PHYSICAL REVIEW B 111, 134417 (2025)

Topological invariants of vortices, merons, skyrmions, and their combinations
in continuous and discrete systems
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Magnetic vortices and skyrmions are typically characterized by distinct topological invariants. This paper
presents a unified approach for the topological classification of these textures, encompassing isolated objects
and configurations where skyrmions and vortices coexist. Using homotopy group analysis, we derive topological
invariants that form the free Abelian group, Z x Z. We provide an explicit method for calculating the cor-
responding integer indices in continuous and discrete systems. This unified classification framework extends
beyond magnetism and is applicable to physical systems in general.
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I. INTRODUCTION

Similar to domain walls [1,2], vortices represent funda-
mental magnetic textures [3-5]. By vortices, we refer to a
broad class of microscopic states characterized by curling
magnetization. Examples include rectangular Landau patterns
[6-9], circular textures commonly observed in nanodisks
[10-14], and swirl-like structures that form constituent parts
of more complex magnetic textures [15-22]. Moreover, mag-
netic textures in annular rings [23-26] can also be associated
with vortices. These textures are often interpreted as coreless
vortices, with the absent core assumed to be virtually present
within the cavity.

Magnetic vortices can emerge because of various factors,
including sample geometry, demagnetizing fields, and cur-
vature effects [3,27-31]. Additionally, vortices can form in
systems with magnetocrystalline anisotropy or, more gen-
erally, spin-orientation anisotropy. In particular, in systems
with strong hard-axis (easy-plane) anisotropy effectively
reducing the spin degree of freedom from a sphere to a cir-
cle, Berezinskii-Kosterlitz-Thouless (BKT) vortices emerge
[32-35]. We begin the discussion of a unified approach to the
topological classification of magnetic textures by considering
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a model similar to the BKT model. We then soften the con-
straint in the spin space and consider a more general case
where the spins in the vortex domain can have any direction.
Such vortices are commonly referred to as merons [19-21,36—
39], a term that, in a sense, denotes fractional configurations
[40-42]. Tt is worth noting that today the term “meron” is
often interchangeably used with the term “vortex” [18,22,43—
46], making these two terms synonymous in many practical
contexts. A key aspect of merons is that they may become con-
stituent parts of other topological objects. For instance, certain
combinations of merons can form solitons associated with the
homotopy group m,(S?) = Z (see Appendix A for symbols
and terms) and are known as skyrmions. Such meron pairs are
often referred to using distinct terms, such as bimeron [37,47—
50], bounded half-lumps [51,52], or in-plane skyrmions [53],
but sometimes they are simply called “vortices” and “antivor-
tices” [18,46]. Meanwhile, many 72(S?) skyrmions do not
consist of merons [54-72]. The central result of this paper
demonstrates that in complex systems, where both merons
and skyrmions coexist, topological invariants form the free
Abelian group Z x Z (or Z @ 7 in equivalent notation) and
thus such configurations must be classified in terms of an
ordered pair of integers. An explicit method for computing
these topological invariants is provided.

II. SPINS ON A CIRCLE

In this section, we consider a system similar to the BKT
model (also known as the classical XY model) with spins
that take values in the circle, m(r;) € S'. For simplicity, but
without loss of generality, let the spins be located at the nodes
of a square lattice, see Fig. 1(a). If the dominant interactions

Published by the American Physical Society
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FIG. 1. Sketches of vortices, merons, skyrmions, and corresponding maps. (a) Vortices in the XY model. (b) Mapping a closed contour
into spin space representing a circle. (c) Merons and skyrmions in the hard axis magnet model. (d) Mapping a closed contour and its interior

into the subspace and full space of the spin sphere, respectively.

are ferromagnetic, then it is extremely unfavorable for a pair
of neighboring spins to align antiparallel. Accordingly, the
probability of encountering antiparallel-oriented neighboring
spins while traversing the lattice becomes vanishingly small.
Consequently, we restrict our consideration to closed paths
governed by a simple rule, referred to as Axiom I: the angle
between any two adjacent S' spins along the path must never
reach 7. Then the following continuous map takes place:

g: S' - st (1)

