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ABSTRACT

Crossflow filtration is a pressure-driven separation and enrichment process of colloidal particles, where a feed dispersion is continuously
pumped through a hollow cylindrical membrane channel permeable to the solvent only. During the filtration process, particles are advected
to and accumulate at the membrane, forming a fluid-like concentration polarization (CP) layer and a solid-like cake layer. Based on an accurate
semi-analytic method developed in this paper, we determine spatially resolved flow and particle concentration profiles in the transition regime
between ultrafiltration and microfiltration, where the effects of shear flow compete with Brownian particle motion. The results are presented
for model dispersions of colloidal hard spheres, wherein we account for the shear-rate and concentration dependence of collective diffusion
and viscosity, and for a thin, permeable filter cake. In particular, a non-monotonic shear-rate dependence of the axial flow across the CP layer
is found. We show that the shear-rate dependence of particle transport properties gives insight into the origin of a long-standing apparent
paradox related to the critical permeate flux characterizing the onset of cake formation.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0336005

. INTRODUCTION

Crossflow filtration (CF) is widely used for continuous sep-
aration in industrial and biological applications, including water
purification, protein enrichment, and vascular transport.” * As
schematically shown in Fig. 1, during the CF process, a steadily
pumped dispersion flows inside a long channel whose wall consists
of a membrane retentive to the dispersion particles but permeable to
the solvent. As the dispersion passes through the channel, the solvent
permeate flux induces particle advection toward the inner mem-
brane wall, which is counterbalanced by particle diffusion away from
the membrane. Owing to membrane selectivity, the rejected parti-
cles are concentrated near the inner membrane surface, forming a
fluid-like concentration polarization (CP) layer. This layer increases
the osmotic pressure by the particles, which counteracts the applied
transmembrane pressure (TMP). The latter drives the permeate flux
toward the membrane. Depending on operating conditions, parti-
cles can form a solidified (reversible) layer on the membrane surface,
referred to as the filter cake. The cake is overlaid by the CP layer. The
filter cake acts as an additional membrane for the solvent molecules,

thereby increasing the hydraulic resistance of the CF setup. The
details of Fig. 1 and the precise meaning of the parameters and
symbols in this figure are explained in Sec. IT A.

The selectivity and permeability of the membrane are impor-
tant factors in the filtration process and are influenced by the pore
size distribution and morphology as well as the membrane surface
treatment. CF processes are commonly categorized according to
the mean size of the dispersion particles. In ultrafiltration (UF) of
Brownian particles, the mean particle radius is in the range from a
few to about one hundred nanometers, while microfiltration (MF)
refers to the filtration of large non-Brownian particles of size in the
micrometer range.

Regarding Brownian particles, an increase in particle size for
a given particle volume fraction strongly reduces the osmotic pres-
sure and, consequently, its influence on the CP layer and permeate
flux. Considering that the applied TMP across the membrane and
cake layer often reaches 10 kPa, such as in water purification, the
osmotic pressure effect of the CP layer becomes negligible for a
mean particle radius exceeding 10 nm. Moreover, since collective
diffusion (and self-diffusion) of Brownian particles decreases with
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FIG. 1. Schematic view of inside—out crossflow filtration in a cylindrical membrane channel of length L and inner radius R < L. The thicknesses of the CP and cake layers
are small compared to R, i.e., Ry ~ R, and they are exaggerated in the figure for better visibility. The axial coordinate z is taken along the channel axis, while the radial
coordinate y is directed from the inner surface of the membrane or cake layer toward the channel center. The solvent permeate flux is driven by the transmembrane pressure
(TMP), defined as transversal (local) pressure difference between the fluid dispersion inside the membrane channel and the outside solvent permeate.

increasing size, larger particles are more likely to form a cake layer.
The minimal TMP for which a cake layer appears is referred to
as critical TMP. The corresponding length-averaged mean perme-
ate flux is denoted as critical flux, (v,,)]. Owing to the detrimental
effects of cake formation on the CF efficiency in the form of reduced
concentrate output and increased energy consumption, it is impor-
tant to identify cake-forming operating conditions as quantified
by (vw)i .-

Early CF model calculations of the critical flux were based on
film theory, i.e., a one-dimensional convective-diffusion equation
for the radial flow across the CP layer (film), combined with the con-
cept of a mass-transfer (particles-transfer) coefficient,” * as adopted
from the Lévéque similarity solution of heat transfer problems.’
These calculations suggest a power-law relation between critical flux
and the particle radius, a, of monodisperse dispersions of Brow-
nian particles according to (v,,); o a2/
law scaling (v)] o< a*l is predicted for large particles where shear-
induced hydrodynamic diffusion is dominant and Brownian motion
is negligible. When the particle radius exceeds roughly 100 nm,
these models significantly underestimate the experimentally mea-
sured critical flux. The discrepancy between these model predictions
and experimental data is referred to as the critical flux paradox of
CE."”"" While various physical mechanisms have been considered
subsequently, including shear-induced diffusion and migration,”"’
inertial lift,'" and various types of interactions between particle
aggregates as well as between particles and membrane, “” the flux
paradox is still not fully resolved.'” In particular, the transition
regime from crossflow ultrafiltration (UF) to microfiltration (MF)
for which Brownian motion is still influential, but shear-induced
hydrodynamics comes into play, is still unexplored to a larger extent.
For this reason, this paper focuses on the UF to MF transition regime
of crossflow filtration.

