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The ability to characterize three-dimensional (3D) magnetization distributions in nanoscale magnetic materials and devices is es-
sential to fully understand their static and dynamic magnetic properties. Phase contrast techniques in the transmission electron
microscope (TEM), such as electron holography and electron ptychography, can be used to record two-dimensional (2D) pro-
jections of the in-plane magnetic induction of 3D nanoscale objects. Although the 3D magnetic induction can in principle be
reconstructed from one or more tilt series of such 2D projections, conventional tomographic reconstruction algorithms do not re-
cover the 3D magnetization within a sample directly. Here, we use simulations to describe the basis of an improved model-based
algorithm for the tomographic reconstruction of a 3D magnetization distribution from one or more tilt series of electron optical
phase images recorded in the TEM. The algorithm allows a wide range of physical constraints, including a priori information
about the sample geometry and magnetic parameters, to be specified. It also makes use of minimization of the micromagnetic
energy in the loss function. We demonstrate the reconstruction of the 3D magnetization of a localized magnetic soliton — a
hopfion ring — and discuss the influence of noise, choice of magnetic constants, maximum tilt angle and number of tilt axes on
the result. The algorithm can in principle be adapted for other magnetic contrast imaging techniques in the TEM, as well as for
other magnetic characterization techniques, such as those based on X-rays or neutrons.
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1 Introduction

Three-dimensional (3D) magnetization distributions link
macroscopic magnetic properties of materials and devices,
such as hysteresis and topology, to fundamental physical
properties, such as exchange stiffness and magnetocrystalline
anisotropy. A full understanding of the macroscopic mag-
netic properties of materials therefore requires a knowledge
of their 3D magnetization on the nanoscale. Numerous ef-
forts have been made to develop experimental techniques for
the measurement of magnetic fields and magnetization dis-
tributions, both as two-dimensional (2D) projections or sur-
faces and in 3D. Such measurements have included the use
of X-rays, neutrons and electrons in both real and reciprocal
space, have achieved spatial resolutions ranging from the mi-
crometer to the nanometer scale and have often required the
development of new reconstruction algorithms [1-4].

Phase contrast techniques for measuring magnetic in-
formation about materials in the transmission electron mi-
croscope (TEM) rely on changes to the phase of an inci-
dent high energy electron wave arising from the so-called
Aharohov-Bohm effect [5, 6]. Techniques such as off-axis
electron holography [2,6] and electron ptychography [7] can
be used to record the phase of an electron wave that has
passed through a specimen, whereas differential phase con-
trast imaging [8, 9] and the Fresnel mode of Lorentz mi-
croscopy [10] record signals that are approximately propor-
tional to the first and second derivative of the phase, respec-
tively.

In principle, 3D magnetic information can be recon-
structed from tilt series of recorded phase (or phase gradient)
images [2,11-13]. Conventional backprojection-based tomo-
graphic reconstruction algorithms have been used to measure
the 3D magnetic induction field B. Their implementation
typically relies on the fact that the gradient of the magnetic
contribution to a recorded phase image is proportional to the
in-plane component of the magnetic induction projected in
the incident electron beam direction [11, 13-15]. Such algo-
rithms are well-established in cryogenic electron tomography
of proteins and medical X-ray computed tomography [16]
and are commonly implemented in the form of a weighted
simultaneous iterative reconstruction technique [17]. They
can be used to recover two components of a 3D magnetic
induction field from two tilt series of phase or phase gradi-
ent images (typically recorded about orthogonal specimen tilt

axes). The third (out-of-plane) component can then be cal-
culated numerically by making use of the criterion that the
divergence of the magnetic induction must be zero [13, 14].

The 3D magnetization M in a material cannot, in general,
be recovered directly from recorded phase or phase gradi-
ent images. Accordingly, several model-based inversion al-
gorithms have been developed [18-20]. Approaches based
on differentiable programming [21] and wavelet regulariza-
tion [22] have also recently been introduced, with the latter
method used to reconstruct the magnetic vector potential A.
A model-based algorithm typically involves the iterative use
of a forward model to calculate phase (or phase gradient) im-
ages from successive guesses for the 3D magnetization dis-
tribution in the sample. At each iteration, the algorithm min-
imizes a loss function and incorporates a priori information,
e.g., about the sample geometry. The loss function usually
takes the form of the difference between experimental images
and simulated images determined from the current guess for
the 3D magnetization distribution. A weighting term can be
used to include physical or mathematical constraints. For in-
stance, in ref. [18], the L2-norm of the magnetization was
used to represent, to a first approximation, the Heisenberg
exchange energy in a cubic magnet [23]. In refs. [19, 20],
mathematical constraints such as likelihood, sparsity and to-
tal variation were introduced into the loss function.

As a result of the vectorial nature of magnetic fields, the
number of unknowns in a reconstruction is three times that
for scalar tomography. It is therefore typically necessary to
record (at least) two independent tilt series of images [24,25].
However, due to experimental limitations, only one tilt axis
can sometimes be recorded. In addition, it may only be pos-
sible to tilt a specimen between angles of at most −70◦ and
+70◦. Such practical limitations impose challenges for the
retrieval of 3D magnetic information and may result in non-
physical solutions for such an under-determined problem. It
is therefore important to develop algorithms that can incorpo-
rate additional constraints, such as material parameters and
the energy of the system.

