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Zusammenfassung

Die Frage, wie neuronale Populationen Informationen darstellen, ist eine zentrale
Herausforderung in den Neurowissenschaften. Angesichts der parallelen neurona-
len Aufzeichnungen vieler Neuronen stellt sich eine Kernfrage: Wie lassen sich aus
komplexen Populationsdynamiken aufschlussreiche Strukturen herauslesen? Diese
Arbeit entwickelt neue Ansidtze zur Analyse neuronaler Daten. Der Fokus richtet
sich dabei auf die zeitliche Prézision von Spike-Timing-Korrelationen und Korrela-
tionen hoherer Ordnung in kontinuierlichen Populationsaktivitdten.

Gruppen von Neuronen zeigen hochstrukturierte, zeitlich prazise Korrelationen, ob-
wohl ihre Reaktionen individuell variabel erscheinen. Die Kernfrage lautet: Sind die
beobachteten Korrelationen lediglich Nebenprodukte von Feuerratenmodulationen
oder spiegeln sie eine wirkliche zeitliche Koordination mit zusatzlicher Rechenkraft
wider?

Die neuronale Populationsaktivitit findet typischerweise auf niedrigdimensionalen
Mannigfaltigkeiten innerhalb hochdimensionaler Zustandsrdaume statt. Herkommli-
che Methoden wie die Hauptkomponentenanalyse sind durch Linearitéts- und Gauf3-
sche Annahmen eingeschrankt und konnen gekriimmte Mannigfaltigkeiten und nicht-
lineare Abhéngigkeiten, die fiir das Verstdndnis neuronaler Berechnungen entschei-
dend sind, nicht erkennen.

Diese Arbeit befasst sich mit beiden Herausforderungen in vier miteinander verbun-
denen Studien, die diskrete und kontinuierliche neuronale Signale umfassen. Das
erste Kapitel befasst sich mit der Analyse zeitlich praziser Korrelationen durch eine
Bewertung verschiedener Ansdtze zur Erzeugung von Surrogaten und gibt Emp-
fehlungen fiir die Auswahl von Methoden fiir bestimmte experimentelle Ziele. Das
zweite Kapitel untersucht, wie rekurrente Schaltkreisdynamiken neuronale Repré-
sentationen transformieren. Dazu fiihrt es eine Mean-Field-Theorie ein, die komple-
xes Netzwerkverhalten auf drei kritische Variablen reduziert: populationsgemittel-
te Aktivitdt und Korrelationsmafle, die die Reaktionsvariabilitit innerhalb und zwi-
schen Reizkategorien quantifizieren. Das dritte Kapitel entwickelt Methoden zur Ex-
traktion verborgener Abhdngigkeiten mithilfe invertierbarer neuronaler Netzwerke
und demonstriert Techniken zur Identifizierung mikroskopischer Interaktionen di-
rekt aus beobachteten Daten ohne strenge Vorannahmen. Das vierte Kapitel stellt ein
umfassendes System zur neuronalen Mannigfaltigkeitsanalyse vor, das invertierbare
Netzwerke nutzt. Wir setzen neue Erweiterungen ein, darunter eine spezielle Ver-
lustfunktion, einen multimodalen latenten Raum und eine analytische Darstellung,
mit der Statistiken hoherer Ordnung und Kriimmungsmafe direkt berechnet werden
konnen. Die Analyse von Aufzeichnungen aus dem visuellen Kortex von Makaken
zeigt, dass unterschiedliche Verhaltenskontexte Mannigfaltigkeiten mit charakteristi-
schen geometrischen Eigenschaften erzeugen.

Diese Fortschritte bieten neue Moglichkeiten zur Erforschung der Informationsverar-
beitung in neuronalen Systemen und verbessern unser Verstindnis der Rechenprin-
zipien, die der Gehirnfunktion zugrunde liegen.






Summary

Understanding how neural populations represent information remains a central chal-
lenge in neuroscience. With highly parallel neural recordings from many neurons,
a key question arises: how can we extract meaningful structure from complex pop-
ulation dynamics? This thesis develops new approaches for analyzing neural data,
focusing on temporal precision of spike-timing correlations and higher-order corre-
lation structure in continuous population activity.

Groups of neurons exhibit highly structured, precisely timed correlations despite
individual responses appearing variable. The fundamental question becomes: are
observed correlations merely byproducts of firing rate modulations, or do they reflect
genuine temporal coordination that provides additional computational power?

Population-level neural activity typically resides on low-dimensional manifolds within
high-dimensional state spaces. Traditional methods like Principal Component Analy-
sis are constrained by linearity and Gaussianity assumptions, unable to reveal curved
manifolds and nonlinear dependencies crucial for understanding neural computa-
tion.

This thesis tackles both challenges through four interconnected studies spanning
discrete to continuous neural signals. The first chapter advances analyzing pre-
cisely timed correlations through exhaustive assessment of surrogate generation ap-
proaches, offering recommendations for method selection tailored to specific exper-
imental objectives. The second chapter examines how recurrent circuit dynamics
transform neural representations, introducing a mean-field theory that distills com-
plex network behavior into three critical variables: population-averaged activity and
correlation measures quantifying response variability within and between stimulus
categories. The third chapter develops methods for extracting hidden interdependen-
cies using invertible neural networks, demonstrating techniques for identifying mi-
croscopic interactions directly from observed data without strong prior assumptions.
The fourth chapter presents a comprehensive framework for neural manifold analy-
sis using invertible networks. We implement novel extensions including a specialized
loss function, a multimodal latent space, and an analytical representations enabling
direct computation of higher-order statistics and curvature measures. Analysis of
macaque visual cortex recordings reveals that distinct behavioral contexts produce
manifolds with characteristic geometric properties.

These innovations provide new capabilities for deciphering how neural systems en-
code and process information, advancing our understanding of computational prin-
ciples governing brain function.






vii

Acknowledgments

This thesis would not have been possible without the support, guidance, and friend-
ship of many remarkable people who have enriched both my scientific journey and
personal growth over these years.

My deepest gratitude goes to my supervisors, Sonja and Moritz, whose complemen-
tary guidance shaped not only this work but also my development as a scientist.
Sonja, thank you for your thoughtful advice, your unwavering support during chal-
lenging times, and for transmitting your genuine passion for science. Your dedication
to fostering a vibrant lab culture and your care for the well-being of everyone in the
lab created an environment where both science and personal growth could flour-
ish. Moritz, I am grateful for your creative insights and ideas, our enjoyable meet-
ings filled with shared humor, and your consistently positive and optimistic outlook.
Your ability to approach complex problems with enthusiasm and to maintain such a
supportive atmosphere made even the most challenging aspects of this research feel
manageable and rewarding.

I extend my sincere appreciation to the members of my thesis advisory committee,
Bjorn and Michael, whose valuable feedback and constructive discussions helped
refine the direction and quality of this research.

To my fellow PhD and master students, both those who completed their journeys
before me and those who continued alongside me, who transformed this experience
into something truly memorable: Alessandra, thank you for your warm supervision,
genuine friendship, and for fighting alongside me through the complexities of the
surrogates paper. Sandra, I deeply appreciate your patience as we worked through
the intricacies of the INN project, your friendship, and your commitment to stay-
ing closely connected. Anno, your relentless pursuit of truth, warm friendship, and
our countless discussions enriched my understanding in ways I never anticipated.
Kirsten, your unwavering support, our joint adventures, and the wealth of advice you
generously shared have been invaluable. Jonas, thank you for your companionship
and for always lending an open ear when needed. Claudia, your infectious passion
for science and positive spirit brightened countless days. Lorenzo, our intense friend-
ship and the amazing food you shared created some of my most cherished memories.
Lars, your consistency in our joint projects and simple acts of kindness never went
unnoticed. Simon, thank you for the warmhearted welcome you provided when I
first arrived at the institute. Monica, our regular discussions about pattern qual-
ity always sparked new insights. Aitor, your creative ideas for the manifold project
opened up new avenues of exploration. Lies, your curious, open, and joyful attitude
was a constant source of inspiration. Julio, thank you for your enlightening insights
into the world of coffee that made our breaks so much richer. Melissa, your artistic
spirit brought a unique perspective to our scientific environment. Jakob, your ability
to spread joy and make everyday life feel like a celebration was truly remarkable.



viii

Javed, you have been a wellspring of creative ideas and scientific passion that con-
tinually motivated me. Christian, sharing insights during our time in the same office
deepened my understanding in numerous ways. Matthias, thank you for the many
meaningful moments we shared in our workspace. Gorka, your ability to effortlessly
transition into deep, meaningful conversations enriched my perspective on science
and life.

To the postdocs who provided valuable mentorship: Alexandre, thank you for the
normalizing flows journal club and your help in navigating the literature. David,
your positive spirit and willingness to share ideas created a collaborative atmosphere
that benefited us all.

My appreciation extends to our dedicated secretaries: Saskia and Janine, thank you
for your help with all bureaucratic matters, the happiness and friendship you shared,
and your excellent organization of our retreats. Petra, your assistance with trip ar-
rangements was always handled with such care and efficiency.

I'am grateful to Giinther for his genuine interest in all our projects and his thoughtful
engagement with our work. Special thanks to Markus, Abigail, and Sacha for sharing
countless insights and ideas that shaped my thinking over the years.

I extend my sincere gratitude to the research teams who generously provided the
datasets that were essential to this work: Thomas Brochier, Alexa Riehle and col-
leagues for the macaque motor cortex data; Pieter Roelfsema, Xing Chen, Aitor
Morales-Gregorio and colleagues for the macaque visual cortex data; and Simon
Musall and colleagues for the superior colliculus data from mice. Their willingness
to share these valuable datasets made much of this research possible.

To our scientific coordinators, Martina and Anne, thank you for your support and
guidance in navigating various situations throughout this journey.

I am deeply grateful to the Research Training Group (RTG) and particularly to Marc,
Jenny, and Oke for organizing the wonderful retreats over these years. To all RTG
members, thank you for the engaging retreats and the wealth of interdisciplinary
insights that broadened my scientific horizons in unexpected ways.

Thanks to our IT administrators, Sebastian and Justin, for your patient assistance
with all the technical challenges that inevitably arose with the cluster systems.

Finally, my heartfelt appreciation goes to the entire institute for fostering such a
warm, collaborative lab culture. The friendships formed and nurtured over these
past five years have made this not just a place of work, but a true scientific home
where curiosity thrives and human connections flourish. The variety of skills I have
learned and experiences I have gained throughout this journey could not have been
imagined beforehand and represent a tremendous enrichment to my life, particularly
in developing a thorough and critical approach to thinking across diverse topics.

Special thanks to my dedicated proofreaders — Anno, Julio, Jonas, Lars, Claudia,
Sandra, Kirsten, and Alessandra — whose careful reading and thoughtful suggestions
greatly improved the clarity and quality of this thesis.



ix

Funding

This work was supported by funding that included both direct support for the doc-
toral candidate and broader project funding. Direct doctoral support was provided
by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) un-
der grant 368482240/GRK2416. Additional project funding supporting this research
was provided by the DFG under grant 491111487; the German Federal Ministry for
Education and Research (BMBF) under grants 011S19077A and 011S19077B; the Eu-
ropean Union’s Horizon 2020 Framework Programme for Research and Innovation
under Specific Grant Agreements No. 785907 (Human Brain Project SGA2) and No.
945539 (Human Brain Project SGA3); the Helmholtz Association Initiative and Net-
working Fund under Project Number ZT-I-0003; and the Joint-Lab "Supercomputing
and Modeling for the Human Brain".






xi

Publications and Scientific Contributions

This chapter summarizes the research contributions made during the course of this
doctoral thesis, including peer-reviewed publications, submitted manuscripts, and
presentations at international conferences. The work presented here spans two main
research areas: the development of statistical methods for higher-order spike corre-
lation analysis and the characterization of neural manifolds using invertible neural
networks.

Peer-Reviewed Publications

e Stella*, A., Bouss*, P, Palm, G., & Griin, S. (2022). Comparing surrogates to
evaluate precisely timed higher-order spike correlations. eNeuro, 9(3). *Equal
contribution [First Main Contribution of this Thesis]

* Merger, C., René, A, Fischer, K., Bouss, P, Nestler, S., Dahmen, D., Honerkamp,
C. & Helias, M. (2023). Learning Interacting Theories from Data. Physical Re-
view X, 13(4), 041033.

* Bouss*, P, Nestler*, S., Fischer, K., Merger, C., René, A., & Helias, M. (2025).
Characterizing Neural Manifolds” Properties and Curvatures using Normaliz-

ing Flows. Physical Review X Life, 4(2), 023009. *Equal contribution (under
review at Physical Review X Life) [Second Main Contribution of this Thesis]

Manuscripts Under Review

e Schutzeichel, L., Bauer, ., Bouss, P., Musall, S., Dahmen, D., & Helias, M. (2025).
Transient recurrent dynamics shape representations in mice. bioRxiv, 2025.

Conference Presentations and Talks

2025

® Bouss, P, Nestler, S., Fischer, K., Merger C., René, A., & Helias, M. (2025).
Employing normalizing flows to examine neural manifold characteristics and
curvatures. DPG Spring Meeting Regensburg. [Oral Presentation]



xii

2024

2023

2022

2021

Bouss, P, Nestler, S., Fischer, K., Merger C., René, A., & Helias, M. (2024). As-
sessing Neural Manifold Properties With Adapted Normalizing Flows. Bern-
stein Conference 2024. [Poster]

Bouss, P, Nestler, S., Fischer, K., Merger C., René, A., & Helias, M. (2024).
Exploring Neural Manifold Characteristics Using Modified Normalizing Flows.
ROccella Conference on INference and AI, ROCKIN” Al 2024. [Poster]

Bouss, P, Nestler, S., Fischer, K., Merger C., René, A., & Helias, M. (2024).
Exploring Neural Manifold Characteristics Using Adapted Normalizing Flows.
International Conference on Neuromorphic Computing and Engineering, ICNCE 2024.
[Poster]

Bouss, P, Nestler, S., Fischer, K., Merger C., René, A., & Helias, M. (2023). Nor-
malizing flows for nonlinear dimensionality reduction of electrophysiological
recordings. Computational Neuroscience Academy 2023. [Poster]

Bouss, P, Nestler, S., Fischer, K., Merger C., René, A., & Helias, M. (2023). Non-
linear dimensionality reduction with normalizing flows for analysis of elec-
trophysiological recordings. 32nd Annual Computational Neuroscience Meeting.
[Poster]

Bouss, P, Nestler, S., Fischer, K., Merger C., René, A., & Helias, M. (2023).
Dimensionality reduction with invertible neural networks. PhD and PostDoc
Seminar, Bernstein Center Freiburg. [Oral Presentation]

Bouss, P, Nestler, S., René, A., & Helias, M. (2022). Dimensionality reduction
with normalizing flows. Bernstein Conference 2022. [Poster]

Bouss, P, Stella, A., Palm, G., & Griin, S. (2022). Surrogate techniques to evalu-
ate significance of spike patterns. 6th HBP Student Conference. [Poster]

Bouss, P, Stella, A., Palm, G., & Griin, S. (2021). Surrogate methods for spike
pattern detection in non-Poisson data. 30th Annual Computational Neuroscience
Meeting. [Poster]

Bouss, P, Stella, A., Palm, G., & Griin, S. (2021). Surrogate methods for robust
significance evaluation of spike patterns in non-Poisson data. Neuroscience 2021
- 50th Annual Meeting. [Poster]



xiii




Xiv




Contents

Declaration of authorship i
Zusammenfassung iii
Summary v
Acknowledgments vii
Funding ix
Publications and Scientific Contributions xi
0 Introduction 1
0.1 Neural Computation: From Spike Timing to Manifold Geometry . . . . 1
0.1.0 Overview of Contributions and Logical Progression . ... ... 1

0.1.1 Chapter 1: Surrogate Methods for Higher-Order Spike Correla-
Hons . .. ... 2

0.1.2 Chapter 2: Dynamic Recurrent Circuits and the Temporal Evo-
lution of Neural Representations . . ................. 3

0.1.3 Chapter 3: Data-Driven Discovery of Statistical Interaction Prin-

ciples . . ... 4

0.1.4 Chapter 4: Characterizing Neural Manifolds Using Invertible
Neural Networks . . ........................... 6
0.2 Connecting the Four Contributions: A Methodological Framework .. 7
0.3 Conclusionand Outlook . ........... ... ... ............ 8
04 Extended Introductions to the Primary Methodological Contributions 8
04.1 Surrogate Methods for Higher-Order Spike Correlations 9

0.4.2 Characterizing Neural Manifolds Using Invertible Neural Net-
WOrKs. . .. .. 13

Xv



xvi Contents

1 Surrogate Methods for Higher-Order Spike Correlations 21
1.1 Background ............... ... ... .. 22
1.1.1 Neural Coding Fundamentals . .. .................. 22

1.1.2  Surrogate Methods: Theoretical Framework ... ... ... ... 24

1.1.3 Methodological Challenges in Spike Train Analysis . . . . . . .. 25

1.1.4 Statistical Analysis Framework . . . .. ............. ... 27

1.1.5 Biological Constraints and Surrogate Design . . . ... ... ... 28

1.1.6 Surrogate Method Classification . . . .. ............... 29

1.1.7 Experimental Context and Advanced Pattern Detection . . . . . 30

1.1.8 Chapter Summary. . .. ......................... 31

1.2 Materialsand Methods . . .. ........ ... ... ... ... . ..., 31
121 Surrogate Methods . ... ....... ... ... ... ... .. ... 32

1.2.2 SPADE Algorithm Application . . . . ................. 36

1.2.3 Experimental Data and Preprocessing . .. ............. 40

124 Artificial Non-Stationary Data Generation . ............ 41

1.2.5 Code Accessibility and Computational Resources . . . . ... .. 42

13 Results .. ... ... .. 42
1.3.1 Statistical Evaluation of Surrogate Techniques . . ... ... ... 42

1.3.2 Binarization Effects on Spike Counts . . .. ... .......... 51

1.3.3 Surrogate Technique Performance on Non-Stationary Data . . . 58

1.3.4 Experimental Data Applications . . . . ... ............. 68

14 Discussion and Implications . . .. ......... .. ... .. ... ..., 76
1.4.1 Systematic Biases in Uniform Dithering . .. ... ......... 76

1.4.2 Performance of Conservative Surrogate Methods . . . ... ... 77

143 Implications for Neural Coordination . ............... 78

144 Methodological Implications . .. ................... 79

1.45 Future Directions . ... ......... ... ... ... ....... 79



Contents xvii

2 Dynamic Recurrent Circuits and the Temporal Evolution of Neural Repre-

sentations 81
2.1 The Challenge of Similarity Processing in Recurrent Circuits . . .. .. 82
2.2 A Mean-Field Theory of Neural Representation Dynamics . . . . . . .. 82
22.1 Reducing High-Dimensional Dynamics to Essential Quantities 82
222 Experimental Validation in Mouse Superior Colliculus . . . . . . 85
2.2.3 Linear Readout and Separability Assessment. . .. ... ... .. 86

2.3 Limitations of Traditional Correlation Analysis . ... ........... 86
2.3.1 Extending Beyond Pairwise Correlations ... ........... 86

2.4 Connecting to Interaction Learning and Manifold Geometry . ... .. 87
2.4.1 Bridging Discrete and Continuous Perspectives . . ... ... .. 87
2.42 From Rate-Based to Geometric Coding . . . . .. ... ....... 88

2.5 Implications for Neural Computation . . .. ................. 88
2.5.1 Temporal Dynamics and Spatial Organization . . ... ...... 88
2.5.2 A Framework for Multi-Scale Analysis . . . ... .......... 88

2.6 Looking Forward: From Network Dynamics to Statistical Learning .. 89
27 Conclusion . . ... ... 89
3 Data-Driven Discovery of Statistical Interaction Principles 91
3.1 From Mean-Field Foundations to Data-Driven Statistical Learning . . . 92
3.2 The Challenge of Inverse Statistical Modeling . . ... ........... 92
3.3 Invertible Neural Networks for Statistical Learning . ... ........ 92
3.3.1 A Novel Approach Using Invertible Neural Networks . . . . . . 92
3.3.2 Concrete Example: How Higher-Order Interactions Emerge .. 94
3.3.3 Hierarchical Construction of Interactions . ... .......... 95
3.34 Advantages Over Traditional Methods . . . . ... ......... 96
3.3.5 Bridging to Geometric Analysis . ... ................ 96

3.4 Experimental Validation and Performance . ... .............. 97
3.41 Testing on Simulated and Real Data . . . .............. 97
3.42 Insights into Training Dynamics . . . . ... ............. 97

3.5 Extensions and Future Directions . . . .. ... ................ 97
3.5.1 Multimodal Extensions . ... ..................... 97
3.5.2 Higher-Order Nonlinearities . . . ... ................ 98

3.6 Implications for Understanding Neural Computation . . . ... ... .. 98
3.6.1 Statistical Learning as a Unifying Framework ... ... .. ... 98
3.6.2 Interpretability in Deep Learning for Neuroscience . . . . . . .. 98

3.7 Conclusion . . . .. ... ... e 99



xviii

Contents

4 Characterizing Neural Manifolds Using Invertible Neural Networks

41

42

4.3

44

4.5

4.6

4.7

Motivation . . ... ... ...
Mathematical Framework . . . ... ....... ... ... ... ... ..
421 Neural Population Coding and Manifold Structure . . . ... ..
4272 Statistical and Geometric Perspectives . . .. ... ... ... ...
423 Limitations of Current Approaches . . ... .............
424 Normalizing Flows: A Unified Approach . ... ..........
Neural Data and Initial Analysis . ... ....................
43.1 Dataset and Preprocessing . . .....................
432 Evidence for Non-Gaussian Structure . . ..............
43.3 Biological Context and Multimodal Structure ... ... ... ..
Normalizing Flow Architecture and Training . . .. ............
441 Volume-Preserving Architecture Design . . . . ... ... .....
442 Training Procedure ... .........................
443 Architecture Choices for Biological Data . . . . ... ........
Interpretable Latent Representations . . . . . .................
4.5.1 The Interpretability Challenge in Neural Data Analysis . . . . .
4.52 Reconstruction Error Loss for Hierarchical Organization

453 Validation on a Synthetic Dataset . ... ...............
Behavioral State Discovery . . .. ........................
4.6.1 Multimodal Structure and Behavioral Alignment Strategy

4.6.2 Model Selection and Component Determination. . . . ... ...
4.6.3 Discovery of Behavioral State Correspondence . . . . .. ... ..
4.6.4 Validation of Behavioral Alignment. . .. ..............
4.6.5 Biological Interpretation and Implications . . . ... ........

Statistical Characterization . . . .. ... ... .. .. ... ... .......

101

102

103

103

104

104

105

106

106

107

110

111

111

111

112

112

112

113

114

116

116



Contents xix

4.7.1 Quadratic Network Approximation for Analytical Tractability . 121
4.72  Validation and Error Analysis of Quadratic Approximation 122
4.7.3 Higher-Order Statistical Analysis Through Cumulants . . . . . . 123
474 Analytical Computation via Moment-Generating Functions 125
4.7.5 Biological Interpretation of Statistical Complexity . . . . ... .. 126
4.8 Geometric Analysis . ............. ... ... .. .. 126
481 Geometric Perspective on Neural Computation .. ........ 126
4.8.2 From Normalizing Flows to Manifold Curvature ... ... ... 127
4.8.3 Local Geometry Construction and Curvature Measures . . . . . 128
484 Geometric Signatures Across Brain States . . . ... ........ 129
4.8.5 Biological Interpretation of Manifold Curvature . . . . ... ... 130
4.8.6 Implications for Neural Coding and Computation . ....... 131
4.9 Discussion and Implications . . . . ........... ... . ..., .. 132
49.1 Behavioral State Discovery Through Geometric Structure . . .. 132
492 Methodological Innovations and Technical Framework . .. .. 133
493 Computational Implications of Geometric Structure . ... ... 134
494 Multi-Scale Integration and Cross-Chapter Connections . . . . . 134
495 Challenging Traditional Approaches to Neural Coding . . . . . 135
49.6 DPractical Applications and Future Research Directions . . . . . . 136
49.7 A Unified Framework for Neural Computation . ... ... ... 137



XX Contents
5 Discussion 139
51 Connecting Temporal Precision and Geometric Structure in Neural
Computation. . . . ... ... ... .. 139
5.2 Methodological Insights Across Neural Organization Scales . . . . . . . 139
5.3 Methodological Advances in Temporal Precision Detection . ... ... 140
5.4 Network Dynamics and Stimulus Representation. . . .. ... ... ... 140
5.5 Artificial Data Generation as a Unifying Methodological Theme . ... 141
5.6 Statistical Structure Beyond Pairwise Correlations . . .. ... ... ... 142
5.7 Geometric Structure and Statistical Properties in Neural Population
Activity . ... .o 142
5.8 Potential Connections Across Scales . . . ................... 143
5.9 Methodological Contributions and Their Scope . . . . ... ... ... .. 143
5.10 Contributions to Neural Coding Theories. . . .. ... ... ........ 144
5.11 Technical Advances and Scalability . ..................... 144
5.12 Future Directions Enabled by Our Framework . .............. 144
5.13 Limitations and Open Questions . . ... ................... 145
5.14 A Methodological Framework for Multi-Scale Analysis . . . . ... ... 146
Appendix 147
A Mathematical Details of Quadratic Representation 149
B Cumulant Computation via Moment-Generating Function 151
B.1 Analytical Computation of Cumulants . .. ................. 151
B.2 Mathematical Setup and Notation . ...................... 151
B.3 Moment-Generating Function Evaluation. . . ... ............. 152
B.4 Cumulant-Generating Function and Series Expansion . . . . . ... ... 153
B.5 Systematic Cumulant Extraction . ....................... 153



Contents xxi

C Differential Geometry and Curvature Calculation 155
C.1 Geometric Foundation and Assumptions . . . ... ............. 155
C.2 Manifold Definition and Coordinate System . . . ... ........... 155
C.3 Mathematical Conventions and Expansion Strategy . ........... 156
C.4 Construction of Fundamental Geometric Objects . . . . ... ... .. .. 156
C.4.1 Tangent Vectors and Local Coordinates . ... ........... 156

C.4.2 Metric Tensor Construction . . . . . ... ............... 157

C.4.3 Normal Space Construction and Second Fundamental Form . . 157

C.5 Christoffel Symbols and Connection . . . .. ................. 158
C.6 Curvature Computation. . . .. ... ... ... ... ... ... 158
C.6.1 Riemannian Curvature Tensor . . ... ................ 158

C.6.2 Sectional Curvature . . . .. .. ... ... ... 158

C.6.3 ScalarCurvature. . . . .. ... .. it 159
References 161
List of Figures 186
List of Tables 187



xxii Contents







Chapter o

Introduction

0.1 Neural Computation: From Spike Timing to Manifold
Geometry

Understanding how neural populations represent and process information remains
one of the fundamental challenges in neuroscience (Churchland et al., 2012; Shenoy
et al., 2013; Vyas et al., 2020). The neural code — the relationship between patterns
of neural activity and the information they encode — operates across multiple spatial
and temporal scales, from millisecond-precise spike timing to the geometric structure
of population-level activity patterns (Rieke et al., 1997; Pouget et al., 2000; Buzsaki,
2010; Gallego et al., 2017). This geometric perspective views neural activity as tra-
jectories in high-dimensional space that typically lie on lower-dimensional curved
surfaces called manifolds (Churchland et al., 2012; Gallego et al., 2017). With the
advent of high-density recording technologies that can simultaneously measure elec-
trical activity from hundreds or thousands of neurons, we are now confronted with
an unprecedented opportunity to decode neural population dynamics (Cunningham
and Yu, 2014).

This thesis develops and applies new methodological approaches to address this
challenge, focusing on two complementary aspects of neural computation: the tem-
poral precision of spike-timing correlations in discrete neural signals, and the ge-
ometric structure of neural manifolds in continuous population activity. Through
four interconnected studies, we progress systematically from discrete to continuous
representations, from simple correlations to manifold structures, building a compre-
hensive framework for analyzing electrophysiological data using invertible neural
networks and statistical methods.

0.1.0 Overview of Contributions and Logical Progression

Before introducing each chapter in detail, I first outline how these contributions
connect to form a unified analytical framework. Each chapter addresses specific
methodological limitations while progressively building toward comprehensive tools
to study neural information processing:
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* Chapter 1 establishes methods for evaluating precisely timed correlations in
discrete spiking signals (shared first author contribution)

¢ Chapter 2 contextualizes correlations within network dynamics, showing how
they emerge from recurrent circuit interactions (collaborative contribution)

e Chapter 3 moves beyond pairwise correlations to learn interaction structures
from data using invertible neural networks (collaborative contribution)

* Chapter 4 extends this framework to continuous signals, revealing how de-
pendencies manifest as statistical and geometric properties of neural manifolds
(shared first author contribution)

This progression addresses a fundamental challenge: whereas traditional neuro-
science focuses on either temporal precision or population geometry, real neural
computation involves both. Our framework develops complementary approaches for
analyzing neural data across both temporal and geometric aspects, providing quanti-
tative tools that can be applied across different data types and recording modalities.

o.1.1 Chapter 1: Surrogate Methods for Higher-Order Spike Correlations

o.1.1.1 The Challenge of Temporal Precision in Neural Correlations

Neural computation critically depends on the precise timing of spike correlations
(Griin, 2009). Even when individual neurons appear to respond stochastically to re-
peated stimuli, groups of neurons can exhibit highly structured, precisely timed cor-
relations that operate at millisecond timescales (Stark and Abeles, 2007). These cor-
relations create detectable patterns in collective spiking activity (Griin et al., 2002a).
The central question becomes whether observed correlations arise solely from firing rate
modulations, or whether they reflect additional temporal coordination mechanisms that oper-
ate at millisecond timescales and contribute specific computational advantages beyond rate-
based coding.

Detecting such patterns in discrete spiking signals requires statistical methods that
can distinguish genuine spatio-temporal patterns from chance occurrences (Louis
et al., 2010; Quaglio et al., 2018). Traditional approaches often cannot account for
the statistical properties of spike trains, including non-stationary firing rates, regu-
larities, inter-spike interval distributions, and autocorrelations (Pazienti et al., 2008;
Elsayed and Cunningham, 2017). This situation creates a fundamental methodologi-
cal challenge: how can we develop statistical frameworks that separate the effects of
temporal precision from rate-based coding?
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0.1.1.2 Contribution: Evaluating Surrogate Methods for Spike-Timing Analysis

As the first major contribution of this thesis (shared first author work), we address
this challenge through a comprehensive evaluation of surrogate data methods used
in the statistical assessment of temporal precision in neural correlations. We sys-
tematically compare different surrogate generation techniques — including uniform
dithering, trial shifting, and various other dithering methods — using artificially gen-
erated spike trains with known ground truth correlations.

Our analysis reveals that common surrogate methods can significantly distort es-
sential statistical features of the data, leading to over- or under-estimation of neural
correlations. We develop analytical tools for assessing how surrogate methods alter
spike statistics and provide practical guidelines for choosing appropriate surrogate
strategies based on experimental goals and data characteristics. This work establishes
a statistical foundation for detecting precisely timed correlations in discrete neural
signals, providing analytical tools to assess the statistical significance of temporal
correlations while accounting for the statistical properties of spike trains.

0.1.2 Chapter 2: Dynamic Recurrent Circuits and the Temporal Evolution
of Neural Representations

0.1.2.1 Understanding How Recurrent Dynamics Shape Neural Representations

Building on the correlation detection methods established in Chapter 1, this chapter
addresses a complementary aspect: how do population-level correlations emerge
and evolve through network dynamics? We examine a fundamental computational
challenge that every brain must solve: distinguishing different stimuli (like a blue ball
from a red ball) while preserving similarities within stimulus categories (recognizing
that two red balls are similar despite different contexts) (DiCarlo and Cox, 2007). This
similarity processing challenge becomes critical in higher-order areas tightly linked
to cognition, but the computational principles emerge earlier in processing areas like
the superior colliculus (SC) (Meredith and Stein, 1986).

We shift from analyzing precisely-timed correlations to understanding network-level
computation, examining how recurrent circuit dynamics reshape stimulus represen-
tations over time (Churchland et al., 2010; Mastrogiuseppe and Ostojic, 2018; Kietz-
mann et al., 2019). A fundamental property of neural circuits is that identical stimuli
never produce identical responses (Shadlen and Newsome, 1998; Faisal et al., 2008).
Neural responses exhibit trial-to-trial variability that reflects the ongoing dynamics
of recurrent networks (Arieli et al., 1996). This variability follows systematic pat-
terns that change predictably when stimuli are presented (Churchland et al., 2010).
Response variability remains elevated during baseline periods but diminishes when
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stimuli are presented, suggesting that stimuli interact with ongoing network dy-
namics to shape representations (Churchland et al., 2010; Litwin-Kumar and Doiron,
2012).

The central question connecting this work to our broader framework is: How do local
recurrent circuits dynamically reshape neural representations over time, and what determines
the trade-off between preserving stimulus information and achieving stimulus separability?

0.1.2.2 Contribution: Dynamic Reshaping of Neural Representations

In this collaborative work (co-author contribution), we investigate how neural rep-
resentations are dynamically reshaped by recurrent circuits using both experimental
data from awake behaving mice and a recurrent neural network model. Our focus is
the mouse superior colliculus (SC), a structure important for processing visual infor-
mation and highly multimodal in nature, making it ideal for studying how networks
handle diverse stimulus types (Meredith and Stein, 1986; Ito and Feldheim, 2018;
Wang et al., 2020).

The key theoretical contribution is a mean-field theory that reduces high-dimensional
network dynamics to three relevant quantities: mean population activity and two co-
variance measures reflecting response variability within and across stimulus classes
(Mazzucato et al., 2016; Benavidez et al., 2021). Our framework reveals how these
three quantities shape stimulus representation separability through their dynamic in-
terplay, demonstrating a fundamental trade-off between preserving stimulus-specific
information and achieving separability between different stimulus classes.

This correlation-based analysis — analogous to examining ellipsoids defined by co-
variance matrices — provides only a simplified view of more high-dimensional sta-
tistical structures. The limitation of pairwise correlations becomes apparent when
considering the dependencies that characterize real neural data. Chapter 3 devel-
ops methods for learning statistical structures that extend beyond simple pairwise
relationships.

0.1.3 Chapter 3: Data-Driven Discovery of Statistical Interaction Princi-
ples

0.1.3.1 Beyond Simple Correlations: Learning Complex Statistical Structures

The limitations of considering only pairwise correlations lead to a fundamental
methodological question: How can we characterize the statistical structures underlying
complex data when moving beyond simple pairwise correlations? This challenge proves
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crucial for understanding neural computation because real neural interactions in-
volve higher-order dependencies that cannot be captured by traditional pairwise cor-
relation analysis (Schneidman et al., 2006; Ganmor et al., 2011).

These challenges are not unique to neuroscience. Across scientific domains, under-
standing systems often requires inferring microscopic interactions from macroscopic
measurements. In physics, scientists seek to understand how collective behaviors
emerge from underlying interaction rules (Wilson, 1971; Anderson, 1972). When pre-
dictive theoretical frameworks are unavailable, inverse inference becomes necessary —
reconstructing microscopic models from observations of collective states (Kaipio and
Somersalo, 2005; Rechtsman et al., 2006). Solving these inverse problems typically
requires computational approaches (Tarantola, 2005).

Recent advances in machine learning offer promising solutions through generative
neural networks (Kingma and Welling, 2013; Dinh et al., 2015). These models learn
the structures underlying training data and must therefore possess internal repre-
sentations encoded in their parameters (Bengio et al., 2013). The key insight is that
we can extract and interpret these learned models to understand underlying patterns
that govern neural population dynamics (Sussillo and Barak, 2013).

To address our methodological question systematically, we examine a controlled set-
ting where we can validate our approach: artificial neural networks where we control
the underlying generative process and know the ground truth. This validation strat-
egy allows testing of data-driven methods before applying them to experimental data
where true structure remains unknown.

0.1.3.2 Contribution: Interaction Learning

In this collaborative work (co-author contribution), we develop a framework for
learning hierarchical interaction structures from neural network data using invert-
ible neural networks (INNSs), also called normalizing flows — generative models that
learn invertible mappings between data distributions and simple latent representa-
tions (Dinh et al., 2015, 2016; Kingma and Dhariwal, 2018; Ardizzone et al., 2019).
Unlike traditional approaches that compress information, these networks preserve
all information through their invertible architecture, making them well-suited for
extracting the complete statistical structure (Papamakarios et al., 2021).

Our approach demonstrates how to extract an action (Parisi, 1988) — the negative log-
likelihood of the probability density — from observed population activity patterns,
revealing underlying dependencies governing the system. The method uncovers in-
teraction patterns at multiple scales through the layered architecture of the invertible
network, bridging insights from statistical physics about how neural networks learn
to represent data statistics. Our method moves beyond the constraints of pairwise
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correlation analysis by learning the complete structure of neural population activ-
ity, including higher-order interactions that emerge from the full joint probability
distribution.

This work establishes the foundation for applying invertible neural networks to neu-
ral data analysis. While Chapter 3 demonstrates how to learn complex structures
from artificial data, the next step involves applying similar approaches to neuronal
data. Many modern high-density neural recordings capture continuous population-
level signals, creating an opportunity to examine neural computation from a statisti-
cal and geometric perspective. Chapter 4 develops methods to quantify how depen-
dencies in neural activity manifest as geometric properties of neural manifolds.

0.1.4 Chapter 4: Characterizing Neural Manifolds Using Invertible Neural
Networks

0.1.4.1 Geometric Analysis of Continuous Neural Signals

The final chapter represents the culmination of our methodological development,
extending the invertible neural network framework from Chapter 3 to continuous
population activity. This transition allows us to examine neural computations from
a geometric perspective, asking: How do higher-order correlations relate to the geo-
metric structures of the neural manifold, and what do these structures reveal about
neural computation?

Neural activity in large populations often lies on low-dimensional manifolds embed-
ded within high-dimensional state spaces (Stopfer et al., 2003; Churchland et al., 2012;
Gallego et al., 2017). These manifolds encode relationships between neural activity
and latent variables (Seung and Lee, 2000). Traditional linear methods like PCA
fail to capture the curved, nonlinear structure of real neural data and the higher-
order dependencies that are critical for understanding information representation
and transformation (Mitchell-Heggs et al., 2023; Langdon et al., 2023).

