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 a b s t r a c t

A standard way to compute the QCD crossover line in the temperature (𝑇 ) - baryochemical potential (𝜇𝐵) plane 
with lattice techniques is to extract it from the chiral condensate or from the peak position of the chiral sus-
ceptibility. However, these quantities suffer from not-negligible volume effects, as shown in [1]. Here we draw 
the QCD crossover line from the peak position of an alternative observable, the static quark entropy (𝑆𝑄(𝑇 , 𝜇𝐵)), 
based on the renormalized Polyakov loop, that was shown to have a peak in the vicinity of the chiral transition 
temperature in [2]. The advantage is that it has smaller volume effects. That allow us to extrapolate 𝑆𝑄(𝑇 , 𝜇𝐵) by 
means of a Taylor expansion to eighth order in 𝜇𝐵(NNNLO) on a 16 × 8 lattice. We use high-statistics simulations 
with 2+1 4HEX staggered fermions at physical quark masses. The results are computed along the strangeness 
neutral line. We are able to draw the phase diagram up to 𝜇𝐵 ≈ 400 MeV, finding a rough agreement with phe-
nomenological estimates of the freeze-out curve in relativistic heavy ion collisions. We see that the width of the 
crossover increases at higher densities, disfavoring the existence of a critical endpoint in the explored range.

1.  Introduction

An important line of research in QCD under extreme conditions of 
temperature and baryon density is the determination of the transition 
line in the 𝑇 − 𝜇𝐵 phase diagram. Direct lattice QCD calculations have 
been hampered by the well known sign problem. Among the techniques 
that are used to circumvent it we find Taylor methods, so by comput-
ing the desired observables at finite 𝜇𝐵 as a Taylor expansion around 
𝜇𝐵 = 0. Since the simulation are performed only at 𝜇𝐵 = 0, there is no 
complex action problem, however some residual effects still manifest as 
strong cancellations inside the derivatives. We show that for the baryon 
number fluctuations, that are 𝜇𝐵-derivatives of the pressure:

𝜒𝑛 =
(

𝜕𝑛(𝑝∕𝑇 4)
𝜕(𝜇𝐵∕𝑇 )𝑛

)

𝜇𝐵=0
. (1)

In Fig. 1 we see that there is an almost equal number of positive 
and negative terms contributing to each 𝜒𝑛, making the computation in-
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creasingly difficult as 𝑛 increases. However, the cancellation problem is 
less severe for smaller volumes, hence our use of a 163 × 8 lattice. This 
problem was discussed also in [3]. We so need to investigate which ob-
servable can provide a better proxy for the transition line even at small 
volumes: such an investigation was done in detail in [1]. Typical ob-
servables to study the crossover line are the chiral condensate, that is 
an order parameter for chiral symmetry in the limit of zero light quark 
masses, and the chiral susceptibility. A crossover line extrapolated from 
the peak of the chiral susceptibility was drawn up to 𝜇𝐵 ≈ 300 MeV in 
[4]. However, as shown in [1], these observables have not negligible 
volume effects. We then follow an idea that was suggested in [2]: we 
use the peak of the static quark entropy, a Polyakov loop derived ob-
servable, as a proxy for the crossover line. This observable has smaller 
volume effects, hence we expect to be able to use Taylor methods up to 
high orders. In the results Section 4 we draw the crossover line from the 
peak of the static quark entropy up to 𝜇𝐵 ≈ 400 MeV. We compute the 
Polyakov loop derivatives up to eight order and from that we compute 
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Fig. 1. Cancellations between positive and negative terms for the Taylor coefficients 𝜒𝑛 for up to the eighth order at 𝑇 = 130 MeV. Positive contributions are shown 
in red, while negative contributions are shown in blue. A smaller volume (123 × 8) is also shown, to illustrate the volume dependence of the cancellations. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. Left panel: The renormalized chiral condensate (see Eq. (4)) as a function of temperature for different volumes, at 𝜇𝐵 = 0. Right panel: The renormalized full 
and disconnected chiral susceptibility as a function of temperature for different volumes at 𝜇𝐵 = 0.