Here, we describe a model-based iterative reconstruction
algorithm, which incorporates a micromagnetic energy term
through an automatic differentiation technique [26]. It also
allows fitting to a uniform value for the magnetization de-
fined by the saturation magnetization of the material and two
orientation angles specified in spherical coordinates.

We demonstrate the successful application of the algo-
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rithm to a challenging 3D localized spin texture — a hopfion
ring [27] — in a FeGe nanodisk. We discuss the influence on
the reconstruction of several experimental and physical fac-
tors, including noise, choice of magnetic parameters, maxi-
mum tilt angle and number of tilt axes, as well as the choice
of weighting factor between the residual phase difference and
the energy term.

2 Methodology

2.1 Forward model

The forward model for magnetization reconstruction in the
TEM is based on an analytical formula for the electron op-
tical phase shift ϕ, which includes contributions from the
electrostatic potential V and the magnetic vector potential A
within and around the sample, according to the Aharonov-
Bohm effect [5]

ϕ = ϕe + ϕm

= Ce

∫
L

Vdz +Cm

∫
L

Azdz,
(1)

where ϕe and ϕm are the electrostatic and magnetic contribu-
tions to the phase shift, respectively, Ce =

π
λE , Cm = − e

~
, E

is the electron energy, λ is the electron wavelength, e is the
elementary charge, ~ is the reduced Planck constant, Az is the
z component of the magnetic vector potential, L is the path of
a line integral and the electron beam direction is along the
z axis.

To a first approximation, only the z component, i.e., the
out-of-plane component, of the magnetic vector potential
contributes to the phase shift. In other words, only the x-
y components, i.e., the in-plane components, of the magnetic
induction field contribute to the phase shift, due to the nature
of the curl operator B = ∇ × A.

The magnetic contribution to the phase shift can be sep-
arated from the electrostatic contribution by using a number
of experimental approaches, such as turning the sample over,
performing measurements at different sample temperatures
or changing the microscope accelerating voltage [28]. For
simplicity, in the text below we use ϕ to refer to the magnetic
contribution to the phase shift alone.

The relationship between the magnetic vector potential A
and the magnetization M can be expressed as a cross-product
in k space in the form [29]

Ã(k) = − iµ0

k2 M̃(k) × k, (2)

where µ0 is the vacuum permeability and the tilde represents
a Fourier transform. According to the Fourier central slice

theorem, the projection operator in real space is equivalent to
a slice operator in k space [16] and the relationship between
ϕ and M can be expressed in k space as follows:

ϕ̃(kx, ky) = −iµ0Cm[(M̃⊥(kx, ky) × k⊥/k2
⊥)]z, (3)

where k⊥ = (kx, ky, 0). In this way, M can be linked to
measurements of ϕ.

A micromagnetic model typically assumes that the mag-
nitude of the magnetization in a material can be represented
by the saturation magnetization Ms, where M = Msm and m
refers to the unit magnetization. The geometry of the sample,
G, describes its 3D morphology and can be used to define the
location of the magnetization, which is zero outside the sam-
ple. Experimentally, the geometry of a sample can be deter-
mined by using conventional (scalar) electron tomography,
e.g., from the amplitude of the recorded electron wavefunc-
tion, by creating a binary mask of the outline of the sample
at each specimen tilt angle or by performing a separate (e.g.,
high-angle annular dark-field) tomography experiment.

The unit magnetization m can be defined in spherical co-
ordinates by the geometry G, the polar angle θ(r) and the
azimuthal angle ψ(r) in the form

m = G · (sin θ cosψ, sin θ sinψ, cos θ). (4)

2.2 Loss function

Here, we include the residual phase between input phase im-
ages and reconstructed results and the micromagnetic energy
of the system in the loss function. The term in the loss func-
tion Lϕ from the residual between the input phase ϕ0 and the
phase ϕ calculated from the reconstructed magnetization is
defined by the L2-norm of the difference between the two
phase terms

Lϕ =
∑

r

||ϕ0 − ϕ||L2. (5)

The term in the loss function Lm from the magnetic energy
is a functional of m and can include multiple energy terms.
Typically, a micromagnetic model includes contributions
from the Heisenberg exchange interaction, Dzyaloshinskii-
Moriya interaction (DMI) [30, 31], Zeeman interaction, de-
magnetization and magnetocrystalline anisotropy. Here, we
consider only Heisenberg exchange, DMI, Zeeman and de-
magnetization terms in the algorithm, in order to represent
energy terms in cubic chiral magnets [32, 33]. The term in
the loss function from the magnetic energy can then be writ-
ten

Lm = A(∇m)2 + Dm · (∇ ×m) − µ0Msm · (Hd +Hext), (6)
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where A is the exchange stiffness, D is the DMI constant,
Hd is the demagnetization field calculated using Newell’s
method [34] and Hext is the applied magnetic field. For a
material that has significant magnetocrystalline anisotropy,
an additional term −Ku(m · u)2 can be included in the micro-
magnetic loss function (eq. (6)), where Ku is the anisotropy
constant and u is the anisotropy axis.