The circle S' on the left-hand side of Eq. (1) corresponds, up
to homeomorphism, to a simple closed curve in real space,
see Fig. 1(b). The circle on the right-hand side of Eq. (1) is
owing to a closed chain of minor arcs, formed by adjacent
spins m(r;) and m(r;1;). This map is characterized by homo-
topy classes, distinguished by the degree only [73,74]. The
associated integer invariant is given by W = deg(g). Using
the tangent half-angle formula, we obtain the following ex-

pression for the winding number:
| X

Wm) = — 2 arctan , 2
(m) an; ( ) @)
where ryy; = r; since we consider closed paths only. The
winding number Eq. (2) has the following meaning. When
W =1, the loop is said to contain a vortex. Such a case is
illustrated by the top-right rectangular contour in Fig. 1(a).
When W = —1, the contour is typically described as con-
taining an antivortex. States with W = £2, 43, ... are often

referred to as multivortices, vortex combinations, vortex clus-
ters, or similar terms. If YW = 0, the contour either encloses

€. - [m(r;) xm(riy)]
1 +m(r;) - m(ri)

an equal number of vortices and antivortices or no vortices at
all. If the map in Eq. (1) is further equipped with a base point,
the homotopy classes form a group isomorphic to the integers
under addition, 77;(S') = Z, for details see Refs. [73,75].

It is important to emphasize that the rigorous topological
arguments supporting Eq. (2) do not rely on the spatial con-
tinuity of m at all. The only essential requirement is Axiom
I, which is naturally applicable in most practical cases, where
the ferromagnetic exchange dominates other interactions.

III. FUNCTIONS WITH VALUES IN PRODUCT SPACE

In this section, we generalize the result from the preced-
ing section to a broader class of functions. We begin with a
pure algebraic topology perspective. Specifically, consider the
fundamental group of the product space,

T (S' x X) = 7 (S") x m(X), A3

where X is any connected space. By choosing X to be simply
connected space, i.e., m1(X) =0, we naturally extend the
result of the preceding section. Namely, we now consider
closed paths following the only rule—Axiom II: The function
along the path takes values in the space homeomorphic to
S! x X, while X is simply connected and Axiom I holds for
the subspace S'. As a next step, we address the applicability
of Axiom II to physical models.

The product space in Eq. (3) corresponds to the general
case, while here, we focus on a specific case where X is either
a closed or an open interval, I!. Consequently, the function
along the path can, for example, take values in a spherical
segment or in a sphere with two points removed, S? \ {P, P»}.
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This scenario naturally arises in classical spin models with
spin-orientation anisotropy of the hard-axis (easy-plane) type.
By spin-orientation anisotropy we mean the dependence of
energy on the spin direction, and this can be the result of a
combination of many factors, such as an applied magnetic
field, magnetocrystalline anisotropy [76], shape anisotropy
[77-79], etc. For instance, in the case of a hard axis parallel
to €., as shown in Fig. 1(c), sites with m(r;) = +&, are highly
unlikely. The probability of the spin passing through the poles
becomes vanishingly small, and thus, one can naturally accept
Axiom 1II. This approach applies to both discrete and contin-
uous systems. In a discrete system, the winding number can
then be computed using Eq. (2) for the normalized projected
vectors,

“

wm) = W(M)

|m - éz(m : éz)|

In the continuum limit, Egs. (2) and (4) yield the well-known
integral for the winding number [74],

1 m,Vmy, — m, Vi,
w(m) = o % dl- . (&)

2 2
mi + my

Remarkably, the above results extend to a wide range of
physical systems beyond magnetism. Among these are com-
plex scalar field models with a potential term in the form of a
Mexican hat. In such cases, the function i takes values in the
complex plane C = R?, where ¥ = 0 is highly unfavorable,
as it corresponds to the maximum potential energy. Conse-
quently, it is natural to consider paths where the function
values belong to the space R?\ {0} = S' x R. From this, it
immediately follows that the system can host vortices char-
acterized by the homotopy group Z. It is important to note
that the above analysis is not intended to be comprehensive,
because some systems are more complex. Concrete represen-
tative examples include superfluid *He models [42,80-82] and
multicomponent Ginzburg-Landau models [35,83,84].

It is important to emphasize that when Axiom II is not
applicable, there are two possibilities: The system may lack
vortices entirely, or it may exhibit vortices of a different na-
ture. For instance, fully isotropic ferromagnets do not support
vortices [85-87]. In contrast, liquid crystals can host vortices
associated with elements of finite groups [87-90]. Finally,
systems with multiple hard axes may host non-Abelian vor-
tices corresponding to elements of free groups [91-93].