Since we are also concerned with concentration and shear
effects on the fluid-like CP boundary layer, we point here to earlier
CF boundary layer analyses by Davis and Leighton,'® and Romero
and Davis.'” These authors examined the axial velocity profile within
the CP layer, influenced by the concentration-dependent effective
dispersion viscosity. Using a simplified treatment of axial particle

, while a different power

transport in the bulk region outside the thin CP layer, they derived
semi-analytic expressions relating the particle flux in the CP layer to
the operating and membrane conditions specifying the CF process.
These expressions depend functionally on the particle concentration
profile near the membrane surface and have been used to establish a
criterion for thin cake formation similar to ours.'” Different from
their approach, we calculate flow and concentration profiles self-
consistently. In addition, we account for the effect of shear in the
UF to MF transition regime, including viscosity shear-thinning and
shear-enhanced diffusion with Brownian motion effects included. In
addition, in their case, a different threshold value of ¢ = 0.6 is used.
Their work addresses microfiltration conditions with large shear
rates, where crystallization is suppressed and solidification into an
amorphous cake occurs with concentrations close to the random
close packing value, ¢ = 0.64.

Davis and Sherwood'® derived a similarity solution for the
steady-state excess particle flux as a function of operating condi-
tions, which has been widely used for modeling CF processes.”'” The
boundary layer methods noted above oversimplify, to some extent,
the flow and concentration profiles in both the CP layer and the bulk
region. It has subsequently been shown that realistic flow profiles
are quite complex even for pure solvent (PS) flow, i.e., for vanishing
CP layer,””” and for suspension flow, where, for simplicity, only
first-order in concentration expressions for the osmotic pressure and
radial diffusivity have been used.”

Recently, Park and Négele’””" introduced a modified boundary
layer approximation (mBLA) method for CF, in which the flow and
concentration profiles are determined from general (concentration-
dependent) dispersion properties. By invoking global particle flux
conservation, the semi-analytic mBLA method allows for an implicit
numerical calculation of the flow and particle concentration fields
both in radial and axial directions. They demonstrated that the
mBLA-generated fields are in distinctly better agreement with finite
element (FEM) calculations than earlier similarity solution predic-
tions. Using realistic expressions for the concentration-dependent
effective viscosity and collective diffusion coefficient, the mBLA
method has been applied to suspensions of hard spheres (HS), either
non-permeable or permeable by the solvent, under conditions where
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no cake layer forms. The semi-analytic mBLA expressions are useful
for identifying general trends and unexpected features of CF, such
as non-monotonic membrane wall concentration profiles. Further-
more, the method provides physical insight into the functional forms
of the flow and concentration profiles, as well as global process indi-
cators. The mBLA method has been extended to different membrane
geometries, ranging from cylindrical to flat-sheet geometries with
one or two flat membranes, respectively. It was shown that, irrespec-
tive of membrane geometry, among the many input and operating
parameters, CF process indicators, such as the global solvent recov-
ery indicator, are essentially determined by only three independent
dimensionless variables.

The semi-analytic mBLA method has led to several important
observations. First, the increased dispersion viscosity of the CP layer
leads to a non-monotonic radial shear rate profile. Second, in com-
parison with simplifying CF calculations for hard-sphere dispersions
where constant (i.e., concentration-independent) transport proper-
ties are used, the antagonistic influences of enlarged viscosity, which
tends to enhance particle concentration, and enlarged radial diffu-
sivity, which tends to lower concentration, cause a radial expansion
of the CP layer with increased concentration values. Third, the ear-
lier obtained CF similarity solution becomes strictly applicable only
when the influence of permeate flux on the overall flow profile is
sufficiently small.

In this paper, we extend the mBLA method to stationary
inside-out CF in a cylindrical membrane setup for conditions where
the dispersion microstructure is only weakly to moderately per-
turbed by shear flow and where a thin stationary cake layer is
formed. Accordingly, the UF to MF transition regime is character-
ized by a single-particle characteristic shear Péclet number, Peg, of
values in the range & [1 - 10], corresponding to a viscosity-rescaled

Péclet number Pe] = ¢/[1]. Only thin cake layers of mean thickness
that are small compared to the inner radius, R, of the hollow cylin-
drical membrane are considered. In the extended mBLA method,
we account for both the concentration- and shear-rate-dependent
dispersion properties.

