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In this paper we employ lattice simulations to search for the critical point of QCD. We search for the
onset of a first-order QCD transition on the phase diagram by following contours of constant entropy
density from imaginary to real chemical potentials under conditions of strangeness neutrality. We scan the
phase diagram and investigate whether these contours meet to determine the probability that the critical
point is located in a certain region on the 7' — up plane. To achieve this we introduce a new, continuum
extrapolated equation of state at zero density with improved precision using lattices with N, = 8§, 10, 12, 16
time slices, and supplement it with new data at imaginary chemical potential. The current precision allows
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us to exclude, at the 20 level, the existence of a critical point at up < 450 MeV.
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Introduction. The study of the phase diagram of QCD is
an extremely active field of research, which encompasses
conditions ranging from high energy heavy ion collisions to
the mergers of neutron stars. The major tool for ab initio
investigations of QCD thermodynamics are lattice simu-
lations, which have shown that, at vanishing density, the
transition separating the hadronic phase from the quark
gluon plasma (QGP) is a broad crossover [1] located at
around 7 = 155-160 MeV [2,3].

At finite chemical potential up, based on results from
several effective approaches to QCD, it is conjectured that
the crossover transition turns into a first-order line at a
critical endpoint (see e.g., [4,5]). Lattice QCD at finite
density suffers from a complex action problem, which
renders simulations extremely costly. Several indirect
approaches have been devised to circumvent this issue,
most notably Taylor expansion around ug = 0 [2,6-14],
analytic continuation from imaginary chemical potential
[3,12,15-25] and reweighting techniques [26—37]. Results
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from these methods have been obtained for different
quantities, like the equation of state, fluctuations of con-
served charges or the QCD transition line, up to chemical
potentials as large as ug~3.5T, though no sign of
criticality has been observed. Notable exceptions are
attempts to extract the position of the corresponding
Lee-Yang edge singularity from lattice data [14,38—40].
The quest for the QCD critical point was one of the main
motivations behind the extensive Beam Energy Scan
program at the Relativistic Heavy Ion Collider, from which
final results will come in the near future. Although direct
experimental evidence for the existence of a critical point
is still missing, both the BES-I [41,42] and BES-II results
[43] on net-proton cumulants indicate deviations from
noncritical baselines [44,45] at the lowest energies, which
might not be explainable without critical effects. At the
moment, the uncertainties are still sizable, but more precise
data and analysis in the future might clarify the issue.
Several recent predictions for the location of the critical
point have been obtained via functional methods [46-51],
holography [52—-54] and the analysis of experimental data
[55-58]. Many (but not all) of these predictions based on
different approaches cluster in a rather small region on the
QCD phase diagram. However, the systematic uncertainty

Published by the American Physical Society
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Left: pressure (green), entropy (red), energy density (yellow) and trace anomaly (cyan) as functions of the temperature. The

light and dark gray bands show our previous results from Refs. [60,66], respectively, while the curves at low temperature are the Hadron
Resonance Gas (HRG) model results. Right: The QCD phase diagram in the T — up plane with the 20 exclusion range obtained in this
work. We also show the chiral transition line from the continuum extrapolated lattice simulations in a large volume [3], as well as a
recent result in a smaller system without continuum extrapolation [67] and a prediction based on Dyson-Schwinger equations [50].
Besides the STAR result for chemical freeze-out parameters for collision energies /s = 200 — 7.7 GeV [63] and its parametrization
[64], we add a recent lower bound estimate based on a fixed energy/particle number ratio within the HRG framework [65].

of these approaches is hard to estimate. Hence, a method
with controlled systematics is highly desirable.

In Ref. [59] a novel method, based solely on lattice
results, was proposed to estimate the location of the critical
point by studying contours of constant entropy density on
the QCD phase diagram. The idea is to employ the entropy
contours to search for the onset of a first-order regime; if
different contours meet somewhere in the phase diagram, it
means that the entropy has become multivalued, hence the
transition has turned first order. By determining where the
first-order regime is reached, the location of the critical
point can be estimated. In Ref. [59], the entropy contours
were constructed based on existing lattice results at
vanishing chemical potential for the entropy density [60]
and second order baryon susceptibility [24].

In this work, we generalize this method in more than one
way. To reach the necessary precision to bear predictive
power, we perform a new computation of the equation of
state of QCD at zero density, with significantly reduced
uncertainties compared to existing results. Instead of
extracting the constant entropy contours from pz = 0 data,
we extrapolate them from imaginary pp. In addition, we
increase the statistics of data sets at the three highest
imaginary chemical potentials on the finest lattice in
comparison to our earlier work [25]. While the extrapola-
tion in Ref. [59] was done at order O(u3 ), here we allow for
leading corrections to the linear % dependence. We use the
actual statistical correlations between variables and also
consider additional sources of systematic errors in the
analysis. Besides, the results presented in Ref. [S9] were
obtained for zero strangeness chemical potential, while
here we enforce strangeness neutrality.

