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ABSTRACT
I study the influence of temperature and the crack-tip velocity of bond breaking at the crack tip in rubber-like materials. Bond breaking is
considered as a stress-aided thermally activated process and results in an effective crack propagation energy, which increases strongly with
decreasing temperature or increasing crack-tip speed. This effect is particularly important for adhesive (interfacial) crack propagation but
less important for cohesive (bulk) crack propagation owing to the much larger bond-breaking energies in the latter case. For adhesive cracks,
the theory results are consistent with adhesion measurements for silicone rubber polydimethylsiloxane (PDMS) in contact with silica glass
surfaces. For cohesive cracks, the theory agrees well with experimental results PDMS films chemically bound to silanized glass.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0236699

I. INTRODUCTION
Crack propagation in rubber-like materials is a topic of great

importance and is involved in many practical applications, such as
the wear of tires or conveyor belts.1,2 The energy to propagate an
opening crack over a surface area ΔA in viscoelastic solids depends
on the temperature T and the crack-tip velocity v and is usually
written as G(v, T)ΔA. We will, for simplicity, denote G(v, T) as the
“crack-energy.” The crack energy is usually written as3–11

G(v, T) = G0(v, T)[1 + f (v, T)]. (1)

Here, the factor [1 + f(v, T)] with f ≥ 0 is attributed to viscoelastic
energy dissipation in a region, which can extend far from the crack
tip,12–26 and G0(v, T) = g(v, T)G00 with g ≥ 1 is due to the bond
breaking in the crack-tip process zone. Here, G00 is the change in
the free energy per unit surface area to separate the surfaces at the
crack tip and g(v, T) is a non-adiabatic factor, which will be stud-
ied in this paper. For cohesive cracks (cracks propagating inside the
rubber), recent studies27 have shown that the bond breaking may
start far from the crack tip, and in these cases, there may be no clear
separation between the process zone and the viscoelastic dissipa-
tion zone. For adhesive crack propagation at the interface between a

viscoelastic solid and a counter surface, the stresses may be much
smaller than for cohesive crack propagation, and in these cases, there
may be a negligible overlap between the two spatial regions, but I am
not aware of experimental studies addressing this topic.

In the present study, I will assume that there is negligible
viscoelastic energy dissipation and focus on the velocity and tem-
perature dependency of the G0(v, T) factor in (1). Silicone rubber
has a very low glass transition temperature (Tg ≈ −120 ○C). At
room temperature, and for typical crack-tip speeds, polydimethyl-
siloxane (PDMS) rubber is usually considered as a nearly perfect
elastic material, but adhesive crack propagation still shows some
viscoelastic effects (see Fig. 1 and Ref. 28).

In the following, we focus mainly on the velocity dependency
of the crack-energy, and we denote G(v, T) by G(v) for simplic-
ity. In Fig. 1(a), the square symbols are the measured crack-energy
G(v) = G0(v)[1 + f(v)] and (b) G0(v) as a function of the crack-
tip velocity v, for PDMS in contact with silica glass at T = 20 ○C.
The green lines are the calculated [1 + f(v)] factor for different tem-
peratures assuming a constant (velocity independent) G0(v) = G00.
The lowest green line is for T = 20 ○C. It agrees well with the mea-
sured data for v < vc ≈ 0.1 mm s−1. Similar results were obtained in
Refs. 36 and 37 and in Ref. 38 for PDMS with other cross-link den-
sities. The abrupt increase in G(v) for v > vc should be noted. We
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FIG. 1. Square symbols are the measured crack-energy G(v) = G0(v)
[1 + f(v)] (a) and G0(v) (b) as a function of the crack-tip velocity
v (log–log scale) for a polydimethylsiloxane (PDMS) rubber (Sylgard 184, 1:10
cross-linker/base) at T = 20 ○C. The green lines are the calculated [1 + f(v)]
factor assuming a constant (velocity independent) G0(v) = G00. The lowest green
line is for T = 20 ○C, and the other lines are for 10, 0, . . ., −110 ○C; adapted from
Ref. 35.

will show that for v < vc, the crack-energy G0(v) = G00 is the ther-
mal equilibrium bond-breaking energy, while for v > vc, the bond
breaking occurs in a non-adiabatic way, resulting in an increase in
G0(v) with increasing v.

At very low crack-tip speeds, bonds are broken by thermal
fluctuations rather than by the applied force. For this case, the break-
ing of adhesive bonds may require relative small energies, which
can be estimated from the low-velocity (adiabatic) crack-energy
G0(v → 0) = G00, which for silicone rubber against a silica glass sur-
face may be of the order ∼0.1 J/m2 or ∼0.6 eV/nm2. Assuming that
the bonding area is of the order ∼1 nm2, this gives effective bond
energies of the order ∼0.6 eV. It should be noted that this is larger
than expected for a single van der Waals bond; the detached surface
area is not of the size of a single atom but most likely a nanometer
sized patch of the rubber. For cohesive cracks, strong covalent bonds
are broken at the crack tip, which may require ∼3 eV. For this case,
the effective energy to break bonds will increase with the crack-tip
speed already at very low crack-tip speeds, while for PDMS at room
temperature, this occurs only for relative large crack-tip speeds of
order 0.1 mm s−1 (see Fig. 1).

Thermally activated, stress-aided bond breaking will also man-
ifest itself in non-steady crack propagation, even for purely elastic
solids. Therefore, at non-zero temperature, a strip of rubber with a
crack will fracture in two fragments at a higher applied stress if the
strip is elongated fast compared to slow elongation rate. This result is
due to the influence of thermal excitation, which is more important
during slow elongation than during fast elongation.

In a fundamental study, Lake and Thomas40 have shown that
in highly elastic materials, for cohesive cracks, the crack energy
may be strongly enhanced (by a factor up to ∼100) compared to

FIG. 2. Lake and Thomas explanation of the high crack-energy of rubber-like mate-
rials. When the crack-tip approach a chain molecule (consisting of N monomers or
bond-units between the cross-links), extending over the (to be) fracture plane, the
chain stretches and at the point when one bond breaks, the stored up energy is N
times the energy required to break one bond.

its (hypothetical low-velocity) adiabatic value G00 (which may never
be observed experimentally as it requires velocities lower than can
ever be reached on the time scale of human activities). They showed
that this enhancement is due to the stretching of polymer chains
before breaking the strong covalent bonds (see Fig. 2). This effect is
also important for adhesive cracks but in these cases only for much
higher crack-tip speeds, e.g., above 0.1 mm s−1 for PDMS against
silica glass.

In this paper, I study the influence of temperature and the
crack-tip velocity of the bond breaking at the crack tip in rubber-
like materials. The bond breaking is considered as a stress-aided
thermally activated process. The model results in an effective
crack energy, which increases strongly with decreasing temperature
or increasing crack-tip speed. The analysis includes the chain-
stretching effect of Lake and Thomas and results in a G0(v, T),
which is consistent with experimental observations. I note that
stress-aided thermally activated processes are involved in nearly all
applications, where bonds are broken, e.g., in sliding friction,41–45

and goes back to the theories of Prandtl42 (also see Refs. 44 and 45)
and Eyring46 for the dependency of the strength of solids (plastic-
ity) and fluids (viscosity) on the temperature and the deformation
rate. Other related works are theoretical (and atomic force micro-
scopy) studies of the strength of single bonds.47,48 Kendall49 and
Chaudhury50–52 (also see Refs. 53–55) have suggested that stress-
aided thermally activated bond breaking may also be important for
adhesive cracks.

II. CRACK PROPAGATION IN A LONG
SLAB–ENERGY METHOD

Consider an elastic rectangular block with the length L much
larger than the height h0 in adhesive contact with a substrate. We
assume that the upper surface of the slab is clamped and displaced
by Δh, as shown in Fig. 3.

Adhesive crack propagation occurs at the interface between
an elastic block (or film) and another solid (substrate), which can
usually be considered as rigid, as shown in Fig. 3(a). In this case,
the crack-energy G will involve breaking the adhesive bonds at the
interface between the solids, and the elastic energy Uel is stored
mainly in the upper (elastic) block. For cohesive crack propagation
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FIG. 3. (a) Adhesive crack: a crack at the interface between a rigid substrate and
an elastic block in adhesive contact with the substrate (adhesive crack). The rect-
angular elastic block has the length L, height h0, and width (not shown) w. We
assume L≫ h0 and h0 ≫ w. The top surface of the block is clamped (glued to
rigid plate, upper black region) and displaced so the height of the block increases
with Δh. The stress in the block far in front of the crack is σ0 = Eϵ, where the
strain ϵ = Δh/h0. The stress far behind the crack tip vanishes. (b) Cohesive crack:
a crack occurs in the middle of the elastic block.

[see Fig. 3(b)], the upper z > 0 and lower z < 0 part of the solid block
are the same.

