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Abstract
We consider an inverse shape problem for recovering an unknown simply supported obstacle
in two dimensions from near–field point–sourcemeasurements for the biharmonic Helmholtz
equation. The measured data consist of the scattered field and its Laplacian on a closed mea-
surement curve surrounding the obstacle.By exploiting anoperator splitting of the biharmonic
operator, we decouple the scattered field into propagating and evanescent components. This
decoupling allows us to reformulate themeasured data in terms of an acoustic near–field oper-
ator for a sound–soft scatterer. Since the acoustic near–field operator does not directly admit
the symmetric factorization required by the factorization method, we introduce a far–field
transformation (defined independently of the obstacle) that augments the near–field operator
into a far–field operator with a symmetric factorization. This yields a rigorous factorization
method characterization of the obstacle and leads to a practical reconstruction algorithm
based on spectral data of the transformed operator. Finally, we present numerical experi-
ments with synthetic data that demonstrate stable reconstructions under noise and illustrate
the role of regularization, including a variant that uses only the scattered field data.
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1 Introduction

In this paper, we consider the inverse shape problem of recovering a simply supported obsta-
cle in a thin elastic plate from measured near–field data. This two–dimensional scattering
problem concerns a biharmonic Helmholtz equation coupled with simply supported bound-
ary conditions. We develop a factorization method for reconstructing the unknown obstacle
from near–field measurements generated by a point–source incident field. The factoriza-
tion method is one of many well–known qualitative methods. Qualitative inversion methods
are non–iterative imaging techniques used to reconstruct the shape, size, and location of an
unknown scatterer directly from the measured data. This is done by evaluating an imaging
functional derived from the scattering data, without solving a full optimization problem for
the boundary. The problemwe consider here corresponds to the scattering of flexural waves in
thin elastic plates, which is commonly modeled by the biharmonic Helmholtz equation. This
model has applications ranging from nondestructive testing to structural health monitoring
[12–15]. For our flexural wave scattering problem, we assume that the scatterer is simply
supported with Poisson ratio (defined by the thickness and frequency, see, e.g., [3]) equal
to one. This corresponds to the time–harmonic out–of–plane displacement field satisfying a
fourth–order partial differential equation.Here, the presence of an unknown simply supported
obstacle, denoted by a bounded open set D ⊂ R

2, leads to a measurable scattered field that
we can use to reconstruct the region D. Recovering an unknown scatterer from near–field
measurements has been studied for many acoustic scattering problems, e.g., in [19, 25, 26,
34, 35]. Also, for some recent work on applying the factorization method to elastic scatterers,
see, e.g., [31, 32].

The approach we propose is based on the factorization method (see the monograph [28]),
which provides a rigorous characterization of the obstacle in terms of spectral data of an
associated compact operator. Indeed, the factorization method allows one to connect the
unknown obstacle with the range of the data operator. Therefore, the inversion algorithm only
requires determining whether a given function depending on a ‘sampling point’ z ∈ R

2 is in
the range of the measured data operator. Since our measurements are collected in the near–
field generated by point sources, two difficulties arise: (i) the biharmonic scattering problem
is fourth order with little or no literature on extending the factorization method to this model,
and (ii) the associated near–field operator does not directly yield the symmetric factorization
requiredby the factorizationmethod.Our analysis relies on anoperator splitting of the forward
problem, which decouples the biharmonic equation into a Helmholtz equation and amodified
Helmholtz equation. This allows us to reformulate themeasured data to correspond to acoustic
near–field data for a sound–soft scatterer. With this, following the far–field transformation
ideas in [19], we introduce explicit bounded operators (defined independently of the scatterer
D) that augment the biharmonic near–field operator into the associated far–field operator for
a sound–soft acoustic scatterer, to which the results in [28] can be applied.

The main contributions of this paper are as follows. We establish well–posedness of the
simply supported biharmonic scattering problem, where the incident field is assumed to
be a point source, by exploiting the decoupling of the scattered field into propagating and
evanescent parts. This is similar to studying scattering in awaveguide.With this,we can derive
a far–field transformation for the biharmonic near–field operator associated with our problem
that yields a symmetric factorization. This will then provide a rigorous factorization method
for our biharmonic inverse scattering problem. To the best of our knowledge, this is the first
time the factorization method has been applied to an inverse flexural wave scattering problem
with near–field measurements. In [8] the factorization method was applied to a penetrable
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scatterer using far–field measurements and in [5, 22, 23] other qualitative inversion methods
were applied to a clamped obstacle.

The paper is organized as follows. In Sect. 2, we formulate the direct scattering problem
and provewell–posedness. Next, we study the inverse shape problem, introduce the near–field
operator, and derive the far–field transformation leading to the factorization method given in
Sect. 3. In Sect. 4, we describe the numerical implementation and provide reconstructions.
Here we provide a detailed numerical study of the inversion algorithm studied in the previous
section. We conclude in Sect. 5, where we discuss our numerical findings as well as other
possible areas to explore for this problem.

2 The Direct Scattering Problem

In this section, we introduce the direct scattering problem under consideration and discuss
the well–posedness. Here, we will show well–posedness for the biharmonic scattering of a
simply supported obstacle by a point source incident wave.With this in mind, we assume that
the simply supported obstacle is modeled as a bounded domain D ⊂ R

2 with a C2–smooth
boundary ∂ D. To illuminate the obstacle, we assume that an incident point source is used,
which we denote as

uinc(· , y) = G(· , y), where y ∈ � such that D ⊂ Int(�)

for some smooth closed curve �. Here, � is the measurement curve where the sources and
receivers are assumed to be placed. For our problem, the incident point source is given by

G(x, y) = − i

8k2

[
H (1)
0 (k|x − y|) − H (1)

0 (ik|x − y|)
]

for x �= y (2.1)

with H (1)
0 being defined as the Hankel function of the first kind of order zero and k > 0 is

the wave number. Notice that G(· , y) satisfies

�2
G(· , y) − k4G(· , y) = −δ(· − y) in R

2

along with the radiation conditions

lim
r→∞

√
r
(
∂rG(x, y) − ikG(x, y)

) = 0 and lim
r→∞

√
r
(
∂r�G(x, y) − ik�G(x, y)

) = 0

with r = |x |. The above limits are assumed to hold uniformly for x̂ = x/|x | and y ∈ �.
This gives that G(· , y) is the radiating fundamental solution to the biharmonic Helmholtz
operator (�2 − k4) in R

2. Note that by (2.1) we have that G(x, y) is C∞–smooth for all
x �= y in R

2.
With our simply supported obstacle assumption, we have that the total displacement

field and its Laplacian have zero trace on the boundary ∂ D. This would imply that the
corresponding scattered field uscat(x, y) for x ∈ R

2 \ D and y ∈ � satisfies the biharmonic
scattering problem for a fixed wave number k > 0, given by

�2uscat − k4uscat = 0 in R
2 \ D, (2.2)

uscat = −uinc and �uscat = −�uinc on ∂ D. (2.3)