In practice, if the external magnetic field is applied us-
ing the TEM objective lens, then zero-magnetic-field tomo-
graphic experiments are most commonly performed. Tomo-
graphic tilting together with an external magnetic field usu-
ally requires the use of a dedicated magnetizing stage or spec-
imen holder [15, 35].

The total loss function L can be expressed as a weighted
sum of the above two contributions, in the form

L = wϕLϕ + wmLm. (7)

As Lm has units of energy, wm is expressed in units of eV−1

in the present work.

2.3 Reconstruction workflow

Figure 1 illustrates the workflow of the reconstruction algo-
rithm. Input data include experimental measurements (ϕ0)
and the geometry and magnetic parameters of the sample.
The geometry and saturation magnetization are used to define
the location and magnitude of the magnetization. The mag-
netization is expressed in terms of its magnitude (Ms) and
polar and azimuthal angles (see eq. (4)). A forward model
is used to calculate phase images (ϕ) from the magnetization
as a function of specimen tilt angle. The residual of the cal-
culated and experimental phase images is used to calculate
the phase loss function Lϕ. Magnetic parameters, including
exchange stiffness (A) and DMI constant (D), as well as the
external magnetic field, are included in the micromagnetic
energy loss function Lm. The two contributions are weighted
to create a total loss function L (eq. (7)). The influence of
temperature is included simply by selecting magnetic param-
eters that are appropriate for the chosen specimen tempera-
ture.

Here, the initial state of the reconstruction always corre-
sponded to the magnetization pointing in the positive z direc-
tion. The algorithm then iteratively minimized the loss func-
tion until the magnetization converged to a chosen tolerance
value.

We employed an Adam solver [36] with a learning rate of
0.01 for gradient descent optimization with automatic differ-
entiation (AD). AD is used to calculate the partial derivative
of a function that is defined by a computer program rather
than by a symbolic equation and has been used in other tomo-

Figure 1 (Color online) Workflow for three-dimensional magnetization
reconstruction including physical constraints.

graphic algorithms [21]. It usually involves the decomposi-
tion of a function into a sequence of elementary operations
and the application of the chain rule to calculate their deriva-
tives iteratively. This feature makes AD effective for opti-
mizing loss functions that involve complex transformations.
The project was implemented in the Pytorch [37] framework.

It should be noted that there are typically multiple local
minima in the loss function (eq. (7)). The Adam Solver used
here is a local, rather than a global, optimization algorithm.
Therefore, in principle, the reconstruction can end up in a
local minimum of the loss function and may depend on the
choice of initial magnetization. In the future, this difficulty
can be overcome by using global optimization techniques,
such as multi-start methods [38].

3 Results and discussion

In the present work, a 3D magnetic soliton — a hopfion
ring [27] — was used to evaluate the magnetization recon-
struction algorithm. The hopfion ring, which comprises a
hopfion coupled with a skyrmion string, was stabilized in a
FeGe nanodisk of diameter 360 nm and thickness 180 nm,
as shown in Figure 2(a). The volume was meshed in the
form of cubes of side 3 nm. The material parameters used for
FeGe [39] were: exchange stiffness constant A0 = 4.75 ×
10−12 J m−2; DMI constant D0 = 0.853 × 10−3 J m−1; satu-
ration magnetization Ms = 3.84 × 105 A m−1. An external
magnetic field of 150 mT was applied in the positive z direc-
tion. The magnetic state shown in Figure 2(a), which is dis-
played as an mz = 0 isosurface, was obtained following the
initialization procedure presented in ref. [27], making use of
gradient-descent energy minimization. The simulation was
performed using the micromagnetic software package Micro-
magnetic.jl [40]. Figure 2(b) and (c) show the magnetization
in central cross-sections of the x-z and x-y planes, respec-
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Figure 2 (Color online) Three-dimensional magnetic hopfion ring stabi-
lized in a FeGe nanodisk of diameter 360 nm and thickness 180 nm. The
cylindrical axis of the disk is aligned with the axis of symmetry of the hop-
fion ring. (a) mz = 0 isosurface. (b), (c) Cross-sections of the magnetization
in the central x-z and x-y planes, respectively. The color wheel is shown at
the upper right of (c). (d) Calculated phase image at 0◦ specimen tilt angle,
i.e., with the incident electron beam parallel to the cylindrical axis of the
disk.

tively. In the central x-y cross-section (Figure 2(c)), three
vortices are visible from the center to the edge of the disk.
For simplicity, we use the magnetization distribution in this
plane to assess the quality of the reconstruction below.

