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Brownian friction dynamics: Fluctuations in sliding distance
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We have studied the fluctuation (noise) in the position of sliding blocks under constant driving forces on
different substrate surfaces. The experimental data are complemented by simulations using a simple spring-block
model where the asperity contact regions are modeled by miniblocks connected to the big block by viscoelastic
springs. The miniblocks experience forces that fluctuate randomly with the lateral position, simulating the
interaction between asperities on the block and the substrate. The theoretical model provides displacement power
spectra that agree well with the experimental results.
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Introduction. Studies of fluctuations in the position of par-
ticles, or in particle densities, are one of the most powerful
methods to gain insight into the nature of particle systems.
One of the first such studies was by Brown (1827), who used
a microscope to observe the motion of pollen grains in water.
The phenomenon, later analyzed by Einstein [1], provided
convincing evidence for the existence of atoms and molecules.

In this paper, we will investigate fluctuations in systems
out of equilibrium, specifically in the position of a solid block
sliding on a nominally flat surface under a constant driving
force. We employ both experiments and simulations to ex-
amine this scenario. In this setup, the center of mass of the
block moves with an average velocity v, but its actual position
fluctuates around vt , i.e., the sliding distance is expressed
as s = vt + ξ (t ), where ξ (t ) is a random variable with the
time (or ensemble) average 〈ξ 〉 = 0, akin to the fluctuations
observed in Brownian motion. From the obtained ξ (t ), we
calculate the power spectra.

The surfaces of all solids exhibit surface roughness extend-
ing over many decades in length scale [2–4]. When two solids
are brought into contact, they generally touch only a small
fraction of the nominal contact area, whereas asperities make
contact [5–11]. During sliding, asperity contact regions may
undergo stick-slip motion, which may be correlated due to
elastic coupling between different regions [12–16]. The fluc-
tuation ξ (t ) in the sliding distance arises from the stick-slip
motion of the asperities, which is influenced by the nearly
random nature of surface roughness.

Fluctuation (noise) in frictional sliding has been studied
previously using two different methods. One method involves
driving the slider at a constant speed and analyzing fluctu-
ations in the driving force. However, accurately measuring
these forces is challenging, making this method suitable only
for systems with relatively large force fluctuations. In this
study, we consider the case where the driving force is con-
stant and study the fluctuations in the lateral position of the
block. Distances can be measured accurately using various
methods, with one extreme example being the laser displace-
ment sensors used for studying gravitational waves, capable of

measuring changes in distances down to ∼10−4 of the width
of a proton [17]. A second method involves detecting and
analyzing the sound waves emitted from the sliding junction
[18,19]. However, correlating the sound wave frequency spec-
tra to the motion of the block or the friction force acting on the
block is not straightforward.

In this study, we use rubber blocks loaded with a constant
normal force, sliding on different surfaces under a constant
driving force. The substrates used are a (rough) concrete block
and a (smooth) window glass surface. Since the glass surface
is very smooth, a rubber asperity that contacts the glass sur-
face at time t = 0 will remain in contact with the glass for all
times t > 0. In contrast, the concrete surface, which is rougher
than the rubber surface, causes the contact regions between
the rubber and the concrete to change over time. Despite this
qualitative difference, we find that for a given velocity v,
the ξ (t ) power spectra are very similar but shifted along the
frequency axis depending on the average sliding speed.

This study may have implications for earthquake dynamics
[20,21]. The phenomenological approach to earthquake dy-
namics uses rate-and-state friction models, which have their
microscopic origin in the formation and breaking of asperity
contact regions [21,22]. The formation and breaking of as-
perity contact regions are also important in sliding electric
contacts (e.g., in electric contact systems for trains) [23–25]
and acoustic (acoustical noise) applications [18,19,26]. An-
other related application is the dynamics of sand piles as a
function of the tilt angle, which exhibits power-law power
spectra [27].