We let the derivatives in (2.2)–(2.3) be with respect to the variable x . To close the system,
the scattered field uscat satisfies the radiation conditions (see, e.g., [9, 10])

lim
r→∞

√
r(∂r uscat − ikuscat) = 0 and lim

r→∞
√

r(∂r�uscat − ik�uscat) = 0 (2.4)
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which is assumed to hold uniformly in x̂ = x/|x |. We will show that there is a unique
scattered field uscat(· , y) ∈ H2

loc(R
2 \ D) that satisfies the scattering problem (2.2)–(2.4) for

any y ∈ �.
The direct problem studied here is similar to those studied in [4, 40]. Here, our analysis of

well–posedness is significantly different and will aid in our study of the inverse problem. We
also note that this reduces the regularity of the boundary to C2 from C3,α , which is needed
in [40]. To this end, we show that the direct problem (2.2)–(2.4) can be decoupled into
two second–order boundary value problems. Indeed, it is common to express the scattered
field uscat in terms of two auxiliary functions denoted upr and uev that are defined by the
expressions

upr = − 1

2k2
(
�uscat − k2uscat) and uev = 1

2k2
(
�uscat + k2uscat). (2.5)

This would imply that
uscat = upr + uev

just as in [22] as well as other works. Here, as in other works, we have that upr is the
propagating part of the scattered field whereas uev is the evanescent part of the scattered
field.

Using the splitting of the biharmonic Helmholtz operator

�2 − k4 = (� − k2)(� + k2) = (� + k2)(� − k2)

one obtains that upr satisfies the Helmholtz equation and uev satisfies the modified Helmholtz
equation, i.e., with wave number ik. Now, we let the simply supported boundary condition
(2.3) be given by

uscat = f and �uscat = g on ∂ D

for some given f and g ∈ H3/2(∂ D). By the above decomposition we have that equation
(2.3) becomes

upr + uev = f and − k2upr + k2uev = g on ∂ D.

Here, we have used the fact that

�(upr + uev) = −k2upr + k2uev in R
2 \ D

and then solved for upr and uev in the boundary condition.With this, we see that the scattering
problem (2.2)–(2.4) decouples to

�upr + k2upr = 0 in R
2 \ D with upr = k2 f − g

2k2
on ∂ D (2.6)

and

�uev − k2uev = 0 in R
2 \ D with uev = k2 f + g

2k2
on ∂ D (2.7)

along with the radiation conditions

lim
r→∞

√
r(∂r upr − ikupr) = 0 and lim

r→∞
√

r(∂r uev − ikuev) = 0. (2.8)

It is known that uev and ∂r uev decay exponentially as r → ∞ (see, e.g., [16, 22]).
Since we have a decoupled system of boundary value problems for upr and uev given in

(2.6)–(2.8) we can now prove well–posedness of (2.2)–(2.4). Indeed, we first show unique-
ness, so assume that uscat satisfies (2.2)–(2.4) with uinc replaced by zero. This would imply
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that f = g = 0 in (2.7). It is clear from the analysis in [6, Chapter 5] that this would imply
that upr = uev = 0 inR2\ D which implies that (2.2)–(2.4) would admit at most one solution.

Now we prove existence of the solution to (2.2)–(2.4) and the stability estimate. To this
end, by again appealing to [6, Chapter 5] we have that

‖upr‖H1(B3R\D) ≤ C
{‖ f ‖H3/2(∂ D) + ‖g‖H3/2(∂ D)

}

and
‖uev‖H1(B3R\D) ≤ C

{‖ f ‖H3/2(∂ D) + ‖g‖H3/2(∂ D)

}

where BR is the disk centered at the origin of radius R > 0 such that D ⊂ BR . To obtain
the stability estimate, we notice that by elliptic regularity (see, e.g., [38, Section 8.6]) we
have that upr and uev are in H2

loc(R
2 \ D) since we have assumed that f and g ∈ H3/2(∂ D).

Indeed, by appealing to an interior elliptic regularity estimate in B2R \ BR we have that

‖upr‖H2(B2R\BR) ≤ C‖upr‖L2(B3R\D) and ‖uev‖H2(B2R\BR) ≤ C‖uev‖L2(B3R\D).

From this, we have the estimate

‖upr‖H2(B2R\BR) + ‖uev‖H2(B2R\BR) ≤ C
{‖ f ‖H3/2(∂ D) + ‖g‖H3/2(∂ D)

}
.

Now, we notice that the scattered field uscat = upr + uev satisfies

�uscat = −k2(upr − uev) on R2 \ D

along with the simply supported boundary conditions. Similarly, by appealing to the global
elliptic regularity estimate in BR \ D one obtains that

‖uscat‖H2(BR\D) ≤ C
{
‖upr − uev‖L2(BR\D)

+ ‖uscat‖L2(BR\D) + ‖uscat‖H3/2(∂ D) + ‖uscat‖H3/2(∂ BR)

}
.

By appealing to the previous estimates, we have that

‖upr − uev‖L2(BR\D) + ‖uscat‖L2(BR\D) ≤ C
{‖ f ‖H3/2(∂ D) + ‖g‖H3/2(∂ D)

}
.

This gives the estimate

‖uscat‖H2(BR\D) ≤ C
{‖ f ‖H3/2(∂ D) + ‖g‖H3/2(∂ D) + ‖upr + uev‖H3/2(∂ BR)

}
,

where we have also used the fact that uscat = f on ∂ D. We can now use the Trace Theorem
and the previous estimates to obtain

‖upr + uev‖H3/2(∂ BR) ≤ C
{
‖upr‖H2(B2R\BR) + ‖uev‖H2(B2R\BR)

}

≤ C
{‖ f ‖H3/2(∂ D) + ‖g‖H3/2(∂ D)

}

which gives the final estimate

‖uscat‖H2(BR\D) ≤ C
{‖ f ‖H3/2(∂ D) + ‖g‖H3/2(∂ D)

}
.

Therefore,wehave that the direct scatteringproblem (2.2)–(2.4) iswell–posed sinceuinc(· , y)

and �uinc(· , y) ∈ H3/2(∂ D) for any y ∈ �. This gives the following result.
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Theorem 2.1 The biharmonic scattering problem for a simply supported obstacle by a point
source incident wave (2.2)–(2.4) has a unique solution uscat(· , y) ∈ H2

loc(R
2 \ D) for all

y ∈ � that satisfies the estimate

‖uscat(· , y)‖H2(BR\D) ≤ C
{‖uinc(· , y)‖H3/2(∂ D) + ‖�uinc(· , y)‖H3/2(∂ D)

}

for some constant C > 0.

Now that we have well–posedness of the direct scattering problem (2.2)–(2.4), we turn
our attention to solving the inverse shape problem. Therefore, in the following sections we
will assume that

uscat(x, y) and �x uscat(x, y) is known for all x, y ∈ �.

From this measured scattering data we will develop a numerical method for recovering the
scatterer D. Note that a similar problem was considered in [9], where the scatterer was a
clamped obstacle and the point sources are located at a finite number of points in R

2 \ D.
Here, we will derive a factorization method for this problem by appealing to similar analysis
as in [19].