Assume that a crack occurs for x < 0 and that the crack is much
longer than the height h0 of the slab. A segment of the block of width
Δx for x≫ h0 will experience a uniform strain ϵ0 = Δh/h0 and the
stress σ0 = Eϵ0 so that the elastic deformation energy stored up in
the segment is

Uel =
1
2

σ0ϵ0ΔV = 1
2E

σ2
0 ΔV ,

where ΔV = h0wΔx is the volume of the segment (w is the
width of the slab into the paper plane). Far behind the crack tip
(for x≪ −h0), the strain and the elastic energy in a segment of width
Δx both vanish. If the crack moves forward with a distance Δx, the
bonds between the atoms must be broken over an area ΔA = wΔx. If
G denotes the energy to break the bonds per unit surface area, then
the fracture energy is

Uad = GwΔx.

In order for the crack to be able to move forward, the reduction in
the stored elastic energy must be (at least) the energy needed to break
the interfacial bonds or Uel = Uad giving

σ0 = (
2GE
h0
)

1/2
. (2)

III. CRACK PROPAGATION IN A LONG
SLAB–STRESS METHOD

The stress field in the vicinity of crack tips depends on the
distance r from the crack tip as ∼ r−1/2. This result is very general
and holds for static cracks, moving cracks, and cracks in viscoelastic

FIG. 4. When a rectangular block is elongated by a stress σ, the bonds between the
atom stretch by u so the strain ϵ = u/b. The bond breaks when the displacement
u is of order b. The strain and stress at the point of bond fracture are ϵc ≈ 1 and
σc = Eϵc ≈ E, respectively.

solids. In ideal brittle solids, for low crack-tip speeds, the singular
stress field ∼ r−1/2 holds down to atomic distances from the singular-
ity. For the crack shown in Fig. 3, we expect the stress at a distance
∼ h0 in front of the crack tip to be of the order of the applied stress
σ0 so that56

σ(r) ≈ σ0(
h0

2r
)

1/2
.

In order to break the bonds at the crack tip, the stress for r ≈ a0,
where a0 is an atomic distance, must equal the stress σc to break
bonds so that

σc ≈ σ0(
h0

2a0
)

1/2

or

σ0 ≈ σc(
2a0

h0
)

1/2
. (3)

For cohesive cracks, when assuming no plastic deformation,
σc ≈ E (see Fig. 4). This gives

σ0 ≈ E(2a0

h0
)

1/2
. (4)

Next, it should be noted that the work per unit surface area to break
the bonds is G ≈ Ea0. Using this result in (4) gives

σ0 ≈ (
2E2a0

h0
)

1/2
≈ (2GE

h0
)

1/2
,

which is the same result as (2). It should be noted that this result
is obtained only if the stress at the crack tip varies as ∼ r−1/2, which
supports the statement that the stress close to the crack tip has this
singular form.

IV. DISCUSSION
We have shown that the energy and stress methods used above

give the same results when applied to cohesive cracks, assuming
no plastic deformations. However, when applied to adhesive cracks,
they result in a paradox or mystery, as we will now show. Consider
an interfacial crack and assume that (2) and (3) are both valid. This
implies

σ0 = (
2GE
h0
)

1/2
= σc(

2a0

h0
)

1/2
. (5)
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From (5), we get

a0 =
GE
σ2

c
. (6)

If Fc is the force to break an adhesive bond, and n0 = 1/b2 the con-
centration of bonds, then σc = Fc/b2. Since Fc ≈ Gb2/a, where a is an
atomic length, we get σc ≈ G/a and from (6),

a0 =
GE
σ2

c
≈ Ea2

G
. (7)

Now, the force to break an adhesive bond is, in general, inde-
pendent of the elastic modulus E, and it is clear from (6) or (7) that
a0, in general, cannot be an atomic distance since Young’s modulus
E can take a wide range of values. We will illustrate the problem with
two practical cases.

First, consider an adhesive crack between two flat diamond
(111) surfaces, where the dangling bonds are passivized by hydro-
gen atoms [self-mated C(111)(1 × 1)H]. The work of adhesion for
this system is G ≈ 0.2 J/m2 (see Ref. 57), the Young’s modulus of
diamond E ≈ 1.2 × 1012 Pa and using the atomic distance a ≈ 0.3 nm
from (7), we get

a0 ≈
Ea2

G
≈ 5 μm.

Hence, the bond-breaking occurs a long distance away from where
the stress singularity occurs in the continuum approximation. We
attribute this to the large modulus of diamond and small work of
adhesion of the passivized diamond surface, which will make the dia-
mond surfaces nearly parallel, and separated by an atomic distance,
in a large region behind the crack tip. This makes the point, where
a bond break, is somewhat undefined. In any case, the fact that a0 is
large is not associated with any physical problem.

One could argue that the energy method of Sec. II is better than
the stress method of Sec. III because there is no direct way to deter-
mine a0. However, both approaches depend on only one quantity,
which in most cases need to be determined experimentally. In the
energy approach, this is the crack-energy G (or rather EG) and in the
stress approach, the parameter σc

√
a0. These parameters could both

be determined experimentally using a simple setup such as the long-
slab configuration studied above. With G or σc

√
a0 known, crack

propagation in more complex situations could be studied as usual
by calculating the relevant stress intensity factors. In some cases, as
for the hydrogen-passivized diamond surfaces, it is possible to calcu-
late (or estimate) G from first principle using quantum mechanical
methods (e.g., see Ref. 57), while it is less clear how to determine
σc
√

a0 theoretically if not obtained indirectly from (6).
Next, consider a rubber block adhering to a flat, rigid substrate.

As an example, first consider a fully cross-linked Polydimethylsilox-
ane (PDMS, Sylgard 184) rubber adhering to a glass surface. In this
case, E ≈ 2 × 106 Pa and G ≈ 0.1 J/m2 (e.g., see Refs. 35 and 38), and
(7) gives

a0 ≈
Ea2

G
≈ 10−13 m.

Hence, a0 is much smaller than an atomic length, which is impossi-
ble. To discuss this paradox, first note that using a0 = 0.3 nm in (6),
the stress at the crack tip,

σc = (
GE
a0
)

1/2
≈ 26 MPa.

Using E = 2 × 106 Pa, this corresponds to the strain ϵ ≈ σc/E ≈ 13. It
is clear that linear elasticity theory will fail close to the crack tip even
for the relative weak adhesion considered here. The stress–strain
curve for large strain for PDMS is (highly) nonlinear, with the stress
increasing much faster than linearly with increasing strain as poly-
mer chains approach their fully stretched state. For PDMS Sylgard
184, the yield stress in tension for the perfect (defect free) block may
be larger than the critical stress σc ≈ 26 MPa found above, in which
case, the rubber at the crack tip would respond as a nonlinear elastic
material but without breaking cross-links and without the formation
of defects such as cavities. This conclusion is also supported by the
result shown in Fig. 5: as long as the substrate bond (which typi-
cally is of the van der Waals nature, and hence very weak) is weaker
than the cross-link bonds, one expects the polymer–substrate bond
to break before the cross-link bonds break. However, for weakly
cross-linked PDMS, the elastic modulus is much smaller (e.g., only
19 kPa for Sylgard PDMS produced by mixing cross-linker/base flu-
ids in the ratio 1:50), and in these cases, the strain σc/E calculated
from (6) with a0 as an atomic distance would be huge and the rub-
ber would break-up (e.g., cavitation and stringing) close to the crack
tip. (In addition, weakly crosslinked rubbers have free chains, which
could get pulled out during opening crack propagation.58–60 This
has been observed experimentally for the contact between a silica
glass sphere and PDMS rubber. Here, the effective work of adhesion
decreases with the number of contacts due to pullout and transfer of
uncross-linked chains to the glass surface.35,61–63)

The results presented above show that if a0 calculated from (7)
is smaller than an atomic length, the linear elastic theory cannot
be used all the way down to atomic distances from the crack tip,
but depending on the system, one needs to take the following into
account:

(a) non-linear elasticity effects close to the crack tip, which may
effectively increase the elastic modulus E, and hence also a0,
and

(b) plastic deformation, or the formation of defects, such as cavi-
ties or (for polymers) stringing, in a region close to the crack
tip.

FIG. 5. Adhesive bonds are often of the weak van der Waals type. In these cases,
for a covalent cross-linked polymer, the adhesion bonds will break before the chain
or cross-links break.
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In both cases, the effective a0 would be larger than predicted
by (7).