As a simple generic dispersion system, monodisperse colloidal
hard spheres (HS) are used, fully characterized by their hard-core
radius a and volume fraction ¢. It is challenging to derive general
expressions for the macroscopic collective dispersion diffusivity and
viscosity when both Brownian motion and shear-related hydrody-
namic effects are relevant, as in the UF to MF transition regime.23 B
We use an analytic expression for the shear-affected collective diffu-
sion coefficient of colloidal hard spheres, derived by Jin et al.”’ on
the basis of the generalized Smoluchowski equation governing the
dispersion dynamics and accompanying Brownian dynamics simu-
lations. While Brownian motion and excluded volume particle inter-
actions are accounted for in these simulations, solvent-mediated
hydrodynamic interactions (HI) between the hard spheres are dis-
regarded. Here, we account for HI using a hydrodynamic rescaling
of the diffusion coefficient provided by Jin et al.,”” using the equilib-
rium sedimentation coefficient where HI are fully accounted for as
in Refs. 30 and 31. The rescaling procedure is similar to that used for
CF by Kim and Liu.’>” Shear-thinning of the suspension viscosity
is accounted for using an empirical Cross-type formula given in the
work by de Kruif et al.”* and Mewis and Wagner,’> which we refer
to as the Williams viscosity expression.

ARTICLE pubs.aip.org/aipl/jcp

The results from the extended mBLA method are discussed for
two sets of operating conditions termed C1 and C2. The first set
is representative of UF setups, in which shear effects are negligi-
ble, compared to Brownian motion, yet a thin cake can form. The
second set is representative of the UF to MF transition regime. Its
consideration allows for unraveling the effects of shear-enhanced
collective Brownian diffusion and viscosity thinning on filtration
properties. These properties include flow and concentration pro-
files, the surface coverage of the cake layer, and the onset of cake
formation as quantified by the critical flux (v,); and associated
characteristic TMP. To assess the effects of shear and local parti-
cle concentration, our generalized mBLA predictions are compared
with simplifying mBLA results where viscosity shear-thinning and
shear-enhancement of radial diffusion are disregarded. Progressing
from the general mBLA solutions, simplified analytic expressions
for flow and concentration profiles, and for the critical flux, (VW)Z
values are derived from assuming constant, i.e., concentration and
shear-independent transport properties. If the dispersion flow is
approximated by the Hagen-Poiseuille (HP) profile, earlier theoret-
ical expressions for (v,); in terms of the wall concentration profile
are recovered, allowing for an assessment of the application range
and accuracy of the latter expressions. A key finding obtained from
the extended mBLA method is the shear-induced up-turn of the crit-
ical permeate flux as a function of the particle radius, for radius
values exceeding 100 nm. This gives insight into the origin of the
critical flux paradox.

This paper is organized as follows: Sec. II describes the
employed cylindrical CF model and the underlying macroscopic
transport equations. We then introduce thin cake layer modeling
and demonstrate its validity via the dependence of hydrodynamic
permeability on particle size and concentration. This is followed
by a discussion of analytic expressions for the concentration- and
shear-rate-dependent radial diffusion coefficient and the disper-
sion viscosity of colloidal hard spheres. The essentials of the mBLA
method, with its asymptotically matched flow and concentration
profiles generalized to shear-rate dependent transport properties, are
given in Sec. I11. Furthermore, it is described therein how a thin cake
layer is accounted for. A fixed-point iteration (FPI) method used for
the numerical solution of the extended mBLA equations is described
in Appendix A. Section IV, in combination with Appendix B, pro-
vides a simplified analytic expression for the critical permeate flux,
which allows for relating the generalized mBLA method to earlier CF
model calculations. Numerical results are presented in Sec. V, first
for the parameter set C1, where shear-induced effects are negligible
(in Subsection V A), and subsequently (in Subsection V B), for para-
meter set C2 representative of the UF to MF transition regime, where
shear-induced effects come into play. Our conclusions are contained
in Sec. VI.