3 Solution to the Inverse Shape Problem

In this section, we study the inverse shape problem of recovering the scatterer frommeasured
near–field data. Here, we propose using a factorizationmethod [28]. Recently, in [5] the linear
sampling method was studied for recovering a clamped obstacle. In our analysis, we apply a
far–field transform to our near–field operator, as is done in [19]. This is useful for multiple
reasons. First, in acoustic scattering it is known that the near–field operator does not produce
a symmetric factorization that is needed to apply the theoretical results of the factorization
method, as in [25, 26, 34]. Moreover, we see from [22, 23] that the far–field data from a
biharmonic scattering problem can be handled similarly to the acoustic case, where there is
a wealth of literature to exploit.

Now, recall that by Theorem 2.1 we have that the simply supported obstacle scattering
problem given by (2.2)–(2.4) is well–posed for any source point y ∈ �. With this in mind,
we will assume that the following near–field data

{
uscat(x, y) and �x uscat(x, y) : for all x, y ∈ �

}
(3.1)

is known. Therefore, we study the inverse shape problem of recovering the unknown scatterer
D from the data (3.1). Since we have the measured scattered field and its Laplacian for all
x, y ∈ �, we can now define the near–field operator

N : L2(�) −→ L2(�) given by (Ng)(x) =
∫

�

[
�x uscat(x, y) − k2uscat(x, y)

]
g(y) ds(y).

(3.2)

We use this near–field operator to exploit the decoupled system (2.6)–(2.8) used to study upr

and uev in the previous section. Indeed, by (2.5) we see that

(Ng)(x) = −2k2
∫

�

upr(x, y) g(y) ds(y).

This implies that the scattering data is equivalent to the near–field data for an acoustic sound–
soft obstacle.
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3.1 Uniqueness of the Inverse Problem

Before studying the factorization method using a far–field transformation for this problem,
we will first consider the uniqueness of the inverse problem. Therefore, we will show that
the near–field data given in (3.1) uniquely determines the scatterer. Here, we notice that by
the definition of the fundamental solution G(x, y) we have that upr(x, y) satisfies

�x upr + k2upr = 0 in R
2 \ D and upr = 1

2k2
�k(· , y) on ∂ D (3.3)

along with the radiation condition (2.8). In equation (3.3) the boundary data �k(· , y) is the
corresponding fundamental solution for the Helmholtz equation given by

�k(x, y) = i

4
H (1)
0 (k|x − y|) for x �= y. (3.4)

Therefore,we have that−2k2upr(x, y) is the radiating acoustic scatteredfield for a sound–soft
obstacle generated by an acoustic point source.

To proceed, we first show that upr satisfies the standard reciprocity identity

upr(x, y) = upr(y, x) for all x, y ∈ �. (3.5)

Indeed,we can prove the claim just as it is done in [35]. By appealing toGreen’s representation
formula we have that for x, y ∈ �

upr(x, y) =
∫

∂ D
upr(· , y)∂ν�k(x, ·) − ∂νupr(· , y)�k(x, ·) ds

and similarly

upr(y, x) =
∫

∂ D
vH (· , x)∂ν�k(y, ·) − ∂νupr(· , x)�k(y, ·) ds.

We can now use the fact that upr(· , y) and upr(· , x) are radiating solutions to the Helmholtz
equation in R

2 \ D to obtain

0 =
∫

∂ D
∂νupr(· , y)upr(· , x) − upr(· , y)∂νupr(· , x) ds

and similarly by using Green’s second identity in D we can get the equality

0 =
∫

∂ D
∂ν�k(· , y)�k(x, ·) − �k(· , y)∂ν�k(x, ·) ds.

From the boundary condition in (3.3) we have that

0 =
∫

∂ D

(
2k2upr(· , y) − �k(· , y)

)
∂ν

(
2k2upr(· , x) − �k(· , x)

)

− ∂ν

(
2k2upr(· , y) − �k(· , y)

) (
2k2upr(· , x) − �k(· , x)

)
ds

= −2k2
[
upr(x, y) − upr(y, x)

]

by expanding the terms in the integrand and using the previous integral identities. Note that
we have also used the symmetry of �k . With this identity, we can now prove uniqueness of
the inverse problem given the near–field data (3.1).

Theorem 3.1 The near–field data defined by equation (3.1) uniquely determines the scatterer
provided that the scatterer has a C2–smooth boundary.
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Proof To prove the claim we proceed by way of contradiction. To this end, assume there
are two scatterers D(1) and D(2) that produce the same near–field data set in (3.1). This
would imply that the corresponding u(1)

pr (x, y) for D(1) and u(2)
pr (x, y) for D(2) coincide for

all x, y ∈ �. Since the exterior Dirichlet problem for the Helmholtz equation is well–posed
this implies that

u(1)
pr (x, y) = u(2)

pr (x, y) for all y ∈ � and x ∈ R
2 \ (D(1) ∪ D(2))

by the unique continuation principle. Now, due to the reciprocity identity in (3.5) we can see
that

u(1)
pr (x, y) = u(2)

pr (x, y) for all x, y ∈ R
2 \ (D(1) ∪ D(2)).

Without loss of generality, assume that D(1) is not contained in D(2), then ∂ D(1) \ D(2)

is a non–empty set. Therefore, let y∗ ∈ ∂ D(1) \ D(2) and define the sequence

yn = y∗ + 1

n
ν1(y∗) for n ∈ N

where ν1 is the outward unit normal vector for ∂ D(1). For n sufficiently large we can assume
that the sequence yn ∈ R

2 \ (D(1) ∪ D(2)). So by the reciprocity identity we have that

u(1)
pr (x, yn) = u(2)

pr (x, yn) for all x ∈ R
2 \ (D(1) ∪ D(2)).

This gives that by letting x → y∗ we can obtain

u(1)
pr (y∗, yn) = u(2)

pr (y∗, yn) and by the boundary condition (3.3)
1

2k2
�k (y∗, yn) = u(2)

pr (y∗, yn)

since y∗ ∈ ∂ D(1). This gives a contradiction since

|�k(y∗, yn)| → ∞ whereas |u(2)
pr (y∗, yn)| < ∞ as n → ∞

by elliptic regularity. This proves the claim. �

We have proven that our inverse problem has the uniqueness property. This was done by

exploiting the decoupling of the biharmonic scattering problem (2.2)–(2.4) into boundary
value problems for upr and uev given in (2.6)–(2.8). The main idea is to use the fact that the
near–field data defined in (3.1) is equivalent to the knowledge of upr(x, y) for all x, y ∈ �

(i.e. the propagating part of the scattered field). This allowed us to work just as in the acoustic
scattering case.

