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Interplay between evanescent scattering modes and finite dispersion in superconducting junctions
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Superconducting junctions are essential building blocks for quantum hardware, and their fundamental be-
havior remains a highly active research field. The behavior of generic junctions is conveniently described by
Beenakker’s determinant formula, linking the subgap energy spectrum to the scattering matrix characterizing
the junction. In particular, the gap closing between bound and continuum states in short junctions follows from
unitarity of the scattering matrix, and thus, from probability conservation. In this work, we critically reassess two
assumptions: that scattering in short junctions is approximately energy-independent and dominated by planar
channels. We argue that strongly energy-dependent scattering follows from finite dispersion of the conductor
electrons even when they spend little time within the scattering region, and show that evanescent modes play a
central role when cross-channel scattering is important. By generalizing Beenakker’s equation and performing a
mapping to an effective Hamiltonian, we show that the gap closing is linked to a chiral symmetry. While finite
energy dependence in the scattering breaks the chiral symmetry, we show two distinct mechanisms preserving
the gap closing, each connected to new types of constraints on energy-dependent scattering matrices beyond
unitarity. If the dispersive mode is planar, the gap closing is still preserved through a time-dependent probability
conservation analysis of the scattering process. If the dispersive channel is evanescent, we derive a constraint
which, notably, cannot follow from probability conservation. We thus demonstrate that Andreev physics reveal
a much wider variety of properties of normal-metal scattering than commonly expected. We expect that our
findings will have an impact on the dissipative behavior of driven junctions, and offer a different perspective on
fundamental properties of scattering matrices.
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I. INTRODUCTION

Superconducting junctions are both of fundamental interest
and a key circuit element for quantum hardware. In partic-
ular, weak links where one or many channels have a high
transparency have been a focal point of research activity in
the past decades, both theoretically [1–33] and experimentally
[34–46]. The ground state of a superconductor consists of a
coherent many-body condensate, out of which single quasi-
particles can only be excited above the gap energy �, where
states exist as an incoherent, delocalized continuum. Yet, if
superconductors are linked by a nonsuperconducting bridge,
coherent single-particle excitations can occupy energy levels
below the gap, in the form of bound quasiparticle states, so-
called Andreev bound states (ABSs). As Beenakker showed
[1], the formation of these bound states can be directly linked
to the scattering properties of the junction. This formalism
allows for a convenient and straightforward description of
a large variety of systems, such as atomic break junctions
[35,39,47–54], multiterminal devices [12,13,17,21–27,44,45],
and heterostructures involving topological materials and su-
perconductors [11,27,44–46,55–57], to name a few. On a
more formal level, the phenomenology of Andreev bound
states can be connected to fundamental scattering properties,
such as probability conservation (guaranteeing a gap clos-
ing between sub- and supergap states in short junctions) or
random matrix theory [58–61], impacting, e.g., the transport
properties of chaotic cavities [62–64], the ac response of short
diffusive junctions [17], or the statistical probability to find
Weyl points in multiterminal junctions [21].

For very short junctions, it is the currently predominant
consensus that the scattering matrix can be approximated to
be energy-independent, as a finite energy dependence is com-
monly related to the dwelling time of electrons within the
weak link (i.e., a finite Thouless energy1). Moreover, while
evanescent modes (waves with complex wave vectors) have
to some extent been included in recent works [65–67], these
efforts were limited to single-channel transport, where evanes-
cent contributions to the wave function can only emerge due to
special (nonquadratic) dispersion relations. There exists as of
now no treatment for generic multichannel conductors, where
both strong cross-channel coupling and Andreev reflection
of purely evanescent channels are important. In our work,
we revisit and extend the Beenakker formalism for generic
multiterminal and multichannel junctions, with a particular
focus on the ABS properties near �. In particular, we show
that small dwelling time is only a necessary but not a sufficient
condition for scattering to be energy-independent. Whenever
the chemical potential is tuned across a change of the channel
number, the scattering matrix changes strongly as a function
of energy, even for infinitesimally small junctions. By exploit-
ing a mapping to an effective subgap Hamiltonian similar to
Ref. [13], we relate the energy dependence to the breaking

1Note that the Thouless energy is often explicitly defined in the
context of diffusive transport, whereas we here use the term to repre-
sent a general inverse dwelling time that also includes, e.g., ballistic
propagation, scaling with the Fermi velocity vF.
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of a type of chiral symmetry, resulting (at least in a first
approximation) in a detaching of the ABS spectrum from
the quasiparticle continuum. Importantly, we show that there
are two distinct processes which effectively restore the gap
closing, and thus the chiral symmetry—revealing an intricate
interplay between Andreev processes, virtual (evanescent)
channels, and constraints on the scattering matrix beyond
unitarity.

When the dominant dispersion comes from a regular pla-
nar channel, the gap closing is restored due to finite normal
backscattering at the superconductor–normal-metal (SN) in-
terface, in conjunction with an energy-dependent constraint
on the scattering processes which is derived through time-
resolved probability conservation considerations. If instead
the dispersive channel is evanescent, the gap is closed through
regular Andreev reflection—but between evanescent modes.
Here, we show that the resulting scattering matrix constraint
can no longer be derived from probability conservation, due
to the generic impossibility to normalize wave-function An-
sätze containing diverging evanescent modes. Overall, we thus
show that Andreev bound-state physics are capable to unravel
nontrivial and unexpected constraints on energy-dependent
scattering matrices. We explicitly demonstrate the validity of
our general concepts and constraints using the example of a
ballistic L-shaped junction, a geometry of high experimental
relevance [44–46].

Almost all existing analytic calculations describe the
subgap transport at an ideal SN interface within the so-
called Andreev approximation [68,69], where finite dispersion
within the conductor electrons is neglected, resulting in pure
Andreev reflection (ideal conversion from electron to hole and
vice versa). While there is precedence for going beyond the
Andreev approximation [29] (where a finite dispersion leads
to a nonzero normal reflection process for planar modes), we
find that it is crucial to additionally include resulting strong
energy-dependencies in the normal scattering matrix S, since
the resulting ABS spectrum near the gap is highly sensitive to
the interplay of both SN-reflection and scattering. Moreover,
the behavior of evanescent modes at the SN interface has
not been considered at all in the existing literature. In this
work, we show that finite dispersion renders the evanescent
analog of Andreev reflection nonzero, which is at the origin
of the above-summarized gap-closing phenomenon, and the
resulting nontrivial scattering matrix constraints.

Overall, our work generalizes the state-of-the-art S-matrix
formalism (Beenakker framework) as a powerful and conve-
nient tool to analyze ABS physics for generic multiterminal
and multichannel junctions. We expect that the uncovered
spectral properties close to the superconducting gap are of
importance for future projects to improve our understanding
of the dissipative properties of driven weak links (building on,
e.g., Refs. [8,10]). Finally, the explicit inclusion of evanescent
modes in the scattering problem (and our demonstration of
their importance) might provide new impulses within the field
of random matrix theory [58–60]: namely, as of now, the
literature only describes the distribution of scattering coef-
ficients for planar waves (e.g., the Dorotkov distribution for
short diffusive wires [61]), whereas the distribution of evanes-
cent coefficients has, to the best of our knowledge, not been
studied. Moreover, the understanding of constraints relating
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FIG. 1. Importance of evanescent modes for the bound states
spectrum in short vs long conductor arms. The figure depicts a con-
ductor arm (light gray region) connecting the scattering center (dark
gray region) to one of the superconducting terminals (blue region). In
the most general case, the solution of the central scattering problem
involves (virtually occupied) evanescent modes due to energetically
forbidden channels. (a) For long conductor arms, conventional An-
dreev reflection at the SN interface and normal scattering at the center
result in planar standing-wave configurations of electron and hole
excitations (green). Potential evanescent modes exiting the scattering
region (dark blue real exponential) decay before reaching the SN
interface. (b) For short conductor arms, evanescent modes penetrate
the SN interface such that evanescent Andreev reflection becomes
important. In this situation, the standing waves in the conductor arms
form superpositions consisting of both decaying and diverging real
exponentials, in addition to planar modes.

scattering matrices at different energies could potentially even
provide an alternative, simpler access to the prediction of
probability distributions of scattering coefficients as a func-
tion of energy.

This work is organized as follows: Sec. II recapitulates
the standard Beenakker formalism. In Sec. III the impact of
finite dispersion on energy dependent scattering and ABS is
explored. Section IV introduces the revised Beenakker frame-
work with evanescent modes and energy-dependent scattering
fully included. In Sec. V evanescent scattering and Andreev
reflection is related to a constraint on the scattering matrix. In
Sec. VI the revised framework is applied to a junction with
nontrivial geometry and the effects on the ABS spectra are
verified by explicit numerical calculation.

II. SUMMARY OF STANDARD BEENAKKER FORMALISM
AND MAIN RESULTS

To provide an overview of the standard S-matrix formal-
ism, let us consider a generic junction with M supercon-
ducting terminals with a superconducting gap �. Let them
be joined by a central region consisting either of a normal
metal or semiconductor material (Fig. 1 depicts a conductor
arm connecting the scattering center with one of the super-
conducting terminals). Electrons and holes are assumed to be
subject to elastic scattering within the central region. Focusing
on energies below �, electrons and holes undergo Andreev
reflection [68] at the interface to the superconductor (SN
interface).
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The elastic-scattering process can be cast into the form of
the boundary condition

ψout =S · ψ in, (1)

where the vector ψ in (ψout) denotes the amplitudes of modes
incident (outgoing) with respect to the scattering center. The
scattering matrix S is block diagonal

S =
(

Se 0
0 Sh

)
, (2)

where Se and Sh represent the scattering matrices for electron
and hole components, respectively. In the absence of many-
body interactions, the electron and hole submatrices exhibit
particle-hole symmetry,

Sh[E ] = S∗
e [−E ]. (3)

Note that here and throughout this article, E is defined as the
energy with respect to the chemical potential μ.

The finite cross-sectional area of the conductor arms join-
ing at the center of the normal region leads to the formation
of channels. Assuming ballistic transport in these arms, their
physics can be described by the dispersion relation

ξk,n = εk + εn − μ, (4)

where the transversal component gives rise to a discrete level
contribution εn to the energy. For the specific example of a
free particle in the (longitudinal) propagation direction,

εk = k2

2m
, (5)

with the effective mass m and the longitudinal wave vector k.
Each channel, thus, has in general a different group velocity
at energy E , given as vn = kn(E )/m with kn(E ) being the
solution of E = ξk,n. For E � μ, these are the Fermi wave
vectors kF,n = kn(0) and Fermi velocities vF,n, respectively.
When considering the single-channel case in some of the
sections below, we simply drop the n index for notational
simplicity. The number of occupied channels depends on the
chemical potential μ. We further note that we occasionally
refer to an effective chemical potential for each channel, de-
fined as μn = εn − μ. Since energies are defined with respect
to μ as outlined above, μn = ξk=0,n in fact corresponds to the
minimum of the nth channel in the dispersion.

Overall, at a given energy E (that is, for E � μ, at a given
chemical potential) there are a certain number of real-valued
k that solve E = ξk,n. Within this first (review) section, this
total number of solutions shall refer to the number of avail-
able channels (the main part of this work is of course about
including also imaginary solutions for k, as detailed further
below). We can provide the scattering matrices with a sub-
structure referring to these channels (and the corresponding
terminals). The electron-scattering matrix Se (the hole matrix
Sh has analogous structure) entails all nP available channels in
the scattering process as

Se =

⎛⎜⎜⎜⎝
S1,1

e S1,2
e . . .

S2,1
e S2,2

e . . .
...

...
. . .

SnP,nP
e

⎞⎟⎟⎟⎠, (6)

where Sm,n
e encodes scattering from the nth to the mth channel.

Each of these submatrices has the structure

Sm,n
e =

⎛⎜⎝Rm,n
1,1 T m,n

1,2 . . .

T m,n
2,1 Rm,n

2,2 . . .
...

...
. . .

⎞⎟⎠, (7)

where T m,n
μ,ν denotes transmission from the νth to the μth

terminal. Note that we assume here for simplicity that
each terminal has the same number of channels (symmetric
conductor arms). The formalism is however very easily gener-
alized to the case where different terminals may have different
channel numbers.

At this stage it is important to point out that, in the present
work, we choose to stick to a slightly different definition of
the multichannel scattering matrix. In the Ansatz of the wave
function for the multichannel regime, it is common practice
[70] to add a normalization prefactor related to the group
velocity, ∼√

vn, in front of the wave-function component of
channel n. For our purposes, we find it more convenient to
omit this prefactor because it simplifies some analytic proofs
and the numerical computations below. Moreover, such a
normalization choice seems even more impractical with the
inclusion of evanescent modes (virtual occupations of higher
energy channels with imaginary k) because they have no
meaningful definition of a group velocity. At any rate, for
the purely planar mode description, our scattering matrix S
is related to the more commonly used literature definition S̃
through S̃ = √

vS
√

v−1
, where v is a diagonal matrix with the

group velocities of the corresponding channels as its entries.
Note that, for the single-channel case, S̃ = S so this distinction
is only important for multichannel scattering problems (with
distinct group velocities). While S̃ is unitary due to probability
conservation, the matrix S satisfies S†vS = v. Similarly, the
presence of time-reversal symmetry (TRS) S̃T = S̃ here man-
ifests as ST v = vS. Some important identities however remain
the same, such as the combined properties of probability con-
servation and TRS, yielding S̃∗S̃ = S∗S = 1.

The structure in Eqs. (6) and (7) represents the most gen-
eral case for an arbitrary scattering potential V (x, y, z). Let us
consider the special case of a system that has a separable po-
tential with respect to the main propagation direction (which
we here choose to be the x axis, without loss of generality),
that is, V (x, y, z) = V (x) + V (y, z). In that case, the wave
function can be cast into product form,

ψ (x, y, z) = ψlong(x) × ψtrans(y, z), (8)

and scattering reduces to a set of independent one-
dimensional (1D) problems. As a consequence, there is no
longer any cross-channel scattering, Sm,n

e,h = 0 for n �= m (also
meaning that here, S̃ = S). Conversely, dropping this sep-
arability assumption leads to interactions between different
channels. Cross-channel scattering will play an integral part
in this work, as we detail further below.