We note that for elastic solids, the cutoff distance a0 and σc
always enter in the combination σc

√
a0 and it is usually not possi-

ble to measure σc and a0 separately. The analysis above shows that
if one chooses σ2

c a0 = G0, the stress theory will give the same result
as the energy theory. However, for viscoelastic solids (denoted here
as rubber), the situation is different. For very low sliding speeds
(or high temperature), the rubber is in the rubbery region and
behaves as an elastic solid and the crack propagation will only
depend on the (low velocity) crack energy G0 = G(v → 0), which we
can write again as σc

√
a0. However, as we increase the sliding speed,

there will be viscoelastic energy dissipation in a region around the
crack tip. A crack tip, which moves with the speed v, will generate
time-dependent deformations of the rubber with a band of frequen-
cies, ω ∼ v/r (a < r <∞), where r is the distance from the crack tip.
The highest frequency component is given by v/a, where a = a(v) is
the crack-tip cutoff length with a→ a0 as v → 0. Hence, the crack-
energy G(v)will now depend on both G0 and a0. The fracture energy
G0 can be directly measured experimentally, but the cutoff distance
a0 is not so easy to measure directly but could be deduced by com-
paring the measured G(v) curve to the theory prediction (it should
be noted that the G(v) curve shifts along the velocity axis linearly
with a0). However, as shown above, if linear viscoelasticity is used,
this could result in a cutoff length a0, which would be unphysically
small. This would signal that non-linear viscoelastic effects, or other
phenomena such as cavitation, occur close to the crack tip.

For adhesive cracks, the stress field far from the crack tip, where
most of the viscoelastic energy dissipation occurs, may be small
enough for linear viscoelasticiy to be valid. However, when calculat-
ing (or estimating) the viscoelastic contribution to the crack energy
for rubber-like materials, one must use for a0, a length at least of
order some monomers (say ∼1 nm).

V. THERMAL EFFECTS ON CRACK PROPAGATION
Theories for cracks in solids often assume a crack-tip process

zone, which can be very complex involving plastic flow, cavitation,
stringing, and bond-breaking far from the crack tip. However, here
we consider adhesive crack propagation and assume that the stress
close to the crack tip is so small that only the (weak) interfacial bonds
break. For weak bonds, thermal activation can be very important and
result in the interfacial bonds breaking (and reforming) already far
in front of the crack tip.

If the elastic energy Uel > Uad, opening crack propagation
occurs, while if Uel < Uad, closing crack propagation occurs. For zero
temperature, a crack will not move (stationary crack) if Uel = Uad.
However, for T > 0 cracks can move by thermal excitation even if
Uel = Uad. In this case, the crack length could increase or decrease,
correspond to opening and closing crack propagation, and in gen-
eral, the crack tip would perform a random, Brownian-motion type
of movement.64 However, in many practical situations when bonds
break, some irreversible process occur, such as passivization of the
dangling bonds by reaction with air or contamination molecules,
or surface reconstruction, and in these cases, only opening crack
propagation may occur. This could result in a slow increase in the
crack length even when Uel < Uad, as observed in stress corrosion
cracking. We will study this problem in another publication.

A crack is a line defect and thermal excitations will result in
different regions of a crack-line moving at different times result-
ing in a curved crack line. Thus, the energy barrier for movement
of the crack line as a result of thermal excitation will not involve
the crack line moving forward uniformly, which for an infinite long
crack line would involve an infinite large energy barrier (as infinite
many bonds would need to be broken at the same time), but small
nano-sized regions will move nearly randomly in time. Therefore,
the energy barrier for crack propagation discussed in the following
corresponds to the barrier for the motion of a nano-sized crack-line
segment.

Consider a crack propagating with a constant speed v in an infi-
nite viscoelastic solid (see Fig. 6). The adhesive (or cohesive) bonds
on the surface z = 0 in front of a crack tip can break before the
stress from the crack reach the critical value σc, where the stress
alone would break the bonds. This is due to thermal fluctuations,
which can supply part of the energy needed to break a bond. Ther-
mal effects are particularly important for weak bonds, e.g., van der
Waals bonds.

We will denote a bond in front of the crack tip to be broken by
the propagating crack as an interfacial bond. Let P(t) be the proba-
bility that an interfacial bond is not broken at time t. We assume that
the stress singularity in the continuum mechanics formalism occurs
at a distance a behind the opening crack tip so the stress at the crack
tip is finite. Let x = vt (with t ≤ 0) be the position of the crack tip
defined so that the stress on the surface z = 0 for x > vt is given to
leading order by

σzz =
KI

2π(x + a − vt)1/2 , (8)

where KI is the stress intensity factor for opening crack propagation.
We denote σzz = σ(t) for simplicity. In (8), we have assumed that the
crack line is strait.

Now, consider an interfacial bond Q and choose the origin of
the x axis so that the interfacial bond Q (broken or not broken) occu-
pies the position x = 0 at t = 0. Let Fc denote the force to break the
bond at zero temperature. For T > 0, the bond will break before the
external force reaches Fc. This is due to thermal fluctuations, which
can supply the energy needed to break a bond before the external
force reaches the critical value Fc.

We consider the case where a broken bond can reform again.
This will almost always be the case for weak bonds, such as the van
der Waals bonds often involved in rubber adhering to a rigid sub-
strate. In this case, a polymer chain at the interface can be in a state A,

FIG. 6. For adhesive crack propagation, a fraction of the bonds will be broken by
thermal fluctuations even far in front of the crack tip. The concentration of broken
bonds increases as the crack tip is approached from the bonded side.
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FIG. 7. Polymer chain in a bound state (a) and in the detached state (b). In the
detached state, the chain is “curled-up” and an activation barrier of V form must be
overcome to form a new bonded state. The barrier Vbreak to break the bond is
larger than V form, and the chain spends most of the time in the bound state.

where it binds to the substrate or in a detached (curled-up) state B, as
shown in Fig. 7. In the weakly stretched state far in front of the crack
tip, an interfacial polymer chain is in the bound state A most of the
time, but sometimes in a detached state B. We assume the potential
energy has local minima for the bound state and for the detached
state (see Fig. 8). The probability that the chain is in the bound state
is denoted by PA and in the detached state with PB. We assume that
PA(t) and PB(t) obey the rate equation,

dPA

dt
= −κAPA + κBPB, (9)

where PA + PB = 1 is time-independent. We assume that

κA = νAe−βVbreak , κB = νBe−βVform , (10)

where the barrier heights Vbreak and V form are shown in Fig. 8 and
depends on time due to the external force F(t) stretching the chain.
We assume (see Refs. 29–32) that νA = νB = kBT/h, where h is the
Planck constant. This is the Eyring expression for pre-exponential
factors νA and νB.

Consider an interfacial bond Q as the crack tip approaches
it. The local stress at bond Q is given by (8). We assume that the
potential energy of a bond is given by

V(u) = VA(u) + VB(u), (11)

FIG. 8. Potential energy V(u) [given by (11)–(13)] when the surface separation
uB = 2.7 and 10.9 nm. For uB = 10.9 nm, the potential well of the detached state
occurs for larger u than shown in the figure. For the parameters UA0 = 0.5 eV,
UB = 0.25 eV, uc = 0.4 nm, kB = 0.003 N/m, and kA = 2UA/u2

c = 1.0 N/m.

where

VA(u) = −UA +
1
2

kAu2 (12)

for u < uc and VA(u) = 0 for u > uc, which correspond to a broken
molecule–substrate bond, and

VB = −UB +
1
2

kB(u − uB)2, (13)

which is the energy of a stretched polymer chain. The polymer
chain does not break so this is the energy of the chain for all chain
(extension) length u.

The adiabatic work to break a bond is the difference in the
potential energy after and before breaking the bond. The potential
energy at the equilibrium state (with u = uB = 0) is −UA −UB and
for the state with broken bond, −UB. Therefore, the (adiabatic) work
of adhesion w0 = UB/b2 [which equals G(v → 0)], where b2 is the
area occupied by the bonding segment of the polymer chain.

The chain–substrate bond breaks when

u = uc = (
2UA

kA
)

1/2
, (14)

where the potential energy V = V1 with

V1 = VB(uc) = −UB +
1
2

kB(uc − uB)2. (15)

Before the bond is broken, the potential energy V(u) is minimal
when V′(u) = 0 or

kAu + kB(u − uB) = 0

or

kAu = KuB, (16)

where

K = kAkB

kA + kB
. (17)

Using (12), (13), and (16) in (11) gives the potential energy V = V0
with

V0 = −(UA +UB) +
1
2

Ku2
B. (18)

Thus, the effective barrier for bond breaking is

Vbreak = V1 − V0 = UA +
1
2

kB(uc − uB)2 − 1
2

Ku2
B

= UA +
1
2

kB(u2
c − 2ucuB +

kB

kA + kB
u2

B). (19)

The energy barrier to form a bond when the surface separation
equals uB is

Vform = V1 − [−UB] =
1
2

kB(uc − uB)2. (20)

It should be noted that when kB = 0, then Vbreak = UA and V form = 0
as expected.
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If an external force F stretches the bond, then

kAu = kB(uB − u) = F,

so the displacement u = uF = F/kA and

uB =
F
K

. (21)

We denote the force to break the bond at zero temperature by
Fc = kAuc. The displacement uB = uBc when the bond breaks (at zero
temperature) is uBc = Fc/K, which we can also write as

uBc =
kA + kB

kB
uc.

