interaction strength, the differential cross section of impurity scattering, and so on [43]. We know that equilibrium
of the system requires changing the number of micro-states. Excluding small drifts due to external fields, the equilibration is not
possible without collisions. The main effect of a collision term is to control the return of an initial non-equilibrium distribution
to the final equilibrium distribution. However, we can consider a phenomenological model for it known as the relaxation time
approximation [43] that summarizes the collision integral as

𝑄(𝑓 , 𝑓 ′) = −𝑚
𝜏𝑟
(𝑓 − 𝑓 (0)), (7)

where, 𝜏𝑟 is the relaxation time, 𝑚 is the rest mass of particles and 𝑓 (0) is Fermi distribution function of equilibrium at zero
emperature.

To obtain a new equilibrium distribution function from the Boltzmann equation, we use the Chapman–Enskog method [52,53].
The main idea of this method is to break the equilibrium distribution function into two additive terms as 𝑓 = 𝑓 (0) + 𝛷. The first
part is equal to the equilibrium Fermi distribution function and the second part (𝛷) represents the small deviations in the Fermi
distribution function, which is treated linearly in terms of the gradient of potentials. To this end, in the left side of Eq. (6) the
equilibrium distribution function is approximated as 𝑓 ≈ 𝑓 (0). The Fermi equilibrium distribution function at temperature 𝑇 is
𝑓 = 1

𝑒𝛽(𝜀−𝜇)+1 where 𝛽 = 1
𝑘𝐵𝑇

, the 𝑘𝐵 is the Boltzmann constant, 𝜇(𝒓) is the chemical potential and 𝜀 = 𝑈 𝜈𝑝𝜈 is the energy of particles.
n the relativistic version of the relaxation time approximation proposed by Anderson and Whitting [54], we use 𝑚 = 𝑈𝜈𝑃𝜈

𝑣2𝐹
to express

the rest mass of particles in terms of the velocity and momentum three vectors. By substitution the relaxation time approximation
in Eq. (6), the Boltzmann equation becomes

𝑝𝛼
𝜕 𝑓 (0)

𝜕 𝑥𝛼 − 𝛤 𝑖
𝜈 𝜎𝑝𝜈𝑝𝜎

𝜕 𝑓 (0)

𝜕 𝑝𝑖 − 𝑒
𝑣𝐹

𝐹 𝛼 𝛽𝑝𝛽
𝜕 𝑓 (0)

𝜕 𝑝𝛼 = −𝑈 𝜈𝑃𝜈

𝑣2𝐹 𝜏𝑟
𝛷 . (8)

In the following, we discuss the second term in the left side by referring to it as geometric term to emphasize that the geometry
𝑖
𝜈 𝜎 is some sort of background force in disguise that albeit represents the Coulomb forces behind the space-dependent tilting of the
irac cone.

2.2. Geometric effects

The second term in Boltzmann’s transport Eq. (8) arises from the structure of space–time, which incorporates the properties of
curved space–time in transport through Christoffel connections. This term represents how the background geometry influences the
evolution of the occupation probability in the phase space. Already at the single particle-level, the geometry affects the motion of
articles. To see this, we use the geodesic equation of particles in a curved space–time. Assuming a charged particle in the presence

of an electromagnetic field, the geodesic equation of the particle is [34]
𝑑2𝑥𝛼

𝑑 𝜏2 + 𝛤 𝛼
𝜈 𝜎

𝑑 𝑥𝜈
𝑑 𝜏

𝑑 𝑥𝜎
𝑑 𝜏 = −𝑒

𝑚𝑣𝐹
𝐹 𝛼 𝛽𝑈𝛽 . (9)