This chapter addresses the fundamental question that emerges from our entire method-
ological progression: How can we characterize the full geometric and statistical properties
of neural manifolds, moving beyond the limitations of both discrete correlation analysis and
pairwise methods?

0.1.4.2 Contribution: Characterizing Neural Manifolds with Invertible Neural
Networks

As the second major contribution of this thesis (shared first author work), we develop
a framework for characterizing neural manifolds and their geometric properties us-
ing normalizing flows (Dinh et al., 2015, 2016; Rezende and Mohamed, 2015; Papa-
makarios et al., 2021) — the same class of invertible neural networks introduced in
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Chapter 3, but now adapted for continuous neural signals. This framework enables
interpretable geometric analysis of neural population activity.

We combine several key extensions to standard normalizing flows: a modified loss
function that promotes interpretable low-dimensional structure in the latent space
(Bekasov and Murray, 2020), a mixture-of-Gaussian latent space to accommodate
neural activity patterns with multiple distinct modes (Izmailov et al., 2020), and a
quadratic parameterization of the network architecture that enables analytical com-
putation of higher-order statistics and curvature properties. These geometric and sta-
tistical features — including local curvature and third- and fourth-order correlations
— serve as characteristic signatures of neural activity states and reflect the underlying
dependencies between neurons (Shimazaki et al., 2012; Chung and Abbott, 2021).

Through analysis of recordings from macaque visual cortex (Chen et al., 2022; ?), we
demonstrate that different behavioral states correspond to different manifold geome-
tries, ranging from nearly flat to curved structures with saddle-point-like features.
These findings suggest that manifold geometry provides a compact representation
of neural circuit computations, with different geometric structures corresponding to
different behavioral states and computational demands (Chung et al., 2018; Cohen
et al., 2020; Chou et al., 2025).

0.2 Connecting the Four Contributions: A Methodological
Framework

This thesis presents a progression from discrete temporal analysis to continuous geo-
metric characterization of neural computation, unified by the common theme of mov-
ing beyond simple correlations to understand higher-order statistical dependencies in
neural data. The four chapters are interconnected through their shared methodologi-
cal development and complementary perspectives on neural information processing:

Chapter 1 establishes the statistical foundation by providing methods for detecting
precisely timed correlations in discrete spiking signals, addressing the fundamental
challenge of separating temporal precision from rate-based effects.

Chapter 2 shifts focus to network-level dynamics, examining how recurrent circuits
shape neural representations through the interplay of mean population activity and
correlations within and between stimulus classes.

Chapter 3 transcends the limitations of both approaches developing data-driven
methods for learning interaction structures using invertible neural networks, bridg-
ing discrete and continuous perspectives.

Chapter 4 extends this framework to continuous neural signals, demonstrating how
higher-order correlations manifest as geometric properties of neural manifolds and
reveal computational principles.
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Together, these contributions offer complementary perspectives — temporal preci-
sion, network dynamics, higher-order interactions, and geometric structure — that
provide a methodological framework for analyzing neural circuits across multiple
scales and data types. The two primary methodological innovations (Chapters 1 and
4) provide principled, interpretable tools that have been successfully applied to ex-
perimental data, while the contextualizing chapters (Chapters 2 and 3) illustrate how
these methods connect to network function and statistical learning theory.

0.3 Conclusion and Outlook

This thesis contributes to computational neuroscience by developing analytical ap-
proaches that address both millisecond-precise spike timing and the geometric struc-
ture of neural manifolds. These methods progress from discrete to continuous signals
and from simple correlations to manifold geometry, providing tools for analyzing
neural activity across multiple scales.

The methodological innovations presented here — statistical methods for temporal
analysis, mean-field theory for dynamic reshaping, data-driven statistical learning
for interaction structures, and invertible neural networks for manifold characteriza-
tion — together enable a deeper understanding of how neural systems encode and
transform information. These approaches for analyzing electrophysiological data
promise to advance our ability to decode the neural code and understand the com-
putational principles underlying brain function by providing quantitative methods
to characterize both temporal and geometric aspects of neural population activity.

0.4 Extended Introductions to the Primary Methodological
Contributions

The sections that follow provide in-depth introductions to the two main method-
ological pillars of this thesis. First, we explore in detail the challenges of detecting
precisely timed higher-order spike correlations and the critical importance of statisti-
cal methods for separating temporal precision from rate-based effects. This extended
introduction sets the stage for the comprehensive evaluation and practical guidelines
presented in Chapter 1.

Second, we delve into the geometric analysis of neural manifolds using invertible
neural networks, examining how higher-order statistical dependencies manifest as
curvature properties and how these geometric features reveal computational princi-
ples. This detailed motivation provides the theoretical foundation for the manifold
characterization framework developed in Chapter 4.
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0.4.1 Surrogate Methods for Higher-Order Spike Correlations

The analysis of millisecond-precise spike correlations presents a fundamental method-
ological challenge. While neural computation may depend critically on precise tim-
ing relationships (Griin et al., 2002a), distinguishing genuine temporal coordination
from statistical artifacts remains difficult with current approaches.

The problem of temporal precision in neural correlations represents a fundamental
intersection between the discrete nature of spike signals and the continuous com-
putational processes they encode (Rieke et al., 1997). While high-density recording
technologies now enable simultaneous monitoring of hundreds or thousands of neu-
rons, such technological advancement has exposed the inadequacy of traditional sta-
tistical methods for analyzing complex, high-dimensional spike data (Stevenson and
Kording, 2011). The central methodological question we address here is: how can we
develop a rigorous statistical framework that separates the effects of temporal precision from
rate-based coding mechanisms?

The Foundation of Surrogate Data Generation

Surrogate data techniques offer a practical alternative when traditional hypothesis
testing fails due to complex spike train statistics. Griin’s pioneering work (2002a;
2002b; 2009) established surrogate methods as a viable alternative to parametric ap-
proaches, while advances by Louis et al. (2010) have highlighted remaining lim-
itations. Classical statistical approaches depend on establishing predefined null-
hypotheses that quantify the probability of observed effects emerging purely by
chance, yet such methodology needs access to analytically tractable distributions
where significance probabilities can be mathematically computed (Efron and Tibshi-
rani, 1993; Brown et al., 2004).

Spike train statistics often violate the independence assumptions required for ana-
lytical approaches (Shadlen and Newsome, 1998; Brown et al., 2004). For instance,
regularity and dead times create temporal dependencies that standard Poisson mod-
els cannot capture, creating the need for simulation-based statistical methods. In
these cases, computational statistics has enabled the estimation of significance prob-
abilities through extensive sampling from null-hypothesis distributions, effectively
generating artificial datasets that replicate certain statistical properties of the original
observations (Efron and Tibshirani, 1993). These methods transform the challenge
from mathematical derivation to computational simulation, thereby expanding pos-
sibilities for rigorous statistical analysis of complex neural phenomena (Louis et al.,
2010). Modern approaches have extended these principles to include point process
models that better capture the statistical structure of spike trains (Griin and Rotter,
2010), as well as variational methods for recovering population dynamics from neural
data (Buesing et al., 2011).
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Surrogate Methods Within the Bootstrap Framework

Surrogate data generation provides a methodological framework that uses the dataset
itself as the foundation for statistical inference (Theiler et al.,, 1992). Rather than
imposing predetermined distributional assumptions like the Poisson distribution,
this technique constructs modified versions of the observed data that retain essential
characteristics while systematically manipulating specific features of interest (Louis
et al., 2010).

Surrogate methods extend bootstrap principles (Efron, 1982; Efron and Tibshirani,
1993) by selectively disrupting specific data features while preserving others. This
targeted manipulation allows researchers to test whether particular aspects of the
data — such as precise spike timing — contribute to observed patterns. The approach
strategically eliminates hypothesized critical features while maintaining other statis-
tical properties (Amarasingham et al., 2012). When the modified data generates the
observed effect with minimal probability, we obtain evidence supporting the signifi-
cance of the eliminated features (Kass et al., 2005; Ventura, 2010).

Application to Large-Scale Neural Recordings

Large-scale neural recordings using multi-electrode arrays have revolutionized neu-
roscience by enabling simultaneous monitoring of hundreds to thousands of neurons
across diverse brain areas and species (Jun et al., 2017; Steinmetz et al., 2021). De-
spite the apparent stochasticity characterizing neural responses to repeated stimuli
(Nawrot et al., 2008), precisely timed neural interactions have emerged as a central
research focus.

In this work, we focus on recordings from macaque pre- and motor cortex using Utah
arrays that simultaneously monitor around 100 neurons (Riehle et al., 2013; Brochier
et al., 2018). Research across multiple experimental contexts has evolved from early
investigations of spatiotemporal firing patterns among simultaneously recorded neu-
rons (Abeles and Gerstein, 1988; Gerstein et al., 1989) to comprehensive analyses of
both pairwise correlations (Griin et al., 2002a,b; Pipa and Griin, 2003; Pipa et al., 2003,
2007; Griin, 2009; Pipa et al., 2013) and higher-order correlation structures in parallel
spike train recordings (Villa and Abeles, 1990; Martignon et al., 1995; Riehle et al.,
1997; Prut et al., 1998; Villa et al., 1999; Kilavik et al., 2009; Staude et al., 2010a; Shi-
mazaki et al., 2012). The complexity of these temporal dependencies has motivated
the development of more sophisticated statistical frameworks, including cumulant-
based inference methods for detecting higher-order correlations (Staude et al., 2010b).
Modern approaches include methods such as SPADE (SPAtio-temporal patterns De-
tection and Evaluation) for identifying complex spike patterns (Torre et al., 2013,
2016; Quaglio et al., 2017; Stella et al., 2019).
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Temporal Precision and Dithering Approaches

Establishing high temporal precision in multi-neuron interactions via statistical meth-
ods requires sophisticated surrogate techniques capable of selectively disrupting cor-
relations at fine temporal scales while maintaining coarser temporal structure (Louis
et al., 2010). These approaches must simultaneously preserve the statistical integrity
of individual spike trains to the greatest extent possible (Amarasingham et al., 2012).
The core strategy entails introducing minor perturbations to spike timing, thereby
generating a family of techniques termed dithering, jittering, or teetering (Date et al.,
1998; Hatsopoulos et al., 2003; Pazienti et al., 2008; Stark and Abeles, 2009; Louis
et al., 2010).

Limitations of Uniform Dithering

Among these approaches, uniform dithering has achieved widespread adoption ow-
ing to its conceptual simplicity — each spike is shifted by a small amount sampled
from a uniform distribution (Date et al., 1998; Hatsopoulos et al., 1998). But uniform
dithering distorts interspike intervals (Louis et al., 2010). This creates serious prob-
lems for pattern detection. As we find out these distortions can produce substantial
reductions in spike counts, when combined with binning and binarization proce-
dures that represent prerequisites for numerous statistical analysis methods, which
subsequently generate systematic underestimation of pattern significance probabili-
ties. The implications of these methodological choices extend beyond technical con-
siderations.

Our Methodological Contribution and Validation Framework

To overcome the mentioned limitations, we systematically compare alternative sur-
rogate approaches to find better solutions. We provide practical guidelines for se-
lecting appropriate surrogate methods based on experimental objectives and data
characteristics, contributing to research on precise spiking motifs and higher-order
spatiotemporal correlations in neurobiological and neuromorphic systems (Grimaldi
et al., 2023; Deshpande et al., 2023). Chapter 1 presents our comprehensive investi-
gation assessing these methods relative to uniform dithering across multiple dimen-
sions, with particular emphasis on their impact on statistical evaluation of repeating
spatio-temporal spike patterns using the SPADE algorithm (Torre et al., 2013; Quaglio
et al.,, 2017; Stella et al., 2019).

To establish rigorous benchmarks for our comparative analysis, we utilize artifi-
cially generated datasets of progressively increasing complexity where any observed
spatio-temporal pattern can emerge only by chance. Our controlled experimental
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framework enables us to quantify the false-positive rate associated with each surro-
gate method, thereby providing an essential foundation for method validation. Given
the multiple testing challenges inherent in pattern detection across large neural pop-
ulations, we employ appropriate statistical corrections to control the false discovery
rate (Benjamini and Hochberg, 1995). The investigation culminates with application
to experimental data, where we assess the detection of significant patterns.

Transition to Geometric Analysis of Neural Manifolds

While the surrogate methods framework provides essential tools for analyzing dis-
crete spike timing with millisecond precision, understanding neural computation
requires complementary approaches for characterizing the geometric structure of
continuous population activity. When we view neural population activity as points
in a high-dimensional space defined by the recorded neurons, this activity typi-
cally resides on lower-dimensional curved surfaces called manifolds (Gallego et al.,
2017). The temporal precision revealed through surrogate analysis represents one
dimension of neural organization, yet the activity of neural populations also exhibits
complex geometric relationships that manifest as these curved manifolds in high-
dimensional activity space (Stringer et al., 2019a).

The transition from discrete temporal analysis to continuous geometric character-
ization represents a natural progression in our comprehensive framework for un-
derstanding neural computation. Where surrogate methods enable us to evaluate
precisely timed correlations in spike trains, geometric analysis of neural manifolds
allows us to characterize how higher-order statistical dependencies manifest in the
curvature properties of the population activity. This complementary perspective, de-
veloped through invertible neural networks, forms the foundation for our second
major methodological contribution.
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0.4.2 Characterizing Neural Manifolds Using Invertible Neural Networks
From Temporal Precision to Geometric Structure

Spike timing analysis reveals one dimension of neural organization, but population
activity exhibits additional structure that becomes apparent only when viewed geo-
metrically. Neural populations operate in high-dimensional spaces, yet their activity
typically concentrates on curved, low-dimensional surfaces — neural manifolds. Un-
derstanding these manifold structures requires moving beyond linear methods like
PCA, which assume flat geometries and Gaussian statistics — assumptions that neural
data frequently violate (Cunningham and Yu, 2014; Gallego et al., 2017).

Our second major contribution focuses on characterizing neural population dynam-
ics by examining how higher-order statistical dependencies manifest as geometric
properties in neural manifolds (Figure 1). This approach builds upon our theoretical
frameworks for recurrent dynamics (Chapter 2) and invertible architectures (Chap-
ter 3), extending these methods to characterize the intrinsic statistical and geometric
structure of neural population activity.

The Dual Challenge of Neural Information Processing

Neural information processing presents two interconnected challenges (Knill and
Pouget, 2004). First, we must characterize relationships among multiple cellular
activities (Georgopoulos et al.,, 1986; Seung and Sompolinsky, 1993). These rela-
tionships can be described through statistical frameworks — like correlation patterns
across neuronal ensembles — or geometric approaches that examine subspaces occu-
pied by collective population activity, commonly termed neural manifolds (Saxena
and Cunningham, 2019; Vyas et al., 2020).

Second, we must understand how neuronal activity relates to meaningful lower-
dimensional latent variables - the unobserved factors that drive the patterns we ob-
serve in neural responses (Cunningham and Yu, 2014; Jazayeri and Ostojic, 2021).
These latent variables represent the underlying computations or states that cannot
be directly measured but generate the observed neural activity patterns (Recanatesi
et al., 2021). Motor control signals (Churchland et al., 2012; Kaufman et al., 2013;
Sussillo et al., 2015; Kao et al., 2021), sensory processing components (Olshausen and
Field, 1996; DiCarlo et al., 2012; Mante et al., 2013; Stringer et al., 2019a), cognitive de-
cision variables (Kim et al., 2021; Steinemann et al., 2024; Langdon and Engel, 2025),
and other continuous internal brain states (Pandarinath et al., 2018; Whiteway and
Butts, 2019) all represent potential underlying latent variables.

Addressing these dual challenges — characterizing population relationships and iden-
tifying meaningful latent variables — requires extracting interpretable low-dimensional
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structure from high-dimensional electrophysiological recordings (Cunningham and
Yu, 2014; Gallego et al., 2017). This extraction process must simultaneously char-
acterize statistical relationships within neural populations (Schneidman et al., 2006;
Pillow et al., 2008) and establish how behaviorally relevant latent variables drive the
observed activity patterns (Pandarinath et al., 2018).
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Figure 1: Analysis pipeline for curved neural manifolds using meaningful latent
variables. (a) A signal trajectory x (red curve) moves through three-dimensional
space (left panel) staying on a flat manifold (blue surface), where x; represents its
component in dimension i. The middle panel shows how each signal changes over
time, where x; and x; (purple curves) are independent oscillations, while x3 (gray
curve) is a linear combination of x; and x;. This creates a linear relationship between
the signals. The right panel shows correlations of different orders for combinations
of x;, %, xj, and x2. Third-order correlations are zero, while fourth-order correlations
originate only from the second-order terms. (b) Similar setup shows a signal trajec-
tory x (red curve) on a curved manifold (blue surface). The middle panel reveals
that x3 (gray curve) depends on both x; and x, (purple curves) and their squared
terms x% and x% (green curves). The manifold curves because of these nonlinear
relationships. Unlike panel (a), the right panel shows non-zero third-order correla-
tions that are a hint for the manifold curvature. (c¢) A probability distribution lies
on a curved manifold (left panel). The Normalizing Flow (middle panel) learns to
map this distribution to a simpler form on a flat manifold (right panel). Each layer
in this neural network performs invertible transformations. The flat latent space
uses a Gaussian distribution with main axes (white dashed lines) that correspond
to meaningful curved directions in the original data space (left panel), identifying
the underlying latent variables. (d) The trained Normalizing Flow is approximated
using a quadratic function, which creates coordinate charts and a characteristic func-
tion (middle panel). With these charts the manifold’s curvature is calculated (left
panel), while the characteristic function produces correlations of different orders
(right panel).

Manifold Structure in Population Dynamics

Recent investigations reveal that neural activity trajectories occupy low-dimensional
manifolds with intrinsic dimensionality substantially lower than their embedding
space - the high-dimensional space defined by all simultaneously recorded neurons
(Cunningham and Yu, 2014; Gallego et al., 2017; Vyas et al., 2020; Langdon et al.,
2023). This principle appears consistently across brain regions and behavioral con-
texts (Saxena and Cunningham, 2019; Altan et al., 2021; Mitchell-Heggs et al., 2023).
Gallego et al. (2017, 2020) demonstrated stable low-dimensional control manifolds
in motor cortex, while Stringer et al. (2019a) revealed similar principles in visual
processing and Low et al. (2018) in hippocampal navigation. Prefrontal cortex oper-
ates through manifold-based computations during cognitive tasks (Mante et al., 2013;
Langdon et al., 2023). Studies spanning multiple brain areas confirm this widespread
organizational principle (Safaie et al., 2023; Fortunato et al., 2024).

This manifold organization reflects how neurons function through complex interde-
pendencies rather than independently (Schneidman et al., 2006; Tkacik et al., 2014).
Representational drift and intrinsic network structure influence these dependencies,
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while correlated variability shapes population coding accuracy (Elsayed and Cun-
ningham, 2017; Rule et al., 2019). Characterizing these geometric properties be-
comes crucial for understanding how the brain represents and transforms informa-
tion across different computational demands (Chung and Abbott, 2021; Jazayeri and
Ostojic, 2021).

Neural manifolds show both universal principles and region-specific adaptations
(Saxena and Cunningham, 2019). Motor areas employ manifolds for learning and
adaptive control of precise motor commands (Churchland et al., 2012; Dhawale et al.,
2017). Prefrontal regions use manifold geometry for flexible cognitive computations
(Mante et al., 2013; Remington et al., 2018). Hippocampal circuits organize spatial
and episodic memory through manifold representations (Low et al., 2018). Visual
cortex demonstrates multiple aspects of manifold organization: population dynamics
during spontaneous activity (Stringer et al., 2019b), hierarchical processing for object
recognition (DiCarlo et al., 2012), and distinct manifolds with top-down modulation
between areas (?). While the low-dimensional principle appears universal, manifold
properties vary across brain regions in ways that may reflect different computational
demands (Gao and Ganguli, 2015; Chung and Abbott, 2021).

Limitations of Linear Methods

Principal Component Analysis (PCA) and related linear techniques have dominated
neural manifold studies (Pearson, 1901; Hotelling, 1933; Bishop, 1998; Zou et al., 2006;
Kobak et al., 2016; Mitchell-Heggs et al., 2023), alongside tensor-based extensions
(Williams et al., 2018; Pellegrino et al., 2024). However, PCA’s linear transformation
constraints create substantial limitations for characterizing curved neural manifolds
or complex neural dependencies (Sussillo and Barak, 2013; Cunningham and Yu,
2014; Pandarinath et al., 2018). These constraints become particularly apparent when
analyzing brain-wide interactions and population-level dynamics that exhibit rich
temporal structure (Perich et al., 2024).

Linear descriptions work adequately only when data reside on flat neural manifolds
and follow multivariate Gaussian distributions — for instance, when one variable
represents a linear combination of others and pairwise correlations capture all sta-
tistical dependencies (Bishop, 2006; Dayan and Abbott, 2001). Figure la illustrates
this scenario, where signal x3 is a weighted sum of independent oscillatory signals
x1 and x,. Such linear relationships produce vanishing third-order correlations and
fourth-order correlations that can be predicted from second-order statistics alone
(Schneidman et al., 2006).

The Need for Nonlinear Frameworks

Neural recordings from behaving animals rarely conform to these restrictive assump-
tions of flat manifolds (Duncker and Sahani, 2021; Abbaspourazad et al., 2024). Mod-
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ern electrophysiological recordings frequently exhibit non-Gaussian statistical prop-
erties and manifold curvature that necessitate nonlinear analytical tools (Altan et al.,
2021; Acosta et al., 2023; Fortunato et al., 2024). Neural dynamics are often dom-
inated by richly varied movements and behavioral states, with single-trial patterns
showing complex structure that reflects underlying manifold organization (Stringer
et al., 2019a; Musall et al., 2019; Zatka-Haas et al., 2021).

This complexity arises because curved neural manifolds emerge when variables ex-
hibit quadratic or higher-order dependencies, leading to state space curvature. Such
nonlinear relationships can generate non-trivial higher-order correlations that linear
methods cannot capture. Figure 1b demonstrates how variables depending not only
on linear combinations but also on quadratic terms (x? and x3) produce manifold cur-
vature and yield non-zero third-order correlations — providing statistical signatures
that reflect the underlying geometric structure.

Multiple nonlinear methods have emerged to address these curved manifold struc-
tures. Classical manifold learning techniques offer one class of solutions (Tenen-
baum et al., 2000; Roweis and Saul, 2000; Belkin and Niyogi, 2003; van der Maaten
and Hinton, 2008; McInnes et al., 2018). Gaussian process factor analysis has proven
particularly influential for single-trial neural population dynamics (Yu et al., 2008).
Deep generative models represent another major direction (Kingma and Welling,
2013; Pandarinath et al., 2018; Brehmer and Cranmer, 2020; Kim et al., 2020; Horvat
and Pfister, 2022; Flouris and Konukoglu, 2024).

Despite some success in capturing certain curved manifold aspects, these methods
often suffer from limited interpretability regarding behavioral description through
latent variables and tend to lack explicit characterization of underlying manifold
geometry. This gap motivates the need for analytical frameworks that can simul-
taneously capture geometric structure and statistical dependencies while producing
interpretable low-dimensional representations.

Our Methodological Framework

Our framework addresses three key challenges: learning interpretable low-dimensional
representations, characterizing manifold geometry, and connecting geometric prop-
erties to statistical dependencies. Existing methods tackle these objectives in isola-
tion; we integrate them within a unified approach.

Extending Normalizing Flows for Neural Manifold Analysis

To address the limitations of linear methods and the need for interpretable nonlin-
ear frameworks, we turn to invertible neural networks as our analytical foundation.
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Specifically, we employ Normalizing Flows (NFs) (Dinh et al., 2015, 2016; Kingma
and Dhariwal, 2018) — neural networks that learn invertible transformations between
data and latent spaces. These networks map complex neural activity patterns to sim-
pler latent representations while preserving all information through their invertible
architecture.

Figure 1c illustrates this process: the Normalizing Flow transforms both the proba-
bility distribution and its underlying curved manifold into a latent distribution on
a flat manifold. Each network layer implements an invertible transformation, ensur-
ing that complex curved relationships in neural space become linear relationships in
latent space, making them easier to interpret and analyze.

This approach leverages existing work in flow-based manifold learning (Brehmer and
Cranmer, 2020; Kim et al., 2020; Horvat and Pfister, 2021, 2022, 2023; Loaiza-Ganem
et al., 2022; Flouris and Konukoglu, 2024) but our framework uniquely addresses all
three core objectives simultaneously.

Our framework incorporates three extensions to standard NFs. First, we adapt a
modified loss function that encourages low-dimensional latent structure (Bekasov
and Murray, 2020), with the goal that the most informative latent directions may
correspond to meaningful neural population dynamics. Backward mapping from
latent to data space can yield curved, low-dimensional neural manifolds that poten-
tially capture meaningful features of the data. The latent space axes (shown as white
dashed lines in Figure 1c aim to correspond to functionally relevant curved axes in
the original data distribution.

Second, we replace standard Gaussian latent distributions with mixture-of-Gaussians
representations in the latent space, enabling the network to model multimodal neural
data essential for capturing state-dependent activity (Izmailov et al., 2020).

Third, we approximate the learned inverse network mappings using quadratic func-
tions, as illustrated in Figure 1d. This enables extraction of correlations between
neuronal activations through approximate characteristic functions. The approach ob-
tains local coordinates that yield Riemannian curvature tensors for neural manifolds.
This integrated approach offers both geometric and statistical characterization of the
underlying structure.

While Riemannian geometry has been applied to neural decoding in other domains
such as EEG analysis (Wilson et al., 2025), our approach appears to be among the first
applications of Riemannian curvature analysis to characterize neural manifold geom-
etry in population activity data. Our framework draws from recent developments in
diffusion geometry and curvature estimation methods (Shao et al., 2018; Acosta et al.,
2023; Jones, 2024). However, we distinctively integrate curvature-based geometric in-
sights with statistical modeling of correlations. This enables analysis of large-scale
electrophysiological recordings from hundreds of simultaneously recorded neurons.
The approach produces interpretable descriptions of how neurons vary together, cap-
turing complex statistical relationships that go beyond simple pairwise correlations.
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Validation Through Macaque Visual Cortex Analysis

We demonstrate these capabilities through application to electrophysiological record-
ings from macaque visual cortex (Chen et al., 2022; ?). The analysis reveals distinct
components where some clearly align with behavioral states while others exhibit
pronounced non-Gaussian higher-order correlations. Components strongly aligned
with behavioral states show reduced deviations from Gaussianity and reside on less
curved neural manifolds. Other components display saddle-point-like manifold ge-
ometries, offering insights into how geometric structure relates to functional organi-
zation. A detailed analysis of these results is presented in Chapter 4.

This methodological framework establishes our second major contribution, comple-
menting discrete temporal precision analysis with continuous geometric characteri-
zation. Together, these approaches form a comprehensive framework for understand-
ing neural computation across multiple scales and representations.
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Surrogate Methods for
Higher-Order Spike Correlations
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1.1 Background

This chapter presents a comprehensive evaluation of surrogate techniques and their
impact on pattern detection accuracy. The central goal is to identify patterns of neural
activity which reflect true instances of temporal coding. These patterns represent pre-
cise spike timing relationships that cannot be explained by rate coding alone. While
theoretical foundations provide the conceptual framework, practical implementation
requires careful consideration of how different methods preserve or distort statistical
properties of neural spike trains.

1.1.1  Neural Coding Fundamentals
Spike Trains as Point Processes

Neural communication occurs through electrical impulses called action potentials
or spikes, which serve as basic units of information processing in biological neural
networks (Rieke et al., 1997; Dayan and Abbott, 2001). These action potentials are
elicited by incoming stimuli that can be either electrical or chemical in nature (Kandel
et al.,, 2013; Purves et al., 2018). Electrical stimuli are transmitted directly through
gap junctions between neurons, while chemical stimuli involve synaptic transmission
through the release and binding of neurotransmitters with their respective receptors
(Bennett and Zukin, 2004; Stidhof, 2013).

From a mathematical perspective, the resulting spike trains can be represented as
point processes where individual spike occurrences are characterized by their precise
timing (Brillinger, 1992; Brown et al., 2001). For a single neuron, a spike train in
the time interval [0,T] can be described as a sequence of spike times: fy,ts,...,t,
where 0 < f; < tp <--- < t; < T. Such temporal precision enables investigation of
neural coding mechanisms operating across multiple timescales, from millisecond-
precise spike timing to slower firing rate modulations occurring over hundreds of
milliseconds (Gerstein and Perkel, 1969; Abeles, 1991).

Coding Paradigms and Their Interactions

Temporal patterns of spikes contain information about neural computation, sensory
processing, and motor control (Reich et al., 2001; Griin et al.,, 2002a). Previous re-
search on information encoding and communication has traditionally aimed to dis-
tinguish between rate coding and temporal coding schemes (Shadlen and Newsome,
1998; Victor, 2005). However, this traditional dichotomous framing has been prob-
lematic because it approaches neural coding from an external observer’s perspective,
focusing on distinguishing between coding schemes rather than addressing the more
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fundamental question of which mechanisms play causal roles in neural computation
(Brette, 2015).

Rate coding operates on the principle that information is encoded in average firing
rates over integration time windows that can range from tens of milliseconds to
several seconds, depending on the context (Adrian, 1928; Georgopoulos et al., 1986).
This scheme assumes that the time of spikes within the integration windows is less
important than the overall firing frequency. Therefore, this view neglects spike timing
over the coarser rate signal, treating the precise time of each spike as random noise.
However, this rate-based view has been challenged as an ad hoc methodological
postulate with limited empirical or theoretical support (Brette, 2015).

Temporal coding, in contrast, proposes that information is encoded in precise spike
timing and relative temporal relationships between spikes (Carr and Konishi, 1990;
Singer, 1999). This encompasses several types of temporal relationships: synchronous
firing between neurons (Gray et al., 1989; ?), spike timing relative to oscillatory brain
rhythms (Buzséki and Draguhn, 2004; Fries, 2005), and temporal sequences of neural
activity (Abeles, 1991; Diesmann et al., 1999). Modern formulations recognize that
temporal coding can operate across multiple timescales and may involve complex
patterns of neural coordination (Kiselev, 2016).

Recent empirical and theoretical work has increasingly challenged this traditional
dichotomy, demonstrating that rate and temporal coding mechanisms often coexist
and interact rather than represent mutually exclusive alternatives (Kayser et al., 2009;
Panzeri et al., 2010; Zuo et al,, 2015). Neural circuits may employ hybrid coding
strategies. Rate modulations provide coarse information while temporal patterns
convey fine-grained details. Indeed, it has been suggested that both spike-rate and
spike-timing information coding schemes contribute complementarily to perceptual
decisions (Zuo et al., 2015).

More fundamentally, some argue that the neural coding framework itself may be in-
adequate to understand brain function. It attempts to fit the dynamic, circular, and
distributed causal structure of the brain into a linear chain of transformations be-
tween observables (Brette, 2019). This linear perspective assumes that neural activity
can be decomposed into discrete coding steps, from stimulus encoding to motor out-
put. However, the brain operates through complex feedback loops and distributed
processing that resist such compartmentalization. The coding framework may there-
fore impose artificial constraints on our understanding of how neural circuits actually
compute and process information.

Despite these theoretical critiques and evidence for hybrid mechanisms, methodolog-
ical approaches are still needed to test specific hypotheses about temporal coordina-
tion in neural data (Stark and Abeles, 2009). Surrogate methods provide a statistical
framework for testing whether spike patterns reflect temporal coordination beyond
what would be expected from rate-based mechanisms alone. This approach allows
us to evaluate the evidence for precise temporal relationships while acknowledging
the complexity of neural coding strategies.



24 Surrogate Methods for Higher-Order Spike Correlations

1.1.2 Surrogate Methods: Theoretical Framework

Implementing Null Hypotheses for Rate versus Temporal Coding

Since the aim of this work is to evaluate how meaningful precisely timed spike cor-
relations identified by pattern detection algorithms are, surrogate methods are of
special interest. Surrogate methods can specifically test whether the observed cor-
relations can be fully explained by rate coding mechanisms rather than requiring
precise temporal coordination between neurons. This approach involves testing the
null hypothesis that rate-based processes alone can account for the detected pat-
terns (Griin, 2009; Louis et al., 2010). Surrogate data methods implement specific
null hypotheses when analytical solutions are unavailable or intractable, providing
a computational approach to statistical testing (Date et al., 1999; Griin, 2009; Louis
et al., 2010).

The fundamental concept involves generating multiple surrogate datasets that pre-
serve the rate-based structure of the original data while destroying precise temporal
relationships. This allows evaluation of whether identified correlations exceed those
predicted by rate coding alone. The methodological approach involves computing
test statistics such as pattern counts or correlation strength on both original and sur-
rogate data, enabling calculation of significance levels based on the original statistic’s
rank within surrogate distributions (Efron and Tibshirani, 1993).

This nonparametric approach provides flexibility in handling complex data struc-
tures and arbitrary test statistics that may not have known analytical distributions.
However, this framework assumes that rate and temporal coding can be cleanly sep-
arated, an assumption that may not hold in biological systems where these mecha-
nisms interact dynamically (Kayser et al., 2009; Panzeri et al., 2010).

Design Principles and Statistical Foundations

Effective surrogate methods must balance competing objectives that often create ten-
sion in practical implementation (Griin, 2009; Louis et al., 2010). The primary re-
quirement is to preserve all aspects of the data that could contribute to rate-based
correlations while specifically destroying temporal correlations that operate beyond
rate coding mechanisms. This represents a significant methodological challenge, as
distinguishing between these two types of correlations in practice can be complex
and may not always be cleanly achievable. This typically involves maintaining fir-
ing rate profiles and single-neuron spiking statistics while eliminating precise timing
relationships between neurons (Pazienti et al., 2008).
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1.1.3 Methodological Challenges in Spike Train Analysis
Data Quality and Modern Recording Technologies

Spike train analyses begin with spike sorting — the process of reconstructing single
unit spike times from extracellular multi-unit recordings (Lewicki, 1998; Rey et al.,
2015). Modern high-density silicon probes can record from hundreds to thousands of
electrodes simultaneously (Jun et al., 2017; Steinmetz et al., 2021), creating unprece-
dented opportunities for population-level analysis but also amplifying the impact
of sorting errors. Template matching algorithms used in contemporary spike sort-
ing can achieve high accuracy but may introduce systematic biases in correlation
detection, particularly for neurons with similar waveforms or overlapping spatial
footprints (Pachitariu et al., 2016; Yger et al., 2018).

Spike sorting inevitably introduces some level of error, impacting correlation analysis
in general (Wood et al., 2004; Pazienti and Griin, 2006). Even if this is the case, for
the purposes of this study we assume spike sorting represents the true activity of in-
dividual neurons. This assumption allows us to focus on the comparative evaluation
of surrogate methods applied to well-sorted spike train data.

Multi-scale Temporal Structure and Network Dynamics

Neural activity exhibits structure across multiple temporal scales, necessitating anal-
ysis methods that can separate fast correlations occurring on milliseconds to tens of
milliseconds from slower rate modulations extending over hundreds of milliseconds
to seconds (Vaadia et al., 1995; Riehle et al., 1997). This multi-scale nature reflects
the hierarchical organization of neural circuits, where local microcircuit dynamics
interact with global network states to produce complex correlation patterns (Honey
et al., 2007; Deco et al., 2011). Correlation structures evaluated by surrogate methods
represent local statistical dependencies that may emerge from global network prop-
erties such as small-world topology or modular organization (Bullmore and Sporns,
2009).

The relationship between local correlations and global network structure is partic-
ularly important when interpreting surrogate testing results, as correlations that
appear significant locally may reflect network-wide phenomena rather than direct
neuronal interactions (Gerstner et al., 2014). The temporal scales of correlation de-
tection interact with network dynamics in complex ways, creating multiple layers of
interpretation challenges.

Fast correlations may reflect direct synaptic connections or shared local inputs, while
slower correlations may emerge from network-wide oscillations or global state chan-
ges (Buzsdki and Draguhn, 2004; Singer, 2013). This multi-scale structure creates a



26 Surrogate Methods for Higher-Order Spike Correlations

complex scenario where the timescales of individual neuron dynamics may differ
substantially from the timescales of correlations between neurons or across brain
areas (Deco et al., 2013; Breakspear, 2017).

These considerations highlight important limitations in current surrogate method de-
sign. Ideally, surrogate methods should consider both the timescales of correlations
being tested and their relationship to underlying network architecture, including po-
tential mismatches between local dynamics and inter-neuronal correlation timescales.
However, current approaches typically operate without knowledge of the underlying
connectivity structure, limiting their ability to account for these network-level effects.

High-Dimensional Data and Statistical Challenges

Modern recording techniques create high-dimensional datasets requiring careful sta-
tistical treatment to avoid spurious findings (Stevenson and Kording, 2011). When
analyzing n neurons for pairwise correlations, the number of tests equals n(n -1)/2
pairs. For 100 neurons, if one tests all pairs, this yields 4,950 tests, making it highly
likely that some correlations will appear significant purely by chance even when no
true correlations exist.

The high-dimensional nature of modern neural datasets also raises questions about
the relationship between observed correlations and underlying network structure.
Computational models provide a framework for understanding how local pairwise
correlations relate to global population dynamics (Schneidman et al., 2006; Shlens
et al., 2006). These models suggest that in many cases, pairwise correlations can
capture most of the statistical structure in neural population activity, though higher-
order interactions become increasingly important in larger populations (Ganmor
et al., 2011; Macke et al., 2011).

Non-Stationarity and Temporal Dynamics

Neural activity often exhibits time-varying properties due to behavioral context,
learning, or experimental conditions, introducing non-stationarity that complicates
statistical analysis (Brown et al., 2001; Shimokawa and Shinomoto, 2009). This non-
stationarity can be characterized as time-dependent changes in the statistical proper-
ties of spike trains, including firing rates and correlations between neurons (Kilavik
et al., 2009; Churchland et al., 2010).