Input phase images were calculated from the micromag-
netic simulation as a function of specimen tilt angle about
the x axis. A representative phase image is shown in Fig-
ure 2(d) for a specimen tilt angle of zero. In order to gener-
ate input phase images that are representative of experimental
data, Gaussian noise was added to each calculated phase im-
age. The standard deviation of the noise was set to 10% of the
image contrast ϕ0,max − ϕ0,min. This noise level is representa-
tive of that in typical experimental data. It can be reduced in
the future by using direct electron detectors and/or hologram
averaging methods to levels as low as 2π

1000 radians [41, 42].
The relative, rather than absolute, contributions of the mi-

cromagnetic energy and residual phase to the total loss func-
tion affect the reconstruction. Here, for simplicity, wm was
fixed to a value of 1 eV−1 and only wϕ was varied in the re-
construction. Mini-batch gradient descent was used for it-
erative minimization of the loss function. The batch size
was kept to 4. The reconstruction was assessed by using
the mean-square-root error of the reconstructed magnetiza-
tion m′ and the ground truth m in the form

Error = ||m −m′||L2

=
1
N

N∑
i=1

√
(mi −m′i) · (mi −m′i), (8)

where N is the number of meshed cells. This criterion is used

in other similar algorithms [19, 43].

3.1 Optimal weighting factor

We first evaluated how the micromagnetic energy affects the
reconstruction by varying the weighting factor wϕ in the loss
function. A large value of wϕ corresponds to the algorithm fa-
voring a small residual phase between the input images and
the results of the reconstruction. In contrast, a small value of
wϕ corresponds to the reconstruction favoring results with a
small micromagnetic energy. A compromise has to be made
between the two terms in the loss function, i.e., the recon-
structed result has to achieve a reasonably small value of both
the residual phase and the micromagnetic energy. Objective
criteria for determining this compromise quantitatively are
likely to depend on the specimen under examination and on
the details of the recorded phases images and their defini-
tion is beyond the scope of the present paper. Here, recon-
structions were performed as a function of wϕ and the quality
of the reconstruction was evaluated both from the error and
from the magnetization distribution in the central x-y plane.
Tilt series of magnetic phase images were used, with spec-
imen tilt angles ranging from −90 to +90◦ with a 5◦ step,
using orthogonal (x and y) tilt axes. The parameters in the
micromagnetic energy term in the loss function were identi-
cal to those used in the micromagnetic simulation.

Figure 3 shows the error plotted as a function of weighting
factor wϕ. The error first decreases with increasing wϕ, reach-

Figure 3 (Color online) Reconstruction error plotted as a function of
weighting factor wϕ. Magnetization distributions in the central x-y plane are
shown for different values of wϕ and labeled “1”, “2” and “3”. The optimal
weighting factor is determined to be 10−1.
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ing a minimum when wϕ = 10−1. It then increases slowly,
reaching a plateau for larger values of wϕ. The insets show
three representative magnetization distributions in the central
x-y plane.

For wϕ = 10−3 (labeled “1”), the magnetization distribu-
tion is smooth, but differs from the ground truth (Figure 2(c)),
resulting in a large error of 0.66. This behavior is expected,
as a small value of wϕ corresponds to a minimum in micro-
magnetic energy without favoring consistency with the input
phase images. In this way, the loss function for the micro-
magnetic energy acts as a smoothing kernel, in agreement
with regularization techniques used in ref. [18]. In addi-
tion, due to the presence of multiple micromagnetic mini-
mum states of the system, a smaller value of wϕ may lead
to an alternative minimum in the micromagnetic energy, e.g.,
state “1”. When wϕ = 103 (state “3”), the result shows a more
noisy magnetization distribution. In this case, the algorithm
converged to a minimum value of the residual phase differ-
ence between the input phase images and the reconstruction
without imposing any physical law, i.e., without considering
the micromagnetic energy of the system. For larger values of
wϕ, the magnetization distribution shows a noisy triple-vortex
pattern, similar to the ground truth (Figure 2(c)). As a com-
promise, an optimal weighting factor wϕ = 10−1 (state “2”)
delivers a high quality reconstruction with an almost identi-
cal magnetization distribution to the ground truth and a small
error of 0.04. In practice, there may not be access to a full
series of data from orthogonal tilt axes or a knowledge of
magnetic parameters. The choice of optimal weighting fac-
tor may depend on the availability of this information.

3.2 Magnetic parameters

The micromagnetic energy term in the loss function requires
the magnetic parameters of the material as input (eq. (6)). In
ref. [18], only the ferromagnetic exchange energy (the first
term in eq. (6)) was implemented in the loss function. In
practice, the exchange stiffness A, DMI constant D and sat-
uration magnetization Ms can often be determined indepen-
dently, for example from macroscopic measurements on bulk
samples. The external magnetic field Hext is usually a known
value in experiments. The demagnetization field Hd depends
on the magnetization distribution, sample geometry and sat-
uration magnetization. It is calculated automatically by the
algorithm.