Simulation model and results. We consider the simple
model shown in Fig. 1, which is similar to the Burridge
and Knopoff model used in earthquake modeling [20,28].
This model assumes no wear but only elastic deformation.
Figure 1(a) shows a block sliding on a randomly rough
substrate, interacting with the substrate in N asperity con-
tact regions. The asperities experience randomly fluctuating
forces from the substrate. We replace the model in (a) with
the model in (b) where a big block (mass M) is connected
to N miniblocks with viscoelastic springs (spring constant
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FIG. 1. A block-spring model. (a) The sliding block interacts
with the substrate in N asperity contact regions randomly distributed
at the interface. The asperities experience randomly fluctuating
forces from the substrate. (b) The model in (a) is replaced by a big
block (mass M) connected to N miniblocks with viscoelastic springs
(spring constant k0 and damping η0). The miniblocks are coupled
viscoelastically (spring constant k1 and damping η1) and experience
randomly fluctuating (in time and space) forces from the substrate.

k0 and damping η0). The miniblocks are coupled to nearby
miniblocks viscoelastically (spring constant k1 and damping
η1) and experience randomly fluctuating (in time and space)
forces from the substrate.

Surfaces of solids have roughness (asperities) on many
length scales and big asperities are covered by smaller as-
perities, which could be represented as smaller microblocks
attached to the miniblocks. In the simulation model under
study, only the big block and miniblocks are included. In
general, the microblocks will result in higher frequency fluc-
tuations in the force acting on the big block, which cannot
be probed with the resolution of the distance sensor used in
our study, but which must be included in the theory if the
fluctuations in the sliding distance could be detected at much
higher distance resolution.

Let x(t ) be the position of the large block and xi(t ) the
positions of the miniblocks (i = 1, ..., N). The velocity of the
large block is ẋ = dx/dt . The equation of motion for the large
block is

Mẍ = Fdrive + F, (1)

where F is the force from the miniblocks

F = −k0

∑
i

(x − xi ) − mη0

∑
i

(ẋ − ẋi ).

The miniblocks obey the equations of motion

mẍi = k1(xi+1 + xi−1 − 2xi ) + k0(x − xi )

− mη1ẋi − mη0(ẋi − ẋ) − fkin − fi.

Here, fi(t ) are randomly fluctuating forces with a time
average 〈 fi〉 = 0, and fkin is the time-averaged kinetic friction
force acting on each miniblock. We assume that fi(t ) changes
randomly with the sliding distance at an average rate denoted
as 1/a. If the large block moves from x to x + a during
the time period �t , the force on a miniblock (coordinate xi)
changes randomly between t and t + �t from its old value to

fi = α fkin(ri − 0.5),

where ri is a random number uniformly distributed between 0
and 1, and α is a parameter expected to be of order 1. These
random fluctuations in fi are interpreted as resulting from
changes in the contact between the asperities on the block and

the substrate. We define the position power spectrum as

Cx(ω) = 1

2π

∫ ∞

−∞
dt 〈ξ (t )ξ (0)〉eiωt .

If F (ω) and ξ (ω) denote the Fourier transforms of F (t ) and
ξ (t ) from (1) it follows that F (ω) ∼ ω2ξ (ω), so the power
spectrum for the fluctuation in the friction force CF (ω) ∼
ω4Cx(ω).

In the simulations presented below, we assume Fdrive =
10 N and Fkin = N fkin = 5 N, where N is the total number
of miniblocks. The spring constant k0 ≈ ED, where D is the
diameter of an asperity contact region. Using a rubber slider
with E ≈ 107 Pa and assuming a typical diameter D ≈ 1 mm,
we get k0 = 104 N/m. The mass of the large block is M =
1 kg and the mass of a miniblock is assumed to be a few times
ρD3 ≈ 10−6 kg; we use m = 10−5 kg. The lateral coupling
between the miniblocks depends on the separation between
macroasperity contact regions. Assuming a separation of or-
der D, we get k1 ≈ k0, but as the separation is likely larger, we
take k1 = 102 N/m. However, simulations show that displace-
ment power spectra are nearly the same for all 0 < k1 < k0,
so the exact value of k1 is not critical for this study. The
damping η0 is chosen such that the vibrational motion of
a contact region, if free, would be nearly overdamped, giv-
ing η0 ≈ √

(k0/m); we use η0 = 0.8 × 104 s−1. The damping
η1 determines the increase in friction force with increasing
sliding speed. We compare the theory to experimental data
obtained for an average speed of v = 0.5 mm/s, choosing
η1 so that the friction force equals Fdrive at this speed. The
sliding distance needed to renew the contact regions is set
to D, so a = 1 mm. The parameters above with α = 1 and
N = 30 are used as the “standard” or “reference” case. When
parameters differ from this case, we will specify only the
differing parameters.