IV. SPINS ON A SPHERE

Until now, we have focused exclusively on the spin con-
figurations along the loop, excluding the texture inside the
loops from the analysis. With this approach, local critical
processes within the loop, such as the reversal of vortex core
polarity [45,94] or skyrmion switching/collapse [95-99], do
not alter the winding number. In this regard, it is important
to also account for the states in the interior and assign them
additional indices. Therefore, let us take the next important
step and consider the interior. To streamline the discussion
in this section, we consider the following approach: we first
address the continuum case, and subsequently generalize the
results to discrete systems.

We consider a model similar to the one in the previous sec-
tion, where spins take values on the 2-sphere (m € S?). Along
the simple closed loop, however, the spins are restricted to the
subspace S? \ {P;, P»}, as illustrated in Fig. 1(d). For definite-
ness, but without loss of generality, we assume—similar to
Sec. III—that the z axis represents the hard axis for the spins,
and thus the removed points are Py, = £¢&,. Extending this
framework to arbitrary positions of the points (P, # P;) on
the spin sphere, including cases where they are close to each
other, is straightforward.

‘We use the notation where €2 represents the spatial domain,
which is homeomorphic to a disk or a square (2 = [ 2), and
the boundary of this domain, d€2, is a loop homeomorphic to
acircle (22 = S'). Then, the following continuous map takes
place:

f1(R,0Q) — (S, S*\{P1, P)). (©6)

For the corresponding homotopy classes, we find the group
(for details see Appendix B),

1(S%, SN\(P,P}) =7 x Z. (7)

An important property of the group isomorphism in Eq. (7)
is that the sum operation in the group Z x Z corresponds
to the standard concatenation in relative homotopy groups
[75,100]. Since Z x Z % Z in the category of groups, the
distinct homotopy types in Eq. (7) are described by an ordered
pair of integers rather than a single integer. This naturally
raises the question: What invariants correspond to each of
these integers, and how can one compute them? Although it is
straightforward to take the winding number w(m) as the first
integer and compute it using Eq. (5), the origin of the second
integer is less obvious. Thus, in the literature, spin textures
similar to those shown in Fig. 1(c) are frequently analyzed by
computing the Kronecker integral [74,101,102],

O(m) = L/ dridr,m - [0, m X 0,,m], (®)
4 Q

see, for instance, Refs. [18,20,36,38,39,46]. However, this
expression naturally gives noninteger values because it is a
topological charge only for ,(S?) classes. To illustrate this,
in Fig. 2 we show the configurations of elementary merons
supplemented with the corresponding representative values
of Q(m) ~ £0.5 calculated for a specially selected domain
Q and a local coordinate system (ri, rp, r3) with polarity
€., = &,. Although Eq. (8) will prove useful later, at this point
it is essential to note that, in general, for an arbitrary spin
configuration (a black-box texture) where Q(m), or a pair of
w(m) and Q(m), are known, it is not possible to determine
the homotopy type of the map Eq. (6). In other words, Q(m)
does not serve as a topological invariant for the group in
Eq. (7). This statement is proven in Appendix E using the
counterexample method.

To make the computation of topological indices for the
group in Eq. (7) straightforward, we introduce a specially
designed auxiliary map in spin space,

p: (ST SA\(P, Po)) — (S* Vv S Ry, ©)

where the image is the wedge sum of spheres and P is its
common point, see Fig. 3. The surjective map p is the essence
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FIG. 2. Sketches of elementary merons viewed from the +z di-
rection. The topological charge for each state is represented by an
ordered pair of integers (g, ¢» ). The definitions of ¢, and ¢, are done
in the text Eq. (13) and Q(m) is defined in Eq. (8).

of the two-step procedure. In the first step, the spin sphere
is projected onto the inscribed “dumbbell”, see Fig. 3(a). To
perform the projection, we drop a perpendicular line from a
point on the spin sphere to the P; P, axis and find the inter-
section of this perpendicular line with either the top sphere,
the bottom sphere, or the handle of the dumbbell, depending
on the location of the point. The sizes of the top and bottom
spheres depend on the shape parameters u, and uy, respec-
tively. The following relation must hold: —1 < up < pe < 1.
In the second step, the “handle” contracts to point Py, while
inscribed top and bottom spheres expand into unit spheres,
see Fig. 3(b). The resulting construction is identical to

FIG. 3. Sketch illustrating the continuous transformation of a
sphere into two spheres connected at a point. (a) Projection of the
sphere onto the inscribed dumbbell. (b) Contraction of the handle to
point, and the magnification of spheres.

gluing two spheres together when considering the sphere as
a so-called co-H-space [103,104], but it plays a different role
here. The continuous connection between elements of pairs in
Eq. (9) is the essence of the homotopy class with the following
representative. For parameter v € [0, 1], the shape parameters
evolve as ¢ = 7, Up = —T.