It has been reported in refs. [15, 33, 44, 45], that in thin
TEM samples, such as those prepared using focused ion
beam milling, there may be a damaged or implanted sur-
face layer. Based on comparisons with micromagnetic sim-
ulations, it has been reported that some magnetic parame-
ters can be altered in this region. For example, in B20-type

FeGe TEM samples prepared by focused ion beam milling,
the DMI constant in a thin surface layer had to be set to 0 to
provide agreement between micromagnetic simulations and
experimental measurements [33,45]. Accordingly, we inves-
tigated how the value of the DMI constant in the micromag-
netic energy term affects the reconstruction.

Tilt series of magnetic phase images were considered, with
tilt angles ranging from −60 to +60◦ and a 5◦ step, using two
orthogonal tilt axes. The choice of 60◦ mimics experimental
limitations and is discussed below. The weighting factor was
chosen to be wϕ = 2 × 10−1.

Figure 4 shows the reconstruction error plotted as a func-
tion of the DMI constant, expressed as Drc/D0, where Drc is
the value used in the reconstruction and D0 is the true value.
The sign of the DMI was also considered by assigning neg-
ative values to Drc. Such a change in sign corresponds to
a change in the chirality of the magnetization texture. The
insets show four representative magnetization distributions
in the central x-y plane. The reconstruction error exhibits a
quasi-symmetrical profile centered on Drc/D0 = 1.

When the accurate DMI value was used, the reconstruc-
tion produced a small error and an almost identical pattern of
the magnetization distribution in the central x-y plane (state
“3”), highlighting the robustness of the algorithm despite the
limited range of tilt angles. When the DMI value was set
to zero, the chirality of the magnetization in the central x-y
plane switched from counter-clockwise to clockwise, result-

Figure 4 (Color online) Reconstruction error plotted as a function of DMI
constant Drc/D0. Four representative magnetization distributions in the cen-
tral x-y plane are shown for different values of Drc/D0 labeled “1”, “2”, “3”
and “4”. The reconstruction corresponding to the accurate DMI constant
(“3”) provides an almost identical result to the ground truth shown in Figure
2(c).
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ing in a similar “anti-vortex” pattern (state “2”), but without
the triple-vortex structure of the ground truth (Figure 2(c)).
When the DMI was switched to have a negative value of the
same magnitude, i.e., Drc/D0 = − 1, the polarity of the
outer vortex reversed to form a counter-clockwise vortex and
the hopfion was not retrieved (state “1”). For Drc/D0 = 2,
the reconstruction delivered a random magnetization distri-
bution (state “4”). These results indicate that the reconstruc-
tion is very sensitive to the value of the DMI constant, i.e.,
to the m · (∇ ×m) term. In the present example, an accurate
value of the DMI constant is essential to deliver a reliable
reconstruction. In the reconstructions shown below, Drc/D0

was set to be 1.
Separate calculations (not included here) show that the

values of other magnetic parameters, such as the exchange
stiffness A and saturation magnetization Ms, can have a sim-
ilar effect on the reconstruction. It is assumed that macro-
scopic magnetic measurements can often be used to deter-
mine these values accurately and that TEM sample prepara-
tion does not necessarily alter them. In the future, it may
be important to define magnetic parameters locally in the re-
construction volume, in particular close to the specimen sur-
faces, due to effects such as sample preparation damage and
oxidation.

3.3 Maximum tilt angle

In practical applications, there is often a limit to the maxi-
mum tilt angle of the sample. In cryogenic electron tomogra-
phy of biological samples using a dedicated single tilt spec-
imen holder, the maximum tilt angle is typically 70◦. Dedi-
cated full-tilt-angle specimen holders (see, e.g., refs. [46,47])
are not yet widely available. In scalar tomography, e.g.,
conventional X-ray computerized tomography and tomogra-
phy for structural biology, single-tilt-axis acquisition is often
sufficient. In contrast, for vector field tomography at least
two independent tilt axes are typically required [24, 25, 48].
Therefore, we investigated the influence of maximum tilt an-
gle on magnetization reconstruction.

Tilt series of magnetic phase images were used with dif-
ferent maximum tilt angles and 5◦ steps, for both a single tilt
axis and two orthogonal tilt axes. The weighting factor was
set to wϕ = 2 × 10−1. Figure 5 shows the reconstruction er-
ror plotted as a function of the maximum tilt angle for both a
single tilt axis (blue) and two tilt axes (red). The insets show
four representative magnetization distributions in the central
x-y plane.

For the symmetrical object studied here (Figure 2), a per-
fect reconstruction can be seen to require a maximum tilt
angle of at least 75◦ for a single tilt axis and 30◦ for two (or-
thogonal) tilt axes. For the double-tilt series, maximum tilt

Figure 5 (Color online) Reconstruction error plotted as a function of max-
imum tilt angle for phase images calculated using single and double tilt axes
(blue and red, respectively). Four representative magnetization distributions
in the central x-y plane are labeled “1”, “2”, “3” and “4”. Reconstructions
for maximum tilt angles of 30◦ using double tilt axes (“2”) and 75◦ using a
single tilt axis (“4”) match the ground truth shown in Figure 2(c).

angles for two axes of 30◦ can be achieved in experiments
performed using e.g., a Gatan double-tilt specimen holder in
a microscope with a conventional pole piece gap. For a larger
pole piece gap, one of the tilt axes is likely to reach an angle
of at least 60◦. Reconstructions with a maximum tilt angle
of 60◦ from a single tilt axis and a maximum tilt angle of
30◦ from a single tilt axis deliver similar errors. However, in
the former case, the 3D magnetization distribution exhibits a
considerable difference from the ground truth, indicating that
the magnitude of the error alone can be insufficient to eval-
uate the quality of the reconstruction. For 3D vector fields,
several criteria should therefore be used to evaluate the recon-
struction. These conclusions may also depend on the symme-
try of the object.