The microblocks correspond to asperity contact regions
at length scales smaller than that of the miniblocks, and are
not included in our study. These microblocks correspond to
contact regions of linear size d , with resonance frequencies
proportional to ∼(k/m)1/2, where the spring constant k ∼ d
and mass m ∼ d3. This results in a resonance frequency ω ∼
1/d , which increases as the contact region size decreases.
Therefore, with a higher resolution in distance measurement,
one could probe friction dynamics at frequencies high enough
that a model containing only two length scales (big block and
miniblocks) might not adequately capture the high-frequency
portion of the power spectra.

The average frequency of fluctuations of the (random)
force fi is v/a. For a = 1 mm and v = 0.5 mm/s, this
frequency is 0.5 s−1. Another important frequency is the vi-
bration frequency of the large block with miniblocks in fixed
positions relative to the substrate, given by ωc = √

(Nk0/M ),
which equals 548 s−1 using our standard parameters (N = 30,
k0 = 104 N/m, and M = 1 kg). From the equation above one
can show that for v/a � ω � ωc, we get [29]

Cx(ω) ≈ α2

ω4

v3

12πNa
. (2)

Figure 2 shows the sliding distance power spectrum Cx(ω)
as a function of frequency. The violet curve represents Cx(ω)
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FIG. 2. The sliding distance power spectrum Cx (ω) as a func-
tion of the frequency. The reference case is for N = 30 miniblocks
and v = 0.5 mm/s, and with a = 1 mm, Fdrive = 10 N, Fkin = 5 N,
M = 1 kg, m = 10−5 kg, k0 = 104 Nm, k1 = 102 Nm, and η0 =
0.25

√
(k1/m1). The other cases are the same as the reference case

but with v = 5 mm/s (green curve), a = 0.1 mm (red curve), and
N = 100 miniblocks (yellow curve).

for the “reference case” with N = 30 miniblocks and v =
0.5 mm/s, using the parameters described above and in the
figure caption. The other curves are for v = 5 mm/s (green
curve), a = 0.1 mm (red curve), and N = 100 miniblocks
(yellow curve). Note that in all cases, there is a large frequency
range where Cx(ω) ∼ ω−4. Note also that when the sliding
speed increases, the power spectrum shifts to higher frequen-
cies. With the increasing sliding speed, the rate of asperity
slip or other asperity rearrangements increases, resulting in a
shift in the power spectrum along the frequency axis to higher
frequencies.

Figure 3 shows the sliding distance power spectrum Cx(ω)
as a function of the frequency for several values of the
friction noise-strength parameter α = 0.1, 0.5, and 1. The

FIG. 3. The sliding distance power spectrum Cx (ω) as a function
of the frequency. The results are for 30 miniblocks for several val-
ues of the friction noise parameter α = 0.1, 0.5, and 1. The other
parameters are the same as for the reference case (see Fig. 2).

FIG. 4. A simple friction slider (schematic) measures the sliding
distance x(t ) via a displacement sensor.

other parameters are the same as for the reference case
(see Fig. 2). The power spectra for ω < ωc exhibit the scal-
ing with a, N , v, and α as expected from the analytical
result (2).

In Figs. 2 and 3, the sharp peak at log10ω ≈ 2.7 or ω ≈
500 s−1 is due to the big block vibrating against the sub-
strate with the miniblocks at fixed positions. This resonance
frequency is given by ωc = √

(Nk0/M ). Using k0 = 104 Nm,
M = 1 kg, and N = 30 gives ωc = 548 s−1 in good agree-
ment with the simulation results. For N = 100, one gets ωc =
1000 s−1 which also agrees with the simulations (see Fig. 2).

The broader peak starting at log10ω ≈ 4.6 or ω ≈ 4 ×
104 s−1 is due to a band of vibrations of the miniblocks against
the substrate and the block. The resonance frequency of a
single miniblock without friction is

√
(k0/m) ≈ 3 × 104 s−1,

but the miniblocks are coupled and experience friction toward
the substrate and the block which influence and broaden the
resonance.

The origin of the low-frequency ω−4 dependency of Cx(ω),
which holds for ω < ωc, can be understood as follows. A
ω−4 dependency of Cx implies that the friction force power
spectrum CF (ω) ∼ ω4Cx(ω) is independent of ω. This is
expected if the fluctuations in the friction force can be de-
scribed as short, uncorrelated impulses over time, which is
the expected result on long-time scales (corresponding to low
frequencies).