3.2 FactorizationMethod via Far–Field Transform

Now that we know our near–field data (3.1) uniquely determines the scatterer D, we turn our
attention to deriving a method for the reconstruction of the scatterer. Just as in the previous
sections, our analysis relies heavily on the decoupling of the forward problem. Here, we
derive a factorization method to recover the scatterer from the near–field operator (3.2). The
factorization method was initially developed in [27] to recover both sound–soft and sound–
hard obstacles from far–field data. See, e.g., [2, 7, 18, 20, 26, 39] and the references therein for
the factorization method applied to other acoustic scattering problems. For our problem, one
of the main novelties is that we apply the factorization method to the biharmonic scattering
problem (2.2)–(2.4), which has yet to be rigorously studied for this or other biharmonic
scattering problems.
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To begin, we first note that just as before we can exploit the decoupling of the forward
problem to apply techniques that are well–established for acoustic scatterers. Since we have
near–field data, we have to do some pre–processing of the near–field operator just as in
[19, 26] to obtain a symmetric factorization. Here, we transform our near–field operator into
a far–field operator, motivated by the analysis in [19]. Recall that we have the near–field
operator

(Ng)(x) =
∫

�

[
�x uscat(x, y) − k2uscat(x, y)

]
g(y) ds(y)

maps L2(�) into itself. This would imply that

(Ng)(x) = −2k2
∫

�

upr(x, y) g(y) ds(y).

by equation (2.5). Thus, we notice that our biharmonic near–field operator is equivalent to the
acoustic near–field operator for scattering by a sound–soft obstacle generated by an acoustic
point source. This is due to the fact that−2k2upr is the solution to the corresponding acoustic
scattering problem by (3.3).

In order to derive a factorization for the near–field operator defined in (3.2), we can appeal
to the results in [19]. Therefore, we define the single layer boundary integral operator

SL∂ D : H−1/2(∂ D) −→ H1
loc(R

2 \ D) given by
(
SL∂ D

)
ϕ =

∫

∂ D
�k(· , z)ϕ(z) ds(z)

along with the associated inverse of the single layer potential

S−1
∂ D→∂ D : H1/2(∂ D) −→ H−1/2(∂ D) such that

(
S∂ D→∂ D

)
ϕ =

∫

∂ D
�k(· , z)ϕ(z) ds(z)

∣∣∣
∂ D

.

Here, we again let �k(· , z) denote the fundamental solution for the Helmholtz equation. For
convenience, we will let

T = −S−1
∂ D→∂ D as a mapping H1/2(∂ D) −→ H−1/2(∂ D). (3.6)

By [28, Lemma 1.14] we have that T is a well-defined bounded linear operator provided that
k2 is not a Dirichlet eigenvalue of the negative Laplacian in D. Now, we define the bounded
linear operator

S : L2(�) −→ H1/2(∂ D) ⊂ L2(∂ D) given by Sg =
∫

�

�k(· , y)g(y) ds(y)

∣∣∣
∂ D

(3.7)

and its associated dual–operator

S� : L2(∂ D) −→ H1/2(�) ⊂ L2(�) given by S�ϕ =
∫

∂ D
�k(z, ·)ϕ(z) ds(z)

∣∣∣
�

(3.8)

with respect to the bilinear L2 dual–product. Since −2k2upr(· , y) satisfies equations (1)–(2)
in [19], we have that

(Ng)(x) = −2k2
∫

�

upr(x, y)g(y) ds(y) has the factorization N = S�T S

by appealing to equation (8) in [19].
The theoretical foundation for the factorization method requires a symmetric factorization

of the near–field operator. As is the case with other near–field operators, we do not have this
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for our problem since we have S� (i.e., the dual–operator) rather than S∗ (i.e., the adjoint
operator) in our factorization. Here the dual and adjoint operators are computed using

the dual paring 〈φ,ψ〉L2(�) =
∫

�

φψ ds and the inner–product (φ, ψ)L2(�) =
∫

�

φψ ds,

respectively. In order to avoid this, [19] shows that the aforementioned near–field operator
can be augmented to have a symmetric factorization. To this end, we define the Dirichlet–
to–Far–Field operator

Q : H1/2(�) −→ L2(S1) given by (Q f )(x̂) = w∞(x̂), for any x̂ ∈ S
1, (3.9)

where w ∈ H1
loc(R

2 \ Int(�)) is the unique solution to

�w + k2w = 0 in R
2 \ Int(�) with w|� = f (3.10)

along with the Sommerfeld radiation condition, where S1 denotes the unit ‘sphere’ inR2. It is
well known that the far–field patternw∞ exists and thatw satisfies the asymptotic expansion

w(x) = eiπ/4

√
8πk

· e
ik|x |

√|x |
{
w∞(x̂) + O

(
1

|x |
)}

as |x | → ∞,

where again x̂ = x/|x | just as in [19].
For completeness, we show how to use the operatorQ to augment the near–field operator

associated with our biharmonic scattering problem. Therefore, by following the calculations
originally derived in [19], we have that

(Q S�ϕ)(x̂) =
∫

∂ D
e−ikx̂ ·zϕ(z) ds(z) for any ϕ ∈ L2(∂ D),

where we have used the asymptotics of the fundamental solution �k(· , z). This corresponds
to the adjoint of the Herglotz operator

H : L2(S1) −→ L2(∂ D) is given by (Hg)(z) =
∫

S1
eikz·x̂ g(x̂) ds(x̂)

∣∣∣
∂ D

, (3.11)

where its adjoint is defined as

(H∗ϕ)(x̂) =
∫

∂ D
e−ikx̂ ·zϕ(z) ds(z) for any ϕ ∈ L2(∂ D).

This implies that Q S� = H∗ and by taking the transpose of this expression, we obtain the
equality SQ� = (H∗)� where

(
(H∗)�g

)
(z) =

∫

S1
e−ikz·x̂ g(x̂) ds(x̂)

∣∣∣
∂ D

.

To continue, in an attempt to derive a symmetric factorization we see that
(
(H∗)�g

)
(z) =

∫

S1
e−ikz·x̂ g(x̂) ds(x̂)

∣∣∣
∂ D

=
∫

S1
eikz·x̂ g(−x̂) ds(x̂)

∣∣∣
∂ D

which implies that (H∗)� = HR, where the operator

R : L2(S1) −→ L2(S1) is given by (Rg)(x̂) = g(−x̂). (3.12)

We see that by the definition (3.12) that R = R−1. By appealing to the factorization N =
S�T S and the above calculations we have the following result.
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Theorem 3.2 The near–field operator defined by equation (3.2) associated with the bihar-
monic scattering problem (2.2)–(2.4) satisfies

QNQ�R = H∗T H such that QNQ�R : L2(S1) −→ L2(S1), (3.13)

where the bounded linear operators T , Q, H, and R are defined in (3.6), (3.9), (3.11), and
(3.12) respectively, provided that k2 is not a Dirichlet eigenvalue of the negative Laplacian
in D.

With this result, we see from (3.13) that the augmented operator QNQ�R does indeed
have a symmetric factorization. This implies that this post–processing can be used to sym-
metrize the factorization and apply the results found in [27, 28]. Note that this is similar
to the idea presented in [26], where a so–called outgoing–to–incoming operator is used to
symmetrize the factorization of the near–field operator associated with acoustic problems.
Notice that the augmented operatorQNQ�R is the far–field operator for a sound–soft acous-
tic scatterer by [28, equation (1.55)].