A key aspect of the map p in Eq. (9) is that the homotopy
group of its image has been thoroughly studied [105,106].
This is because the homotopy groups of bouquets of spheres
are essential for Whitehead product and homotopy construc-
tions. Specifically, the second homotopy group of a bouquet
of two spheres is

m(S?VSE P) =7 x Z. (10)

In addition, the homomorphism of the relative homotopy
groups Eqgs. (7) and (10) induced by the map in Eq. (9) turns
out to be an automorphism—an isomorphism to itself (for
details see Appendix C). Consequently, we conclude that the
pair of integers (g, g»)—referred to as the fop and bottom
charges in Eq. (10)—serves as the complete invariant for the
objective map in Eq. (6). It is straightforward to calculate
these integers using the degree formula (8) for the unit vectors
m, and m;, emerging from the unit vector m through the map
p. From the structure of map p we obtain explicit formulas,

2Vtmx
2ym, , an
=142y (1 + m)(1 — )

mz— [t H
where Y = {0\/ (1hmz)(1—pu)? i pe<me, and

mt:

otherwise,
29phy
m, = 2ypmy, , (12)
1 =237 (1 = m)(1 4 )
where y, = { Tnotim? T M <Hb The shape parameters

0 otherwise.
¢ and wp must be continuous function of the coordinate in
the © domain. One can choose monotonic functions such
that u; = up = 0 in the center of Q and u; =1, up, = —1
everywhere at the boundary d€2. The topological charges are
computed as

qr = Q(ml)s and qbv = Q(mb)’ (13)

where the polarities are set to &,, = —€, for m; and &,, =
&, for m,. Such a choice of polarity for the coordinate
frames ensures alignment with the unit vectors correspond-
ing to the base point and eliminates ambiguities discussed in
Refs. [107,108]. Thus, when the global coordinate system is
flipped upside-down, the top and bottom indices naturally in-
terchange. On the other hand, the topological invariant Eq. (5)
does not depend on z-polarity and, accordingly, the following
fundamental relation holds:

w = —(qc+ qv). (14)

Because of the automorphisms of the group Z x Z and
Eq. (14), it is possible to derive alternative representations of
the ordered pair of integers where one of them is w (for de-
tails, see Appendix D). However, such representations result
in a less symmetric framework compared to the use of (¢, g),
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which we follow in this work. Calculation of topological
charge, (g, gv ), for the configurations in Fig. 2 proves that for
the group Eq. (7), this quartet represents two generators and
their inverses. This is in line with earlier proposals to consider
these four merons (up to trivial rotations) as a basic set of
configurations [21,45,49]. Accordingly, in simple cases, one
can deduce g, (or gp) as the number of clockwise rotations
that spins exhibit when following counterclockwise around
the core with m polarized towards the +z (or —z, respectively)
direction.

It also seems essential to discuss a transition between a sys-
tem with two hard directions and a system with a single hard
direction. Such a transition, for instance, may occur when the
applied field starts dominating the anisotropy [109,110]. It can
be associated with a transformation from 7,(S?, S?\{P;, P»})
merons to m>(S?) skyrmions (see Appendix B3 and Ap-
pendix B2). Since a two-punctured sphere is a subspace of
a one-punctured sphere, the natural inclusions

SA\(Py, Py} — SA\(Py),
S\(P1, P} — SH\(P1} (15)

induce group homomorphisms Z x Z — Z. These homomor-
phisms are the following trivial operations:

(qt, qv) = qv,
(qe, gv) = gt (16)

The discarding of one component of the topological invariant
can be attributed to the critical transition of the system. From
the above, one can conclude that without knowledge of the
hard directions in the physical system (i.e., without knowing
the Hamiltonian), the calculation of the indices ¢; and g
becomes less meaningful, as these numbers are not guaranteed
to be invariants. From (16) it also follows that the number of
skyrmions/antiskyrmions within the meron configuration is
equal to min(|gi, |gs)).