The implications of dealing with non-stationary data for surrogate methods are par-
ticularly important (Louis et al., 2010). Different surrogate techniques make different
assumptions about temporal stability, and these assumptions may be violated when
neural dynamics change over time. For example, trial shifting assumes that corre-
lation structures remain constant across trials, making it inappropriate for detecting
correlations that emerge during learning. In contrast, dithering methods that operate
within individual trials may be more robust to slow changes across trials but could
miss genuine correlations that develop consistently over time.
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Subsampling and Network Inference Limitations

Despite advances in recording technology, available data represents only a tiny frac-
tion of the millions or billions of neurons in complete neural circuits (Levina et al.,
2022). This spatial subsampling creates substantial systematic biases when inferring
collective properties of neural networks from observed subsets of neurons. When
recording from a sparse sample of neurons, the observed correlation structures may
fundamentally differ from the true population dynamics.

Subsampling can dramatically alter apparent network properties, with important
implications for correlation detection and interpretation (Decker et al., 2009). These
subsampling effects must be considered when interpreting surrogate-based analyses
and may require different analytical approaches depending on the density and spatial
organization of the recorded neuronal population.

1.1.4 Statistical Analysis Framework
Cross-Correlation Analysis

Cross-correlation analysis quantifies temporal relationships between spike trains by
measuring the probability of observing spikes from one neuron at time t relative to
spikes from another neuron (Perkel et al., 1967a,b; Aertsen et al., 1989). The cross-
correlation function is mathematically defined as Cap(T) = %Zi Zjé(tf - t]B -T),
where t{ and tf represent spike times of neurons A and B respectively, J repre-
sents the Dirac delta function, and T is the total observation time. Significant peaks
or troughs in cross-correlograms indicate exceptional temporal correlations (Aertsen
and Gerstein, 1985; Gray et al., 1989).

Higher-Order Patterns and Population Analysis

While pairwise correlations provide important insights into neural interactions, neu-
ral computation may depend on higher-order correlations involving multiple neu-
rons simultaneously (Schneidman et al., 2006; Shimazaki et al., 2012). These higher-
order interactions cannot be captured by simple pairwise analysis and may represent
fundamental computational units in neural circuits (Yu et al., 2009; Ohiorhenuan
et al., 2010).

Computational models provide a framework for understanding the relationship be-
tween pairwise and higher-order interactions in neural populations. These mod-
els can help determine whether pairwise correlations are sufficient to explain pop-
ulation activity or whether higher-order interactions are necessary (Shlens et al.,
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2006). Pattern detection methods search for statistically significant patterns of near-
synchronous activity across multiple neurons, extending beyond traditional analysis
to capture the complexity of neural population dynamics (Griin et al., 2002a).

The challenge lies in distinguishing genuine higher-order correlations from those
that can be explained by pairwise interactions, a problem that becomes increasingly
complex as population size increases (Martignon et al., 2000; Ganmor et al., 2011).

Multiple Comparisons and Correction Strategies

When searching for neural patterns or correlations, researchers examine many po-
tential patterns simultaneously, creating a multiple comparisons problem where the
probability of finding significant results by chance increases dramatically with test
numbers (Holm, 1979; Miller, 1981). Without appropriate correction procedures, the
false positive rate can become unacceptably high, leading to spurious conclusions
about neural coordination and connectivity.

Two primary approaches address this challenge with different trade-offs between
statistical rigor and discovery power. Bonferroni correction represents the most con-
servative approach, adjusting the significance threshold « by dividing by the number
of tests performed (Bonferroni, 1936; Dunn, 1961). False Discovery Rate (FDR) control
offers a less conservative alternative, controlling the expected proportion of false dis-
coveries among rejected hypotheses (Benjamini and Hochberg, 1995). This approach
provides better balance between discovery power and statistical rigor, making it well-
suited for high-dimensional neural data analysis (Genovese et al., 2002; Storey, 2002).

1.1.5 Biological Constraints and Surrogate Design
Neurobiological Realism in Surrogate Generation

Multiple factors complicate appropriate surrogate method design for spike trains
(Pazienti et al., 2008; Nawrot et al., 2008). Complex interspike interval distributions
represent a fundamental challenge, as neural spike trains often exhibit ISI distri-
butions differing markedly from simple Poisson processes (Softky and Koch, 1993;
Shadlen and Newsome, 1994). These non-Poissonian characteristics include burst-
ing behavior, regular spiking, and complex multimodal distributions that must be
preserved in surrogate data to maintain biological realism.

Refractory periods create additional constraints that must be respected in surrogate
generation (Berry and Meister, 1998). Both spike sorting algorithms and biological
neurons impose minimum intervals between detected spikes, typically ranging from
1-2 milliseconds for technical limitations to several milliseconds for biological abso-
lute refractory periods. The biological absolute refractory period reflects the time
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required for voltage-gated sodium channels to recover from inactivation, while the
relative refractory period extends this constraint with gradually decreasing effect
(Hodgkin and Huxley, 1952). Surrogate methods that violate these constraints may
introduce artificial correlations or destroy genuine temporal structure.

Network-Level Constraints and Circuit Properties

The relationship between ISI distributions and network structure adds another layer
of complexity to surrogate design. Different neuron types exhibit characteristic fir-
ing patterns that reflect their roles in circuit computation (McCormick et al., 1985;
Connors and Gutnick, 1990), and ideally surrogate methods should preserve these
patterns while destroying the specific correlations being evaluated. However, the het-
erogeneity of firing patterns contributes to the overall dynamics of neural circuits in
ways that are difficult to capture in practical surrogate implementations, potentially
leading to unintended alterations of circuit dynamics that affect correlation detection.

The balance between excitation and inhibition in neural circuits represents another
challenging constraint for surrogate design (van Vreeswijk and Sompolinsky, 1996;
Brunel, 2000). Correlations in neural networks often emerge from the interplay be-
tween excitatory and inhibitory influences, but surrogate methods typically lack the
information necessary to account for how their manipulations affect this balance.
Network models suggest that correlation structures may be particularly sensitive to
changes in excitation-inhibition balance (Renart et al., 2010), yet practical surrogate
implementations rarely have access to the cell-type information needed to preserve
these relationships.

1.1.6 Surrogate Method Classification
Overview of Surrogate Approaches

Understanding the specific mechanisms and appropriate applications of different
surrogate methods is crucial for evaluating whether identified correlations reflect
rate-based or temporal coding mechanisms. Main methods for surrogate data gener-
ation include uniform dithering, which displaces spikes by small random amounts,
preserving approximate firing rates while disrupting precise timing relationships,
and trial shifting, which shifts entire trials independently for each neuron, thus pre-
serving within-trial structure. Additional methods including ISI-based approaches
and their variants provide alternative strategies for implementing rate-coding null
hypotheses. A detailed examination of these methods and their comparative perfor-
mance forms the core of this study, building on the theoretical framework established
in this background section. The specific implementation details, parameter selection
criteria, and performance characteristics of these methods are presented in the sub-
sequent Materials and Methods section.
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1.1.7 Experimental Context and Advanced Pattern Detection
Motor Cortex as a Model System

Motor cortex recordings during precision grip tasks provide an ideal testing ground
for surrogate method evaluation due to their well-characterized neural dynamics
and clear behavioral correlates (Kalaska and Crammond, 1992; Scott, 2004). Motor
cortical networks exhibit distinct organizational principles that may affect correla-
tion detection and surrogate method performance. The columnar organization of
motor cortex creates structured patterns of connectivity that may generate specific
correlation signatures (Rosen and Asanuma, 1972; Huntley and Jones, 1991) These
columns represent vertical arrangements of interconnected neurons that share similar
functional properties and preferred movement directions, creating local correlation
structures that reflect the underlying anatomical organization (Strick and Preston,
1982; Donoghue and Wise, 1982). Despite this organizational structure, the func-
tional significance of columns in motor cortex remains more debated than in sensory
areas, where columnar organization is more clearly defined (Georgopoulos et al.,
1986; Ashe and Georgopoulos, 1994; Scott, 2004).

The relationship between motor cortical activity and peripheral motor output intro-
duces additional complexity for correlation analysis. Correlations between motor
cortical neurons may reflect shared projections to spinal circuits rather than intrinsic
cortical computation, raising questions about the interpretation of temporal coding
in this system (Lemon, 2008; Rathelot and Strick, 2009). Recent work suggests that
motor cortical activity may be constrained to lower-dimensional manifolds that re-
flect the true computational space of internal processing (Churchland et al., 2012;
Gallego et al., 2017). This manifold structure could reduce the apparent correlation
complexity to its essential computational components, potentially revealing genuine
temporal coding mechanisms that are obscured by the high-dimensional correlation
patterns observed in the full neural population (Shenoy et al., 2013; Vyas et al., 2020).

Within this theoretical framework, precision grip tasks provide controlled experi-
mental paradigms where subjects grasp objects between thumb and fingers, enabling
systematic control of force requirements and movement parameters while examining
neural activity during different movement phases (Castiello, 2005; Brochier et al.,
2018).

SPADE Algorithm and Pattern Detection

SPADE (Spike Pattern Detection and Evaluation) represents an advanced approach
to identifying statistically significant spatiotemporal patterns in parallel spike trains
(Torre et al., 2013; Quaglio et al., 2017; Stella et al., 2019). The algorithm extends
beyond simple pairwise correlation analysis to detect higher-order spatiotemporal
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patterns that may reflect genuine network-level computation. The algorithm oper-
ates through different steps including data discretization, frequent itemset mining,
statistical evaluation using surrogate data methods, and multiple testing correction
(Torre et al., 2013; Quaglio et al., 2017; Stella et al., 2019).

SPADE'’s dependence on surrogate methods means that all theoretical limitations of
surrogate approaches apply directly to pattern detection results. The assumption
that rate and temporal coding can be clearly separated becomes even more problem-
atic for higher-order patterns, where interactions between coding mechanisms may
be more complex. Furthermore, the multiple testing burden increases dramatically
with pattern complexity, requiring sophisticated correction procedures to maintain
statistical validity while preserving discovery power.

1.1.8 Chapter Summary

This background chapter has established the theoretical foundation for evaluating
surrogate methods in the context of detecting precisely timed spike correlations. The
framework acknowledges both the utility and limitations of traditional approaches
to distinguishing rate-based from temporal coding mechanisms. Key challenges in-
clude the potential interaction between coding mechanisms, the relationship between
local correlations and global network structure, the impact of experimental design on
correlation detection, and the fundamental problem of establishing ground truth for
temporal coding.

The systematic evaluation presented in subsequent sections addresses these chal-
lenges through complementary approaches using both artificial data with known
ground truth and experimental motor cortex data with behavioral validation. The
analysis framework recognizes that no single surrogate method may be optimal for
all circumstances, and that method selection must consider the specific experimental
context, network structure, and coding hypotheses being tested.

The motor cortex precision grip paradigm provides a well-characterized experimen-
tal system for surrogate method evaluation, though limitations in generalizability
require careful consideration. The Brochier et al. (2018) dataset offers detailed be-
havioral monitoring and high-quality neural recordings that enable systematic inves-
tigation of surrogate method performance under realistic experimental conditions.
Through this comprehensive evaluation framework, we aim to advance methodolog-
ical foundations for detecting temporal coding mechanisms while acknowledging the
theoretical complexities and practical limitations that constrain current approaches.

1.2 Materials and Methods

This chapter presents a systematic comparison of six surrogate techniques and their
effects on neural pattern detection accuracy. Our empirical investigation bridges
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the gap between surrogate methodology theory and real-world application, offering
concrete guidance for method selection across diverse experimental scenarios.

1.2.1 Surrogate Methods
1.2.1.1 Theoretical Foundation

When analytical or generative probabilistic models prove unavailable for statistical
analysis, computational null hypothesis testing through surrogate data becomes es-
sential (Louis et al., 2010). Dithering techniques address a fundamental challenge
in multi-spike-train analysis by separating correlations that arise from two distinct
temporal scales. These correlations originate from firing rate modulations operating
on timescales of tens of milliseconds (related to rate coding mechanisms) versus pre-
cise temporal spike coordination occurring on millisecond scales (related to temporal
coding mechanisms) (Abeles, 1991; Griin et al., 2002a,b; Griin, 2009).

Our approach employs selective temporal disruption (Griin, 2009; Louis et al., 2010).
By independently shifting spikes by intervals under 25 milliseconds, we eliminate
all millisecond-scale dependencies while preserving dependencies at broader tem-
poral scales used for firing rate estimation (Griin et al., 2002a,b). This selective pro-
cess maintains correlation structures that link different neurons and connect neurons
with external stimuli or experimental conditions at temporal resolutions exceeding
25 milliseconds.

1.2.1.2 Method Selection Criteria

Our comparative framework emphasizes surrogate techniques that maintain original
data firing rate modulations alongside other critical spike train properties, partic-
ularly interspike intervals (ISIs) and associated measurements. This preservation
strategy addresses uncertainties about how ISI modifications might influence pattern
significance evaluation (Brown et al., 2004; Pipa et al., 2008). While we cannot per-
fectly preserve all spike train features, our investigation determines which surrogate
strategies produce minimal false positive outcomes (Griin, 2009; Ventura, 2010).

We systematically evaluate six surrogate techniques, comprising four well-established
methods from published research and two innovative strategies we developed specif-
ically for this investigation. Our method selection deliberately excludes surrogates
that compromise firing rate profiles. Instead, we focus on strategies engineered to
maximize preservation of spike train properties, including ISI distributions and re-
lated parameters like the coefficient of variation (CV), which measures the ratio of
the standard deviation to the mean of interspike intervals.
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Figure 1.1: Six surrogate generation methods for spike train analysis. Schematic illustrations of
different approaches to generate surrogate data while preserving specific statistical properties of the
original spike trains. (A) Uniform Dithering (UD). Individual spikes are randomly displaced within
fixed temporal windows (gray dotted rectangles) using uniform probability distributions. This method
eliminates precise spike timing while preserving average firing rates. (B) Uniform Dithering with
Dead-Time (UDD). Similar to UD but enforces minimum separation distances between spikes. Green
shaded regions show exclusion zones after each spike due to refractory period constraints, preventing
biologically unrealistic spike clustering. (C) Joint ISI Dithering (JISI-D). Spike repositioning preserves
the joint distribution of consecutive interspike intervals from the original data. The blue heat map
shows the bivariate probability distribution of ISI pairs, with marginal distributions displayed on the
axes representing first and second ISI durations in spike triplets. (D) ISI Dithering (ISI-D). Spike
displacement follows the neuron’s empirical ISI distribution (blue histogram) while ignoring correla-
tions between consecutive intervals. This preserves ISI statistics but not their sequential relationships.
(E) Trial Shifting (TR-SHIFT). Entire trials are shifted by random temporal offsets (green and pink
arrows show different shifts per trial), preserving all within-trial spike relationships while eliminating
cross-trial correlations. (F) Window Shuffling (WIN-SHUFF). Spike counts within temporal bins are
randomly permuted within non-overlapping windows (green and pink regions), preserving local spike

counts while disrupting temporal order.
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1.2.1.3 Uniform Dithering

Uniform dithering shifts spikes from each neuron using small, uniformly distributed
random displacements ~ U[-A, +A] relative to their original temporal locations (Fig-
ure 1.1A). Also known as jittering or teetering, this technique has found extensive
application across experimental investigations and represents a standard approach
in several major analysis frameworks (Abeles and Gat, 2001; Hatsopoulos et al., 2003;
Gerstein, 2004; Shmiel et al., 2006; Maldonado et al., 2008; Torre et al., 2016).

The method’s computational efficiency makes it suitable for pairwise synchrony de-
tection via cross-correlogram significance testing, higher-order synchrony evaluation,
and complex pattern identification tasks (Griin, 2009; Torre et al., 2013; Quaglio et al.,
2017; Stella et al., 2019). However, Louis et al. (2010) demonstrated that uniform
dithering generates false positives when analyzing neurons with regular firing char-
acteristics (CV < 1) , motivating systematic comparison of alternative methods.

The displacement parameter A > 0 controls maximum spike movement and requires
careful calibration. Typical ranges span 15-25 milliseconds, with small A values caus-
ing insufficient displacement and large values creating excessive firing rate smooth-
ing hypotheses (Pazienti et al., 2008; Torre et al., 2016).

1.2.1.4 Uniform Dithering with Dead-Time

We develope a novel variant that preserves post-spike dead-time periods, typically
extending to 2 milliseconds in experimental datasets (Berry and Meister, 1998; Brochier
et al.,, 2018) (Figure 1.1B). This enhancement addresses a biological constraint that
standard uniform dithering ignores, potentially compromising null hypothesis va-
lidity.

Our modification extracts the dead-time d for each neuron from experimental ob-
servations and restricts dithering windows based on neighboring spike intervals re-
duced by the estimated dead-time. This prevents modified spikes from violating the
dead-time constraint, preserving biological realism for valid statistical inference.

We calculate dead-time using minimum interspike interval measurements across
complete experimental trials. However, low firing rates can produce minimum ISI
values reaching hundreds of milliseconds, creating challenges for meaningful dead-
time determination. Therefore, we establish a maximum dead-time threshold dyax (4
milliseconds in this work) to maintain biological plausibility while ensuring adequate
temporal displacement for correlation elimination.
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1.2.1.5 Joint-ISI Dithering

Joint-ISI dithering, developed by Gerstein (2004), relocates spikes based on joint dis-
tributions of neighboring ISI intervals (Figure 1.1C). This technique eliminates cor-
relations of interest while preserving the statistical structure of interspike intervals
(Softky and Koch, 1993; Shinomoto et al., 2003), addressing a fundamental limitation
of uniform dithering.

The method preserves distributions of both preceding and succeeding interspike in-
tervals relative to each spike. We derive probability functions from original datasets
by calculating joint-ISI histograms using 1-millisecond bins, providing sufficient tem-
poral detail while maintaining computational tractability.

Spike relocation follows the two-dimensional histogram structure, corresponding
geometrically to displacement along joint-ISI distribution anti-diagonals (Gerstein,
2004; Louis et al., 2010). This ensures temporal structure remains statistically con-
sistent with original data, preserving relationships between consecutive interspike
intervals essential for biological realism.

Limited recording duration can restrict spike samples available for robust proba-
bility distribution calculation. We address this through two-dimensional Gaussian
smoothing of joint-ISI histograms with a ¢ parameter of a few milliseconds (Louis
et al., 2010). This improves distribution estimation reliability while preserving essen-
tial temporal relationships.

1.2.1.6 ISI Dithering

ISI dithering (ISI-D) represents a simplified version of joint-ISI dithering that reposi-
tions spikes based on marginal ISI probability distributions while ignoring sequen-
tial connections between consecutive intervals (Figure 1.1D). This approach offers
computational advantages when data limitations prevent reliable joint-ISI estimation,
particularly for datasets with limited recording duration or low spike counts.

ISI-D assumes consecutive ISI independence, reducing the joint-ISI histogram to the
product of marginal ISI histograms (pjoint-1s1(T, ') = pisi(7) - prsi(7’)). This indepen-
dence assumption simplifies computation while maintaining many desirable statisti-
cal properties, though it sacrifices preservation of sequential ISI relationships.

The technique maintains marginal ISI distributions independently of temporal se-
quence, representing a trade-off between computational tractability and biological
realism. Despite this limitation, ISI-D provides substantial improvement over uni-
form dithering in statistical property preservation while remaining computationally
efficient for large-scale applications.
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1.2.1.7 Trial Shifting

Trial shifting displaces complete spike trains through temporal shifts of entire trials
(Figure 1.1E; Pipa et al.,, 2008). This method suits neuroscience experiments that
organize recordings into discrete temporal segments or trials, a common approach
in motor cortical and other behavioral studies (Riehle et al., 1997).

The strategy completely maintains firing rate and ISI structure within trials while
eliminating correlations among distinct spike trains. We shift all spike times within
trials uniformly by random amounts ~ U[-A, +A], applied independently across each
neuron-trial combination.

Independent temporal shifts across neurons eliminate correlations between spike
trains while preserving individual firing patterns within each trial. When experi-
mental designs lack clear trial boundaries, spike trains can be divided into extended
temporal segments or sequences separated by substantial interspike intervals Har-
rison and Geman (2009) suggested. Trial shifting preserves complete spike train
structural integrity within these segments.

1.2.1.8 Window Shuffling

Window shuffling (WIN-SHUFF) represents our second novel design that preserves
spike counts from discretized original spike trains throughout all surrogate real-
izations (Figure 1.1F). We partition spike trains into consecutive, non-overlapping
temporal windows of duration Aws, then subdivide windows into bins of length b
(requiring Aws to be a multiple of b). We shuffle bins within windows before ran-
domizing spike times within individual bins.

This local spike rearrangement disrupts temporal correlations while creating station-
arity within Aws duration windows. For comparison consistency with other tech-
niques, we maintain Aws = 2A throughout the analysis.

1.2.2 SPADE Algorithm Application
1.2.2.1 Framework Overview

We assess pattern detection using SPADE (Spike Pattern Detection and Evaluation),
a software framework for evaluating spatiotemporal spike patterns in multi-unit
recordings (Torre et al., 2013; Quaglio et al., 2017; Stella et al., 2019). SPADE inte-
grates surrogate techniques with frequent itemset mining (FIM) algorithms to ad-
dress computational challenges from vast numbers of recurring patterns in original
and surrogate datasets (Borgelt, 2012). Figure 1.2 illustrates the complete workflow.
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Figure 1.2: SPADE analysis workflow for pattern detection and significance testing. Schematic
overview of the complete SPADE pipeline showing parallel processing of original and surrogate data.
Upper pathway: Original experimental data undergoes preprocessing (binning and clipping), followed
by frequent itemset mining to identify candidate patterns and generate a pattern occurrence spec-
trum. Lower pathway: Surrogate data generation using dithering methods (multiple techniques can
be applied, as indicated by "Surrogate method 2"), followed by identical preprocessing and mining
steps. The overlapping panels represent multiple surrogate iterations (typically 5000) that collectively
build the null distribution for statistical testing. Statistical evaluation: Pattern spectrum filtering com-
pares observed pattern counts against the null distribution to compute p-values, followed by pattern
set reduction to eliminate spurious patterns caused by chance overlaps. Output: Statistically signifi-
cant spatio-temporal patterns (STPs) that cannot be explained by firing rate fluctuations alone. This
framework allows systematic comparison of different surrogate methods while maintaining consistent
analytical procedures throughout the pipeline.
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1.2.2.2 Data Preprocessing and Pattern Mining

Spike trains are discretized into non-overlapping temporal bins, establishing accept-
able temporal imprecision thresholds. We count spikes within bins (binning) then
reduce multiple spikes per bin to 1 (clipping), constituting binarization (Griin et al.,
2002a; Torre et al., 2013).

We identify candidate patterns using the Frequent Itemset Mining (FIM) algorithm
— a computational method that systematically searchs through binarized data to find
sets of neurons that spike together repeatedly within specified time windows (Zaki,
2004; Borgelt, 2012; Picado-Muifio et al., 2013). The FIM algorithm efficiently enu-
merates all possible neuron combinations and count how often each pattern occurs
across the dataset. The output includes occurrence frequencies and precise temporal
locations for patterns meeting minimum frequency thresholds (non-trivial patterns
that cannot be explained as subsets of larger, equally frequent patterns).

1.2.2.3 Pattern Spectrum and Significance Assessment

We organize pattern data into three-dimensional histograms (pattern spectra) defined
by: number of neurons (z), occurrence count (c), and pattern duration (d). Patterns
sharing identical signatures are aggregated, reducing statistical tests required for
multiple testing correction.

SPADE tests whether patterns result from precise temporal coordination or random
spike generation. The null hypothesis assumes spike train independence given firing
rate modulations. We generate 5000 surrogates undergoing identical processing, then
compute three-dimensional p-value spectra (Torre et al., 2013).

1.2.2.4 Statistical Filtering and Optimization

We apply Benjamini-Hochberg correction (Benjamini and Hochberg, 1995) for multi-
ple testing. and filter patterns using a significance threshold (a = 0.05). Pattern set
reduction eliminates spurious false positives from overlapping patterns (Torre et al.,
2013).

For computational efficiency, we use dynamic minimum occurrence counts that vary
by pattern size. We first determine the expected occurrence range for each pattern
size, then set min_occ values accordingly when computationally feasible, with an
absolute minimum of [#trials/3]. This adaptive approach reduces the search space
during FIM by filtering out patterns with very low occurrence counts that are un-
likely to reach statistical significance, thereby reducing computational burden with-
out affecting the detection of meaningful patterns (Stella et al., 2019).
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Figure 1.3: Experimental paradigm and neural data structure. (A) Behavioral task timeline.
Schematic of the reach-to-grasp task sequence. Monkeys initiate trials voluntarily (TS: trial start), then
receive a waiting signal (WS-ON) followed by grip type instruction (CUE-ON: precision grip PG or
side grip SG). After a 1000 ms delay, a GO signal appears indicating force requirement (high HF or
low LF) and cueing movement initiation. Key behavioral events include switch release (SR: movement
onset), object touch, and reward delivery (RW-ON) after maintaining the grip for 500 ms. Timing vari-
ability in SR and RW reflects natural differences in reaction time and movement execution. (B) Neural
population activity example. Raster plot showing simultaneous spike activity from all recorded neu-
rons (y-axis) over time (x-axis) for a representative PGHF trial from session i140703-001. Each dot
represents a single spike, aligned to trial start (TS-ON). Colored background regions indicate the six
analysis epochs used for pattern detection: start (red), cue (orange), early-delay (yellow), late-delay
(green), movement (blue), and hold (purple). This temporal segmentation allows examination of neural
coordination patterns across different phases of the behavioral task.
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1.2.3 Experimental Data and Preprocessing
1.2.3.1 Experimental Design

Our analytical strategy combines two complementary approaches using experimen-
tal data from Brochier et al. (2018). We generate synthetic spike trains replicating
experimental statistical properties to evaluate false positive rates, and directly ana-
lyze experimental data using multiple surrogate techniques to assess performance
under realistic conditions.

1.2.3.2 Data Collection Protocol

Brochier et al. (2018) collected data during reaching-and-grasping experiments from
pre-motor and motor cortex recordings in two macaque monkeys using chronic 100-
electrode Utah arrays (Blackrock Microsystems). The experimental design is detailed
in previous publications (Riehle et al., 2013; Brochier et al., 2018; Riehle et al., 2018).

Figure 1.3A illustrates the experimental protocol. Monkeys initiated trials by press-
ing a start button (TS), followed by a 400ms interval and yellow LED waiting signal
(WS). After another 400ms, visual cues appeared for 300ms (CUE-ON to CUE-OFF)
specifying grip type: full-hand side grip (SG) or precision grip (PG). Following a
1000ms interval, the GO-signal specified grip force (high/low) through LEDs. Move-
ment onset was detected through switch release (SR), followed by object touch (OT),
holding period (HS), and reward delivery (RW) after 500ms retention. Behavioral
conditions were randomized to prevent anticipatory effects.

1.2.3.3 Data Processing and Quality Control

The datasets comprise two sessions (i140703-001 and 1101210-001) with 15-minute
recordings containing ~35 trials per condition. Spike sorting used Plexon Offline
Spike Sorter (v3.3), with data available at https://gin.g-node.org/INT /multielectrode
grasp.

Neuron inclusion required spike shape signal-to-noise ratios >2.5 and firing rates <70
Hz. Hyper-synchronous artifact spikes from electrical cross-talk were automatically
identified and removed following established protocols (Torre et al., 2016; Oberste-
Frielinghaus et al., 2025). Analysis included only successful behavioral trials.

1.2.3.4 Temporal Segmentation

We divided trials into six partially overlapping 500ms epochs spanning complete
trials, facilitating behavioral context association. Matching epoch segments within
trial types were concatenated to produce 24 datasets per session (4 trial types x 6
epochs) for independent analysis (Torre et al., 2016). Figure 1.3B illustrates temporal
organization and epoch positioning relative to behavioral events.


https://gin.g-node.org/INT/multielectrode_grasp
https://gin.g-node.org/INT/multielectrode_grasp

§1.2 Materials and Methods 41

1.2.4 Artificial Non-Stationary Data Generation
1.2.4.1 Modeling Framework

To systematically evaluate surrogate performance under controlled conditions, we
generate artificial non-stationary spike trains that preserve only specific statistical
properties from experimental data while eliminating all temporal correlations. We
use two point process models: Poisson processes with dead-time (PPD; Deger et al.,
2012) and Gamma processes. These models replicate experimental firing rates and
either dead-time characteristics (PPD) or regularity patterns (Gamma), but contain no
genuine spike correlations, providing controlled null datasets for surrogate technique
validation.

1.2.4.2 Firing Rate Profile Estimation

We create artificial spike trains using original firing rate profiles calculated via op-
timized kernel density estimation on trial bases (Shinomoto, 2010; Shimazaki and
Shinomoto, 2010). Time-varying firing rates constitute essential experimental charac-
teristics requiring incorporation into null hypothesis frameworks.

1.2.4.3 Poisson Process with Dead-Time

PPD modifies classical Poisson processes by preventing spike generation within dead-
time intervals d following preceding spikes. We calculate the dead-time for each
neuron and epoch/trial-type combination using minimum ISI measurements. The
implementation adjusts rate signals to compensate for dead-times, generates non-
stationary Poisson spike trains, then removes spikes violating the dead-time con-
straint through post-processing.

1.2.4.4 Gamma Process Creation

We create Gamma processes using shape factors calculated from coefficient of varia-
tion (CV) measurements in operational time, converting CV values to shape factors
(v = 1/CV2; Nawrot et al. 2008; van Vreeswijk 2010). Process creation occurs in op-
erational time with subsequent real-time transformation. We assess regularity using
CV2 measurements compensating for non-stationary firing rates (Holt et al., 1996).

Final CV2 distributions closely approximate experimental data. Although Gamma
processes lack absolute dead-times, v > 1 conditions produce low probabilities for
small ISIs, effectively incorporating relative dead-times (Nawrot et al., 2008).
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1.2.4.5 Dataset Generation

We model each of the 24 experimental datasets using both PPD and Gamma strate-
gies, producing 96 total artificial datasets (2 sessions x 24 conditions x 2 models) for
comprehensive surrogate technique assessment.

1.2.5 Code Accessibility and Computational Resources

Complete analytical code and figure reproduction scripts are available at https://
github.com /INM-6/SPADE _ surrogates. Experimental data can be obtained at https:
//gin.g-node.org/INT /multielectrode_ grasp, with artificial data generation included
in the SPADE_surrogates repository. SPADE methodology and surrogate techniques
are implemented in the Elephant Python package (https://elephant.readthedocs.io).

Large-scale analyses may require several hours of cluster computing time depending
on dataset size and surrogate count, despite computational performance enhance-
ments.

1.3 Results

1.3.1 Statistical Evaluation of Surrogate Techniques
1.3.1.1 Experimental Design for Statistical Characterization

To develop a comprehensive understanding of how surrogate techniques affect spike
train statistical characteristics, we assess their performance using stationary synthetic
data with well-characterized properties. This controlled approach provides the foun-
dation for interpreting experimental results by establishing baseline performance
metrics under idealized conditions.

Our controlled approach utilizes three point process models with precisely defined
attributes. The baseline Poisson process provides a reference for random spike gen-
eration, establishing expected behaviors under null conditions. The Poisson process
with dead-time constraints (PPD) replicates refractory period effects commonly ob-
served in biological neurons, addressing temporal constraints that prevent immediate
spike generation following previous spikes. The Gamma process models regularity
variations observed in cortical neurons, capturing the spectrum of firing patterns
from highly regular to highly irregular that characterizes real neural populations.

These models specifically replicate ISI distribution features characteristic of experi-
mental observations, ensuring that our synthetic data maintains biological relevance
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while providing controlled conditions for evaluation. The use of stationary pro-
cesses deliberately removes confounding statistical variables, enabling focused study
of surrogate technique effects on core spike train attributes without complexity from
time-varying firing rates.

We calibrate model parameters to match experimental data characteristics from maca-
que motor cortex recordings (Riehle et al., 2013; Torre et al., 2016; Brochier et al.,
2018), ensuring meaningful result interpretation for subsequent experimental dataset
applications. Figure 1.4 summarizes our comprehensive findings from this station-
ary, independent data study, providing the foundation for understanding surrogate
behavior under controlled conditions.
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Figure 1.4: Statistical property preservation across surrogate methods.
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Figure 1.4: Statistical property preservation across surrogate methods. Comprehensive evaluation
of how six surrogate techniques (UD: orange, UDD: green, JISI-D: pink, ISI-D: violet, TR-SHIFT: red,
WIN-SHUEFF: brown) affect spike train statistics compared to original data (blue). All analyses use syn-
thetic spike trains with ~500,000 spikes at 60 Hz unless noted otherwise. (A,D,G) Interspike interval
distributions (1/s). ISI probability distributions for three process types (Poisson, PPD, Gamma; top to
bottom) showing preservation of temporal structure. Inset: magnified view of ISI < 5 ms range. (B,E,H)
Autocorrelation analysis (1/s). Temporal structure within spike trains for original (blue) versus surro-
gate data (colors as in A-C) over the time lag T (ms). (C,EI) Cross-correlation analysis (1/s). Similarity
between original and surrogate spike trains across process types. shown over the time lag 7 (ms). (J)
Coefficient of variation preservation. Original CV versus surrogate CV for Gamma processes with CV
ranging 0.4-1.2 in 0.05 steps. Perfect preservation would follow the diagonal. (K) Spike repositioning
efficacy. Fraction of spikes moved from original positions across firing rates A (Hz) 10-100 Hz (Gamma
processes, v = 1.23). Higher values indicate better correlation elimination (dimensionless ratio). (L) Fir-
ing rate profile fidelity (Hz). Preservation of temporal rate modulations A(t) during abrupt transitions
(10 — 80 Hz step function) in Gamma spike trains. Time t (ms). Computed from 10,000 trials, 150 ms

each, using 1 ms bins. Systematic deviations indicate rate profile distortion by surrogate methods.

1.3.1.2 ISI Distribution Characterization

The characterization of ISI distributions (Figure 1.4A,D,G) reveals distinct patterns
across surrogate methods and process categories, providing fundamental insights
into how different techniques modify the temporal structure of spike trains. Our
analysis uncovers critical patterns that distinguish the methods in their treatment
of brief interspike intervals, which prove crucial for understanding their relative
strengths and limitations.

Across all surrogate datasets, ISI distributions consistently manifest exponential de-
cay properties, though with marked differences in their treatment of brief ISIs. The
methods JISI-D, ISI-D, and UDD show markedly reduced probabilities for brief ISIs
compared to their unconstrained counterparts, reflecting their inherent design con-
straints that limit repositioning based on neighboring spike locations. Our analysis
of Poisson data, especially at increased rates, confirms frequent brief ISI occurrences
that match underlying process expectations.

The analysis of PPD processes reveals that uniform dithering commonly relocates
spikes into time windows extending to 5 milliseconds, precisely matching the bin
width specifications used in our analysis. This relocation behavior demonstrates
how UD can violate the biological constraints imposed by refractory periods (Berry
and Meister, 1998), potentially creating unrealistic spike patterns that compromise
the validity of the null hypothesis. In contrast, other surrogate methods that pre-
serve dead-time limitations adhere more closely to original ISI distribution patterns,
maintaining the biological realism essential for accurate significance testing.
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For Gamma processes utilizing v = 1.23, which falls within the range of shape fac-
tors observed in cortical neurons (Shinomoto et al., 2003), ISI distributions undergo
maximum modification under UD and UDD methods. These modifications funda-
mentally alter the regularity characteristics of the original spike trains, potentially
leading to false positive results when the null hypothesis assumes preservation of
these properties. The importance of maintaining these regularity characteristics re-
flects the functional significance of irregular firing patterns in cortical neurons, where
deviations from regular firing carry computational information (Softky and Koch,
1993). Other techniques demonstrate superior preservation of brief ISI properties,
with distributions that nearly match original characteristics while still providing ad-
equate temporal disruption for correlation elimination.

1.3.1.3 Spike Repositioning and Cross-Correlation Analysis

Cross-correlation analysis between synthetic datasets and their matching surrogate
versions (Figure 1.4A,E H) reveals systematic differences in spike repositioning pat-
terns that fundamentally distinguish the approaches and their underlying assump-
tions. This analysis builds on established methods for detecting spike correlations
and assessing their statistical significance (Perkel et al., 1967b; Aertsen et al., 1989).
The distinct repositioning patterns provide crucial insights into how each method
balances the competing requirements of correlation elimination and statistical prop-
erty preservation.

Uniform methods including UD and TR-SHIFT produce characteristically uniform
distributions within their respective dither boundaries, reflecting their unconstrained
approach to spike repositioning. This uniform distribution indicates that spikes can
be moved with equal probability to any location within the allowed temporal win-
dow, providing maximum disruption of temporal correlations. Window shuffling
creates distinctive triangular configurations with high zero-lag probability, resulting
from its binned approach to spike redistribution that favors local rearrangements
over distant repositioning.

In marked contrast, ISI-based methods including JISI-D, ISI-D, and UDD demon-
strate exponential-type decay patterns reaching the 25-millisecond dither boundary.
This characteristic decay reflects their constrained repositioning capabilities, where
the probability of spike movement depends on the local ISI structure surrounding
each spike. The exponential nature of this decay indicates that shorter repositioning
distances occur more frequently than longer ones, preserving more of the original
temporal structure while still providing some degree of correlation disruption.

The design constraints inherent in JISI-D, ISI-D, and UDD methods fundamentally
limit dithering to time windows between adjacent spikes, creating a dependency be-
tween repositioning capability and local spike density. For Poisson data, particularly
at high rates where spikes occur in close temporal proximity, these available dither



§1.3 Results 47

boundaries may remain partially exploited due to neighboring spike constraints. This
limitation results in systematically reduced repositioning on average, thereby pre-
serving closer proximity to original temporal locations compared to unconstrained
methods..

1.3.1.4 Auto-correlation Function Analysis

Auto-correlation studies of synthetic processes and their surrogate-altered versions
(Figure 1.4C F]) provide fundamental insights into how ISI properties undergo mod-
ification during surrogate generation, following established approaches for analyz-
ing temporal dependencies in neural spike trains (Perkel et al., 1967a). Our analysis
reveals the deeper mechanisms that distinguish different approaches to temporal dis-
ruption and illuminates the trade-offs between correlation elimination and statistical
property preservation that define surrogate method performance.

