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The QCD crossover line in the temperature (T)-baryochemical potential (μB) plane has been computed
by several lattice groups by calculating the chiral order parameter and its susceptibility at finite values
of μB. In this work we focus on the deconfinement aspect of the transition between hadronic and quark
gluon plasma phases. We define the deconfinement temperature as the peak position of the static quark
entropy [SQðT; μBÞ] in T, which is based on the renormalized Polyakov loop. We extrapolate SQðT; μBÞ
based on high statistics finite temperature ensembles on a 163 × 8 lattice to finite density by means of a
Taylor expansion to eighth order in μB (NNNLO) along the strangeness neutral line. For the simulations the
4HEX staggered action was used with 2þ 1 flavors at physical quark masses. In this setup the phase
diagram can be drawn up to unprecedentedly high chemical potentials. Our results for the deconfinement
temperature are in rough agreement with phenomenological estimates of the freeze-out curve in relativistic
heavy ion collisions. In addition, we study the width of the deconfinement crossover. We show that up
to μB ≈ 400 MeV, the deconfinement transition gets broader at higher densities, disfavoring the existence
of a deconfinement critical endpoint in this range. Finally, we examine the transition line without the
strangeness neutrality condition and observe a hint for the narrowing of the crossover towards large μB.
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I. INTRODUCTION

In the last decades, a large body of evidence has
been gathered on the crossover transition between the
hadronic and quark gluon plasma (QGP) phases of QCD
at zero net baryon density, both from theory [1–6] and the
phenomenology of heavy ion collision experiments [7–9].
Theoretically, there are two distinct aspects of the QCD
transition. One is chiral symmetry restoration and the other
is deconfinement.
Chiral symmetry restoration is defined in the limit of

zero light quark masses (the chiral limit), when chiral
symmetry becomes exact. In this limit, it is generally
expected that a genuine phase transition will take place,
instead of a crossover, with the order of the transition
depending on the number of quark flavors [6,10–12].

The most relevant for phenomenology is the two-flavor
chiral limit, where a second order transition in the Oð4Þ
universality class is expected. Chiral symmetry restoration
is studied mostly through the mass derivatives of the free
energy: the chiral condensate and the (full or disconnected)
chiral susceptibilities. Lattice studies have determined the
crossover temperature in the case of physical quark masses
by locating the peak of these susceptibilities [2,4,13,14].
The behavior of these observables closer to the chiral limit
was also studied on the lattice [15–17].
Deconfinement, on the other hand, is most cleanly

defined in the limit of infinite quark masses, where center
symmetry becomes exact. In this quenched limit there is a
weak first order transition between the confined and
deconfined gluon plasma phases (for a recent high pre-
cision study, see Ref. [18]).
An approximate order parameter for the deconfinement

transition is the Polyakov loop, which probes the properties
of infinite mass static test quarks in a QCDmedium [19]. Its
use is not limited to infinite quark masses: it has proven
useful to study the nature of the transition with heavy
quarks [20], even down to physical masses [13,21–23].
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It was also studied for smaller-than-physical quark masses,
where it was observed that a rapid rise of the Polyakov loop
still accompanies the chiral transition [24].
Several observables can be derived from the Polyakov

loop to study confinement. A good review of these is
Ref. [25], where it is demonstrated that the static quark
entropy has some favorable properties to study deconfine-
ment numerically on the lattice. Furthermore, it also has a
peak position that is very close to the value of the chiral
crossover temperature.
While the crossover nature of the transition is very well

established at zero baryon density (or baryochemical
potential μB), it is predicted by model and functional
calculations that the transition line in the T-μB plane turns
into a first order transition at higher baryon densities at a
critical endpoint [26–32]. The experimental discovery of
the QCD critical endpoint is a major goal of relativistic
heavy ion collision experiments [33].
However, at this point in time very little is known for

certain about the QCD phase diagram. One example is the
curvature of the crossover temperature in μB. Defined via
observables related to chiral symmetry restoration, it is
currently very well established [17,34–36]. The chiral
transition line TcðμBÞ was also studied using multipoint
Padé approximants in Ref. [37].
On the other hand, observables related to deconfinement

have been studied much less at nonzero chemical potential.
The first study to compute the leading Taylor coefficient of
the static quark free energy in μ2B was Ref. [38], where it
was noted that this coefficient develops a peak near the
chiral crossover temperature. In Ref. [39] the chiral cross-
over temperature was compared to the deconfinement
temperature, defined as the peak position of the static
quark entropy. The volume dependence of both aspects
were studied including their leading μ2B dependence. It was
found that chiral and deconfinement related observables
have different behaviors. First, deconfinement properties
have a milder volume dependence. Second, the curvature of
the crossover line is slightly larger for the deconfinement
transition. Finally, the deconfinement transition appears to
get broader with increasing μB (at least up to leading order
in μB), while the width as well as the strength of the chiral
transition are approximately constant.
The main goal of this work is to further study the

deconfinement properties of the QCD medium at nonzero
μB, by extending the accessible range in baryochemical
potential. By calculating the Taylor coefficients of the static
quark free energy to order μ8B and expanding around zero,
we cover a range up to μB ≈ 400 MeV.
We simulate lattices with a fixed number of time slices,

Nt ¼ 8. However, we expect cutoff effects to be very small.
This expectation is based on our previous work with the
same discretization [40], where we showed that the value of
the fluctuations of the baryon number (up to eighth order)
for this discretization is very close to the continuum limit.