Fig. 3. Left panel: The static quark free energy (see Eq. (6)) as a function of temperature for different volumes, at 𝜇𝐵 = 0. Right panel: The static quark entropy as a 
function of temperature for different volumes, at 𝜇𝐵 = 0. In order for the curves not to overlap, they were shifted by arbitrary amounts in the vertical direction.
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Fig. 4. Five different definitions of the transition temperature as functions of 
the simulation volume, labeled by the aspect ratio 𝐿𝑇 = 𝑁𝑥∕𝑁𝑡.

the static quark entropy. Our results for the Polyakov loop from the Tay-
lor expansion are crosschecked with results at imaginary 𝜇𝐵 simulations. 
We also check the robustness of the Taylor expansion by comparing dif-
ferent orders. From the static quark entropy we extract both the peak 
position, to draw the crossover line, as well as the width of the curves, 
that give information on the width of the transition, analogously to what 
happens for the chiral susceptibility in [4]. We see that the transition 
width tends to increase in the computing range, leading to the conclu-
sion that we do not find evidence of a critical endpoint (CEP) up to 
𝜇𝐵 ≈ 400 MeV.

2.  Volume effects

Observables that are strictly related to the chiral aspects of the QCD 
crossover are the chiral condensate ⟨𝜓̄𝜓⟩ and the chiral susceptibility 
(disconnected, 𝜒disc and not, 𝜒), that have respectively an inflection 
point and a peak in the vicinity of the crossover:

⟨𝜓̄𝜓⟩ = 𝑇
𝑉
𝜕 log𝑍
𝜕𝑚𝑢𝑑

, 𝜒 = 𝑇
𝑉
𝜕2 log𝑍
𝜕𝑚2

𝑢𝑑

, (2)

𝜒disc =
𝑇
𝑉

(

𝜕2

𝜕𝑚𝑢𝜕𝑚𝑑
log𝑍

)

𝑚𝑢=𝑚𝑑
, (3)

They are renormalized as follows:

⟨𝜓̄𝜓⟩𝑅 = −
𝑚𝑢𝑑
𝑓 4
𝜋

[

⟨𝜓̄𝜓⟩𝑇 − ⟨𝜓̄𝜓⟩𝑇=0
]

,

𝜒𝑅 =
𝑚2
𝑢𝑑

𝑓 4
𝜋

[

𝜒𝑇 − 𝜒𝑇=0
]

.

𝜒𝑅disc =
𝑚2
𝑢𝑑

𝑓 4
𝜋

[

𝜒disc,T − 𝜒disc,T=0
]

,

(4)

Their volume effects are visible in Fig. 2, where the chiral condensate 
and the chiral susceptibilities are at 𝜇𝐵 = 0 for different volumes. From 
the plot it is clear that 𝑇𝑐 changes with the volume.

In Ref. [2] a different observable was proposed to estimate the 
crossover line. The starting point is the Polyakov loop

𝑃 = 1
3
1
𝑉

⟨

∑

𝑥⃗∈𝑉
Tr

𝑁𝑡−1
∏

𝑡=0
𝑈0(𝑡, 𝑥⃗)

⟩

, (5)

that is an order parameter for deconfinement in the quenched theory. It 
is, however, not practical to study, since it requires a scheme-dependent 
multiplicative renormalization. The static quark free energy, instead,
𝐹𝑄 = −𝑇 log𝑃 , (6)

requires additive renormalization and does not suffer from such an am-
biguity. In Ref. [2] its temperature derivative, the static quark free en-
ergy, was examined

𝑆𝑄(𝑇 , 𝜇𝐵) = −
𝜕𝐹𝑄(𝑇 , 𝜇𝐵)

𝜕𝑇
, (7)

finding that 𝑆𝑄(𝑇 , 𝜇𝐵) has a peak exactly in the vicinity of the chi-
ral crossover. That holds for different values of the quark masses, in-
cluding the physical values, making the peak position of 𝑆𝑄(𝑇 , 𝜇𝐵)
a possible proxy to study the transition line. It has also smaller vol-
ume effects with respect to the chiral condensate and the susceptibil-
ities, as we can see from Fig. 3: 𝐹𝑄(𝑇 , 0) and 𝑆𝑄(𝑇 , 0) are plotted for 
different volumes as in Fig. 2, but in this case the different curves
overlap.

A final comparison of the volume effects in the estimation of 𝑇𝑐 from 
different observables is shown in Fig. 4, where it is evident that the 
crossover temperature estimated from the peak position of 𝑆𝑄 is less 
volume-dependant as that from the peak position of the chiral suscepti-
bilities.

3.  Lattice setup

In the following we show results computed with 2+1 flavors at 
physical quark masses, on a 163 × 8 lattice. We used a 4HEX staggered 
fermionic action in the simulations ([6,7]).

4.  Crossover line from 𝑺𝑸 peak

The starting point for the computation are the Polyakov loop deriva-
tives, that are computed up to the eight order.