Now, we can show that the factorization method can be applied to our inverse problem.
We recall that using the bounded linear operatorsQ in (3.9) andR in (3.12), our augmented
operator QNQ�R is the far–field operator for a sound–soft acoustic scatterer. Therefore,
we can use [28, Theorem 1.25] to obtain the factorization method for recovering the simply
supported obstacle.

Theorem 3.3 Assume that k2 is not a Dirichlet eigenvalue of the negative Laplacian in D.
Then we have that

z ∈ D if and only if
∞∑
j=1

1

|λ j |
∣∣∣∣
(
e−ikx̂ ·z , ψ j (x̂)

)
L2(S1)

∣∣∣∣
2

< ∞ (3.14)

with (λ j , ψ j ) ∈ C�=0 × L2(S1) the eigenvalues and vectors for the compact normal operator
QNQ�R.

This result is given by deriving a range identity for the obstacle and using Picard’s criteria
to connect the obstacle with the spectral data forQNQ�R. From equation (3.14) we see that
the augmented operator QNQ�R can be used to recover the region D. To this end, notice
that by (3.14) this result would imply that

z ∈ D if and only if W (z) =
⎡
⎣

∞∑
j=1

1

|λ j |
∣∣∣∣
(
e−ikx̂ ·z , ψ j (x̂)

)
L2(S1)

∣∣∣∣
2
⎤
⎦

−1

> 0. (3.15)

Again, we assume that (λ j , ψ j ) ∈ C�=0 × L2(S1) are the eigenvalues and vectors for the
operatorQNQ�R. Since the near–field operator N is known and the operatorsQ andR can
be precomputed, W (z) defined in (3.15) is computable from the data. Therefore, from the
near–field data we can compute W (z) and provide the contour plot to recover D.

Notice that since N is compact, this would imply that QNQ�R is compact as well. This
would imply that the eigenvalues |λ j | → 0 rapidly as j → ∞. By the definition of the
imaging functional W (z), we see that dividing by the eigenvalues could cause numerical
instabilities when trying to recover D. In order to ensure stability as well as a rigorous char-
acterization of the scatterer, researchers haveworked to add regularization to the factorization
method; see, e.g., [1, 20, 30]. In particular, if we assume that themeasured near–field operator
N δ has added random error such that

‖N δ − N‖L(L2(�)) = O(δ) implies ‖Q(N δ − N )Q�R‖L(L2(S1)) = O(δ) as δ → 0.
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This would be the case in many physical applications, where the measured data is polluted
with random noise.

In order to have a stable reconstruction with noisy near–field data, the main result in [20]
implies that if we define the regularized imaging functional

WReg(z;α, δ) =
⎡
⎣

∞∑
j=1

φ2
(|λδ

j |, α
)

|λδ
j |

∣∣∣∣
(
e−ikx̂ ·z , ψδ

j (x̂)
)

L2(S1)

∣∣∣∣
2
⎤
⎦

−1

, (3.16)

where (λδ
j , ψ

δ
j ) ∈ C�=0 × L2(S1) are the eigenvalues and vectors for the perturbed operator

QN δQ�R, then we have that

z ∈ D if and only if lim inf
α→0+ lim inf

δ→0+ WReg(z;α, δ) > 0.

Here, it is assumed that φ(t, α) is a non–negative continuous filter function derived from a
regularization scheme such that

lim
α→0

φ(t, α) = 1, φ(t, α) ≤ CReg and φ(t, α) ≤ Cαt for all t, α > 0, (3.17)

where the constant CReg is independent of the regularization parameter α. An example of
such a filter function comes from Tikhonov regularization where

φ(t, α) = t2

t2 + α
for all t, α > 0.

By appealing to the continuity of the spectrum it can be shown that for any z

lim inf
α→0+ lim inf

δ→0+ WReg(z;α, δ) > 0 if and only if W (z) > 0.

So in the case of noisy near–field measurements, it would be optimal to use the regularized
imaging functional WReg(z;α, δ) defined in (3.16) to recover the scatterer. Most recently, this
regularized variant of the factorization method we used in [17] to recover a strain–gradient
interface in a thin elastic body.

One observation is that the operators Q and R are defined without the knowledge of D.
This implies that they can be computed without any a priori knowledge of the scatterer.
Indeed, for the operator

(Rg)(x̂) = g(−x̂)

we first note that
x̂ = (

cos(θ) , sin(θ)
)

for θ ∈ [0, 2π).

Therefore, we can consider g as given by

g(x̂) = g
(
(cos θ , sin θ)

)

which can be viewed as a function of the angular variable, i.e. g(θ). Notice that the sum of
angles formulas gives

−x̂ = (
cos(θ + π) , sin(θ + π)

)
for θ ∈ [0, 2π).

With this, we obtain that (Rg)(θ) = g(θ + π) and by some simple calculations

(Rg)(θ) =
2π∫

0

R f unc(θ, φ)g(φ) dφ where R f unc(θ, φ) = 1

2π

∞∑
|m|=0

eim(θ−φ+π)
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by using a Fourier series to express g as is done in [19].
Now, in order to pre–compute operatorQ, we will assume that � = ∂ BR where BR is the

ball centered at the origin of radius R > 0. Similar to the above, we have that

x ∈ � is given by x = R(cos θ , sin θ) for θ ∈ [0, 2π).

Therefore, the corresponding Dirichlet data in (3.10) can be seen as a function depending on
the angular variable such that

f (θ) = f
(
R(cos θ , sin θ)

)
for θ ∈ [0, 2π).

By using separation of variables to find an analytical solution for (3.10) (see [24] for details)
we have that the Dirichlet–to–Far–Field operator can be written as

(Q f )(θ) =
2π∫

0

Q f unc(θ, φ) f (φ) dφ where Q f unc(θ, φ) = 2

π i

∞∑
|m|=0

eim(θ−φ−π/2)

H (1)
m (k R)

with H (1)
m being the first kind Hankel function of order m. Even though the kernel functions

used to defined Q and R are given as an infinite series, it has been shown in [19, 24] that
these operators can be approximated well by a truncated series.

Remark For the case when � �= ∂ BR we can define Dirichlet–to–Far–Field operator Q via
integral equations. Indeed, we can make the ansatz that the scattered field in (3.10) can be
written as a double–layer integral operator

DL� : H1/2(�) −→ H1
loc

(
R
2\Int(�)

)
given by

(
DL�

)
ψ =

∫

�

∂νz �k(· , z)ψ(z) ds(z).

In order to satisfy the boundary condition on� in (3.10), we have that the potentialψ satisfies

(I + 2D�→�)ψ = 2 f which implies that ψ = 2(I + 2D�→�)−1 f

provided that −k2 is not a Neumann eigenvalue of � in Int(�). Here, we have used the jump
relation for the integral operator and

(D�→�)ψ =
∫

�

∂νz �k(· , z)ψ(z) ds(z)
∣∣∣
�
.