In order to achieve a good signal for the μ8B coefficient,
we carry out our study in a smaller 3-volume LT ¼ 2. We
showed in Ref. [39] that quantities related to the Polyakov
loop have much milder finite volume effects than chiral
observables. The crossover temperature in the volume we
simulate is about 10 MeV higher than its infinite volume
value. Compared to the infinite volume chiral transition
temperature, it is only 5 MeV higher. We thus expect the
finite volume effects in our study to be small, though not
completely negligible.
An important technical aspect of drawing phase dia-

grams in the T-μB plane is how one handles strangeness. In
this paper, we study both the phenomenologically more
relevant case of zero strangeness expectation value (nS ¼ 0,
strangeness neutrality) as well as the technically easier case
of zero strangeness chemical potential (μS ¼ 0).
Our final results are the deconfinement transition temper-

ature and the width of the deconfinement transition as a
function of the chemical potential. For the strangeness
neutral case they are shown in Fig. 1. On the left, the
deconfinement crossover temperature calculated in this
work is compared to the chiral crossover temperature from
Ref. [34] and an estimate of the freeze-out parameters in
heavy ion collisions by the STAR Collaboration [41]
and the parametrization in Ref. [42]. On the right we
show the chiral transition width from Ref. [34] and the
deconfinement width from this work. Already at μB ¼ 0 the
deconfinement transition is much broader. Even more
interestingly, as a function of the baryochemical potential,
the deconfinement transition broadens, while the width of
the chiral transition stays roughly the same. This contrast-
ing behavior was already observed in our earlier work [39],
but only to leading order in μB. Here, we observe the same
behavior in a large range of chemical potential. Our results
disfavor the existence of a deconfinement critical endpoint
below μB ≈ 400 MeV. As will be shown in Sec. III C, the
same statement is also true for zero strangeness chemical
potential. However, in that setup, we see the reverse
trend of the width. Above μB ≈ 300 MeV the width of
the deconfinement transition gets smaller again. This is
what one expects if a critical endpoint exists somewhere
above μB ¼ 400 MeV.
The paper is organized as follows. In Sec. II we motivate

our choice of observable to define the deconfinement
temperature. We work out the details of its extrapolation
to finite density through a Taylor expansion in μB=T, and
describe the renormalization procedure. Cross-checking
with ensembles at imaginary μB, we validate the results
extrapolated with the Taylor expansion. Note that the extra-
polation itself uses solely μB ¼ 0 ensembles. In Sec. III we
use the extrapolated static quark free energy to determine
the deconfinement temperature up to μB ¼ 400 MeV and
characterize the strength of the transition. We also compare
the cases with and without imposing strangeness neutrality.
Finally, we summarize our conclusions in Sec. IV.
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II. STATIC QUARK FREE ENERGY
AT FINITE DENSITY

The main observable calculated in this work is the static
quark free energy FQ, that is based on the expectation value
P of the Polyakov loop:

P ¼ 1

3

1

V

*X
x⃗∈V

Tr
YNt−1

t¼0

U0ðt; x⃗Þ
+
: ð1Þ

Here the product refers to the multiplication of the temporal
link variables (Ut) of the gauge field along the entire
temporal direction of the lattice that consists of Nt time
slices. Thus, a Wilson line is formed and its normalized
trace is the Polyakov loop. It is averaged over the three-
volume V as well as over the ensemble of gauge
configurations.
From P, the static quark free energy is then defined as

FQ ¼ −T logP: ð2Þ

The Polyakov loop has been a popular observable to
study deconfinement for a long time. This is especially true
in the quenched approximation where the deconfinement
transition is characterized by the spontaneous symmetry
breaking of the center symmetry of the gauge group.
The Polyakov loop acts as an order parameter for this
symmetry breaking transition, and its susceptibility χ
diverges with the volume at the transition temperature.
In full QCD the role of the Polyakov loop is less evident,
especially in the theory with physical masses, where chiral
features are dominant. Yet, it was observed that the
Polyakov loop exhibits a significant rise near the chiral

transition temperature. With physical quark masses, the
deconfinement transition is a very broad crossover and the
Polyakov loop susceptibility does not provide a clean
signature for the transition.
In dynamical QCD the main difficulty with the Polyakov

loop is its scheme dependence. It requires a multiplicative
renormalization that is fixed through an ambiguous pro-
cedure. Luckily, the scheme dependence reduces to an
additive term in FQðT; μBÞ that depends on the lattice
cutoff, but not on the infrared control parameters, such
as T and μB. We work on the details of renormalization
in Sec. II D.
It follows from the additive nature of the FQ renorm-

alization that the static quark entropy,

SQðT; μBÞ ¼ −
∂FQðT; μBÞ

∂T
; ð3Þ

is well defined, and the scheme dependence cancels in the
continuum limit. It was shown that the crossover temper-
ature defined via SQðTÞ approximately coincides with the
chiral transition temperature for various nonzero values of
the quark mass, including the physical case [25]. In the
chiral limit SQðTÞ was shown to exhibit a spike at the chiral
Tc [24]. In contrast, the susceptibility of the Polyakov loop
could not be used to locate the transition because of its
strong scheme dependence.
In a recent work [39] we determined the peak position

of SQ for several values of imaginary chemical potential
and found that it follows the chiral transition. For large
volumes, we found that the peak in SQðTÞ is at a temper-
ature roughly 5 MeV lower than the disconnected chiral
susceptibility, but its volume dependence was considerably
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FIG. 1. Left: the deconfinement line (orange) defined as the peak position of the static quark entropy (SQ) at fixed μB as a function of
μB. We add the chiral transition line from lattice QCD [34] in the phase diagram, defined from the peak of the full chiral susceptibility, as
well as the corresponding result based on Dyson-Schwinger equations [26] (the latter used the μS ¼ μB=3 scheme as an approximation
to nS ¼ 0). We also include the chemical freeze-out parameters [41,42]. Right: the width associated to the deconfinement (orange)
and chiral (blue) transitions: the two differ already at μB ¼ 0. With increasing μB, while the chiral width is mostly constant, the
deconfinement width grows.
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smaller compared to any of the chiral observables. This was
expected, since SQðTÞ probes QCD with static (infinite
mass) quarks, while chiral quantities access the theory at
the pion mass scale. By reducing the volume from the near-
infinite choice of LT ¼ 4, frequently found in the literature,
we are able to compute SQ at higher density by using an
eighth order Taylor extrapolation.
In the following we work out the Taylor extrapolation

coefficients of the Polyakov loop and construct the
extrapolation of the static quark free energy FQðT; μBÞ.
We compute the coefficients both for the expansion with
μS ¼ 0, as well as along the strangeness neutral line
nS ¼ 0. We demonstrate the convergence of the series
by correctly predicting FQ at imaginary μB in both cases.
After discussing the renormalization of FQ wewill be in the
position to calculate SQ at finite density and determine its
peak position as a function of μB.