Substituting uB = F/K in (19) and (20) gives the barriers Vbreak(F)
and V form(F) as a function of the applied force F.

Using PB = 1 − PA from (9), we get

dPA

dt
= −κPA + κ1, (22)

where κ = κA + κB and κ1 = κB. In what follows, we denote PA = P
for simplicity. Far at front of the crack tip, dP/dt = 0 so that P = P0,
where

P0 =
κ1

κ
= 1

1 + e−βΔE0
,

where ΔE0 = Vbreak − V form is the energy difference between the two
potential wells.

From (21), we get

P(t) = P(−∞) exp(−∫
t

−∞
dt′κ(t′))

+ ∫
t

−∞
dt′κ1(t′) exp(−∫

t

t′
dt′′κ(t′′)). (23)

VI. DEPENDENCE OF THE CRACK ENERGY
ON CRACK-TIP SPEED AND TEMPERATURE

Now, consider a molecular bond at x = 0 as the crack tip
approaches it from far away (t < 0). A bond experiences the force,

F(t) = KIb2

2π(a − vt)1/2 ,

as the crack tip approaches it. We choose a so that F(0) = Fc, so that

F(t) = Fc(
a

a − vt
)

1/2
, (24)

where

Fc =
KIb2

2π
√

a
. (25)

We assume plain stress state, and for this case, the crack-energy G is
related to KI using33,34

G = K2
I

E
, (26)

which gives

G = (Fc2π
b2 )

2 a
E

. (27)

The crack energy as v → 0 is given by

G00 ≈
UA

b2 =
1

2b2 kAu2
c =

1
2b2kA

F2
c , (28)

so we can write

G = a
a0

G00, (29)

where

a0 =
b2E

8π2kA
. (30)

The work per unit area to propagate the crack is

G = 1
b2∫

0

−∞
dt u̇B(t)F(t)P(t).

Changing the integration variable to x = a − vt gives

G = 1
b2∫

∞

a
dx [−duB

dx
] F(x)P(x) (31)

and from (23) with dt = −dx/v,

P(x) = P(∞) exp(− 1
v∫

∞

x
dx′κ(x′))

+ 1
v∫

∞

x
dx′κ1(x′) exp(− 1

v∫
x′

x
dx′′κ(x′′)). (32)

For any finite x, the first integral in (32) will vanish because κ(x)
approaches a constant finite value for large x. Hence, we get

P(x) = 1
v∫

∞

x
dx′κ1(x′) exp(− 1

v∫
x′

x
dx′′κ(x′′)). (33)

From (24),

F = Fc(
a
x
)

1/2
(34)

and using that, F = KuB gives

−duB

dx
= − 1

K
dF
dx
= Fc

2K
a1/2

x3/2 .

Thus, (31) becomes

G = F2
c

2Kb2∫
∞

a
dx

a
x2 P(x). (35)

At zero temperature, P(x) = 1 for x > 0 so that the crack
propagation energy G = G1 for T = 0 is

G1 =
F2

c

2Kb2∫
∞

a
dx

a
x2 =

F2
c

2Kb2 . (36)
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Using that KuBc = Fc, the r.h.s of (36) can also be written as
FcuBc/2b2. Using (35) and (36), we get

G
G1
= ∫

∞

a
dx

a
x2 P(x). (37)

Let us consider the limits v → 0 and v →∞. As v →∞, the
integrals in (33) will be dominated by the large x′ and x′′ regions and
we can replace κ1(x′) and κ(x′′) with their values for large x, which
we denote by κ1eq and κeq, since these are the thermal equilibrium
rate constants. We get

P(x) ≈ 1
v

κ1eq∫
∞

x
dx′ exp(− 1

v
κeq(x′ − x)) = κ1eq

κeq
, (38)

which is equal to the probability Peq = κ1eq/κeq that an interfacial
molecule is in the binding state A far at front of the crack tip. Using
(37), we get G→ G∞ as v →∞, where

G∞
G1
= ∫

∞

a
dx

a
x2

κ1eq

κeq
= κ1eq

κeq
= Peq.

In the numerical study presented in the following, Peq ≈ 1, and
hence, G = G1Peq ≈ G1 as v →∞. However, in general for weak
bonds and high temperatures Peq < 1 and G < G1 so high crack-tip
speed is not always equivalent to low temperatures.

Next, consider the limit v → 0. In that case, only a small
[x′ − x] interval will contribute to the inner integral in (33) and we
can replace κ(x′′) with its value for x′′ = x. This gives

P(x) ≈ 1
v∫

∞

x
dx′κ1(x′) exp(− 1

v
κ(x)(x′ − x)).

For v → 0, only x′ that is very close to x will contribute to this
integral, and we can replace κ1(x′) with κ1(x) to get

P(x) ≈ κ1(x)
κ(x) .

Using this in (37), we get G→ G00 as v → 0, where

G00

G1
= ∫

∞

a
dx

a
x2

κ1(x)
κ(x) .

Writing ξ = a/x, this gives

G00

G1
= ∫

1

0
dξ

κ1(ξ)
κ(ξ) .

Changing integration variable in (37) and (32) from x to ξ = a/x
gives

G
G1
= ∫

1

0
dξ P(ξ) (39)

and

P(ξ) = a
v∫

ξ

0
dξ′

κ1(ξ′)
[ξ′]2

exp(− a
v∫

ξ

ξ′
dξ′′

κ(ξ′′)
[ξ′′]2

). (40)

Since κ and κ1 are functions of uB, we need to relate uB to
ξ = a/x. Using (34), we get

uB =
F
K
= Fc

K
(a

x
)

1/2
= Fc

K
ξ1/2.

For numerical calculations, the ξ′′ integral in (40) is problem-
atic as v → 0, where only a very small ξ − ξ′ interval will effectively
contribute. This problem is solved by using η as integration vari-
able instead of ξ′′; the variable η is defined by ξ′′ = ξe−η, giving
dξ′′ = −ξ′′dη and

∫
ξ

ξ′
dξ′′

κ(ξ′′)
[ξ′′]2

= ∫
η0

0
dη

κ(ξ′′)
ξ′′

,

where η0 = log(ξ/ξ′).

A. Numerical results and discussion
The theory for G(v, T) presented above depends on a set of

parameters, the most important being UA, kB, and the tempera-
ture T. Here, we will present numerical results illustrating this. The
reference case (green curves shown in Figs. 9 and 10) is obtained
using T0 = 20 ○C, UA = 0.5 eV, UB = 0.25 eV, kB = 0.003 N/m, and
uc = 0.4 nm.

Figure 9 shows the crack-energy G in units of its zero tem-
perature value G1 = G(T = 0) as a function of the crack-tip speed
(log–log scale) for the bond energies UA = 0.3, 0.5, and 0.7 eV, and
the other parameters as for the reference case. For UA = 0.3, 0.5, and
0.7 eV, we have G1b2 = 60.4, 167.4, and 327.8 eV, respectively.

Figure 10 shows similar results as shown in Fig. 9 for the
temperatures T = −30, 20, and 70 ○C, and Fig. 11 for the spring con-
stants, kB = 0.001, 0.003, and 0.006 N/m, and the other parameters
as for the reference case. For kB = 0.001, 0.003, and 0.006 N/m, we
have G1b2 = 501.2, 167.4, and 84.0 eV.

The numerical results in Figs. 9 and 10 show a low veloc-
ity range where G0(v) is velocity-independent, followed by a very
abrupt increase in G0(v) at a characteristic speed vc, which depends

FIG. 9. Crack-energy G in units of its zero temperature value G1 = G(T = 0) as a
function of the crack-tip speed (log-log scale) for the bond energies UA = 0.3, 0.5,
and 0.7 eV. For T = 20 ○C, the spring constant kB = 0.003 N/m, the separation
to break the bond uc = 0.4 nm, and the bond energy UB = 0.25 eV is used. For
the three cases with UA = 0.3, 0.5, and 0.7 eV, we have G1b2

= 60.4, 167.4, and
327.8 eV.
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FIG. 10. Crack-energy G in units of its zero temperature value G1 = G(T = 0) as
a function of the crack-tip speed (log–log scale) for the temperatures T = −30,
20, and 70 ○C. The spring constant kB = 0.003. For the A-well bond energy
UA = 0.5 eV, the separation to break the bond is uc = 0.4 nm, and the B-well
bond energy is UB = 0.25 eV.