We refer to [11, 33] for in–depth analysis on the boundary operator discussed here. Now, as
in [22] we have that the solution to (3.10) is given by

2
(
DL�

)
(I + 2D�→�)−1 f which implies that Q f = 2

(
DL∞

�

)
(I + 2D�→�)−1 f

where

(
DL∞

�

)
ψ =

∫

�

∂νz e
−ikx̂ ·zψ(z) ds(z) = −ik

∫

�

ν(z) · x̂e−ikx̂ ·zψ(z) ds(z)

is the far–field pattern for the double–layer integral operator approach. We will also note
that there are other ways to define the Dirichlet–to–Far–Field operator Q as well as the
transformation of the near–field data to far–field data for acoustic scatterers [28, Lemma
2.13].
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4 Numerical Experiments

In this section, we will provide numerical reconstructions using the regularized imaging
functional defined in (3.16). We will see that this method provides reconstructions of simply
supported obstacles from noisy near–field data. From our numerical experiments we see that
the post–processing via the far–field transformation leads to a stable indicator for recovering
the scatterer. To this end, we first generate synthetic data by solving the direct scattering
problem using boundary integral equations. Then from the approximated solution we can
form a discrete approximation of the near–field operator (3.2). By then computing the eigen-
value decomposition of the discrete operatorQN δQ�R we can evaluate imaging functional
WReg(z) given in equation (3.16) to produce reconstructions of D.

4.1 Boundary Integral Equations for the Scattering Problem

To begin, we need to approximate the solution to the scattering problem (2.2)–(2.4). Recall
that the boundary conditions for the scattering problem is given by

uscat = −G(· , y) and �uscat = −�G(· , y) for y ∈ �.

Here � is some given boundary curve surrounding the scatterer D. The fundamental solution
for the biharmonic Helmholtz equation G(x, y) is again given by

G(x, y) = − 1

2k2
[�k(x, y) − �ik(x, y)]

with �τ (x, y) = i
4 H (1)

0 (τ |x − y|) denoting the fundamental solution of the Helmholtz
equation with wave number τ . This now implies that

�xG(x, y) = 1

2
[�k(x, y) + �ik(x, y)]

Using operator splitting discussed in Sect. 2, we have uscat = upr + uev, where upr solves the
Helmholtz equation outside D and uev solves the modified Helmholtz equation outside D.

Using a single–layer ansatz (similar to [21]), gives

upr(x) = SLkψ(x), x ∈ R
2\D, (4.1)

uev(x) = SLikϕ(x), x ∈ R
2\D, (4.2)

where the single layer operator is defined by

SLkφ(x) =
∫

∂ D
�k(x, y)φ(y) ds(y), x /∈ ∂ D,

where as above �τ (x, y) denotes the fundamental solution of the Helmholtz equation in two
dimensions with wave number τ . Since both single–layer integral operators satisfy the PDEs
and radiation conditions, we only need to satisfy the boundary conditions to approximate the
scattered field. Therefore, letting x approach the boundary in (4.1) and (4.2) along with the
jump conditions (see [11, Theorem 3.1]) and using the first boundary condition, yields the
first integral equation

Skψ(x) + Sikϕ(x) = −G(x, y), x ∈ ∂ D, (4.3)
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where the single–layer boundary integral operator is defined by

Skφ(x) =
∫

∂ D
�k(x, y)φ(y) ds, x ∈ ∂ D.

Notice that, since we have

�SLkψ(x) = −k2SLkψ(x) and �SLikψ(x) = k2SLikψ(x)

for all x ∈ R
2\D, we can write with the second boundary condition

− k2Skψ + k2Sikψ = −�G(x, y), x ∈ ∂ D, (4.4)

Combining (4.3)–(4.4) yields the following system of boundary integral equations
(

Sk Sik
−k2Sk k2Sik

)(
ψ

ϕ

)
= −

(
G(· , y)

�G(· , y)

)

on the boundary of the scatterer.
The above system of boundary integral equations can be solved explicitly. We have

ψ = 1

2k2
S−1

k �k(·, y) (4.5)

and

ϕ = − 1

2k2
S−1
ik �ik(·, y). (4.6)

Note that both S−1
k and S−1

ik exist since k2 and−k2 are assumed not to beDirichlet eigenvalues
of −� in D. After we solve this system for ψ and ϕ, we can insert this into our ansatz to
compute uscat on �

uscat(x, y) = SLkψ(x) + SLikϕ(x)

= 1

2k2

(
SLk S−1

k �k(x, y) − SLik S−1
ik �ik(x, y)

)
, x ∈ �

Likewise, we can compute the Laplacian of uscat on �

�x uscat(x, y) = −k2SLkψ(x) + k2SLikϕ(x)

= 1

2

(
−SLk S−1

k �k(x, y) + SLik S−1
ik �ik(x, y)

)
, x ∈ �.

The details of the discretization to compute an approximation toψ given by (4.5) and ϕ given
by (4.6) are given in [29, Section 4.3].

4.2 Numerical Reconstructions

Now, we are ready to provide some numerical examples that have been implemented in
MATLAB. To this end, we will assume that we have the synthetic near–field data associated
with the scattering problem (2.2)–(2.4). Here, the synthetic near–field data is computed via
the boundary integral equations discussed in the previous section. With this, we will take

� = ∂ BR with R = 3 unless otherwise stated and k = 2

for all examples. This implies that the sources and receivers are located at the points

x j = y j = R
(
cos θ j , sin θ j ) for 64 equally spaced points θ j ∈ [0, 2π).
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Therefore, we have that our synthetic noisy near–field data is given by
{

uscat,δ(xi , y j ) = uscat(xi , y j )
(
1 + δE1(i, j)

)

�x uscat,δ(xi , y j ) = �x uscat(xi , y j )
(
1 + δE2(i, j)

)
,

(4.7)

where the matrices E j for j = 1, 2 have random complex–valued entries of size 64 × 64
with unit 2–norm i.e. ‖E j‖2 = 1. Here, we define

N = [
�x uscat,δ(xi , y j ) − k2uscat,δ(xi , y j )

]64
i, j=1

which is the discretized version of the near–field operator defined in (3.2).
In order to apply the reconstruction method in (3.14), we need to discretize the operators

Q and R. The discretization of the operators is computed via

Q = [
Q f unc(θi , θ j )

]64
i, j=1 and R = [

R f unc(θi , θ j )
]64

i, j=1.

Note that we define the kernel functions as

Q f unc(θ, φ) = 2

π i

10∑
|m|=0

eim(θ−φ−π/2)

H (1)
m (k R)

and R f unc(θ, φ) = 1

2π

10∑
|m|=0

eim(θ−φ+π)

which is the truncated series approximation of the kernel functions used to define the operators
in (3.9) and (3.12). With this, we have to compute the imaging functional WReg(z) given in
(3.16)

QNQ�R and bz = [e−ikz·x̂1 , · · · , e−ikz·x̂64 ]�
with x̂i = (

cos θi , sin θi
)
with i = 1, · · · , 64. Lastly, we consider three different regular-

ization filter functions in the definition of WReg(z). For our examples we will use the filter
functions

φTik(t;α) = t2

t2 + α
, φGLSM(t;α) = t

α + t
and φcut–off(t;α) =

⎧⎨
⎩
1, t2 ≥ α,

0, t2 < α

. (4.8)

These filter functions correspond to Tikhonov regularization, Generalized Linear Sampling
Method (GLSM, see [1] for details) and Spectral/SVD cut–off, respectively.