The above equation can be cast into Newton-like equation by introducing

𝛤 ≡ 𝑑 𝑡
𝑑 𝜏 = 1

√

−𝑔00(1 + 𝑔0𝑖
𝑔00

𝑣𝑖
𝑣𝐹

)2 − 𝑣2

𝑣2𝐹

, (10)

which allows to break the acceleration 𝑑2𝑥𝑖

𝑑 𝑡2 = 𝑎𝑖 into two terms end rewrite Eq. (9) as

𝑎𝑖 = 𝑎𝑖𝐺 + 𝑎𝑖𝐸 = − 1
𝛤 2

𝛤 𝑖
𝜈 𝜎

𝑑 𝑥𝜈
𝑑 𝜏

𝑑 𝑥𝜎
𝑑 𝜏 − 1

𝛤 2
𝑒

𝑚𝑣𝐹
𝐹 𝑖𝛽𝑈𝛽 , (11)
4 
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in which 𝑣𝑖 = 𝑑 𝑥𝑖
𝑑 𝑡 and 𝑣 is the velocity vector length and 𝑎𝑖𝐺∕𝐸 represents the acceleration arising from geometric and (external)

electric forces. Inspired by these definitions and by substitution in Eq. (8), the Boltzmann equation becomes

𝑝𝛼
𝜕 𝑓 (0)

𝜕 𝑥𝛼 +𝑚2𝛤 2𝑎𝑖𝐺
𝜕 𝑓 (0)

𝜕 𝑝𝑖 + 𝑚2𝛤 2𝑎𝑖𝐸
𝜕 𝑓 (0)

𝜕 𝑝𝑖

− 𝑒
𝑣𝐹

𝐹 0𝛽𝑝𝛽
𝜕 𝑓 (0)

𝜕 𝑝0 = −𝑈 𝜈𝑃𝜈

𝑣2𝐹 𝜏𝑟
𝛷 , (12)

where the second term on the left side of this equation directly represents the contribution of the geometric force effect and the
third and fourth terms stand for the effect of the external electromagnetic force in the background geometry given by the metric (1).
By writing the explicit form of 𝑎𝑖𝐸 from the definition of Eq. (11), the Boltzmann equation will be

𝑝𝛼
𝜕 𝑓 (0)

𝜕 𝑥𝛼 + 𝑚2𝛤 2𝑎𝑖𝐺
𝜕 𝑓 (0)

𝜕 𝑝𝑖 − 𝑒
𝑣𝐹

𝐹 𝛼 𝛽𝑝𝛽
𝜕 𝑓 (0)

𝜕 𝑝𝛼 = −𝑈 𝜈𝑃𝜈

𝑣2𝐹 𝜏𝑟
𝛷 . (13)

Now we can solve and obtain the 𝛷 function in terms of the external electric field, chemical potential and geometric forces. The
steady state solution ( 𝜕 𝑓 (0)

𝜕 𝑥0 = 0) is
𝛷 = −𝑣𝐹 𝜏𝑟

𝛤

(

−
𝜕 𝑓 (0)

𝜕 𝜀
) {

𝑝𝑖

𝑝0
𝜕 𝜇
𝜕 𝑥𝑖

}

+ 𝛤 4𝜏𝑟

(

−
𝜕 𝑓 (0)

𝜕 𝜀
)

{

(𝜁2𝑖 − 𝑔00)𝑝𝑖 + 𝜁𝑖𝜁𝑖𝑝
𝑖
}

𝑎𝑖𝐺

− 𝑣𝐹 𝜏𝑟

(

−
𝜕 𝑓 (0)

𝜕 𝜀
) {

𝜁𝑖 + 2(𝜁2𝑖 − 𝑔00)
𝑝𝑖

𝑝0
+ 2𝜁𝑖𝜁𝑖

𝑝𝑖

𝑝0

}

𝜕(−𝑒𝜑𝐸 )
𝜕 𝑥𝑖 (14)

where 𝑝0 =
√

𝑔00𝑚2𝑣2𝐹 + (1 − 𝜁2𝑦 )(𝑝1)2 + (1 − 𝜁2𝑥 )(𝑝2)2 + 2𝜁𝑥𝜁𝑦𝑝1𝑝2. Here 𝜑𝐸 is the external (probe) electric potential and we have used

𝐸𝑖 = − 𝜕 𝜑𝐸
𝜕 𝑥𝑖 and 𝜕 𝑓 (0)

𝜕 𝜇 = − 𝜕 𝑓 (0)