FIG. 11. Crack-energy G in units of its zero temperature value G1 = G(T = 0) as a
function of the crack-tip speed (log–log scale) for the spring constants kB = 0.001,
0.003, and 0.006 N/m. For T = 20 ○C, the A-well bond energy is UA = 0.5 eV,
the separation to break the bond is uc = 0.4 nm, and the B-well bond energy
UB = 0.25 eV. For the three cases with kB = 0.001, 0.003, and 0.006 N/m, we
have G1b2

= 501.2, 167.4, and 84.0 eV.

on the binding energy UA, the spring constant kB, and the tem-
perature T. In the low velocity “adiabatic” region where v < vc,
the separation of the surfaces at the crack tip is so slow that at
any moment in time the molecules are in dynamical (kinetic) equi-
librium between the bonding state A and the detached state B.
That is, an interfacial molecule oscillates (randomly) during sep-
aration between the states A and B in such a way that the ratio
of the probability to find the system in state B and A is given by
the Boltzmann factor exp(−βΔE), where ΔE = Vbreak − V form is the
(separation dependent) energy difference between the two states.
This is similar to the behavior of fluids at low shear rate.

Figure 9 shows that the critical velocity vc decreases as the bind-
ing energy UA increases. For binding energies as large as expected for
cohesive cracks (∼3 eV), vc will be so low that no adiabatic velocity
region can be observed on any time scale involving human activities
(see Sec. VIII). Nevertheless, G0(v) will depend on the velocity, and
only for relative high velocities will G0(v) be velocity independent.
The reason is that independent of the magnitude of UA when the

external force has pulled the bond close to the point where the bond
would be broken by the applied force alone, the remaining barrier for
bond breaking will be overcome by a thermal fluctuation resulting
in a velocity-dependent G0(v). This is also clear from Fig. 9 where
for all the studied cases, G0(v) reach the high-velocity plateau for
∼104 m/s.

Figure 11 shows that variations in the spring constant kB result
in relatively small variations in the critical velocity vc. However,
the magnitude of the ratio between the high-velocity G0(v) and
of G0(v) in the adiabatic velocity region increases strongly with
decreasing kB. This is expected from the Lake and Thomas descrip-
tion of the dependency of the crack energy on the chain length
(between cross links); decreasing kB correspond to increasing chain
length L (kB ∼ 1/L).

Figure 10 shows that as the temperature decreases, vc decreases.
This is a trivial result because thermal fluctuations decrease with
decreasing temperature, and for T → 0, we have G→ G1 and vc → 0.

The abrupt increase in G0(v) at v = vc shown in Figs. 9–11
is in good agreement with what we have found in adhesion exper-
iments for PDMS in contact with glass surfaces, as shown in Fig. 1.
Using a reasonable binding energy UA = 0.5 eV (see Sec. I) and a
reasonable spring constant of order 0.003–0.006, we get the onset of
non-adiabatic effects at a critical velocity vc ≈ 0.1 mm s−1, in good
agreement with the experiments (see Fig. 1). Furthermore, in the
velocity region studies, G0(v) increases nearly linearly with v on the
log–log scale, both in the experiment and in theory. This indicates
G0 ∼ vα with α ≈ 0.22 in the experiment (Fig. 1 and Ref. 35). The the-
ory predicts a somewhat larger α (about 0.53 and 0.33 for kB = 0.003
and kB = 0.006, respectively) but this may reflect the simplicity of the
model used or other complications. Thus, the experimental results
in Ref. 38 for the same system but with different cross-link densities
gave a similar critical velocity vc, as shown in Fig. 12, but larger α
exponents (0.34 and 0.5 for 1:30 and 1:20 cross-linker/base; for the
1:10 cross-linker/base too few data points were measured to deter-
mine an accurate α, but the obtained results indicate an exponent
even larger than for the 1:20 case). The reason for the spread in the
experimentally obtained values for the exponent α is not clear.

FIG. 12. Crack-energy G in units of its low-velocity value G00 = G(v = 0) as a
function of the crack-tip speed (log–log scale) for the spring constants kB = 0.001
and 0.006 N/m. For T = 20 ○C, the A-well bond energy is UA = 0.5 eV, the sepa-
ration to break the bond is uc = 0.4 nm, and the B-well bond energy UB = 0.25 eV.
For the two cases with kB = 0.001 and 0.006 N/m, we have G1b2

= 501.2 and
84.0 eV.
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VII. DEPENDENCY OF THE WORK OF ADHESION
ON THE SEPARATION SPEED
AND THE TEMPERATURE

The breaking of adhesive bonds between two solids usually
occur by interfacial crack propagation. However, for very small con-
tact regions, the bond may break uniformly (simultaneously) over
the contact region.39 In any case, the work of adhesion w is usually
defined as the work to separate two flat solid surfaces with the sur-
faces parallel. In this section, we will consider the separation of two
parallel surfaces where the separation speed is constant. It should be
noted that this differs from interfacial crack propagation where the
separation velocity depends on the distance from the crack tip.

Consider the simplest case of separating the surfaces uni-
formly at the speed v from the equilibrium position. In this case,
uB(t) = vzt, where we have used that the total energy is minimal for
uB = 0. Using (21), the external force,

F(t) = Kvzt.

The force to separate the surfaces per unit surface area is
F(t)P(t)/b2 and the work per unit surface area w to separate the
surfaces,

w = 1
b2∫

t0

0
dt vzF(t)P(t),

where vzt0 = uBc. If we introduce ξ = vzt/uBc, we get

w = Ku2
Bc

b2 ∫
1

0
dξ ξP(ξ).

In the limiting case of zero temperature, P(t) = 1 for t < t0 or ξ < 1
so that the work of adhesion w1 at zero temperature,

w1 =
Ku2

Bc

b2 ∫
1

0
dξ ξ = Ku2

Bc

2b2 ,

which also equals uBcFc/2b2. Hence,

w

w1
= 2∫

1

0
dξ ξP(ξ). (41)

Using ξ = vzt/uBc, we also get

P(ξ) = P(0) exp(−uBc

vz
∫

ξ

0
dξ′κ(ξ′))

+ uBc

vz
∫

ξ

0
dξ′κ1(ξ′) exp(−uBc

vz
∫

ξ

ξ′
dξ′′κ(ξ′′)). (42)

The rate coefficients κ1(ξ) and κ(ξ) are functions of uB but can be
considered as functions of ξ by replacing uB = ξuBc.

One interesting limit of this equation is v → 0, where (42)
reduces to P = P0 = κ1(ξ)/κ(ξ). This limit also follows directly from
the rate Eq. (22) when dP/dt = 0 and corresponds to the assump-
tion that thermal equilibrium occur at all stages in the pull-off. Using
P = P0 in (41) gives w ≈ U0/b2, i.e., the adiabatic work of adhesion.

For numerical calculations, the ξ′′ integral in (42) is problem-
atic as v → 0, where only a very small ξ − ξ′ interval will effectively

contribute. This problem is solved by using η as integration vari-
able instead of ξ′′; the variable η is defined by ξ′′ = ξe−η, giving
dξ′′ = −ξ′′dη and

∫
ξ

ξ′
dξ′′κ(ξ′′) = ∫

η0

0
dηξ′′κ(ξ′′),

where η0 = log(ξ/ξ′).

A. Numerical results and discussion
Figures 13–15 show the work of adhesion w in units of its

zero temperature value w1 = w(T = 0) as a function of the pull-off
speed (log-log scale) for different bond energies (Fig. 13), different
temperatures (Fig. 14), and different spring constants kB (Fig. 15).
For UA = 0.3, 0.5, and 0.7 eV, we have E1 = w1b2 = 60.4, 167.4, and
327.8 eV. The dashed lines in the figures shows the crack-energy
G(v)/G1 as a function of the crack-tip speed (log–log scale, from
Figs. 9 and 10) using the same parameters as used for the same
colored solid lines. The work of adhesion curves shows a similar
dependence on the pull-off speed as the crack energy on the crack-
tip speed, but are shifted along the velocity axis as expected because
the crack-tip speed (in the x-direction) is not the same as the crack
opening speed (in the z-direction), and the latter depends on time
even when the crack-tip speed is constant.

It is important to note the following fact: for T > 0 K, an arbi-
trary small force can break an adhesive bond and remove a molecule
from a surface. If the bond is strong or the temperature low, a very
long time will be needed for a large enough thermal fluctuation to
occur to break the bond. Nevertheless, even without an applied force,
a molecule will desorb from a surface after a long enough time. How-
ever, for molecules binding two nominally flat and infinite large
surfaces, the situation is different. In this case, even if the bonds
are very weak, a small applied pull-pressure cannot separate the sur-
faces. The reason is that even if each individual molecule fluctuates
between the bonded and non-bonded state, a non-zero fraction of
the molecules will be in the bonded state. That is, if thermodynamic

FIG. 13. Work of adhesion w in units of its zero temperature value w1 = w
(T = 0) as a function of the pull-off speed (log–log scale) for the bond energies
UA = 0.3, 0.5, and 0.7 eV. For the temperature T = 20 ○C and the spring constant
kB = 0.003 N/m, the separation to break the bond is uc = 0.4 nm and the bond
energy is UB = 0.25 eV. For the three cases with UA = 0.3, 0.5, and 0.7 eV, we
have E1 = w1b2

= 60.4, 167.4, and 327.8 eV.
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FIG. 14. Work of adhesion w in units of its zero temperature value w1 = w
(T = 0) as a function of the pull-off speed (log–log scale) for the temperatures
T = −30, 20, and 70 ○C The spring constant is kB = 0.003. For the A-well bond
energy UA = 0.5 eV, the separation to break the bond is uc = 0.4 nm, and the
B-well bond energy is UB = 0.25 eV.