The analysis of Poisson processes demonstrates that auto-correlations exhibit char-
acteristically flat profiles for UD, TR-SHIFT, and WIN-SHUFF methods when central
peaks are excluded from consideration. This flatness indicates successful elimination
of temporal correlations while maintaining the essential randomness of the under-
lying Poisson process. However, JISI-D, ISI-D, and UDD display markedly different
behavior, showing reduced probabilities for extremely brief ISIs succeeded by char-
acteristic elevations reaching maximum dither width.

This behavioral distinction originates from the spike sequence preservation con-
straints inherent in ISI-based methods, creating asymmetries in repositioning prob-
abilities that generate observable signatures in the auto-correlation functions. When
reference spikes are positioned closer to subsequent spikes than to preceding ones,
the algorithms favor reverse temporal repositioning over forward repositioning to
maintain ISI distribution properties.

Our examination of PPD processes reveals that auto-correlations for JISI-D, ISI-D,
and UDD exhibit reduced brief ISIs relative to matching Poisson surrogate methods,
though these reductions occur to lesser magnitudes than observed in pure Poisson
cases. This attenuation reflects the interaction between the dead-time constraints
of the PPD process and the ISI preservation mechanisms of the surrogate methods.
The analysis of Gamma processes confirms excellent preservation of original pro-
cess properties across most methods, with TR-SHIFT maintaining virtually identical
characteristics to original processes.

1.3.1.5 Coefficient of Variation Preservation

Examining coefficient of variation (CV) preservation represents a critical component
of our analysis, since surrogate methods that alter ISI distributions directly impact
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this crucial regularity measure. CV provides a normalized measure of firing regu-
larity that remains interpretable across different firing rates and experimental con-
ditions, making its preservation essential for maintaining the biological relevance of
surrogate-generated null hypotheses.

Our investigation focuses on CV modifications in surrogate data relative to original
Gamma processes operating at 60 Hz, with CV values spanning from 0.4 to 1.2 in 0.05
increments (Figure 1.4]). This systematic parameter sweep enables comprehensive
evaluation of method performance across the full spectrum of neuronal regularity,
from highly regular firing patterns through highly irregular patterns. The analysis
reveals that CV non-preservation in surrogate data constitutes a significant potential
source of false positives, particularly for neurons with extreme regularity or highly
irregular firing patterns.

Uniform dithering demonstrates the most severe CV modifications among all tested
methods, dramatically converting original 0.4 values to 0.75, indicating substantial
regularity decrease that fundamentally alters neuronal firing characteristics. This
transformation represents a qualitative change in firing pattern classification, con-
verting highly regular neurons into moderately irregular ones and potentially in-
validating statistical comparisons based on regularity assumptions. For original CV
values of 1.2, the method shows increasing deviation with gradual slopes reaching
maxima marginally above 1.0, reducing burstiness properties in highly irregular neu-
rons.

Window shuffling and UDD exhibit comparable behaviors to UD in their general
trends but demonstrate superior preservation of lower CV values, particularly no-
table for highly regular neurons with original CV values of 0.4. The ISI-based meth-
ods including JISI-D and ISI-D begin with CV values matching those of the original
Gamma processes, reflecting their explicit design to preserve ISI distribution prop-
erties. However, they show systematically reduced slopes relative to the source pro-
cesses and attain elevated final values approximately 0.05 below maximum CV levels
at 1.2

In stark contrast, trial shifting sustains virtually perfect CV preservation across all
examined values, establishing it as the gold standard for regularity maintenance in
surrogate generation. This exceptional performance reflects its fundamental differ-
ence in approach: complete spike trains are temporally shifted rather than individual
spikes being repositioned, preserving all within-trial temporal relationships while
eliminating between-trial correlations.

1.3.1.6 Spike Repositioning Efficacy

The assessment of spike repositioning efficacy represents a fundamental requirement
for effective surrogate performance, as adequate displacement of spikes from their
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original bin locations becomes essential for eliminating intended correlations while
preventing false negative outcomes. We quantify this repositioning efficacy by mea-
suring spike relocation ratios — the proportion of spikes moved from their original
bin locations relative to total spike counts — across systematically varied firing rates
ranging from 10 to 100 Hz in 10 Hz increments (Figure 1.4K).

Our comprehensive study incorporates critical reference comparisons using two in-
dependent Gamma spike train realizations with 7y = 1.23to establish optimal reposi-
tioning targets. These independent realizations provide a benchmark representing
complete decorrelation while maintaining the same underlying statistical properties,
thereby defining the performance ceiling for surrogate methods. Our analysis re-
veals that no tested method achieves this optimum, with all techniques consistently
exhibiting approximately 10% fewer repositioned spikes relative to the independent
implementation benchmarks.

The systematic evaluation reveals distinct performance tiers among the surrogate
methods. High efficacy methods including WIN-SHUFF, UD, and TR-SHIFT demon-
strate consistently superior repositioning capabilities across all examined firing rates,
maintaining relatively stable performance even as firing rates increase and bin occu-
pancy becomes more dense. In contrast, moderate efficacy methods including UDD,
ISI-D, and JISI-D show progressively deteriorating repositioning performance, par-
ticularly at elevated firing rates where their design constraints become increasingly
limiting. At maximum firing rates, approximately 50% of spikes processed by JISI-D,
ISI-D, and UDD methods remain in their original bins, demonstrating the fundamen-
tal trade-off between statistical property preservation and repositioning efficacy.

1.3.1.7 Firing Rate Profile Alterations

The examination of firing rate profile modifications in surrogate data addresses a
crucial concern in surrogate methodology, as such alterations represent potentially
significant sources of false positives in pattern detection algorithms (Griin, 2009). The
preservation of firing rate profiles constitutes a fundamental requirement for main-
taining the validity of the null hypothesis, which assumes that observed patterns re-
sult from chance coincidences given the underlying firing rate structure rather than
from genuine temporal coordination.

We assess this critical criterion using deliberately extreme test scenarios incorporat-
ing abrupt rate transitions from 10 Hz to 80 Hz, following established analytical
methodologies (Louis et al., 2010) as illustrated in Figure 1.4L. Our systematic anal-
ysis reveals consistent smoothing behaviors across the majority of tested methods,
with most techniques transforming sharp firing rate transitions into characteristic
linear ramps that span the temporal extent of the dither window. These ramps invari-
ably begin 25 ms before the original transition point and conclude 25 ms afterward,
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creating a smoothing window that directly corresponds to the dither specification
parameter A.

Window shuffling demonstrates notably different behavior by introducing secondary
transitions through its mechanism of generating locally uniform rates within the 50
ms shuffling boundaries. These secondary transitions create additional rate modu-
lations that are absent in the original data, potentially generating artificial structure
that could be misinterpreted as genuine neural coordination patterns. The observed
smoothing behavior precisely matches the theoretical prediction of convolving orig-
inal firing rate profiles with boxcar functions, a relationship that previous studies
confirmed analytically (Louis et al., 2010).

1.3.1.8 Comprehensive Statistical Impact Assessment

Feature / UD UDD ISI-D JISI-D | TR- WIN-
Method SHIFT SHUFF
ISI no no approx.| approx.| yes approx.
Dead-time no yes yes yes yes no
Auto- no no no no yes approx.
correlation

Firing rate approx.| approx.| approx.| approx.| approx. | approx.
modulation

Spike train no no approx.| approx.| yes no
regularity

(Cv<1;

regular)

Spike train no no approx.| approx.| yes approx.
regularity

(Cv>1;

bursty)

Table 1.1: Statistical property preservation across surrogate methods. Systematic evaluation of
how well each surrogate technique preserves key statistical characteristics of the original spike trains.
Properties are rated as: yes (well preserved), approx. (approximately preserved), or no (substantially
altered). Dead-time preservation is assessed only for PPD processes (which contain explicit dead-time
constraints), while other properties are evaluated across all three process types (Poisson, PPD, and
Gamma). This assessment guides surrogate method selection based on which statistical properties are
most critical for specific experimental analyses.

Our comprehensive investigation demonstrates that surrogate data systematically
deviate from original data characteristics to varying degrees across all tested tech-
niques, with these impacts maintaining remarkable consistency across the three data
models studied. The systematic evaluation reveals that each surrogate method in-
troduces characteristic distortions that reflect its underlying algorithmic approach
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and design constraints, representing trade-offs between different aspects of statisti-
cal property preservation.

Table 1.1consolidates preservation properties across surrogate methods using a cat-
egorical framework designating characteristics as maintained (‘yes’), approximately
maintained ("approx.”), or not maintained ('no’). This systematic assessment provides
essential guidance for appropriate surrogate selection based on specific experimental
requirements and acceptable compromises between different statistical characteris-
tics.

The evaluation reveals that trial shifting emerges as the optimal choice for preserv-
ing most statistical properties, demonstrating particular excellence in maintaining CV
values critical for regularity-dependent analyses. This superior performance reflects
its fundamental approach of shifting complete spike trains rather than individual
spikes, thereby preserving all within-trial temporal relationships while eliminating
between-trial correlations. However, this method requires well-defined trial struc-
tures that may not be available in all experimental paradigms.

Uniform dithering retains computational efficiency advantages that make it attrac-
tive for large-scale analyses while simultaneously compromising important regular-
ity measures, creating a fundamental trade-off between processing speed and statisti-
cal fidelity. ISI-based methods demonstrate intermediate performance characteristics
that balance property preservation with correlation elimination, though they suf-
fer from reduced repositioning efficacy that may limit their sensitivity in detecting
genuine patterns. Window shuffling provides the unique advantage of maintaining
spike counts by design, eliminating one potential source of false positives, while uni-
form dithering with dead-time addresses important biological constraints related to
refractory periods.

1.3.2 Binarization Effects on Spike Counts
1.3.2.1 Methodological Context and Importance

Experimental spike data analysis requires temporal binning that converts precise
spike times into discrete count sequences within millisecond-scale windows, en-
abling pattern detection at behaviorally relevant timescales. This discretization pro-
cess represents a fundamental preprocessing step that bridges the gap between indi-
vidual spike timing and the temporal resolution required for pattern detection algo-
rithms, following established approaches for temporal discretization of neural data
(Perkel et al., 1967b; Griin et al., 2002a). The binning process must balance temporal
precision with computational tractability, requiring careful consideration of bin sizes
that capture relevant neural dynamics while maintaining sufficient data density for
statistical analysis.
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Figure 1.5: Uniform dithering effects on spike counts and temporal structure in experimental
data. Analysis of spike count reduction and statistical property changes during uniform dithering and
binarization using experimental datasets from monkeys N (left) and L (right) during movement epochs
of PGHEF trials. (A) Spike count analysis. Top: spike count reduction versus mean firing rate for in-
dividual neurons. Blue circles show losses from binarization alone; magenta squares show combined
losses from uniform dithering plus binarization (mean + SD from 100 surrogate realizations). Bottom:
difference between original and surrogate spike counts (gray diamonds) using the same normalization.
Higher firing rate neurons show greater spike count reduction, particularly with uniform dithering.
(B) Interspike interval distributions. ISI probability distributions for representative neurons from
each monkey (monkey N: channels 7.1 and 16.1; monkey L: channels 5.1 and 6.1). Blue lines show
original data; gray traces show uniform dithering surrogates (dark gray: mean; light gray: variability
across 500 iterations). Vertical dashed orange lines mark 5 ms bin size. Original data show structured
ISI distributions with characteristic peaks, while surrogates exhibit more exponential decay patterns
typical of Poisson processes. (C) Population-level statistics. Left: CV2 distributions across all recorded
neurons, showing original data regularity. Right: minimum ISI (dead time) values for individual neu-
rons. Vertical dashed orange lines indicate spike sorting dead-time thresholds (1.27 ms for monkey N,
1.6 ms for monkey L). Uniform dithering creates ISI values below these biological constraints, violating
the dead-time properties of the original data.
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Subsequent analysis frequently requires further reduction to binary sequences as
outlined for SPADE methodology, where bin contents become 1 for bins containing
one or more spikes through a process termed "clipping" and 0 for empty bins. This
binarization step transforms continuous spike count data into discrete binary repre-
sentations that simplify pattern detection algorithms while potentially introducing
systematic biases that could affect statistical outcomes. The combination of binning
and clipping, collectively referred to as binarization, represents a crucial preprocess-
ing stage that can significantly impact the validity of subsequent analyses.

The importance of understanding binarization effects extends beyond methodologi-
cal considerations to fundamental questions about pattern detection reliability. Sys-
tematic differences in spike counts between original and surrogate data can create
artificial significance patterns that masquerade as genuine neural coordination, lead-
ing to false positive results that compromise scientific conclusions, a critical concern
in neural pattern analysis (Griin, 2009).

1.3.2.2 Systematic Spike Count Reduction

Our systematic examination reveals that specific neurons display substantially re-
duced total spike counts in uniform dithering surrogate data relative to original
recordings, creating systematic disparities that fundamentally compromise the null
hypothesis framework. This reduction occurs despite uniform dithering not directly
removing spikes from the data, indicating that the interaction between spike reposi-
tioning and binarization creates emergent effects that exceed the sum of their indi-
vidual contributions.

Spike count reduction correlates positively with neuron firing rates, generating sys-
tematic disparities between original and surrogate data that become increasingly pro-
nounced as firing rates increase. This rate-dependent relationship suggests that the
mechanisms underlying spike count reduction involve the statistical properties of
spike timing rather than simple algorithmic artifacts, with higher firing rates creat-
ing conditions that exacerbate the effects of temporal repositioning on subsequent
binarization outcomes.

Our comprehensive analysis of datasets from two distinct monkeys reveals spike
count disparities reaching 10% between uniform dithering surrogates and original
data, causing systematic pattern significance overestimation as illustrated in Figure
1.5A. These substantial count differences create fundamental problems for statisti-
cal inference because they reduce expected pattern counts in surrogate data rela-
tive to original recordings, thereby lowering the statistical threshold for significance
and increasing the likelihood of false positive results. The magnitude of these dis-
parities proves particularly concerning given their systematic nature, which creates
predictable biases rather than random variations that might be averaged out across
analyses.
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1.3.2.3 Mechanisms Driving Spike Count Reduction

The investigation of mechanisms driving spike count reduction requires careful ex-
amination of how uniform dithering alterations influence interspike interval (ISI)
statistics relative to original spike trains. The key insight is that uniform dithering
procedures do not directly remove spikes from the data, making spike elimination an
emergent property of the interaction between repositioning and binarization rather
than a direct algorithmic consequence.

Understanding this phenomenon requires examining the statistical transformation of
ISI distributions under uniform dithering and its subsequent impact on the probabil-
ity of multiple spikes occupying the same temporal bin. The fundamental mechanism
involves the conversion of regular ISI patterns into more random distributions that
increase the likelihood of brief intervals, thereby creating conditions where multiple
spikes are more likely to fall within the same bin and be reduced to a single spike
through the clipping process.

Our experimental data analysis reveals characteristic patterns that illuminate this
mechanism. Original data ISI distributions consistently display peaks at specific
time windows, indicating enhanced regularity that reflects the underlying neural
dynamics and refractory properties (Berry and Meister, 1998). These peaks represent
preferred ISI values that arise from the interaction between intrinsic neural properties
and network dynamics (Softky and Koch, 1993), creating temporal structure that
extends beyond simple refractory constraints.

In contrast, surrogate data ISI distributions decay exponentially and populate brief
ISI regions more densely than their original counterparts, reflecting the transforma-
tion of structured temporal patterns into more random arrangements. This trans-
formation increases the probability of brief intervals because uniform reposition-
ing eliminates the natural temporal spacing constraints that normally prevent spikes
from clustering together. When spikes are randomly repositioned without regard
to their original ISI structure, the protective mechanisms that maintain appropriate
inter-spike distances are disrupted, leading to increased clustering and subsequent
spike loss during binning. The result is a redistribution of ISI probabilities that fa-
vors shorter intervals and increases the likelihood of multiple spikes occurring within
individual bins.

The regularity characteristics of experimental data receive confirmation through CV2
measurements, which quantify local firing regularity by comparing consecutive inter-
spike interval variability while accounting for non-stationary firing rates (Holt et al.,
1996). These measurements show distributions concentrating beneath 1.0, indicating
firing patterns that are more regular than expected from Poisson processes. Mini-
mum ISI distributions for individual neurons reveal dead-times of 1.27 ms for mon-
key N and 1.6 ms for monkey L, values that correspond to constraints imposed by
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Figure 1.6: Spike count reduction mechanisms during binarization. (A) Illustration of binarization
effects. Schematic showing how uniform dithering affects spike counts during temporal discretization.
Top: original regularly-spaced spike train maintains consistent interspike intervals. Middle: uniform
dithering redistributes spike times, causing multiple spikes to fall within the same temporal bins (5
ms). Bottom: binarization (clipping) reduces multiple spikes per bin to single events, resulting in
spike count loss. The regular firing pattern (top) experiences less spike loss than the dithered version
(bottom) due to its temporal structure. (B) Theoretical predictions of spike count reduction. Spike
count reduction (1~ N;p /N, where N, = clipped counts, N = original counts) following 5 ms binning
for two process types. Left panel: PPD processes with varying dead-times (d = 1.5, 2.0, 2.5, 3.0 ms,
grayscale). Right panel: Gamma processes with different shape factors (y = 1,1.5,2,2.5, grayscale).
Solid curves show original processes; dashed curves show uniform dithering surrogates. Higher firing
rates increase spike loss, with UD surrogates showing greater attenuation than original processes. (C)
Empirical validation using synthetic data. Spike count reduction measured from synthetic spike trains
across six surrogate methods (color-coded) for firing rates from 10-100 Hz (10 Hz increments). Each
spike train contained 10,000 expected spikes regardless of rate. Results confirm theoretical predictions,
with uniform dithering showing the highest spike count reduction, particularly at elevated firing rates.
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spike sorting algorithms for resolving overlapping spikes in the experimental setup
(Brochier et al., 2018).

Importantly, surrogate data ISI distributions exhibit time windows briefer than these
experimental minima, confirming that dithering procedures produce briefer ISIs in
uniform dithering surrogates than in original data as shown in Figure 1.5B,C. This
violation of biological constraints represents a fundamental flaw in the null hypoth-
esis generated by uniform dithering, as it creates spike patterns that could not occur
in the original data due to physical limitations of the recording process.

1.3.2.4 Model-Specific Spike Count Behaviors

Our comprehensive spike count reduction analysis across all surrogate types applied
to three distinct spike train models reveals that elevated firing rates consistently gen-
erate enhanced spike elimination, though the extent of reduction varies significantly
among data models and surrogate methods. This systematic variation provides in-
sights into the mechanisms underlying spike count reduction and their dependence
on the statistical properties of the underlying spike generation processes.

The analysis of Poisson processes exhibits spike count elimination that increases with
firing rates across all surrogate methods, reaching elimination rates of 20% at max-
imum firing rates of 100 Hz. This relationship reflects the fundamental statistical
properties of Poisson processes, where the probability of multiple spikes occurring
within a given time window increases with firing rate. Notably, only JISI-D, ISI-D,
and UDD exhibit marginally reduced overall elimination relative to other techniques,
reflecting their design constraints that limit repositioning to intervals between adja-
cent spikes.

The analysis of PPD processes reveals considerably reduced spike elimination rela-
tive to alternative models, with the notable exception of uniform dithering which dis-
plays enhanced elimination despite the dead-time constraints. This exception reflects
the ISI distribution observations where uniform dithering relocates many spikes into
time windows up to 5 ms in duration, precisely matching the bin widths used in our
analysis and creating artificial clustering that violates the dead-time constraints of
the original process.

The reduced elimination in PPD processes occurs because strict dead-time constraints
prevent the formation of brief ISI intervals that would lead to multiple spikes within
single bins. When dead-time duration approaches bin sizes, the occurrence of two
spikes dithering into identical bins becomes increasingly improbable, thereby reduc-
ing spike elimination during the binarization process. This protective effect demon-
strates the importance of preserving biological constraints during surrogate genera-
tion.
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Gamma process analysis reveals spike elimination levels that surpass PPD levels
but remain substantially below Poisson levels, reflecting the intermediate regularity
characteristics of these processes. Uniform dithering exhibits maximum elimination
whereas JISI-D and ISI-D show minimal elimination, consistent with their design em-
phasis on preserving ISI structure. Window shuffling maintains original spike counts
by design, eliminating this source of bias entirely, whereas trial shifting displays neg-
ligible count differences as illustrated in Figure 1.6C.

1.3.2.5 Significance Evaluation Consequences
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Figure 1.7: Binarization-induced bias in pattern significance testing. Comparison of p-value dis-
tributions for triplet spike patterns using uniform dithering (UD, upper panel) versus trial shifting
(TR-SHIFT, lower panel) as surrogate methods. Heat maps show significance levels across pattern oc-
currence counts (x-axis) and temporal durations in bins (y-axis), with 5 ms bin size. Color scale ranges
from dark blue (highly significant, low p-values) to light blue (not significant, high p-values). Data rep-
resent 20 independent analyses of stationary PPD spike trains (1 = 20 parallel trains, 2-second duration,
60 Hz firing rate, 1.6 ms dead-time). Surrogate distributions were generated using 5000 iterations with
A =25 ms dither width; TR-SHIFT additionally used 100 ms trial segments. Blue horizontal lines mark
the & = 0.05 significance threshold; orange lines show multiple testing corrected thresholds. Patterns to
the right of these lines are considered significant. Key finding: UD requires fewer pattern occurrences
for significance compared to TR-SHIFT (note leftward shift of significance boundaries), demonstrating
systematic bias due to spike count reduction during binarization. This bias leads to inflated significance
levels and increased false positive rates when using UD with regular firing patterns.

Having established the occurrence and mechanisms of spike count elimination through
uniform dithering binarization, we now demonstrate how this elimination system-
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atically reduces expected pattern counts in surrogate data, thereby producing false
positive results that compromise the statistical validity of pattern detection analyses.

Our analysis employs 20 repetitions of p-value spectrum generation using datasets
with 20 independent, stationary PPD spike trains, averaging results across uniform
dithering and trial shifting comparisons to eliminate random variation and focus on
systematic effects. The p-value spectrum analysis reveals characteristic transitions
from elevated p-values at low occurrence counts to reduced p-values at higher oc-
currences, reflecting the fundamental relationship between pattern frequency and
statistical significance in the SPADE framework.

The critical finding is that trial shifting requires approximately two additional pattern
occurrences relative to uniform dithering for equivalent significance classification,
representing a substantial shift in the statistical threshold that affects the interpre-
tation of experimental results. For patterns with 4-bin durations, uniform dithering
requires only 25 occurrences for significance classification versus 28 for trial shift-
ing, a difference that translates into increased false positive rates for experimental
analyses employing uniform dithering.

This systematic difference arises because surrogate-induced spike elimination re-
duces expected pattern counts in surrogate data relative to original recordings, thereby
lowering the statistical threshold for significance and increasing the likelihood that
chance patterns will be classified as significant. Our analysis of the remaining four
surrogate methods demonstrates behavior that closely resembles trial shifting, sug-
gesting that uniform dithering represents a unique case of systematic bias rather than
a general property of surrogate methods.

The implications extend beyond methodological considerations to fundamental ques-
tions about the reliability of published results that employed uniform dithering for
statistical validation. These findings lead to the conclusion that uniform dithering
inadequately serves spike data featuring hard dead-times or regular spiking behav-
iors characteristic of motor cortex recordings (Mochizuki et al., 2016). The systematic
bias introduced by spike count reduction renders uniform dithering inappropriate for
many experimental applications, necessitating the adoption of alternative methods
that preserve spike counts or the development of correction procedures that account
for systematic biases.

1.3.3 Surrogate Technique Performance on Non-Stationary Data
1.3.3.1 Experimental Framework and Motivation

Building upon our comprehensive analysis of stationary synthetic data, we now ad-
vance to examine the surrogate method performance under the more realistic condi-
tions of non-stationary neural activity. This extension addresses a fundamental gap
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between controlled theoretical evaluation and the complex temporal dynamics char-
acteristic of actual experimental recordings, where firing rates fluctuate dramatically
across behavioral epochs and experimental conditions.

The experimental datasets underlying our synthetic data generation comprise two
comprehensive sets of recordings from approximately 100 parallel spike trains ob-
tained from macaque monkey motor and pre-motor cortex during performance of
a reach-to-grasp task (Riehle et al., 2013). These recordings capture the rich tempo-
ral dynamics of cortical activity during skilled motor behavior, including periods of
low baseline activity during start and cue epochs, rapid rate increases during move-
ment preparation in delay periods, and sustained elevated activity during movement
execution. The behavioral paradigm provides a naturalistic context for evaluating
surrogate performance across diverse neural states and temporal dynamics.

We apply our six surrogate methods to synthetic datasets produced from these two
experimental sessions to systematically study surrogate method impacts on false pos-
itive occurrence rates under non-stationary conditions. This approach allows us to
maintain controlled conditions for definitive false positive assessment while incorpo-
rating the temporal complexity that defines real neural data. The analysis presented
here employs updated analytical code that offers more accurate pattern detection
compared to earlier implementations, resulting in revised false positive estimates
relative to those reported in Stella et al. (2022).

We employ two distinct non-stationary point processes to model the diverse char-
acteristics observed in experimental data. PPD models (Section 1.2.4.3) accurately
replicate dead-time effects that arise from spike sorting artifacts and genuine refrac-
tory periods, while Gamma processes enable precise modeling of CV2 characteristics
that capture the distribution of firing regularity observed across the recorded popula-
tion. This dual approach ensures comprehensive coverage of the statistical properties
that influence surrogate method performance under realistic conditions.

Using these modeling frameworks, our approach incorporates firing rate modifica-
tions by producing synthetic spike trains that precisely match the firing rate profiles
of experimental data while maintaining controlled null hypothesis conditions. This
methodology enables systematic evaluation of surrogate performance under realistic
temporal dynamics while preserving the ability to definitively identify false positive
results. The generated data successfully replicate both individual neuron and popu-
lation response properties from experimental recordings, ensuring that our synthetic
evaluation reflects the statistical challenges encountered in real experimental analy-
ses.

1.3.3.2 Synthetic Data Validation and Characteristics

Before presenting our analysis of surrogate performance on non-stationary data, we
conduct thorough validation to confirm that our synthetic datasets accurately capture
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Figure 1.8: Synthetic data validation and false positive assessment for surrogate methods. (A)
Synthetic data validation. Comparison of synthetic data models with experimental recordings to verify
model fidelity. Data are shown for experimental data (blue), PPD synthetic data (orange), and Gamma
process synthetic data (green). From left to right: firing rate profile for a representative neuron (session
1140703-001, movement epoch, PGHF condition, electrode 21, unit 1) showing smoothed average firing
rate computed across 500 ms epochs and multiple trials; interspike interval (ISI) distribution for the
same neuron; coefficient of variation (CV2) values averaged across all neurons in the recording session,
with lower values indicating more regular firing; minimum ISI measurements representing dead-time
estimates for all neurons in the dataset. (B) False positive rates across surrogate methods. Number of
false positive patterns detected by each surrogate method (color-coded along x-axis) averaged across 48
datasets (2 sessions x 6 epochs x 4 conditions). Left panel shows results for PPD synthetic data; right
panel shows Gamma synthetic data results. Numbers above bars indicate total false positives detected
across all 48 datasets. Most methods show approximately one false positive per dataset, while uniform
dithering (UD) shows substantially higher false positive rates, confirming its systematic bias identified

in controlled analyses.
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the essential characteristics of experimental recordings. This validation proves crucial
for ensuring that our conclusions regarding surrogate performance will generalize
to real experimental applications, where similar temporal dynamics and statistical
properties determine method effectiveness.

We focus our validation on movement epoch datasets, where neurons consistently ex-
hibit high firing rates across all trial types. These epochs provide the most stringent
test of synthetic data fidelity due to their maximum firing rate modifications. Fig-
ure 1.8A presents comprehensive comparisons of characteristics across experimental
(blue), PPD (orange), and Gamma process (green) data, revealing both the successes
and limitations of our synthetic modeling approach.

Our synthetic data demonstrate excellent preservation of firing rate dynamics, closely
matching the temporal patterns of experimental recordings. This successful replica-
tion occurs precisely as expected given our construction methodology, which explic-
itly targets rate profile matching through thinning algorithms and continuous rate
variation simulation. The preserved rate dynamics ensure that our synthetic eval-
uation captures the essential temporal structure influencing surrogate performance,
particularly the rapid rate transitions that challenge surrogate methods most severely.

Individual unit ISI properties show strong correspondence between synthetic and
experimental data, with systematic differences that align with our modeling design
choices. Both PPD and Gamma processes incorporate brief ISIs absent in experi-
mental recordings due to dead-time constraints and spike sorting limitations. This
difference reflects our deliberate modeling approach: while PPD models explicitly
incorporate dead-time effects, Gamma processes prioritize CV2 matching over abso-
lute refractory period enforcement. The overall ISI structure preservation validates
our modeling framework while highlighting the specific trade-offs inherent in each
approach.

CV2 distributions demonstrate that our synthetic data successfully approximate ex-
perimental firing regularity patterns, though with expected compression of the ex-
treme ranges. The synthetic data approach experimental means despite broader ex-
perimental distributions that include neurons with particularly low CV2 values. This
compression occurs as anticipated given our modeling constraints, which cannot cap-
ture the full diversity of firing patterns in the experimental population. Nevertheless,
our synthetic data span the CV2 range most critical for surrogate evaluation, provid-
ing comprehensive coverage for analytical purposes. The use of CV2 proves partic-
ularly appropriate here, as it provides local firing regularity measures that remain
valid under non-stationary conditions, unlike traditional coefficients of variation that
assume rate stationarity (Holt et al., 1996).

Dead-time characteristics exhibit the expected high fidelity between experimental
and PPD data, with both showing characteristic 1.6 ms dead-times reflecting spike
sorting constraints. This precise matching validates our PPD implementation and
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confirms successful replication of refractory period effects. In contrast, Gamma pro-
cesses permit near-zero inter-spike intervals by design, highlighting the fundamental
difference between modeling approaches and their respective optimization targets.

These validation results confirm that our synthetic data successfully capture the es-
sential experimental characteristics while maintaining the controlled conditions nec-
essary for definitive false positive assessment. The observed matches and systematic
differences align precisely with our construction methodology: rate profiles are pre-
served by design, ISI and CV2 properties reflect our modeling priorities, and dead-
time effects demonstrate the specific strengths of each approach. This systematic
validation establishes that our synthetic evaluation framework provides meaningful
insights into surrogate performance under realistic experimental conditions.

1.3.3.3 False Positive Analysis Using Non-Stationary Conditions

Our systematic analysis of false positive occurrence under non-stationary conditions
employs synthetic data generated from independent processes by design, ensuring
that all observed spike patterns represent chance occurrences qualifying as definitive
false positives. This controlled framework offers unambiguous criteria for evaluating
surrogate method performance, eliminating the interpretive ambiguities that compli-
cate experimental data analysis.

We conduct comprehensive SPADE analysis using all datasets separately, with each
surrogate method applied using standardized parameters that ensure fair compari-
son across methods. These parameters include 5-ms bin sizes that balance temporal
precision with adequate spike counts, 60-ms maximum pattern durations that span
the range of biologically relevant coordination timescales, « = 0.05 significance levels
that match conventional statistical criteria, 5000 surrogate iterations that provide ro-
bust statistical estimation, and A = 25 ms dither specifications that represent typical
values used in experimental applications.

Overall False Positive Rates The results reveal dramatic differentiation between
uniform dithering and all other surrogate methods, with uniform dithering produc-
ing substantially more false positives than any alternative approach. Specifically, uni-
form dithering generates 707 false positives for PPD processes and 1124 for Gamma
processes across 96 datasets, representing error rates that far exceed acceptable lev-
els for scientific analysis. These elevated false positive rates confirm our predictions
based on spike count reduction analysis, revealing that the systematic biases ob-
served in controlled conditions translate into severe practical problems under realis-
tic experimental conditions.

In stark contrast, alternative surrogate methods generate substantially fewer false
positives. UDD produces 4 false positives for PPD processes and 318 for Gamma
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processes, representing a dramatic improvement over uniform dithering while still
showing elevated rates for Gamma data. The most conservative methods exhibit
excellent performance, with JISI-D producing 8 false positives for both PPD and
Gamma processes, ISI-D generating 7 false positives for PPD and 14 for Gamma
processes, and TR-SHIFT producing 11 false positives for PPD and 9 for Gamma
processes. WIN-SHUFF maintains consistent performance with 9 false positives for
PPD and 10 for Gamma processes.

Family-Wise Error Rate Analysis in the Context of SPADE’s Built-in FDR Control
The analysis of family-wise error rates (FWER) provides crucial insights into the prac-
tical implications of different surrogate methods for experimental applications, with
particular significance given that SPADE already incorporates Benjamini-Hochberg
FDR correction as an integral component of its statistical testing framework. It is
essential to recognize that all false positive rates reported here represent patterns
that have already undergone FDR correction within the SPADE algorithm, making
the observed systematic biases in uniform dithering particularly concerning from a
methodological perspective.

SPADE's statistical testing procedure applies the Benjamini-Hochberg method to
control false discovery rates across all pattern signatures {z,c,d} identified in each
dataset, with the expectation that this correction will maintain false positive rates
at acceptable levels regardless of the number of patterns tested. The fact that uni-
form dithering produces false positives at rates approaching or exceeding 90% of
datasets (FWER: 0.917 for PPD, 0.958 for Gamma) despite this built-in FDR control
reveals that the systematic bias introduced by uniform dithering is so severe that
it overwhelms the multiple comparison correction mechanism. This extraordinarily
high family-wise error rate confirms that uniform dithering should be completely
avoided for realistic neural data analysis, as it fails to provide valid statistical control
even when subjected to appropriate multiple comparison correction procedures.

The fundamental problem with uniform dithering lies in its violation of the basic
assumptions underlying the Benjamini-Hochberg procedure. FDR control methods
assume that the null hypothesis testing framework provides valid p-values as input,
with the expectation that under true null conditions, p-values will be uniformly dis-
tributed. The systematic bias in uniform dithering distorts this p-value distribution,
leading to an excess of small p-values that are incorrectly interpreted as significant
patterns even after FDR correction. This represents a fundamental failure of the
surrogate method rather than a limitation of the multiple comparison correction ap-
proach.

The conservative methods — including JISI-D, ISI-D, TR-SHIFT, and WIN-SHUFF —
exhibit consistently reliable performance across both process types, establishing the
valid statistical foundation necessary for SPADE’s built-in FDR control to function
effectively. JISI-D shows identical performance across process types (8 false positives
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each, FWER 0.125), ensuring robust statistical control that enables the Benjamini-
Hochberg procedure to function as intended. ISI-D shows slightly elevated false
positive rates for Gamma processes (7 vs. 14 false positives, FWER 0.125 vs. 0.188)
but maintains acceptable error control within bounds that preserve FDR correction
validity. TR-SHIFT achieves excellent and consistent performance (11 vs. 9 false pos-
itives, FWER 0.167 vs. 0.104), while WIN-SHUFF shows stable performance across
process types (9 vs. 10 false positives, FWER 0.167 vs. 0.146).

The total false positive counts for conservative methods range from 7-14 patterns
across 96 datasets, representing error rates consistent with chance expectations given
our significance criteria (¢ = 0.05). This confirms that SPADE'’s built-in Benjamini-
Hochberg correction functions appropriately when provided with valid surrogate
data. These methods demonstrate that proper surrogate design enables SPADE’s sta-
tistical testing framework to achieve reliable false discovery rate control regardless
of the underlying regularity characteristics of neural data. The observed FWER val-
ues for conservative methods (0.104-0.188) confirm that these approaches provide the
statistical validity necessary for SPADE’s multiple comparison correction procedures
to function effectively.

1.3.3.4 Method-Specific Performance Analysis and Underlying Mechanisms

Building upon the overall false positive assessment, we now examine the specific per-
formance characteristics of individual surrogate methods to understand the mecha-
nistic basis for their differential effectiveness. This analysis reveals fundamental in-
sights about surrogate design principles and their relationship to different types of
neural data characteristics.

Uniform Dithering: Systematic Failure Across Conditions Uniform dithering rep-
resents a uniquely problematic approach that systematically violates statistical as-
sumptions, producing false positives in over 90% of analyzed datasets. The consistent
failure across both PPD and Gamma data types reveals that the fundamental flaws
in uniform dithering transcend specific data characteristics and reflect core algorith-
mic limitations that cannot be addressed through parameter adjustment or selective
application.

UDD: Process-Dependent Performance and Design Limitations UDD exhibits pro-
cess-dependent performance that reveals important insights about surrogate method
design. For PPD data, UDD achieves excellent false positive control with only 4 false
positives across 96 datasets and an FWER of 0.083, suggesting that preserving dead-
time constraints offers effective bias control when analyzing data with explicit re-
fractory periods. However, for Gamma data, UDD shows substantially elevated false
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positive rates (318 false positives, FWER 0.583), indicating systematic bias when ap-
plied to neurons with intermediate regularity characteristics that lack explicit dead-
time constraints but possess other forms of temporal structure.

This dramatic performance difference reveals a fundamental limitation of the UDD
approach: it provides effective bias control only when applied to spike trains that
genuinely possess hard dead-time constraints, as in the PPD model. For Gamma
processes, which achieve regularity through shape parameter modulation rather than
absolute refractory periods, the dead-time preservation mechanism of UDD becomes
irrelevant and fails to address the underlying statistical biases that affect uniform
dithering. The method’s inability to handle non-dead-time-based regularity explains
why UDD performance on Gamma data remains much closer to standard uniform
dithering than to truly conservative methods.

Conservative Methods: Robust Performance Across Data Types The conservative
methods establish that proper surrogate design can yield valid statistical frameworks
for pattern detection, with false positive rates that remain within expected bounds
given standard significance criteria. The modest variations in performance across
process types for some methods (ISI-D, TR-SHIFT) remain within acceptable limits
while highlighting the importance of method selection based on dataset character-
istics. The consistency of performance across diverse data types suggests that these
methods achieve effective bias control through comprehensive preservation of statis-
tical properties rather than reliance on specific features that may not be universally
relevant.