The superconducting part of the conductor arms has the
dispersion relation

Ek,n = ±
√

�2 + ξ 2
k,n. (9)
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Consequently, at the SN interfaces, single electrons can only
be absorbed into the superconductor if energy is above the
superconducting gap, |E | > �, where they are translated into
quasiparticle excitations [61]. Below the energy gap, |E | < �,
the superconductor only accepts integer multiples of two el-
ementary charges as Cooper pairs. Thus, incident electrons
with subgap energies are ejected as hole excitations back into
the normal conductor. This process is referred to as Andreev
reflection, which is described by the condition

ψ in = R · ψout, (10)

where R is the Andreev reflection matrix. It is usually assumed
[29] that, for a perfectly transparent interface and if |μ| � �,
no normal electron-electron backscattering is taking place,
which is called the Andreev approximation [68,69]. In this
case, the reflection matrix takes block off-diagonal form

R = α

(
0 eiφ̂

e−iφ̂ 0

)
, (11)

with e−iφ̂ (eiφ̂) governing electron-hole (hole-electron) reflec-
tion of the nth channel where

α = E

�
− i

√
1 − E2

�2
. (12)

For a junction with M terminals,

eiφ̂ = 1nP×nP ⊗

⎛⎜⎝eiφ1

. . .

eiφM

⎞⎟⎠, (13)

where φl is the phase of the lth superconducting terminal.
Under the above assumptions, the reflection coefficient α is
identical for each channel n � nP involved in the process,
such that we only need the unit matrix 1nP×nP (here, actually
spanning across the number of planar channels nP, which
will become important later). Assuming that the spatial de-
pendence of the superconducting pairing is mainly along the
propagation direction x, Andreev reflection can be treated
for each channel independently, in the same spirit as for the
discussion after Eq. (8). For simplicity, we continue to uphold
this assumption throughout this work. Consequently, unlike
for normal scattering, cross-channel interactions will not be
incorporated in R. As a consequence, our previously discussed
choice to not include group velocities explicitly in the Ansatz
of the wave functions would have no impact here, and our
definition of R remains consistent with the standard literature
definition. Note that matters are different once we go beyond
the Andreev approximation. Here, electrons and holes have
(slightly) different group velocities such that, here, different
normalization conventions could impact the final form of R.
Again, we avoid such complications by not performing a
normalization with respect to group velocities altogether.

From the perspective of single-particle excitations within
the normal lead, the physics of tunnel junctions below the
superconducting gap closely resembles that of a potential for
a particle confined in a box. The boundary conditions, as de-
fined in Eqs. (1) and (10), describe a scenario where electrons
undergo Andreev reflection into holes at the SN interfaces,
which are then scattered at the center, and vice versa. To

maintain a standing-wave configuration, this Andreev loop
[71,72] needs to create a coherent superposition of particle
and hole excitations. By combining the boundary conditions,
Eqs. (1) and (10), the corresponding interference condition
can be formulated as the eigenvalue problem [1]

det [1 − R · S] =0, (14)

where both scattering and Andreev-reflection is energy de-
pendent (S[E ], R[E ]) in general. If R is of the form given
in Eq. (11), the interference condition assumes the form

det[1 − α2eiφ̂See−iφ̂Sh] = 0. (15)

To simplify this equation even further, one usually invokes
the notion of a short-junction limit. In the existing literature,
this limit is characterized by the Thouless energy, which is in
turn defined by the inverse dwelling time ETh ≡ 1/τdw. The
dwelling time τdw represents the timescale the particle resides
within the scattering center. For a ballistic scattering region 1,
this time can be estimated as τdw ∼ vF /L where L indicates
the size of the region and vF is the Fermi velocity.

Its inverse, the Thouless energy, is commonly associated
with the energy scale at which significant changes occur
within the scattering matrix components. Consequently, for
ETh � �, the scattering matrix is usually approximated to
be energy independent S[E ] ≈ S[E = 0], since Eq. (15) deals
with the formation of subgap bound states, |E | < �. As a con-
sequence, the particle-hole symmetry relation (3) simplifies to

Sh
E=0≈ S∗

e . (16)

This leads to an important implication for the Andreev bound
states that can be directly inferred from the Beenakker equa-
tion (15). Namely, there always exist solutions for E = ±�

for special points in the space of phases φ j . In other words, the
bound-state spectrum must always connect to the band edge of
the quasiparticle continuum. In the absence of magnetic fields
(the default assumption for the remainder of this work), we
have TRS present. As already indicated above, we thus have
SeS∗

e = 1, such that the Beenakker equation reduces to

1 − α2 = 0, (17)

for φ̂ = 0. Due to Eq. (12), one sees that the ABS-spectrum
needs to obey E = ±�. As argued in Ref. [21], for a gen-
eral multiterminal junction, the band touching the continuum
(E = ±�) not only occurs at the origin, φ̂ = 0. Instead, for
M terminals, with a space spanned by the M − 1 independent
phase differences, the band touchings occur on an M − 2
dimensional sheet, anchored to φ̂ = 0.

With energy dependence neglected, Eq. (16), and for the
specific case of a two-terminal junction with only one planar
channel involved in subgap scattering, the Beenakker equa-
tion can be solved to obtain the well-known [61] analytic
expression

E [φ] =�

√
1 − |T |2sin2[φ/2], (18)

for the ABS spectrum, where φ = φI − φII is the phase dif-
ference of the two superconducting terminals and |T |2 is the
transmission amplitude. For this specific example, the ABS

224513-4



INTERPLAY BETWEEN EVANESCENT SCATTERING MODES … PHYSICAL REVIEW B 110, 224513 (2024)

spectrum touching the energy continuum at φ = 0 can be
directly read off the explicit relation.

Crucially (and as foreshadowed), in the above described
approach, there is an additional simplifying assumption,
which has, to the best of our knowledge, not been explicitly
stated in the existing literature (except in the aforementioned
special cases in Refs. [65–67]2) and instead was so far always
tacitly taken for granted. Namely, the scattering matrix S as
well as the reflection matrix R appearing in the Beenakker
equation (15) only take into account planar waves, explic-
itly (that is, real-valued solutions of the wave vector k). As
indicated above, E = ξk,n also has imaginary solutions for
k, giving rise to evanescent modes, which can be thought
of as virtual occupations of nominally energetically forbid-
den channels. In fact, solving the scattering problem (i.e.,
explicitly calculating S) in general necessitates the inclusion
of these evanescent modes in the wave-function Ansatz (see,
for instance, Refs. [20,73]) because otherwise the conditions
from continuity and differentiability of the scattering problem
are ill-defined. For instance, an incoming planar wave not
only scatters to other planar modes (the amplitudes of which
are captured in S), but also to evanescent modes that decay
sufficiently far from the scattering region (which corresponds
to an entire subblock of additional scattering amplitudes that
are not represented in S). Consequently, neglecting evanescent
scattering amplitudes is in principle only correct in the asymp-
totic limit where the superconductors are situated far from the
central scattering region. If the superconductors are placed
near the scattering region, one can in general not exclude
evanescent modes because they come into contact with the
SN interfaces.

In this work, we explicitly extend the framework to account
for evanescent modes and identify specific conditions under
which they become of importance. We find in particular that,
when one or several of these channels have finite dispersion,
they cause two related effects which both impact the ABS
spectrum. First, finite dispersion in conjunction with cross-
channel coupling yields a strong energy dependence of the
scattering matrix, notably even if the Thouless energy is large.
Second, Andreev reflection of evanescent channels becomes
particularly relevant, such that not only S, but also R, needs to
be extended to accommodate evanescent modes. While strong
energy dependence of S alone would provide a detaching
of the bound states from the continuum (as it invalidates
the conditions leading to Eq. (17) above), the evanescent
Andreev reflection exactly compensates this detachment.

2In contrast with our work, in Ref. [66], real exponentials do not
originate from separate higher channels which become virtually oc-
cupied upon entering an energetically forbidden region. Rather, the
origin lies in a quartic term in the dispersion relation giving rise to
four solutions, of which two may correspond to imaginary momenta
in certain regimes. Consequently, parts of the wave-function Ansatz
may consist of both planar as well as evanescent contributions to
the same channel. The same applies similarly to Ref. [67], where
the dispersion relation is nonquadratic. However, full evanescent
Andreev reflection, in the sense that channels initially consisting of
real exponentials, which hit the SN interface, are once again reflected
into evanescent components—has not been considered so far.

Curiously, this special combination of mechanisms culmi-
nates in a formulation of energy-dependent constraints on the
full scattering matrix (including planar and evanescent modes)
which, crucially, cannot be derived from probability conser-
vation arguments. To summarize, our main achievements are
that

(1) we extend Eq. (14) to include evanescent modes.
(2) we demonstrate that S can strongly depend on energy

even for short junctions.
(3) we show that evanescent modes can strongly impact

the ABS spectrum, especially for energies close to �.
(4) we derive constraints on the S matrix which extend

beyond conservation of probability arguments.
The above points are developed in detail in the following

sections. After developing some general findings regarding
the ABS spectrum and the energy dependence of the normal-
metal scattering process (cf. Sec. III), we set up the new
formalism (cf. Sec. IV), and subsequently apply it to a spe-
cific, experimentally relevant junction geometry (Sec. VI).

III. IMPACT OF ENERGY-DEPENDENT SCATTERING
ON ANDREEV BOUND-STATE SPECTRUM

A. Detaching from continuum

To set the stage, let us first consider a generic case of an
energy-dependent scattering matrix and show how this energy
dependence is noticeable within the ABS spectrum, at least
within the above-described standard literature formalism.

For this purpose, we focus in particular on the previ-
ously discussed fact that the entire ABS energy spectrum
approaches the gap � for zero phase differences, φ̂ = 0, and
thus touches the continuum. As already explained, for a sym-
metric scattering matrix, the origin of the E = � solution
can be conveniently seen on the level of Eq. (15), where for
E = � and φ̂ = 0, α2Seeiφ̂She−iφ̂ = SeS∗

e = 1. If we now in-
clude a finite energy dependence in the scattering, we instead
get the term Se(E )S∗

e (−E ) (due to particle-hole symmetry),
which in general no longer reduces to one. As a consequence,
the ABS spectrum detaches from the continuum at φ̂ = 0.

It is interesting to note that this simple observation can
be cast into a different language. Namely, the touching of
the energy spectrum can be understood as being protected
by a type of chiral symmetry, and the detaching due to a
finite energy dependence of S as breaking that symmetry. To
see this, we rely on a trick similar to the one proposed in
Ref. [13], whereby one can express the eigenvalue problem for
E in terms of an effective (Hermitian) Hamiltonian. For this
purpose, we start from the eigenvalue problem R · Sψ = ψ

(which follows from the combination of Eqs. (1) and (10) with
ψ = ψ in) and transform it into two equivalent variants:

α∗ψ = α∗R · Sψ, (19)

αψ = αS† · R†ψ. (20)

If we subtract Eq. (20) from Eq. (19), we arrive at an
eigenvalue problem with an effective Hermitian Hamiltonian
heff(E )ψ = (�2 − E2)1/2ψ , with

heff(φ̂) = �

2i

(
0 hS (φ̂)

h†
S (φ̂) 0

)
, (21)
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where

hS (φ̂) = S∗
e (E )eiφ̂ − eiφ̂S∗

e (−E ). (22)

This Hamiltonian is special in two regards. First, if the scatter-
ing matrix depends on E , the above is an explicitly nonlinear
problem (as the Hamiltonian depends on its own eigenvalues).
This will be the pivotal property which we examine in more
detail in the subsequent sections of this work.

The second peculiarity is that it does not return the
eigenenergies directly but instead provides what we refer
to as the pseudoenergy Ẽ = (�2 − E2)1/2. This is because
the subtraction of Eq. (20) from Eq. (19) yields Im[α] =
−(1 − E2/�2)1/2 on the right-hand side. Obviously, the addi-
tion of Eqs. (19) and (20) (which was the original procedure of
Ref. [13]) would instead yield Re[α] = E/� and would thus
be much closer to the generally more conventional form of an
effective Schrödinger equation. But, the form chosen above
has a central advantage: it allows for the interpretation of the
touching of the ABS spectrum with the continuum at E = �

as a topological feature. Namely, for energy-independent scat-
tering, we find the symmetry

heff(−φ̂) = −
heff(φ̂)
, (23)

with the self-adjoint chiral transformation


 =
(

0 S∗
e

Se 0

)
. (24)

Evidently, this symmetry guarantees that for φ̂ = 0 all eigen-
values of heff go to zero, and thus E = ±�. The above
statement is true for the here considered conventional s-wave
superconducting contacts. Note that if we were to replace the
contacts by topological p-wave superconductors, the Andreev
reflection coefficient α would acquire an additional π/2 phase
shift (see, e.g., Refs. [23,26,27]). This shift gives rise to the
well-known correspondence of the ABS spectra between con-
ventional and topological superconducting junctions, where
energies E for conventional superconductors map onto ener-
gies (�2 − E2)1/2 for topological superconductors (and vice
versa). Consequently, for topological superconductors, the
eigenvalues of heff would return the actual ABS energies E
instead of (�2 − E2)1/2. By the same token, for topological
superconductors, the very same chiral symmetry guarantees
E = 0 (due to the presence of Majorana zero energy states)
instead of E = �.

Crucially, this correspondence ceases to be valid for the
nonlinear case; that is, when Se is a function of E . This can
be seen already in first order, Se(E ) ≈ Se + EδSe, where the
effective Hamiltonian (at φ̂ = 0) simplifies to

heff ≈ −i�

(
0 −EδS∗

e
EδSe 0

)
. (25)

For the here considered conventional superconductors, a pos-
sible solution at Ẽ = 0 gets mapped to E = ±�, which has to
be self-consistently reinserted into heff. But this nonlinear cor-
rection breaks the chiral symmetry, leading to a gapping of Ẽ ,
or equivalently, to a detaching of E from the continuous bands
at ±�. Note that, for topological superconductors, an energy-
dependent scattering matrix does not lead to a similar breaking
of the chiral symmetry, because E -dependent corrections to

FIG. 2. Impact of finite energy dependence in the scattering S
and nonzero backscattering in R, due to finite dispersion, on the ABS
spectrum in a single-channel device. The spectrum shown above is
obtained using the specific example of an L-junction geometry as
discussed in detail in Sec. VI (see also Appendix A). Panels (a) and
(b) show the energy E and pseudo-energy Ẽ , respectively, for the
same system parameters. With the standard framework employed—
where energy dependence in S is omitted and R is applied as in
Eq. (11)—the spectrum (black dotted curve) touches the gap E = �

or Ẽ = 0, respectively, at φ = 0. When including energy dependent
scattering S[E ] (while keeping the standard R) we observe a de-
taching from E = � and a gapping at Ẽ = 0 in the pseudoenergy,
respectively [green dashed curves in panels (a) and (b)]. If the energy
dependence in S were due to a finite dwelling time, the green curve
would be exact. Yet, for the parameters chosen here, the finite energy
dependence is attributed to finite dispersive effects (whereas the
dwelling time remains negligible). In this case, nonlinear dispersion
effects in both the R and S matrices lead to a restoration of the gap
closing (blue dotted curve), as argued in Sec. III C.