𝜕 𝜀 in our calculations. By obtaining the deviation 𝛷 from the equilibrium distribution we can compute the
urrent density. The Fermi equilibrium distribution function at zero temperature is a step function in which states below the Fermi

energy are occupied and states above it are unoccupied. Therefore at zero temperature, derivative of Fermi distribution function
with respect to energy will be a Dirac delta function at Fermi energy, (− 𝜕 𝑓 (0)

𝜕 𝜀 ) = 𝛿(𝜀−𝜀𝐹 ). The integral of the electric current density
is as follows [46],

𝐽 𝑖 = (−2𝑒)𝑣𝐹 ∫ 𝑝𝑖𝑓
√

𝑔
𝑑2𝑝
𝑝0

, (15)

where 𝑔 = − det (𝑔𝛼 𝛽 ) = 1. By writing the function 𝑓 = 𝑓 0 +𝛷, the integral will have two parts, only the second part of which has a
on-zero value. Substituting 𝛷 from Eq. (14) gives (see the appendix for details),

𝐽 𝑖 = 𝐺𝑖(𝜁𝑥, 𝜁𝑦) + A
{[

(1 − 𝜁2𝑖 )
𝜕 𝜇
𝜕 𝑥𝑖 − 𝜁𝑥𝜁𝑦

𝜕 𝜇
𝜕 𝑥𝑖

]

+ 2√−𝑔00
𝜕(−𝑒𝜑𝐸 )

𝜕 𝑥𝑖
}

, (16)

where, 𝐺𝑖(𝜁𝑥, 𝜁𝑦) = −2𝑒𝑣𝐹 ∫ 𝑝𝑖

𝑝0
𝛷𝑔𝑑2𝑝 in which 𝛷𝑔 = −𝑣2𝐹 𝜏𝑟

(

− 𝜕 𝑓 (0)

𝜕 𝜀
)

𝛤 𝑖
𝜈 𝜎 𝑝𝜈

𝑝0
𝑝𝜎

𝑝0

[

(𝜁2𝑖 − 𝑔00)𝑝𝑖 + 𝜁𝑖𝜁𝑖𝑝𝑖
]

and for 𝑖 = (1, 2) we have 𝑖 = (2, 1)
and the constant A = −2𝜋 𝑒𝜏𝑟𝜀𝐹 [1 + (𝑚𝑣

2
𝐹

𝜀𝐹
)2] is introduced. These integrals are complicated functions of (𝜁𝑥, 𝜁𝑦) that can be computed

both analytically and numerically with desired precision.
In the above derivation, we have used the fact that the deviation 𝛷 of the distribution function from its equilibrium value 𝑓 (0)

is small and is linear in terms of potentials (i.e. chemical potential, geometric forces and external electric potential). The above
esult clearly shows that the current is driven by three mechanisms: (1) the spatial variations of the chemical potential (the term
n the square bracket), (2) the geometric forces that compactly represent the geometry of the spacetime (the term outside the curly
racket) and (3) the externally applied electric field that has been encoded into 𝜑𝐸 (the second term in the curly bracket). The item

(2) above is the salient feature of the transport in tilted Dirac materials whose tilt varies in space. Interestingly even the item (1)
above is highly non-trivial: The variations of the chemical potential in the lateral direction can give rise to a transverse current

𝐽 𝑖 = A𝜁𝑥𝜁𝑦
𝜕 𝜇
𝜕 𝑥𝑖 = |𝜖𝑖𝑗 |A𝜁𝑥𝜁𝑦

𝜕 𝜇
𝜕 𝑥𝑗 . (17)