1.3.3.5 Neuronal Characteristics Associated with False Positive Susceptibility

Having established the differential performance of surrogate methods across syn-
thetic data types, we now examine the specific neuronal characteristics that pre-
dispose individual units to false positive pattern detection. This analysis provides
practical guidance for identifying neurons and experimental conditions that require
particular attention to surrogate method selection.

Firing Regularity Characteristics Analysis of the neuronal properties contributing
to false positive patterns yields critical insights into conditions that predispose neu-
rons to systematic bias in pattern detection algorithms. The examination of firing
regularity characteristics shows that neurons involved in false positive patterns for
PPD data exhibit CV2 values mostly in the range of 0.8 to 1.0, while those in Gamma
data show CV2 values primarily in the range of 0.5 to 0.8. The use of CV2 rather than
traditional coefficient of variation is essential for non-stationary data analysis, as CV2
offers a local measure of spike train regularity that remains valid under time-varying
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Figure 1.9: Neuronal characteristics associated with false positive pattern detection. Analysis of
firing properties for neurons contributing to false positive patterns in synthetic data across different
surrogate methods. (A) PPD firing rate analysis. Distribution of mean firing rates for neurons in-
volved in false positive patterns compared to the complete neuronal population in PPD synthetic data.
(B) Gamma firing rate analysis. Distribution of mean firing rates for neurons in Gamma synthetic data.
(C) PPD regularity analysis. Coefficient of variation (CV2) distributions for neurons in PPD synthetic
data. (D) Gamma regularity analysis. CV2 distributions for neurons in Gamma synthetic data. Data
are organized by monkey (N: upper row, L: lower row) and behavioral epoch (vertical arrangement,
inverted axis). Within each epoch, experimental conditions are arranged horizontally as PGHF, PGLE,
SGHEF, SGLF. Neurons are color-coded by their pattern of false positive involvement: blue circles indi-
cate neurons in false positives detected by all surrogate methods (highest visibility); red circles indicate
neurons contributing to false positives in other surrogate combinations; green circles represent neurons
involved in both UD and UDD false positives only; orange circles show neurons specific to uniform
dithering (UD) false positives. Gray circles show firing rates for neurons not involved in any false
positive patterns. Lower CV2 values indicate more regular firing patterns, while higher values indicate

more irregular firing.
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rate conditions (Holt et al., 1996). This local measurement approach enables accurate
characterization of firing regularity even when neurons exhibit dramatic rate changes
across behavioral epochs, as commonly observed in motor cortical recordings.

Importantly, these CV2 ranges fall within normal physiological parameters observed
in motor cortical neurons, indicating that false positive susceptibility does not de-
pend on aberrant firing regularity but rather reflects systematic algorithmic bias af-
fecting neurons with typical firing characteristics. The concentration of false positive
patterns within these CV2 ranges suggests that the biases introduced by inappropri-
ate surrogate methods are most pronounced for neurons with intermediate regularity
characteristics, which represent a substantial proportion of the motor cortical popu-
lation.

Firing Rate Dependencies and Motor Cortical Context More striking than reg-
ularity characteristics is the pronounced concentration of false positive patterns in
neurons with elevated firing rates, typically ranging from 30 to 70 Hz. This firing
rate range is particularly significant in the context of reach-to-grasp behaviors in
macaque motor and pre-motor cortex, where such elevated rates commonly occur
during active movement execution and represent peak activity levels associated with
motor command generation and control (Churchland et al., 2012). These high firing
rates reflect the intense neural activity required for precise motor coordination dur-
ing skilled grasping movements, making them prevalent in experimental recordings
from motor cortical areas.

The concentration of false positive patterns specifically in neurons operating at these
peak physiological firing rates has important implications for experimental interpre-
tation. Since elevated firing rates represent the conditions most relevant for under-
standing motor cortical function during active behavior, the systematic bias affecting
high-rate neurons could lead to substantial overestimation of coordination patterns
precisely when they are most behaviorally relevant. This finding underscores the
critical importance of appropriate surrogate method selection for studies of motor
cortical coordination during active movement phases.

These results align closely with our expectations based on spike count reduction
analysis, confirming that the systematic biases observed in controlled stationary con-
ditions translate predictably into false positive behavior under more realistic non-
stationary conditions. The dramatic differences in false positive rates between uni-
form dithering and other methods reveal that the problems with uniform dither-
ing represent specific methodological flaws rather than inherent limitations of surro-
gate approaches. The consistency of conservative performance across JISI-D, ISI-D,
TR-SHIFT, and WIN-SHUFF establishes confidence in properly implemented surro-
gate techniques when appropriate statistical controls are maintained. Critically, these
methods enable SPADE’s built-in Benjamini-Hochberg FDR correction to function as
intended, establishing the valid statistical foundation necessary for reliable pattern
detection in high-dimensional neural data analysis.
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1.3.4 Experimental Data Applications
1.3.4.1 Real-World Performance Assessment Framework

Our final and most crucial analysis applies SPADE with all six surrogate methods
to experimental data sessions, examining significance testing differences that result
from surrogate method applications in the absence of known ground truth regarding
pattern presence and occurrence counts. This analysis represents the ultimate test
of surrogate method performance in realistic neuroscience applications, where the
complex interactions between neural dynamics, recording procedures, and analytical
methods determine the validity of scientific conclusions.

The experimental data analysis differs fundamentally from our synthetic data stud-
ies because it lacks definitive criteria for distinguishing genuine neural coordina-
tion from chance coincidences. This absence of ground truth creates interpretive
challenges that require careful consideration of converging evidence from multiple
analytical approaches. However, it also provides the most realistic assessment of
method performance under the conditions actually encountered in experimental neu-
roscience, where researchers must make inferences about neural coordination based
on statistical criteria rather than known truth.

We present results displaying significant pattern counts for each behavioral epoch
and trial-type, with data presented separately for each monkey due to substantial dif-
ferences in neural characteristics that may influence surrogate method performance.
This separation allows examination of how individual differences in neural charac-
teristics might influence pattern detection across methods, providing insights into
the extent to which conclusions about neural coordination may depend on both the
analytical approach and the specific characteristics of the recorded population.

1.3.4.2 Overall Pattern Detection Results and Method Comparisons

The comprehensive analysis of pattern counts across all experimental conditions re-
veals dramatic method-dependent differences that confirm our predictions based on
synthetic data analysis while providing new insights into the magnitude of these ef-
fects under realistic experimental conditions (Figure 2.10). The results demonstrate
that surrogate method choice profoundly influences conclusions about neural coor-
dination, with implications that extend far beyond methodological considerations to
fundamental questions about the nature of cortical processing.

Quantitative Summary of Pattern Detection For monkey N (session i140703-001),
uniform dithering detected 539 total patterns with dramatic elevation across all
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Figure 1.10: Pattern detection results from experimental data analysis. SPADE analysis results for
two experimental sessions: monkey N (session i140703-001, top row) and monkey L (session 1101210-
001, bottom row). Bar plots show the number of statistically significant patterns detected in each
behavioral epoch (start, cue, early-delay, late-delay, movement, and hold) across different experimental
conditions. Colors indicate grip type and force combinations: precision grip with low force (PGLEF),
precision grip with high force (PGHF), side grip with low force (SGLF), and side grip with high force
(SGHF). Each column represents results from a different surrogate method. Note that uniform dithering
(UD, first column) uses a different y-axis scale due to substantially higher pattern counts compared to
other methods.
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epochs, while the conservative methods showed substantially lower counts. UDD de-
tected 17 total patterns concentrated in start, late-delay, movement, and hold epochs.
The highly conservative JISI-D method detected only 3 patterns across start, late-
delay, and movement epochs, while ISI-D found 5 patterns distributed across start,
late-delay, movement, and hold epochs. TR-SHIFT proved most conservative with
only 3 patterns detected exclusively during movement epochs, and WIN-SHUFF
identified 4 patterns across start and movement epochs.

For monkey L (session 1101210-001), uniform dithering again showed dramatically
elevated detection with 654 total patterns across most epochs. UDD detected 8 pat-
terns concentrated solely in movement epochs, while JISI-D found 3 patterns highly
localized to movement epochs only. ISI-D detected 7 patterns exclusively during
movement epochs, TR-SHIFT maintained its conservative profile with only 2 patterns
during movement, and WIN-SHUFF detected no significant patterns whatsoever in
this animal.

False Discovery Rate Considerations The dramatic elevation of UD pattern counts
relative to other methods raises critical questions about false discovery rates and the
appropriateness of different null hypotheses. With significance thresholds of « = 0.05,
we would expect approximately 5% of tested pattern signatures to achieve signifi-
cance by chance alone. The fact that UD detects 180-327 times more patterns than
the most conservative methods (TR-SHIFT and JISI-D) strongly suggests systematic
bias rather than enhanced sensitivity to genuine patterns.

Our synthetic data analysis demonstrated that UD produces false positive rates of
707-1124 patterns across 96 datasets (approximately 7.4-11.7 patterns per dataset),
while other conservative methods produced 7-14 false positives total (approximately
0.07-0.15 patterns per dataset). The experimental data show similar relative magni-
tudes, with UD detecting approximately 22-27 patterns per dataset (539/24 ~ 22 for
monkey N, 654/24 ~ 27 for monkey L) while conservative methods detect 0.08-0.29
patterns per dataset. This concordance between synthetic and experimental results
provides strong evidence that the vast majority of UD-detected patterns represent
false positives.

1.3.4.3 Temporal and Behavioral Specificity of Pattern Detection

Epoch-Specific Analysis for Conservative Methods Excluding UD due to its demon-
strated systematic bias, the analysis of conservative surrogate methods reveals ex-
tremely sparse pattern detection across experimental conditions. The small number
of patterns detected by each method limits the scope for detailed interpretation, but
several basic observations can be made regarding their temporal and behavioral dis-
tribution.
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Monkey N Coordination Patterns: Conservative methods detected between 3 and
5 patterns total, with the majority occurring during movement epochs. JISI-D iden-
tified 3 patterns distributed across start (SGHF), late-delay (PGHF), and movement
(SGLF) epochs, while ISI-D detected 5 patterns spanning start (SGHF), late-delay
(PGHF), movement (PGHF, SGLF), and hold (PGHF) epochs. TR-SHIFT detected
3 patterns exclusively during movement, specifically 2 PGHF and 1 SGLF patterns.
UDD showed broader temporal distribution with patterns occurring across start, late-
delay, movement, and hold epochs, though the total count remained relatively low
at 17 patterns. WIN-SHUFF detected 4 patterns distributed across start and move-
ment epochs. While the concentration during movement epochs appears notable,
the small sample sizes preclude drawing strong conclusions about condition-specific
coordination requirements.

Monkey L Coordination Patterns: Monkey L demonstrated even sparser pattern
detection, with conservative methods detecting between 0 and 8 patterns total, con-
centrated exclusively in movement epochs. JISI-D detected 3 patterns during move-
ment, all occurring in SGHF conditions, while ISI-D detected 7 patterns during move-
ment comprising 3 SGHF and 4 SGLF patterns. TR-SHIFT detected 2 patterns during
movement, both occurring in SGHF conditions. UDD showed patterns only in move-
ment epochs, specifically 5 SGHF and 3 SGLF patterns. WIN-SHUFF detected no
patterns whatsoever in monkey L, creating a striking contrast with the few patterns
detected in monkey N.

Behavioral Context Dependencies Given the extremely small number of patterns
detected by conservative methods (2-8 per method per monkey), detailed analysis of
behavioral dependencies would be inappropriate and potentially misleading. The ap-
parent concentration of patterns during movement epochs appears consistent across
both animals, suggesting this may represent the most detectable coordination activ-
ity, though the sparse detection overall indicates either highly selective coordination
mechanisms or limitations in current detection sensitivity.

1.3.4.4 Critical Evaluation of Null Hypothesis Assumptions

Strictness of the Independence Assumption The low pattern counts detected by
conservative surrogate methods raise important questions about whether the null
hypothesis of spike train independence given firing rate modulations may be overly
restrictive for detecting biologically relevant coordination patterns. Our analysis re-
veals that significant patterns occur almost exclusively during high firing rate epochs
(movement) and primarily in neurons with elevated baseline firing rates, suggest-
ing that current methods may have limited sensitivity for detecting coordination at
moderate firing rates.
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This limitation has several potential explanations. First, the temporal precision re-
quired for pattern detection (5 ms bins) may be too strict for coordination mech-
anisms operating at slightly broader timescales. Second, the minimum occurrence
thresholds (10 occurrences across trials) may be too stringent for detecting coordina-
tion patterns that occur less frequently but remain biologically meaningful. Third, the
null hypothesis assumption of complete independence may not adequately account
for loose temporal relationships that preserve some coordination while disrupting
precise synchrony.

Firing Rate Dependencies and Detection Sensitivity Our experimental results
confirm the synthetic data prediction that pattern detection shows strong dependence
on firing rate characteristics. The concentration of patterns in movement epochs,
which exhibit the highest firing rates, and the rarity of patterns in low-firing-rate
epochs like cue and early-delay, suggests that current methods may be biased to-
ward detecting coordination only under high-activity conditions.

This bias has important implications for understanding cortical processing, as it may
lead to underestimation of coordination during cognitive phases of behavior that
involve more moderate firing rate changes. The development of methods with en-
hanced sensitivity to moderate-rate coordination represents an important direction
for future methodological development.

1.3.4.5 Comparison with Literature and Methodological Implications

Consistency with Previous Findings Our results align with previous literature
demonstrating that surrogate method choice critically influences pattern detection
outcomes. Studies by Louis et al. (2010) reported concerns about uniform dither-
ing producing false positives in regular firing neurons, consistent with our finding
that UD dramatically overestimates pattern significance with family-wise error rates
exceeding 90% in synthetic data. The concentration of patterns in high-firing-rate
neurons and movement epochs also aligns with previous reports of motor cortical
coordination during active movement execution.

Our findings raise important questions about the interpretation of previous studies
that employed uniform dithering, such as Torre et al. (2016), though their use of dif-
ferent pattern detection algorithms (CoCoNAD rather than FIM-based approaches)
may have provided some protection against the systematic biases we identify. The
substantial differences in false positive rates between uniform dithering and conser-
vative methods suggest that some coordination patterns reported in earlier studies
may warrant reexamination using more rigorous surrogate approaches.

However, our finding of very low pattern counts with conservative methods contrasts
with some previous studies that reported more extensive coordination patterns. This
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discrepancy may reflect differences in analytical parameters, recording techniques, or
the specific motor tasks employed. The systematic comparison across multiple sur-
rogate methods, validated against synthetic data showing that conservative methods
maintain acceptable false positive rates (7-14 patterns across 96 datasets), provides
a more rigorous assessment than previous studies that relied primarily on uniform
dithering.

Methodological Recommendations Based on our comprehensive evaluation, we
recommend specific guidelines for surrogate method selection in experimental ap-
plications. For exploratory analyses, researchers should employ TR-SHIFT or JISI-D
methods to minimize false positive rates while maintaining reasonable sensitivity.
These methods provide the most conservative estimates of coordination prevalence
and should be preferred when false positive control represents the primary concern.

For confirmatory analyses, investigators should employ multiple surrogate methods
and require cross-method validation for pattern significance. Patterns detected con-
sistently across TR-SHIFT, ISI-D, and JISI-D methods are most likely to represent
genuine coordination, as the convergence of evidence from independent approaches
strengthens confidence in the biological relevance of detected patterns.

Our results provide compelling evidence that uniform dithering should be avoided
entirely for experimental data containing regular firing patterns or elevated firing
rates, conditions commonly encountered in motor cortical recordings. The systematic
bias demonstrated across both synthetic and experimental data makes UD unsuitable
for reliable pattern detection in realistic neuroscience applications.

Researchers should remain aware that current conservative methods may have lim-
ited sensitivity for detecting coordination at moderate firing rates, though this limi-
tation appears preferable to the systematic overestimation produced by less rigorous
approaches. Future methodological development should focus on enhancing sensi-
tivity while maintaining the stringent false positive control demonstrated by conser-
vative methods.

Implications for Understanding Cortical Coordination Our findings suggest that
genuine neural coordination in motor cortical areas may be sparser than previously
estimated, occurring primarily during active movement execution and involving neu-
rons with elevated firing rates. This pattern is consistent with theories of motor cor-
tical function that emphasize coordination during movement generation rather than
sustained background coordination.

However, the possibility that current methods have limited sensitivity for moderate-
rate coordination suggests that cortical coordination may be more extensive than our
analysis reveals. The development of methods optimized for different firing rate
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regimes and temporal scales represents an important direction for advancing our
understanding of cortical network dynamics.

The individual differences observed between monkeys, with distinct patterns of grip-
type specificity and temporal organization, highlight the importance of considering
individual variations in cortical organization when interpreting coordination anal-
yses. These differences may reflect genuine biological variation in motor control
strategies rather than methodological limitations.

1.3.4.6 Synthesis and Future Directions

Our experimental data applications demonstrate that surrogate method choice pro-
foundly influences conclusions about neural coordination, with implications that ex-
tend from methodological considerations to fundamental questions about cortical
processing. The systematic bias demonstrated by uniform dithering necessitates re-
vision of previous studies that relied primarily on this method, while the low pattern
counts detected by conservative methods highlight the need for enhanced sensitivity
in coordination detection.

Methodological Limitations and Extensions The sparse pattern detection observed
with conservative methods raises important questions about whether SPADE’s item-
set mining approach, while computationally efficient, may be optimally suited for
detecting the subtle coordination patterns that characterize cortical networks during
complex behaviors. Future investigations should extend this comparative frame-
work to alternative pattern detection methodologies, including continuous time ap-
proaches, sliding window techniques, and methods that capture coordination across
broader temporal scales. Such extensions would provide valuable insights into whether
our findings reflect fundamental properties of cortical coordination or limitations
specific to the SPADE framework.

Additionally, our current analysis employs a conservative approach by restricting
pattern detection to features within individual trials, which may overlook coordina-
tion patterns that manifest across trial boundaries or require longer temporal integra-
tion windows. Future work should explore the incorporation of cross-trial features
and trial shuffling approaches that could reveal coordination patterns operating at
longer timescales while maintaining appropriate statistical controls. This extension
would be particularly valuable for understanding coordination during cognitive as-
pects of motor control that may not be confined to individual trial boundaries.

Refinement of Previous Findings Our results provide important updates to pre-
vious findings in this field, including refinements to conclusions from Stella et al.
(2022), where subsequent code verification and methodological improvements have
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led to more conservative pattern count estimates. These updates reflect the ongo-
ing evolution of analytical methods in computational neuroscience and highlight the
importance of rigorous code validation and methodological transparency in pattern
detection studies. The lower pattern counts observed in our analysis, while initially
surprising, may provide a more accurate representation of genuine coordination pat-
terns when appropriate statistical controls are applied.

Theoretical Implications for Neural Coding The complexity of our findings also
challenges the traditional dualistic framework that sharply distinguishes temporal
coding from rate coding mechanisms. The observation that pattern detection sen-
sitivity depends strongly on firing rate characteristics suggests that these coding
schemes may operate along a continuum rather than representing discrete alterna-
tives. Neural coordination patterns may simultaneously involve rate modulations
and temporal precision, with their detectability depending on the dynamic range
and temporal characteristics of the underlying neural population. Future theoretical
frameworks should consider more nuanced models that integrate rate and temporal
coding mechanisms rather than treating them as mutually exclusive hypotheses.

Convergence and Validation Framework The convergence of synthetic and exper-
imental results provides confidence in our methodological conclusions while raising
important questions about the nature and extent of cortical coordination. Future re-
search should focus on developing methods that balance false positive control with
enhanced sensitivity for coordination at diverse firing rates and temporal scales,
while considering individual variations in cortical organization and motor control
strategies.

The framework established by this study, combining synthetic data validation with
systematic experimental application, provides a model for rigorous evaluation of
analytical methods in computational neuroscience. This approach enables principled
method selection based on specific experimental requirements while advancing our
understanding of the neural mechanisms underlying skilled motor behavior. The
integration of multiple surrogate methods and systematic bias assessment represents
a significant advancement in the reliability of coordination detection studies, though
continued methodological development remains essential for fully characterizing the
rich dynamics of cortical network activity.
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1.4 Discussion and Implications

1.4.1 Systematic Biases in Uniform Dithering

Our evaluation demonstrates that uniform dithering introduces biases severe enough
to compromise temporal precision analyses, despite widespread use across compu-
tational neuroscience studies (Abeles and Gat, 2001; Hatsopoulos et al., 2003; Shmiel
et al., 2006; Maldonado et al., 2008; Torre et al., 2016).

Nature and Magnitude of Statistical Issues

Multiple lines of evidence reveal significant problems with this approach. When
applied to realistic synthetic data matching experimental conditions, uniform dither-
ing generated false positives in over 90% of datasets — a family-wise error rate that
undermines statistical reliability. Specifically, uniform dithering produced 707-1124
false positive patterns across 96 synthetic datasets, while conservative methods gen-
erated only 7-14 false positives total. These findings align with earlier methodological
concerns (Pazienti et al., 2008; Louis et al., 2010) and highlight ongoing challenges in
spike train analysis first recognized in foundational work on neural point processes
(Rieke et al., 1997).

The Critical Role of Binning and Clipping

The problems become particularly acute when uniform dithering combines with bin-
ning and clipping procedures common in pattern detection algorithms. This com-
bination creates a cascade of distortions: uniform dithering first violates biological
constraints by generating unrealistically brief interspike intervals, then binning and
clipping reduce spike counts by up to 20% while transforming regular firing pat-
terns into Poisson-like distributions. Earlier studies documented individual aspects
of these effects (Harrison et al., 2007; Pazienti et al., 2008), while subsequent work
identified interspike interval alterations as a fundamental challenge in surrogate gen-
eration (Harrison and Geman, 2009; Louis et al., 2010). While each distortion alone
compromises statistical validity, their combination with temporal discretization cre-
ates compounding biases that demand caution in applications requiring binning and

clipping.

Implications for Previous Studies

The widespread adoption of uniform dithering across temporal precision studies
raises questions about result reliability, particularly for analyses combining dithering
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with binning and clipping. Our findings reveal a stark contrast: uniform dithering
identified 539-654 patterns in experimental data while conservative methods detected
2-17 patterns per session across identical datasets, suggesting some reported patterns
may reflect statistical artifacts rather than genuine neural coordination (Baker and
Lemon, 2000; Louis et al., 2010).

The severity of these issues depends critically on analytical pipelines. Studies em-
ploying uniform dithering without subsequent binarization face reduced risk from
the biases we identify, while spatiotemporal pattern detection methods vary in their
susceptibility to these effects (Griin et al., 2002a). For instance, Torre et al. (2016)
used CoCoNAD rather than FIM-based methods, potentially providing some pro-
tection against these biases, though this relationship requires further investigation.
However, determining the extent of impact on published findings remains challeng-
ing given diverse analytical approaches across the field.

1.4.2 Performance of Conservative Surrogate Methods

Having identified uniform dithering’s limitations, our assessment of alternative ap-
proaches shows that rigorous temporal precision detection remains achievable through
principled surrogate methods.

Trial Shifting as a Reference Method

Trial shifting demonstrated superior performance through an elegant solution to cor-
relation elimination. By applying independent temporal displacements to complete
spike trains on a trial-by-trial basis, this method preserves all within-neuron statisti-
cal properties while eliminating cross-neuron temporal relationships. This approach
represents a highly conservative test: patterns surviving such disruption likely reflect
coordination beyond rate modulations alone.

Performance remained consistent across validation tests, with family-wise error rates
of 10.4-16.7% (meaning 10.4-16.7% of datasets contained any false positives) while
preserving genuine temporal coordination detection. Beyond empirical success, trial
shifting provides clear theoretical grounding — it directly tests whether temporal
precision extends beyond rate-based effects.

Alternative Conservative Methods

ISI-based methods (JISI-D, ISI-D) and window shuffling offered acceptable perfor-
mance with family-wise error rates of 12.5-18.8%. These approaches generated 7-14
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false positives across 96 synthetic datasets, representing a substantial improvement
over uniform dithering while maintaining reasonable statistical control.

Uniform dithering with dead-time (UDD) showed process-dependent performance,
demonstrating that preserving biological constraints can dramatically improve sta-
tistical validity. When applied to PPD synthetic data with explicit refractory periods,
UDD achieved excellent control with only 4 false positives across 96 datasets (FWER
8.3%). However, performance deteriorated substantially for Gamma process data
(318 false positives, FWER 58.3%), indicating effectiveness depends critically on data
characteristics.

Consistency Across Methods

The general agreement across conservative approaches when applied to experimental
data supports their reliability. Multiple independent methods yielding similar con-
clusions increases confidence in findings. The sharp contrast with uniform dither-
ing’s performance further validates conservative approaches.

1.4.3 Implications for Neural Coordination

Our analysis offers limited insights into temporal precision prevalence in neural sys-
tems, with interpretations remaining cautious given the small number of patterns
detected by conservative methods.

Apparent Sparsity of Detected Coordination

Conservative methods revealed substantially fewer coordination patterns than pre-
viously reported, though this observation permits only tentative inferences about
temporal precision’s true prevalence. The small pattern count (2-17 per method per
session) constrains our ability to draw strong conclusions about underlying neural
mechanisms. This apparent sparsity might align with theoretical considerations re-
garding potential metabolic constraints on precise coordination and computational
trade-offs in neural coding (Softky and Koch, 1993; Lennie, 2003), though alternative
explanations remain plausible.

In our experimental data, fine-temporal patterns predominantly involved neurons
with high firing rates, though this observation may reflect methodological artifacts
of the SPADE approach rather than fundamental neural properties. Pattern detection
algorithms can exhibit biases toward high-firing neurons due to increased statistical
power for detecting coincidences, making it difficult to determine whether this rep-
resents genuine selective coordination during periods of enhanced activity (Riehle
et al., 1997; Fries, 2005)or detection limitations. Limited sample size prevents defini-
tive conclusions about the relationship between firing rates and temporal coordina-
tion.
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1.4.4 Methodological Implications

Our findings carry important implications for interpreting temporal precision claims
and designing future experiments.

Interpreting Temporal Precision Findings

Conservative surrogate methods for evaluating the statistical significance of detected
patterns reveal substantially fewer significant patterns than uniform dithering, sug-
gesting temporal precision, while genuine, may be less prevalent than some stud-
ies indicate. This need not diminish temporal coding mechanisms’ significance but
rather suggests they operate more selectively, connecting to fundamental questions
about neural population information encoding and the complementary relationship
between rate and temporal coding (Theunissen and Miller, 1995; Pouget et al., 2000;
Panzeri et al., 2010).

This selectivity could reflect computational principles. If neural systems employ
temporal precision primarily during demanding computational periods, conserva-
tive surrogate testing may illuminate when and why precise coordination emerges.
Patterns surviving conservative statistical evaluation likely represent coordination
mechanisms warranting further investigation.

Methodological Recommendations

Our analysis suggests guidelines for future temporal precision studies. Trial shifting
appears well-suited for most applications when evaluating pattern significance, with
other conservative methods employed when specific experimental constraints require
alternatives. Uniform dithering should be used cautiously for significance testing
with realistic neural data, particularly when analyzing neurons with regular firing
patterns or high firing rates.

This work underscores the importance of rigorous surrogate validation in computa-
tional neuroscience, building on established principles for neural data statistical test-
ing (Brown et al., 2004; Kass et al., 2005; Ventura, 2010). Our methodological frame-
work aligns with broader efforts to improve neuroscience research reproducibility
and statistical rigor.

1.4.5 Future Directions
Integration with Emerging Technologies

As recording technologies enable simultaneous monitoring of thousands of neurons
(Jun et al., 2017; Steinmetz et al., 2021), the statistical challenges addressed here will
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gain increasing importance. Principles demonstrated by our conservative methods —
preserving essential statistical properties while selectively destroying hypothesized
relationships — offer guidance for developing surrogate techniques appropriate for
large-scale neural data, where both opportunities for detecting genuine coordina-
tion and risks of spurious findings are amplified (Brown et al., 2004; Stevenson and
Kording, 2011).

Theoretical Considerations

Temporal precision validated through conservative methods connects to theoretical
frameworks about neural computation, including synfire chain models and precisely
timed interactions (Abeles, 1991; Diesmann et al., 1999; Izhikevich, 2006). However,
observed sparsity suggests these mechanisms may operate more selectively than
some theoretical frameworks assume. Recent work on neural population dynamics
may provide complementary perspectives on how temporal coordination emerges
within broader population-level computation contexts (Cunningham and Yu, 2014;
Saxena and Cunningham, 2019; Gallego et al., 2020).

Our work demonstrates that rigorous temporal precision detection remains achiev-
able through conservative methods that preserve statistical integrity. This method-
ological framework provides computational neuroscience with improved tools for
investigating temporal coordination, demonstrating that methodological precision
proves equally essential in the pursuit of neural precision.
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2.1 The Challenge of Similarity Processing in Recurrent Cir-
cuits

Neural circuits face a basic problem: they must distinguish between different stimuli
while recognizing that the same stimulus can appear in different contexts. A red
ball looks different in bright versus dim light, yet we instantly recognize both as the
same object. How do recurrent networks solve this similarity processing challenge?
This dual requirement — to separate different stimuli while preserving similarities
within stimulus categories — lies at the heart of how recurrent neural circuits process
sensory information.

The brain’s solution to this challenge becomes particularly critical in higher-order ar-
eas that are tightly linked to cognition, where final decisions about stimulus identity
must be made. Yet the computational principles underlying this similarity process-
ing begin to emerge much earlier in the processing hierarchy. By examining how
recurrent circuits in early processing areas like the superior colliculus (SC) handle
the separation and grouping of sensory representations, we can uncover the funda-
mental mechanisms that ultimately enable sophisticated cognitive discriminations.

Building on the correlation detection methods from Chapter 1 we now ask: how do
recurrent circuits dynamically reshape representations to balance similarity preservation with
discrimination?

The rigorous surrogate methods developed in Chapter 1 provide the statistical foun-
dation for detecting precisely timed correlations in discrete neural signals. How-
ever, understanding when and why these correlations emerge requires examining
the network-level dynamics that generate them (Sompolinsky et al., 1988; Renart
et al.,, 2010). This chapter therefore shifts focus from detecting temporal precision to
understanding how recurrent circuit dynamics fundamentally shape neural represen-
tations over time, setting the stage for the more sophisticated analytical approaches
developed in subsequent chapters.

2.2 A Mean-Field Theory of Neural Representation Dynam-
ics

2.2.1 Reducing High-Dimensional Dynamics to Essential Quantities

To understand how recurrent circuits solve the similarity processing challenge, we
need a theoretical framework that captures the essential dynamics without getting
lost in the complexity of individual synaptic interactions. Mean-field theory reduces
network complexity to three key variables: population firing rate (R), within-class
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Figure 2.1: Mean-field theory captures recurrent network dynamics through ge-
ometric representation analysis. (a) Population spike trains recorded from mouse
superior colliculus during multimodal sensory stimulation (exemplified by whisker
air puff stimulation) reveal structured trial-to-trial variability. Each neural popula-
tion state at time T across trials maps to coordinates in high-dimensional neuronal
space, with individual trials appearing as discrete points. Distinct sensory modali-
ties (visual, tactile) define separate "stimulus classes" that cluster into characteristic
point clouds when visualized in this neural state space. The geometric properties
of these clouds - specifically their radial distance R from the origin and their an-
gular extent 0© — can be mathematically approximated as ellipsoidal structures.
(b) Dynamic trajectories of two stimulus classes (tactile in blue, visual in purple)
demonstrate how neural representations evolve temporally following stimulus pre-
sentation at time T,, with experimental measurements closely matching theoretical
predictions from mean-field analysis. The relative angular separation 6~ between
stimulus classes determines their discriminability over time. A linear classifier w(t)
trained to optimally discriminate between stimulus classes provides a time-resolved
measure of representational separability, directly determined by the temporal dy-
namics of population rate R(t) and the geometric overlaps Q© (t) = R(#)cos8% (t)
and Q" (¢) = R(t)cosf* (t), which quantify within-class and cross-class correlations
respectively. (c) Information-theoretic analysis reveals how separability metrics scale
to multi-stimulus scenarios (P > 2 classes), where increased stimulus diversity en-
hances information capacity but neural space constraints create competitive inter-
ference between representations. Population firing rate R governs a critical phase
transition: low rates (brown region) support expanding information transmission,
while high rates (green region) lead to representational collapse and information
loss.



84 Dynamic Recurrent Circuits and the Temporal Evolution of Neural Representations

correlations (Q©), and across-class correlations (Q°). Together, these determine how
well circuits separate stimuli while preserving category structure.

The geometric picture is intuitive. Present a red ball repeatedly — each trial yields
slightly different neural responses, forming a ‘cloud’ in high-dimensional space. Blue
ball responses form their own cloud. Discrimination depends on cloud separation;
categorization depends on cloud compactness.

Mean-field theory captures recurrent network dynamics through geometric repre-
sentation analysis (Figure 2.1). Population spike trains recorded from neural circuits
during sensory stimulation reveal structured trial-to-trial variability. Each neural
population state at time T across trials maps to coordinates in high-dimensional neu-
ronal space, with individual trials appearing as discrete points. Distinct sensory
modalities or stimulus categories define separate "stimulus classes" that cluster into
characteristic point clouds when visualized in this neural state space.

This chapter presents a concise summary of published work in which I contributed
as co-author (Schutzeichel et al., 2025), investigating how neural representations are
dynamically reshaped by recurrent circuits using both experimental data from awake
behaving mice and recurrent neural network models. Complete experimental meth-
ods and detailed results can be found in the original publication.

The central theoretical contribution is a mean-field framework that reduces the com-
plex dynamics of high-dimensional recurrent networks to three observable quanti-
ties (Figure 2.1b). Understanding the geometrical structure underlying neuronal re-
sponses has led to insights into representations in both artificial (Chung et al., 2016,
2018; Cohen et al., 2020) and biological networks (Bernardi et al., 2020; Fascianelli
et al., 2024). The geometry of neuronal responses in high-level areas lies on low-
dimensional manifolds (Gallego et al., 2017), whose size, shape, and dimensionality
determine pattern classification accuracy and capacity.

Animals perceive external stimuli through intricate networks of neurons, with infor-
mation encoded in the activity of neuronal populations — a concept first established
in motor cortex studies (Georgopoulos et al., 1986) and now recognized as funda-
mental to neural computation across brain areas (Saxena and Cunningham, 2019;
Vyas et al., 2020).

However, population activity alone is insufficient to understand how recurrent cir-
cuits solve the similarity processing challenge. The key insight is that the relationships
between population responses — how similar responses are within a stimulus cate-
gory versus across different categories — determine the circuit’s computational ca-
pacity. Our mean-field approach captures these essential relationships through three
dynamical quantities:

* R: The average firing rate across neurons (population mean activity)
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¢ QO: Overlap of responses to the same stimulus (within-class correlations)

* Q7 Overlap of responses to different stimuli (across-class correlations)

These three quantities jointly determine the separability of neural representations
— a critical factor for downstream information processing. To identify and classify
stimuli, neural representations must preserve similarities between repetitions of the
same stimulus while remaining distinguishable between different stimulus classes.

In the brain, recurrence plays a crucial role in understanding how neural representa-
tions deform over time (Kietzmann et al., 2019). Using statistical physics techniques
and tools from disordered systems (Helias and Dahmen, 2020), we derive closed-
form equations describing how these variables evolve over time in large networks
with chaotic dynamics (Sompolinsky et al., 1988; van Vreeswijk and Sompolinsky,
1996; Keup et al., 2021).

2.2.2 Experimental Validation in Mouse Superior Colliculus

The theory is validated using Neuropixels recordings from mouse superior colliculus
(SC), a midbrain region that integrates multisensory information and is crucial for
processing visual information in mice (Wang et al., 2020; Ito and Feldheim, 2018).
The superior colliculus is not only important for visual processing but is also highly
multimodal, making it suitable for analyzing different stimulus modalities including
visual, auditory, and somatosensory inputs (Meredith and Stein, 1986; White and
Munoz, 2011; Benavidez et al., 2021).

The experimental data reveal fundamental properties of neural variability: when
identical stimuli are presented, evoked responses share characteristics but also show
trial-to-trial variability across repeated presentations (Arieli et al., 1996). This neu-
ral variability is present even in the absence of stimuli (spontaneous activity) and
typically decreases upon stimulus application — a phenomenon known as quench-
ing of neural variability (Churchland et al., 2010; Litwin-Kumar and Doiron, 2012;
Mazzucato et al., 2016).

In the high-dimensional neural state space, stimulus representations observed in our
data can be approximated as ellipsoidal structures. While the actual shape of re-
sponse clouds may deviate from perfect ellipsoids, we can characterize each stimulus
class by finding an ellipsoid that encompasses the point cloud, providing a first-order
geometric approximation. In this framework, the distance of the ellipsoid’s center
from the origin represents the population mean firing rate R, and the ellipsoid’s ex-
tent reflects the trial-to-trial variability (Figure 2.1a). The angular separation between
ellipsoids from different stimulus classes quantifies their overlap. Upon stimulus
onset, neural trajectories briefly align and then diverge, with this temporal evolu-
tion governed by the dynamics of the three observables: R (population mean), Q©
(within-class overlap), and Q (across-class overlap) (Figure 2.1b).
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Remarkably, this minimal mean-field model - requiring no fine-tuning of individ-
ual synaptic weights, only appropriate statistical parameters such as connectivity
strength and excitation-inhibition balance — quantitatively reproduces key features
observed in experimental recordings (Figure 2.1b). The model assumes random
Gaussian connectivity and operates in the chaotic regime, where the dynamics pro-
mote dissimilarities across stimulus responses (Renart et al., 2010; Tetzlaff et al.,
2012). Negative feedback from inhibitory neurons stabilizes the dynamics and decor-
relates neural activity, while the intrinsic chaos amplifies small differences between
initial conditions. This suggests that many computational properties are universal
features of such networks, independent of detailed circuit structure.