FIG. 15. Work of adhesion w in units of its zero temperature value w1 = w
(T = 0) as a function of the pull-off speed (log–log scale) for the spring con-
stants kB = 0.001, 0.003, and 0.006 N/m. For T = 20 ○C, the A-well bond energy
UA = 0.5 eV, the separation to break the bond is uc = 0.4 nm, and the B-well
bond energy is UB = 0.25 eV. For the three cases with kB = 0.001, 0.003, and
0.006 N/m, we have E1 = w1b2

= 501.2, 167.4, and 84.0 eV.

(or kinetic) equilibrium occurs, any given molecule will fluctuate
(in time) between the two states but when considering a large num-
ber of molecules, a (constant) fraction of the molecules will be in the
bonded state (see Fig. 16). For this case, the work to slowly remove
the contact between the solids will equal to the thermodynamic work
of adhesion, which is equal to the change in the free energy between
the system with separated surfaces and the system in contact at the
equilibrium separation.

VIII. COHESIVE CRACK PROPAGATION
The stress in the vicinity of cohesive cracks in rubber materials

is so high that linear viscoelasticity is unlikely to be valid even several
nm away from the crack tip. Depending on the material consid-
ered, one may need to take into account non-linear elasticity, plastic
deformation, or the formation of defects, such as cavities or string-
ing, in a region close to the crack tip. Most of these processes are

FIG. 16. If thermodynamic (kinetic) equilibrium occurs, any given molecule will fluc-
tuate (in time) between the bonding and non-bonding states, but when considering
a large number of molecules, a non-zero fraction of the molecules will be in the
bonding state.

strongly temperature-dependent and will contribute via the factor
G0(v, T) to the crack energy.

It has recently been suggested53–55 that the (v, T) dependency
of the dissipation in the crack-tip process zone may be more impor-
tant for the crack energy than the viscoelastic factor [1 + f(T, v)].
This may indeed be the case for conditions, where the viscoelastic
effect is very small, such as for temperatures much higher than the
rubber glass transition temperature. However, in general, the vis-
coelastic factor is extremely important and increases by a factor of
E∞/E0 (where E∞ and E0 are the high and low frequency modulus,
respectively) between high and low sliding speeds (or low and high
temperatures). For most rubber compounds E∞/E0 ∼ 103, and for
weakly crosslinked rubber even more.

Here, we present numerical results illustrating the velocity
dependency of G0(v, T) for cohesive cracks, resulting from stress
aided thermally activated bond-breaking. We use the same model
as in Sec. VI, but the meaning of the UA, UB, uc, kA, and kB para-
meters differ. Thus, the spring constant kB in Sec. VI was of entropic
origin as relevant for breaking of weak adhesive bonds. For break-
ing cohesive bonds, the chains in the process zone will stretch so
strongly that the entropic elasticity is irrelevant. In the theory of Lake
and Thomas, it was assumed that just before a chain breaks at one
of the (covalent) bonds, it is stretched so that all the bonds along
the chain are close to the breaking point. Thus, the elastic energy
stored in a chain consisting of N∗ bond-units, at the point where a
bond will break, is N∗UA, where UA is the energy to break a bond.
(It should be noted that N∗ ≫ N since the separation between the
covalent bonds is ≈0.1 nm while the Kuhn length b ≈ 1 nm.) In this
case, the crack energy (neglecting thermal activation) is obtained by
multiplying N∗UA with the number of chains per unit area crossing
the fracture plane. Using this approach, Lake and Thomas estimated
the fracture energy G0 and found it to be typically of order 10 J/m2

or 100 eV/nm2, which is close to what is observed under conditions
where the viscoelastic factor [1 + f(v, T)] is small.

Figure 17 shows the crack-energy G in units of its zero tem-
perature value G1 = G(T = 0) as a function of the crack-tip speed
for T = 20 ○C, under conditions typical for adhesive cracks (green
line) and cohesive cracks (blue and red lines are for UA = 3 and
1.5 eV, respectively). For the cohesive crack (blue line), we have
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FIG. 17. Crack-energy G in units of its zero temperature value G1 = G(T = 0)
as a function of the crack-tip speed for T = 20 ○C, under conditions typical for
adhesive cracks (green line) and cohesive cracks (blue and red lines). In the cal-
culations for adhesive crack, we used (green line) UA = 0.5 eV, UB = 0.25 eV,
kB = 0.003 N/m, kA = 2UA/u2

c ≈ 1.0 N/m, and uc = 0.4 nm, and for the cohe-
sive cracks (blue line), UA = UB = 3 eV, uc = 0.1 nm, kA = 2UA/u2

c ≈ 96.1 N/m,
and kB = kA/N∗ with N∗ = 30, and (red line) UA = UB = 1.5 eV, uc = 0.1 nm,
kA = 2UA/u2

c ≈ 48.1 N/m, and kB = kA/N∗ with N∗ = 30.

used UA = UB = 3 eV, uc = 0.1 nm, kA = 2UA/u2
c , and kB = kA/N∗

with N∗ = 30 giving N∗UA = 90 eV. Because of the much higher
energy needed to break a covalent bond in the chain compared to
the adhesion bond, the variation of the crack energy with the crack-
tip speed is much slower for the cohesive crack. For the adhesive
crack, the thermal equilibrium crack energy is reached already for
v ≈ 0.1 mm s−1 (as also observed in experiments; see Fig. 1), but for
the cohesive cracks, the thermal equilibrium value cannot be reached
at any crack-tip velocity of human interest. We conclude that for
cohesive cracks, the viscoelastic factor [1 + f(v, T)] will, in general,
result in a much stronger velocity dependence than that of the pref-
actor G0(v, T), at least for the bond-breaking process considered
here.

FIG. 18. Crack-energy G in units of its zero temperature value G1 = G(T = 0)
as a function of the crack-tip speed for T = 20 ○C, under conditions typical
for cohesive cracks. In the calculations for adhesive crack, we used (red line)
UA = UB = 1.5 eV, uc = 0.1 nm, kA = 2UA/u2

c ≈ 48.1 N/m, and kB = kA/N∗

with N∗ = 30, and (green line) for the same parameters except with N∗ = 30
replaced by N∗ = 200.

Figure 18 shows the crack-energy G in units of its zero tem-
perature value G1 = G(T = 0) as a function of the logarithm of the
crack-tip speed for UA = 1.5 eV for two different spring constants,
kB = 1.6 (red line) and 0.24 N/m (green line). The difference between
the two cases for very small sliding speeds is very small but this is
the case only for the ratio G/G1 since G1 ∼ k2

B differ by a factor of
(1.6/0.24)2 ≈ 44.4.

In a beautiful experimental study, Chaudhury has measured
the velocity dependency of the fracture energy for PDMS films
chemically bound to silanized silica glass surfaces. Using an elegant
experimental setup of the JKR-type, he was able to measure G(v)
at extremely small crack tip speeds, from 0.1 to 100 nm s−1. For
these low crack tip speeds, the used silicon rubber can be consid-
ered as a perfect elastic material so the crack energy is determined
by the prefactor G0(v, T) in Eq. (1). Using a simple picture of the
bond breaking at the crack tip, assuming that the bond-breaking
occurs with a constant separation velocity, he showed that for low
separation velocities vz , the energy E to break a bond E1/2 ∼ lnvz .
I have not been able to derive this result analytically using the the-
ory for G(v) presented above, but the numerical results that we now
present indicate that G1/2 ∼ lnv holds reasonably well for low crack
tip speeds.

Figure 19 shows the relation between G1/2 and lnv for the
system studied by Chaudhury. The squares represent the mea-
sured data from Ref. 52 and the solid line represents the theory
prediction. The calculation used (39) and (40) with G1 = cN∗UA,
UA = 1.5 eV, and N∗ = 208, corresponding to the spring constant
kB = 0.245 N/m. The number density of polymer chains crossing
the fracture plane was estimated by Chaudhury, using the method
of Lake and Thomas, and was found to be c = 2.5 × 1018 m−2 (also
see Appendix B). This gives G1 = G0(T = 0) = 128 J/m2. The beau-
tiful agreement between the theory and the experiment should
be noted. Chaudhury argued that the energy to break one bond
(UA = 1.5 eV) is due to siloxane bond scission, which is close to that
(1.5–1.8 eV) obtained from thermal de-polymerization and stress
relaxation kinetics of the siloxane polymers.