where 𝜖12 = −𝜖21 = 1 and 𝜖11 = 𝜖22 = 0. This term that relies on 𝜁𝑥𝜁𝑦 is reminiscent of a similar transverse response in the
hydrodynamic study of tilted Dirac cone materials [55]. Since instead of 𝜖𝑖𝑗 , its absolute value enters the above equation, it appears
that due to the symmetric matrix structure one can ‘‘rotate away’’ the above effect by choosing a coordinate system that lies along the
principal axes. However the tilt 𝜁 𝑖 is a parameter determining the spacetime metric that mingles space and time. Therefore ordinary
rotations are not isometries of the new spacetime anymore [20], meaning that simple rotations of the ‘‘non-tilted’’ spacetime around
𝑧-axis, do not leave the electron system invariant. Such terms in a different context are known as planar Hall effect to distinguish
them from the standard Hall effect [56] where the above response arises when an in-plane magnetic field is applied (hence the name
‘‘planar’’ Hall effect). A schematic diagram of the planar Hall effect is shown in Fig. 1, in which the chemical potential increases
linearly in the ‘‘X’’ direction, and as a result of nonzero tilting factors in ‘‘X’’ and ‘‘Y’’ direction, an electric current is generated in the
‘‘Y’’ direction according to the changes in the chemical potential. The essential point is that in our case the planar Hall effect arises
rom spatial variations of the tilt parameter and is manifested as the lateral current in response to a chemical potential gradient.

Therefore when 𝜁 , 𝜁 depend on space, Eq. (17) can be considered a local version of the geometric planar Hall effect. To obtain
𝑥 𝑦

5 
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Fig. 1. A schematic diagram of the planar Hall effect. Variations of chemical potential in one direction leads to the generation of non-zero electric current in
the transverse direction due to non-zero tilt in both directions.

the contravariant components 𝑔𝜇 𝜈 , one needs to invert the covariant components 𝑔𝜇 𝜈 given in (1). Doing this reveals that 𝜁𝑥𝜁𝑦 is
the component 𝑔12 or 𝑔𝑥𝑦. Therefore Eq. (17) provides a direct access to off-diagonal components of the metric and hence can be
considered as a method for measuring the metric in local transport.

As can be seen in the Boltzmann formulation the geometry of the spacetime (encoded in the Christoffel connections) enters both
at the level of equation of motion, and also the evolution of the occupation probability in the phase space.

3. Results and discussion

The part of the current formula that can be tuned externally can be simplified to the final form (see the appendix)

𝐽 𝑖 = A
{[

(1 − 𝜁2𝑖 )
𝜕 𝜇
𝜕 𝑥𝑖 − 𝜁𝑥𝜁𝑦

𝜕 𝜇
𝜕 𝑥𝑖

]

+ 2√−𝑔00
𝜕(−𝑒𝜑𝐸 )

𝜕 𝑥𝑖
}

, (18)

where as pointed out A = −2𝜋 𝑒𝜏𝑟𝜀𝐹 [1 + (𝑚𝑣
2
𝐹

𝜀𝐹
)2]. In flat Minkowski space–time [43] the current density as in any other conductor

is proportional to the sum of the gradients of electrical and chemical potentials giving 𝑱 ∝
[

∇𝜇 + ∇(−𝑒𝜑𝐸 )
]

= ∇ (

𝜇 − 𝑒𝜑𝐸
)

. This
qualifies the ‘‘electro-chemical’’ potential as the source for deriving current as the above combination of the two potentials naturally
arises. But unlike flat space–time, the first point to be deduced from our results is that in the case of spatially varying tilt parameter,
the electrical conductivity is not given by the joint effect of the gradient of electrical and chemical potentials with equal coefficients.
Therefore the concept of electro-chemical potential will not be valid in solids with spatially variable tilt parameter and requires
appropriate generalization. The coefficients for each potential gradient is determined by the tilt parameters. As can be seen from
Eq. (18), when the tilt parameters in both directions are non-zero, the chemical potential gradient in one direction can induce a
current in the transverse direction. Such an off-diagonal conductivity is not of the Hall-type as the resulting current 𝐽 𝑖 cannot be
expressed as the antisymmetric form 𝜖𝑖𝑗𝜕𝑗𝜇. Instead it is symmetric and proportional to |𝜖𝑖𝑗 |𝜕𝑗𝜇. As pointed out since the isometries
of the new spacetime (1) are not pure rotations [20], the above effect cannot be eliminated by rotation [55] and therefore will be a
genuine geometric form of planar Hall effect. Note that the electric component 𝜑𝐸 does not contribute to the planar geometric ‘‘Hall’’
(transverse) conductivity. The electric potential 𝜑𝐸 that gives rise to longitudinal current, encodes the red-shift factors

√

−𝑔00. This
term will give a direction independent current. This feature can be used to experimentally separate the part of current that arises
from 𝜕𝑖𝜑𝐸 and the part that arises from 𝜕𝑖𝜇. The above quantities are local and require four probe van der Pauw measurements [57].