2.2.3 Linear Readout and Separability Assessment

To quantify stimulus separability, we employ a linear readout neuron that is opti-
mally trained using a Bayesian framework to distinguish between different stimulus
classes (Figure 2.1b). The readout performance directly depends on the three mean-
field observables R, Q©, and Q*, establishing a quantitative link between network
dynamics and information processing capacity.

For a network with N neurons, the separability between two stimulus classes can
be expressed analytically in terms of these observables. Separability # depends on
the ratio of total variability to signal: it increases when the total variability term
(r+ R - QP) decreases relative to the signal term (Q© — Q°), where x represents the
variance (strength) of the noise in the readout process.

This framework extends naturally to multi-class scenarios (P > 2), where encoding
more stimuli generally increases information content, but neural space constraints
create competitive interference between representations (Figure 2.1c). The average
population rate R governs a critical phase transition: low rates (sparse coding) sup-
port expanding information transmission, while high rates lead to representational
collapse.

The separability formula reveals why sparse coding emerges as a computational ne-
cessity for efficient information processing (Olshausen and Field, 1996; Vinje and
Gallant, 2000). When neural responses become sparse, reducing the average popula-
tion firing rate R, the total variability term (x + R — Q@) diminishes more rapidly than
the signal term (Q® - Q*), resulting in improved signal-to-noise characteristics that
enhance representational separability and support the brain’s preference for sparse
neural codes.

2.3 Limitations of Traditional Correlation Analysis

2.3.1 Extending Beyond Pairwise Correlations

While this mean-field approach successfully captures essential network dynamics
and provides quantitative predictions that match experimental data, it also reveals
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compelling opportunities for extending the analysis to higher-order statistical struc-
tures. The mean-field reduction to three scalar variables (R, Q°, Q) effectively
characterizes the fundamental dynamics of neural representations, yet the complex-
ity of neural population activity suggests that additional insights may be obtained
through more comprehensive statistical analysis.

The success of this pairwise correlation framework demonstrates that examining
correlations provides a principled approach to understanding the complex, high-
dimensional statistical structures present in neural population activity. Real neural
networks exhibit rich patterns of higher-order interactions, non-Gaussian statistics,
and structured correlations that extend beyond what the mean-field approximation
captures (Schneidman et al., 2006; Macke et al., 2011). The ellipsoid representation
of stimulus clouds in neural space (Figure 2.1a), while mathematically tractable and
empirically validated, represents an initial characterization of what may be more
complex geometric structures underlying neural representations.

This recognition that neural dynamics exhibit more intricate statistical structures
than those captured by pairwise correlations motivates the development of more
sophisticated analytical approaches that can characterize the full complexity of neu-
ral representations while building upon the theoretical foundation established by the
mean-field framework.

2.4 Connecting to Interaction Learning and Manifold Geom-
etry

2.4.1 Bridging Discrete and Continuous Perspectives

This limitation directly sets the stage for Chapter 3, which addresses how to char-
acterize complex statistical structures that emerge in neural networks when moving
beyond simple pairwise correlations. The data-driven statistical learning methods
developed using invertible neural networks (Dinh et al., 2015; Rezende and Mo-
hamed, 2015) provide a principled way to extract hierarchical interaction structures
from population activity patterns.

Furthermore, the finding that neural representations lie on low-dimensional man-
ifolds whose geometry affects classification accuracy connects directly to Chapter
4’s geometric analysis. Models have shown that such low-dimensional dynamics
emerge from low-rank connectivity in recurrent networks (Mastrogiuseppe and Osto-
jic, 2018). The mean-field theory reveals what happens to neural representations over
time, but the geometric perspective reveals how these transformations are embedded
in the structure of neural state space, bridging state-dependent computations and
representational geometry (Buonomano and Maass, 2009; Kriegeskorte and Kievit,
2013).
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2.4.2 From Rate-Based to Geometric Coding

The discovery that firing rate alone is insufficient for determining information con-
tent — that different firing rate dynamics can yield identical separability — suggests
that the geometric organization of neural activity may be more fundamental than
previously appreciated (Churchland et al., 2012). This insight bridges the temporal
precision analysis of Chapter 1 with the manifold geometry analysis of Chapter 4:
precisely timed correlations may reflect the brain’s strategy for maintaining separable
representations within the constraints of curved, high-dimensional neural manifolds,
connecting computation through neural population dynamics to representational ge-
ometry (Vyas et al., 2020).

2.5 Implications for Neural Computation

2.5.1 Temporal Dynamics and Spatial Organization

The transient nature of representation separability identified in this work (Figure
2.1b) suggests potential connections between temporal precision (Chapter 1) and
representational geometry (Chapter 4). The brief windows during which neural tra-
jectories align and diverge indicate that specific temporal epochs may be associated
with structured changes in neural manifold geometry, potentially enabling represen-
tational transformations.

This temporal-geometric relationship raises the possibility that the precisely timed
correlations assessed for temporal versus rate coding using the surrogate methods of
Chapter 1 could contribute to coordinating population activity during periods of rep-
resentational change. The geometric analysis of Chapter 4 may help reveal whether
and how these temporal coordination events relate to changes in manifold curva-
ture and higher-order statistical structure, potentially linking the dynamic evolution
of neural circuits to their representational geometry (Stopfer et al., 2003; Monteforte
and Wolf, 2012).

2.5.2 A Framework for Multi-Scale Analysis

Together, this mean-field approach and the methodological innovations of Chapters
1 and 4 provide complementary perspectives on neural computation (Ganguli and
Sompolinsky, 2012). The temporal precision analysis provides insights into when
coordination may occur, the mean-field theory offers explanations for why such pat-
terns might emerge from network dynamics, and the geometric analysis characterizes
how coordination could manifest in population-level structure. This framework sug-
gests potential bridges between the neural population doctrine and representational
geometry, indicating how computation might emerge through the interplay of tem-
poral precision and representational geometry (Kriegeskorte and Kievit, 2013; Saxena
and Cunningham, 2019).
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2.6 Looking Forward: From Network Dynamics to Statistical
Learning

The insights gained from this chapter — that traditional correlation-based approaches
provide a foundational yet simplified characterization of complex, high-dimensional
statistical structures — directly motivate the data-driven approaches of the subsequent
chapters. The recognition that real neural dynamics exhibit more intricate structures
than captured by pairwise correlations establishes the foundation for the advanced
statistical learning methods that follow.

Chapter 3 addresses how to learn these complex statistical structures directly from
data using invertible neural networks, while Chapter 4 extends this framework to re-
veal how higher-order correlations relate to geometric structures in neural manifolds.
The progression from this chapter’s mean-field reduction to the full characterization
of manifold geometry represents a fundamental advance in our ability to understand
neural computation across multiple scales.

2.7 Conclusion

This chapter demonstrates how recurrent circuit dynamics fundamentally shape neu-
ral representations through a minimal yet powerful theoretical framework. By reduc-
ing complex network dynamics to three essential quantities, we reveal the compu-
tational principles underlying stimulus separability and information transmission.
The identification of sparse coding as necessary for efficient representation in large
networks provides a crucial constraint for understanding neural computation.

However, the scope of this approach — particularly its reduction of rich, high-dimen-
sional statistical structures to tractable correlation measures — presents opportunities
for more sophisticated analytical tools. The subsequent chapters build upon this
foundation by developing data-driven methods for characterizing complex statistical
dependencies and their geometric manifestations, ultimately providing a compre-
hensive framework for understanding neural computation from temporal precision
to manifold geometry.
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3.1 From Mean-Field Foundations to Data-Driven Statistical
Learning

The mean-field analysis in Chapter 2 successfully captured recurrent network dy-
namics with three essential variables, providing quantitative predictions that matched
experimental data. But this success came with a trade-off: reducing neural complex-
ity to three observables, while mathematically elegant, necessarily discarded the rich
statistical dependencies present in neural population activity.

We developed an approach to learn interaction structures directly from data using
invertible neural networks — models that can extract the statistical ‘rules’ governing
a system without prior assumptions.

While Chapter 2 showed what happens to neural representations over time, this
chapter asks how data structures emerge from underlying interaction principles that we can
learn directly from observed data.

3.2 The Challenge of Inverse Statistical Modeling

This chapter presents a concise summary of published work in which I contributed
as co-author (Merger et al., 2023), addressing the inverse problem in physics: infer-
ring microscopic interactions from macroscopic observations (Figure 3.1). Complete
methods and detailed results can be found in the original publication. In physics,
interactions typically form the building blocks of theories and are described by poly-
nomial terms in an action. The conventional approach derives these terms from
elementary processes and uses the resulting model to make predictions about the
entire system.

We explore the reverse approach: learning the microscopic action by observing the
complete system, even when the underlying processes are unknown (Figure 3.1).
This approach complements the analysis in Chapter 2, where mean-field reduction
successfully characterized network dynamics through essential observables, but nec-
essarily operated at a level that did not examine the underlying interaction mech-
anisms. The central question becomes whether we can reverse-engineer the funda-
mental interaction principles that give rise to neural population dynamics directly
from observed data, going beyond the constraints of maximum entropy approaches
(Jaynes, 1957; Schneidman et al., 2006).

3.3 Invertible Neural Networks for Statistical Learning

3.3.1 A Novel Approach Using Invertible Neural Networks

To tackle this inverse problem, we employ invertible neural networks (INNs), also
known as normalizing flows, as generative models (Dinh et al., 2015, 2016; Rezende
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learn data distribution

infer action coefficients

Figure 3.1: Invertible neural network framework for extracting microscopic inter-
action theories from macroscopic system observations. The methodology begins
with measurements from a complex physical system containing multiple interacting
components (gray dots) where the underlying interaction mechanisms remain un-
known (shaded regions indicating hidden coupling structures). An invertible neural
network architecture is trained in an unsupervised manner to capture the complete
probability distribution underlying the observed measurements. Through a system-
atic diagrammatic expansion protocol, the trained network parameters are decoded
layer by layer to reconstruct the microscopic action governing system behavior. The
resulting action coefficients AWK (pink nodes) provide quantitative estimates of the
learned interaction strengths that generate the observed macroscopic dynamics.
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and Mohamed, 2015; Kobyzev et al., 2020). Invertible neural networks learn by map-
ping complex data to a simple Gaussian distribution (Figure 3.1). The key insight: if
we can learn this mapping, we can extract the statistical rules that created the original
complexity. This approach leverages the change of variables formula central to nor-
malizing flows: for a bijective mapping f : X - Z, the probability density transforms

as
det (%)

where the Jacobian determinant accounts for volume changes under the transforma-
tion.

px(x) = pz(f(x))

7

The key innovation lies in designing the INN architecture with specific properties:
we use quadratic nonlinearities as activation functions, which enables extraction of
an explicit microscopic action from the trained network parameters. This differs
from typical machine learning applications where networks function as black boxes,
as our approach allows direct interpretation of the learned representations through
principles from statistical mechanics (Mézard and Montanari, 2009).

3.3.2 Concrete Example: How Higher-Order Interactions Emerge

To illustrate how higher-order interactions emerge from our approach, consider a
simple 2D example that demonstrates the core mechanism. Suppose we have two
variables x1 and x; that follow standard Gaussian distributions in the latent space.
The invertible network implements a transformation that maps these independent
variables to correlated observations in the data space through

zZ1 = XN andzzzxzwxx%,

where « is a learnable parameter that characterizes the interaction strength between
the components.

This transformation reveals how statistical dependencies arise from simple nonlinear
couplings. While the latent variables (xj,x;) are independent with the standard
Gaussian action

Sy = (x% + x%)/Z,

the transformed variables (zj,z;) in the data space exhibit complex correlations. To
understand these correlations, we derive the action governing the z variables by ap-
plying the change of variables formula with the inverse transformation

X1 = zjand xzzzz—az%.
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Since the Jacobian determinant of this transformation equals unity, the action in the
data space becomes

S, = (+23)/2-aznz? +a%z})2.

The quadratic coupling ax? in the transformation has produced both cubic interaction
terms (zzz%) and quartic self-interaction terms (z‘ll) in the resulting action, demonstrat-
ing how higher-order statistical dependencies emerge from the network’s learned
transformations.

The example illustrates three fundamental principles of our approach. First, higher-
order interactions arise automatically from simple transformations, showing how
complex statistical structures can emerge from basic nonlinear couplings. Second,
the network creates a hierarchical structure where interactions in one layer generate
increasingly complex dependencies in subsequent representations, explaining why
network depth corresponds to the complexity of learnable interactions. Third, the
learned parameter « directly characterizes the strength of the underlying interaction,
making the network’s internal representations physically interpretable rather than
abstract feature encodings.

This concrete example demonstrates how our invertible neural network framework
can extract microscopic interaction principles from observed correlations, moving be-
yond simple pairwise statistics to capture the full hierarchical structure of statistical
dependencies that characterize complex systems.

3.3.3 Hierarchical Construction of Interactions

Building on the 2D example, our diagrammatic formalism generalizes this process
to arbitrary dimensions and network depths. Each layer of the network transforms
and composes pairwise interactions hierarchically into increasingly complex, higher-
order terms (Figure 3.1). Just as the simple transformation z = x; + ocx% generated
cubic and quartic terms, deeper architectures create progressively more complex in-
teraction hierarchies.

This hierarchical construction explains why deep architectures may be necessary for
learning rich, non-Gaussian statistics that cannot be captured by low-order approxi-
mations. The depth-complexity relationship has implications for understanding neu-
ral computation more broadly: complex population dynamics may require hierarchi-
cal interaction structures to generate the rich statistical patterns observed in neural
data.
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3.3.4 Advantages Over Traditional Methods

Our approach offers several advantages over existing inverse modeling methods. Tra-
ditional approaches face certain constraints: statistical physics methods like Boltz-
mann machines (Ackley et al., 1985; Hinton and Sejnowski, 1986) are typically re-
stricted to discrete variables and specific interaction forms (often pairwise), while
graphical model approaches (Koller and Friedman, 2009) generally require explicit
specification of network structure and interaction types.

Our invertible neural network framework learns statistical structures directly from
data through end-to-end training, supporting continuous variables and learning in-
teraction hierarchies without predetermined assumptions about their form or order.
This provides methodological flexibility that can adapt to different systems without
requiring domain-specific modifications.

Additionally, our approach maintains interpretability while providing this flexibil-
ity. While modern generative models such as VAEs (Kingma and Welling, 2013) and
GANSs (Goodfellow et al., 2014) achieve high expressiveness through complex archi-
tectures, our method makes a different trade-off: we use quadratic nonlinearities to
enable extraction of physically meaningful action coefficients that can be interpreted
as interaction strengths (Figure 3.1). This design choice prioritizes interpretabil-
ity over maximum expressiveness, which can be valuable for scientific applications
where understanding the underlying mechanisms is important.

3.3.5 Bridging to Geometric Analysis

The learned transformations in our invertible networks map complex, high-dimensio-
nal patterns to structured latent spaces. This mapping provides insight into how the
curved, nonlinear manifold structures analyzed in Chapter 4 might emerge from
underlying statistical principles rather than being imposed by specific architectural
constraints.

The network effectively implements a transformation that maps interacting configu-
rations in data space to independent Gaussian samples in latent space. By learning
this statistical decoupling, the method may reveal how complex geometric features
could arise naturally from interaction principles. This perspective suggests that the
manifold structures identified through geometric analysis might reflect the statistical
organization learned by the invertible transformation, providing a bridge between
statistical mechanics and geometric approaches to understanding neural computa-
tion.
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3.4 Experimental Validation and Performance

3.4.1 Testing on Simulated and Real Data

We test our framework on both simulated datasets from known interacting theories
and real-world data. The network can reproduce broad classes of unimodal distribu-
tions; for distributions outside this class, it finds effective theories that approximate
the data statistics up to the third cumulant. This performance is evaluated against
ground truth for synthetic data.

Our analysis explicitly demonstrates how network depth and data quantity jointly
improve agreement between learned and true models. The model shows increasing
accuracy as both network depth and data volume grow, supporting the expectation
that more complex theories require more expressive models and larger datasets for
effective learning.

3.4.2 Insights into Training Dynamics

The formalism provides insights into training dynamics that connect to statistical
physics principles. Limited data introduce bias, particularly for higher-order statis-
tics, while the number of parameters grows rapidly with network depth. This neces-
sitates careful balance between model expressiveness and computational tractability
— echoing the information-capacity trade-offs observed in Chapter 2’s neural circuit
analysis.

These findings reflect common challenges in deep learning: balancing model com-
plexity with available data and managing the rapid parameter growth with net-
work depth. This necessitates the same expressiveness-tractability trade-offs found
throughout deep network theory.

The trained INN can be viewed as implementing a transformation that maps com-
plex, high-dimensional dynamics to a structured latent space where interactions may
become more tractable. This provides one perspective on how neural circuits might
implement computation: rather than relying solely on specific architectural con-
straints, they may exploit statistical principles that emerge from optimization pro-
cesses

3.5 Extensions and Future Directions

3.5.1 Multimodal Extensions

The current framework is limited to unimodal distributions due to our use of Gaus-
sian latent space and quadratic nonlinearities. Future extensions could address mul-
timodal cases using mixture models in the latent space (Bishop, 2006), where each
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mixture component would correspond to an effective theory for different system
phases. This approach could incorporate advances in normalizing flows for handling
multimodal distributions (Izmailov et al., 2020). Chapter 4 explores a related ap-
proach using volume-preserving invertible networks with multimodal latent spaces
and more complex nonlinearities, while maintaining interpretability through differ-
ent methods.

3.5.2 Higher-Order Nonlinearities

Our approach could be extended to incorporate higher-order nonlinearities in the
analytical derivations, such as cubic or quartic terms in addition to the current
quadratic framework. If such extensions prove analytically tractable, they could en-
able representation of more complex interaction hierarchies while maintaining the
interpretability of action coefficient extraction. While the path from cubic or quartic
terms to the ELU nonlinearities used in Chapter 4 remains substantial, integrating
these simpler higher-order nonlinearities into Chapter 4’s framework could reveal
how different polynomial orders affect the higher-order correlations and manifold
curvature properties extracted there. This could provide insights into the relation-
ship between interaction complexity and geometric structure in neural manifolds.

3.6 Implications for Understanding Neural Computation

3.6.1 Statistical Learning as a Unifying Framework

This work positions statistical learning as a unifying framework that connects the dis-
crete temporal analysis of Chapter 1, the continuous dynamics of Chapter 2, and the
geometric analysis of Chapter 4. The invertible networks provide a principled way to
move between these different perspectives while preserving the essential statistical
structure of neural population activity.

The framework suggests that neural computation might be understood as a process
of statistical inference, where neural circuits learn to extract and manipulate complex
statistical dependencies in sensory and motor data. This perspective offers potential
insights into how the brain might implement sophisticated computations through
relatively simple, biologically plausible mechanisms.

3.6.2 Interpretability in Deep Learning for Neuroscience

Unlike traditional deep learning applications that treat neural networks as black
boxes, this approach provides interpretability often missing in modern machine
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learning. By explicitly extracting the action and its coefficients, the learned model be-
comes not just a statistical tool but a physically meaningful representation of neural
computation principles (Figure 3.1).

This interpretability is important for neuroscience applications, where understand-
ing the underlying mechanisms is as important as achieving good predictive perfor-
mance. The framework provides a potential path toward developing Al systems that
are both powerful and interpretable, combining the flexibility of deep learning with
the rigor of statistical physics.

3.7 Conclusion

This chapter demonstrates how invertible neural networks can address limitations
of traditional correlation-based approaches by learning complex statistical structures
directly from data. The framework provides a method for extracting microscopic
actions from macroscopic observations, offering a data-driven approach to under-
standing interaction principles (Figure 3.1).

The work establishes theoretical connections between discrete temporal analysis, con-
tinuous dynamics, and geometric characterization of neural computation. By moving
beyond simple pairwise correlations to capture hierarchical statistical structures, the
approach provides tools for analyzing neural data and insights into computational
principles.

The framework represents a step toward understanding neural computation as sta-
tistical inference, suggesting that computational properties may emerge from opti-
mization processes rather than requiring specific architectural constraints. This per-
spective contributes to advancing understanding of both biological and artificial in-
telligence systems by preserving interpretability within powerful machine learning
frameworks.
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Chapter 4

Characterizing Neural Manifolds
Using Invertible Neural Networks
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4.1 Motivation

Understanding how neural activity patterns encode and process information repre-
sents a central challenge in neuroscience (Churchland et al., 2012; Cunningham and
Yu, 2014). Cortical neural populations exhibit complex dynamics that encode sensory
information, motor commands, and cognitive states. These populations coordinate
their activity across hundreds to thousands of neurons, creating high-dimensional
patterns that reflect both underlying computations and behavioral states.

Traditional neural data analysis often assumes neural population activity follows
Gaussian distributions (Paninski et al., 2007; Pillow et al., 2008). This assumption en-
ables computationally efficient linear methods such as linear decoders (Georgopoulos
et al., 1986), optimal linear estimators (Salinas and Abbott, 1994), and dimensional-
ity reduction techniques like Principal Component Analysis (Cunningham and Yu,
2014). However, neural population activity often exhibits non-Gaussian structure that
second-order statistics cannot capture (Macke et al., 2011; Stevenson and Kording,
2011). Assuming Gaussianity implies that pairwise correlations fully characterize
all statistical dependencies between neurons. This overlooks higher-order interac-
tions that may be crucial for neural computation, though analyzing such interactions
in high-dimensional data remains computationally challenging (Schneidman et al.,
2006; Macke et al., 2011).

The precisely timed correlations from Chapter 1 and dynamic representational chan-
ges from Chapter 2 suggest neural computation operates across multiple organiza-
tional scales. Our geometric framework aims to characterize how neural popula-
tion activity might be organized on curved manifolds, potentially revealing connec-
tions between statistical complexity and geometric structure. We hypothesize that
millisecond-precise temporal correlations may reflect the brain’s strategy for navi-
gating curved regions of neural state space, while transient increases in stimulus
separability might correspond to trajectories exploiting specific geometric properties
of neural manifolds.

We developed a framework combining statistical density estimation with geometric
manifold analysis using invertible neural networks. Our hypothesis is that statistical
and geometric aspects both contribute to neural population coding, and that a uni-
fied framework can provide insights that methods focusing on either aspect alone
cannot achieve. Using normalizing flows with interpretable latent representations,
we pursue three related goals: extract coordinated activity patterns that might be
describable both statistically as correlations and geometrically as manifolds; identify
latent variables that could capture these structures; and provide analytical tools for
characterizing statistical properties through characteristic functions while describing
manifold geometry through coordinate charts.

Our analysis suggests an interesting pattern that forms a central contribution of this
work: different behavioral states appear to correspond to neural manifolds with distinct ge-
ometric properties. In our dataset, active visual processing during eyes-open periods
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seems to occur on more curved manifolds, potentially indicating complex, nonlinear
neural coordination. Resting states during eyes-closed periods appear to lie on flatter
surfaces, possibly suggesting simpler coordination patterns dominated by pairwise
correlations rather than higher-order interactions. While this geometric perspective
offers new insights into brain organization, the generality of these findings beyond
our specific experimental conditions requires further investigation.

The approach attempts to connect discrete temporal precision from Chapter 1, con-
tinuous population dynamics from Chapter 2, and hierarchical statistical structures
from Chapter 3 through a unified geometric perspective. Geometric characterization
of neural manifolds using normalizing flows represents a natural extension of the sta-
tistical learning approach from Chapter 3. Meanwhile, curvature analysis might offer
new insights into computational principles underlying the dynamic representations
characterized in Chapter 2. This integrated approach could potentially enable more
complete characterization of neural population dynamics than methods focusing on
statistical or geometric aspects alone.

4.2 Mathematical Framework

4.2.1 Neural Population Coding and Manifold Structure

Neural populations in cortical areas coordinate their activity to encode and process
information (Georgopoulos et al., 1986; Shadlen and Newsome, 1998). The collective
activity of hundreds to thousands of neurons creates high-dimensional structure.
The population signal x € RN reflects both the underlying neural computations and
the behavioral states of the organism, where N represents the dimensionality of the
neural recording space. This population-level organization connects directly to the
mean-field dynamics explored in Chapter 2, where we saw how three macroscopic
variables capture essential aspects of population activity.

High-dimensional neural population activity often exhibits low-dimensional struc-
ture, suggesting that neural dynamics are constrained to lie on or near lower-dimensio-
nal manifolds embedded in the full neural state space RN (Stopfer et al., 2003;
Mazor and Laurent, 2005). This dimensionality reduction reflects both anatomical
constraints from connectivity patterns and functional organization from coordinated
computation. The concept of neural manifolds has become central to understanding
population dynamics (Churchland et al., 2012; Gallego et al., 2017). Rather than each
neuron contributing independently to the population code, neurons tend to covary
in systematic ways that create structured patterns in the high-dimensional activity
space.

The manifolds created by these patterns can be characterized by their geometric prop-
erties, including their intrinsic dimensionality, curvature, and topological features.
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This geometric perspective provides a natural connection to the statistical learning
framework of Chapter 3, where invertible neural networks learn transformations
fo : RN - RN that map complex, high-dimensional data to structured latent spaces
z € RN, effectively discovering the higher-order statistical dependencies present in
the data. The geometric analysis developed in this chapter provides tools for charac-
terizing the curvature and higher-order properties of the underlying manifolds.

4.2.2 Statistical and Geometric Perspectives

Statistical and geometric perspectives on data structure are complementary and mu-
tually informative (Amari and Nagaoka, 2000). While statistical methods focus on
probabilistic relationships and dependencies between variables through probability
distributions py(x), geometric methods characterize the shape and curvature of the
data manifold. The fundamental insight driving our approach is that these per-
spectives might be intimately connected: higher-order statistical correlations could
correspond to curved geometric structure, as both potentially reflect deviations from
simple linear relationships that would be captured by Gaussian statistics.

Cumulants provide a systematic way to characterize deviations from Gaussianity
(Gardiner, 2009; Helias and Dahmen, 2020). While the first two cumulants are the
mean and covariance, higher-order cumulants capture additional statistical structure.
Third-order cumulants measure asymmetry in the distribution and can indicate di-
rectional biases in neural activity patterns, while fourth-order cumulants measure
the heaviness of distribution tails and can reveal the presence of rare, high-amplitude
events or sparse activity patterns. For any Gaussian distribution, all cumulants be-
yond the second order are exactly zero, so non-zero higher-order cumulants provide
direct evidence for non-Gaussian structure in neural data (Onken et al., 2009).

This statistical characterization connects to the geometric analysis developed in this
chapter: higher-order cumulants might correspond to curved geometric structure,
as both potentially reflect deviations from Gaussian statistical assumptions. The ge-
ometric perspective provides a complementary way to understand these same de-
viations through manifold curvature properties. Conversely, flat manifolds tend to
exhibit approximately Gaussian statistics, providing a potential bridge between the
statistical learning framework of Chapter 3 and the geometric analysis developed
here.

4.2.3 Limitations of Current Approaches

Current dimensionality reduction techniques such as Principal Component Analysis
(PCA), Independent Component Analysis (ICA), and Linear Discriminant Analysis
(LDA) assume linear relationships between observed variables and underlying fac-
tors (Jolliffe, 2002; Hyvérinen and Oja, 2000; Hastie et al., 2009). These methods
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have provided valuable insights into neural population organization, revealing low-
dimensional structure and identifying coordinated activity patterns across neural
populations. However, by making linear assumptions, these approaches correspond
primarily to second-order statistical relationships and assume the data manifold is
flat everywhere. While computationally efficient and interpretable, this limits their
ability to capture complex, nonlinear structure and higher-order statistical depen-
dencies that may characterize neural population activity. We extend beyond this
foundational work by developing methods capable of characterizing both curved
manifold geometry and non-Gaussian statistical structure.

Neural data often exhibit multimodal structure, with distinct modes corresponding
to different behavioral or physiological states (Churchland et al., 2012; Cunningham
and Yu, 2014). For example, neural population activity during awake, alert states
may form one cluster in high-dimensional activity space, while activity during quiet
rest forms a separate cluster.

Gaussian Mixture Models provide a framework for modeling multimodal distribu-
tions as weighted combinations of Gaussian components (McLachlan and Peel, 2000).
While GMMs could theoretically approximate complex structure by using many com-
ponents per behavioral mode, this becomes computationally intractable and loses
interpretability. When using a practical number of components to maintain model
simplicity, the Gaussian restriction may inadequately capture the rich statistical pat-
terns within each behavioral mode. This limitation motivates the normalizing flow
approach developed in this chapter, which extends the invertible neural network
framework from Chapter 3 to enable flexible modeling of non-Gaussian structure
within each behavioral mode while maintaining interpretability.

4.2.4 Normalizing Flows: A Unified Approach

Normalizing flows represent a class of deep generative models that learn invertible
transformations between complex data distributions and simple latent distributions
(Dinh et al., 2015; Rezende and Mohamed, 2015). This approach directly extends
the invertible neural network framework developed in Chapter 3 to the geometric
analysis of neural manifolds. While Chapter 3 focused on quadratic nonlinearities
to enable extraction of physically interpretable actions, the geometric analysis in this
chapter employs more general nonlinearities that can capture richer manifold struc-
tures while maintaining invertibility. Additionally, we encourage low-dimensional
interpretable latent representations through an auxiliary training objective, enabling
identification of the most important dimensions for characterizing neural population
structure.

Normalizing flows enable both density estimation, and sampling and, unlike other
generative models, provide exact likelihood computation. A normalizing flow de-
fines a bijective mapping fy : RN - RN parameterized by neural network weights 6.
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The transformation maps complex data x to latent variables z that follow a simple
distribution p,(z):

= fo(x)
x = fil(2)
The probability density estimator is computed using the change of variables formula:
R ~ f 0
Pro(x) = pz(fo(x)) |det

where |det(dfy/dx)| represents the absolute value of the Jacobian determinant that
accounts for the volume change induced by the transformation.

Volume-preserving flows (Dinh et al., 2015) represent a special class of invertible
networks that maintain constant Jacobian determinants (| det(dfy/0x)| = AVjp, inde-
pendent of x), where AVj represents the volume scaling factor, simplifying this to:

Prp(x) = pz(fo(x)) AVp.

Volume-preserving flows are particularly well-suited for neural data analysis because
they preserve the multimodal structure of the data distribution while enabling com-
plex nonlinear transformations.

The training of normalizing flows proceeds by maximizing the log-likelihood of ob-
served data:

Lu(0) = N \X\ Z log(pxe(x)), (4.1
where X represents the dataset providing training samples and |X| denotes the num-
ber of samples. This objective encourages the model to assign high likelihood to
observed data points while maintaining a valid probability distribution (Papamakar-
ios et al., 2021). For the neural manifold analysis developed in this work, we extend
this training objective by adding an additional term that enforces geometric con-
straints, ensuring that the learned latent representations preserve meaningful man-
ifold structure. This modification is crucial for achieving interpretable a geometric
characterization of the neural population activity.

4.3 Neural Data and Initial Analysis

4.3.1 Dataset and Preprocessing

We analyze comprehensive electrophysiological recordings from visual cortices V1
and V4 of macaque monkeys, recorded by Chen et al. (2022). The dataset contains
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1024 channels from 16 Utah arrays (1.5 mm electrodes, Blackrock Microsystems): 14
arrays in V1 (primary visual cortex) and 2 arrays in V4 (visual area 4), primarily
targeting layer 5.

We follow the preprocessing pipeline from ? for multi-unit activity envelope (MUAe)
extraction. The MUAe is obtained through several steps: band-pass filter the raw sig-
nal between 0.5 and 9 kHz to isolate action potential components; full-wave rectify
by taking the absolute value; low-pass filter at 200 Hz using a 4th-order Butterworth
filter to extract the smooth temporal envelope of population spiking activity. This
processing yields a continuous measure of local neural activity, bridging discrete
spike trains analyzed in Chapter 1 with the continuous dynamics framework devel-
oped here.

Additional preprocessing includes band-stop filtering at 50, 100, and 150 Hz to re-
move European electric grid noise and harmonics. We remove electrodes with signal-
to-noise ratios below 2 or those contributing to high-frequency crosstalk (according
to ?), excluding around 200 electrodes per session. We further downsample MUAe to
100 Hz using finite impulse response filter-based decimation, remove edge samples
to eliminate boundary artifacts, and apply z-scoring to each channel independently.
We concatenate normalized signals from all arrays into a unified matrix for subse-
quent analysis.

Chen et al. (2022) tracked the monkey’s eye state (open or closed) using camera
monitoring during resting state recordings with no behavioral task. The findings of ?
demonstrate that these two behavioral states correspond to distinct neural manifolds
when analyzed using Gaussian mixture models. Here, we go beyond their work and
conduct a more detailed examination of these two manifolds using our geometric
framework.

4.3.2 Evidence for Non-Gaussian Structure

Figure 4.1 presents dataset characteristics using data from an exemplary recording
session (L_RS_250717). The dataset encompasses 774 signal channels, each represent-
ing z-scored multi-unit activity envelope (MUAe) data. MUAe represent aggregate
spiking activity from multiple neurons recorded at a single electrode, providing a
mesoscopic view of local population dynamics (Buzséki, 2004; Einevoll et al., 2013).

Figure 4.1b shows temporal dynamics of the ten principal components with high-
est eigenvalues, along with eye state labels. Several principal components exhibit
clearly distinguishable patterns between eye states. The rapid decay of PC eigenval-
ues demonstrates that few variables account for most variance in the data, providing
evidence that the data reside on a low-dimensional manifold.

Figure 4.1c shows marginal distributions for the first ten principal components. The
data conform neither to Gaussian nor to simple two-component Gaussian mixture
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distributions. Several PCs display near-Gaussian marginal distributions (PCs 5, 7,
and 10), while others show marked deviations from Gaussianity, particularly the first
four PCs which exhibit heavy-tailed distributions. These deviations from Gaussianity
are quantified systematically using fourth-order cumulants.

The two-dimensional probability density marginalization along the first two PCs
(Figure 4.1d) exhibits bimodal characteristics, consistent with successful Gaussian
mixture model fitting by ?. However, the overall distributional shape differs dra-
matically from a Gaussian mixture. Rather than exhibiting near-elliptical contours,
probability density concentrates within a clearly defined triangular region, indicating
substantial deviations from Gaussian statistics.

These visualizations provide initial evidence for non-Gaussian statistics. Higher-
order cumulants offer a more rigorous approach to quantifying such deviations, cap-
turing statistical dependencies within high-dimensional spaces. Since cumulants be-
yond second order equal zero for any Gaussian distribution, non-zero values indicate
deviations from Gaussianity. Our analysis reveals substantial third- and fourth-order
cumulants in this dataset (Figure 4.1e-f). Higher-order cumulants approach zero for
near-Gaussian PCs 5, 7, and 10, but show distinctly negative (blue) or positive (red)
values for other PCs, particularly PCs 1 and 2. Pronounced positive values along the
fourth-order cumulant diagonal suggest heavy tails in these directions.
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Figure 4.1: Neural population activity demonstrates non-Gaussian statistical struc-
ture and higher-order cumulants.



110 Characterizing Neural Manifolds Using Invertible Neural Networks

Figure 4.1: Neural population activity demonstrates non-Gaussian statistical struc-
ture and higher-order cumulants. (a) Multi-unit activity envelope (MUAe) data from
recording session L_RS_250717, acquired at 100 Hz sampling rate over 22.7 minutes
of recording time. The data comprise 774 channels distributed across 16 Utah elec-
trode arrays (14 positioned in V1 (primary visual cortex), 2 in V4 (visual area 4)),
with each channel normalized independently through z-scoring (zero mean, unit
variance) for consistent amplitude scaling. (b) Temporal dynamics of the ten princi-
pal components (PCs) with largest variance from the normalized data. Raw principal
component (PC) traces are displayed as transparent lines, with temporally smoothed
versions (Gaussian kernel, 1 s bandwidth) shown as solid lines. Behavioral state an-
notations (eyes open/closed) appear beneath the traces. The eigenvalue spectrum ;2
(where ¢;? represents the variance explained by the i-th principal component) from
the covariance matrix is plotted on the right, demonstrating rapid decay that indi-
cates low-dimensional manifold structure. (c) Univariate probability distributions
for the first ten principal components. Several components exhibit near-Gaussian
characteristics, while others display pronounced non-Gaussian features. (d) Bivari-
ate probability density projection onto the first two principal component dimensions.
(e-f) Third-order and fourth-order cumulant structure visualization. Prior to cumu-
lant computation, PC signals undergo normalization by their respective standard
deviations o; (where 0; is the standard deviation of the i-th principal component) to
account for amplitude differences. Panel (e) displays normalized third-order cumu-
lants (x;/0; versus x;2/0j?, where x; represents the i-th principal component value),
while panel (f) shows fourth-order cumulants (x;%/0;* versus sz/cT/-z). Colormap in-
tensity reflects cumulant magnitude values.

4.3.3 Biological Context and Multimodal Structure

These analyses establish that the data contain structured, non-Gaussian statistical
properties. As highlighted in Section 0.4.2, such higher-order correlations are inti-
mately connected to curvature properties of underlying manifolds. This relationship
underscores the necessity for methodological approaches capable of capturing these
structures to achieve a more comprehensive understanding of neural representations.

Neural data often exhibit multimodal structure reflecting different behavioral states
during recording (Niell and Stryker, 2010). In our dataset, the macaque alternated
between eyes-open and eyes-closed periods, creating two distinct behavioral condi-
tions. The bimodal probability density in the high-dimensional data space suggests
these modes correspond to distinct system states. Each mode’s center serves as an
archetypal representation of its corresponding behavioral state, provided the mode’s
spatial extent remains sufficiently compact. Our geometric framework provides tools
for characterizing how these behavioral modes correspond to different manifold ge-
ometries, revealing organizational principles invisible to traditional correlation-based
approaches.



84.4 Normalizing Flow Architecture and Training 111

The non-Gaussian and multimodal structure observed in our data provide com-
pelling motivation for the geometric analysis framework developed in the subse-
quent sections. Substantial deviations from Gaussianity indicate neural populations
exhibit complex coordination patterns that traditional second-order methods cannot
capture. Meanwhile, multimodal structure suggests different behavioral states may
correspond to fundamentally different manifold geometries.