One of the advantages of the entropy contours method is
that it does not rely on detecting criticality directly. In
lattice simulations, this means that it is not necessary to
employ large volumes to accommodate a diverging corre-
lation length. Throughout this work, we employ lattices
with an aspect ratio LT = 4. We showed in Ref. [61] that
such a physical volume is sufficient to essentially eliminate
finite volume effects on the QCD transition temperature.
We also showed that volume effects on the pp dependence
of the QCD transition, akin to the entropy contours we
employ in this work, are well under control.

There are two main results in this paper. We present an
update of the zero-density equation of state (see tabulated
data in the Supplemental Material [62]). We also determine
an exclusion probability for the existence of a critical
point as a function of the chemical potential. We show
both results in Fig. 1. We obtain our final result by
combining our excluded region with the available infor-
mation on the chemical freeze-out line [63-65]. To be
conservative, we choose the curve in Ref. [65], which
was estimated as a lower bound for the freeze-out temper-
ature, and thus, also for 7'.. We find that, at the 2¢ level,
we can exclude the existence of a critical point below
u¥ =450 MeV.

In the following, we discuss the ingredients that have led
us to this finding. We first introduce the update to the zero-
density equation of state [60] at 4z = 0 in the temperature
range 7 = 120-300 MeV. We extend the entropy function
to imaginary pp by continuum extrapolating the imaginary
baryon density and its temperature derivative at these up,
maintaining strangeness neutrality. Finally, the contours
of constant entropy are extrapolated to up > 0, and we
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calculate the probability for the entropy to be multivalued at
each point on the phase diagram.

Equation of state at uyg = 0. Throughout the analysis, we
employ our 4stout staggered action with Ny =2 + 1 + 1
quarks at physical quark masses. Thus, we compute the
QCD pressure including the dynamical contribution of the
charm quark. In Ref. [66] we already computed the equa-
tion of state with this lattice action at high temperatures,
now we complement this to the transition region. Here the
charm quark plays an insignificant role except for high
temperatures, 7 2 250 MeV. Methodically, we proceed as
in Ref. [60], where the 2 4 1 flavor equation of state was
computed earlier by us.

To determine the equation of state at vanishing chemical
potential, we employ the integral method of Ref. [68],
whereby the pressure is obtained through the integration of
the trace anomaly,

p(T) _ p(To) /T dr’ I(T")
= —+ P

T+ T3 T 1%

(1)

0

( o)

where 252 is an integration constant.

The mtegratlon constant and the trace anomaly are
addressed separately with designated lattice runs, both are
extrapolated to the continuum limit. We do not use model-
dependent input (such as hadron resonance gas) to fix the
integration constant, or to constrain the continuum limit.

Equation (1) is a multidimensional line integral in the
space of the bare parameters of the action—the gauge
coupling # = 6/¢* and the fermion masses m —along the
line of constant physics m (/). The bare parameters of this
discretization have been documented in Ref. [69].
Throughout this work, we use physical quark masses on
N, =8, 10, 12, 16 lattices.

The trace anomaly can be written as

(T d dm
%_— TN? ﬁ( e +Z —L¢ Wfo) (2)

where df/dT is given by the scale setting and the dm /dj
are given by the line of constant physics. The expectation
values (—s¢) and (W ;) are the gauge action and the chiral
condensates, respectively. Both quantities require additive
renormalization, which is carried out by subtracting the
vacuum contribution at the same bare parameters,

(=sg) = (=56)0s (3)

Wrwy) = — Wy 4)

<—SG>T -
W)y

We performed a large number of zero-temperature
simulations to reduce the noise on the vacuum term in
Eq. (3), which is responsible for much of the error on the
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FIG. 2. Trace anomaly in the continuum (cyan band), as well as
at finite N, (colored points).

trace anomaly itself [70]. We determine the trace anomaly
in the range T = 120-300 MeV by combining a linear
continuum limit in 1/N? with a spline fit in the temper-
ature. Details on the statistics and the fit procedure can be
found in the Supplemental Material [62]. The continuum
extrapolated trace anomaly is shown in Fig. 2, together with
the results on individual lattices.