The theory predicts (see Figs. 2 and 3) that for higher
frequencies than we can currently probe with our instrument,
one should be able to gain more detailed information about
the asperity dynamics at the sliding interface.

Experiments and comparison with theory. The experimen-
tal data were obtained using the setup shown in Fig. 4. The
slider consists of two rubber blocks glued to a wood plate,
with one block positioned at the front and the other at the
back. The nominal contact area is A0 ≈ 10 cm2. The normal
force FN is determined by the total mass M of lead blocks
placed on top of the wood plate. Similarly, the driving force
is determined by the total mass M ′ of lead blocks and the
container (the mass of the ropes is neglected).

The sliding distance x(t ) as a function of time t is measured
using a Sony DK50NR5 displacement sensor with a resolution
of 0.5 µm. This simple friction slider setup can also be used
to calculate the friction coefficient μ = M ′/M as a function of
sliding velocity and nominal contact pressure p = Mg/A0.
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FIG. 5. The sliding distance power spectrum Cx (ω) as a function
of the frequency for rubber blocks (compound A) sliding on (a) a
rough concrete block and (b) a smooth silica glass plate, at different
sliding speeds indicated.

We have measured the sliding distance x(t ) for rubber
blocks sliding on a concrete block and on a (smooth) silica
glass surface using different normal loads and driving forces.

Figure 5 shows the sliding distance power spectrum Cx(ω)
as a function of frequency for a rubber block sliding on
(i) the concrete block and (ii) the silica glass plate at different
sliding speeds, as indicated. Note that the slope of the curves
for the concrete surface is about −4, so the low-frequency
power spectra are approximately proportional to ω−4. For
the glass surface at high sliding speeds, the power spectrum
displacement exponent is approximately −4.75, while at low
sliding speeds, it is the same as for the concrete surface.
Additional measurements on the smooth glass surface using
another rubber compound (compound B, result not shown)
revealed a displacement exponent of approximately −5, corre-
sponding to the friction force power spectrum CF (ω) ∼ ω−1.
This indicates that different interfacial processes may occur on
the glass surface compared to the concrete surface, possibly
related to the influence of contamination or rubber wear parti-
cles on the sliding motion. Thus, wear particles may undergo
irregular motion resulting from trap-and-release (or break-
loose) processes with variable rates depending on the surface
roughness, which could result in fluctuations in the force with
a ω−1 frequency dependency. This is similar to Schottky’s
original explanation of ω−1 noise in vacuum tubes, where he

FIG. 6. The sliding distance power spectrum Cx (ω) as a function
of the frequency. The experimental result is for a rubber block sliding
on a concrete surface, the theory result is for the reference case with
N = 30 miniblocks and for v = 0.5 mm/s, a = 1 mm, and α = 0.4.

postulated that charge carriers get trapped in capture sites and
released at variable rates [30–32]. A similar contribution may
occur from contamination particles (dust particles), which are
always present on surfaces in the normal atmosphere.

In previous studies, we examined the sliding friction of
rubber on various surfaces and observed that rubber sliding
on smooth surfaces like glass is considerably more sensitive to
wear particles and contamination than on rough surfaces like
concrete. On rough surfaces, wear particles can accumulate
in surface cavities without significantly affecting friction. In
the current study with rubber compound A, minimal wear
was observed on both concrete and glass surfaces. However,
for rubber-glass contact, mobile components of the rubber,
such as wax, can transfer to the glass surface, substantially
influencing friction dynamics. This heightened sensitivity on
glass arises because, unlike rough surfaces, rubber and glass
surfaces are generally in atomic contact or separated by very
narrow gaps. Thus, any third body, such as wax, dust or
wear particles, at the interface remains a longer time between
the rubber and glass, exerting a greater influence on sliding
dynamics than on concrete. This mechanism may account for
the observed displacement power spectrum exponent of −4,
rather than the −5 seen in some cases. However, the effect
of the surface roughness power spectrum of the substrate (or
rubber) on sliding distance noise has not yet been explored in
detail.

Figure 6 shows the sliding distance power spectrum Cx(ω)
as a function of frequency for a sliding speed of v =
0.5 mm/s. The experimental result is for a rubber block
sliding on a concrete surface. The theoretical results (green
and gray curves) are for the reference case with N = 30
miniblocks, v = 0.5 mm/s, a = 1 mm, and α = 0.4. Note that
the experimental data exhibit the same ∼ω−4 scaling as the
theoretical curve.