Let us return to the discussion of the first term of Eq. (16) where the effects of the tilting of the energy bands or the geometry that
are present even in the absence of externally applied electric field is dumped into the term 𝐺𝑖(𝜁𝑥, 𝜁𝑦). In addition to the fact that the
electro-chemical potential looses its meaning in spatially variable tilt situation, a totally new background driving force arising from
the geometry of the synthetic spacetime gives rise to the terms 𝐺𝑖 in the current. A manifestation of such term can be a ‘‘zero-biased’’
currents observed in the surface of topological insulators [18] where a background current as well as a photocurrent can be explained
in terms of tilting of the Dirac cone [19]. In case of Dirac cones that are not spin–orbit coupled and hence the tilt is not easy to
tune by magnetization, this can be considered as a materials property whose shape is fixed during the crystallization/synthesis of
the material. Since such a term is present even when the driving external electric field absent, it can be considered the solid-state
analog of gravitational ‘‘free fall’’ movement of the particles in a region with non-trivial gravitational geometry.2 When the driving
external electric field drives the current along (opposite to) the ‘‘free fall’’ tendency, a given amount of electric field will result in
larger (smaller) current. Such asymmetry can be considered as a direction dependent resistivity. Extreme limit of such asymmetry
can be regarded a current rectifier. Less extreme case may find applications by selectively allowing high/low current. This effect
can be used to detect small terahertz radiation where population of tilted Dirac band generates an associated current [58,59]. The
curved spacetime incarnation of such detectors may offer varying sensitivity depending on the local values of the tilt parameter.

2 Of course for arbitrary geometry, the free fall path is not necessarily straight line and in general it is determined by the geodesic equation.
6 
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4. Conclusions

In conclusion, motivated by recent progress in controlling the tilt of spin–orbit coupled Dirac cones by external magnetic
nfluence [18,19] we have investigated the effect of spatially variable tilt on the semi-classical transport of 2D tilted Dirac cone
aterials using Boltzmann transport theory. Such a spacetime can be realized when instead of a uniform magnetization [18] a
lanar magnetic textures is placed on the surface of a topological insulators. In such a case the ensuing spacetime structure gives
ise to a ‘‘gravito-electric’’ forces that manifest as a isotropic conductivity term encoding the gravitational red-shift effects, as well
s additional terms deriving from the dependence of the chemical potential 𝜇 on spatial coordinates. A unique manifestation of the

gravito-electric forces will be a geometrical version of planar Hall effect where a current transverse to the gradient of 𝜇 arises that is
determined by the off-diagonal component 𝑔𝑥𝑦 of the metric. This can be considered as a way to experimentally measure the metric
by looking into local current.
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Appendix. Current density integral calculation

Here we calculate the electric and chemical potential contribution to the electric current density in more detail. The integral of
the electric current density is as follows

𝐽 𝑖 = (−2𝑒)𝑣𝐹 ∫ 𝑝𝑖𝑓
√

𝑔
𝑑2𝑝
𝑝0

, (A.1)

where 𝑔 = − det (𝑔𝛼 𝛽 ) = 1 and for 𝑓 (0) the integral does not have contribution. We compute the integral in the polar coordinate
system and for this purpose we must consider the following relations

𝑑2𝑝 = |𝑝|𝑑|𝑝|𝑑 𝜃 ,
𝑝1 = |𝑝| cos(𝜃), 𝑝2 = |𝑝| sin(𝜃),

𝜀 = 𝛤 𝑣𝐹 𝑝0 = 𝛤 𝑣𝐹
√

𝑔00𝑚2𝑣2𝐹 + |𝑝|2
[

1 − (

𝜁𝑥 sin(𝜃) − 𝜁𝑦 cos(𝜃)
)2
]