A. Extrapolation of the static quark free energy

Since the renormalization of FQ is additive and μB
independent, the μB derivatives of FQ do not require further
treatment. We proceed to formulate a generic chain rule to
calculate derivatives with respect to a quark chemical
potential μj that corresponds to the up, down or strange
quarks, with j ¼ u, d, s, respectively. We will express the
observables in temperature units. Thus, our actual expan-
sion parameters are μ̂j ¼ μj=T.
The chemical potential dependence is encoded in the

quark determinants that appear in the staggered path
integral

Z ¼
Z

DUe−SgðUÞ · detMuðU;ml; μ̂uÞ1=4·

· detMdðU;ml; μ̂dÞ1=4 · detMsðU;ms; μ̂sÞ1=4 ð4Þ

where Sg is the gauge action, and ml ¼ mu ¼ md, ms refer
to the light and strange quark masses respectively. Up and
down quarks are assumed to be degenerate. For a generic
treatment we keep the chemical potentials for the two light
quarks separate, in order to allow for nonzero isospin or
electric charge chemical potential, though these are not
considered in the present work.
It is useful to write each determinant’s expansion as

log detM1=4
j ðU;mj; μjÞ ¼ log detM1=4

j ðU;mj; 0Þ þ Ajμj

þ 1

2!
Bjμ

2
j þ

1

3!
Cjμ

3
j þ… ð5Þ

where there is no summation over the index j.
The chain rule that determines the extrapolation of an

arbitrary variable X, following Ref. [43], reads

∂jhXi ¼ hXAji − hXihAji þ h∂jXi; ð6Þ

∂k∂jhXi ¼
1

2
hXAjAki −

1

2
hXihAjAki − hXAjihAki

þ hXihAkihAji þ hð∂kXÞAji − h∂kXihAki

þ 1

2
h∂k∂jXi −

1

2
hXih∂kAji þ ðj ↔ kÞ; ð7Þ

where ∂j stands for ∂=∂μ̂j. Equation (5) implies that
∂kAj ¼ δjkBj. The second equation is obtained through
repeated application of the first one. This chain rule has
already been the basis of numerous computations of various
fluctuations of conserved charges in lattice QCD [43].
The application of this procedure to the Polyakov loop

is straightforward, by applying Eq. (6) separately to its
real and imaginary parts. This separation is useful when
considering their different symmetry features. The odd
terms A,C,…, as well as PI ¼ iImP are imaginary and odd
under charge conjugation. On the other hand B, D, …, as
well as PR ¼ ReP are even and real. In C-symmetric
simulations (with μB ¼ 0) where we calculate the Taylor
coefficients, all odd expectation values vanish, e.g.
hAji ¼ 0, hAjPRi ¼ 0, and hBjPIi ¼ 0. Being a purely
gauge observable, the Polyakov loop on a given gauge
configuration is independent of the chemical potentials.
Hence ∂jPR ¼ ∂jPI ≡ 0.
A straightforward application of these rules yields up to

second order

∂jhPRijμ≡0
¼ 0; ð8Þ

∂jhPIijμ≡0
¼ hAjPIi; ð9Þ

∂j∂khPRijμ≡0
¼ δjk½hBjPRi − hBjihPRi�
× hAjAkPRi − hAjAkihPRi; ð10Þ

∂j∂khPIijμ≡0
¼ 0: ð11Þ

These can be combined into the following relation:

1

2
∂j∂kjhPij2 ¼ þδjk½hPRihBjPRi − hPRi2hBji�

þ hPRihAjAkPRi − hAjPIihAjPIi
− hAjAkihPRi2; ð12Þ

which, at the level of the static quark free energy, reads

∂j∂kFQ ¼ −
T

hPRi2
1

2
∂j∂kjhPij2: ð13Þ

Equations (12) and (13) have been first formulated and
used by the Pisa group in Ref. [38]. To our knowledge,
higher order derivatives have never been addressed.
For the derivation of higher orders we have set up two

independent automated procedures, so that they can be
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cross-checked. In the first approach we have built a
computer algebra program (in C language) that applies
the chain rule and the symmetry rules. In the second setup a
Python code has implemented combinatorial considerations
short-cutting the tedious sequential derivatives. Both pro-
grams generated an identical computer code that was then
used to calculate the numerical values of the coefficients.
Examples of the formulas are given in Appendix B.
All combinations of quark chemical potentials have been

computed. From these we constructed the generic deriva-
tives (up to eighth order) in the μB-μS basis. Then, we could
construct the expansion in μB both at μS ¼ 0, as well as on
the strangeness neutral line. In the latter case, μS itself is
subject to a Taylor expansion:

μ̂Sðμ̂BÞ ¼ s1μ̂B þ s3μ̂3B þ s5μ̂5B þ s7μ̂7B þ… ð14Þ

We presented the continuum extrapolations for the first
three coefficients in Ref. [40]. The formulas related to this
expansion have been published by the HotQCD group [44].
The final expansion of FQ is given in terms of the Fn

coefficients defined as

FQðT; μBÞ ¼ −
T
2
log jhPij2

¼ FQðT; μB ¼ 0Þ þ T
X

n¼2;4;…

Fn

n!

�
μB
T

�
n
: ð15Þ

We relate the expansion of jPj2 to that of FQ with the
straightforward formulas (B1)–(B6) in Appendix B.