Il. MODELING CROSSFLOW FILTRATION

In this section, we first formulate the basic equations govern-
ing crossflow filtration of monodisperse dispersions under steady-
state conditions, where, except for a developed cake layer, no
other foulants are present. Subsequently, we proceed to explain
the additional approximations introduced to describe monodisperse
colloidal hard-sphere dispersions under shear.
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A. Basic equations

As illustrated in Fig. 1, we consider a dispersion of monodis-
perse colloidal spheres of radius a and feed volume fraction ¢, <« 1
at the channel inlet, steadily pumped through a cylindrical mem-
brane channel of inner radius, R, and channel length L > R extend-
ing along the z-direction. The membrane is assumed to be fully
retentive to the spheres, but permeable to the Newtonian solvent.
The velocity field of the feed dispersion at the inlet port (at axial
coordinate z = 0) is taken to be a fully developed Hagen-Poiseuille
(HP) parabolic flow in axial direction. The prescribed operating con-
ditions are the axial velocity at the inlet-center, °, the dispersion
pressure at the outlet port, P* = P(z = L), and the constant pressure,
PP of the solvent permeated into the solvent reservoir outside the
membrane channel.

In the described inside-out crossflow filtration (CF) setup, the
solvent permeates the membrane from the inner (lumen) side to the
outer (permeate) side of the membrane, driven by the local trans-
membrane pressure difference, TMP(z) = P(z) — P, in the radial
direction. The colloidal particles are advected toward the membrane
and are accumulated at the lumen side of the membrane channel
where they form a particle-enriched layer. The radial concentra-
tion profile of this fluid-like concentration polarization (CP) layer
is determined by diffusive colloidal transport mechanisms directed
away and flow convection directed toward the membrane. As illus-
trated in Fig. 1, the overall concentration and thickness of the
CP layer increase with increasing axial distance z from the inlet.
For a sufficiently high particle concentration, particles are immobi-
lized and, therefore, act as an additional membrane. This so-called
cake layer increases the overall hydraulic resistance of the setup
and, thereby, lowers the filtration efficiency. Only reversible cake
formation is considered in this work, whereas non-reversible foul-
ing mechanisms such as membrane pores blocking and particle
adsorption layers are disregarded.

Since R > g, the dispersion crossflow is described on a coarse-
grained, continuum mechanics level, where individual colloidal
particles and membrane pores are not spatially resolved. We con-
sider monodisperse colloidal particles suspended in water as the
solvent. To unravel the effect of the particle size on the CF pro-
cess, particle radii are considered in the range of a = 3-200 nm. The
channel Reynolds number is Rer < 2000, so that the dispersion flow
is described as laminar. The particle Reynolds number is Re; << 1,
such that inertial effects on particles and solvent are negligible.

This paper addresses the transition regime between ultrafil-
tration (UF) and microfiltration (MF), for which the characteristic
particle Péclet number, Pe} = 5, a*/Dy before rescaling by the dis-
persion viscosity, is no larger than 120. Here, 3, is the shear
rate of the dilute feed dispersion measured at the inlet wall, and
Dy = kpT/(67n,a) is the Stokes-Einstein-Sutherland single-particle
diffusion coefficient, where # . is the solvent shear viscosity and kg T
is the thermal energy. For non-small Pe), the dispersion is signifi-
cantly perturbed away from isotropic equilibrium and its transport
coefficients become shear-rate-dependent.

The axisymmetric, steady-state dispersion transport inside
the channel is characterized by the dispersion-averaged, spatially
varying velocity V(r), particle-volume fraction ¢(r), dispersion
pressure P(r), dispersion viscosity #(¢,7), and shear-enhanced
radial diffusion coefficient D,,(¢,$). The local shear-rate, y(r),

ARTICLE pubs.aip.org/aipl/jcp

is position-dependent in general. The vector r points to posi-
tions of the fluid dispersion inside the channel. For Re, <« 1, the
momentum balance for the dispersion-averaged, steady-state lam-
inar flow is described by the effective Stokes equation,

VP = yAV + [VV+ (VV)T]-W, 1)
in combination with the incompressibility condition,
0=V-V. 2

Here, P(r) = ps(r) + II(¢(r), 7(r)) is the sum of a solvent-phase
pressure contribution, p, and a (generalized) shear-rate dependent
osmotic pressure I1.°° The solvent pressure part adjusts itself, such
that the incompressibility constraint, V - V = 0, is maintained at all
positions inside the dispersion. In using the effective Stokes equa-
tion, we neglect higher-order gradients in the shear-rate™ as well as
normal-stress-difference effects.