Se obviously vanish at E = 0. For illustration purposes, we
explicitly show this detaching mechanism in Figs. 2(a) (for
E ) and 2(b) (for Ẽ ). For concreteness, the energy spectra
are computed with the explicit L-junction geometry, which is
presented in Appendix C. Details for the calculation of Fig. 2
can be found in Appendix A.

Due to the above findings, one might think now that
energy-dependent scattering inevitably causes a detaching to
occur. However, it will turn out that in general this is not
necessarily the case. By investigating various distinct origins
of energy dependent scattering, we discover in what follows
a mechanism by which the detaching is compensated for in
certain limits. In particular, while a strong nonlinearity in
the dispersion relation leads to a strongly energy-dependent
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FIG. 3. Probability conservation at the time of scattering, de-
pending on the size of the scattering region or on the presence of
evanescent modes. A Gaussian wave packet is prepared and im-
pinging upon a scattering center. Unitarity of the S matrix ensures
probability conservation before (t1) and after (t3) the scattering in
the conductor arms. However, during the scattering process (around
t2), properties beyond unitarity become visible, depending on the
situation. If the scattering center has non-negligible width [panel (a)],
part of the probability current flows into the scattering region and is
temporarily lost for the conductor arms (leading to a finite energy
dependence of S). If we consider instead the case of cross-channel
scattering with dispersive evanescent modes [blue real exponentials
in panel (b)], probability current temporarily flows into these virtu-
ally occupied higher channels, even if the scattering region is short
(negligible dwelling time τdw = 1/ETh → 0). In this latter case, the
finite energy dependence of the planar part of S is compensated
through a constraint related to planar-evanescent (and evanescent-
planar) scattering processes, cf. Eq. (55) (one of the central results of
this work).

scattering matrix, it importantly cannot open a gap at E = �

(cf. blue dotted curve in Fig. 2). This is essentially due to
the fact that the strong energy dependence here does not
come from a long dwelling time of the electrons inside the
scattering region (i.e., the Thouless energy still remains large,
ETh → ∞). While this finding may seem intuitively plausible,
showing it rigorously on a mathematical level turns out to be
a nontrivial task. In particular, in order to see the gap closing,
and an effective restoring of chiral symmetry, one needs to
go beyond the commonly made approximations (detailed in
Sec. II). This is especially important for multichannel con-
ductors with strong cross-channel scattering.

In what follows, we first consider a precursor to that mech-
anism for the single-channel case. But this reasoning will
ultimately lead to the insight that evanescent modes (i.e.,
virtual occupations of higher energy channels, commonly
neglected in the scattering problem) play a pivotal role for
the proper description of the ABS spectrum, especially for
energies close to �.

B. Finite dwelling time versus finite dispersion

Typically, probability conservation is expressed by the uni-
tarity of the scattering matrix which aggregates and relates
the total probability densities well before and after the time
of scattering (t1 and t3 in Fig. 3). More generally, how-
ever, probability has to be conserved at all times, particularly
during the scattering process itself (around t2). By tracking

the time-evolution of Gaussian wave packets and integrating
over the probability densities, we find that under certain cir-
cumstances, there emerge conditions beyond unitarity. The
derivation of these conditions is detailed in Appendix B. Be-
low we summarize the results. We consider a single-channel
scattering problem in two particular limits.

In a first case, we assume that the scattering center has
a finite size L which, during the actual scattering process,
temporarily absorbs a portion of the probability density. This
results in a distortion of the Gaussians, the magnitude of
which can be related to a term ∼δSeS∗

e − SeδS∗
e , where δSe

captures the linear energy dependence of Se. This case cor-
responds to the view usually taken in the existing literature,
where a finite dwelling time gives rise to a finite energy
dependence of the scattering matrix.

We contrast the above with a second case with two
important differences. On the one hand, we assume that
the scattering region has negligible width L = 0, such that
the above argument no longer applies. Conversely, however,
we now assume that the momentum k(E ) can no longer be
linearized. Throughout this paper, we refer to this as the
“dispersive” case (or to a regime of “finite dispersion”). We
now still have a finite energy dependence in the scattering
problem, this time stemming from a finite dispersion instead
of a finite size of the scattering region. This results first of all
in an additional non-Gaussian correction term ∼Se − S∗

e . On
the other hand, due to the negligible scattering size, we still
have to impose probability conservation everywhere within
the conductor arms, leading to an additional condition with
respect to the electron-scattering matrix Se as

Se − S∗
e

2μ
+ δSeS∗

e − SeδS∗
e = 0. (26)

We emphasize that, while for both cases, the deviation from
the Gaussian wave packet is of the exact same shape (cf.
Appendix B), the physical origin could not be more different.
In the first case, the probability of the electron to reside inside
the conductor arms temporarily diminishes, whereas in the
latter case it does not—leading to the extra requirement given
in Eq. (26). Crucially, we show further below, that if the latter
is true, such that Eq. (26) applies, the energy dependence of
the scattering matrix cannot open a gap at E = �, and the
chiral symmetry is preserved even for nonzero δSe.

As an intermediate comment, the reader might wonder
why this discussion is important because it is common for
solid-state systems to assume kF large (thermodynamic limit).
However, it is well known that finite chemical-potential
effects are important for systems with low charge-carrier
density. In addition, our argument also matters for a system
with a large electron density (in the solid-state sense) in the
multichannel case as introduced in the dispersion relation
given in Eq. (4). Notice that each channel has effectively a
different chemical potential, due to the energy contribution
of the transversal standing wave εn. Hence, for a generic
multichannel situation, individual channels may have a no-
ticeable dispersion especially when tuned to a regime where
the number of occupied channels changes, as we illustrate in
more detail below.

224513-7



D. KRUTI AND R.-P. RIWAR PHYSICAL REVIEW B 110, 224513 (2024)

C. Closing the gap at E = �

Up to now, we demonstrated that a finite energy depen-
dence of the scattering matrix does not necessarily indicate
a finite dwelling time of the electrons inside the scattering
region, but may also stem from a finite nonlinearity in the
dispersion relation of the leads. We now show how this fact
enters in the behavior of the ABS spectrum close to the gap.

For this purpose, we return to the chiral symmetry breaking
argument presented in Sec. III A. Since a finite nonlinearity of
the dispersion relation can create a finite energy dependence
in the scattering matrix, see Eq. (26), it would now—at first
sight—indeed seem that the discussion in Sec. III A applies,
and one has to conclude that the ABS spectrum detaches from
the continuum.

However, as we now show, this conclusion is wrong.
Namely, in the limit of a finite chemical potential, the form
of the Andreev reflection matrix R as given in Eq. (11) is
no longer correct because it requires the assumption that the
chemical potential (and the corresponding Fermi wave vector)
be infinitely large [61]. Hence, just like in the derivation of
Eq. (26) above, we need to take into account the leading-order
correction for a finite μ. For a single channel, we get up to first
order in 1/μ (for the full expression of all Andreev processes,
see Sec. IV below),

R = α

(
− �

2μ

[
1 + E

2μ

]
eiφ̂[

1 − E
2μ

]
e−iφ̂ �

2μ

)
. (27)

The ordinary Andreev electron-hole receives a small correc-
tion ∼E/2μ, and there is in addition a finite electron-electron
(respectively, hole-hole) backscattering, ∼�/2μ. We stress
that the finite normal backscattering does not originate from
an impurity at the SN interface, but instead from a slight,
but finite mismatch of the electron and hole wave vectors—a
consequence of μ being finite.3

We now use the updated formula for the scattering at the
SN interface and derive a corrected effective Hamiltonian
along the same lines as in Sec. III A. For φ̂ = 0 (where we
would normally expect the detaching), we get

heff = −i�

(
�
4μ

(Se − S∗
e ) −EδS∗

e

EδSe
�
4μ

(Se − S∗
e )

)
, (28)

which differs from Eq. (25) by the diagonal terms first order in
1/μ. Importantly, it is at this point where the extra condition
for the scattering matrix, derived in Eq. (26), comes into play.
If it applies, heff is guaranteed to have eigenvalue zero with the
corresponding eigenvector

v0 =
(

S∗
e v

v

)
, (29)

where for the two-by-two scattering matrix considering here,
v is an arbitrary two-dimensional vector. Therefore, we can
decompose v into two orthogonal vectors, such that actually,
v0 represents a set of two eigenvectors with eigenvalue zero.

3In alignment with Sec. II, unitarity only holds for R-matrix coef-
ficients when normalizing with respect to the (mismatched) electron
and hole group velocities.

We thus conclude that, if Eq. (26) applies, the gap clos-
ing at φ̂ = 0 is conserved. In other words, while a finite
energy dependence of the scattering matrix may have various
origins, only an actual finite dwelling time of the electrons
inside the scattering region can detach the ABS spectrum
from the continuum. If, on the other hand, the energy depen-
dence stems from finite dispersion (while the actual, physical
dwelling time within the scattering region remains negligible)
no detaching occurs. This finding is explicitly numerically
corroborated in Fig. 2, again with the example of the L-
junction geometry (see again Appendix A for details), where
the gap closes again (blue dotted curve) when including the
dispersive backscattering in R.

In what follows, we make two additional general state-
ments. First, we argue that in the presence of multichannel
scattering, a strong energy dependence may occur in the scat-
tering matrix—yet again, not due to a finite dwelling time but
due to a variant of the same finite dispersive effects involv-
ing evanescent modes. Then, we argue why it is nonetheless
difficult to generalize the above simple proof of the survival
of the gap closing at E = � for φ = 0 by means of prob-
ability conservation arguments. Nonetheless, after updating
the Beenakker formalism to explicitly take evanescent modes
into account, we can formulate a new type of constraint that,
crucially, does not rely on probability conservation.

D. Cross-channel coupling and evanescent modes

The previous sections dealt with energy dependence due
to a single dispersive channel. We now discuss the energy
dependence for multichannel scattering in more detail, where
evanescent modes play a role. For simplicity, but without
loss of generality, we consider the case where the chemical
potential μ is chosen such that only the lowest channel is still
occupied as a planar mode nP = 1, i.e., ξk=0,n=2 = μ2 > 0,
but now tuned to values where the system is close to oc-
cupying the second channel. For E close to zero, we then
only have one planar mode (which can propagate forward
and backward), and the scattering matrix for electrons (and
likewise for holes) has dimensions of two by two (see also
blue dashed line in Fig. 4). Consequently, this regime would
(according to the state of the art in Sec. II) be described by a
simple two-by-two scattering matrix.

But now, with the chemical potential tuned close to
the second channel, we immediately see that the scattering
matrix inevitably must depend strongly on E . Very sim-
ply, if we increase the energy E beyond the critical value
μcrit ≡ ξk=0,n=nP+1 (which for the current example is the min-
imum of the second channel, i.e., μcrit = μ2),4 the electron
or hole gets two planar channels for its disposal (red dashed
line). It stands to reason that the scattering matrix thus changes
from two by two to four by four as a function of E , a transi-
tion which, in line with the notation adopted in Eq. (6), can
be formally depicted as (see also graphical representation in

4Note that we can easily generalize to similar transitions at higher
energy by μncrit ≡ ξk=0,n=ncrit , where ncrit is the index of the channel
undergoing the transition.
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FIG. 4. Single-particle dispersion in the normal-conductor re-
gion. Increasing the chemical potential (blue and red dashed line)
beyond the next-higher mode (red solid line) changes the channel
number and by this the dimension of the (planar) scattering matrix.

Fig. 4)

(
S1,1

e

)→ (S1,1
e S1,2

e

S2,1
e S2,2

e

)
. (30)

Importantly, this transition persists even when the scattering
region satisfies ETh → ∞, that is, when the dwelling time in
the scattering region is small. Moreover, it also persists for
large μ, in fact, it is very much driven by an increase in μ.

While it is now abundantly obvious that the scattering
matrix changes strongly, it is further pivotal to understand how
exactly the above transition occurs (e.g., discontinuous versus
smooth). There is a straightforward special case where the
change is discontinuous. Namely, as stated in the discussion
around Eq. (8), for a separable scattering potential, channels
are independent, such that the scattering matrix is block diag-
onal with respect to the channel index; that is, S1,2

e = S2,1
e = 0.

Consequently, unitarity is obeyed by each channel separately
|Tn,n|2 + |Rn,n|2 = 1. Hence, for energies slightly above μncrit ,
S1,1

e still has a negligible energy dependence due to E � μ,
whereas S2,2

e strongly depends on E due to a small μcrit.
In contrast, if translation invariance is broken (which is

inevitably the case for strong cross-channel coupling), the
situation is significantly more complex. This can already be
seen qualitatively by considering the probability conservation
condition for the total matrix Se. Since the off-diagonal cross-
channel coupling terms S1,2

e , S2,1
e are nonzero, probability

conservation of the total Se couples all submatrices. Conse-
quently, we can no longer separate the energy dependence of
the different channels into separate energy scales μ (large)
and μcrit (small). Instead, the small energy scale μcrit now
dominates the energy dependence of the entire matrix.

Importantly, this observation can be made much more con-
crete and strongly generalized at the same time. Breaking
translation invariance means that the wave function inside the
scattering region can no longer be separated into longitudinal
and transversal components as in Eq. (8). Hence, solving the
usual continuity and differentiability conditions of the scatter-
ing problem creates interdependencies between coefficients of
different channels. Moreover, for this general, nonseparable

μ

μcrit

FIG. 5. Dispersion relation of electron bands in the normal con-
ductor. Unoccupied higher planar modes (blue curves) turn into
virtually occupied evanescent modes with inverted dispersion below
μcrit (dashed blue curves). Scattering is energy sensitive if μ is in the
vicinity of one of the minima μn (gray transition region).

case, it is actually not even enough to only use a pure planar
mode Ansatz for the scattered wave in the conductor arms, as
the continuity and differentiability conditions impose (for a
continuous position space) infinitely many conditions, which
can in general not be satisfied by the finite number of available
planar modes (see also Refs. [20,73]). This problem can only
be solved by including all channels in the Ansatz for the
wave functions, including the energetically unavailable modes
(with energies ξk,n > E for all real k) as virtually occupied
evanescent modes with an imaginary wave vector,

kn(E ) → ±iκn(E ). (31)

These real exponentials now satisfy ξ±iκ,n = E for all n > nP,
where nP are the number of planar modes. They can be con-
veniently represented as inverted dispersion relations (cf. the
dashed blue curves in Fig. 5). For a normalizable scattering
wave-function Ansatz, the sign ± in the above definition has
of course to be chosen such that evanescent modes decay far
from the scatterer. However, as we explicitly show below, for
Andreev bound states, our Ansatz must include both decaying
and diverging modes due to the additional presence of the SN
interface.