3.4 Full reconstruction

We now provide a detailed comparison between the ground
truth and the reconstruction obtained from tilt series of mag-
netic phase images generated about both x and y tilt axes for
maximum tilt angles of 30◦ with 5◦ steps. Each phase im-
age contained Gaussian noise. The weighting factor was set
to 2 × 10−1. The magnetic parameters used for the recon-
struction were identical to those used to generate the ground
truth.

Figure 6 shows a comparison between the phase ϕ0 calcu-
lated from the ground truth with noise added and the phase ϕ
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calculated from the reconstructed magnetization distribution
as a function of tilt angle. Three additional phase images at
higher tilt angles, which were not used for reconstruction,
are also provided for comparison. The phase images are vi-
sually identical at each tilt angle. The fact that the difference
(ϕ0 − ϕ) between the phase images at each tilt angle has
a Gaussian distribution (see Supplementary Figure 1), sug-
gests that the noise in the input phase images was removed
successfully by the reconstruction algorithm.

Figure 7 shows a comparison between magnetization dis-
tributions for the ground truth and the reconstruction. In the
central y-z plane (Figure 7(a)), the magnetic structures of
the hopfion and skyrmion were reconstructed successfully.

Three representative cross-sections in different x-y planes
were chosen for comparison, as shown in Figure 7(b)-(d).
In the central x-y plane (z = 0, Figure 7(b)), the three-vortex
pattern is well reconstructed. In the x-y plane in which the
top edge of the hopfion is located (z = 20 nm, Figure 7(c)), a
two-vortex pattern is visible in both the ground truth and the
reconstruction. In the x-y plane located 5 nm beneath the top
surface (z = 85 nm, Figure 7(d)), a single-vortex structure is
also retrieved reliably in the reconstruction.

For a quantitative comparison of the magnetization dis-
tribution between the ground truth and the reconstruction,
representative line profiles are plotted in Figure 8. Line 1
in Figure 7(a) is a vertical line that crosses the midpoint be-

Figure 6 (Color online) Comparison between input phase images with added Gaussian noise (ϕ0, upper row) simulated using the forward model and calculated
phase images (ϕ, lower row) determined from the reconstructed magnetization distribution. The reconstruction was performed using double tilt series data for
a maximum tilt angle of 30◦ with a 5◦ step. See text for reconstruction details. Representative phase images are shown as a function of tilt angle about the
x axis (horizontal). From left to right, the tilt angles are 0◦, 15◦ and 30◦. The tilt angle is labeled at the upper left corner of each image. The color bar for the
phase shift is shown at the lower edge of each column. Phase images for higher tilt angles are included for additional comparison. However, these images were
not used for reconstruction.

Figure 7 (Color online) Comparison between magnetization distributions for the ground truth (upper row) and reconstruction (lower row). The reconstruction
was performed using double tilt series data and a maximum tilt angle of 30◦ with a 5◦ step. See text for reconstruction details. Four representative cross-sections
of the magnetization distributions are shown: (a) central y-z plane (x = 0), (b) z1 = 0, i.e., central x-y plane, (c) z2 = 20 nm, and (d) z3 = 85 nm in x-y planes.
z2 corresponds to the upper edge of the hopfion. z3 corresponds to 5 nm beneath the upper surface. The positions of these planes are marked in (a). Two
additional lines are marked: line “1” at x = 0, y = −60 nm is marked in (a) and corresponds to the midpoint between the inner and outer edges of the hopfion
ring; line “2” at y = 0, z = 0 is marked in (b) and passes through the centers of the hopfion and skyrmion.

https://www.sciengine.com/SCPMA/doi/10.1007/s11433-024-2448-6
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Figure 8 (Color online) Line profiles extracted from the magnetization
distributions. Comparisons are shown for each component (x, y, z) of the
magnetization between the ground truth (lines) and reconstruction (circles).
The magnetization is scaled to the saturation magnetization. The line pro-
files were extracted from the positions marked in Figure 7. (a) shows line “1”
which is at x = 0, y = −60 nm and corresponds to the midpoint between the
inner and outer edges of the hopfion ring. (b) shows line “2” which is at
y = 0, z = 0 and passes through the centers of the hopfion and skyrmion.

tween the inner and outer edges of the hopfion ring in the cen-
tral y-z plane. Line 2 in Figure 7(b) is a horizontal line that
crosses the centers of the hopfion and skyrmion in the central
x-y plane. At these positions, each component (x, y and z) of
the magnetization is in quantitative agreement between the
ground truth (lines) and the reconstruction (circles). In con-
trast to the phase images, the difference between the mag-
netization distributions does not have a Gaussian form (see
Supplementary Figure 2). This point deserves further inves-
tigation in the future.