FIG. 19. Square-root G1/2 of the crack energy as a function of the (natural)
logarithm ln v of the crack-tip speed for T = 20 ○C. The squares represent the
measured data from Ref. 52 and the solid line represents the theory predic-
tion. In the calculation, we used UA = UB = 1.5 eV, uc = 0.1 nm, kA = 2UA/u2

c
≈ 48.1 N/m, and kB = 0.245 N/m.
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IX. DISCUSSION
For non-zero temperature, crack propagation is possible in all

solids if the elastic energy released is larger than the critical crack-
energy G00 determined by the change in the (thermal equilibrium)
free energy upon formation of the crack surfaces. However, in solids
with strong bonds, the crack will propagate with extremely low
velocities (creep) if G is close to G00, as shown in Fig. 17 for poly-
mers and in Ref. 65 for silicone. In the latter case, crack’s moves by
the formation and propagation of kinks involving breaking of single
atomic bonds at the crack tip, which require relative small energy
(∼0.3 − 0.4 eV).65

In the absence of stress corrosion for zero temperature in elas-
tic crystalline solids, such as silicon, crack’s cannot propagate in
a steady state for crack-tip velocities below some critical value vc,
which is of the order of the Rayleigh surface wave speed.66 In addi-
tion, lattice pinning and hysteresis effects occur in such solids. This
differs from cracks in viscoelastic solids, which can propagate at
arbitrary low speed even when thermal bond-breaking effects at the
crack-tip are unimportant, but where the bulk is viscoelastic (which
require non-zero temperatures).15,17 Nevertheless, no opening crack
propagation is possible if the elastic energy released is smaller than
the critical crack-energy G00.

In the study in Secs. VI and VII, we have treated kB as an
entropic spring, which can be estimated using kB ≈ Eb, where E is the
elastic modulus and b ∼ 1 nm (see the Appendix A). For rubber-like
materials, this is a good approximation for high enough temperature
or low enough deformation rates, where the rubber is in the so called
“rubbery” region. However, the viscoelastic modulus E(ω, T) of rub-
ber increases strongly as the deformation frequency ω increases
and may be 103 (or more) higher in the high frequency “glassy”
region. This effect must be taken into account in a more general
theory for G0(v, T) even if developed on the same simple level as
in the present study. This generalization can be done in a similar
way as described in Ref. 67 for the frictional shear stress (see in the
following).

For viscoelastic materials, there will be a contribution to the
crack energy from viscoelastic energy dissipation in front of the
crack tip as described by the factor [1 + f(v, T)] in (1). This con-
tribution also depends on the crack-tip cutoff length a(v, T), and
for this reason, as discussed in Appendix C, the factors G0(v, T) and
f(v, T) in (1) are not independent of each other, i.e., the crack-tip
process zone contribution and the viscoelastic (bulk) contribution
to G(v, T) are not independent.

The picture underlying the theory for adhesive crack prop-
agation presented above is similar to the picture of the adhesive
contribution to sliding friction proposed by Schallamach68 and
shown in Fig. 20. During lateral motion of the rubber block, the
chain attaches (a), stretches (b), detaches (c), relaxes, and reattaches
to the surface to repeat the cycle. In reality, no “full” detachment
in the vertical direction is expected, but only a rearrangement of
molecule segments (in nanometer-sized domains) parallel to the
surface from pinned (commensurate-like) domains to depinned
(incommensurate-like) domains. The work of Schallamach was
extended to more realistic conditions by Chernyak and Leonov69

and by Persson and Volokitin.67 In Ref. 67, the full frequency-
dependent modulus E(ω, T)was used when calculating the frictional
shear stress.

FIG. 20. Classical description of a polymer chain at the rubber-block countersur-
face interface. During lateral motion of the rubber block, the chain attaches (a),
stretches (b), detaches (c), relaxes, and reattaches to the surface to repeat the
cycle. The picture is schematic, and in reality, no detachment in the vertical direc-
tion is expected, but only a rearrangement of molecule segments (in nanometer-
sized domains) parallel to the surface from pinned (commensurate-like) domains
to depinned (incommensurate-like) domains.

Support for the importance of the bonding–stretching–
debonding contribution to sliding friction was presented in
Refs. 70 and 71 (see also Ref. 72), where it was shown that
in addition to the viscoelastic deformations of the rubber sur-
face by the road asperities, there is an important contribution
to the rubber friction from shear processes in the area of con-
tact. Analysis showed that the latter contribution could result from
bonding–stretching–debonding cycles of the type shown in Fig. 20.
However, temperature dependency of the shear stress τf, for tem-
peratures above the rubber glass transition temperature Tg, was
found to be weaker than that of the bulk viscoelastic modulus. The
physical origin of this may relate to the rubber molecule segment
mobility at the sliding interface, which for rough surfaces may be
higher than in the bulk because of an increased free-volume effect
due to the short-wavelength surface roughness. This is consistent
with the often observed reduction in the glass transition tempera-
ture in nanometer-thick surface layers of glassy polymers. In Refs. 19
and 61, we argued that the opening crack propagation at the asperity
contact regions, on very rough surfaces such as road surfaces, may
not give an important contribution to the rubber friction in most
cases.

X. SUMMARY AND CONCLUSION
In this paper, I have studied the influence of temperature and

the crack-tip velocity of the bond breaking at the crack tip in rubber-
like materials. The bond breaking is considered as a stress-aided
thermally activated process, which results in an effective crack prop-
agation energy, which increases with decreasing temperature or
increasing crack-tip speed. The theory was developed for adhesive
cracks (crack propagation between an elastic solid and a counter
surface) but should also be valid for cohesive cracks if the only loss
process is bond breaking at the crack tip as in the Lake and Thomas
model of the crack tip process zone.

The model calculations show a very abrupt onset of non-
adiabatic effects with increasing crack-tip speed. Thus, for v < vc,
where for a typical case of weak adhesion vc ∼ 0.1 mm s−1, the
bond-breaking occurs adiabatically, where the adhesion molecules
fluctuate stochastically between the bonded and non-bonded state,
as in thermal equilibrium (liquid-like) dynamics. For v > vc, the
crack-energy increases rapidly and may be ∼103 bigger at high crack-
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tip speed than in the adiabatic limit. These results are in reasonable
agreement with the experimental data for silicone rubber bound to
silica glass surfaces.

For cohesive cracks, the velocity dependency of G0(v, T) for
v > vc is much weaker than for adhesive crack propagation, and
the adiabatic limit (v < vc) can never be reached on time or veloc-
ity scales involved in human activities. Hence, for cohesive cracks
in rubber-like materials, the viscoelastic factor [1 + f(v, T)] will
almost always dominate the velocity (and temperature) dependency
of the crack energy unless the experiments involve temperatures
much higher than the rubber glass transition temperature or so low
crack-tip speed that the rubber response is in the rubbery part of the
viscoelastic spectra.
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APPENDIX A: ESTIMATION OF THE SPRING
CONSTANT k B

In this section, we denote the spring constant kB by k in order
not to mix it up with the Boltzmann constant. There are different
ways of estimating the spring constant k relevant for adhesive frac-
ture. If a pressure p0 is applied to a circular area of radius R on an
elastic half space, it will displace the center of the surface with a dis-
tance u = F/k, where F = πR2p0 is the applied force and the spring
constant,

k = βRE, (A1)

where β is of order unity [typically between 1 and 2 depending on the
spatial variation of p0, with β = π/2(1 − ν2) if p0 is constant]. Using
R ≈ 0.75 nm and E ≈ 2 MPa (as for fully cross-linked PDMS), we get
k ≈ 0.003 N/m.

FIG. 21. Panel (a) and (b), adhesive fracture: a chain between a cross-link and a
bond to a substrate. The chain stretches before the bond to the substrate breaks.
The bond to the substrate is assumed weak and the relevant spring constant is the
entropic spring constant. Panels (c) and (d), cohesive fracture: a chain between
two crosslinks on the opposite sides of a fracture plane before the fracture. When
the cross-links separate at a crack tip, the chain stretches before the chain break
at any of the bonds along the chain. In this case, the separation force is so high
that the relevant spring constant corresponds to stretching of the covalent bonds
along the chain.