Conservation of the number of colloidal particles (i.e., mass
conservation) is quantified by the stationary continuity equation
V - J = 0, where the dispersion-averaged local particles’ flux,

J=¢V-D-V$-&-Vy 3

consists of advection, Brownian plus shear-induced diffusion, and
shear-induced migration parts, respectively. Here, D is a shear-rate-
dependent long-time collective diffusion matrix. For zero shear, it
reduces to the diagonal collective diffusion matrix at equilibrium,
D = DI, where D, = D, K:Zd §?1(0) is the long-time collective dif-
fusion coefficient and I is the three-dimensional unit matrix. More-
over, K1 is the long-time sedimentation coefficient at equilibrium
and $“(0) is the equilibrium osmotic compressibility coefficient.’”
The third flux contribution, characterized by the shear-gradient
coefficients matrix &, describes shear-induced migration.”” Note that
& — 0 in the zero shear limit. Substitution of J into the stationary
continuity equation gives rise to the stationary advection—-diffusion
equation,

V-V¢=V-(D-V$)+V-(§ Vy) )

Since transversal momentum diffusion in a (practically) incompress-
ible solvent is faster than particle diffusion, a steady-state dispersion
flow is established more quickly than the steady-state CP layer. The
latter, in turn, is established faster than the cake layer. In this work,
we analyze crossflow filtration under conditions where a complete
steady state of dispersion and cake has been established.

For the considered axisymmetric flow without swirling, the
flow inside the channel is described by the dispersion-averaged
velocity field,

V(y.2) =v(y.2) §+u(y.2) 2, (5)

where z measures the axial distance from the inlet and y is the radial
distance from the membrane wall extending toward the central axis
of the channel (see Fig. 1), with according unit vectors, ¥ and Z,
respectively. Here, v and u are the radial and axial components of the
dispersion velocity, respectively. The velocity field at the inlet port is
taken as fully developed parabolic HP flow in the axial direction, i.e.,
v(z=0,y) =0and u(z=0,y) = upp(y) for 0 < y < R, where

unp(y) = u’ 1= (1-y/R)’], (6)

J. Chem. Phys. 164, 244119 (2026); doi: 10.1063/5.0336005
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with upp(y < R) ~ 2u’y/R. Here, u® = u(R,0) > 0is the feed disper-
sion velocity at the inlet center.

The zero flux boundary condition, J - = 0, is used at the inner
membrane wall. It is valid for a fully particle-retentive membrane.
When a thin cake layer is formed at the inner membrane surface, the
same no-flux condition is applied to the inner cake surface, where it
expresses now a balance of ingoing and outgoing particles.

The boundary condition for the radial velocity component of
the permeating solvent, v,,(z) = —v(y = 0, z), at the inner membrane
or cake surface y = 0, is described by the Darcy-Starling condition,

vw(2) = Le(2)[P(2) = P = T1(¢w(2), #(2)) ], )

where ¢, (z) = ¢(y = 0,2) is the volume fraction of particles at the
inner membrane or cake surface, respectively, at distance z from
the membrane inlet. Moreover, Lp(z) is the cumulative hydraulic
permeability at z of the membrane plus cake layer. The radial veloc-
ity, vw(z), is commonly referred to as local permeate flux, while IT
is the shear-rate-dependent particle osmotic pressure.”” As noted
before, P(z) — PP is the local TMP and P(z) is the dispersion pres-
sure at distance z from the channel inlet. The wall osmotic pressure,
I1, operates against the local TMP and thus reduces the permeate
flux. Since IT o< 1/a” is valid to equilibrium, the osmotic pressure
contribution to the Darcy-Starling condition is important for small
particles, for which the effect of shear is small owing to Peg ~a.
The Darcy-Starling condition is obtained from integrating the radial
Darcy equation, v = —(x/n,)dp /dy, describing the pore-averaged
radial solvent flow, v, radial pressure gradient, dp /dy, and Darcy
permeabilities, «, inside membrane and cake layers, respectively,
across their overall radial thickness.”"”” In addition, p,=P-1Ilis
used inside the dispersion and p_ = PP in the pure solvent perme-
ate. At the inner surface of the membrane or cake layer, the no-slip
axial velocity boundary condition, u(y = 0,z) = 0, is used since the
axial solvent velocity inside membrane and cake layers is sufficiently
small compared to the axial velocity inside the lumen.”"** On disre-
garding the thickness of the thin cake layer, the zero-axial flow and
zero-radial flux boundary conditions are taken at y = 0, even when
the cake is present.

B. Thin cake layer modeling

To quantify the influence of a thin reversible cake layer, we
resort to a simplified description where the cake is accounted for by
the hydraulic permeability, Lp(z), which enters the Darcy-Starling
boundary condition. The constriction of the channel in the pres-
ence of a thick cake layer is hereby disregarded. From the integrated
Darcy law described above, it follows the additivity of the hydraulic
resistances of the membrane plus cake layers, expressed as

Lp

LP(Z) = m;

®)

where R) =1/(#;L2) is the constant hydraulic resistance of the
membrane having the physical dimension of an inverse length and
R(z) is the axially varying hydraulic resistance of the cake layer. It
holds R.(z) = 0 for concentrations ¢, (z) below a threshold value.
We identify this threshold value with the freezing transition vol-
ume fraction ¢ ;= 0.494 where the hard-sphere dispersion solidifies