In standard micromagnetic simulations, the core task is to
minimize the micromagnetic energy of the system, with in-
puts of the geometry and magnetic parameters. Energy-based
minimization usually involves the use of conjugate gradient

or gradient descent methods and a Landau-Lifshitz-Gilbert-
based approach, with nonzero dissipation continuously re-
ducing the micromagnetic energy of the system [49].

The algorithm presented here takes the same inputs and
implements the micromagnetic energy in the loss function,
with minimization of the loss function corresponding to min-
imization of the micromagnetic energy. It also automatically
compares calculated phase images from the simulated mag-
netization with experimental phase images by integrating the
residual phase between the reconstruction and the experi-
mental data. The automatic differentiation method used in
the iterative algorithm only requires the formulation of the
loss function. The gradient directions are then calculated au-
tomatically. Other physical and mathematical constraints can
be implemented in the loss function, for example by adding
a new weighting term. Multi-objective optimization algo-
rithms [50] can also be used to optimize the loss functions
Lm and Lϕ simultaneously in the future.

The advantages of the proposed algorithm are twofold.
First, it reconstructs the magnetization M, which is a funda-
mental property of a material, rather than the magnetic induc-
tion field B. By reconstructing M, one can directly calculate
B. Second, it incorporates physical constraints, which can
include uniformity of the magnetization and micromagnetic
energy, in the reconstruction. These constraints improve the
quality and fidelity of the reconstruction for such an under-
determined problem, especially when dealing with incom-
plete data.

It should be noted that micromagnetic calculations search
for a minimum energy state, which can be either a ground
state or a metastable state. The magnetization state that
is reconstructed depends on the quality of the recorded ex-
perimental images, subsequent analysis steps and choice of
weighting factor.

From a practical perspective, as a result of the tempo-
ral resolution and signal-to-noise of magnetic imaging in
the TEM, it is currently challenging to record tomographic
data for mapping dynamical changes in magnetization states
during switching processes experimentally. Time-resolved
three-dimensional magnetization reconstruction may become
possible using dedicated electron microscopes in the future.

4 Conclusions

In this work, a tomographic reconstruction algorithm based
on automatic differentiable programming that is able to re-
cover a three-dimensional magnetization distribution from
one or more tilt series of electron optical phase images
recorded in the TEM has been described. The algo-
rithm allows a priori information to be specified, includ-

https://www.sciengine.com/SCPMA/doi/10.1007/s11433-024-2448-6
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ing the geometry of the sample and magnetic parameters
such as saturation magnetization, exchange stiffness and the
Dzyaloshinskii-Moriya interaction. Physical constraints are
included by minimizing a weighted loss function that in-
cludes the micromagnetic energy. The robustness of the algo-
rithm has been assessed by applying it to the reconstruction
of a three-dimensional magnetic soliton — a hopfion ring.
The influence of noise, weighting factor, magnetic parame-
ters and maximum tilt angle has been discussed. Quantitative
agreement in magnetization reconstruction has been achieved
for two simulated orthogonal tilt series of phase images for
a maximum tilt angle of 30◦, a 5◦ step and with Gaussian
noise included. The algorithm can be adapted in the future
for other magnetic imaging techniques in the TEM, as well
as for other magnetic characterization techniques based on
X-rays and neutrons. Future directions should also focus on
the applicability of the algorithm to real experimental data by
considering additional artifacts, local variations in magnetic
parameters and complicated (e.g., Néel-type) magnetization
textures.

Data availability

Data and codes are made available here https://github.com/
MagRecon/maglab.

This work was supported by the National Key R&D Program of China
(Grant No. 2022YFA1403603), the National Natural Science Funds for
Distinguished Young Scholars (Grant No. 52325105), the National Natu-
ral Science Foundation of China (Grant Nos. 12241406, 52173215, and
12374098), the CAS Project for Young Scientists in Basic Research (Grant
No. YSBR-084), the Strategic Priority Research Program of the Chinese
Academy of Sciences (Grant No. XDB33030100), and the Chinese Academy
of Sciences (Grant No. JZHKYPT-2021-08). Pytorch framework of the for-
ward model developed by Shihua Zhao, Yibo Zhang, and Jiadong Zang was
supported by the Office of Basic Energy Sciences, Division of Materials
Sciences and Engineering, U.S. Department of Energy (Grant No. DE-
SC0020221). Fengshan Zheng acknowledges financial support from Fun-
damental Research Funds for the Central Universities, the National Natural
Science Fund for Excellent Young Scientists Fund Program (Overseas) and
the General Program (Grant No. 52373226), and the Xiaomi Young Tal-
ents Program. Rafal E. Dunin-Borkowski is grateful for funding from the
European Research Council under the European Union’s Horizon 2020 Re-
search and Innovation Programme (Grant No. 856538) and the Deutsche
Forschungsgemeinschaft (Grant Nos. 405553726, and 403502830).