An alternative approach is to use the entropic spring constant
[see Figs. 21(a) and 21(b)] of a chain of length L. Here, a “chain”
denotes the part of a parent long-chain molecule lying between adja-
cent cross-links (see Fig. 2). A long-chain molecule acts as a spring in
tension, with the restoring force based on changes in entropy rather
than energy. This “entropic-spring” model has played a central role
in the molecular theory of rubber elasticity. From the simplest “freely
jointed chain model,”

k = 3kBT
Lb

, (A2)

where b is the length of a rigid (Kuhn) segment (monomer unit)
and L = Nb, where N is the number of Kuhn segments in the chain.
(Each Kuhn segment can be thought of as if they are freely jointed
with each other. Each segment in a freely jointed chain can randomly
orient in any direction without the influence of any forces, indepen-
dent of the directions taken by other segments.) For Sylgard 1:10
PDMS, the Kuhn length b ≈ 1 nm. Using N = 4 (or L = Nb = 4 nm)
at room temperature, this gives k ≈ 0.003 N/m.

Using Young’s modulus predicted by the freely jointed chain
model, one can show that the two expressions (A1) and (A2) are
essentially equivalent. The Young’s modulus,

E = 3kBT
Ld2 , (A3)

where d ≈ 0.5 nm is an effective diameter of the chain. Using this in
(A1) gives

k = 3βkBTR
Ld2 , (A4)

which equals (A2) if we choose βR = d2/b. Since b/d ≈ 2, this implies
that the diameter of the circular surface region, where the applied
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stress acts in the elastic continuum model in order to give the same
spring constant as obtained from the entropic spring model, is of
order of the effective diameter of the chain, which is what one would
intuitively expect.

The spring constant estimated above is relevant for break-
ing weak adhesive bonds. For breaking cohesive bonds, the chains
will stretch so strongly that the entropic elasticity is irrelevant [see
Figs. 21(c) and 21(d)]. In the theory of Lake and Thomas, it is
assumed that the chain to be broken is stretched so that each (chem-
ical) bond along the chain is close to the point of breaking the bond.
Thus, the energy stored in the chain with N∗ chain bonds at the
point where one bond break is N∗UA, where UA ≈ 3 eV is the bond
energy. If a chain is L = 10 nm and the distance between the bonds
∼0.1 nm, we get N∗ = 100 as a typical number for the number of
chain bonds. In this case, the crack energy (neglecting thermal acti-
vation) is obtained by multiplying N∗UA with the number of chains
per unit area crossing the fracture plane. Using this approach, Lake
and Thomas estimated the fracture energy G0 and found it to be
typically of the order 10 J/m2 or 100 eV/nm2, which is close to the
observed fracture energies for low crack-tip speeds.

APPENDIX B: ESTIMATION OF DENSITY
OF THE CHAIN CROSSING THE FRACTURE PLANE

The fracture energy of polymers depends on the number of
chains per unit area, c, crossing the fracture plane. Here, a “chain”
denotes the part of a parent long-chain molecule lying between adja-
cent cross-links (see Fig. 2). Lake and Thomas40 have estimated c,
and here, for the readers’ convenience, we give a slightly different
derivation.

The maximum length of a chain is L = Nb, where N is the num-
ber of Kuhn segments. Assuming that the fracture plane is at z = 0.
Any chain in the region −L < z < L has some probability to extend
across the fracture plane. If A is the surface area, the volume of the
slab −L < z < L is V = 2AL. If it contains n chain molecules, then
V = nLd2, where Ld2 is the volume of a chain molecule of length
L and effective (chain) diameter d. Using V = 2AL = nLd2, the num-
ber of chains per unit surface area in the region −L < z < L is n/A
= 2/d2 Of these chains, only a fraction p will cross the fracture plane.
Thus, the concentration of chains crossing the fracture plane is

c = 2p
d2 . (B1)

For a Gaussian chain, the probability that it has the end-to-end
length r is

P(r) = 4πr2(α
π
)

3/2
e−αr2

,

where

α = 3
2Nb2 . (B2)

This probability distribution is normalized so that

∫
∞

0
dr P(r) = 1.

Of all chains of length r, only those at a distance h < r from the
fracture plane has a chance to cross the fracture plane. A chain of

FIG. 22. Polymer with the end-to-end separation r and with one end point a dis-
tance h from the fracture plane has the probability 2πrh/4πr2

= h/2r to cross the
fracture plane.

length r can have any angular orientation of the end-to-end vector
so the probability that a chain of length r with one end point at a dis-
tance h from the fracture plane will cross the fracture plane is given
by the area ratio A(h)/A0, where A0 = 4πr2 and A(h) = 2πrh (see
Fig. 22). Thus, A(h)/A0 = h/2r and the probability that an arbitrary
chosen chain will cross the surface z = 0 is

p = 1
L∫

L

0
dh∫

∞

0
dr P(r)θ(r − h) h

2r
= 1

2L(πα)1/2 .

Using (B1) and (B2), this gives

c = ( 2
3π
)

1/2 1
d2√N

.

APPENDIX C: CRACK PROPAGATION INCLUDING
THE VISCOELASTIC DISSIPATION CONTRIBUTION

For viscoelastic materials, there will be a contribution to the
crack energy from viscoelastic energy dissipation in front of the
crack tip, as described by the factor [1 + f(v, T)] in (1). This con-
tribution also depends on the crack tip cutoff length a(v, T), and
for this reason, the terms G0(v, T) and [1 + f(v, T)] in (1) are not
independent of each other.

In Ref. 17, it was shown that the crack energy, including the
viscoelastic (bulk) contribution, is given by

G = G0(v, T) + E0G
2
π∫

1

0
dξ

1
ξ
(1 − ξ2)1/2

Im
1

E(2πξv/a)
or

G = G0(v, T)
1 − E0(2/π)∫ 1

0 dξ ξ−1(1 − ξ2)1/2
ImE−1(2πξv/a)

, (C1)

where G0(v, T) is given by (39) and (40),

G0(v, T) = F2
c

2Kb2∫
1

0
dξ P(ξ),
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P(ξ) = a
v∫

ξ

0
dξ′

κ1(ξ′)
[ξ′]2

exp(− a
v∫

ξ

ξ′
dξ′′

κ(ξ′′)
[ξ′′]2

).

Equation (C1) together with (29),

G = a
a0

G00,

constitutes two equations for two unknown variables, G and a. It
should be noted that since both the nominator and the denom-
inator in (C1) depends on the cutoff length a, the process-zone
factor G0(v, T) and viscoelastic factor [1 + f(v, T)] in (1) are not
independent of each other as usually assumed.

In the limit v →∞, the denominator in (C1) becomes E0/E∞,
where E∞ = E(ω =∞) is the high frequency modulus. This is easily
proved by changing integration variable to ω = 2πξv/a and using the
Kramers–Kronig relation,

1
E0
− 1

E∞
= 2

π∫
∞

0
dω

1
ω

Im
1

E(ω) ,

and the fact that a(v) increases slower with v than linear so that
v/a→∞ as v →∞. Thus, from (C1) we get as v →∞,

G(v, T)→ G0(∞, T)E∞
E0

.

It should be noted that in this equation, G0(∞, T) occurs rather than
G0(0, T), which can be understood as follows.19,20

Consider a crack in a rectangular slab with clamped upper and
lower surfaces (see Fig. 3). The elastic energy stored in a segment
Δx far in front of the crack is U0ΔV , where ΔV = Δxh0w is the vol-
ume of the segment and U0 = σ2

0/2E0 is the energy density per unit
volume (σ0 is the applied stress). If the crack moves very slowly, the
elastic energy in ΔV will vanish when the crack has moved far ahead
of it, so the full energy U0ΔV has been used to break the bonds
at the crack tip, which gives U0ΔV = G0(0, T)Δx. Since there is no
viscoelastic energy dissipation in this case,

G(0, T) = G0(0, T) = U0
ΔV
Δx

. (C2)

Now, consider a very fast moving crack. In this case, the solid
will respond with its high frequency modulus as the crack-tip pass
the segment Δx so the drop in the stored elastic energy will be
U∞ΔV , where

U∞ =
σ2

0

2E∞
= E0

E∞
U0. (C3)

As v →∞, the remaining energy (U0 −U∞)ΔV will be dissipated
via viscoelastic relaxation when the crack tip is far in front of the
volume element and can, therefore, not be used to break the bonds
at the crack tip.20 (For a solid of finite length, the crack my even split
the solid into two parts before the viscoelastic relaxation transfer the
remaining stored elastic energy into heat.19) Hence, for a fast moving
crack,

U∞ΔV = G0(∞, T)Δx. (C4)

Since the crack propagation energy is determined by the elas-
tic energy stored far in front of the crack tip, and in particular,

G(∞, T)Δx = U0ΔV , using (C3) and (C4), we get G(∞, T)
= (E∞/E0)G0(∞, T).

In the treatment above, we have assumed that the effective
spring constant K is a constant, which is likely to a good approxima-
tion for cohesive cracks but is unlikely to be a valid approximation
for adhesive cracks if the viscoelastic factor [1 + f] is important.
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