Consequently, the full scattering problem in the most gen-
eral case is not described by a finite-dimensional matrix (with
dimensionality 2nP) involving only the incoming and out-
going planar modes ∼e±ikn (E )x (n � nP), but is, as a matter
of fact, an infinite-dimensional matrix describing in addi-
tion virtual scattering between planar and evanescent modes,
∼e±κn (E )x (n > nP), and even between evanescent and evanes-
cent modes. Again, the details of this will be fleshed out in the
subsequent section.

Here, we instead continue with the second important con-
clusion. As indicated above, the transition points where the
number of planar channels change are fully dominated by
one small energy scale μcrit for the channel nP + 1, which is
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evanescent for energies below μcrit and planar beyond μcrit.
Consequently, momenta can no longer be approximated to be
constant, kn(E ) �≈ constant, if E ≈ μn. Instead, assuming the
dispersion relation given in Eqs. (4) and (5) indicates that
momenta kn(E ) around the local extremum μcrit are highly
energy sensitive, following a square root behavior. Note that
this is true for energies both above and below μcrit. The only
difference is that the channel nP + 1 either exhibits a strongly
varying imaginary wave vector iκnP+1(E ) (in the evanescent
regime) or a strongly varying real wave vector knP+1(E )
(planar). In either case, taking the usual differentiability con-
ditions, momentum drops down ∼kn[E ] · ψ and enters in
first power. Accordingly, it is the momentum knP+1(E ) of the
channel nP + 1—and this parameter only—by which energy
dependence enters the scattering problem. If scattering is not
translationally invariant, as discussed above, the dependence
of knP+1(E ) is projected onto all remaining channels via cross
channel interaction, such that the overall energy dependence
is dominated by the dispersion of the channel nP + 1. Thus,
we can already predict on this general level that the behavior
of the scattering matrix around that transition is given by the
square root law ∼√|1 − E/μcrit|.

As a consequence, if the energy is close to the point where
additional channels enter the scattering problem, the scatter-
ing coefficients smoothly but strongly adjust as a function
of energy with the square root power law. That is, there is
a region of transition in the vicinity of μcrit where the scat-
tering matrix exhibits a strong algebraic energy dependence
even below the point where the next-higher channel joins the
scattering process (cf. the gray stripe in Fig. 5). The full pic-
ture, then, is that by approaching μcrit from below, evanescent
modes gradually become increasingly extended within the
conductor arms and eventually turn into planar channels as
the next-higher mode is populated. In current treatments, it is
assumed that evanescent modes exciting the scattering center
quickly fade away and thus can safely be neglected. However,
as we show below in more detail, for short junctions this
assumption is in general valid only for energies sufficiently far
from μcrit. If the chemical potential is tuned to values close to
a channel number transition, especially the lowest evanescent
mode (whose spatial extension is diverging here) has to be
taken into account, as it essentially pierces the SN interfaces
(cf. Fig. 1). Crucially, this requires a generalization of the
interference condition, Eq. (14).

Finally, the above analysis is not only important for the fun-
damental understanding of weak link physics in the general
multichannel case, but also useful for explicit calculations. As
we show below with the concrete example, the square root
behavior can be used as an efficient way to interpolate the scat-
tering matrix at different values of E , and thus significantly
increase the computational speed.

E. Challenges for the generalization of the gap-closing argument

As we just demonstrated, when the chemical potential is
tuned close to a value where the number of planar channels
changes (described by the small energy scale μcrit), we have a
finite energy dependence of the scattering matrix, in spite of
negligible dwelling time. It would therefore seem reasonable
to expect that the discussion of Sec. III C applies here as well,

in that the finite energy dependence of the scattering matrix
would initially open a gap (i.e., detach E from �), but that a
correction in R would eventually restore the gap closing. And
while ultimately, at least parts of that expectation turn out to be
true, the pathway towards a full understanding of the near-gap
spectral properties of the ABS in this regime is much more
complicated.

First, there is a simple energy scaling argument indicating
that we need to explicitly include evanescent modes into the
Beenakker framework. Namely, for the single-channel case
(see Sec. III C) we saw that the only relevant energy scale is
μ, and that the energy-dependent corrections of the scattering
matrix ≈1/μ exactly canceled with the dispersive correction
in R (likewise ≈1/μ). If we were to simply apply the same
principle to the multichannel case, but μ still tuned to values
where there is only one planar channel, we now understand
that the planar part of the scattering matrix has corrections
that scale with 1/μcrit � 1/μ and, therefore, cannot simply
be corrected by a mere dispersive correction to the planar
Andreev reflection scaling with 1/μ. Indeed, as we show
below, we need to take into account evanescent modes not
only within the scattering matrix describing the central scat-
tering region, but also the evanescent equivalent of Andreev
reflection (that is, not only S but also R needs to be extended).
Indeed, for the latter, the energy scale μcrit emerges again,
such that we have at our disposition a process depending on
the same, dominant energy scale.

This, however, would not be sufficient because there is
an even more profound challenge. Namely, with Eq. (26),
we derived for the single-channel case a constraint on the
scattering matrix beyond unitarity (but still rooted in proba-
bility conservation), under the condition that the finite energy
dependence in S originated from a finite dispersion of the
conduction electrons. Indeed, it was precisely this constraint
that allowed us to show that E = � remained the correct
solution at φ = 0 [see discussion around Eq. (28)]. It turns
out that we can generalize the argument leading to Eq. (26) to
the present multichannel case—but this generalized condition
will not be helpful. Namely, one can extend the scattering
wave-function Ansatz of Eqs. (B1) and (B2) to include the
dominant evanescent mode in addition to the planar mode,
with an evanescent version of a transition and reflection am-
plitude. However, note that in order for the scattering wave
function to be normalizable, we can only include the decaying
mode (and not the diverging mode)—an important caveat, as
we will see in a moment. Now, proceeding in the same way as
in Sec. III B, one can derive a very similar type of condition as
in Eqs. (B11) and (B14), except that the terms ∼(R − R∗)/μ
and ∼(T − T ∗)/μ would be replaced by terms proportional to
the evanescent reflection and transmission amplitudes divided
by μcrit. Interestingly, this new constraint would tell a story
in between the previously encountered situations. Here, the
dip in the probability of the planar mode occupation upon
impact of the wave packet in the scattering region is very
much real. However, the total occupation probability of the
electrons inside the conductor arms is still conserved because,
at impact, the evanescent mode is temporarily occupied [cf.
Fig. 3(b)].

Yet, crucially, this constraint would not be a suitable con-
dition to understand the properties of the ABS spectrum near
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the gap, for the simple reason that the Ansatz for the full
ABS wave function requires (contrary to the scattering wave
function) both decaying as well as diverging parts of the
evanescent modes (again, see below for details). The updated
probability conservation constraint involving decaying modes
however would only provide a relationship between the en-
ergy dependence of the scattering amplitudes of the planar
modes and the decaying evanescent modes, and thus provides
only incomplete information. As a last resort, one could try
to come up with an even more general Ansatz for an incident
wave packet including both decaying and diverging evanes-
cent modes. But it is impossible to construct normalizable
wave packets in this way.

By carefully generalizing the Beenakker formalism to in-
clude evanescent modes below, we will be able to attack
this problem from a different angle. In fact, in a sense, we
invert the problem by first providing a perturbative expansion
of the generalized Beenakker equation up to first order in
1/μcrit. Then, instead of providing a condition for the scat-
tering matrix such that a gap closing at � is guaranteed,
we demand that the gap closing exists and deduce from that
condition a constraint on the generalized scattering matrix
(including evanescent modes). Crucially (as indicated above),
this constraint cannot follow from probability conservation
arguments. Thus, we provide an example where Andreev
physics can provide us with fundamental information about
the central scattering region that cannot be obtained otherwise.

Finally, by means of numerical analysis of a specific device
geometry, we are able to show that this constraint is indeed
fulfilled. What is more, it can be shown that the gap-closing
mechanism even persists beyond the perturbative limit, where
higher-order terms become relevant, hinting at the exciting
outlook that there probably exist higher-order constraints, re-
lating a generic scattering problem at two different energies in
a nontrivial way.

IV. BEENAKKER EQUATION INCLUDING
EVANESCENT MODES

To include evanescent modes into the Ansatz of the ABS
wave function, we have to find generalizations for both S
and R in Eqs. (1) and (10). As already indicated, we need
to include in general both decaying and diverging evanescent
modes within the unproximitized part of the conductor arms.

Overall, the wave function now needs to have a generalized
notion of incoming and outgoing wave amplitudes, ψ in and
ψout. This distinction is obvious only for planar modes, where
one simply distinguishes the propagation direction via the
group velocity. For evanescent modes, such a distinction is
meaningless, such that we simply choose to define the solu-
tions that decay away from the scattering matrix as outgoing,
or “scattered,” evanescent modes (i.e., their amplitudes are
added in ψout), and those that diverge as incoming, or “in-
cident,” modes (ψ in), see Fig. 6. We stress that this choice is
arbitrary. The resulting wave function Ansatz is nonetheless
correct, provided that the scattering at the central scattering
region, and at the SN interface, are computed consistently
with the ensuing asymptotic boundary conditions away from
the scattering region.

Incoming ψin

Outgoing ψout

Scattering
region

Super-
conductor

FIG. 6. Definition of evanescent scattering directions. Transmit-
ted or reflected real exponentials are defined as decaying in direction
outgoing (green dotted line) from the scattering region. Diverging
modes are defined as incoming (blue solid line). This convention is
applied for both electrons and holes.

As a first step, the structure of the scattering matrix as
shown in Eq. (6) has to be generalized to include evanescent
modes. That is, instead of the submatrices Sn,m being limited
to indices n, m going from one to nP, where nP is the number
of planar modes, n, m now have (at least in general) no upper
bound. For illustration purposes, we explicitly separate the
total (infinitely dimensional) scattering matrix into subblocks

S =
(

Se 0
0 Sh

)
, Sν =

(
Spp

ν Spe
ν

Sep
ν See

ν

)
, (32)

where, for instance, the subblock

Sep
e =
(

SnP+1,1 . . .
...

. . .

)
, (33)

designates in a sense the “scattering” from incoming evanes-
cent to outgoing planar modes. Ultimately, all scattering
matrix elements are computed such that the resulting wave
function is a correct solution of the Schrödinger equation, and
all boundary constraints (e.g., continuity and differentiability)
are satisfied. We give an operational example of how this is
accomplished in the subsequent section.

As just indicated, since there is an infinite number of
higher evanescent modes, the S matrix now becomes infinite
dimensional. Consequently, for explicit calculations, one has
to find an appropriate cutoff for the number of modes to have
convergent low-energy solutions. As we see in a moment, for
realistic problems, it actually often suffices to include only
the first evanescent mode, whereas all higher modes can be
neglected.

With evanescent modes included in the model, there now
are real exponentials exiting the scattering center within the
conductor arms. Note that conductor arms are often included
as fictitious entities, and their size is ultimately set to zero
[cf. Fig. 1(b)]. However, some experimental device designs
have structures that in principle allow for finite conductor
arms, see Refs. [44,45,74], such that it is meaningful to also
consider long junctions as in Fig. 1(a). At any rate, as soon
as evanescent modes pierce the proximitized S region, we
in general have to explicitly solve also the evanescent mode
version of the Andreev scattering problem at the SN inter-
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face.5 Moreover, in the standard framework, all coefficients
were computed in the limit of a strongly linear dispersion
relation (Andreev approximation), such that there was no
electron-electron (or hole-hole) backscattering, and the An-
dreev reflection coefficient α did not depend on the channel
index. All of these features must now be included. That is, in-
stead of the form given in the standard framework by Eq. (11),
the total reflection matrix at the SN interface now assumes the
form

R =
(

β̂e α̂heiφ̂

α̂ee−iφ̂ β̂h

)
. (34)

The matrices α̂ν and β̂ν are diagonal matrices whose size
is given by the number of channels times the number of
terminals, in analogy to the construction of the matrix e−iφ̂

as defined in Eq. (13). The matrix α̂ν generalizes Andreev
reflection, whereas β̂ν captures the aforementioned normal
backscattering. The coefficients on the diagonal depend on the
channel index (but not the terminal index) due to the nonlin-
earity of each channel’s dispersion. As we discuss in detail,
there is in particular a marked difference in the behavior of
the coefficients for planar and evanescent modes. As already
discussed in Sec. III C, finite normal backscattering (̂β �= 0)
is important, especially if it is the planar channels that exhibit
strong dispersion. In what follows, we show that, if dispersion
instead stems from an evanescent mode, corrections to α̂ will
play a pivotal role.

Analogous to the scattering matrix, β̂ν and α̂ν are decom-
posed into subblocks distinguishing planar and evanescent
modes

α̂ν =
(

α̂
pp
ν 0
0 α̂ee

ν

)
, β̂ν =

(
β̂

pp
ν 0
0 β̂ee

ν

)
. (35)

For instance, the subblock

α̂ee
ν =
(

αν,nP+1 0

0 . . .

)
(36)

designates evanescent-evanescent Andreev reflection for
electron-hole (ν = e) or hole-electron (ν = h), respectively.

As a matter of fact, it is possible to find explicit ana-
lytic expressions for all coefficients appearing in R. To this
end, continuity and differentiability at the SN interface are
imposed on the wave function Ansätze for the S and the
N regions. Since we assume that the SN interface does not
couple different channels, we can solve the corresponding
boundary conditions in the standard 1D model. The resulting

5Since for S, we classified modes decaying from the scattering
center as “outgoing” (appearing in ψout) and diverging modes as
“incoming” (appearing in ψ in), we have to apply the same consistent
grouping for the boundary conditions at the SN interface as well—
now for both electrons and holes. While the wave-function Ansatz on
the N side has both decaying and diverging evanescent components,
on the S side, we again have to restrict the Ansatz to only decaying
modes when receding from the SN interface within the S region (see
Fig. 6), to ensure normalizability of the total ABS wave function.

expressions for the Andreev (αν,n) and backscattering (βν,n)
coefficients read

αν,n = 2ν
�

E

Kν,nkR,n

kR,nζ−
n + �

E

√
1 − E2

�2 

ν,+
n

, (37)

βν,n = ν
kR,nζ

+
n − ν �

E

√
1 − E2

�2 

ν,−
n

kR,nζ−
n + �

E

√
1 − E2

�2 

ν,+
n

, (38)

with


ν,±
n = [(kI,n ± Kν,n)(kI,n + K−ν,n) + k2

R,n

]
,

ζ±
n = (Ke,n ± Kh,n). (39)

Here, the momenta for planar electron and hole excitations
are denoted ke,n with ν = +1 and kh,n with ν = −1, respec-
tively. The same notation applies for evanescent momenta
κν,n. We further use the notation that when ν is negated,
ν → −ν, we mean that electron and hole indices are swapped
(−e,−h → h,e). The relations (37) and (38) apply for planar
and evanescent channels, respectively, if momentum Kν,n is
chosen according to

Kν,n → −iνkν,n for n � nP (planar),

Kν,n → κν,n for n > nP (evanescent). (40)

The planar and evanescent momenta ke,n and kh,n are obtained
by considering the dispersion in the N region [cf. Eq. (4)] and
solving it for the momentum kn, where evanescent channels
require the replacement kn → −iκn, such that

kν,n =
√

2m(μ − εn + νE ),

κν,n =
√

2m(εn − μ − νE ). (41)

Independent of whether we consider planar or evanescent
modes in the N region, the wave vectors in the S region will be
the same standard solutions. Starting from Eq. (9) and solving
(E2 − �2)1/2 = ξ 2

k,n for subgap energies |E | < � we arrive at

the complex momentum kn = ±kR,n − ikI,n, with kR,n = k̃+,n

and kI,n = k̃−,n, where

k̃±,n =
√

m[
√

�2 − E2 + (μ − εn)2 ± (μ − εn)]. (42)

Accordingly, single-electron or -hole excitations are expo-
nentially suppressed upon entering the S region within the
forbidden subgap regime, as elaborated in Sec. II.