Conflict of interest The authors declare that they have no conflict of in-
terest.

Supporting Information

The supporting information is available online at http://phys.scichina.com
and https://link.springer.com. The supporting materials are published as
submitted, without typesetting or editing. The responsibility for scientific
accuracy and content remains entirely with the authors.

Open Access This article is licensed under a Creative Commons Attribu-
tion 4.0 International License, which permits use, sharing, adaptation, dis-
tribution and reproduction in any medium or format, as long as you give

appropriate credit to the original author(s) and the source, provide a link
to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the arti-
cle’s Creative Commons licence, unless indicated otherwise in a credit line
to the material, If material is not included in the article’s Creative Com-
mons licence and your intended use is not permitted by statutory regula-
tion or exceeds the permitted use, you will need to obtain permission di-
rectly from the copyright holder. To view a copy of this licence, visit
http://creativecommons.org/licenses/by/4.0/.

1 A. Fernández-Pacheco, R. Streubel, O. Fruchart, R. Hertel, P. Fischer,
and R. P. Cowburn, Nat. Commun. 8, 15756 (2017).

2 P. A. Midgley, and R. E. Dunin-Borkowski, Nat. Mater. 8, 271 (2009).
3 C. Donnelly, and V. Scagnoli, J. Phys.-Condens. Matter 32, 213001

(2020).
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Dunin-Borkowski, B. Büchner, B. Rellinghaus, and A. Lubk, Nat.
Nanotechnol. 17, 250 (2022).

16 J. Frank, Electron Tomography: Three-dimensional Imaging with the
Transmission Electron Microscope (Springer Science & Business Me-
dia, New York, 2013).

17 D. Wolf, A. Lubk, and H. Lichte, Ultramicroscopy 136, 15 (2014).
18 J. Caron, Model-based Reconstruction of Magnetisation Distributions

in Nanostructures from Electron Optical Phase Images, Dissertation
for the Doctoral Degree (RWTH Aachen University, Aachen, 2017).

19 K. C. Prabhat, K. Aditya Mohan, C. Phatak, C. Bouman, and M. De
Graef, Ultramicroscopy 182, 131 (2017).

20 K. A. Mohan, P. Kc, C. Phatak, M. De Graef, and C. A. Bouman, IEEE
Trans. Comput. Imag. 4, 432 (2018).

21 A. R. C. McCray, M. Cherukara, A. K. Petford-Long, and C. Phatak,
Microsc. MicroAnal. 29, 1756 (2023).

22 G. R. Lewis, D. Wolf, A. Lubk, E. Ringe, and P. A. Midgley, Ultrami-
croscopy 253, 113804 (2023).

23 K. M. Krishnan, Fundamentals and Applications of Magnetic Materi-
als (Oxford University Press, Oxford, 2016).

24 R. P. Yu, M. J. Morgan, and D. M. Paganin, Phys. Rev. A 83, 023813
(2011).

https://github.com/MagRecon/maglab
https://github.com/MagRecon/maglab
http://phys.scichina.com
https://link.springer.com/journal/11433
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1038/ncomms15756
https://doi.org/10.1038/nmat2406
https://doi.org/10.1088/1361-648X/ab5e3c
https://doi.org/10.1038/ncomms1125
https://doi.org/10.1103/PhysRev.115.485
https://doi.org/10.1038/s41565-022-01224-y
https://doi.org/10.1038/s41586-021-04254-z
https://doi.org/10.1088/0953-8984/28/40/403001
https://doi.org/10.1016/j.cossms.2016.01.002
https://doi.org/10.1016/j.cossms.2016.01.002
https://doi.org/10.1103/PhysRevLett.104.253901
https://doi.org/10.1021/nl504473a
https://doi.org/10.1038/s42005-019-0187-8
https://doi.org/10.1063/1.355955
https://doi.org/10.1038/s41565-021-01031-x
https://doi.org/10.1038/s41565-021-01031-x
https://doi.org/10.1016/j.ultramic.2013.07.016
https://doi.org/10.1016/j.ultramic.2017.07.005
https://doi.org/10.1109/TCI.2018.2838454
https://doi.org/10.1109/TCI.2018.2838454
https://doi.org/10.1093/micmic/ozad067.908
https://doi.org/10.1016/j.ultramic.2023.113804
https://doi.org/10.1016/j.ultramic.2023.113804
https://doi.org/10.1103/PhysRevA.83.023813


B. Lyu, et al. Sci. China-Phys. Mech. Astron. November (2024) Vol. 67 No. 11 117511-11

25 E. Humphrey, and M. De Graef, Ultramicroscopy 129, 36 (2013).
26 A. G. Baydin, B. A. Pearlmutter, A. A. Radul, and J. M. Siskind, J.

Marchine Learn. Res. 18, 1 (2018).
27 F. Zheng, N. S. Kiselev, F. N. Rybakov, L. Yang, W. Shi, S. Blügel, and
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