The integration constant in Eq. (1) is determined in a
similar way, by integrating the chiral condensate in the
fermion masses from infinity, where the pressure vanishes,
down to the physical values. In practice, it is sufficient to
start from the mass of the charm quark m,, integrate the
three-flavor theory down to the strange quark mass my,
then integrate the two-flavor theory down to the light quark
mass my,

%Yéo)_[n:mdmz@/_/l//h(mz)+/.;"sdm3<1/71//>3(m3), (5)

Here, the subscripts 2,3 refer to the Ny =2, 3 flavor
theories, and the chiral condensates are the renormalized
ones. In this work we choose to calculate this constant at
Ty = 185 MeV, to minimize the uncertainty on the equa-
tion of state in the transition region.

For the continuum extrapolation of p(T,)/T§ we include
N, =10, 12, 16 lattices. Several sources of systematic
uncertainties are considered, for a total of 32 analyses,
which are then combined with the histogram method
introduced in Ref. [71]. The final result is

p(Ty = 185 MeV)
T4
0

= 1.371(28), (6)

where the quoted error includes both statistical and sys-
tematic uncertainties. The precision we reach is approx-
imately a 2x improvement over our previous result [60].
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Details on the extrapolation and the systematic analyses can
be found in the Supplemental Material.

With Eq. (1) we can now determine the pressure, and
from it the other thermodynamic quantities. Trace anomaly,
pressure, entropy and energy density are shown in the
left panel of Fig. 1 as colored bands, together with our
previous results from Refs. [60,66], shown as gray bands
for comparison. The improved precision in both terms of
Eq. (1) results in a substantial improvement for the
precision of all quantities, especially near the transition
region. At high temperatures our data agree with Ref. [66]
better than with Ref. [60], as the latter is a Ny =2+ 1
result. A minor tension remains between our new result and
Ref. [66] in the pressure, which is likely due to the new
determination of the integration constant in Eq. (1). In
Ref. [66] this integration constant was fixed to be the N, =
2 + 1 result of Ref. [60] at T = 250 MeV.

Entropy contours. In this work we construct and follow
contours of constant entropy density from imaginary to real
baryon chemical potential. These contours are defined at
vanishing strangeness density and zero electric charge
chemical potential. At finite (real or imaginary) up, the
entropy density can be written as

onp(T, pp)

a7

HB
S(Tos) = s(Tops =0) + [ iy

where the first term comes from the continuum extrapolated
equation of state discussed in the previous section, and
ng(T, ug) is the baryon density. We construct a continuum
extrapolation of ng(7T,up) for imaginary values of the
chemical potential yz by employing simulations at imagi-
nary chemical potentials on lattices with N, = 10, 12, and
16 time slices. We perform a combined fit in the temper-
ature 7, the baryochemical potential yp and the lattice
spacing 1/N2. Details on the fit and the systematic analyses
can be found in the Supplemental Material.

From the continuum extrapolated baryon density we
construct the entropy density at imaginary chemical poten-
tial using Eq. (7). In order to construct the contours, we
proceed as follows. For each temperature T,, we first
calculate the corresponding value s(7y) of the entropy at
up = 0. For each chemical potential, we then determine the
temperature T (ug, T) at which the entropy has the desired
value s(T;). The function T (ug,T,) then yields the
contour stemming from 7. By repeating the procedure
for several values of T, we obtain the contours shown as
points in Fig. 3 for 43 < 0. We observe that the dependence
of T((Ty, ug) on u3 is remarkably linear to a high precision.

We do not expect entropy contours to deviate signifi-
cantly from the functional forms we have used, even in the
presence of a first-order transition, as the entropy itself
must obey thermodynamic inequalities that limit its 7 and
up derivatives.

017 F | Ty=135 MeV —m—i 7
- : Ty=140 MeV —e—i
LT : Ty=145 MeV |
_ 016 T, Ty=150 MeV
% * Ty=155 MeV +—e—
©. 015 | ‘ .
> [ ] - :
Foaal .
=
0.13
0.12 | | i ! 1
-0.1 0 0.1 0.2 0.3
2 2
ug” [GeV7]
FIG. 3. Contours of constant (dimensionful) entropy density as

fitted rational functions on continuum extrapolated lattice data.
Each contour is labeled by its crossing point at pg = 0: T,
Note that the extrapolation is defined in the dimensionful 43 (see
also [59]), not ug/T.

In order to account for deviations from an exact linear
behavior, we consider an extrapolation to real chemical
potential based on a rational Ansatz as well as a parabolic
Ansatz,

To + ap?
T,(u3,T,) =218 8
iy To) =5 5 ®)
T,(u%,To) = Ty + aps + by 9)
s\Mps Lo 0 HB HUB>

that we combine to obtain our final results. We performed
Kolmogorov-Smirnov tests on our sets of analyses with
both functional forms, and found that both are at risk of
overfitting. For this reason, we do not consider functional
forms with more parameters. We show the results obtained
with the rational Ansatz as bands in Fig. 3.