Now, if dispersion is negligible, i.e., |μn| � �, E , and
considering that by definition evanescent (planar) modes have
μn > 0 (μn < 0), Eqs. (41) and (42) imply that for evanescent
momenta κe ≈ κh ≈ kI and kR ≈ 0, whereas for planar mo-
menta ke ≈ kh ≈ kR and kI ≈ 0. Going to the limit of small
�, E with respect to μn, the explicit expressions (37) and
(38) can be expanded up to first order as follows. For planar
channels n � nP (i.e., for the respective “pp” subblocks) we
get the entries

αν,n ≈ α

(
1 − ν

E

2μn

)
, (43)

βν,n ≈ −να
�

2μn
, (44)
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where α is the reflection coefficient of the conventional frame-
work as defined by Eq. (12) a result we have already used
in Eq. (27), see Sec. III C, for a single planar channel. For
evanescent channels n > nP (the “ee” subblocks) we obtain
up to the same order

αν,n ≈ ν
�

4μn
, (45)

βν,n ≈ 0. (46)

Indeed, in the limit of �/μn → 0, we obtain the standard
framework (Sec. II), where both dispersive effects and evanes-
cent modes are irrelevant, as here α̂

pp
ν = α, while α̂ee

ν = 0
as well as β̂ν = 0. Overall, we clearly see the very distinct
behavior between the planar and evanescent coefficients. For
the planar coefficients, both regular Andreev reflection and
normal backscattering have a first-order correction. For the
evanescent coefficient, there only is a weak, nonzero Andreev
reflection, whereas normal backscattering is absent. More-
over, both planar coefficients explicitly depend on energy E
[note that Eqs. (43) and (44) contain the energy-dependent
factor α], whereas evanescent Andreev reflection is constant.

Crucially, the above expansion also establishes a concrete
guideline for assessing which modes can be neglected and
which ones must be included. For a dispersion relation as
shown in Fig. 5 there is only one mode with a small μn,
namely, the one whose energy minimum is closest to the
chemical potential μ. When tuning the chemical potential
just below the channel number transition, the total number
of modes that need to be included is nP + 1, i.e., all planar
modes, plus the lowest evanescent mode with strong disper-
sion. With a chemical potential above the transition, we again
only have to take into account the planar modes (nP), but
include finite dispersive effects of the highest planar mode
(in analogy to Sec. III C). This very narrow cutoff is insofar
surprising because one might have expected that every evanes-
cent mode with a sufficiently long exponential tail (such that
it penetrates the SN interface) would have to be included.
For extremely short junctions, this would have concerned a
high number of modes. The above expansion result, on the
other hand, shows that penetration of the SN interface only is
a necessary condition. In addition, modes also need to have
finite dispersion, i.e., |μn| ≈ �, E , in order to be relevant.
If not, backscattering is negligible and the planar reflection
coefficient αν,n reduces to the conventional form, Eq. (12)
(whereas evanescent Andreev reflection vanishes completely),
such that the interplay of energy dependent scattering and
evanescent Andreev reflection, as discussed above, does not
apply. As argued above, in situations where only one mode
is close to a transition point, all modes higher than the first
evanescent channel usually can be neglected. This is a further
central result of our work. We illustrate this principle and its
implications explicitly in the subsequent sections.

To summarize, within the new framework, Andreev re-
flection and scattering are still governed by the boundary
conditions as expressed in Eqs. (1) and (10), such that Eq. (14)
remains valid. However, the structure of both S and R is
changed (both including planar as well as evanescent modes).
Consequently, when expressing the interference condition in
terms of the submatrix structure, we get an equation of much
more general form than, e.g., Eq. (15). In particular, by in-

cluding backscattering, the reflection matrix R loses its block
off-diagonal form, as indicated by Eq. (34). Moreover, in
contrast with the state-of-the-art model, the reflection and
backscattering coefficients α̃ν,n and β̃ν,n are now different
for each channel and, thus, can no longer be factored out.
Consequently, Eq. (15) takes on the generalized form

det[1 − (1 − β̂hSh)−1α̂ee−iφ̂Se(1 − β̂eSe)−1α̂heiφ̂Sh] = 0.

(47)

One can immediately see that, if backscattering is negligible,
βν,n = 0, and if Andreev reflection is channel independent,
αν,n = α, the Beenakker equation reduces to the original form
of the standard framework, Eq. (15).

V. SCATTERING MATRIX CONSTRAINT INCLUDING
EVANESCENT MODES

Both the S- and the R-matrix can be cast into a block form
separating explicitly planar and evanescent modes,

S =
(

Spp Spe

Sep See

)
, R =

(
Rpp 0
0 Ree

)
. (48)

Since Andreev reflection does not couple different channels,
R is block-diagonal in the planar-evanescent subspace.

Starting again from the eigenvalue problem R · Sψ = ψ ,
where ψ likewise has a planar and evanescent subblock, ψ =
(ψp, ψe), we eliminate the evanescent subblock. This yields
the equation

RppSpp
effψ

p = ψp. (49)

The matrix Rpp is simply the Andreev reflection matrix of the
planar components only. We thus notice that the evanescent
modes can be incorporated into an effective pseudoscattering
matrix of the form

Spp
eff = Spp + Spe(1 − ReeSee )−1ReeSep︸ ︷︷ ︸

evanescent correction

, (50)

whose size is given by the number of planar modes. While this
matrix still fulfills particle-hole symmetry, τy[Spp

eff (−E )]∗τy =
Spp

eff (E ) (where τy is the Pauli matrix in Nambu space), prob-
ability conservation is not guaranteed, hence, it cannot be
considered a true scattering matrix.

The truncation to planar levels in terms of this pseu-
doscattering matrix is nonetheless very instructive to analyze
the relationship between evanescent scattering and band
touching, in a similar fashion as for purely planar processes in
Sec. III C. To that end, note that this effective scattering matrix
is no longer block-diagonal in the electron-hole space. This is
due to the fact that Ree has finite Andreev reflection due to
the finite dispersion of the evanescent mode, Eq. (45). It now
turns out that the interplay between diagonal and off-diagonal
processes (electron-electron versus electron-hole, etc.) allows
us to derive a condition relating the energy dependence of
the planar part of the scattering matrix (Spp) to the planar-
evanescent (Sep) and evanescent-planar (Spe) processes, which
is in its nature, crucially, beyond probability conservation
arguments.

To this end, we proceed similarly as in Sec. III C, but
instead of considering the problem perturbatively in the limit
where the chemical potential approaches the parabolic trough
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of the planar mode from above (rendering the dispersion of the
planar mode stronger and stronger), we approach the parabola
of the leading evanescent mode from below. If we consider
for concreteness the case of one planar mode (and all other
modes being evanescent) then this means that |μ2| tends to
zero (while at the same time taking � to be very small, such
that the ratio �/|μ2| is still �1). In this regime, we only take
into account the lowest evanescent mode, such that Ree has
dimensions of four by four (two entries for the left and right
lead, and two for electrons and holes), such that it reduces to
[see also Eq. (45)]

Ree ≈ �

4μ2

(
0 −eiφ̂

e−iφ̂ 0

)
. (51)

Assuming Ree small, we expand Spp
eff up to first order in

Ree, and insert this into the modified Beenakker equation,
Eq. (49). After following similar steps as in Sec. III C (ex-
panding in leading order in the energy dependence of the
scattering matrix around E = 0, and exploiting the fact that
α(E ) − α∗(E ) ∼ i(�2 − E2)1/2, we arrive again at an effec-
tive Schrödinger equation, heff(E )ψ = (�2 − E2)1/2ψ , this
time with the Hamiltonian (evaluated at φ̂ = 0)

heff(E ) = −i�

(
�

8μ2
� −E

(
δSpp

e
)∗

EδSpp
e − �

8μ2
�∗

)
, (52)

with the matrix

� = (Spp
e

)∗
Spe

e

(
Sep

e

)∗
Spp

e − (Spe
e

)∗
Sep

e , (53)

where (in analogy to Sec. III C) all scattering matrices are
evaluated (expanded) around E = 0. This Hamiltonian shares
a striking structural similarity with Eq. (28), except that the
subblock Se − S∗

e (representing the deformation of an incom-
ing planar Gaussian wave packet due to finite dispersion) is
here replaced with �/2 (due to the coupling between evanes-
cent and planar modes). Notice furthermore, that � satisfies
the symmetry

�∗ = −(Spp
e

)∗
�Spp

e . (54)

Consequently, we find that the very same eigenvector as in
Eq. (29) is a null eigenvector here, if E = �, and the condition

δSpp
e

(
Spp

e

)∗ − Spp
e

(
δSpp

e

)∗ + 1

4μ2
�∗ = 0, (55)

is satisfied. In this condition, the superconducting gap �
is likewise eliminated, such that this is a condition exclu-
sively concerning the scattering matrix (including planar and
evanescent modes), irrespective of the presence or absence
of Andreev processes. This is a further central result of our
work. While much of the above derivation works in complete
analogy to Sec. III C, the two conditions of Eqs. (26) and (55)
are fundamentally different in nature for the following reason.
In Sec. III C, it was possible to relate the conditions for a gap
closing to probability conservation of the scattering process it-
self. Here, this is explicitly impossible because the correction
in Eq. (49) stems from virtual excitations of the electrons into
the evanescent states, requiring both a coupling to decaying
and diverging modes (i.e., the “detour” via evanescent modes
involves both Spe and Sep), only the former of which are
normalizable (as we already discussed in Sec. III E). Hence,
even though the condition concerns only the properties of the

FIG. 7. Discrete lattice model of a two-terminal junction where
scattering occurs across an inverted-L geometry. Owing to the junc-
tion geometry, translational invariance is broken, such that there is
significant cross-channel coupling. Lattice points that are proximi-
tized by superconducting regions are marked in blue. These regions
extend over jx, jy ∈ [−∞, jα], where jα denotes the length of the
conductor arms in between the scattering center ( j = 0) and the
SN interface ( j = jα). Transversal wave-function components are
confined by the width of the conductor arms, where N is the number
of transversal lattice points. To compute the scattering matrix, it is
useful to consider cross-shaped plaquettes linking neighboring lattice
points due to the tight-binding tunnel hopping.

scattering matrix (the parameters of the Andreev reflection
have been eliminated), they do not refer to a simple probability
conservation principle. Therefore, as already foreshadowed
in Sec. III E, while it is straightforward to anticipate from
qualitative reasoning that there should exist a gap closing due
to simple dwelling time arguments, the actual demonstration
of this fact is difficult. Here, we have managed to find such
a nontrivial relationship for the scattering matrix including
evanescent modes by means of Andreev physics.

Finally, we emphasize again that condition (55) is guar-
anteed to be satisfied as |μ2| approaches zero. In this regime,
the length of the lowest evanescent mode diverges, and thus
becomes much larger than the size of the scattering region
(which will also contribute to a finite energy dependence of
the planar part of the scattering matrix). In the next section,
we consider a concrete scattering problem, where we can
numerically confirm the validity of Eq. (55). Moreover, we be
able to show that, strikingly, the gap closing also holds beyond
the perturbative limit, i.e., when neither μ2 nor � are small.

VI. GEOMETRIC SCATTERING
AND L-JUNCTION MODEL

As announced, the above framework, as well as the non-
trivial aspects regarding the detaching of the ABS spectrum
at the superconducting gap � can be illustrated with a sim-
ple, yet experimentally highly relevant example device with
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αe,2

βe,2

FIG. 8. Comparing the analytic approximation (solid) of the re-
flection and backscattering coefficients αe,2, βe,2 to exact numerical
computation (dashed) for the first evanescent mode. Here, dispersion
is strong in the first evanescent mode n = 2, with μ2/� = 1.01,
μ1/� = −72.20, and N = 5 transversal lattice points. Thus, energy
dependence of the reflection coefficients is beyond the perturbative
limit, such that the linear expansions, Eqs. (45) and (46) do not
apply. Instead, the coefficients follow the full analytic expressions,
Eqs. (37) and (38).

nontrivial geometry of the scattering center. Specifically, we
consider a two-dimensional (2D) conductor in a two termi-
nal configuration with horizontal and vertical arms, such that
scattering occurs at an inverted-L profile (cf. Fig. 7), which
is strongly inspired by recent experimental setups [44–46]. In
the absence of an additional scalar potential (or impurities),
here, the scattering is completely dominated by the geometry
of the device (henceforth referred to as geometric scattering),
as it mixes the longitudinal and transversal components of
the wave function at the scattering region. This makes it an
ideal and well-controllable example for a scattering scenario
where translational invariance is absent. While we here focus
on a two-terminal device for simplicity, note that for generic
multiterminal junctions, geometric scattering can always be
expected to be present.