We can now recover scatterers with the synthetic data. We will consider three scattering
regions given by a star, peanut and kite shaped simply supported obstacle. In Table 1, we
give the parameterizations for each of the scatterers under consideration. With this, we will
provide numerical examples, where WReg(z) is computed via

WReg(z) =
⎡
⎣

64∑
j=1

φ2(|λ j |;α)

|λ j |
∣∣u j · bz

∣∣2
⎤
⎦

−1

using the built-in eig solver in MATLAB to compute λ j and u j , i.e., the eigenvalues and
vectors ofQNQ�R.We use an equally spaced 200×200 sampling grid in the region [−3, 3]2,
where the imaging functional is normalized to have unit ∞–norm.

Here, in Fig. 1 we provide a visualization of the scatterers defined in Table 1. We see that
the scatterers are non–convex as well as having different sizes. This is to test the strength of
the reconstruction algorithm. In our preceding numerical examples, we see that we are able
to accurately recover each of the scatterers. We will test how the imaging functional WReg(z)
depends on the filter function φ, regularization parameter α, and added error δ. Also, we will
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Table 1 The boundary parameterizations of ∂ D = x(t) for t ∈ [0, 2π).

Scatterer Parameterization

Star–shaped x(t) = 0.25(0.3 cos(5t) + 2)
(
cos(t), sin(t)

)�

Peanut–shaped x(t) = 2
√
0.5 sin(t)2 + 0.1 cos(t)2

(
cos(t), sin(t)

)�

Kite–shaped x(t) = ( − 1.5 sin(t), cos(t) + 0.65 cos(2t) − 0.65
)�

Fig. 1 Visual representations of the three scatterers defined in Table 1

see if we can recover the scatterer only given the measured scattered field (i.e., the Laplacian
is not known).

4.2.1 Reconstructions with and without Regularization

For this set of examples, we wish to test the accuracy of the reconstruction method with
and without regularization. In the case of reconstructions without regularization, we take
α = 0 in the computed imaging functional WReg(z). These examples are contrasted with the
reconstruction of the scatterer using the ad–hoc regularization parameter α = 0.0001 and the
Tikhonov filter function given in (4.8). We see in Figs. 2 and 3 that with added noise in the
scattering data, the imaging functional is unable to recover the kite and star–shaped scatterers
without regularization. For the kite–shaped scatterer, we let δ = 0.05 for the reconstruction
in Fig. 2. For the star–shaped scatterer, we let δ = 0.02 in the reconstruction given in Fig. 3.

From these two examples, we see that the reconstruction without regularization is unstable
when given noisy data. As stated in the previous section, this is due to the fact that without
regularization the imaging functional requires you to divide by the eigenvalues of an ill–
conditioned matrix (since it approximates a compact operator). This would imply that the
regularization is needed for accurate reconstructions. Next, we see if the regularization is
necessary when one has accurate data (i.e., with no added error). In Fig. 4, we provide the
reconstructions of the peanut–shaped scatterer with and without regularization. Here, we
again take α = 0.0001 for the reconstruction with regularization but we now use the GLSM
filter function given in (4.8). We again see that the regularized imaging functional provides
a better reconstruction.

We now check the restriction that −k2 is not a Dirichlet eigenvalue for D. In Fig. 5, we
provide the numerical reconstruction for the kite–shaped scatterer with k = 2.209855, which
is approximately the first Dirichlet eigenvalue for the scatterer. Here, the eigenvalue is com-
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Fig. 2 Reconstruction of the kite–shaped scatterer with and without regularization where we add 5% random
relative noise to the data as in (4.7). Here we use the Tikhonov filter function given in (4.8) with α = 0.0001.
Left: reconstruction without regularization and Right: reconstruction with regularization. For this example
� = ∂ BR with R = 3 and k = 2

Fig. 3 Reconstruction of the star–shaped scatterer with and without regularization where we add 2% random
relative noise to the data as in (4.7). Here we use the Tikhonov filter function given in (4.8) with α = 0.0001.
Left: reconstruction without regularization and Right: reconstruction with regularization. For this example
� = ∂ BR with R = 3 and k = 2

puted using a double–layer ansatz. Only the boundary of the scatterer is being reconstructed,
both inside and outside, we have small values of the imaging functional. It is an interesting
theoretical question on if the factorization method used here is valid at Dirichlet eigenvalue
for D. To the best our knowledge, there is no result that answers this question but is a possible
area of future work.

4.2.2 Using Different Regularization Parameters

Now, in this set of exampleswewish to numerically test how the reconstruction depends on the
regularization parameterα. As in the previous examples, wewill use an ad–hoc regularization
parameter α = 0.0001. In Fig. 6, we provide reconstructions of the kite–shaped scatterer
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Fig. 4 Reconstruction of the star–shaped scatterer with and without regularization where we add 10% random
relative noise to the data as in (4.7). Here we use the Tikhonov filter function given in (4.8) with α = 0.0001.
Left: reconstruction without regularization and Right: reconstruction with regularization. For this example
� = ∂ BR with R = 3 and k = 2

Fig. 5 Reconstruction of the kite–shaped scatterer with k = 2.209855 i.e. the first Dirichlet eigenvalue of the
region. Here we use the GLSM filter function given in (4.8) with α = 0.0001. Left: reconstruction without
added noise and Right: reconstruction with 5% random relative noise added to the data as in (4.7). For this
example � = ∂ BR with R = 3

using the GLSM and Spectral cut–off filter functions given in (4.8). In both reconstructions,
δ = 0.05 we see that the reconstructions are comparable to the previous examples given.

In the following examples, we test the sensitivity of the Spectral cut–off regularization
with respect to the regularization parameter. To this end, in Fig. 7 we provide reconstructions
of the kite–shaped scatterer with δ = 0.05 for different regularization parameters α. From
this we see that the reconstructions are very similar for our two choices of the parameter α.
Here we consider the case when α = 0.01 and 0.0001 in our reconstructions. Also, in Fig. 8
we provide a similar example for the star–shaped scatterer with δ = 0.02.