4.4 Normalizing Flow Architecture and Training

4.4.1 Volume-Preserving Architecture Design

Our implementation utilizes volume-preserving NFs (Dinh et al., 2016; Draxler et al.,
2024), constructed from network components maintaining constant Jacobian determi-
nant. This architectural choice is beneficial for neural data analysis because volume-
preserving flows maintain modal structure between data and latent spaces, ensuring
equivalent numbers of modes in both domains. Thus, volume preservation allows us
to preserve multimodal structure corresponding to different behavioral states.

The network processes probability distributions of individual time samples across all
MUAe recording channels simultaneously. As preprocessing, we apply a principal
component analysis (PCA) inspired transformation following Cramer et al. (2022),
transforming input data onto the empirical covariance matrix eigenbasis while stan-
dardizing each component to unit variance. This preprocessing ensures numerical
stability and provides a meaningful coordinate system for subsequent processing.

We process only the N, = 70 most significant principal components through the
flow transformation, while remaining dimensions bypass flow processing and trans-
fer directly to latent output space. This approach is sensible because the variance
of the remaining components is relatively small compared to the principal compo-
nents, allowing us to treat them as approximately Gaussian. The network consists of
ten volume-preserving computational blocks. Each block combines a linear all-to-all
mixing transformation with an additive coupling layer (Dinh et al., 2015), employ-
ing exponential linear unit (ELU) activation functions and maintaining hidden layer
dimensionality of 128. The complete architecture preserves invertibility across all
layers, enabling exact likelihood evaluation and efficient probabilistic sampling pro-
cedures.

4.4.2 Training Procedure

Training consists of pre-training and main training phases, with parameter initial-
ization designed to ensure numerical stability and convergence efficiency. Orthogo-
nal matrix initialization governs linear all-to-all and additive coupling layers, while
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biases undergo uniform sampling from [-1/N,,1/N,], where N, represents the di-
mensionality processed by the core network components. This initialization strategy
maintains signal propagation integrity and variance preservation throughout the ar-
chitecture.

Both training phases employ Adam optimization with learning rate 0.001, beta pa-
rameters (0.9, 0.999), epsilon 1le-8, and zero weight decay. Batch processing utilizes
10,000 time points consistently throughout training. Pre-training involves 100 epochs
using standard negative log-likelihood loss to establish basic distributional model-
ing capabilities. The main training phase incorporates the additional reconstruction
error (Eq. 4.2) to ensure an interpretable latent representation.

4.4.3 Architecture Choices for Biological Data

Our architectural design decisions reflect specific biological considerations for neural
data analysis. Processing principal components rather than raw channels acknowl-
edges that neural population activity often exhibits correlated structure that can be
efficiently captured through dimensionality reduction while preserving essential in-
formation. The volume-preserving constraint ensures natural clustering of neural
activity patterns corresponding to different behavioral states is maintained through-
out the transformation.

Additive coupling layers enable complex nonlinear relationships between neural ac-
tivity patterns while maintaining invertibility necessary for exact likelihood compu-
tation. This is crucial because neural population dynamics involve complex inter-
actions that linear transformations cannot captureation. Exponential linear unit ac-
tivation functions provide smooth nonlinearities that facilitate stable training while
enabling the network to capture curved geometric structures underlying neural man-
ifolds.

The batch size and optimization parameters balance computational efficiency with
the need to capture temporal structure of neural activity patterns. Pre-training estab-
lishes basic distributional modeling capabilities, ensuring the network can accurately
represent overall statistical structure of neural population activity before incorporat-
ing additional constraints for interpretability.

4.5 Interpretable Latent Representations

4.5.1 The Interpretability Challenge in Neural Data Analysis

While normalizing flows accurately model complex distributions, learned represen-
tations may not be interpretable or meaningfully organized (Dinh et al., 2015). Since
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the latent distribution is assumed to be Gaussian, which is rotationally symmetric,
the model has no inherent preference for any particular orientation in latent space.
This leads to latent variables that may exhibit arbitrary rotations or permutations,
obscuring their relationship to underlying data structure. For neuroscience applica-
tions, interpretable representations are crucial for understanding neural computation
mechanisms. We need additional constraints or objectives that encourage a mean-
ingful organization of the latent space, linked to the physically interpretable actions
extracted in Chapter 3.

4.5.2 Reconstruction Error Loss for Hierarchical Organization

We address this limitation by incorporating an auxiliary reconstruction loss that im-
poses hierarchical ordering on latent variables according to their importance for data
recovery. This hierarchical organization enables identification of a compact subset
of latent dimensions that efficiently characterize underlying data manifold structure.
Our approach builds upon reconstruction loss proposed by Bekasov and Murray
(2020), but differs by employing uniform weights p; = 1/N, for reconstruction errors
R;(0) across all I dimensions, rather than their variable weighting scheme.

Our implementation first maps each data point x into the latent representation

z = fe(x),

then selectively zeros all latent dimensions beyond the first I components before
reconstructing data through the inverse transformation:

I
Tps(x) = fel(;fe,i(x)éi)

where ¢; represents the i-th standard basis vector in latent space, fy;(x) denotes the
i-th component of fy(x), and I represents the number of latent dimensions retained.
For data residing on an /-dimensional manifold, this reconstruction procedure yields
perfect recovery, satisfying %g;(x) = x for all data points x € X. The reconstruction
loss across the entire dataset for I dimensions follows:

1 .
Ri®) = = > = e ()P
‘ ‘xe\X\
where |X| denotes the number of samples in dataset X, and |...|* represents the

squared L2 norm.

Since intrinsic manifold dimensionality remains unknown a priori, we compute the
average reconstruction loss across all dimensions I up to a specified maximum N;:

Lrec(e) = ')/recNir;Rl(G) (4-2)
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where Y. serves as a hyperparameter controlling the reconstruction term’s influ-
ence.

The biological motivation for this approach stems from observations that neural pop-
ulation activity often exhibits hierarchical organization. Some coordination patterns
are more essential for neural computation than others. By encouraging networks
to organize latent variables according to their importance for data reconstruction,
we promote representations where the most critical neural coordination patterns are
captured by the first few latent dimensions. This hierarchical organization reflects
the biological reality that neural systems often employ efficient coding strategies pri-
oritizing the most informative features.

4.5.3 Validation on a Synthetic Dataset

Figure 4.2 demonstrates the impact of this additional loss component using syn-
thetic data with two fundamental latent variables: radial distance and angular phase.
The data distribution appears as scattered sample points, while the learned distribu-
tion is visualized as grid lines representing the discovered latent coordinate system.
Standard normalizing flow training using only negative log-likelihood produces ac-
curate distribution estimates (Figure 4.2a), yet learned latent variables fail to corre-
spond to the task’s underlying coordinate system.

Incorporating the reconstruction loss term introduced in the previous section during
normalizing flow training (Figure 4.2b) enables the network to recover true underly-
ing variables: radius and phase. This synthetic task further demonstrates dimension-
ality reduction capabilities: constraining the radial latent variable to zero produces
a one-dimensional curve traversing the data center while maintaining reasonable
data explanation. Although simple, this two-dimensional example demonstrates our
method’s three core capabilities: learning arbitrary probability distributions from ob-
served data, aligning latent coordinates with interpretable directions, and identifying
reduced-dimensional manifolds through systematic elimination of uninformative di-
mensions.

The success of this approach on synthetic data provides confidence that the method
can discover meaningful coordinate systems for neural manifolds. The ability to
recover interpretable coordinates while maintaining accurate distributional modeling
suggests that the reconstruction loss effectively balances the competing demands of
statistical accuracy and interpretable organization.
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Added
(a) Log-Likelihood Loss (b)  Reconstruction Error

Figure 4.2: Reconstruction loss enables discovery of meaningful latent coordinates
in synthetic data. We demonstrate the impact of incorporating reconstruction loss
(Eq. 4.2) using a synthetic dataset with inherent two-dimensional structure. The
data’s geometric organization naturally suggests representation through two princi-
pal latent variables corresponding to orthogonal axes. Color-coding visualizes four
quadrants delineated by these axes. We train an invertible normalizing flow network
with transformation x = f;(z), where x represents data points, z denotes latent vari-
ables, 0 indicates network parameters. Panel (a) shows results from standard training
via negative log-likelihood minimization (Eq. 4.1), with latent variables z following
z ~ N(0,T) (multivariate normal distribution with zero mean and identity covariance
matrix I). Panel (b) shows results when adding a reconstruction error term to the
loss function that promotes hierarchical ordering of latent dimensions by reconstruc-
tion importance. Both panels visualize the learned coordinate system through grid
lines representing f, 1(s -é1+1t-8), where & and é; denote the first and second latent
basis vectors. Grid lines are generated by independently varying each latent variable
s,t € R while holding the other variable fixed. Adjacent grid lines are separated by
half a standard deviation in latent space, with visualization restricted to the region
where 2 + 52 < 4. Incorporating reconstruction loss enables accurate identification of
the dataset’s intrinsic latent variables: panel (b) shows grid lines aligned with the
two fundamental axes, confirming successful recovery of the underlying coordinate
system.
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Figure 4.3: Multimodal distributions in data and latent space. (a) A bimodal proba-
bility density in high-dimensional data space, where the two modes may correspond
to distinct system states such as different behavioral conditions. (b) Latent space
with bimodal distribution when trained only with negative log-likelihood loss (Eq.
4.1). (c) We observe alignment of sets of latent space axes to the behavioral states due
to the added reconstruction error (Eq. 4.2).

4.6 Behavioral State Discovery

4.6.1 Multimodal Structure and Behavioral Alignment Strategy

Neural recordings during different behavioral conditions often produce multimodal
data distributions, where each mode potentially corresponds to a distinct behav-
ioral state. Our volume-preserving normalizing flows maintain this modal structure
between data and latent spaces, ensuring equivalent numbers of modes in both do-
mains (Dinh et al., 2015; Merger et al., 2023).

We model this multimodal structure using a Gaussian mixture distribution in the
latent space (Izmailov et al., 2020). To prevent overfitting while maintaining inter-
pretability, we constrain the mixture components: centers can differ only in the first
N, dimensions, with remaining coordinates fixed at zero, and covariance matrices
can deviate from identity only within these same N; dimensions. The network learns
both center coordinates and covariances, while N; serves as a predetermined hyper-
parameter.

The training strategy significantly impacts the interpretability of learned represen-
tations. Training with negative log-likelihood loss alone produces the configura-
tion shown in Figure 4.3b, where individual latent variables fail to capture behav-
ioral state transitions effectively. However, incorporating reconstruction error as an
auxiliary loss term consistently achieves latent variable alignment with behavioral
state changes (Figure 4.3c). Although this alignment lacks theoretical guarantees,
it demonstrates the model’s tendency toward meaningful latent organization where
mode transitions correspond to changes in specific dimensions.
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Figure 4.4: Accuracy of data representation saturates with fewer than 10 latent
components. We evaluate three different recording sessions by measuring negative
log-likelihood per dimension for both training and test data as a quality indicator.
Normalizing Flows (NFs) are compared against Gaussian Mixture Models (GMMs)
to assess the benefits of learning curved representations. NFs demonstrate saturation
at 3 to 4 latent components, while GMMs consistently underperform across all com-
ponent counts. An 80%/20% train-test split remains fixed throughout each recording
session analysis.

4.6.2 Model Selection and Component Determination

Given the multimodal framework established above, we now address the important
issue of component selection. We apply our normalizing flow framework to the
neural activity data presented in Figure 4.1. The most critical hyperparameter is the
number of Gaussian mixture components in latent space, which controls the model’s
capacity to capture distinct behavioral modes. Each component corresponds to a flat
manifold region in latent space that transforms into a curved manifold in data space
through the normalizing flow mapping. The component number critically influences
model performance: too few components yield suboptimal descriptions that miss
important data characteristics, while too many components cause manifold overlap
and reduced interpretability.

We evaluate component selection by training networks with varying numbers of mix-
ture components and assessing their log-likelihood performance. Figure 4.4 displays
log-likelihood values for up to ten components, with standard Gaussian Mixture
Model results included for comparison. Normalizing flows consistently outperform
Gaussian Mixture Models, demonstrating the advantages of learning curved rep-
resentations over linear approaches. The normalizing flow log-likelihood increases
monotonically with component number but saturates beyond three or four compo-
nents, indicating that additional complexity provides diminishing returns.

The superior performance of normalizing flows becomes clear through qualitative
evaluation in Figure 4.5, which shows the marginalized probability density along
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Figure 4.5: Effect of number of latent components on the approximation capabil-
ities: Marginalized distributions for the experimental data and learned models. (a)
Marginalized distribution of one session of experimental data (L_RS_250717) along
the first and second PCA directions. Light-gray isolines represent equal likelihood.
(b—e) Marginalized probability densities for data sampled from GMMs with increas-
ing numbers of latent components (1 to 4). (f-i) Corresponding distributions for NFs,
also with 1 to 4 latent components.

the first two Principal Component Analysis variables. The neural data exhibit a
stark contrast between small, high-density regions and extensive, low-density areas
with triangular probability cutoffs. Gaussian Mixture Models, constrained to ellipti-
cal component shapes, cannot accommodate these triangular boundaries, explaining
their inferior log-likelihood performance. Normalizing flows excel at modeling such
complex boundaries even with few latent components due to their nonlinear trans-
formation capabilities.

Based on these quantitative and qualitative assessments, we select four-component
normalizing flows for subsequent analyses, providing optimal balance between mod-
eling accuracy and interpretability.

4.6.3 Discovery of Behavioral State Correspondence

Our dataset contains neural recordings from a macaque alternating between eyes-
open and eyes-closed periods, creating two distinct behavioral conditions. Since our
four-component model accurately represents the data’s empirical density, we hypoth-
esize that some components should align with these behavioral conditions. Such
alignment would demonstrate that different behavioral states generate structurally
distinct neural activity patterns, particularly notable since the model was trained
without behavioral labels.
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We test this hypothesis by computing the posterior probability of each component k
given a neural data point x using Bayes’ theorem:

pip(x[k)
kx) = —/—————,
PER = S bR
where pj represents component k’s weight and p(x|k) denotes the data point’s like-

lihood under that component. Our normalizing flow approach computes this likeli-
hood using the change-of-variables formula:

ﬁx;g(x|k) =N(yk,2k;f9(x)) ‘det(afgiix)) , (43)

where fp(x) maps data x into the latent space with parameters 6. We apply temporal
smoothing using a Gaussian kernel (standard deviation 3 seconds) to obtain stable
time-varying label probabilities, with dominant component assignment following
maximum smoothed probability at each time point.

4.6.4 Validation of Behavioral Alignment

The results reveal correspondence between learned components and behavioral states.
Figure 4.6a displays smoothed label probabilities as solid curves, with background
shading indicating dominant component assignments. Comparison with true behav-
ioral conditions (Figure 4.6b) shows strong alignment: component C4 corresponds
to eyes-open periods, while component C3 aligns with eyes-closed periods. Compo-
nents C1 and C2 exhibit lower overall probabilities and appear to capture residual
variability or transitions between primary states.

Panel ¢ provides quantitative validation through direct comparison of label proba-
bility distributions across behavioral conditions. Component C4 shows high proba-
bilities predominantly during eyes-open periods, while C3 peaks during eyes-closed
periods, both serving as reliable behavioral indicators. In contrast, C1 and C2 display
generally low probabilities, with C1 showing slight preference for eyes-closed condi-
tions. This alignment appears consistently across all recording sessions, confirming
our method’s ability to extract behaviorally-relevant latent components from neural
data.

4.6.5 Biological Interpretation and Implications

The unsupervised discovery of behaviorally-relevant neural population modes pro-
vides interesting insights into neural organization. The fact that normalizing flows
trained purely on neural activity patterns without behavioral information discov-
ered components that align with behavioral states suggests that different cognitive
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Figure 4.6: Distinct mixture components in the latent space represent behavioral
states. (a) Smoothed (Gaussian filter, o = 3 s) and normalized likelihoods appear
as solid curves for each of the four components (C1-C4). Component assignments
result from selecting the component with maximum label probability at each time
point, shown through background shading. (b) Ground-truth behavioral states dis-
play eyes-open (pink) and eyes-closed (black) conditions for direct comparison with
predicted labels in (a). (c) Label probabilities are directly compared against behav-
ioral conditions, with smoothed histograms showing the distribution of label proba-
bilities for each component across the two states (eyes-open: left, eyes-closed: right)
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conditions might correspond to distinct neural population dynamics. This observa-
tion supports the possibility that behavioral states could be encoded in the statistical
structure of population activity patterns, though the generalizability of this finding
beyond our specific experimental paradigm requires further investigation.

The four-component structure hints at potential hierarchical organization in neural
population dynamics. Components C3 and C4 appear to represent stable states cor-
responding to eyes-closed and eyes-open conditions, while components C1 and C2
may capture transitional dynamics or mixed states. However, the functional signif-
icance of this organization and whether it represents a general principle of neural
computation remains to be determined.

This component structure provides the foundation for subsequent geometric analysis
by establishing that different behavioral conditions correspond to distinct regions of
neural state space. The geometric analysis in following sections will explore whether
these behaviorally-distinct components also correspond to manifolds with different
curvature properties, potentially revealing connections between behavioral states,
statistical structure, and geometric organization in neural population dynamics.

4.7 Statistical Characterization

4.7.1  Quadratic Network Approximation for Analytical Tractability

The trained Normalizing Flow effectively captures complex neural population dy-
namics, but interpreting its mapping proves challenging due to numerous trained
parameters distributed across multiple network layers. We therefore simplify the
mapping to facilitate interpretation while preserving essential characteristics. While
previous sections examined relationships between high-level behavior and mixture
components, we now investigate how latent variables of individual components re-
late to geometric and statistical properties of the neural activity manifold.

We achieve this by representing the learned mapping for each component using a
quadratic function. The quadratic form provides an optimal balance between re-
duced expressivity and interpretable latent variables, while maintaining latent space
structure. This approximation enables analytical computation of statistical and geo-
metric properties, while the full invertible network architecture continues to provide
accurate log-likelihood estimation. For each latent component, we represent the in-
verse transformation f;1(z) using a quadratic function from latent space z to data
space x as:

x = q(z)=) (; > Alzizj+ ) Bizi+ c”‘) & (4.4)
a \2 % i
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Upper indices & denote data space dimensions with é* representing the correspond-
ing basis vectors. Lower indices i,j refer to latent space dimensions. Parameters
c*, Bf, and Ag- represent bias, linear, and quadratic terms, respectively. We omit
component-specific indices for clarity, noting that A;?;. = A?‘i by symmetry.

This function represents the simplest nonlinear model capable of capturing quadratic
interactions among latent variables. Remarkably, we observe that the trained deep
network can be accurately represented using this quadratic form. Qualitative valida-
tion appears by comparing the upper column (panels a-d) with the middle column
(panels e-h) in Figure 4.7, where the inverse transformation and its quadratic repre-
sentation are respectively applied. Quantitative evaluation of the fitting procedure
appears in Appendix A. The close correspondence between these representations
demonstrates that despite the network’s capacity to encode vastly more complex
function spaces, the quadratic approximation captures the essential structure learned
during training.

The success of the quadratic function representation is noteworthy, considering that
deep networks can encode vastly more complex function spaces. Whether this rep-
resentation remains valid depends generally on both dataset characteristics and net-
work architecture. For the neural recordings examined here, it provides a valuable
simplification that yields important insights into neural coding, as demonstrated
in subsequent sections. The biological interpretation of this finding suggests that
neural population interactions, while complex, may be fundamentally characterized
through pairwise variable interactions, providing a tractable mathematical frame-
work for understanding coordination patterns.

4.7.2 Validation and Error Analysis of Quadratic Approximation

We describe the procedure for representing each latent component’s inverse trans-
formation with a quadratic function and its validation. This representation aims to
simplify interpretation of the complex transformation implemented by a trained Nor-
malizing Flow while maintaining accuracy for subsequent statistical and geometric
analysis. The procedure begins with latent components resulting from the training
process, where each component is characterized by its mean and covariance param-
eters. Samples drawn from these components undergo transformation back to data
space through the inverse flow.

We perform quadratic fitting for each mixture to represent the inverse transfor-
mation from latent space to data space. We construct polynomial features (linear
and quadratic terms) for each latent mixture to fit all coefficients in the quadratic
mapping equation. Feature construction utilizes polynomial feature expansion from
scikit-learn, while linear regression models fit these polynomial features against cor-
responding data mixtures, capturing both linear and quadratic interactions among
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latent variables. The parameters obtained from fitting include bias terms, linear coef-
ficients, and quadratic coefficient matrices, which are crucial for understanding how
latent variable changes affect neural population activity.

Empirical analysis shows that cumulants up to order 4 are well-represented by the
quadratic function across all components: although deviations occur, particularly
for higher-order off-diagonal components, the represented statistics maintain strong
correlation with true values. This finding demonstrates that despite reduced expres-
sivity compared to the full network, the quadratic model preserves key statistical
properties of neural activity. The close correspondence between original and rep-
resented cumulants indicates that important interactions among latent variables are
maintained, providing confidence for using this simplified model in further interpre-
tation and analysis.

The validation demonstrates that the quadratic approximation successfully captures
the essential statistical structure while dramatically simplifying the mathematical
complexity. This simplification enables the analytical computation of moment-genera-
ting functions and cumulants that would be intractable for the full network architec-
ture. The preservation of statistical accuracy combined with analytical tractability
makes the quadratic approximation particularly valuable for neuroscience applica-
tions where interpretability is crucial.

4.7.3 Higher-Order Statistical Analysis Through Cumulants

Neural code understanding requires moving beyond second-order Gaussian descrip-
tions to achieve complete characterization of neural coordination statistics. This be-
comes evident from the non-Gaussian patterns observed in our data (Figure 4.1).
Higher-order interactions can fundamentally shape population dynamics, as demon-
strated by previous studies (Montani et al., 2009; Ganmor et al.,, 2011). The ana-
lytically tractable network representation from the quadratic approximation enables
computation of means, covariances, and crucially, third- and fourth-order cumulants
for each latent component.

These quantities derive from the characteristic function of the approximate network
mapping, providing powerful insights into the encoded statistical patterns. These
statistics quantify the degree to which neural interactions deviate from Gaussianity
within each component. We derive the moment-generating function (Gardiner, 2009;
Helias and Dahmen, 2020) from the quadratic representation (Eq. 4.4) of the network
mapping for each component as:

i ephi BI-5, A%) BT

det(I- 3, A%j*)1/2

Z() =

where j = (jl,..., jN )T e RN is the N-dimensional source vector, ¢ denotes the bias
vector, B contains the linear coefficients, and A* are the quadratic coefficient matrices
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marginalized distributions for experimental data and learned models.

Marginalized distributions of each latent component from the experimental session
(L_RS_250717), projected onto the first two PCA directions. Light-gray contours indi-
cate isolines of equal likelihood. (e-h) Marginalized distribution of each component
when the inverse mapping of the network is approximated by a quadratic function

(Eq. 44). (i-D 2nd to 4th order cumulants computed from this approximation.

Approximate
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for dimension a. This expression captures how the quadratic transformation of latent
variables generates moments in the data space.

We also consider the cumulant-generating function W(j) = In Z(j), which is provided
by the logarithm of the moment-generating function. Detailed derivations for both
generating functions appear in Appendix B.

The resulting cumulants serve as effective measures of distributional non-Gaussianity,
since all cumulants beyond second order vanish for Gaussian distributions. Figure
4.7e-h displays cumulants for all components, following the visualization scheme
from Figure 4.1 by showing complete second-order cumulant values but a subset of
third- and fourth-order cumulant values.

Component C4 exhibits pronounced third- and fourth-order cumulants, marking it as
non-Gaussian. Components C1 through C3 also demonstrate moderate higher-order
patterns.

4.7.4 Analytical Computation via Moment-Generating Functions

We compute cumulants of data variables by representing the trained Normalizing
Flow through the second-order quadratic function of latent variables. For each mix-
ture component, latent variables follow a multivariate Gaussian distribution. This
structure allows analytical evaluation of the moment-generating function, and subse-
quently, the cumulant-generating function obtained as the logarithm of the moment-
generating function. The moment-generating function and characteristic function
are closely related: the characteristic function is obtained by substituting imaginary
arguments into the moment-generating function, providing equivalent information
about the distribution’s statistical properties (Helias and Dahmen, 2020).

Cumulants are extracted as mixed partial derivatives of the cumulant-generating
function evaluated at zero. This approach leverages the fundamental property that
cumulants measure deviations from Gaussian behavior: for Gaussian distributions,
all cumulants beyond second order vanish. Working with the quadratic mapping
from latent space to data space, where latent variables are standardized for each
mixture component, we derive explicit expressions for cumulants of different orders.

The mathematical framework enables computation of first-order cumulants (means),
second-order cumulants (covariances), third-order cumulants measuring asymme-
tries, and fourth-order cumulants capturing tail behavior. The explicit cumulant
formulas involve systematic combinations of the fitted quadratic parameters, pro-
viding direct connections between the learned network structure and the statistical
properties of neural population activity.
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4.7.5 Biological Interpretation of Statistical Complexity

Our results show that the components inferred by the model exhibit distinct sig-
natures, with several showing strong non-Gaussian features across multiple dimen-
sions. This highlights the importance of capturing higher-order structure to com-
pletely describe neural population activity across behavioral states. The connection
between statistical complexity and behavioral states suggests that different cognitive
conditions require different types of neural coordination patterns.

Component C4, which corresponds primarily to the eyes-open behavioral state, ex-
hibits the strongest deviations from Gaussianity through pronounced third- and
fourth-order cumulants. This suggests that active visual processing involves com-
plex, hierarchical interactions among neural populations that cannot be captured
by traditional correlation-based approaches. In contrast, the components associated
with eyes-closed states show more moderate statistical complexity, indicating that
resting neural activity involves simpler, more predictable coordination patterns.

The statistical characterization provides crucial groundwork for the geometric analy-
sis developed in the following section. The same quadratic coefficients that generate
these higher-order statistical dependencies also determine the curvature properties
of neural manifolds, establishing a fundamental connection between statistical com-
plexity and geometric structure. This relationship suggests that understanding neu-
ral computation requires tools capable of capturing both non-Gaussian statistics and
nonlinear geometry, where our unified framework extracts both aspects from the
learned network representation.

4.8 Geometric Analysis

4.8.1 Geometric Perspective on Neural Computation

(a)

Figure 4.8: Geometric interpretation of manifold curvature. Tangent vectors (ar-
rows) define the local tangent space (gray plane) at a specific point on the data man-
ifold. (a) Negative sectional curvature: the manifold curves away from the tangent
plane in opposite directions, creating a saddle-like geometry where the tangent plane
intersects the manifold surface. (b) Positive sectional curvature: the manifold curves
away from the tangent plane in the same direction, creating a sphere-like geometry
where the tangent plane lies entirely outside the manifold surface.



§4.8 Geometric Analysis 127

Understanding neural coding principles requires characterizing not only the statis-
tical structure of neural activity but also the geometric shape of population activity
manifolds. Neural population activity doesn’t just encode information statistically
— it also has geometric structure that reveals organizational principles invisible to
traditional statistical analysis. Neural states can be conceptualized as points on a
curved surface within high-dimensional space: some regions exhibit positive curva-
ture, others display negative curvature or saddle-point geometries (Figure 4.8). This
geometric perspective reveals how the brain organizes neural states in ways that re-
flect underlying computational processes.

The key insight is that curvature — how much the neural manifold bends — reflects
the underlying computational structure. Flat regions suggest linear relationships be-
tween neural variables, while curved regions indicate complex, nonlinear interactions
between neurons. Neural activity patterns typically constrain to complex, nonlinear
subspaces within high-dimensional embedding spaces, where curvature serves as a
fundamental indicator of such nonlinearity. Having analyzed the various manifolds
in our data from a statistical perspective, we now adopt a geometrical viewpoint that
provides complementary insights into how the brain organizes neural states.

This geometric perspective proves particularly relevant given the higher-order sta-
tistical dependencies identified in the previous section, since curvature can capture
underlying nonlinear interactions that second-order statistics overlook. The connec-
tion between statistical complexity and geometric structure suggests that regions of
the neural manifold exhibiting strong non-Gaussian statistics should also display
pronounced curvature properties.

4.8.2 From Normalizing Flows to Manifold Curvature

Our approach establishes direct correspondence between each learned latent compo-
nent and its associated submanifold in high-dimensional neural activity space. The
analyses presented here parameterize each latent component using N; = 10 latent
variables, as established in the training procedure. We characterize each mixture
component’s geometry separately by examining its curvature properties around the
point of maximum likelihood.

The quadratic coefficients Af; serve as the fundamental building blocks for all geo-
metric analysis in this chapter. These coefficients, obtained from the quadratic ap-
proximation of the inverse normalizing flow, directly encode the second derivatives
of the embedding mapping and therefore contain all information necessary to com-
pute intrinsic curvature properties of the neural manifold. The quadratic coefficients
serve a dual role: they generate statistical complexity as characterized in the previous
section and geometric curvature as detailed here. This connection suggests a funda-
mental relationship between statistical and geometric structure in neural activity.
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We construct this analysis using the quadratic approximation of the inverse normal-
izing flow mapping obtained after training, from which we develop local coordinate
charts. These charts establish a smoothly varying atlas that enables computation
of intrinsic geometric quantities: scalar curvature, which quantifies overall average
curvature, and sectional curvature, which measures manifold bending at specific
points relative to two-dimensional tangent planes. Both measures illuminate how
neural representations deviate from simple, flat geometries and reveal insights into
the complexity of the underlying neural code.

4.8.3 Local Geometry Construction and Curvature Measures

For sectional curvature analysis, we examine pairs of latent variables to determine the
curvature of the two-dimensional surface they span on the data manifold. We estab-
lish a local coordinate system on the data manifold using tangent vectors, which de-
scribe how perturbations in latent variables influence data space coordinates and de-
rive from the quadratic network approximation. These tangent vectors include both
linear terms that capture manifold orientation at the reference point and quadratic
terms that encode orientation changes away from the reference point, generating
curvature through the second derivatives of the embedding mapping.

From these tangent vectors, we construct the metric tensor, which defines the inner
product on tangent space and encodes local geometric information including dis-
tances and angles between directions (Lee, 2018). This metric tensor proves essential
for all subsequent geometric analysis steps and enters calculations both directly and
through its inverse. We then introduce the projection operator onto the normal space
— the space orthogonal to the tangent plane. This operator ensures curvature calcu-
lations respect only deformations perpendicular to the manifold.

The second fundamental form emerges naturally from our quadratic coefficients. For
an embedded submanifold, the second fundamental form measures how the mani-
fold curves away from its tangent space and incorporates the quadratic coefficients
as the fundamental building blocks. The crucial insight is that our quadratic coef-
ficients directly encode the second derivatives of the embedding mapping, making
them the essential components for all curvature calculations. The connection to cur-
vature arises through the Gauss equation, which relates intrinsic curvature to the
second fundamental form.

Based on these definitions, we compute sectional curvature K(e,',ej) (Lee, 2018 Ch.8),
which quantifies manifold bending in the plane spanned by tangent vectors ¢; and e;:
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We obtain scalar curvature R by averaging over all sectional curvatures at a point
(Lee, 2018 Ch.7). For our model, this produces the expression:

R =xN SNy ¢lg™PP(AY AL - ALAL )
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The complete derivation of this scalar curvature formula is presented in the de-
tailed mathematical derivations in Appendix C, where we systematically construct it
through the Ricci curvature tensor.

4.8.4 Geometric Signatures Across Brain States

‘ ‘ Sectional curvature

Component 1 -0.052
Component 2 -0.011
Component 3 -0.012
Component 4 -0.097

Table 4.1: Scalar curvature for all four components.
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Figure 4.9: Geometric characteristics of the latent components. Panels (a-d) show
sectional curvature matrices for each of the four latent mixture components, where
each matrix element K(e;, ¢;) represents the curvature in the two-dimensional plane
spanned by latent basis vectors ¢; and ¢;. These values are computed from the
quadratic approximation of the inverse normalizing flow mapping. Red indicates
positive sectional curvature, blue indicates negative sectional curvature. The color
scale is consistent across all panels, with the range spanning the scalar curvature
values reported in Table 4.1 (scalar curvature represents the average of all sectional
curvatures at each point).

Our analysis reveals a striking pattern: the complexity of neural geometry mirrors
the complexity of cognitive states. We measure scalar curvature across different
latent components as shown in Table 4.1. Component C4 exhibits the most pro-
nounced negative curvature (-0.097), followed by component C1 (-0.052), both indi-
cating saddle-like manifold structures. Conversely, components C2 and C3 display
nearly flat geometry with weak negative curvature (-0.011/-0.012), suggesting mini-
mal deviation from flatness.
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As demonstrated in Figure 4.6, component C3 aligns predominantly with the eyes-
closed state and represents a component with moderate higher-order correlations
(Figure 4.7). We now observe that it also corresponds to a component lying on a
near-flat manifold. In contrast, component C4, which aligns primarily with the eyes-
open state (Figure 4.6), corresponds to the most curved sub-manifold and shows
the strongest deviations from Gaussianity (Figure 4.7). The two components that do
not clearly align with specific states but rather account for transitions between or
periods separating the states (Figure 4.6) exhibit saddle-point-like (C1) and near-flat
(C2) geometries.

A more comprehensive picture emerges from the sectional curvature matrices shown
in Figure 4.9, where curvature contributions from different pairs of latent variables
are visualized. For components C1 and C4, sectional curvature remains predomi-
nantly negative (blue-shaded entries), supporting the interpretation of globally saddle-
point-like structures. In components C2 and C3, however, curvatures display more
balanced distributions with both weakly positive and negative values, aligning with
near-zero scalar curvature and suggesting less distinctly curved manifolds.

These results indicate that curvature distributes across the entire latent space rather
than confining to exceptional latent variables. The manifold’s curvedness reflects
joint interactions among multiple latent variables rather than isolated effects from
individual variables. This distributed nature of curvature suggests that neural pop-
ulation coordination involves complex, multidimensional interactions that cannot be
understood by examining individual neural variables in isolation.

4.8.5 Biological Interpretation of Manifold Curvature

We observe that the component exhibiting the strongest higher-order statistical cor-
relations resides on the most curved manifold. This alignment between statistical
complexity and geometric structure supports the possibility that understanding neu-
ral coordination might require tools capable of capturing both non-Gaussian statis-
tics and nonlinear geometry, where our method extracts both aspects from a unified
framework.

The connection between our computational approach and classical differential ge-
ometry reveals several important relationships for understanding neural manifolds.
The same quadratic coefficients that generate higher-order statistical cumulants also
determine geometric curvature, suggesting a fundamental relationship between sta-
tistical complexity and geometric structure in neural activity patterns. Regions of
positive curvature correspond to neural states with sphere-like geometric configura-
tions, while negative curvature regions represent saddle-like geometries. Near-zero
curvature indicates neural states lying on nearly flat regions of the manifold.

Our observation that eyes-open states (Component C4) reside on highly curved man-
ifolds while eyes-closed states (Component C3) lie on nearly flat surfaces suggests
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that active visual processing might involve more complex, nonlinear neural coordi-
nation patterns. This geometric perspective provides one lens for examining how the
brain might organize different computational states, though the relationship between
neural geometry and cognitive complexity requires further investigation.

The observed relationship between curvature and brain state hints that manifold
geometry could play a role in organizing neural population dynamics. Active sen-
sory processing appears to correspond to curved geometric structures, while resting
states correspond to simpler flat geometries. Whether this geometric organization
reflects computational efficiency principles or represents a more general strategy for
managing different computational demands remains an open question.

4.8.6 Implications for Neural Coding and Computation

These findings suggest that geometric analysis might reveal organizational principles
of neural computation that are less apparent in purely statistical approaches. The ob-
served relationship between curvature and brain state hints that manifold geometry
could serve as an organizing principle for neural population dynamics, though the
broader implications for understanding brain function and potential disruptions in
neurological conditions require further investigation.

The geometric characterization provides potential insights into how neural popula-
tions coordinate their activity to support different cognitive functions. The curved
manifolds associated with active visual processing might reflect the complex non-
linear relationships present during sensory processing and perception. In contrast,
the flatter manifolds associated with resting states could indicate simpler geometric
organization during periods of reduced sensory input.

This geometric perspective also suggests possible directions for understanding neural
computation across different brain areas and behavioral conditions. The framework
developed here could potentially be applied to characterize manifold geometry in
other brain regions, during different behavioral tasks, or in different species. How-
ever, whether the connection between statistical complexity and geometric structure
represents a general principle of neural organization or is specific to the visual cor-
tical areas and experimental paradigm analyzed in this study remains to be deter-
mined.
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4.9 Discussion and Implications

We discovered that neural activity exhibits fundamentally different geometric orga-
nization depending on behavioral state. During active visual processing, population
activity traces curved, saddle-shaped manifolds. During rest, the same populations
organize into nearly flat geometric structures. This state-dependent geometry sug-
gests that manifold curvature reflects computational demands.

4.9.1 Behavioral State Discovery Through Geometric Structure

By extending normalizing flows (Dinh et al., 2015; Kobyzev et al., 2020; Papamakarios
et al., 2021) to neural data, we gain insights into how neural populations organize
information. Through unsupervised training, the learned latent components align
with behavioral states observed during experiments, demonstrating the capacity of
generative models to discover neural organization.

Remarkably, our method discovered this behavioral alignment without any training
labels. The geometric differences between eyes-open and eyes-closed states emerges
purely from the statistical structure of neural activity, indicating that behavioral de-
mands shape the geometric organization of neural activity (Niell and Stryker, 2010;
Stringer et al., 2019b).

Distinct Geometric Signatures Across Behavioral States

The geometric differences between behavioral states prove quantitatively distinct.
Neural activity during eyes-open states consistently occupies curved manifolds with
pronounced negative scalar curvatures, exhibiting saddle-point-like geometries that
reflect complex, multidimensional coordination patterns. In contrast, eyes-closed
states correspond to flatter manifolds with curvatures approaching zero, suggesting
simpler geometric organization during periods of reduced computational demands
(Renart et al., 2010; Deco et al., 2011).

Linking Statistical and Geometric Complexity

Statistical complexity directly corresponds to geometric curvature. Components with
strong non-Gaussian statistics — high third- and fourth-order cumulants — exhibit the
most curved manifold structures. This suggests a fundamental relationship between
statistical dependencies and neural geometry.