B. Expansion coefficients from the lattice

The sign problem appears in high order expansion
coefficients in the form of large cancellations between
competing terms. These lead to signal-to-noise ratios that
are suppressed proportionally to the volume, by an addi-
tional factor for each subsequent order. This has forced us
to reduce the volume to 163 × 8 for the scope of this study,
and to work with extreme statistics of the order of Oð106Þ
configurations. The accumulated statistics and simulation
parameters are listed in Appendix A. We use ensembles
with 4HEX staggered fermions as in our recent work [40].
However, the statistics is increased by 1 order of magni-
tude. A further ingredient we employed to enhance the
signal-to-noise ratio is the application of four HEX smear-
ing steps to the Polyakov loop. This noise-reducing step is
irrelevant in the continuum limit, and does not alter the
sensitivity of the Polyakov loop to the breaking of the
center symmetry. A similar strategy of using smeared
Polyakov loops as noise reduction was used in Ref. [23].
In Refs. [40,45,46] we have already benefited from the

reduced matrix formalism [47] to obtain the configuration-
specific expansion coefficients Aj; Bj;… in Eq. (5) to
arbitrary order. The chemical potentials are consistently

defined to correspond to exactly conserved charges follow-
ing the definition in Ref. [48].
Thus, our approach is unlike the standard strategy to

calculate these coefficients in lattice QCD, which relies on
Gaussian random vectors [43,49]. The reduced matrix
formalism defines a large matrix of size ð6N3

sÞ2 as means
of a deterministic computation of the fermion determinant.
In our case, it is a 24576 × 24576 matrix. The knowledge
of all eigenvalues ξi allows the evaluation of the fermion
determinant in a closed formula for any quark chemical
potential μ

detMðμ; m;UÞ
detMð0; m;UÞ ¼ e−3N

3
sμ=T

Y6N3
s

i¼1

ξi½m;U� − eμ=T

ξi½m;U� − 1
: ð16Þ

At vanishing μ one can readily obtain the coefficients by
following simple derivation rules. For low orders one
obtains

A ¼ i
4
Im

X
i

1

1 − ξi
; ð17Þ

B ¼ 1

4
Re

X
i

−ξi
ð1 − ξiÞ2

; ð18Þ

C ¼ i
4
Im

X
i

ξið1þ ξiÞ
ð1 − ξiÞ3

; ð19Þ

D ¼ 1

4
Re

X
i

ξiðξ2i þ 4ξi þ 1Þ
ð1 − ξiÞ4

: ð20Þ

We have one such matrix for each of the two masses
for every configuration. That means 42 million separate
diagonalizations for this paper altogether. We compute
the eigenvalues using a dense linear algebra package,
MAGMA [50–52], on the LUMI supercomputer in Finland.
We present the Fn coefficients computed on our 163 × 8

lattice in Fig. 2. The red symbols correspond to the
expansion in μB with μS ¼ 0, the blue data refer to the
strangeness neutral case ðnS ¼ 0Þ. The second order
coefficient was previously calculated in a combination of
imaginary μB and Taylor approach with μS ¼ 0 in Ref. [38]
(using the opposite sign convention). The results are very
similar, even though the volume and the action are differ-
ent. The other seven coefficients are presented here for the
first time.

C. Consistency with imaginary μB data

Before we move on to the applications we perform a
cross-check of the coefficients by comparing them to
imaginary μB data. We obtained the Fn coefficients entirely
from μB ¼ 0 simulations.
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For the sake of this cross-check we simulated at eight
imaginary values of μB at T ¼ 140 MeV, measuring the
Polyakov loop in each run. By substituting imaginary
values into our Taylor expansion we could make predic-
tions on the imaginary μB runs’ outcome.
In Fig. 3 we compare these predictions to the direct

imaginary-μB simulations. The expansion produces rea-
sonable predictions already at leading order as far as
μB=T ∼ iπ=2, and with higher orders it is compatible with
the direct result up to μB=T ∼ iπ. In that interval the eighth
order gives only a small correction, thus demonstrating
convergence.
As an additional check we compute the bare FQðμBÞ for

imaginary chemical potentials. Since renormalization will
only apply a constant shift to the entire plot, it plays no role
for this comparison. In order to obtain direct data along the
strangeness neutral line at imaginary μB, we reweighted
each ImμB > 0 ensemble to the specific imaginary μS
where nS ¼ 0. The target μSðμBÞ was also computed using
reweighting, with reweighting factors spread between
0.5 and 2. Even in the nS ¼ 0 scheme, our error bars
are smaller than the symbol size. We stress that reweighting

was only applied to the imaginary μB data and only for the
sake of this crosscheck. Wewill refer to the resulting FQ for
both schemes as direct data, as opposed to the Taylor
expansion, that is based on the μB ¼ 0 ensemble. We show
the comparison in Fig. 4. For the phenomenologically more
relevant strangeness neutral case (nS ¼ 0) we show four
subsequent orders, while for the μS ¼ 0 expansion we
plot the highest order only. Although the two expansion
schemes clearly differ, each set of coefficients reproduce
the respective direct dataset. Interestingly, the strangeness
neutral extrapolation reaches a better agreement with
direct data, and has smaller statistical noise. We observe
a monotonic convergence for μB=T up to iπ.

D. Renormalization at μB = 0

The renormalization of the Polyakov loop, or that of FQ,
can be discussed independently of our extrapolation, and its
details have already been worked out in the literature. The
various methods can be classified into three approaches:

(i) The direct method exploits the fact that the differ-
ence of FQ between two temperatures is finite,
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strangeness neutral trajectories in blue.
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if the two simulations used the same bare para-
meters [23,53].

(ii) The static quark potential (VQQ̄) uses T ¼ 0 simu-
lations and relates the renormalization of VQQ̄ to that
of FQ [53,54] or to the finite temperature heavy
quark potential at small distances [55].

(iii) The Polyakov loop is finite at fixed finite gradient
flow time [25,56,57].

In Fig. 5 we show the gauge coupling (β) dependence of

the renormalization constant Fð0Þ
Q ðβÞ for schemes (i) and

(ii). For option (iii) the flow time should be at a shorter
length scale than other physical scales, yet it should also be
above the scale of the lattice spacing. Given that the
separation of these scales for Nt ¼ 8 is not clear enough
to endorse a suitable choice for flow time, we did not
consider this approach.