Even though the Spectral cut–off seems to provide similar reconstructions for different
regularization parameters, this may not be true in general. In order to provide an analytical
method for choosing a regularization parameter, in [20] a ‘discrepancy’ principle was given,
provided the noise level δ is known. Indeed, for the Tikhonov and GLSM regularization
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Fig. 6 Reconstruction of the kite–shaped scatterer using the GLSM and Spectral cut–off filter functions given
in (4.8) with α = 0.0001. Here we add 5% random relative noise to the data as in (4.7). Left: reconstruction
with GLSM regularization and Right: reconstruction with Spectral cut–off regularization. For this example
� = ∂ BR with R = 3 and k = 2

Fig. 7 Reconstruction of the kite–shaped scatterer using the Spectral cut–off filter functions given in (4.8) for
different values of α. Here we add 5% random relative noise to the data as in (4.7). Left: reconstruction with
α = 0.01 and Right: reconstruction with α = 0.0001. For this example � = ∂ BR with R = 3 and k = 2

methods it is given that

αTik(δ) = 1

4
δ

(
1
4−p

)
and αGLSM(δ) = δ

1
2

(
1
4−p

)
for any p ∈ (0, 1/4). (4.9)

Since δ is not known explicitly in many applications, we approximate it via

Error = ‖N − N�‖2/‖N‖2.
This is a good approximation of the noise level since the reciprocity relationship in (3.5)
implies that N is a symmetric matrix. There is no discrepancy principle for the Spectral
cut–off given in the analysis of [20] but this is a possible area of future study. In Fig. 9, we
provide the reconstruction of the peanut–shaped scatterer with δ = 0.1 for α chosen ad–hoc
and optimally via (4.9) for the Tikhonov filter function. Here we see that the reconstruction
using the optimal regularization parameter gives a better image.
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Fig. 8 Reconstruction of the star–shaped scatterer using the Spectral cut–off filter functions given in (4.8) for
different values of α. Here we add 2% random relative noise to the data as in (4.7). Left: reconstruction with
α = 0.01 and Right: reconstruction with α = 0.0001. For this example � = ∂ BR with R = 3 and k = 2

Fig. 9 Reconstruction of the peanut–shaped scatterer using the Tikhonov filter function given in (4.8) with
α chosen ad–hoc and chosen optimally where we add 10% random relative noise to the data as in (4.7).
Left: reconstruction using α = 0.001 and Right: reconstruction using α = 0.25 · Error1/8. For this example
� = ∂ BR with R = 3 and k = 2

4.2.3 Reconstructions without Laplacian Data

In this section, we consider the case when one only has access to the scattered field and
not its Laplacian. Note that the theoretical results require both pieces of data to insure the
reconstruction. Here, we wish to see if our aforementioned reconstruction method works in
this case. Therefore, we recall that our near–field operator is actually defined by the kernel
function −2k2upr(x, y). Assuming that one only has the measured scattered field uscat, we
can use the fact that uscat = upr + uev along with the asymptotics

uev = O
(
e−kr/

√
r
)

as r = |x | → ∞.

To numerically see this, in Table 2 we provide the ∞–norms of the matrices

Upr = [
�x uscat(xi , y j ) − k2uscat(xi , y j )

]64
i, j=1
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Table 2 In this table, we see that
the evanescent part of the
scattered field is small compared
to the propagating field.

Scatterer Radius ‖Upr‖∞ ‖Uev‖∞

Kite–shaped R = 3 0.1219 0.0012

Star–shaped R = 3 0.0374 9.1526×10−7

Peanut–shaped R = 3 0.0612 8.7533×10−5

Peanut–shaped R = 5 0.0442 1.4755×10−8

Peanut–shaped R = 8 0.0306 5.2090×10−14

and
Uev = [

�x uscat(xi , y j ) + k2uscat(xi , y j )
]64

i, j=1

for our three scatterers as well as different collection curve radii R. These matrices are an
approximation of the propagating and evanescent part of the scattered field.

Notice that for all three scatterers the evanescent part of the scattered field is significantly
smaller than the propagating part. This implies that the near–fieldmatrix can be approximated
by

Nscat = −2k2
[
uscat,δ(xi , y j )

]64
i, j=1 such that N = Nscat + O

(
e−k R/

√
R
)

when the measurement curve has a radius of R. With this, just as in the so–called modi-
fied/approximate factorization method [36, 37, 41] we expect that our reconstruction method
will work if we use the eigenvalues and vectors of the matrix QNscatQ�R in our imaging
functional WReg(z). A similar idea was used in [5] when the linear sampling method was
applied to recovering a clamped obstacle.

Now, we present numerical examples for recovering the scatterer using only the scattered
field. Here, we will provide examples for the kite and peanut–shaped scatterers. In Fig. 10 we
give the reconstruction for the kite–shaped scatterer, where we use both pieces of scattering
data uscat and �x uscat as well as the reconstruction using only the scattered field. In this
example, the regularization parameter is chosen ad–hoc. Next, in Fig. 11 we recover the
peanut–shaped scatterer using only the scattered field, where the regularization parameter is
chosen optimally using (4.9). Here, the noise level δ is approximated just as in the previous
section by the relative error of the matrix Nscat deviating from symmetry. Again, we check
the applicability of the reconstructions providing an example with and without added noise
to the data. Notice that in both examples that the reconstruction using just the scattered field
is comparable to when both pieces of scattering data is known.

5 Conclusion

In conclusion, we studied an inverse shape problem for recovering a simply supported obsta-
cle from near–field point–source measurements for the biharmonic Helmholtz equation with
applications to flexural wave scattering. Even though the analysis and computations are
presented in R

2 the same results would hold in R
3. In order to compute the far–field trans-

formation used here one would need to recompute the operatorQ using spherical harmonics
and spherical Bessel functions. This would require the separation of variables solution to
equation (3.10) and the use of the asymptotic of the spherical Bessel functions. To apply the
factorization method, we introduced a far–field transformation that augments the near–field
operator into an operator admitting a symmetric factorization. This yields a rigorous char-
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Fig. 10 Reconstruction of the kite–shaped scatterer using the Tikhonov filter function given in (4.8) with
α = 0.0001 where we add 5% random relative noise to the data as in (4.7). Left: reconstruction using N and
Right: reconstruction using Nscat. For this example � = ∂ BR with R = 3 and k = 2

Fig. 11 Reconstruction of the peanut–shaped scatterer using the GLSM filter function given in (4.8), using
only the scattered field with and without added noise and α = Error1/16. Left: reconstruction with no added
noise and Right: reconstruction with 10% random relative noise added to the data as in (4.7). For this example
� = ∂ BR with R = 3 and k = 2

acterization of the obstacle in terms of spectral data of the transformed operator and leads
to a practical reconstruction algorithm via a regularized imaging functional. The numerical
experiments with synthetic data demonstrate that the proposed post–processing produces sta-
ble reconstructions in the presence of noisy data. We provided extensive numerical examples
to highlight the impact of regularization methods and parameter choice. We also investigated
the case when only the scattered field (without Laplacian data) is available and observed that
accurate reconstructions remain feasible when the measurement curve is sufficiently large.

Several extensions of this work are of interest. These include developing reconstruc-
tion procedures for other plate boundary conditions and material parameters, and studying
limited–aperture measurement configurations. Indeed, here we take the simply supported
plate boundary conditions assuming the Poisson ratio equal to one but in many applications
(see [3]) this is not the case. Note that we have proven that the aforementioned near–field
data uniquely determines the scatterer, but the factorization method studied here adds the
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assumption that −k2 is not an interior Dirichlet eigenvalue of the scatterer. We found that
this restriction on the wave number may not be necessary for a decent reconstruction, but it
would be advantageous to derive a reconstruction method without it.
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