For convenience, we solve the normal-metal scattering
problem on a finite discrete lattice. Neglecting orbital motion
in the third dimension (valid, e.g., for a two-dimensional
electron gas [75–82]), we write the Hamiltonian simply as a
tight-binding hopping model in 2D,

HN = Hx ⊗ 1y + 1x ⊗ Hy − μ. (56)

First, the model is solved for the translational invariant case
(i.e., infinitely extended conductors) in both the normal- and
superconducting regions (gray and blue regions in Fig. 7 ac-
cordingly). Normal scattering as well as SN reflection are then
solved numerically by ensuring Schrödinger equation to hold
at every lattice point. To this end, the solutions of the transla-
tional invariant system are projected onto the diagonal jx = jy
in the scattering region and the SN interface at { jx, jy} = jα .
Owing to the hopping Hamiltonian, the resulting matching
conditions consist of plaquettes linking adjacent lattice sites
at the boundaries, as depicted in Fig. 7. The details of this
numerical procedure, which can in the following be used as

μcrit

FIG. 9. Square root behavior of the planar-planar reflection co-
efficient as a function of energy. Here, energies are taken with
respect to the reference energy scale �.6 The chemical potential
μ/� = 98.99 is tuned such that the second mode is evanescent
(μ2 = μcrit > 0) and has strong nonlinear dispersion with μ2/� =
1.01. The planar-planar reflection coefficient is computed numer-
ically (dashed curve) with N = 5 transversal lattice points for
different energies (the plot shows its absolute squared |R1,1|2).
Although the planar channel has negligible dispersion (μ1/� =
−72.20), energy dependence is strong due to cross-channel scatter-
ing with the second mode and follows a square root law (solid curve),
in accordance with Eq. (C9).

a benchmark for the relations derived above, are outlined
explicitly in Appendices C (scattering) and D (SN reflection).

Alternatively, both the R and S matrices can be computed
based on closed analytic expressions. The components of the
reflection matrix R can be determined from the explicit ex-
pressions for reflection αν,n and backscattering βν,n presented
in Sec. IV, adjusted for the discrete model (cf. Appendix D).
The scattering coefficients in the S matrix can be interpolated
by applying the square root law introduced in Sec. III D (cf.
Appendix C). As depicted in Figs. 8 and 9, the fitted coef-
ficients agree very well with the full numerical computation.
Correspondingly, as we show below, the ABS spectra obtained
with these two methods align to very high accuracy.

At this stage, we can explicitly evaluate all scattering am-
plitudes for the L-junction problem. In particular, this allows
us to numerically check relation (55), which followed from the
analytical treatment presented in Sec. V, assuming �/μ2 � 1
while still allowing for μ2 → 0. As established in the same
section, if this constraint on the scattering matrix holds, we
can deduce that energy solutions at E = � exist in the ABS
spectrum at φ = 0 – notably, without requiring anything be-
yond solving the scattering matrix itself. To this end, we
compute the deformation term � = δSpp

e (Spp
e )∗ − Spp

e (δSpp
e )∗,

the compensation term �∗/(4μ2) and the difference of the
two δ = �/i − i�∗/(4μ2). If δ = 0, then the constraint of

6Note that for the quantities considered here, � does not actually
represent a physically relevant energy scale. Nonetheless, we choose
it as the reference energy scale, since � is obviously the crucial
reference energy for ABS physics (such that all results and data
throughout this work can conveniently be compared to each other).
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TABLE I. Numerical test of the validity of the S-matrix constraint (including evanescent modes) given in Eq. (55). We consider the case
where the second channel is evanescent (μ2 > 0) and the number of transversal lattice points is N = 5. As μ2/t decreases, dispersive effects
become more and more pronounced. The table shows the terms �∗/(4μ2) and � = δSpp

e (Spp
e )∗ − Spp

e (δSpp
e )∗ in Eq. (55) and its absolute

deviation δ = �/i − i�∗/(4μ2) in relation to the inverse energy scale 1/t . ‖δ‖/‖�‖ is the relative deviation with the matrix norm squared
‖δ‖2 =∑n,m |δn,m|2. The absolute deviation δ due to the finite extension of the scattering region stays constant, whereas the relative deviation
‖δ‖/‖�‖ indeed decreases with increasing dispersion. We recall that the full scattering matrix including evanescent modes is evaluated at
E = 0, consistent with the discussion after Eq. (52).

μ2/t t�/i it�∗/(4μ2) tδ ‖δ‖/‖�‖

10−3

(
124.8 81.1
81.1 124.8

) (
106.5 77.0
77.0 106.5

) (
18.2 4.2
4.2 18.2

)
0.125

10−4

(
366.0 251.8
251.8 366.0

) (
348.0 248.1
248.1 348.0

) (
18.0 3.8
3.8 18.0

)
0.041

10−5

(
1128.3 791.6
791.6 1128.3

) (
1110.5 787.9
787.9 1110.5

) (
17.9 3.7
3.7 17.9

)
0.013

10−6

(
3539.2 2498.2
2498.2 3539.2

) (
3521.3 2494.5
2494.5 3521.3

) (
17.9 3.6
3.6 17.9

)
0.004

Eq. (55) would hold exactly. As shown in Table I, the devi-
ation δ is small but finite and the relative deviation ‖δ‖/‖�‖
indeed converges with increasing finite dispersion μ2 → 0,
readily confirming relation (55). It is interesting to note that
the absolute deviation δ stays constant. This can be attributed
to the finite size of the central scattering region in the L-
junction model (cf. Fig. 7), which obviously stays constant
when changing the chemical potential. Consequently, a small
residual probability density indeed remains within the finite
scattering region. Importantly, these two contributions can be
distinguished due to their respective behavior with respect to
μ2 (≈1/μ2 versus constant). Thus, the here presented nu-
merical analysis explicitly confirms one of our main results,
Eq. (55), indicating the existence of surprising constraints on
the energy-dependent scattering matrix involving evanescent
modes, which do not follow from probability conservation.
Below, we go even further in the following sense. While
Eq. (55) follows from perturbative arguments when � is suf-
ficiently small, we show below that the gap closing at E = �

persists even nonperturbatively. Therefore, in what follows we
proceed towards a full calculation of the Andreev bound-state
spectrum.

A. Nonperturbative gap closing and long ballistic junctions

With the formalism for the discrete L-junction model in
place, we proceed with calculating the full ABS spectrum.
We still focus on the regime where the chemical potential is
chosen such that we have only one planar mode, but we are
close to the transition (i.e., μ2 is close to, but above zero),
where the evanescent mode of the second channel becomes
important.

As shown above, see in particular Table I, the scatter-
ing matrix satisfies the analytical constraint (55) derived in
Sec. V and valid in the perturbative limit of �/μ2 � 1 (while
μ2 � |μ1|). We could therefore conclude already without ex-
plicit calculation of the ABS spectrum, that the gap closes at
E = � in this perturbative limit. Here, we show by calculating
the full ABS spectrum, that, notably, the effect of the gap clos-
ing persists even beyond the above perturbative limit. In fact,

the only parameter that can still have an influence on whether
a gap closing at φ = 0 is present or not is the distance between
the scattering region and the SN interface, parametrized by the
lattice position jα , see Fig. 7. Again, we assume for simplicity
that there are no impurities within the conductor arms, such
that the system for large jα corresponds to a long ballistic
junction.

Computing the normal region wave function, we can track
the behavior of the evanescent component in between the scat-
tering center and the SN interface for different arm lengths jα .

FIG. 10. Modulus of the first evanescent wave-function compo-
nent in the conductor arms between the scattering region ( j = 0)
and the SN interface ( j = jα) for different arm lengths jα . In both
panels only the first channel is planar (μn�2 > 0), the number of
transversal lattice points is N = 5 and the hopping potential is cho-
sen as t/� = 100. In panel (a), the chemical potential is chosen,
such that there is finite dispersion in the first evanescent channel
(μ2/� = 1.01 and μ1/� = −72.19) and the lengths of the conduc-
tor arms are jα ∈ {−10, −20, −30, −50}. In panel (b) dispersion is
negligible for all channels, as (μ2/� = 36.6 and μ1/� = −36.6)
with arm lengths jα ∈ {−1,−2, −3, −4}. The (Andreev reflected)
diverging part of the evanescent wave function component becomes
stronger for shorter arm lengths jα → 0, if (and only if) dispersion is
strong in the corresponding evanescent mode [panel (a)]. In contrast,
if dispersion is negligible [panel (b)], evanescent Andreev reflection
is absent, such that only the decaying part contributes appreciably to
the evanescent component, even though the evanescent mode touches
the SN interface.
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planar, S[E=0]
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pl.+evan., S[E], analytic

(a) (b)

FIG. 11. Impact of strongly dispersive evanescent cross-channel scattering on the bound states spectrum. The ABS spectra are computed
in the extreme short-junction limit ( jα = 0) with finite dispersion in the first evanescent channel (μ2/� = 1.01, μ1/� = −72.20) and N = 5
transversal lattice sites. The black dotted curve depicts the standard result with energy dependent scattering and evanescent modes neglected,
see Eq. (18). (a) If energy dependence (stemming from evanescent finite dispersion) is fully included in S, but evanescent channels are still
discarded for S and R, the spectra detach from the continuum with very good consistency between the numerical (dashed blue curve) and
analytic (solid blue curve) computations. (b) If the calculation fully includes evanescent channels explicitly (both in the scattering matrix S
as well as in the reflection matrix R), the detachment is compensated. Again, the numerical (dashed purple curve) and analytic (solid purple
curve) treatment are in very good alignment.

If ψ in (ψout) is the incoming (outgoing) wave vector right at
the scattering region j = 0, the first evanescent wave-function
component n = nP + 1 then consists of the superposition
ψν,n = ψ in

ν,nPn,n + ψout
ν,n P−1

n,n , where P is the propagator as in-
troduced at the end of Appendix D. As Fig. 10 depicts, for
increasing jα , real exponentials exiting the scattering region
indeed increasingly drop off before reaching the SN inter-
face. Moreover, the qualitative behavior of the wave function
strongly depends on the ratio �/μ2. In the nonperturbative
regime � ≈ μ2 [Fig. 10(a)], there is a much more pronounced
diverging component within the evanescent mode as com-
pared with the perturbative regime � � μ2 [Fig. 10(b)],
resulting, accordingly, in a much slower decay of the wave
function away from the scattering region.

The ABS spectrum in the nonperturbative regime of
� ≈ μ2 is depicted in Fig. 11. First, we consider the
extreme short-junction limit in the sense that not only the
scattering region is small (given by the number of transversal
lattice points N), but also jα = 0. In fact, it is particularly
instructive to compare different frameworks and approxi-
mation schemes, to appreciate the impact of the various
different mechanisms that have been discussed throughout
this work.

If we apply the standard literature framework outlined in
Sec. II, i.e., the scattering matrix is approximated for constant
energy S[E = 0] and evanescent modes are discarded [such
that the matrix R is computed as in Eq. (11)], we arrive at
the dotted black curve in Fig. 11. Here, the energy spectrum
touches the gap � at φ = 0 simply due to the unitarity of the
scattering matrix. Let us now include the full energy depen-
dence of the scattering matrix S[E ], while still only retaining
planar modes in the computation of the ABS spectrum. In

essence, the finite dispersion effects of the evanescent chan-
nels are here only indirectly included in the computation of
the scattering matrix, resulting in a strongly energy-dependent
S when approaching small values for μ2. Consequently, the
bound states spectrum indeed detaches from the continuum
at E = � [cf. blue dashed curve in Fig. 11(a)], even though
the electrons spend very little time within the scattering re-
gion. This detaching is in alignment with the chiral symmetry
breaking argument brought forth in Sec. III C. However, as
amply explained throughout this work, this detaching is here
not the correct result due to the discarding of the evanescent
modes in the boundary conditions for the ABS spectrum.
Thus, the third and last step consists of fully taking into
account the evanescent modes in both S and R. To repeat,
in alignment with the discussion after Eqs. (45) and (46),
it is perfectly sufficient to only include the first evanescent
mode, since all higher modes have vanishing dispersion (in
fact, computing the ABS spectrum with two or three evanes-
cent modes included, yields the exact same curves). This full
calculation indeed provides a bound states spectrum where
the detaching is fully compensated, as depicted by the purple
dashed curve in Fig. 11(b). Again, we stress that here the
revival of the gap closing at energies close to � is shown in
the nonperturbative regime of � ≈ μ2 (and thus far beyond
the regime considered in Sec. V). This result therefore very
likely indicates the existence of nonperturbative constraints on
the scattering matrix, beyond Eq. (55), allowing to relate scat-
tering matrices (including evanescent scattering processes) at
different energies, a question which can be pursued in follow-
up works.

Having determined the bound states spectra by exact
numerical computation, we now compare with the aforemen-
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planar, S[E=0]

planar, S[E], numeric exact
planar, S[E], analytic approx.
pl.+evan., S[E], numeric exact

FIG. 12. ABS spectra in the long-junction limit ( jα = −300)
with N = 5 transversal lattice points and finite dispersion in the first
evanescent channel (μ2/� = 1.01, μ1/� = −72.20). The black dot-
ted curve depicts the standard result with energy dependent scattering
and evanescent modes neglected, see Eq. (18). The green dashed
(solid) line depicts a numerical (analytic) calculation with only pla-
nar modes considered, but energy dependence fully included. The
purple dotted curve is a numerical calculation, additionally taking
evanescent modes into account. Consequently, in the long-junction
limit, the only relevant effect to take into account is the energy de-
pendence of S due to strong dispersion. Contrary to the short-junction
limit (Fig. 11), here, the inclusion of evanescent modes in the S and
R matrices does not preserve a gap closing.

tioned analytic approximations. To this end, the R matrix is
computed by the analytic expressions for the reflection and
backscattering coefficients α, β, Eqs. (37) and (38), with
the discrete dispersion applied as explained in the previous
section. Next, the scattering matrix S[E ] can be interpolated
by the square root law, Eq. (C9), along the energy range
E ∈ [−�,�]. Solving for the ABS spectrum, the results
(solid curves in Figs. 11 and 12) are in extremely good
agreement with the numerical calculations (dashed curves)
across all regimes. This indicates the validity of a number of
helpful approximation schemes that allow for a more efficient
computation of the ABS spectra in the here considered more

general regimes, including evanescent modes, cross-channel
scattering, and finite dispersive effects.

Finally, we discuss the jα dependence of the ABS spec-
trum. As pointed out at the beginning of this section, when
increasing jα , the evanescent modes decay within the conduc-
tor arms, see also Fig. 10. As we approach the limit of large jα ,
two things happen. One the one hand, at each value of φ, we
now obtain more than one ABS state. This is a well-known
consequence of the finite (ballistic) propagation time inside
the conductor arms—similar in spirit to the increasing number
of eigenenergies within a given energy window of a simple
particle in a box. On the other hand, the impact of evanes-
cent modes on the ABS spectrum should decrease since the
evanescent modes no longer are able to hit the SN interface.

And indeed, this expectation can be confirmed as follows:
Importantly, note that, even though the number of states in-
creases due to large jα , there still remains a “shadow” of the
gap closing in the standard literature framework (black dotted
line) in Fig. 12. However, instead of the ABS energies touch-
ing �, there instead appear gap closings between the multiple
ABS states at energies below �, but still at φ = 0, see, e.g.,
Fig. 12(b) (black dotted lines). If we now, again, include a
finite energy dependence, a gap opens at φ = 0 (solid and
dashed lines). Crucially though, here the compensating effect
due to evanescent modes is absent, such that the detaching
survives as a real phenomenon in the long-junction regime.
Consequently, in contrast with the short-junction limit, the ex-
plicit inclusion (dotted purple line) or omission of evanescent
modes in the calculation of the ABS spectrum by means of the
determinant equation, Eq. (47), has no impact whatsoever on
the ABS spectrum. The only place where evanescent modes
matter here, is indirectly through the proper calculation of the
scattering matrix S itself, where they need to be included even
if one is only interested in scattering processes between planar
waves.