,

𝜀 = 𝜀𝐹 ⇒ |𝑝𝐹 | =

√

√

√

√

√

√

[

( 𝜀𝐹
𝛤 𝑣𝐹 )

2 − 𝑔00𝑚2𝑣2𝐹
]

[

1 − (

𝜁𝑥 sin(𝜃) − 𝜁𝑦 cos(𝜃)
)2
] ,

(

−
𝜕 𝑓 (0)

𝜕 𝜀
)

= 𝛿(𝜀 − 𝜀𝐹 ) =
𝛿(|𝑝| − |𝑝𝐹 |)

|

𝜕 𝜀
𝜕|𝑝| |||𝑝𝐹 |

=
𝜀𝐹

(𝛤 𝑣𝐹 )2
𝛿(|𝑝| − |𝑝𝐹 |)

√

[

1 − (

𝜁𝑥 sin(𝜃) − 𝜁𝑦 cos(𝜃)
)2
]

[

(

𝜀𝐹
𝛤 𝑣𝐹

)2
− 𝑔00𝑚2𝑣2𝐹

]

.

(A.2)

By inserting relations of Eq. (A.2) in Eq. (A.1), the integral over the modulus of 𝑝 (i.e. 𝑑|𝑝|) can be easily calculated due to the delta
function, and only three angular integrals are left as follows:

(𝑝1)2 ⟹ ∫

2𝜋

0

cos2(𝜃)
[

1 − (

𝜁𝑥 sin(𝜃) − 𝜁𝑦 cos(𝜃)
)2
]2

𝑑 𝜃 ,

𝑝1𝑝2 ⟹ ∫

2𝜋

0

sin(𝜃) cos(𝜃)
[

1 − (

𝜁𝑥 sin(𝜃) − 𝜁𝑦 cos(𝜃)
)2
]2

𝑑 𝜃 ,

(𝑝2)2 ⟹ ∫

2𝜋

0

sin2(𝜃)
[

( )2
]2

𝑑 𝜃 .

(A.3)
1 − 𝜁𝑥 sin(𝜃) − 𝜁𝑦 cos(𝜃)
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To calculate the angular integrals of Eq. (A.3), we use residue theorem. Before that, a relief comes about by using the following
trick that reduces the degree of the pole: For example the integral corresponding to (𝑝1)2 will become

∫

2𝜋

0

cos2(𝜃)
[

1 − (

𝜁𝑥 sin(𝜃) − 𝜁𝑦 cos(𝜃)
)2
]2

𝑑 𝜃 = − 𝑑
𝑑 𝑎

⎛

⎜

⎜

⎜

⎝

∫

2𝜋

0

cos2(𝜃)
[

𝑎 −
(

𝜁𝑥 sin(𝜃) − 𝜁𝑦 cos(𝜃)
)2
]𝑑 𝜃

⎞

⎟

⎟

⎟

⎠

|𝑎=1

, (A.4)

Now, by changing the variable as 𝑧 = 𝑒𝑖𝜃 , the sine and cosine functions are written as sin(𝜃) = −𝑖
2 (𝑧 − 1

𝑧 ), cos(𝜃) =
1
2 (𝑧 + 1

𝑧 ) and
 𝜃 = 𝑑 𝑧

𝑖𝑧 . By substituting them in the integral of Eq. (A.4) we have,

𝐼(𝑎) ≡ ∫

2𝜋

0

cos2(𝜃)
[

𝑎 −
(

𝜁𝑥 sin(𝜃) − 𝜁𝑦 cos(𝜃)
)2
]𝑑 𝜃 = ∮

|𝑧|=1

𝑖(𝑧4 + 2𝑧2 + 1)
𝜁2+𝑧5 − 4(𝑎 − 𝜁+𝜁−

2 )𝑧3 + 𝜁2−𝑧
𝑑 𝑧, (A.5)

where, 𝜁± = 𝜁𝑦 ± 𝑖𝜁𝑥. By setting 𝜁2+𝑧
5 − 4(𝑎 − 𝜁+𝜁−

2 )𝑧3 + 𝜁2−𝑧 = 0, we obtain the poles of the integrand as follows

𝑧1 =

√

√

√

√

√

−2𝑎 + 𝜁2𝑥 + 𝜁2𝑦 + 2
√

𝑎2 − 𝑎(𝜁2𝑥 + 𝜁2𝑦 )