This allows to compute the derivatives of the static quark free energy 
𝐹𝑛, from which we can compute

𝐹𝑄(𝑇 , 𝜇𝐵) = −𝑇
2
log |⟨𝑃 ⟩|2 =

= 𝐹𝑄(𝑇 , 𝜇𝐵 = 0) + 𝑇
∑

𝑛=2,4,…

𝐹𝑛
𝑛!

(𝜇𝐵
𝑇

)𝑛
,

(8)

and then derive for each 𝜇𝐵 the static quark entropy 𝑆𝑄 as a 𝑇 -derivative 
(Eq. (7)). More details on the computation can be found in [5]; here we 
discuss only briefly the results and their robustness.

To check the convergence of the Taylor series, we make a crosscheck 
at imaginary 𝜇𝐵 , where results from direct simulations are available 
(Fig. 5). We see that the higher orders tend to converge to the direct 
results. We then go to real 𝜇𝐵 and plot the renormalized Polyakov loop 
and static quark entropy (Fig. 6).

The Polyakov loop is plotted as a function of 𝜇𝐵 for different temper-
atures; for 𝑇 = 130 MeV the fourth, sixth and Taylor orders are shown. 
The eight order starts to deviate from the sixth order around 𝜇𝐵 ∼ 400
MeV. The static quark entropy is plotted as a function of 𝑇  for different 
𝜇𝐵 , including a curve obtained at imaginary 𝜇𝐵 . We see that the peaks 
become wider and lower as 𝜇𝐵 increases, while we would expect them to 
become narrower and higher in the vicinity of a criticality. At 𝜇𝐵 ∼ 400
it is visibly difficult to extract a peak from 𝑆𝑄. That hints for an absence 
of a critical end point in this 𝜇𝐵 range.

To confirm our results until 𝜇𝐵 ≈ 400 MeV we make a final check on 
the convergence of the Taylor series. We draw the crossover line from 
the peak position of 𝑆𝑄, computed up to the sixth or the eight order 
(Fig. 7). We also do that in two different setups: in a strangeness neu-
tral setup (𝑛𝑆 = 0) or at zero strangeness chemical potential (𝜇𝑆 = 0). 
While the latter is technically easier, the first is phenomenologically 
more interesting, since it respects the same conditions as in heavy-
ions collisions, and it is then our priviliged setup. We see that the 
eight order starts to add a contribution only at 𝜇𝐵 ≈ 300 MeV and 
that the sixth and the eight order are still compatible within errors 
until 𝜇𝐵 ≈ 400 MeV. We can then safely draw our crossover line until
𝜇𝐵 ≈ 400 MeV.
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Fig. 5. Check of the convergence of the series: at 𝑇 = 140 MeV, we compare the results from the Taylor series at different orders with results directly measured 
expectation values at Im 𝜇𝐵 > 0 from a separate set of simulations.

Fig. 6. Left: Renormalized Polyakov loop (𝑃 𝑟) as a function of the 𝜇𝐵 for various temperatures. Right: The static quark entropy (𝑆𝑄(𝑇 )) extrapolated to various 
chemical potentials. We added the result with an imaginary chemical potential for comparison (gray line).

Fig. 7. The maximum position of 𝑆𝑄(𝑇 ) for fixed baryo-chemical potential (𝜇𝐵), with (𝑛𝑆 = 0) and without (𝜇𝑆 = 0) strangeness neutrality, up to the sixth and up to 
the eight order in the Taylor expansion.

The final result is shown in Fig. 8. We show our crossover line, com-
pared to the one obtained in Ref. [4], to Dyson-Schwinger based results 
(Ref. [8]) and to the chemical freezeout datas (Refs. [9,10]). We also 
show the transition width from [4] and the transition width defined 

from 𝑆𝑄 as

Δ𝑇 (𝜇𝐵) =

√

−𝑆𝑄(𝑇 , 𝜇𝐵)
/ 𝜕2𝑆𝑄(𝑇 , 𝜇𝐵)

𝜕𝑇 2

|

|

|

|

|𝑇=𝑇𝑐 (𝜇𝐵 )
(9)
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Fig. 8. Left: Crossover (orange) defined as the peak position of the static quark entropy (𝑆𝑄) at fixed 𝜇𝐵 as a function of 𝜇𝐵 . We add the chiral transition line from 
lattice QCD [4] in the phase diagram, defined from the peak of the full chiral susceptibility, as well as the corresponding result based on Dyson-Schwinger equations 
[8] (the latter used the 𝜇𝑆 = 𝜇𝐵∕3 scheme as an approximation to 𝑛𝑆 = 0). We also include the chemical freeze-out parameters [9,10]. Right: the corresponding 
widths.

As hinted from Fig. 6, we see a broadening of the transition, implying 
that we do not find sign of a critical end point.
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