In order to determine the onset of a first-order transition
regime on the phase diagram, we now study the contours
T (u%,Ty) for different, fixed values of ug. Because the
entropy is a monotonic function of the temperature in the
absence of a discontinuity, the curve T (u%, T) will be, at
fixed up, monotonic as well. However, if and when the
entropy develops a discontinuity, there will be a regime
where the derivative (97',/dT),, drops below zero, while
being exactly zero at the critical point. We can see a pattern
similar to the expected one in Fig. 4, where T (u%, T) is
shown for two values of up in the case of our rational
Ansatz. At large chemical potentials data are consistent
with a zero or negative derivative within some level of
confidence (e.g., up = 600 MeV in Fig. 4).

We identify this confidence level for each T — up pair in
the phase diagram. First, we solve T = T (u%, T,) for T,
and then evaluate (d7,/dT),, at that value. For a broad
range of parameters, this is at least one or two ¢ larger than
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FIG. 4. The value of T,(u%,T,) for two fixed values of the
baryochemical potential. These curves develop a negative deriva-
tive in the first-order regime, and an exactly vanishing derivative
at the critical point.

zero, indicating that at the given T — up position, the
entropy is not multivalued to the given level of confidence.

We exemplify this in the top panel of Fig. 5. The
two curves represent two horizontal stripes in the phase
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FIG. 5. Top: The derivative of the T (T,) curve at fixed

chemical potential as a function of T, (see Fig. 4). This quantity
is positive for a crossover, negative for a first-order transition and
zero at the critical point. Bottom: The confidence level for the
(0T;/0Ty),, < 0hypothesis for two fixed values of T, and along
the predicted crossover line of Ref. [50]. We also show the
confidence levels along the two freeze-out lines in Fig. 1.

diagram, where this analysis was carried out. The plot
shows the levels that would belong to 16 and 26 around the
central value, if the distribution was Gaussian. We translate
this to a confidence level in the bottom panel. There we also
show the probability of having a negative slope of T(T)
along two versions of the chemical freeze-out line [64,65]
and a prediction of the crossover line [50] in the phase
diagram.

The data in Fig. 5 already refer to the full systematic
analysis. In particular, we performed 16 different con-
tinuum extrapolations to arrive at the entropy at imaginary
Upg, extrapolated to pp > 0 with our two Ansdtze, and
each resulting 7', function was interpolated in 12 different
ways. Though each of the 12 -2 - 16 = 384 such analyses
provides a Gaussian statistical error, once their respective
cumulative distribution function is averaged, the result is
non-Gaussian. Restricting the analysis to either of the
Ansdtze would leave unchanged the conclusions of our
paper. The main result in Fig. 1 shows the chemical
potential for a set of fixed temperatures where the con-
fidence level reaches 0.02275 for 2. At the 26 confidence
level the lower bound is %" = 450 MeV.

Conclusions. We presented an update of the QCD equation
of state at yz = 0 with improved precision in comparison to
our previous result [60]. This result was obtained with the
(2 + 1 + 1 flavor) 4stout staggered action up to a resolution
of N, = 16 to perform a continuum extrapolation.

This allowed us to calculate contours of constant entropy
on the QCD phase diagram in the 7' — pp plane, by analytic
continuation from purely imaginary chemical potentials
using continuum extrapolated lattice QCD simulations in a
large volume: LT =4 in temperature units. Unlike pre-
vious estimates based on lattice simulations, we show
results on the phenomenologically relevant strangeness
neutral line. The contours of constant entropy in principle
allow one to locate the spinodal region, and thus the onset
of a first-order transition at the coveted critical endpoint.
While some of the considered analyses indeed show a
critical endpoint, we have found that after taking into
account all systematic and statistical uncertainties, the
location of the critical endpoint cannot be unambiguously
bracketed. This also means that our analysis does not
provide a clear proof of the existence of such a critical
endpoint. However—for the first time in the literature—we
are able to give reliable lower bounds on the critical
endpoint location in continuum QCD.

Supplementing the analysis with the known heavy-ion
chemical freeze-out line (Fig. 1), we can exclude the
existence of the critical point, at the 2¢ level, below
u¥ = 450 MeV. Our results for the critical endpoint are
consistent with the conclusions from an analysis of the
Polyakov loop in a small physical volume in Ref. [67],
where a broadening of the crossover transition was
observed at up < 400 MeV.
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From chiral effective models one expects the transition
temperature in the chiral limit at zero density to be an upper
bound for the critical point at finite density [72]. The O(4)
critical temperature in the chiral limit was recently calcu-
lated to be T, ~ 133 MeV [73,74]. Translating our lower
bound on the critical chemical potential to an upper bound
in temperature, our finding is consistent with the above
expectation.
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