The above approach can also be extended to the topological
classification of spin textures in discrete systems. However,
deriving a discrete version is a bit of a hassle. First of all, it
is important to note that Axiom II is necessary, but not suf-
ficient in this context. To establish sufficient conditions, one
can employ a standard approach to construct correspondences
between polyhedra and manifolds [74,75]. The sufficient con-
dition can be stated as follows: For vectors my, on the
triangulation of €2, no triples with undefined solid angles
should occur. When this condition is satisfied, the topological
indices g can be computed using the Berg-Liischer method
[111].

V. SECONDARY INDICES OF VECTOR FIELDS

In this section, we demonstrate how our unified approach
can contribute to the analysis of vector fields from a general
geometric perspective. Specifically, we consider a three-
component vector field V = (V,, V,, V;) € R3.

A standard approach to analyzing vector fields involves the
classification of singular points [74,112]. Such singularities
include points of zero field values. In the first step, one can
locate and classify all such usual singularities. As a result,
in the remaining space (free from singularities), the vector

field satisfies V € R\ {0}. We suggest that the analysis of
such a field can be further extended by following the approach
described below. In any singularity-free simple domain 2, it
becomes possible to define indices that characterize points
where the vector field aligns with specific directions. The
classification of such points provides additional (secondary
level) information about the field. To distinguish these indices
from the indices used to classify singular points, we use the
term secondary indices. As before, the specific directions are
denoted by points on a sphere: Py, ..., Py (r 2> 0). As are-
sult, all the conditions for classification via homotopy classes
are satisfied because

SN\{Pi, ..., P.p1} xR C S?xR = R*\{0}, (17)

see Egs. (B11) and (B12) in Appendix B1. Accordingly, we
define the secondary index as an element of the homotopy
group Z x F,. This index can take the form of an inte-
ger when r = 0, a pair of integers, when » = 1, or a more
complex structure for higher values of r. This general frame-
work naturally includes the scenario described in the previous
section. However, it is especially interesting to consider ad-
ditional cases where the vector field is not constrained to
the 2-sphere. Representative examples of such systems in-
clude magnets [113-116] described by Landau-type theories
and ferroelectrics [117-120]. Landau-type potentials penal-
ize zero field values, enabling primary classification through
usual indices. When there are hard directions, the classifica-
tion can be extended using secondary indices, allowing for
the classification of skyrmions and merons in these systems.
Remarkably, for the practical case where one or two hard
directions lie along the same axis, the formulas from the pre-
vious section can be applied directly to the field m = V/|V]|.
Non-Abelian cases, with three or more hard directions [91],
will be addressed in more detail elsewhere.

It is worth noting that in physical systems, there are always
additional factors, such as the Dzyaloshinskii—-Moriya interac-
tion [114] or electrostatic forces [120], that play an important
role in the stability of texture sizes and its other properties.

VI. DISCUSSION

As an illustration of practical application, we applied for-
mulas (11) and (12) for typical, composite magnetic textures
featuring merons and skyrmions [20,22]. We chose a setup
that did not favor smoothness, intending to demonstrate ro-
bustness. The maximum angle between adjacent spins on the
lattice reached values of about 75°. The profiles of parame-
ters w, and up were set as step functions, changing sharply
from uy =0, up, = 0 to uy = 1, up, = —1 when crossing the
contour boundary from the inside to the outside. The in-
dices g; and gy, were calculated by the Berg-Liischer method
[111] using vectors obtained from Egs. (11) and (12). Fig-
ure 4 shows snapshots corresponding to various positions
and sizes of the measuring contour (see also the Supplemen-
tal Material [121]). As can be seen, the calculated indices
are integers with at least six digits of precision. A slight
discrepancy arises exclusively from the roundoff error for
32-bit floating-point arithmetic. To confirm that, the special-
ized snapshot in Fig. 4(d) demonstrates results obtained with
64-bit floating-point arithmetic, offering a precision several
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FIG. 4. Real-time topological charge calculations. (a) Snapshot
of the whole system, consisting of 48 x 28 spins. (b)—(d) Zoomed-in
areas. The two numbers in each panel correspond to the values of ¢,
and ¢y, inside the circle, respectively.

orders of magnitude higher. This small numerical study il-
lustrates two important aspects of our theory: (i) binocular
understanding of the topology of vector fields rather than
monocular through values of Q(m); (ii) eliminating the need
for idealized boundary conditions to identify topological in-
variants.