ARTICLE pubs.aip.org/aipl/jcp

for small Pe <« 1. In a z-interval, where the threshold volume
fraction is reached at the membrane surface, ¢, (z) = ¢ s and IT=
I1°U(¢ ;) are taken. As explained in the upcoming boundary layer
analysis applicable to thin CP and cake layers, ¢ (z) and R.(z)
are determined self-consistently from an asymptotically matched
boundary layer solution, in combination with the requirement that
the cross-sectionally averaged axial particle flux is z-independent.
While mechanical pressure decreases across the membrane and cake
layers, due to u(y = R,z) > vy(z) and R/L « 1 valid in UF and
MF, there is practically no viscous radial pressure drop in the fluid
(bulk plus CP layer) phase, i.e., dP/dy = 0 holds throughout the fluid
phase.

While we disregard the geometric thickness of the cake layer
here, as an a posteriori consistency check, the nominal cake layer
thickness, hc(z), can be determined using Eq. (8) as

K 1
hg(z) = C(l]) (9)
fs Lr(z) 10
Here, Lp(z) is the combined hydraulic permeability of membrane
and cake layers, which, explained in Sec. III, is obtained from a

numerical solution of underlying boundary layer analysis. Further-
more, k. is the Darcy solvent permeability of the cake layer taken
for ¢ = ¢ - The permeability x. can be described by a variant of the
empirical Kozeny-Carman relation, specialized to the Darcy perme-
ability of a homogeneous hard-sphere cake of volume fraction ¢.
This variant is known as Ergun’s equation and reads””*

3
LMQ{ (10)

Kkc(a,¢) = 180 ¢2

Evaluation of Ergun’s equation for the freezing transition volume
fraction gives x.(a, ¢ f) =0.01184%. According to van der Sman,”
Stokesian dynamics simulation data for the Darcy permeability of
an ordered FCC array of spheres with stick hydrodynamic bound-
ary conditions are well approximated by Ergun’s equation, but with
the prefactor 4/180 ~ 0.022 replaced by 0.020, which amounts to
a 10% difference in «.. It is noted here that the modulus of the
average hydrodynamic drag force per particle, F;, on a homoge-
neous array of spheres, normalized by the Stokes drag force modulus
for a single sphere, Fs; = 67r.av, is related to the Darcy permeabil-
ity of the stationary array by . = 2a®/(9¢F), where F = Fy/Fy."
This relation for . in terms of F follows from F; = [(Vp,)|/n, valid
under steady-state conditions, in conjunction with the modulus,
v = (xc/n,)|(Vp,)|, of the Darcy equation. Here, n is the particle
number density, (p,) is the array-averaged pressure gradient, and
v is the modulus of the array-averaged flow velocity inside the bulk
region of the array. Values for F as a function of ¢ are tabulated in
Refs. 39-41, for different arrays of hard spheres under low-Reynolds
number condition Re, < 1.

In this work, we are particularly interested in the onset of
reversible (thin) cake formation under UF conditions also, where
shear effects are negligible and where a hard-sphere dispersion first
solidifies at ¢ = ¢, ~ 0.494. This motivates our usage of the freez-
ing transition concentration, ¢, as a simplified threshold for cake
formation. Note that for a thin cake layer, the internal structure of
the cake layer is not significant. An accurate description of reversible
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and irreversible cake formation requires an in-depth study of solid-
ification under shear conditions, which is beyond the scope of the
present paper. We restrict ourselves to a reversibly formed thin cake
layer of colloidal hard spheres, which interact among themselves
and with the membrane by excluded volume forces only. For the
parameters used in this work, the obtained results for R.(z) and the
effective cake thickness h.(z) are fully consistent with the thin cake
height assumption hc(z) < R.

C. Properties of hard-sphere dispersions

We describe here approximate expressions used for the shear-
and concentration-dependence of the transport coefficients and of
the generalized osmotic pressure of colloidal hard spheres enter-
ing into the basic crossflow equations discussed in Subsection IT A.
The shear- and concentration-dependent viscosity, 7(¢,§), in the
effective Stokes Eq. (1) is approximated by the empirical Williams
viscosity expression,*

10(¢) — 1100 (¢)