(𝜁𝑥 − 𝑖𝜁𝑦)2
,

𝑧2 = −

√

√

√

√

√

−2𝑎 + 𝜁2𝑥 + 𝜁2𝑦 + 2
√

𝑎2 − 𝑎(𝜁2𝑥 + 𝜁2𝑦 )

(𝜁𝑥 − 𝑖𝜁𝑦)2
,

𝑧3 =

√

√

√

√

√

−2𝑎 + 𝜁2𝑥 + 𝜁2𝑦 − 2
√

𝑎2 − 𝑎(𝜁2𝑥 + 𝜁2𝑦 )

(𝜁𝑥 − 𝑖𝜁𝑦)2
,

𝑧4 = −

√

√

√

√

√

−2𝑎 + 𝜁2𝑥 + 𝜁2𝑦 − 2
√

𝑎2 − 𝑎(𝜁2𝑥 + 𝜁2𝑦 )

(𝜁𝑥 − 𝑖𝜁𝑦)2
,

𝑧5 = 0,

(A.6)

where, 𝑧1, 𝑧2 and 𝑧5 are enclosed within the path and by calculating their residue, the result of the integral is obtained as
𝐼(𝑎) = 2𝜋 𝑖(𝑅𝑒𝑠(𝑧1) + 𝑅𝑒𝑠(𝑧2) + 𝑅𝑒𝑠(𝑧5)) =

=
2𝜋

[

𝑎2(𝜁𝑥 − 𝜁𝑦)2 + 𝜁2𝑥 (𝜁𝑥 + 𝜁𝑦)2
√

𝑎2 − 𝑎(𝜁2𝑥 + 𝜁2𝑦 ) − 𝑎(𝜁4𝑥 − 𝜁4𝑦 ) − 𝑎(𝜁2𝑥 − 𝜁2𝑦 )
√

𝑎2 − 𝑎(𝜁2𝑥 + 𝜁2𝑦 )
]

(𝑎2 − 𝑎(𝜁2𝑥 + 𝜁2𝑦 ))(𝜁2𝑥 + 𝜁2𝑦 )2
.

(A.7)

Now, by taking the derivative (− 𝑑
𝑑 𝑎 ) and substituting 𝑎 = 1 for the main integral, we have

∫

2𝜋

0

cos2(𝜃)
[

1 − (

𝜁𝑥 sin(𝜃) − 𝜁𝑦 cos(𝜃)
)2
]2

𝑑 𝜃 =
𝜋(1 − 𝜁2𝑥 )

(1 − 𝜁2𝑥 − 𝜁2𝑦 )
3
2

=
𝜋(𝜁2𝑥 − 1)
𝑔00

√

−𝑔00 (A.8)

In the same way, for other integrals, the results are obtained as follows,

∫

2𝜋

0

sin(𝜃) cos(𝜃)
[

1 − (

𝜁𝑥 sin(𝜃) − 𝜁𝑦 cos(𝜃)
)2
]2

𝑑 𝜃 =
−𝜋 𝜁𝑥𝜁𝑦

(1 − 𝜁2𝑥 − 𝜁2𝑦 )
3
2

=
𝜋 𝜁𝑥𝜁𝑦

𝑔00
√

−𝑔00
,

∫

2𝜋

0

sin2(𝜃)
[

1 − (

𝜁𝑥 sin(𝜃) − 𝜁𝑦 cos(𝜃)
)2
]2

𝑑 𝜃 =
𝜋(1 − 𝜁2𝑦 )

(1 − 𝜁2𝑥 − 𝜁2𝑦 )
3
2

=
𝜋(𝜁2𝑦 − 1)
𝑔00

√

−𝑔00
,

(A.9)

Substituting everything in Eq. (A.1) leads to Eq. (18) of the main text.
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