For (i) we simulated a fixed temperature T� ¼ 110 MeV
on a range of lattice resolutions Nt ¼ 8, 10, 12, 14, and 16.
The lattice spacing of the Nt ¼ 16 ensemble at T� corre-
sponds to 220 MeV for Nt ¼ 8. Thus, these five ensembles
conveniently cover the entire range where renormalization is
required. Then, F0

QðβÞ is obtained as (an arbitrary constant
plus) the measured bare FQ from this setup. Other choices
for T� are possible, as the resulting renormalized FQ would
then differ by Oða2Þ discretization errors only. However,
larger values of T� would force us to use Nt ¼ 6 lattices that
may have insufficient resolution. At smaller T� the Polyakov
loop is even smaller since then we are deep in the confined
phase. It is a challenge then to keep the signal-to-noise ratio
high enough, let alone that in that case an Nt ¼ 20 ensemble
would also be required to span the full β range.
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For (ii) we simulated one 323 × 64 dedicated ensemble
for each finite temperature run with a statistics of ≈1000
configurations in each. The 4HEX-smeared Wilson loops
were calculated with additional spatial smearing (128 stout
steps). We followed the standard procedure to extract and
fit the effective mass from the time separation dependence
of the Wilson loop and interpret these as VQQ̄ðRÞ, where R
is the fixed spatial separation. Due to the 4HEX smearing
the Cornell potential is distorted at small distance, so we
fitted a generic rational function on VQQ̄ðRÞ to interpolate
at each gauge coupling to the same physical scale. Using a
fixed R ¼ 0.7 fm scale VQQ̄ðRÞ=2 gives the β-dependent
renormalization factors. The factor 1=2 comes from the
forward and backward occurrence of the timelike line
within the Wilson loop.
The F0

QðβÞ counterterms slightly differ in the two
methods. Their deviation is considered as one of the
sources of systematic errors on SQðT; μBÞ.

III. THE PHASE DIAGRAM

A. Deconfinement at finite μB
In the previous section we have worked out the expan-

sion coefficients of the static quark free energy FQ in μB=T
and also computed it at zero chemical potential with two
different renormalization methods. In short, we express
FQðT; μBÞ as the difference of two terms

FQðT; μBÞ ¼ Fbare
Q ðT; μBÞ − Fc:t:

Q ðTÞ: ð21Þ

Fbare
Q ðT; μBÞ ¼ Fbare

Q ðT; 0Þ þ T
X

n¼2;4;…

Fn

n!

�
μB
T

�
n
: ð22Þ

Here the counterterm Fc:t:
Q that was originally defined

as a function of the gauge coupling (β) is rewritten as a
function of temperature (T ¼ 1=ðaNtÞ) using the aðβÞ scale
setting. The aðβÞ function for this action was introduced
in Ref. [40].
We start with the presentation of the renormalized

Polyakov loop, since most readers are more familiar with
this observable than FQ or SQ. Since we have already
established FQ at finite μB we define the renormalized
Polyakov loop as Pr ¼ expf−ðFQ − ΔÞ=Tg, where Δ sets
the scheme. This means that for observables in this paper
we always expand FQ, not PR or PI. We chooseΔ such that
PrðT ¼ 160 MeV; μB ¼ 0Þ ¼ 1 as we did in Ref. [39]. The
Polyakov loop curves are shown in Fig. 6. In the bottom
panel of this figure, we also show the fourth, sixth and
eighth order curves for T ¼ 130 MeV. The expansion is
under control below μB ≈ 400 MeV.
One could be tempted to define a proxy for the

deconfinement transition via a constant value of Pr or
FQ. While one can construct such contours with little effort,
their curvature will be less than that of the chiral transition

line. We have shown this in Ref. [39], where FQ and the
chiral observables were compared at imaginary μB. Along
the transition line TcðμBÞ, FQ showed a statistically
significant slope as a function of μ2B.
In this work, however, we focus on SQðT; μBÞ. Its

maximum corresponds to the inflection point of FQðTÞ.
It is challenging to reach the precision needed to extract
the second derivative with numerical differentiation. In
Ref. [39] we have already accomplished this for several
volumes and chemical potentials. We modelled the temper-
ature dependence with a rational function, from which the
inflection point was determined.
In Fig. 7 we show SQðTÞ as defined in Eq. (3). The

derivative was calculated by choosing a suitable interpo-
lation of the two terms in Eq. (21), keeping μB fixed
in MeV. We also show SQðTÞ for one imaginary value of μB
for comparison. The SQðTÞ curves show two trends very
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clearly. First, the change in the peak position indicates the
chemical potential dependence of the transition temper-
ature. Second, the width of the peak increases as μB grows,
indicating a weakening of the deconfinement transition. At
the largest value of μB, the curve is the flattest. This feature
contributes to the difficulty in determining the deconfine-
ment temperature at large μB, in addition to the growing
errors from the extrapolation. On the other hand, in the
opposite (imaginary) direction, the peak is higher and
narrower, eventually becoming singular in the Roberge-
Weiss point [58].

B. Systematic analysis

In the following we describe the analysis procedure that
allows us to draw the transition line in the phase diagram
based on SQ.
Renormalization introduces a lattice-spacing dependent

shift of FQ. This function is interpolated to the actual
spacing that realizes a given temperature [a ¼ 1=ðNtTÞ
with Nt ¼ 8]. The interpolation of the same data to various
temperature points introduces correlations between temper-
atures. To avoid this, we model the renormalization
function Fc:t:

Q ðTÞ in Fig. 5 with a polynomial, independently
from Fbare

Q ðTÞ.
Fbare
Q is calculated at each value of μB (not μB=T) as a

function of the temperature, by simply summing the Taylor
series to eighth order [Eq. (22)]. This extrapolated data
correspond to the would-be simulation result as if we
simulated at finite μB. Each data point corresponds to a
definite pair of T and μB. There is no statistical correlation
between results at different temperatures, since each was
obtained from a single μB ¼ 0 ensemble. We fit Fbare

Q with a
rational function for every μB separately, in order to
calculate its T derivative, namely SQðTÞ. In this work

we used (3, 2), (i.e., cubic over quadratic) or (3, 3) (i.e.,
cubic over cubic) rational functions. The renormalized
SQðTÞ function is simply the difference of the temperature
derivative of the rational function and that of Fc:t:

Q ðTÞ. The
maximum of SQðTÞ for fixed μB is found without further
modeling of the function.
The determination of the inflection point and the

renormalization of FQ are both procedures where ambigu-
ous choices have to be made. We identified five such steps,
and we use two alternative versions for each. Thus, there
are a total of 32 SQðT; μBÞ curves for each μB value. In
short, they include: (i) whether to apply a polynomial
model for Fc:t:

Q ðβÞ or for Fc:t:
Q ðTÞ using the scale function

aðβÞ to convert between the two options, (ii) whether to fit
these counterterm functions with third or fourth order
polynomials, (iii) whether to use the zero or finite temper-
ature data set to renormalize, (iv) two different ranges for
the rational model of the bare FQ, and finally (v) whether
to use (3, 2) or (3, 3) rational approximations in T for
Fbare
Q ðT; μBÞ. The systematic error is calculated with the

histogram method of Ref. [59].
Once SQðT; μBÞ is known, its peak position gives the

deconfinement crossover curve in the phase diagram. This
is shown in the left panel of Fig. 1, with all of the systematic
errors included. Furthermore, we can define the width of
the transition as

ΔTðμBÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−SQðT; μBÞ

=∂2SQðT; μBÞ
∂T2

s ����
T¼TcðμBÞ

. ð23Þ

In Ref. [34] an analogous definition was given for the full
chiral susceptibility. While in Ref. [34] we constructed a
proxy using the chiral condensate, here data quality allows
us to directly compute the second derivative of SQ at
TcðμBÞ. For simplicity, we refitted the SQðT; μBÞ function at
the peak of SQðTÞ in two different ranges (Tc � 10 MeV
and Tc � 15 MeV). With this sixth step the number of
analyses totals 64. The resulting curve in the strangeness
neutral case is shown in the right panel of Fig. 1. Already at
μB ¼ 0, the width defined with SQ is considerably larger
than the chiral width. Furthermore, unlike the chiral width,
which is approximately a constant at small chemical poten-
tials, the deconfinement width gets larger with increasing
μB, indicating a weakening crossover transition. One possi-
ble interpretation of this fact is that it is due to the increased
distance from the Roberge-Weiss critical point [58]. A
widening crossover implies that the existence of a critical
point in this region is disfavored by the results of our
analysis.

C. The role of strangeness neutrality

We finally discuss the impact of strangeness neutrality.
In Fig. 8 we show the deconfinement transition line with the
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two standard choices: the simple extrapolation in μB
keeping μS ¼ 0, and the strangeness neutral case nS ¼ 0.
The latter was shown in our final result in Fig. 1. Since the
simpler condition μS ¼ 0 is often used in lattice studies, we
present a comparison here. (For recent estimates of the
critical end point’s possible location in the μS ¼ 0 scheme
see Refs. [32,60,61]).
Similarly to the chiral transition line, the maximum of SQ

is also well approximated by the quadratic ansatz

TcðμBÞ ¼ Tcð0Þ
�
1 − κ

μ2B
T2
cðμBÞ

�
ð24Þ

that we plot together with our lattice result to guide the eye.
We used the rounded value of κ ¼ 0.015. For specific
extrapolation schemes, more precise values have been

determined from lattice simulations [17,34,62–65]. The
transition lines in Fig. 8 indicate a stronger curvature for the
μS ¼ 0 case, as expected.
The second panel in Fig. 8 shows the differences in the

width of the SQ peak. While we see a steady increase in the
width, i.e., a weakening of the deconfinement transition in
the nS ¼ 0 case, the μS ¼ 0 shows a remarkable turn of this
trend above 300 MeV. Given this behavior in Fig. 8 one can
speculate if the width continues to drop, perhaps even down
to zero. This would be consistent with the critical end point
existent scenario. One could speculate that such reversal of
the trend can also happen to the nS ¼ 0 width at a higher
μB, but the error on our results at μB > 400 MeV is too
large to explore this possibility.
Note that this effect of the transition first weakening

and then strengthening again is reminiscent of results from
early work on the phase diagram on coarse staggered
lattices [66–68].
Finally, we address the robustness of the present com-

putation. We use the eighth order of the Taylor series,
which may seem a very arbitrary decision. In fact, the order
of the expansion was only limited by the statistics. In Fig. 8
we added the Oðμ6BÞ order version of our extrapolated
transition lines, too. Up to 300 MeV the effect of the eighth
order is invisible, and only gets statistically significant
above μB ≃ 350 MeV. For the μS ¼ 0 scheme the onset of
the eighth order appears 50 MeV earlier. It is safe to claim
that up to μB ≤ 300 MeV the systematic errors from the
truncated extrapolation can be completely neglected, and
we give a fair description of finite volume QCD at finite μB.
At the same time, the eighth order is the lowest possible
truncation in the range 300–400 MeV. Lower orders cannot
give reliable results. The difference in the width between
the nS ¼ 0 and μS ¼ 0 schemes is an effect that is visible
only if the eighth order is included.

IV. CONCLUSIONS

We studied the crossover line on the QCD phase diagram
in an unprecedented range of chemical potentials. We
complemented previous lattice results on the chiral aspects
of the QCD transition by focusing on observables that are
associated with deconfinement.
We calculated the Polyakov loop and the static quark free

energy in hot and dense QCD as functions of T and μB.
Direct simulations at finite μB are hindered by the sign
problem, but various expansion techniques exist to extra-
polate the results to finite density. Here we employed the
Taylor method using an eighth order expansion in the
baryochemical potential-to-temperature ratio μB=T.
The Taylor method, which is often used to extrapolate

the QCD pressure, is known to suffer from a remnant sign
problem: the positive and negative terms (e.g. those we list
in Appendix B) exhibit a cancellation. This sign problem
worsens with each subsequent order of the expansion with a
volume dependent factor. Although the sixth and eighth
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order coefficients of the pressure are often studied in the
literature, the errors are large.
The novelty in this work is the extension of the Taylor

scheme to the Polyakov loop and related observables.
While this step posed no conceptual challenge, the deri-
vation and implementation of the high order coefficients
would have been a formidable task without the use of a
computer algebra system that we developed for the pur-
pose. We note that no new lattice measurements had to be
implemented in the simulation code other than the
Polyakov loop itself and the standard routines that are
required for the expansion of the pressure.
Yet, the most important ingredient that has allowed

us to reach 400 MeV in the baryochemical potential was
the selection of a simulation volume that keeps the sign
problem under control. Indeed, the errors on the expansion
coefficients in this work are a fraction of those that are often
used in large volume simulations (e.g. for the pressure).
Finite volume effects are not negligible, but were quantified
in a previous work, and found to be small. While chiral
observables suffer from large finite volume corrections, the
Polyakov loop is much less sensitive. The aspect ratio of
Nx=Nt ¼ L · T ¼ 2 is a choice that allows a wider opening
of our window in the QCD phase diagram.
Simulating with extreme statistics (>1 million configu-

rations) at each temperature in a finite volume we calcu-
lated the bare Polyakov loop in the entire range covered
by the Beam Energy Scan program in collider mode. This
bare Polyakov loop would have been the direct result if
simulations at finite μB were possible.
We defined the transition line as the peak of the static

quark entropy. For this we used a renormalization pro-
cedure that has already been extensively discussed in the
literature.
The transition line in this work could be extended up to