In conclusion, this paper presents a unified approach for the
topological classification of spin textures, grounded in simple
axioms that can be objectively accepted or rejected based
on physical reasoning. Axioms should be understood as a
formalization of minimal assumptions, the violation of which
is essentially a very rare event. Without loss of generality, we
focused on one of the most practical cases: systems where the
axioms hold owing to the presence of a hard spin-orientation

axis. For this case, we derived a group consisting of topo-
logical invariants (g, g,) and developed a robust method for
their computation using a specially designed auxiliary map.
The result is directly applicable to ferromagnets and ferro-
electrics, and can naturally be generalized to antiferromagnets
[37,43,122-124]. Notably, the presented approach extends
naturally beyond spin systems, offering a versatile framework
for analyzing complex topological textures and deepening our
understanding of the physical properties of the systems that
host them.
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APPENDIX A: GLOSSARY OF SYMBOLS AND TERMS

All important mathematical symbols and terms that are
used in this paper are summarized in Table 1.

APPENDIX B: DERIVATION OF RELATIVE
HOMOTOPY GROUP

In this Appendix, we derive relative homotopy groups clas-
sifying skyrmions and vortices/merons in generalized cases,
that is, for both Abelian and non-Abelian vortices [91].

1. General case

We consider the long exact sequence of homotopy and
relative homotopy groups for the pair of topological spaces
[73,128],

= 1(B) = m(A) B 1A, B)
— 7T1(B) — 7T1(A) - ... (Bl)

We highlight one of the homomorphisms with the symbol
J» since we will pay special attention to this element of the
chain complex later in the text. Equation (B1) is valid for any
connected space A and its connected subspace B C A, whereas
in our case, and in accordance with the map (6), the spaces are
as follows:

A=S8% B=S}\{P,.. P} (B2)
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TABLE I. Table of symbols and terms.

Symbol Meaning Reference

=~ is homeomorphic to (for spaces); is isomorphic to (for groups) [125]

X Cartesian product (for spaces); direct product (for groups) [125]

X semidirect product of groups [126]

\ set-theoretic difference sometimes denoted by the minus [125]
symbol

C subset of [125]

C subset of or equal to [125]

\% wedge sum [75]

# connected sum [125]

s inclusion map [75]

> maps to

X—->Y continuous function defined on X and taking values in Y (for [125]
spaces); group homomorphism from X to Y (for groups)

xoy composition of two functions in the form x(y(...)) [125]

X boundary of X [106,125]

7,(X) n-th homotopy group of X at some base point xy € X [75,125]

7,(X,Y) n-th relative homotopy group of X modulo Y at some base [73,75]
pointxp € Y € X

Aut(X) automorphism group of X [126]

C complex numbers

deg(x) degree of map x [74]

End(X) all homomorphisms from X to X (endomorphisms) [126]

F, free group of rank n [126,127]

GL,(X) general linear group of degree n over X [126,127]

Hom(X,Y) all homomorphisms from X to Y [126]

I" unit n-dimensional cube [75,125]

M, (X) all n x n matrices with coefficients from X

R" n-dimensional Euclidean space [125]

R real numbers, same as R'

RP" n-dimensional real projective space [75,125]

NE unit n-dimensional sphere [125]

VX bouquet consisting of n copies of X connected in one common [75,127]

" point

Z group of integers under addition [126]

7 x 7 direct product of two groups Z, equal to their direct sum, same [126]
as a free Abelian group of rank 2

Z(X) center of group X [126]

where r > 0. We assume that B (and therefore also A) is a
pointed space, whereas we omit the entry of the corresponding
base point in the formulas owing to standard convention in
the pointed category [73,104]. The derivation of the first and
second homotopy groups involved in the sequence (B1) is
straightforward [73,75,127],

m(B)=0, mA)=2Z, m@B)=F, mA)=0,
(B3)

where F, is the free group of rank r. Substituting the re-
sults into long exact sequence (B1), we obtain a short exact
sequence,

0275 m(4,B)—> F, — 0. (B4)