Components with complex curved geometries exhibit rich higher-order correlations,
while those with flatter structures display statistical properties closer to Gaussianity.
This correspondence supports our integrated analytical framework while suggesting
that statistical and geometric perspectives may capture complementary aspects of
underlying neural coordination mechanisms.
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4.9.2 Methodological Innovations and Technical Framework
Normalizing Flows: Advantages and Extensionss

While variational autoencoders (VAEs) represent a natural alternative for this type
of analysis (Kingma and Welling, 2013), our normalizing flow approach provides
advantages including exact likelihood computation and direct analytical tractability,
as demonstrated in Section 4.2.4.

Our framework could extend to VAE architectures since the key innovation — approxi-
mating the decoder with a quadratic function and computing characteristic functions,
cumulants, and curvature tensors — applies generally to latent-variable models. Ad-
vanced VAE variants with disentangled representations (Higgins et al., 2017; Hsu
et al.,, 2017; Kim and Mnih, 2018; Chen et al., 2018) or geometry-aware training (Rey
et al., 2019; Koehler et al., 2021) would be particularly promising candidates.

These methods work with any latent variable model, not just normalizing flows. The
key extensions could be applied to VAEs, diffusion models, and other generative
architectures.

The Power of Quadratic Approximation

The quadratic approximation introduced in Section 4.7.1 proves effective, capturing
essential statistical properties despite reducing the complexity of the trained net-
works. This finding suggests that neural population interactions, while complex,
may be well-approximated by a combination of linear and quadratic relationships —
a perspective that provides computational tractability.

The approximation’s success enables analytical computation of both statistical cumu-
lants and geometric curvature from the same functional representation, as demon-
strated in Sections 4.7 and 4.8.

Multimodal Latent Spaces for State-Dependent Analysis

The multimodal latent space proves essential for capturing how neural geometry
varies across behavioral contexts, as demonstrated in Section 4.6. Our extension
enables the network to discover distinct geometric modes corresponding to differ-
ent computational demands without requiring supervised labels, revealing state-
dependent organization that emerges naturally from the data structure.

This technical innovation connects directly to the network dynamics insights from
Chapter 2, which reveal how neural responses for different stimuli are reshaped. The
geometric analysis provides a complementary perspective on how these dynamical
reshaping processes manifest as curved manifold structures.
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4.9.3 Computational Implications of Geometric Structure

The geometric characterization provides insights into neural computation principles
that remain invisible to traditional analytical approaches. We now explore what these
geometric properties may reveal about neural information processing.

Saddle-Point Geometries as Computational Motifs

The prevalence of saddle-point geometries (negative curvature) during active pro-
cessing suggests these structures support flexible computation. Saddle-point mani-
folds allow neural representations to be dynamically reconfigured while maintaining
stability — a key requirement for adaptive behavior (Remington et al., 2018). This
interpretation aligns with recent studies demonstrating that nonlinear curvature and
manifold structure carry functional relevance across multiple species and brain re-
gions (Gallego et al., 2017, 2020; Altan et al., 2021; Safaie et al., 2023; Fortunato et al.,
2024).

The concentration of complex geometric structures during active processing periods
aligns with theoretical frameworks that emphasize the computational advantages of
curved manifolds for information routing and transformation. During periods of
minimal computational demands (eyes-closed states), simpler flat geometries may
suffice. When demands increase (eyes-open states), curved structures may emerge
to support more sophisticated processing. This relationship connects to broader the-
oretical work on correlated variability in population codes and the geometry of in-
formation coding (Stopfer et al., 2003; Moreno-Bote et al., 2014; Kohn et al., 2016;
Azeredo da Silveira and Rieke, 2021).

Adaptive Geometric Organization

The behavioral state-dependent geometric organization demonstrated in Sections 4.6
and 4.8 reveals distinct manifold structures across different computational contexts.
This geometric variation provides a population-level complement to the temporal
coordination patterns we analyze in Chapter 1, suggesting these represent different
organizational principles that may operate across multiple scales of neural activity.

4.9.4 Multi-Scale Integration and Cross-Chapter Connections

Our geometric analysis reveals curved manifolds during active processing states,
complementing the temporal coordination patterns analyzed in Chapter 1 and the
network dynamics characterized in Chapter 2 .
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The invertible networks from Chapter 3 provide the technical foundation for this
analysis by learning higher-order statistical dependencies that manifest as geometric
structure. This framework demonstrates that neural computation can be analyzed
across multiple scales — from temporal patterns to population-level manifold geom-
etry — with statistical dependencies serving as coordination mechanisms that appear
differently depending on the analytical perspective employed.

4.9.5 Challenging Traditional Approaches to Neural Coding

Our findings suggest important limitations in current analytical frameworks and
point toward new directions for understanding neural computation.

Beyond Linear Assumptions

The differences between curved manifold structure during active processing and flat-
ter geometries during rest that we demonstrate in this chapter suggest potential limi-
tations of linear analytical approaches for understanding neural computation. Tradi-
tional methods like PCA, which assume linear relationships and Gaussian statistics
(Pearson, 1901; Hotelling, 1936), miss systematically aspects of the geometric com-
plexity that our analysis reveals, despite their continued dominance in neural mani-
fold studies alongside tensor-based extensions (Williams et al., 2018; Mitchell-Heggs
et al., 2023; Pellegrino et al., 2024).

The higher-order statistical dependencies, as we characterize in Section 4.7, that gen-
erate curved geometric structures may represent information-processing mechanisms
that linear methods cannot detect. This finding suggests that some aspects of the
computational sophistication of neural circuits remain invisible to traditional ana-
lytical approaches, indicating opportunities for advancing understanding through
geometric perspectives that go beyond the restrictive assumptions imposed by clas-
sical manifold learning techniques (Tenenbaum et al., 2000; Roweis and Saul, 2000;
Mclnnes et al., 2018).

Toward Geometric Theories of Neural Computation

The systematic relationship between behavioral demands and geometric complexity
that our analysis reveals raises questions about the functional role of manifold curva-
ture in neural computation. The consistent emergence of curved geometric structures
during demanding processing periods suggests these may represent more than inci-
dental features of neural dynamics, though the functional significance remains to be
established.
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Our findings contribute to ongoing discussions connecting neural computation to
principles from differential geometry and information theory. Our empirical findings
provide one data point for these broader theoretical frameworks, though much work
remains to establish whether geometric organizational strategies play functional roles
in neural information processing.

4.9.6 Practical Applications and Future Research Directions

The methodological innovations we develop in this work open new possibilities for
neuroscience research and suggest several promising directions for future investiga-
tion.

Scalability for Contemporary Neuroscience

The framework’s demonstrated capability with approximately 800 simultaneously
recorded neurons, as we describe in Section 4.3, establishes its relevance for con-
temporary neuroscience applications. The architectural strategies that enable this
scalability — processing only the most informative dimensions — provide foundations
for analyzing even larger datasets from emerging recording technologies.

The volume-preserving flow architectures (Dinh et al., 2015) prove essential for train-
ing stability while maintaining interpretability within the setting of a multimodal la-
tent space (Izmailov et al., 2020). This training stability will scale to higher-dimensional
data, as demonstrated in recent applications of normalizing flows to high-dimensional
datasets.

Cross-System Applications

The framework’s generality suggests broad applicability across different brain re-
gions, behavioral contexts, and experimental paradigms. The geometric organiza-
tional principles we identify in visual cortex likely operate throughout the nervous
system, though specific manifestations may reflect region-specific computational de-
mands, connecting to recent developments in differential geometry applied to com-
plex data (Shao et al., 2018; Jones, 2024).

Our approach learns full probability densities from large-scale recordings, enabling
richer descriptions of neural variability compared to other geometric approaches that
focus primarily on synthetic data or small-scale applications (Acosta et al., 2023). This
builds on established curvature-based methods in neuroscience and statistical anal-
ysis on manifolds (Fletcher et al., 2009; Weber et al., 2017; Farooq et al., 2019; Gilbert
and O’Neill, 2023). The methodological innovations provide tools for investigating
how geometric organization varies across brain regions, potentially revealing general
principles while illuminating region-specific adaptations.
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Dynamic Geometric Evolution

Understanding how manifold structure evolves during learning, adaptation, and
state transitions represents natural extensions of this work. The static geometric anal-
ysis we present here could be extended to capture how curvature properties change
as neural circuits adapt to new computational demands or acquire new behavioral
capabilities.

The temporal precision methods from Chapter 1 could track how precise correlation
patterns change during these adaptive processes, while geometric analysis could re-
veal corresponding changes in manifold structure. This integrated perspective might
illuminate fundamental mechanisms of neural plasticity that operate across multiple
organizational scales.

Multi-Area Coordination

Different brain regions likely employ distinct geometric organizational strategies de-
pending on their computational roles. The framework provides tools for charac-
terizing these region-specific strategies while investigating how they coordinate to
support integrated brain function.

The statistical and geometric analysis could reveal how information flows between
brain areas through manifold transformations, providing insights into the compu-
tational principles underlying large-scale neural coordination. Such understanding
could advance both basic neuroscience and applications in brain-computer interfaces.

4.9.7 A Unified Framework for Neural Computation

This work establishes geometric analysis as a potentially valuable complement to
traditional approaches in computational neuroscience. The observation that neu-
ral populations organize into curved manifolds with behaviorally-relevant structure
provides new perspectives on how neural circuits may implement complex compu-
tations.

Synthesis Across Organizational Scales

The geometric characterization provides integration with our comprehensive analyt-
ical framework, revealing how the temporal precision we validate in Chapter 1, the
network dynamics we characterize in Chapter 2, and the statistical dependencies we
learn in Chapter 3 contribute to population-level geometric organization.

This synthesis demonstrates that neural computation may not be fully understood
through any single analytical perspective. Instead, insights may emerge when tempo-
ral, dynamical, statistical, and geometric approaches are unified to reveal the multi-
scale organizational principles that enable neural circuits to implement sophisticated
computations.
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Methodological Contributions to Computational Neuroscience

The technical innovations — particularly the reconstruction error loss we use in Sec-
tion 4.5.2, the quadratic approximation enabling analytical tractability we develop in
Section 4.7.1, and the mixture-of-Gaussians latent space capturing state-dependent
organization we describe in Section 4.6.1 — establish new possibilities for statistical
and geometric analysis of neural data. These methods provide computational neu-
roscience with tools capable of revealing geometric organizational principles while
maintaining the interpretability essential for biological understanding.

Toward Understanding Biological Intelligence

The framework’s demonstrated capability to reveal behaviorally-relevant structure
through unsupervised learning suggests broad applicability for understanding how
neural geometry adapts to computational demands across different brain regions and
behavioral contexts. By unifying statistical and geometric perspectives, this approach
may advance understanding of neural computation by revealing organizational prin-
ciples that remain invisible to traditional analytical approaches — principles that may
ultimately help explain how the brain’s statistical dependencies and curved geomet-
ric structure enable the computational abilities of biological intelligence.



Chapter 5

Discussion

5.1 Connecting Temporal Precision and Geometric Structure
in Neural Computation

Executive Summary

We developed methods to analyze neural computation across multiple scales — from
millisecond-precise spike timing to the curved geometry of population manifolds.
We evaluated detecting discrete temporal patterns through conservative surrogate
approaches and characterized continuous geometric structures in high-dimensional
neural activity. While recurrent network dynamics provide one potential mechanis-
tic framework connecting these scales, the precise relationships between temporal
coordination and geometric organization remain an open empirical question.

Neural computation operates across multiple scales simultaneously. Understanding
how the brain works requires analytical tools that can capture both discrete temporal
patterns and continuous geometric structure. What emerges through our four inter-
connected studies is not merely a collection of independent methods, but comple-
mentary analytical tools for examining discrete temporal coordination and continu-
ous geometric structure as distinct but potentially related aspects of neural organiza-
tion that underlies how populations represent and process information (Churchland
et al., 2012; Shenoy et al., 2013; Vyas et al., 2020).

5.2 Methodological Insights Across Neural Organization Scales

Our progression from discrete temporal analysis to continuous geometric charac-
terization reveals several methodological insights about analyzing neural systems
across scales. Most significantly, we develop reliable methods for validating tem-
poral precision through conservative surrogate approaches and demonstrate that

139
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population activity exhibits distinct geometric signatures during different behavioral
states. Whether these temporal and geometric features reflect interconnected under-
lying mechanisms requires further empirical investigation to understand how neural
populations encode information across the multiple scales at which the neural code
operates (Pouget et al., 2000; Gallego et al., 2017).

5.3 Methodological Advances in Temporal Precision Detec-
tion

We discovered that uniform dithering — the most widely used surrogate method —
produces false positives in over 90% of datasets. Our conservative alternatives reduce
this to 10-15%, suggesting that genuine temporal precision may be much sparser than
previously reported. We continued here from the master’s thesis of Bouss (2020).

Our findings indicate that precisely timed correlations, when detected through rig-
orous statistical methods, appear primarily during high-firing-rate conditions and
behaviorally demanding epochs. However, the sparsity of patterns detected through
conservative methods suggests that either genuine temporal coordination is rare,
or that current detection methods remain insufficient for capturing the full extent
of temporal precision in neural activity. The statistical frameworks we develop
build upon established surrogate data principles (Louis et al., 2010) while addressing
methodological limitations identified in previous studies (Stark and Abeles, 2007).

5.4 Network Dynamics and Stimulus Representation

Chapter 2’s analysis of recurrent network dynamics in mouse superior colliculus
demonstrates how stimulus representations are reshaped through three key dynam-
ical quantities: mean population activity and within- and across-stimulus overlaps.
This work provides a concrete framework for understanding how network-level prop-
erties influence stimulus separability, building on theoretical foundations of recurrent
circuit dynamics that have emerged from studies of cortical computation (Church-
land et al., 2010; Mastrogiuseppe and Ostojic, 2019; Keup et al., 2021). The superior
colliculus represents an ideal system for these investigations due to its multimodal
integration properties and well-characterized role in sensory processing (Meredith
and Stein, 1986).

The mean-field theory we develop successfully captures essential aspects of how
recurrent circuits transform stimulus representations, extending previous theoreti-
cal work on population dynamics in neural circuits (Mazzucato et al., 2016; Keup
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et al., 2021; Benavidez et al., 2021). However, connecting this population-level frame-
work to the millisecond-precise coordination patterns requires additional investiga-
tion to determine whether local temporal coordination systematically contributes to
the global covariance relationships we characterize. Our approach addresses funda-
mental questions about how neural variability patterns change during stimulus pre-
sentation, building on seminal observations of stimulus-dependent variability mod-
ulation (Arieli et al., 1996; Churchland et al., 2010).

5.5 Artificial Data Generation as a Unifying Methodological
Theme

Our methods share a validation strategy: controlled artificial data generation. Sur-
rogate methods create spike trains that selectively destroy temporal patterns while
preserving other statistics. Invertible networks learn to generate synthetic neural
activity that captures the full statistical structure of real data.

Surrogate Data Generation (Chapter 1): Our surrogate methods generate artificial
spike trains that preserve specific statistical properties of the original data while sys-
tematically removing hypothesized temporal coordination patterns. This controlled
perturbation approach transforms the challenge of statistical significance testing from
analytical derivation to computational simulation, enabling rigorous assessment of
temporal precision claims in spike train data.

Invertible Neural Networks as Data Generators (Chapters 3 & 4): The invertible
neural networks we employ are fundamentally generative models — they learn to
produce artificial data that matches the statistical structure of training data. In Chap-
ter 3, we use this generative capability to validate our methods on artificial neural
network data where ground truth interaction patterns are known, drawing on ad-
vances in flow-based generative modeling (Dinh et al., 2015, 2016). In Chapter 4, we
employ a modified architecture of these networks that enables us to generate syn-
thetic neural population activity that captures the geometric and statistical properties
of multiunit activity envelope (MUAe) data from Utah array recordings in macaque
visual cortex, enabling controlled analysis of manifold structure through approaches
that build on recent developments in neural manifold characterization (Cunningham
and Yu, 2014).

Both approaches share a key insight: artificial data provides ground truth for rigor-
ous validation. Surrogate methods destroy specific patterns to test statistical signifi-
cance, while invertible networks learn complete statistical structures for analysis.

Cross-Dataset Applications and Methodological Generalizability: An important
strength of our artificial data generation approach is that it enables validation across
diverse neural recording types and experimental systems. Chapter 1’s surrogate
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methods were developed using sorted spikes from macaque premotor and motor cor-
tex (Riehle et al., 2013; Brochier et al., 2018), Chapter 2’s network dynamics analysis
employed sorted spikes from Neuropixels recordings in mouse superior colliculus,
and Chapter 4’s geometric analysis utilized MUAe data from macaque visual cortex
(Chen et al., 2022; ?). This diversity — spanning different recording technologies (Utah
arrays vs. Neuropixels), signal types (sorted spikes vs. multiunit activity envelopes),
species (macaque vs. mouse), and brain regions (motor, visual, and midbrain areas)
— indicates that our approaches can be applied to different types of neural data.

5.6 Statistical Structure Beyond Pairwise Correlations

Chapter 3’s development of invertible neural networks for learning hierarchical inter-
action structures addresses fundamental limitations of traditional correlation analysis
by extracting interaction coefficients from the learned action (negative log-likelihood)
using diagrammatic analysis methods. This approach successfully captures higher-
order dependencies in artificial neural network data where ground truth interaction
patterns are known, enabling validation of the extracted coefficients against known
ground truth.

The invertible neural network framework demonstrates how to extract complete sta-
tistical structures from population activity data. While the interaction learning ap-
proach from Chapter 3 provides methodological foundations for understanding sta-
tistical dependencies, Chapter 4 requires a more sophisticated network architecture
to enable the geometric manifold analysis of real neural data.

5.7 Geometric Structure and Statistical Properties in Neural
Population Activity

Our manifold analysis using modified normalizing flows reveals that different behav-
ioral states correspond to distinct geometric signatures and statistical properties in
neural population activity. Eyes-open states in macaque visual cortex exhibit curved
manifolds with pronounced negative curvature, while eyes-closed states show nearly
flat geometry. These findings provide new quantitative methods for characterizing
neural state differences through both geometric and statistical features, contribut-
ing to the growing understanding of how neural activity occupies low-dimensional
manifolds embedded in high-dimensional state space (Stopfer et al., 2003; Church-
land et al., 2012; Stringer et al., 2019a; Safaie et al., 2023).

The geometric analysis demonstrates that neural population activity occupies curved
manifolds that can be characterized through curvature measurements, while simul-
taneously revealing higher-order statistical dependencies that linear methods cannot
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capture. Our quadratic approximation approach enables analytical computation of
both higher-order statistics and geometric properties from the same functional repre-
sentation, providing a unified framework for understanding how statistical structure
manifests as manifold geometry. However, the computational significance of these
geometric and statistical properties for neural information processing remains an
important open question.

Neural manifolds appear to be a fundamental organizing principle across brain re-
gions (Stringer et al., 2019a; Gallego et al., 2020; Langdon et al., 2023; Safaie et al.,
2023). Our methods provide new tools for quantifying both manifold structure and
the statistical dependencies that create this geometry. The application of normalizing
flows to neural data analysis represents an extension of recent advances in deep gen-
erative models (Dinh et al., 2015, 2016; Kingma and Dhariwal, 2018) to the specific
challenges of neural population dynamics analysis, enabling simultaneous character-
ization of geometric and statistical properties.

5.8 Potential Connections Across Scales

While our work provides methodological tools for analyzing neural activity at dif-
ferent scales, the connections between temporal precision and geometric structure
remain largely speculative. The observation that complex geometric structures ap-
pear during active behavioral states, when temporal precision methods also detect
coordination patterns, suggests potential relationships. However, establishing direct
mechanistic connections requires additional experimental work specifically designed
to test these hypotheses.

5.9 Methodological Contributions and Their Scope

Each of our methodological contributions addresses specific analytical challenges
while defining clear domains of applicability:

Surrogate Methods (Chapter 1): Provide rigorous statistical foundations for tempo-
ral precision detection with conservative error control. While this approach priori-
tizes specificity over sensitivity, it establishes reliable benchmarks for genuine coor-
dination pattern detection.

Network Dynamics (Chapter 2): Successfully characterize population-level trans-
formations in stimulus representation through mean-field analysis. This correlation-
based framework captures essential network properties while providing a foundation
for future extensions to higher-order interactions.
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Invertible Neural Networks (Chapter 3): Demonstrate effective learning of complex
statistical structures from data with validated ground truth. This approach estab-
lishes principles for interaction coefficient extraction that can inform applications to
experimental data with appropriate validation strategies.

Manifold Characterization (Chapter 4): Provide quantitative geometric and statisti-
cal analysis of neural population activity with novel curvature-based characterization
methods. These tools enable systematic investigation of how geometric properties re-
late to neural function across different behavioral states.

5.10 Contributions to Neural Coding Theories

Our findings suggest that neural systems employ multiple coordination strategies —
temporal precision, geometric organization, and dynamic network transformations —
depending on computational demands (DiCarlo et al., 2012; Vyas et al., 2020). The
sparsity of temporal patterns, active reshaping of stimulus representations through
recurrent dynamics, and state-dependent geometric complexity together suggest that
neural systems employ coordination mechanisms strategically rather than uniformly.

5.11 Technical Advances and Scalability

Our methodological framework scales appropriately with advancing recording tech-
nologies (Jun et al., 2017; Steinmetz et al., 2021). The surrogate methods apply to
large neural populations, manifold characterization handles datasets with hundreds
to thousands of channels, and the invertible neural network approach accommodates
high-dimensional data. However, the statistical problem of distinguishing temporal
from rate-based coding becomes increasingly complex with larger datasets, making
the conservative approaches we develop even more critical for reliable detection of
genuine coordination patterns.

The computational efficiency of our approaches ensures their applicability to current
and emerging experimental paradigms. The geometric characterization framework,
in particular, provides interpretable analysis of large-scale recordings while main-
taining analytical tractability through the quadratic approximation approach.

5.12 Future Directions Enabled by Our Framework

The methodological tools we developed enable several specific research directions,
particularly given the diverse data types and experimental systems we have validated
them on:
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Cross-Dataset Method Applications: The diversity of our validation datasets — sorted
spikes from Utah arrays in macaque premotor and motor cortex (Chapter 1), sorted
spikes from Neuropixels in mouse superior colliculus (Chapter 2), and MUAe from
Utah arrays in macaque visual cortex (Chapter 4) — enables cross-application of meth-
ods. Temporal precision analysis could be applied to mouse superior colliculus data,
while geometric methods could be extended to sorted spike data through appropri-
ate preprocessing. These cross-applications could reveal whether our organizational
principles generalize across species and brain regions.

Temporal-Geometric Integration: Simultaneous application of temporal precision
and geometric analysis methods to the same datasets could reveal whether coordina-
tion patterns systematically relate to manifold properties. This is particularly feasible
for Utah array recordings, where both sorted spikes (for temporal precision analysis)
and multiunit activity envelopes (for geometric manifold analysis) can be extracted
from the same electrode data.

Cross-Species and Cross-Regional Analysis: Our framework provides tools for char-
acterizing region-specific and species-specific coordination strategies. The method-
ological diversity we achieved — validating our approaches across mouse superior
colliculus and macaque motor and visual cortices — enables systematic comparisons
that could distinguish universal organizational principles from brain-region-specific
or species-specific adaptations.

Recording Technology Integration: The validation across different recording tech-
nologies (Utah arrays vs. Neuropixels) and signal types (sorted spikes vs. MUAe)
demonstrates that our methods can integrate data from emerging high-density record-
ing systems. This positions the framework to leverage technological advances while
maintaining analytical continuity with historical datasets.

Learning and Plasticity: The geometric analysis methods could track how manifold
structure evolves during learning, while temporal precision methods could reveal
corresponding changes in coordination patterns.

5.13 Limitations and Open Questions

Several important limitations and open questions emerge from our work:

1. Mechanistic Understanding: While we provide tools for detecting and charac-
terizing neural coordination patterns, the mechanistic understanding of how these
patterns contribute to computation requires additional investigation.

2. Scale Integration: The relationship between millisecond-precise temporal pat-
terns and population-level geometric structure remains largely theoretical, requiring
targeted experiments designed to test specific hypotheses about their interaction.
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3. Functional Significance: While our methods can reliably detect temporal coor-
dination patterns and characterize geometric structure in neural manifolds, under-
standing how these patterns contribute to specific behaviors or computations re-
quires experiments that directly link the detected coordination to task performance
or cognitive outcomes.

5.14 A Methodological Framework for Multi-Scale Analysis

This thesis establishes that neural computation can be productively analyzed from
both temporal and geometric perspectives using rigorous methodological approaches.
Our work provides validated tools for detecting temporal precision, characterizing
network dynamics, learning statistical structures, and analyzing geometric properties
of neural manifolds.

Rather than claiming to solve how neural computation operates across scales, our
work provides methodological foundations that enable more rigorous investigation
of these questions. The analytical capabilities we developed — spanning discrete
temporal analysis to continuous geometric characterization — offer computational
neuroscience complementary tools for examining neural organization. By provid-
ing reliable methods for characterizing both temporal coordination and geometric
structure, we contribute analytical capabilities that could facilitate more comprehen-
sive investigations of how neural circuits encode and transform information across
multiple scales.
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Appendix A

Mathematical Details of Quadratic
Representation

We describe the procedure for representing each latent component’s inverse trans-
formation with a quadratic function and its validation. This representation aims
to simplify interpretation of the complex transformation implemented by a trained
Normalizing Flow.

The procedure begins with latent components resulting from the training process.
Each component k is characterized by its mean y; and covariance X. Samples z
drawn from these components undergo transformation back to data space through
the inverse flow, x = f;'(z).

We perform quadratic fitting for each mixture to represent the inverse transformation
from latent space z to data space x. We construct features for each latent mixture
by incorporating both linear terms (z;) and quadratic terms (z;zj) to enable fitting
of all coefficients in the quadratic net mapping equation. Feature construction uti-
lizes PolynomialFeatures from scikit-learn. LinearRegression models then fit these
polynomial features against corresponding data mixtures, capturing both linear and
quadratic interactions among latent variables. Parameters obtained from fitting —
bias ¢, linear terms Bf, and quadratic terms A}; — are crucial for understanding how
latent variable changes affect neural population activity.

For each latent component, we represent the inverse transformation f, 1(z) using a
quadratic function from latent space z to data space x as:

1
X = EZA?}ZiZj+ZB?Zi+Ca‘
i i

Upper indices « denote data space dimensions with é* representing the correspond-
ing basis vectors. Lower indices i,j refer to latent space dimensions. We omit
component-specific indices for clarity, noting that A;-X]. = A;‘i by symmetry.

149



150 Mathematical Details of Quadratic Representation

Empirical analysis shows that cumulants up to order 4 are well-represented by the
quadratic function across all components: although deviations occur, particularly
for higher-order off-diagonal components, the represented statistics maintain strong
correlation with true values (appendix of Bouss et al., 2025). This finding demon-
strates that despite reduced expressivity compared to the full network, the quadratic
model preserves key statistical properties of neural activity. The close correspon-
dence between original and represented cumulants indicates that important inter-
actions among latent variables are maintained, providing confidence for using this
simplified model in further interpretation and analysis.



Appendix B

Cumulant Computation via
Moment-Generating Function

B.1 Analytical Computation of Cumulants

We compute cumulants of data variables x* by representing the trained Normaliz-
ing Flow f;! through a second-order (quadratic) function of latent variables z. For
each mixture component, latent variables follow a multivariate Gaussian distribution.
This structure allows analytical evaluation of the moment-generating function Z(j),
and subsequently, the cumulant-generating function W(j) = InZ(j). The moment-
generating function and characteristic function are closely related: the characteris-
tic function ¢(t) = Z(it) is obtained by substituting imaginary arguments into the
moment-generating function, providing equivalent information about the distribu-
tion’s statistical properties.

Cumulants k1% are extracted as mixed partial derivatives of the cumulant- gener-
ating function:

I"W(j)
8j“1 . aj"‘" |]':0 !

Q... K
K 1 n -

where the superscripts ay, ..., &, denote data space indices (each taking values 1, ..., N),
and the notation k%" represents the n-th order cumulant tensor. This approach
leverages the fundamental property that cumulants measure deviations from Gaus-
sian behavior: for Gaussian distributions, all cumulants beyond second order vanish.

B.2 Mathematical Setup and Notation
We work with the quadratic mapping from N-dimensional latent space to data space:

1N N
¥t = 2 > Afj'zizj+ZBf‘z,-+c”‘, a=1,..,N
i1 i
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where z = (z1,...,zy)T € RN are standardized latent variables following ~ N/(0,I), A?}
form symmetric matrices A* € RN*N, Bj form vectors B* ¢ RY, and ¢* are bias terms.

Component-Specific Standardization: For each mixture component k, latent vari-
ables initially follow z ~ N (p, Zx), where py € RN is the component mean vector
and % e RNV is the positive definite component covariance matrix. We standardize
using the affine transformation:

z = Z;/22+yk

where Z ~ N'(0,1) and 211{/ ¢ RN*N is the matrix square root satisfying Xy = 211{/ 2(211{/ T,

This transformation modifies the quadratic mapping parameters according to the
change of variables:

& = (B e+ 1/2uf A%y,
B = (=)'B (4 ki,
A = (mHTarsl,
These transformed parameters capture the effect of component-specific mean and

covariance on the quadratic mapping. Henceforth, we drop both the tilde notation
and component index k, working with the standardized parameters z ~ A/(0,I).

The source vector j = (j1,..,j¥)T € RN has the same dimensionality as the data
space. Since we only require derivatives at j = 0 for cumulant extraction, all series
convergence conditions are automatically satisfied.

B.3 Moment-Generating Function Evaluation

The moment-generating function is:

HIGWIg N
2G) = (@)= [0 ep(5"2) eXP(Zf“X“)
a=1

Substituting the quadratic mapping and completing the square in the exponent, we
define effective linear and quadratic terms:

N
b(j) = Y j*B*eRY,
a=1

N
Q) = I-)j A eRNN.

a=1
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The Gaussian integration yields:

20) = exp(jTe) exp (36()"Q0) b)) (det(Q(i) M.

B.4 Cumulant-Generating Function and Series Expansion

Taking the logarithm: W(j) = In Z(j), we expand using:

(i) Neumann series:

N o N !
A=Y pa = YA

k=0 a=1

(ii) Matrix logarithm:

N ) ' | N - ‘
Indet(I- ) j*A%) = 7;ETr((Zl]“A“))

a=1

B.5 Systematic Cumulant Extraction

When expanding products like (31, j*A%)¥, we obtain terms j*1j%2...j% A% A%, A%,

Permutations P(«aj, ...,a,) arise naturally because mixed partial derivatives are inde-

. . 2 2 .
pendent of differentiation order: ;.ﬁw,ﬁ = 2W_ The explicit cumulant formulas are:
jrojf — ajPojt

First order (mean):
1 !
o= () =c"+ ETr(A“)
Second order (covariance):

1

1 S Te(AY AP

N
K= (((xxP)) = S BBP +
i=1 (a/,B")eP(a,B)

Third order:

K BY

(e xPa7))

o

N o ’ ’ ’
% 3 S B APBY + é 3 Tr(AY AP AT
(a7 )eP(a,B,7) ij=1 (a7 )eP(a,B,7)
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Fourth order:

1 N 'Y' N af ‘3’ 5

3 > 2 B (Z AikAkj)Bj
(o', By ,6")eP(a,B,7,0) i,j=1 k=1

oL Tr(AY AP A7 AY)
8 (w 17,5 )eP (1,0

The x*1** notation emphasizes tensor structure, while ({...)) emphasizes statistical
interpretation as cumulants of specific variable combinations.



Appendix C

Differential Geometry and
Curvature Calculation

C.1  Geometric Foundation and Assumptions

The computation of curvature from neural data requires systematic development of
differential geometric tools. Beginning with quadratic coefficients Af; obtained from
the normalizing flow, we establish a mathematical framework that transforms local
quadratic information into global geometric understanding. The quadratic repre-
sentation provides the foundation for all subsequent geometric analysis, where the
fitted parameters ¢*, Bf, and Af;- encode how latent variable changes affect neural
population activity.

To compute scalar curvature, the Ricci tensor must first be obtained. The Ricci ten-
sor requires the Riemannian curvature tensor, which in turn depends on Christoffel
symbols derived from the metric tensor and its inverse. This hierarchical structure
necessitates systematic construction of each component.

C.2 Manifold Definition and Coordinate System

The quadratically approximated neural manifold is treated as a Riemannian subman-
ifold of the ambient neural activity space. This approach is justified by the validation
results which demonstrate that the quadratic representation preserves key statisti-
cal properties of neural activity despite reduced expressivity compared to the full
network.

The quadratic mapping from latent variables z; to data space x* is given by:

' 1 .
x* = EAf}zizj+B?zi+c”‘.
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Let ¢ : U » RN be the smooth map defined by ¢(z) = (¢'(2),...,¢"(z)) where
¢"(z) represents the a-th component of the mapping above, and U ¢ RM is an open
neighborhood of the origin. The neural manifold M is defined as the image of this
map: M = p(U).

For M to be an embedded submanifold of RN, we require: (1) ¢ is smooth, (2) the
differential d¢, has full rank N; for all z € U, and (3) ¢ is a homeomorphism onto
its image. These conditions are satisfied locally, where the matrix of first derivatives
d¢"[dz; = B} + Aﬁ‘]’.z]v has full rank.

C.3 Mathematical Conventions and Expansion Strategy

Einstein summation convention is adopted throughout: repeated indices are summed
over their range. Greek letters «, B,y denote data space indices (range 1 to N), while
Latin letters i, j,k, [, m, n denote latent space indices (range 1 to Nj).

All geometric quantities are expanded around z = 0, representing the component
mean in standardized coordinates. This reference point provides optimal accuracy
for the quadratic approximation while enabling generalization to arbitrary points z*
through coordinate translation. The validity of this expansion is supported by the
empirical analysis which shows that cumulants up to order 4 are well-represented
by the quadratic function across all components (appendix of Bouss et al., 2025).

C.4 Construction of Fundamental Geometric Objects

C.4.1  Tangent Vectors and Local Coordinates

Tangent vectors define the coordinate directions for all subsequent geometric calcu-
lations. These vectors represent the rate of change of the embedded manifold with
respect to latent coordinates:

a X v
e = aiz,v = B?+Af;z]-.
Geometrically, ef describes manifold extension in thea-th data dimension when mov-
ing along the i-th latent direction. These vectors span the tangent space T, M at each

point p, forming a local coordinate basis for all tangent directions.

The linear term Bf‘ captures manifold orientation at the reference point, while the
quadratic term A7;z; encodes orientation changes away from the reference point. This
variation generates curvature through the second derivatives of the embedding:

92x”
az,-azj N i
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These second derivatives capture the acceleration of the manifold embedding. When
the manifold curves, tangent directions change, and this change is measured by the
second derivatives. In classical differential geometry, these second derivatives form
the building blocks of the second fundamental form.

C.4.2 Metric Tensor Construction

The metric tensor encodes intrinsic manifold geometry by measuring distances and
angles using only information available within the manifold itself:

gij = feiej)=¢jef.

This inner product employs the standard Euclidean metric of the ambient space.
Expansion in powers of z yields:

_ X X Al XAl Q& A
8ij = Bl‘Bj+(B,»A]vk+Bj ik)zk+AikAlekZl'

C.4.3 Normal Space Construction and Second Fundamental Form

Curvature computation requires distinguishing between tangent and normal direc-
tions. The tangent space is spanned by ey, e, ..., en;, while the normal space contains
all orthogonal directions.

The projection operator onto the normal space at z = 0 becomes:
P(0) = &' -Biy"Bh.

where 7/ is the inverse of the metric tensor at z = 0.

The second fundamental form measures manifold curvature away from its tangent
plane:
2.,
@ _ 90X @) _ 4 (@)
IIi]. = 32,97, ny’ = Al]na .

The quadratic approximation coefficients Aj; directly provide the components of this
fundamental geometric object. When A7 # 0, the second derivatives possess normal
components, indicating curvature away from the tangent space.
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C.5 Christoffel Symbols and Connection

Christoffel symbols encode how coordinate systems change during manifold traver-
sal. These connection coefficients enable differentiation of tensor fields on curved
manifolds:

. 1.
Iy = 58 (& + Smlk = Skim) -

Uscilng the symmetry A;’} = A;*l inherent in the quadratic fitting procedure, to leading
order:

w o= 7"BLAY+0().

C.6 Curvature Computation

C.6.1 Riemannian Curvature Tensor

The Riemannian curvature tensor provides the fundamental measure of manifold
deviation from flat space:

i aréi 81";'(]. i TP i TP
= — -+ I -T,T..
kj aZk aZl kp l] Ip k]

After substituting all expressions and carefully collecting terms, the result can be
written as:

Rl = 7"PP0)(AYAL, - ALAP )+ O(z2).

This result manifests the classical Gauss equation, which relates intrinsic curvature
to the second fundamental form.

Ry = 7‘”’(11}{”11}(;]37II£Z)II£71>)+O(Z).

C.6.2 Sectional Curvature

For a two-dimensional section spanned by tangent vectors ¢; and e}, sectional curva-
ture is defined as:

(R(ei ef)ei ef)
(eiei)(ej e)) —(eiej)*

K(ei,ej) =
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Substituting the expressions derived above:
P*A(0) (AR AP - A% AP)
u-vy ="
8ii&jj = gizj

K(eil e]) =

C.6.3 Scalar Curvature

Scalar curvature provides a single scalar that summarizes overall geometric character
at each manifold point. The Ricci curvature tensor is obtained by contracting the
Riemannian curvature tensor:

Ry = RS =9""PP(0)(A%An - ASAL ).

Scalar curvature is the trace of the Ricci curvature tensor with respect to the metric:
i
R = g] R jl -

Working to leading order where g/ = 4/! + O(z), the final scalar curvature formula
becomes:

R = g'g™PP0)(Af AR - AYAL).

This expression transforms the original Aj; coefficients into scalar curvature R, a
single number capturing the essential geometric character of each neural state.
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