In the simulation, a high-frequency roll-off region occurs
due to the damped motion of the miniblocks. No such region
is observed in the experiments, but this may be due to the
limit in the frequency region we can probe with the present
experimental setup.
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In an earlier study, the fluctuation in the friction force
for metal-metal contacts was measured using a pin-on-disk
setup (pin from aluminum and steel disk) [33]. The sliding
speed was constant at v = 1 cm/s, and the friction force
was studied as a function of time. The force power spectra
exhibited approximately a ∼ω−1 frequency dependency in a
low-frequency interval, differing from our result for concrete
where the position coordinates fluctuate with a ∼ω−4 power
spectrum and the force [which is proportional to ω4Cx(ω)]
with a ∼ω0 power spectrum. However, the authors in Ref. [33]
attributed the friction force fluctuations to wear particles.
When the wear particles were removed, the force power
spectrum became close to ∼ω0, consistent with our findings.
Additional tests using another rubber compound (compound
B, result not shown) showed a ∼ω−5 displacement power
spectrum and a ∼ω−1 force power spectrum which we believe
is due to surface contamination or wear, also aligning with the
conclusions of the study in Ref. [33].

Conclusions and outlook. During the sliding of a solid
block on a substrate, asperity contact regions form and dis-
appear in a nearly random manner. Even if the time-averaged
friction force remains constant during constant speed slid-
ing, the friction force will exhibit fluctuations around its
time-averaged value. Consequently, if the applied driving
force is constant, the sliding velocity will fluctuate around its
time-averaged value. We have experimentally studied these
fluctuations for rubber blocks sliding on concrete and glass
surfaces. For sliding on concrete the power spectrum of the
fluctuations in the position of the sliding block exhibits a ω−4

frequency dependency. We can reproduce this ω−4 frequency
dependency using a simple block-spring model where the −4
exponent arises from random short-time force fluctuations
attributed to the forming and breaking of asperity contact
regions.

All the parameters used in the model calculations have
been estimated based on a physical argument and, in fact,
the theory curve, which is compared to the experimental data
in Fig. 6, was obtained before the experimental results were
obtained. In other figures, we show how the result depends on
(some of) the parameters in the theory.

For sliding on smooth glass surfaces the displacement ex-
ponent is either −4 or close to −5 depending on the rubber
compound and the experimental conditions. A displacement
exponent −5 corresponds to an exponent −1 for the power
spectrum of the fluctuations in the friction force, i.e., to 1/ f

noise. We associate these fluctuations in the friction force to
wear particles and contamination films (e.g., dust particles) at
the sliding interfaces. Thus, wear particles may exhibit irreg-
ular motion due to trap-and-release (or break-loose) processes
with varying rates, similar to Schottky’s original explanation
for 1/ f noise in vacuum tubes, where the noise was proposed
to arise from charge carriers being trapped and released at
variable rates. However, because 1/ f noise appears across
diverse physical systems, a more general explanation for its
prevalence in frictional systems may exist. In general, the
origin of 1/ f noise remains a fundamental, longstanding
question without a broad consensus.

In many sliding systems, friction is due to elastic insta-
bilities which are damped due to the emission of phonons.
In our model, the phonon spectra do not explicitly enter the
equations, although phonon emission might be the origin
of the damping parameter η in the equations of motion for
the miniblocks, at least for nonrubber materials with low
internal dissipation (no viscoelasticity). The phonon spectra
could gain importance if sliding distance noise were resolved
with high precision, particularly for much smaller systems,
such as micro or nanoparticles. In these cases, atomic force
microscopy (AFM) could be used to move particles while
measuring both force and displacement over time, potentially
offering insights into single asperity or limited length-scale
interactions. However, our primary interest is to understand
friction dynamics in macroscopic systems with a wide range
of length scales, relevant to phenomena such as earthquake
dynamics.

We plan to measure the sliding distance with a displace-
ment sensor that has a much higher resolution. This would
allow us to probe the block position at much higher fre-
quencies than is possible with our current instrument. With
such a setup, it could also be possible to obtain information
about the onset of sliding, involving the transition from static
friction to kinetic friction, which is of great interest for earth-
quake dynamics. To model this, it may be necessary to extend
the model to include the hierarchical nature of real surface
roughness, with smaller asperities on top of larger asperities.
We plan to study this using a hierarchical distribution of
sliding blocks, with smaller blocks attached to larger blocks,
and so on.
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