The exactness of the short sequence (B4) is a necessary
condition for the homotopy group m,(A, B). To further solve
the problem, we first find all possible solutions for group
G placed at the center of sequence (B4) and for arbitrary

homomorphisms preserving the exactness of the sequence,
0—>7Z—G—F — 0. (BS)

From an algebraic point of view, the exactness of sequence
(B5) means that G is an extension of F, (image) by Z (kernel)
[129]. Since the image is a free group, this extension splits
[130], and only trivial extensions are possible,

G = Z X ® Fry (B6)
where the semidirect product is defined by homomorphism
o F, —> Aut(Z). B7)

Semidirect products defined by a nontrivial homomor-
phism sometimes occur in homotopy groups. Some ex-
amples are the fundamental group of the Klein bottle
[125], 7 (RP*#RP?) =7 x Z, and the Abe homotopy
constructions [131-133]. We have to determine whether ¢ is
trivial for the objective group m,(A, B).
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Several possible homomorphisms from the Eq. (B7) exist.
The automorphism group of integers,

Aut(Z) = Z, (B8)

consists of two elements corresponding to multiplications by
either “+1” (trivial) or “—1”. Therefore, for ¢ in Eq. (B6),
there are 2" possible options so that each of the generators
(and its inverse) in F, acts on the elements of Z either trivially
or by changing the sign. Group m,(A, B) must be one of
the groups G from Eq. (B6), and to identify it unambigu-
ously, next we use an additional property of relative homotopy
groups following from its geometric construction [128,134]:

In the sequence (B1) the image of map m,(A) EiY (A, B)
belongs to the center of 7, (A, B), i.e.,

(B9)

Also, from Egs. (B4)-(B6) it follows that im j, = Z x {0}.
However, the center of G includes Z x {0} only in one case—
when the homomorphism ¢ is trivial. Indeed, because if ¢
is nontrivial, then Z(G) = {0} x 2Z for r = 1 and Z(G) =
{0} x {0} for » > 2. Thus, all nontrivial homomorphisms ¢
are excluded, and we obtain the final solution, which is the
(usual) direct product,

iij g Z(?TQ(A, B))

(A, B) =7 x F,. (B10)

It is also useful to somehow generalize the spaces A and B
for which Eq. (B10) is valid. Considering that the derivation
of Eq. (B10) begins with the Egs. (B3), we can equally assume

AXS? x Xy, (B11)

and
BXSX\{P\,..,P.y1} x Xz or (B12)
B;\/S‘ x Xg, (B13)

where X, p are any 2-simply connected spaces [i.e., 7 (X;) =
0 for k < 2], symbol \/ stands for the bouquet [75,127], and
B C A.

The relative homotopy group (B10) is Abelian (commuta-
tive) if and only if 7 is either O or 1.

2. Abelian group for r = 0 and its automorphisms

For r = 0, the group Eq. (B10) is the integers

12(S%, SP\{P1})) = Z x {0} = Z. (B14)

Since the space S?\{P;} is contractible, it can be replaced by
a point in the Eq. (B14) giving the usual second homotopy
group of the sphere [73,134]: m,(S?, Py) = m5(S?) = Z.

The automorphism group of integers is given in the
Eq. (B8). The two-element nature of this group is the essence
of the ambiguity in the choice of sign. Thus, one can adopt
one of two possible conventions for the sign of a skyrmion.
For example, the authors of Refs. [58,135,136] assumed that
Néel or Bloch skyrmions have a positive charge. Alternatively,
in Refs. [62,68,109,137], the above sign is assumed to be
negative, and we also follow this convention.

3. Abelian group for r = 1 and its automorphisms

For » = 1, the group Eq. (B10) is free Abelian of rank 2,
1 (S%, SP\(PLP)=Z xF, =7 x Z. (B15)

It is worth noting that since the circle S! is a deformation
retract for the space Sz\{Pl, P}, there is an isomorphism that
immediately gives from Eq. (B15) the following constrained
case: m2(S?, S') = Z x Z.1In several studies, the construction
72(S?, S') has been explicitly mentioned before as being re-
lated to vortices/merons, but has not been derived or applied
[29,138]. Also, the derivation of the group 75(S%, SY) in the
context of other applications may be found in Ref. [139].