1+]7

N($:7) =1 (9) + , (an
where 7 = 7/(b 14,) is the shear stress 7 in units of the thermal stress
Ty, = kpT/a® multiplied by the factor b = 2.32. The Williams expres-
sion describes shear thinning but not shear-thickening. Hydrody-
namic shear-thickening occurs for colloidal hard spheres at large
Pél > 10, which is not considered in this work. Equation (11) inter-
polates monotonically between zero-shear viscosity #,(¢) and high-
shear rate limiting viscosity #__ (¢) < #,(¢). The viscosity #__ (¢) is
the plateau viscosity at high shear stresses prior to possibly occurring
shear thickening. The latter effect, not considered here, is signifi-
cant only for very strongly sheared, concentrated dispersions of hard
spheres with perfectly stick hydrodynamic surface boundary con-
ditions, where lubrication is strong and transient hydroclusters are
formed.” The two limiting viscosities noted above are approximated
by the Krieger-Dougherty type equations,
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where 7, is the solvent viscosity, ¢, ., =0.63and ¢_. . =0.71.1In
our subsequent boundary layer analysis of CF, it is preferable to use
viscosity expressions directly in terms of the shear stress, rather than
in terms of the shear rate.

The viscosity #(¢,7) is plotted in Fig. 2 as a function of ¢,
for selected values of 7 as indicated in the figure (left panel), and
as a function of 7 for selected values of ¢ (right panel). The above-
mentioned expressions for the zero- and high-shear viscosities, and
for the shear-stress dependence of the viscosity, are in good agree-
ment with experimental data on hard-sphere dispersions.” This is
exemplified in both figure parts in comparison with experimental
data by de Kruif ef al.** and Krieger,* respectively. It is noticed in
the right panel that significant viscosity shear thinning occurs for
volume fractions ¢ 2 0.3 only.

The osmotic pressure appearing in the Darcy-Starling condi-
tion in Eq. (7) is approximated by the Carnahan-Starling equilib-
rium expression,

kT 14646 - ¢
v ey

with particle volume V, = (4/3)ma®, which for given ¢ scales like
the thermal stress kzT/a’. An estimate of the relative importance of
the neglected contribution, IT — II*, to the generalized osmotic pres-
sure IT of hard spheres has been provided by Jin et al.”’ in terms of
the contact value of the isotropic part of the shear-distorted pair dis-
tribution function. According to this estimate, the relative increase
in the osmotic pressure due to shear flow becomes significant only
for the largest considered volume fraction and Pe, number. Note
that according to Jin et al.,”” the shear correction to IT exhibits the
same scaling by kzT/a® as I1%. Due to this scaling, the influence of
the osmotic pressure in the Darcy-Starling condition in Eq. (7) for
a > 10 nm is small compared to typical crossflow TMP values.

In the advection-diffusion Eq. (4), for consistency, we disre-
gard the shear-gradient contribution to the particle flux since this
contribution arises from the shear-rate dependence of the general-

I (¢) = , (13)

-2
{000} () =ns|1- 7(/5 , (12) ized osmotic pressure, which we have similarly neglected, for reasons
' Prmax,{0,00} given above.
®  (9): Exp. de Kruif et al. (1985) I —— 22 5
— (s .
...... :“ 23) 20F O  Exp. Krieger (1972) o
101k ™ 9(0): Exp. de Kruif et al. (1985) - Zy::;j“

100 @9® " | 1 . .
0.0 0.1 0.2 0.3 0.4 0.5

—=== 0=045

= —_— =04

1073 1072 1071 100 10!
7 =7/(brun)

FIG. 2. Left panel: Zero-shear and high-shear rate limiting viscosities, 7,(¢) and #__ (¢), respectively, obtained from Eq. (12), in comparison with experimental data (filled
squares and circles) for hard spheres by de Kruif et al.3* Right panel: Shear viscosity, 7 (¢, ¥), according to Eq. (11), as a function of reduced shear stress, 7 = 7/(bry),
for b = 2.32 and various ¢ as indicated. For ¢ = 0.5, experimental viscosity data by Krieger*2 are also shown (open circles). Al viscosities are non-dimensionalized by the

solvent viscosity 7.
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FIG. 3. Left panel: Shear-rate-dependent
radial diffusion coefficient, Dyy (¢, Pea),
of hard spheres determined according
to Eq. (14), as a function of the vol-
ume fraction ¢ for selected Pe, values
as indicated. Right panel: Dy, (¢, Pea)
as a function of Pe,, for indicated val-
ues of ¢. The radial diffusion coefficient

is normalized by Dy.