400 MeV in the baryochemical potential. It closely follows
the chiral crossover line, though the latter is known with
larger errors and in a smaller range.
With this result the phenomenological freeze-out line can

be compared to the deconfinement line in a longer range
than before. In particular, we cover the full range of the
STAR freeze-out determination of Ref. [41].
The curvature of the static quark entropy at its peak can

be used to define a width parameter for the deconfinement
crossover. We showed that up to μB ≈ 400 MeV, the width
parameter is getting larger at larger μB. This disfavors the
existence of a deconfinement critical endpoint in this
regime.
Finally, we compared the phenomenologically more

relevant case of strangeness neutral matter with the theo-
retically more easily tractable case of zero strangeness
chemical potential. While the curvature of the TcðμBÞ

curve is slightly smaller for the strangeness neutral case,
the width parameters are consistent (within error) up to
μB ≈ 300 MeV. In the range 300 MeV < μB < 400 MeV,
there is a difference in the width parameters, with the μS ¼ 0
curve apparently turning around and showing a narrowing of
the transition (at least to this order in the Taylor expansion).
This behavior might be caused by a critical end point beyond
μB ¼ 400 MeV. One might speculate that such a narrowing
can also happen to the nS ¼ 0 transition, but at higher values
of μB. Unambiguously deciding whether this is the case calls
for further investigations.
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APPENDIX A: STATISTICS AND PARAMETERS

In this work we use 21 finite temperature ensembles to
calculate the FQ coefficients, as listed in Table I. For each
configuration we computed all eigenvalues of the reduced
matrix for both the light and the strange quark masses. The
first and the last temperatures were actually excluded from
the analysis.
In addition, four more ensembles were generated on the

same line of constant physics using 203 × 10, 243 × 12,
283 × 28 and 323 × 16 for the direct renormalization of the
Polyakov loop. For the VQQ̄-based renormalization zero
temperature ensembles (323 × 64 lattice) were generated
for the entire list with 1000 configurations in each.

QCD DECONFINEMENT TRANSITION LINE UP TO μB ¼ 400 MEV … PHYS. REV. D 110, 114507 (2024)

114507-11



APPENDIX B: EXPANSION FORMULAS
FOR THE POLYAKOV LOOP

With the notations Q ¼ jhPij2 and QðnÞ ¼ dnQ=dμ̂n we
can convert the expansion of the norm of the Polyakov loop
into the static quark free energy:

F ¼ −
T
2
log jhPij2 ¼ T

X
n¼0;2;…

Fn

n!

�
μ

T

�
n

ðB1Þ

F0 ¼ −
1

2
logðQÞ ðB2Þ

F2 ¼ −
1

2

�
þQð2Þ

Q

�
ðB3Þ

F4 ¼ −
1

2

�
þQð4Þ

Q
− 3

ðQð2ÞÞ2
Q2

�
ðB4Þ

F6 ¼ −
1

2

�
þQð6Þ

Q
− 15

Qð2ÞQð4Þ

Q2
þ 30

ðQð2ÞÞ3
Q3

�
ðB5Þ

F8 ¼ −
1

2

�
þQð8Þ

Q
− 35

ðQð4ÞÞ2
Q2

− 28
Qð2ÞQð6Þ

Q2

þ 420
ðQð2ÞÞ2Qð4Þ

Q3
− 630

ðQð2ÞÞ4
Q4

�
ðB6Þ

In the following set of formulas we give the μu
derivatives of the norm (Q) of the Polyakov loop. These
can be easily converted into μB derivatives, if needed.
For the full expansion all combinations of μu, μd and μs
are needed, but we do not list them here. These few,
however, should make cross-checks of future implementa-
tions possible. We remind the reader that the odd coef-
ficients A;C;… are imaginary. Note that PI is not the
imaginary part, but i times the imaginary part of the
Polyakov loop.

∂
2
uQ ¼ þ2hPRihBuPRi þ 2hPRihAuAuPRi − 2hAuPIihAuPIi − 2hBuihPRihPRi − 2hAuAuihPRihPRi
∂
4
uQ ¼ þ2hPRihDuPRi þ 6hPRihBuBuPRi þ 8hPRihAuCuPRi þ 12hPRihAuAuBuPRi þ 2hPRihAuAuAuAuPRi

þ 6hBuPRihBuPRi − 8hAuPIihCuPIi − 24hAuPIihAuBuPIi − 8hAuPIihAuAuAuPIi þ 12hAuAuPRihBuPRi
þ 6hAuAuPRihAuAuPRi − 2hDuihPRihPRi − 24hBuihPRihBuPRi − 24hBuihPRihAuAuPRi
þ 24hBuihAuPIihAuPIi − 6hBuBuihPRihPRi − 8hAuCuihPRihPRi − 24hAuAuihPRihBuPRi
− 24hAuAuihPRihAuAuPRi þ 24hAuAuihAuPIihAuPIi − 12hAuAuBuihPRihPRi − 2hAuAuAuAuihPRihPRi
þ 18hBuihBuihPRihPRi þ 36hAuAuihBuihPRihPRi þ 18hAuAuihAuAuihPRihPRi

∂
6
uQ ¼ þ2hPRihFuPRi þ 20hPRihCuCuPRi þ 30hPRihBuDuPRi þ 30hPRihBuBuBuPRi þ 12hPRihAuEuPRi

þ 120hPRihAuBuCuPRi þ 30hPRihAuAuDuPRi þ 90hPRihAuAuBuBuPRi þ 40hPRihAuAuAuCuPRi
þ 30hPRihAuAuAuAuBuPRi þ 2hPRihAuAuAuAuAuAuPRi − 20hCuPIihCuPIi þ 30hBuPRihDuPRi
þ 90hBuPRihBuBuPRi þ 120hBuPRihAuCuPRi þ 180hBuPRihAuAuBuPRi − 12hAuPIihEuPIi
− 120hAuPIihBuCuPIi − 60hAuPIihAuDuPIi − 180hAuPIihAuBuBuPIi − 120hAuPIihAuAuCuPIi

TABLE I. Simulation parameters on the 163 × 8 lattice and the
number of configurations where the static quark potential’s μ
derivatives have been computed. The parameters are unchanged
since Ref. [40]. The statistics have been increased by one order of
magnitude.