The automorphism group for Eq. (B15) is the general linear
group of degree 2 over integers,

Aut(Z x Z) = GLy(Z). (B16)

This group is infinite and is much more complex than the
group (B8). Accordingly, establishing a convention for select-
ing the pair of indices is particularly important.

APPENDIX C: AUTOMORPHISM INDUCED
BY THE AUXILIARY MAP

In this Appendix, we show that the auxiliary map (9)
induces an automorphism of the corresponding homotopy
group.

The continuous map of any pair (A, B), B C A, into a pair
(C, D), D C C, naturally induces a homomorphism of the cor-
responding relative homotopy groups [100,134]: m,(A, B) —
m2(C, D). In particular, if two images in 7,(C, D) have dif-
ferent homotopy types, then their preimages in 7, (A, B) must
have different homotopy types. It can be illustrated with the
following diagram, which becomes commutative for the trivial
compositionrule s = po f:

(A, B)
(ChH
(Q,0Q) ---"-—5 (C, D).

Summarizing the above and taking into account the
Eqgs. (7) and (10), we obtain the following diagram:

m2(S?,SP\{ Py, P}) —— ma(S?VS?, Py)
H H ©)
XYl ———— > L X1,
induced by the map (9). Taking into account that all possible

self-homomorphisms of Z x Z form the following semi-
group:

Hom(Z x Z,7 x Z) = End(Z x 7)) = My(Z), (C3)

we find that the integer invariants of both groups in the dia-
gram (C2) are necessarily linearly related by 2 x 2 matrix with
integer coefficients, i.e.,

M. (%) _ <qt>, where M € My(Z),

C4
a, b (4

and the symbols’ denote belonging to the left side of the
diagram (C2). It is now straightforward to determine the type
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of homomorphism even more specifically than Eq. (C4) gives,
by examining the mapping on some given configurations. In
other words, it makes sense to check homotopy types for &
in the diagram (C1) while trying different f, and from this to
extract more information about the homomorphism. Calcula-
tions of topological charges (g, g,) for the merons illustrated
in Figs. 2(c) and 2(d) give (1,0) and (0,1), respectively. Hence,
according to Eq. (C4), there exist four integers, i} 5 3.4, such

")) e (-0

These two resulting equations can be represented by one ma-

trix equation,
ii i3\ _ (1 O
(i )=0 1)

In this way, we found that for M, there is an inverse matrix
with integer coefficients. Combining this fact with the fact that
the coefficients of M are integers, we get

M € GL,(Z).

(€5

(Co)

€N

As a result, we obtain that M is the element of automor-
phisms (B16) and therefore the homomorphism (C2) belongs
to the automorphisms.

APPENDIX D: AUTOMORPHISM AIMED AT ISOLATING
THE WINDING NUMBER

In this Appendix, we find all variants of automorphisms
from Eq. (B16) leading to the isolation of index w satisfying
Eq. (14). Using the Eq. (14) we get the following Diophantine
problem:

k(1) = (47, keona. o

UL v

All solutions of Eq. (D1) can be divided into two sets, and
these are either

v=kw4gq, or v=kw+ g, (D2)

for all k € Z. Thus, this eventually leads to an asymmetry in
the sense that one has to give preference to either Eq. (11)
or (12).

APPENDIX E: USEFUL COUNTEREXAMPLE

In this Appendix, we show that homotopic configurations
in group (7) may have an arbitrarily large difference in the
values of Q(m).

Our approach here is in the spirit of previous works
[20,22,93], demonstrating continuous distortions of merons
and skyrmions in favor of the northern or southern spin hemi-
sphere. We consider two configurations,

V1 —g+(p)?cos(kp + ¢o)
V1—=gi(p)?sintk ¢ + ¢o) |

g+(p)

M. = (ED)

where k is any integer, ¢ is arbitrary parameter, and (p, ¢) are
polar coordinates centered in circular domain €2 with radius
po- Let the profile functions be monotone and satisfy the
following conditions: g4+(0) = 1 and g4 (p0) = £my, where
0 < my < 1. Using Eq. (8), we obtain the difference

OML) — O(M) = kmy,

which can be equal to any real number. Whereas the topo-
logical charge for both configurations Eq. (E1) is identical,
(g1, gv) = (—k, 0). It is worth noting that both configurations
Eq. (E1) are suitable ansatz for merons in the system with an
easy-cone spin-orientation anisotropy [2,76].
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