VII. CONCLUSION AND OUTLOOK

We provided a framework for the description of supercon-
ducting weak links in terms of a generic, energy-dependent
scattering matrix, including evanescent modes and cross-
channel coupling for general multichannel contacts. We
provided an in depth analysis of the different origins of an
energy dependence of the scattering matrix, distinguishing
in particular between a finite size of the scattering region
itself (where the energy dependence can be linked to the
inverse dwelling time of electrons) and a finite dispersion in
the conductor arms. In particular, we argued that the latter
mechanism can be (and in general is) large, when the chem-
ical potential is tuned close to a regime where the number
of planar channels changes. We further demonstrated that if
energy dependence in the scattering matrix is the only feature
included in Beenakker’s determinant equation, then it predicts
a detaching of the ABS spectrum between bound and extended
quasiparticle states (i.e., at energies equal to �). We further
show that if the energy dependence comes dominantly from a
finite dispersion (while the actual dwelling time remains neg-
ligible), then the detaching is spurious—and a more complete
theoretical treatment still predicts a gap closing. By means
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of an effective Hamiltonian description of the weak link, we
provide a connection between the gapping and the breaking
of a chiral symmetry. Depending on whether the dominant
dispersive channel is planar or evanescent, there are distinctly
different lines of argumentation as to how the chiral symme-
try, and thus the gap closing, are restored. For a dispersive
planar mode, we argue that there are probability conservation
constraints on the scattering matrix beyond unitarity, which
can be derived through time-dependent considerations of the
scattering process. Crucially, we show that probability con-
servation arguments are not applicable if the dispersion stems
from an evanescent mode, since not all scattering wave func-
tions containing those modes can be normalized. Nonetheless,
by careful consideration of the generalized formalism to com-
pute the ABS eigenspectrum, we find new types of constraints
on the energy-dependent scattering matrix including coupling
to evanescent modes, valid in the perturbative limit of weak
dispersion compared with �. Finally, this constraint, and the
gap closing in a nonperturbative regime are explicitly demon-
strated numerically, with the example of a ballistic L-junction.
We find that the emergence of gaps in the ABS spectrum at
zero phase bias (φ − 0) are only physical when increasing
the length of the conductor arms, such that evanescent modes
decay before they collide with the SN interface.

The effects uncovered here, manifesting as distinct phe-
nomena in the ABS spectra, are ideally suited for ex-
perimental verification, which can be carried out using
well-established transport measurement techniques or ac
spectroscopy tools. For instance, the presence or absence of
a detaching in the spectrum shows in the finite-frequency
absorption spectra of processes, such as the ejection of a
bound quasiparticle state into the continuum [17,83]. Whether
or not the ABS spectrum and continuum touch also effects
the current as a function of an applied dc voltage [10,25],
as Landau-Zener transitions are known to have a marked
dependence on the gap size. In particular, the impact of the
lengths of the conductor arms (to control the magnitude of
participation of evanescent modes at the SN interface) could
be checked by means of geometric junctions with sufficiently
high purity, such that transport remains approximately ballis-
tic within the unproximitized part of the device. Note that it
is not necessarily required to build very long arms (which
could risk bringing the system out of the ballistic regime):
the length scale of the evanescent modes is conveniently con-
trolled through in situ tuning of the chemical potential.

We further note that Majorana-based junctions form an in-
teresting special case within our framework. While the above
uncovered mechanisms cannot destroy topological protection
of the fractional Josephson effect (for Majorana-based junc-
tions, the chiral symmetry in Sec. III A refers to the actual
energy and not the above introduced pseudo energy Ẽ ), they
are nonetheless of significant relevance for the energy spec-
trum in the vicinity of the gap—especially when the Majorana
coupling is large (e.g., weak magnetic-impurity scattering
[84]). We therefore expect our work to be of importance
for a precise description of a wide variety of junction types,
including Majorana-based junctions.

Overall, we expect this work to be of relevance for mul-
tipronged future research efforts. On the one hand, energy
gaps, especially those close to the continuum, play an impor-

μ

FIG. 13. Finite dispersion in the first planar mode. Only the
first channel is occupied as planar mode (solid green curve), where
the chemical potential μ (green dashed line) is tuned close to the
minimum of the channel, such that dispersion is nonlinear for this
mode. Note that here, for illustrative purposes, the green dotted line
is not drawn to scale (the distances from the chemical potential μ to
the minima of the first two modes actually are μ1/� = −1.01 and
μ2/� = 7319.5, respectively).

tant role in the proper description of time-dependently driven
junctions, either regarding Landau-Zener transitions cou-
pling the discrete and continuous states (similar in spirit
to Ref. [25]) or with respect to their dissipative behavior
[8,10]. On the other hand, unitarity and other constraints of
the scattering matrix are well known to play a crucial role
in the context of random matrix theory [17,21,58–61]. This
work considers constraints regarding the energy dependence
of the scattering matrix. We therefore consider it likely that it
provides a basis for subsequent studies linking the scattering
matrix at different energies in a nontrivial way.
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APPENDIX A: COMPUTING SINGLE-CHANNEL
ANDREEV BOUND STATE SPECTRUM

WITH FINITE DISPERSION

In Fig. 2 the single-channel ABS spectrum is calculated
with different sets of approximations applied, specifically for
the L-junction geometry presented in Sec. VI. The regime is
such that dwelling is negligible, i.e., the superconductors, as
depicted in Fig. 7, are situated right at the scattering center,
jα = 0. Additionally, only the first channel is occupied as a
planar mode nP = 1 (with N = 5 transversal lattice points),
exhibiting strong finite dispersion, such that the chemical
potential μ is tuned very closely above the minimum of that
channel (μ1/� = −1.01, μ2/� = 7319.5), as illustrated in
Fig. 13.

First, the ABS spectrum is calculated using the standard
Beenakker framework as outlined in Sec. II, which yields the

224513-19



D. KRUTI AND R.-P. RIWAR PHYSICAL REVIEW B 110, 224513 (2024)

black dotted curves in Fig. 2. Accordingly, energy dependence
is neglected for the scattering matrix and the reflection matrix
is determined in the Andreev approximation, i.e., taking the
form of Eq. (11), where the reflection coefficient α follows
Eq. (12). With these approximations, the spectrum can be
computed by the explicit relation (18). For the discrete L-
junction model, the transmission coefficient T is determined
numerically for zero energy, E = 0, by the projection proce-
dure introduced in Sec. VI by Eq. (C7).

Second, in order to compute the green curve in Fig. 2,
the energy dependence of the scattering matrix (arising from
finite dispersion, not dwelling) is included, but the reflection
matrix is still determined within the Andreev approximation.
Now, the relation (18) is no longer applicable, such that the
Beenakker equation (15) has to be solved directly, for which
both R and S need to be computed first. The reflection matrix
is determined by Eqs. (11) and (12). However, the scattering
matrix S[E ] is now computed for the whole subgap energy
range E ∈ [−�,�], again numerically by Eq. (C7).

Finally, the blue curve is obtained by additionally comput-
ing the reflection matrix R beyond the Andreev approxima-
tion. For this, the R matrix takes on a generalized form where
normal backscattering submatrices are added on its diagonal,
cf. Eq. (34), and the reflection coefficients α no longer take on
the form (12). The reflection matrix can, then, either be solved
numerically by a procedure similar to the scattering problem,
but by projecting onto the SN interface instead, Eq. (D9). Or,
by applying the analytic expressions we where able to find
for the Andreev and backscattering coefficients in Sec. IV,
Eqs. (37) and (38). For Fig. 2 we opted for the numerical
version.

APPENDIX B: PROBABILITY CONSERVATION FOR
SCATTERING OF GAUSSIAN WAVE PACKETS

Let us consider a 1D scattering example with two termi-
nals, each with one channel. As for the scattering region,
we assume that it extends from −L/2 < x < L/2. Apart
from that, we leave the nature of the scattering poten-
tial unspecified. Now, instead of connecting each terminal
to superconductors, we simply consider conductors in the
normal-metal state. Hence, in the (now infinitely long) con-
ductor arms, the wave function for a wave incident from the
left-hand side, is given as

ψx<−L/2 = eik(E )x + R(E )e−ik(E )x, (B1)

ψx>L/2 = T (E )eik(E )x. (B2)

Since the central scattering region is arbitrary, we do not have
a specific Ansatz for the wave function for −L/2 < x < L/2
(in fact, it is not required for the sake of our argument).
The wave function, however, does include the possibility of a
generic dispersion relation k(E ) and energy-dependent scat-
tering coefficients, R(E ) and T (E ). Throughout this paper,
we adopt the following language with regard to dispersion:
If the dispersion relation for all relevant modes can be lin-
earized, then we refer to this as the dispersion-free case, or
to dispersion being absent (because wave packets here prop-
agate over time without changing their width). If the linear

approximation is invalid, we speak of a dispersive case, or
finite dispersion.

To proceed, we expand all of these quantities up to first
order; that is, k(E ) ≈ kF + E/vF

7 (in the single-channel limit,
we only have a single Fermi wave vector and Fermi velocity,
kF and vF ) and R(E ) ≈ R + EδR (likewise for T ), where E
is still defined with respect to the chemical potential such that
this expansion corresponds to a Taylor series of S in orders of
E around E = 0.

We now initialize a Gaussian wave packet, centered around
E = 0,

ψP(x, t ) =
∫ ∞

−μ

dE
1√

2πδE
e− E2

2δE2 e−iEtψ (x). (B3)

Note that the factor 1/
√

2πδE is added only for convenience,
and does not normalize the wave function (as normalization is
not essential here). Up to linear order in E this yields a wave
function of the form

ψP(x < −L/2, t ) ≈ eikF xg(x − vFt )

+ e−ikF x[R + ivF δR∂x]g(x + vFt ),
(B4)

ψP(x > L/2, t ) ≈ eikF x[T − ivF δT ∂x]g(x − vFt ), (B5)

with the shortcut definition g(y) = exp[−δE2y2/(2v2
F )] for

the Gaussian. We see that the linear corrections δR and δT
give rise to a small deviation of the wave packet from a clean
Gaussian (depending on the derivative of the Gaussian ∂xg),
which emerge upon impact of the wave packet at the scattering
region (at around t = 0). A revealing quantity to look at is the
total overlap ∫ ∞

−∞
dx|ψP(x, t )|2 = PS + Parms, (B6)

which we separate into the probability of the packet residing
within the central scattering region, PS = ∫ L/2

−L/2 dx|ψP(x, t )|2,
and the probability of finding the electron in the conductor
arms,

Parms =
[∫ −L/2

−∞
dx +
∫ ∞

L/2
dx

]
|ψP(x, t )|2. (B7)

Obviously, the sum PS + Parms needs to stay constant due to
probability conservation. Inserting Eqs. (B4) and (B5) into
Parms, and expanding in orders of δR, δT , Parms = P(0)

arms +
P(1)

arms + O[δR2, δT 2, δRδT ], we get in zeroth order

P(0)
arms =
∫ 0

−∞
dxg2(x − vFt ) + |R|2

∫ 0

−∞
dxg2(x + vFt )

+ |T |2
∫ ∞

0
dxg2(x − vFt ), (B8)

7It might seem that expansion of k(E ) up to linear order is consis-
tent with linear dispersion, but, as we show shortly, this correction is
enough to take into account the lowest-order contributions to finite
dispersion of wave packets.
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whereas first order yields (assuming kF large—an assumption
which will be important in a moment)

P(1)
arms = ivF

2
[δRR∗ − RδR∗ + δT T ∗ − T δT ∗]g2(vFt ). (B9)

The zeroth-order term is manifestly constant in time if
|R|2 + |T |2 = 1, which is just a reiteration of the connection
between unitarity of the scattering matrix and probability
conservation.

Crucially, we note that probability is not only conserved in
the asymptotic limit of times long after the scattering event
(impact of the Gaussian at the scattering center), but for all
times. This is where the first-order term P(1)

arm comes into play
because it provides a temporary contribution to the probability
(around the time of impact at t ≈ 0). Note that this term does
not vanish due to unitarity of the scattering matrix. Conse-
quently, there is a small dip in the probability of the electron
being in the conductor arms, when the wave packet hits the
scattering region (at times around t = 0). Hence, the only
solution to conserve the total probability seems to be that there
is a finite probability for the electron to temporarily occupy
the central region, PS ∼ g2(vFt ). This is exactly the prevailing
picture in the existing literature, and the reason why a finite E
dependence of the scattering matrix is commonly associated
with a finite dwelling time of the electron inside the scattering
region (or, equivalently, a finite Thouless energy).

We here present an important caveat to the above picture.
Consider, for instance, a scattering region with infinitesimal
size, such as a Dirac δ function potential as a well-documented
textbook example, where the scattering coefficients depend
explicitly on k, and thus, on E . Another example will be
treated below: nanobridges with nontrivial device geometry.
In all of these examples the electron spends manifestly neg-
ligible time inside the scattering region, PS → 0 (such that
it is justified to assume the scattering size L to be zero).
Here, the above calculation is at risk of creating a conundrum
in the form of a nonconserved probability, as the temporal
“dip” in probability ∼g2(vFt ) in Eq. (B9) would in this case
go unaccounted for. But this looming contradiction can be
resolved very simply by undoing an approximation we made
when deriving Eq. (B9): assuming kF infinitely large. Includ-
ing instead a finite kF , one can see that integrands of the
form ∼e±i2kF xg(x − vFt )g(x + vFt ), which were previously
neglected, lead to an important correction of the same order.
Namely, we now find (assuming δE � vF kF )

P(1)
arms = ivF

2

[
R − R∗

vF kF
+ δRR∗ − RδR∗

+ δT T ∗ − T δT ∗
]

g2(vFt ). (B10)

The new term we neglected before is ∼R − R∗. Setting PS =
0, probability conservation now imposes a new type of condi-
tion,

R − R∗

vF kF
+ δRR∗ − RδR∗ + δT T ∗ − T δT ∗ = 0, (B11)

which thus relates the zeroth-order scattering matrix elements
R and T to its first-order corrections δR and δT in a way which
could not possibly be derived from unitarity of the scattering

matrix alone (simply because it is less general, requiring PS =
0 as an additional assumption). Note that a similar condition
can be derived, when including the state with an incoming
wave from the right-hand side,

ψ ′
x<−L/2 = T ′(E )e−ik(E )x, (B12)

ψ ′
x>L/2 = e−ik(E )x + R′(E )eik(E )x. (B13)

Assuming a symmetric geometry and time-reversal symmetry,
one can set R′ = R and T ′ = T . Now, from orthogonality,∫

dxψ∗
P (x)ψ ′

P(x) = 0, and yet again neglecting the contribu-
tion from the central scattering region, we find in addition

T − T ∗

vF kF
+ δT R∗ − T δR∗ + δRT ∗ − RδT ∗ = 0. (B14)

Stitching Eqs. (B11) and (B14) together, we can formulate a
condition in terms of the full electron-scattering matrix as

Se − S∗
e

2μ
+ δSeS∗

e − SeδS∗
e = 0, (B15)

where we have used the identity vF kF = 2μ.