T [MeV] β ml ms

No. of
configurations

110 0.5236 0.00432111 0.1193920 410816
115 0.5406 0.00409845 0.1132400 1036373
120 0.5560 0.00390982 0.1080280 1080141
125 0.5700 0.00374705 0.1035310 1500967
130 0.5829 0.00360381 0.0995733 1887321
135 0.5947 0.00347548 0.0960274 1216195
140 0.6056 0.00335869 0.0928007 1912628
145 0.6158 0.00325107 0.0898270 1383987
150 0.6252 0.00315088 0.0870590 1338744
155 0.6341 0.00305689 0.0844619 1005178
160 0.6425 0.00296817 0.0820105 2215412
165 0.6504 0.00288403 0.0796857 1596043
170 0.6579 0.00280394 0.0774727 595253
175 0.6651 0.00272748 0.0753604 1131649
180 0.6719 0.00265434 0.0733394 1240884
185 0.6785 0.00258424 0.0714026 436002
190 0.6848 0.00251696 0.0695436 317895
195 0.6909 0.00245231 0.0677573 361870
200 0.6968 0.00239013 0.0660393 323968
205 0.7025 0.00233028 0.0643856 158703
210 0.7080 0.00227263 0.0627928 260064
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− 120hAuPIihAuAuAuBuPIi − 12hAuPIihAuAuAuAuAuPIi − 120hAuBuPIihCuPIi − 180hAuBuPIihAuBuPIi
þ 30hAuAuPRihDuPRi þ 90hAuAuPRihBuBuPRi þ 120hAuAuPRihAuCuPRi þ 180hAuAuPRihAuAuBuPRi
þ 30hAuAuPRihAuAuAuAuPRi − 40hAuAuAuPIihCuPIi − 120hAuAuAuPIihAuBuPIi − 20hAuAuAuPIihAuAuAuPIi
þ 30hAuAuAuAuPRihBuPRi − 2hFuihPRihPRi − 60hDuihPRihBuPRi − 60hDuihPRihAuAuPRi
þ 60hDuihAuPIihAuPIi − 20hCuCuihPRihPRi − 60hBuihPRihDuPRi − 180hBuihPRihBuBuPRi
− 240hBuihPRihAuCuPRi − 360hBuihPRihAuAuBuPRi − 60hBuihPRihAuAuAuAuPRi − 180hBuihBuPRihBuPRi
þ 240hBuihAuPIihCuPIi þ 720hBuihAuPIihAuBuPIi þ 240hBuihAuPIihAuAuAuPIi − 360hBuihAuAuPRihBuPRi
− 180hBuihAuAuPRihAuAuPRi − 30hBuDuihPRihPRi − 180hBuBuihPRihBuPRi − 180hBuBuihPRihAuAuPRi
þ 180hBuBuihAuPIihAuPIi − 30hBuBuBuihPRihPRi − 12hAuEuihPRihPRi − 240hAuCuihPRihBuPRi
− 240hAuCuihPRihAuAuPRi þ 240hAuCuihAuPIihAuPIi − 120hAuBuCuihPRihPRi − 60hAuAuihPRihDuPRi
− 180hAuAuihPRihBuBuPRi − 240hAuAuihPRihAuCuPRi − 360hAuAuihPRihAuAuBuPRi
− 60hAuAuihPRihAuAuAuAuPRi − 180hAuAuihBuPRihBuPRi þ 240hAuAuihAuPIihCuPIi
þ 720hAuAuihAuPIihAuBuPIi þ 240hAuAuihAuPIihAuAuAuPIi − 360hAuAuihAuAuPRihBuPRi
− 180hAuAuihAuAuPRihAuAuPRi − 30hAuAuDuihPRihPRi − 360hAuAuBuihPRihBuPRi
− 360hAuAuBuihPRihAuAuPRi þ 360hAuAuBuihAuPIihAuPIi − 90hAuAuBuBuihPRihPRi
− 40hAuAuAuCuihPRihPRi − 60hAuAuAuAuihPRihBuPRi − 60hAuAuAuAuihPRihAuAuPRi
þ 60hAuAuAuAuihAuPIihAuPIi − 30hAuAuAuAuBuihPRihPRi − 2hAuAuAuAuAuAuihPRihPRi
þ 90hBuihDuihPRihPRi þ 540hBuihBuihPRihBuPRi þ 540hBuihBuihPRihAuAuPRi
− 540hBuihBuihAuPIihAuPIi þ 270hBuihBuBuihPRihPRi þ 360hBuihAuCuihPRihPRi
þ 540hBuihAuAuBuihPRihPRi þ 90hAuAuihDuihPRihPRi þ 1080hAuAuihBuihPRihBuPRi
þ 1080hAuAuihBuihPRihAuAuPRi − 1080hAuAuihBuihAuPIihAuPIi þ 270hAuAuihBuBuihPRihPRi
þ 360hAuAuihAuCuihPRihPRi þ 540hAuAuihAuAuihPRihBuPRi þ 540hAuAuihAuAuihPRihAuAuPRi
− 540hAuAuihAuAuihAuPIihAuPIi þ 540hAuAuihAuAuBuihPRihPRi þ 90hAuAuihAuAuAuAuihPRihPRi
þ 90hAuAuAuAuihBuihPRihPRi − 360hBuihBuihBuihPRihPRi − 1080hAuAuihBuihBuihPRihPRi
− 1080hAuAuihAuAuihBuihPRihPRi − 360hAuAuihAuAuihAuAuihPRihPRi

∂
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