APPENDIX C: MATCHING CONDITIONS AT THE
SCATTERING CENTER FOR THE DISCRETE MODEL

The discrete tight-binding Hamiltonian for the x and y
direction respectively is

Hμ = −t
∑

jμ

(| jμ〉〈 jμ − 1| + | jμ − 1〉〈 jμ| − 2| jμ〉〈 jμ|),

(C1)

where jμ ∈ { jx, jy} are the integer-valued lattice-site indices
and t = 1/(2m) is the hopping amplitude. We added the con-
stant term −2| j〉〈 j| for convenience because it shifts the lower
bound of the energy spectrum to zero such that the continuum
limit can be taken straightforwardly (without redefinition of
the chemical potential). The indices jμ are limited by the
device geometry. We choose the following discrete coordinate
system: in the left conductor arm, jy = {1, . . . , N} (N being
the number of transversal lattice sites) and jx � 0. In the
bottom conductor arm we conversely have jx = {1, . . . , N}
and jy � 0. The scattering region is thus a square lattice with
jx,y = {1, . . . , N}. The eigenenergies of HN thus are

ξk,n = −2t[cos (k) − 1]︸ ︷︷ ︸
εk

−2t

[
cos

(
πn

N + 1

)
− 1

]
︸ ︷︷ ︸

εn

−μ, (C2)

in analogy to Eq. (4), where the quantized transversal contri-
bution εn (due to hard wall boundary conditions) gives rise
to channels. Note that just like in the continuum case we also
here define μn = εn − μ. The nth component of the eigenstate
for the horizontal arm is

|kn〉 ⊗ |n〉 =
∑

jx

∑
jy

eikn jx︸︷︷︸
long

sin

(
πn

N + 1
jy

)
︸ ︷︷ ︸

trans

| jx〉 ⊗ | jy〉, (C3)
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where kn is energy dependent and can be obtained by inverting
the dispersion, Eq. (C2), such that

cos (kn) = ∓E − μn + 2t

2t
. (C4)

Here, choosing the negative sign constitutes the electron mo-
mentum ke,n whereas the positive sign corresponds to the hole
momentum kh,n. For the vertical arm the eigenstate is the same
but with interchanging x ↔ y.

The scattering problem is now solved as follows: We take
a generic Ansatz as a superposition of the eigensolutions in
Eq. (C3) for the two conductor arms (left and vertical), which
corresponds to a given scattering process (e.g., incoming pla-
nar from the left, or incoming evanescent from the vertical
arm, and so forth). The Ansätze in either arm, then, consist of
a superposition of different modes and will have the following
forms, accordingly:∣∣ψ (0)

n

〉 = |kn〉 ⊗ |n〉︸ ︷︷ ︸
incoming

+
∑

m

Rn,m| − km〉 ⊗ |m〉︸ ︷︷ ︸
reflected

,

∣∣ψ (1)
n

〉 =∑
m

Tn,m| − km〉 ⊗ |m〉︸ ︷︷ ︸
transmitted

. (C5)

Here, if an electron is incident from the left arm, the Ansatz
in the left (vertical) arm is denoted |ψ (0)

n 〉 (|ψ (1)
n 〉), whereas

for the opposite process the two need to be interchanged.
The coefficient Rn,m (Tn,m) denotes reflection (transmission)
from the nth to the mth channel. For evanescent channels,
momentum needs to be replaced as kn → iκn.8 Note that, in
the coordinate system used here, modes incoming from the
left arm are transmitted towards the negative y direction in
the vertical arm and therefore are associated with negative
momentum, and vice versa (as depicted in Fig. 7).

Also, here and in the following, wave functions will be
presented in terms of electron excitations only, for the sake
of simplicity. Whenever considering planar hole modes, mo-
mentum has to switch sign ke,n → −kh,n, since within the
framework (positively charged) holes are treated as neg-
ative charges with propagation in the opposite direction.
Very importantly, however, evanescent modes do not flip
sign κe,n → κh,n, since the sign convention is such that real
exponentials always decay in the direction associated with re-
flection or transmission, as discussed in Sec. IV and depicted
in Fig. 6. Ultimately, the hole scattering matrix S (including
evanescent modes) must still fulfill the particle-hole symmetry
S∗(−E ) = S(E ), as it did for the case of exclusively planar
modes.

To solve for the scattering, the wave functions in the normal
conductor arms can be propagated right up to the diagonal
jx = jy (cf. Fig. 7), that is, the Ansatz of the left arm can
be simply continued up to the diagonal for all lattice points
jx � jy, and the Ansatz for the vertical arm is continued
for all lattice points jy � jx. To understand this, note that
the tight-binding Hamiltonian (C1) essentially links lattice

8The same convention will also be applied below for both Eqs. (C6)
and (C8).

sites in a cross-shaped arrangement (which we refer to as
plaquettes, see Fig. 7), representing tunnel hopping in x and
y directions. If the wave-function values at four out of the
five lattice points of a given plaquette are known, then the
fifth can be inferred from the Schrödinger equation. At the
diagonal itself, the two arms must be matched with two in-
dependent matching conditions. The first condition demands
〈 jx, jy|ψ (0)

n 〉 = 〈 jx, jy|ψ (1)
n 〉 at the diagonal which yields the

following set of conditions:

eikn j sin

(
π j

N + 1

)
=

N∑
m=1

e−ikm j sin

(
πm j

N + 1

)
(Tn,m − Rn,m),

(C6)

where n ∈ {1, . . . , N}. Thus, for each of the N lattice points
on the diagonal, the above condition is demanded to hold for
all of the N channels, amounting to a total of N2 conditions.
A second set of an additional N2 conditions can be obtained
by demanding Schrödinger equation to hold locally and pro-
jecting onto the individual lattice sites of the diagonal jx = jy
such that

〈 j, j|HN|ψn〉 = 〈 j, j|E |ψn〉. (C7)

Again, the Hamiltonian as defined by Eqs. (56) and (C1)
connects adjacent lattice points, such that for different parts
of the resulting plaquettes (depicted in Fig. 7) Ansatz |ψ (0)

n 〉
or |ψ (1)

n 〉 is valid, respectively, whereas right on the diagonal
both Ansätze apply [as per Eq. (C6)]. The resulting set of
conditions reads

0 = eikn j

[
−i σ (kn) sin (kn) sin

(
πn j

N + 1

)
+ sin

(
πn

N + 1

)
cos

(
πn j

N + 1

)]
+
∑

m

(Tn,m + Rn,m)e−ikm j

[
i σ (kn) sin (kn) sin

(
πm j

J + 1

)

+ sin

(
πm

N + 1

)
cos

(
πm j

N + 1

)]
, (C8)

where σ (kn) = k2
n/|kn|2 assigns a positive or negative sign

depending on whether momentum is real or imaginary. By the
conditions (C6) and (C8), all 2N2 parameters Tn,m and Rn,m

can be determined. This allows for numerically computing
the total scattering matrix for different energies within the
subgap region |E | < �. We note that, in the continuum limit,
the two conditions given in Eqs. (C6) and (C8) correspond to
continuity of the wave function and its derivative, respectively.

By the above numerical procedure, the scattering matrix
needs to be evaluated for each energy E separately. However,
we can significantly reduce computation time by exploiting
the square root behavior deduced in Sec. III D. Thus, the
scattering problem only needs to be solved for the energies
E = 0 and E = μcrit, and the region in between, then, can
be interpolated by the square root law. Consequently, the
coefficients of the electron scattering matrix can be inferred
as a function of energy by the following analytic relation:

∣∣Si, j
e [E ]
∣∣ = ai, j + bi, j

√∣∣∣∣1 − E

μcrit

∣∣∣∣, (C9)
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where the matrices

ai, j =∣∣Si, j
e [E = μcrit]

∣∣,
bi, j =∣∣Si, j

e [E = 0]
∣∣− ∣∣Si, j

e [E = μcrit]
∣∣, (C10)

explicitly capture the deviation across the whole energy range
from E = 0 to μcrit. This holds in complete analogy for
Arg[Si, j

e [E ]], such that the full electron-scattering matrix
can be assembled as Si, j

e [E ] = |Si, j
e [E ]|exp{Arg[Si, j

e [E ]]}. The
hole components of the scattering matrix can be calculated by
using particle-hole symmetry. In Fig. 9, we explicitly illustrate
the very good agreement between the square root behavior
and the numerical calculation, with the example of the planar-
planar reflection coefficient R1,1. Here, the regime is such that
the first channel is planar μ1/� � 0, the second channel is
evanescent with finite dispersion μ2/� � 0, and the width of
the arms is N = 5 lattice sites.

APPENDIX D: MATCHING CONDITIONS AT THE SN
INTERFACE FOR THE DISCRETE MODEL

The reflection processes at the SN interfaces can, in the
discrete model, be solved by a projection procedure similar to
that of the normal scattering above. However, we now need
to additionally consider the superconductor regions which are
subject to the Bogoliubov–de Gennes Hamiltonian

HBdG =
(

HN eiφ�

e−iφ� −HN

)
, (D1)

where HN is the single-particle normal conductor Hamiltonian
such that � = 0 for j > jα . In the discrete limit, HN is defined
by Eqs. (56) and (C1), and the eigenenergies Ek,n are still in
accordance with Eq. (9) but with ξk,n defined by Eq. (C2).
Consequently, for subgap energies |E | < � we have

ξkR,kI = − 2it sin (kR) sinh (kI )

= − sign(kR)sign(kI )i
√

�2 − E2, (D2)

where momentum turns fully complex k = kR − ikI as dis-
cussed above. In analogy to Eq. (42), solving the discrete
version of the dispersion for the real and imaginary momen-
tum components yields kR,n = k̃+,n and kI,n = −ĩk−,n, where

sin(̃k±,n) = sign(̃k±,n)

√√√√1

2
P ±
√(

P

2

)2

− Q, (D3)

with

P = −μn(4t + μn)

4t2
+ Q,

Q = −�2 − E2

4t2
. (D4)

Since Andreev reflection is assumed to be translational in-
variant, as discussed in Sec. II, the wave function can be
separated and the transversal component can be discarded,
such that reflection at the SN interface effectively reduces to a
1D problem. Accordingly, the longitudinal component of the
eigenstates in the S regions is(

uk,n

vk,n

)
|kn〉, (D5)

with the Bogoliubov coefficients

(
uk,n

vk,n

)
=

⎛⎜⎜⎝sign[E ]
√

1 + sign[E ] ξk,n√
�2+ξ 2

k,n

e−iφ
√

1 − sign[E ] ξk,n√
�2+ξ 2

k,n

⎞⎟⎟⎠. (D6)

To solve for the Andreev reflection taking place at the SN
interfaces j = jα , let us now consider the superconductor to
extend over [−∞, jα] as depicted in Fig. 7. The Ansatz for
the wave function corresponding to the superconductor side
of the interface (for subgap energies) is then∣∣ψSC

n

〉 = [ An√
2

(
u−kR,n

v−kR,n

)
| − kR,n − ikI,n〉

+ Bn√
2

(
ukR,n

vkR,n

)
|kR,n − ikI,n〉

]
. (D7)

Accordingly, the above Ansatz represents a superposition of
plane waves propagating to the right and left, enveloped by a
real exponential decaying towards j → −∞. For the normal-
conductor side, let us consider the example of an incident
electron ∣∣ψNC

n

〉 = (| − ke,n〉 + rn|ke,n〉
rα,n| − kh,n〉

)
, (D8)

where rn is the coefficient for normal electron-electron
backscattering and rα,n is the electron-hole Andreev reflection
coefficient. As discussed in the remarks following Eq. (C5),
the hole reflected in the positive j direction still has negative
momentum −kh,n, since it is treated as negative charge with
propagation in opposite direction. The case of an incident hole
works completely analogously. Likewise, for evanescent An-
dreev reflection, the momenta have to be replaced as k → ±κ

where the sign has to be chosen such that reflected compo-
nents always drop off by which incoming modes always pierce
the interface with the tail of the exponential, as discussed
above after Eq. (C5) and depicted in Fig. 6. Projecting onto
the SN interfaces of each contact at jμ = jα , see also Fig. 7,
yields the following set of 2N conditions

〈 jα|HBdG|ψn〉 = 〈 jα|E |ψn〉, (D9)

which correspond to the differentiability constraints in the
continuum limit. Depending on which side of the interface
is involved, either the Ansatz for the superconductor |ψSC

n 〉 or
the normal conductor region |ψNC

n 〉 is applied, accordingly.
With the SN interface being situated a finite distance of lattice
points jα from the scattering region, the wave function must
be propagated in between by an operator P. In the absence
of impurities (our default assumption for simplicity), this
propagator P consists of a diagonal matrix with elements
Pn,n[ j] = e−Kν,n j , where the momentum Kν,n is determined as
defined by Eq. (40). For instance, if ψ in is the incident wave
vector right at j = 0, it would be subject to the eigenvector
equation PRP−1Sψ in = ψ in. In the standard Beenakker for-
malism as well as in our generalized framework above, the
propagator is usually absorbed into the S matrix (or, alterna-
tively, in R).

While it is possible to derive a closed expression for the
coefficients of the discrete SN interface, the respective for-
mulas are impractically bulky (which is why they are not
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explicitly derived here, and instead the lattice model coeffi-
cients are determined numerically). For comparison and in
order to simplify the calculation, we can, however, use the
analytic Andreev reflection and backscattering coefficients
αν,n, βν,n from the continuous model presented in Sec. IV, cf.
Eqs. (37) and (38), and simply insert the respective dispersion
relations for electrons and holes from the lattice. It turns

out that even if taking a conductor arm width of just N = 5
lattice points the analytic approximation (solid curves) and
the numerical computation (dashed curves) are in very good
agreement (see Fig. 8). This is due to the fact that the chemical
potential is chosen close to a change of the channel number,
where the dispersion relation of the relevant channel (here the
second channel, n = 2) is to a very good accuracy parabolic.
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