0.0 0.1 0.2 0.3 0.4 0.5

As we argue in Sec. I, radial diffusion along the y-direction
is the primary mechanism that balances particle transport near the
membrane wall. Hence, only the expression for component Dy, in
the diffusion matrix D is required. For this component, we use the
approximated expression,”’

D)’}’(¢> Peu) = DoK:Zd(¢)|:1 + 42(¢2gi£so(¢) Pea)) > (14)

¢

where in a crossflow setup, ¢(y,z) and Pe,(y,z) are both spatially
varying. Here,

1
ana®

gha(@nPe) = —  g(rs9.Pes) dS = giy(9) + gi(9nPer) (15)
is the orientationally averaged, shear-rate-dependent pair distribu-
tion function, g(r; ¢, Pe,), of colloidal hard spheres, which consists
of an equilibrium and shear-distorted contribution, respectively.
The integral extends over the surface of a central sphere. The super-
script ¢ marks contact values for two spheres at center-to-center
distance r = 2a*. For hard spheres in the fluid-phase state, the equi-
librium contact value of the pair distribution function is given by the
Carnahan-Starling expression,

2-¢
2(1-¢)”

The accordingly employed expression for gj, provided by

in et al.,”’ is
J
-5
¢
(pmax,O ’

where ¢, o = 0.63 is the volume fraction close to the random closed
packing value of hard spheres. The dimensionless parameters in
the above-mentioned equation have been obtained from Brown-
ian dynamics simulation (without hydrodynamic interactions) as
m(¢) = 0.43 + 526¢ — 8.80¢, s = 2.525, and C = 0.0140.””

To account overall for hydrodynamic interactions (HI)
between particles disregarded by Jin et al,” the dimensionless
function,

8eq(9) = (16)

&(¢.Pea) = C pe;"<¢’>(1 - (17)

K1(¢) =1-6.5464 ¢ [1 —3.348¢ + 7.426¢° — 10.034¢" + 5.882(;(54] )
18

1071

10° 10!

Pe, =7 GZ/DU

is included as a factor in Eq. (14). It is a numerically accurate param-
eterization of the equilibrium (short-time) sedimentation coefficient
of monodisperse hard spheres, as it is shown in the work of Roa
et al.** An account of the effect of HI on a long-time transport prop-
erty of colloidal hard spheres, made by multiplication of the long-
time property without HI by the corresponding short-time property
with HI, has been shown to be a good overall approximation.**

The volume fraction and shear-rate dependence of Dy, (¢, Pe,)
according to Eq. (14) is depicted in Fig. 3. As seen in the left
panel, the monotonic increase in D), with increasing ¢ is signifi-
cantly enhanced for larger Pe, values. The accompanying increase
in D), with increasing Pe,, for constant ¢, is shown in the right
panel. For Pe, < 0.1, the radial diffusion coefficient is close to its
zero-shear value where Brownian diffusion dominates, even for the
largest considered volume fraction ¢ , where freezing sets in.

We emphasize that D,y (¢,Pe;) includes the factor
Do = kpT/(6mn,a). Hence, it is appropriately referred to as
shear-enhanced (collective) Brownian diffusion coefficient to clearly
distinguish it from the athermal, shear-induced hydrodynamic

diffusion coefficient, D}’Z’d o< a, characterizing the diffusion-like
dynamics of large, micrometer-sized particles (suspended in water),
where the influence of Brownian motion is negligible. The latter

coefficient D}}Zd is due to many-particle hydrodynamic interactions
under strong shear flow conditions where Pe; >> 1. It diminishes for
small concentrations and small particle sizes.

lll. MODIFIED BOUNDARY LAYER ANALYSIS
OF CROSSFLOW FILTRATION

In this section, we generalize the modified boundary layer anal-
ysis (mBLA) method, introduced for UF by Park and Nagele,”
to non-small Pe where shear effects matter and to conditions
where a thin cake layer is formed. Since details of the mBLA
method have been presented earlier,”” we focus here on its exten-
sion to shear-rate-dependent transport properties and cake layer
formation.

For common operating conditions where the radial disper-
sion velocity v toward the membrane is small in magnitude com-
pared to the in-flow characteristic axial velocity u’, the CP layer
is thin with characteristic thickness 6%p < R. Across the CP layer,
¢ steeply decreases radially from its maximal value, ¢(y =0,z)
= ¢,(2), at the membrane surface toward its minimal bulk value
¢(y=R,z) = ¢,. As explained by Park and Nigele,”” using the
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smallness parameter ¢ = 62p/R < 1 in a dominant balance analy-
sis of the advection-diffusion equation describing the balance of
diffusive radial flux away and the advective radial flux toward the
membrane, this equation is singularly perturbed. Furthermore, the
analysis revealed that € can be expressed as

1
£= — <1, (19)

where Peg = RVOW /Dy is the ratio of the diffusion time of particles,
R? /Do, and radial flow advection time, R/v?v, along the channel
radius R. Here, v%, is a characteristic value for the permeate velocity
given by

2L
W =15 T™MP 7Lp[ IZS W

+PF - P"”’”] (20)

where u’ = R* AP/(4#;L), with AP = P(0) — P, is the center veloc-
ity of the HP pipe flow. For later use, we have introduced
here the characteristic transmembrane pressure difference TMP’,
which depends on the input operation parameters, u°, P', and
PP on L and R, specifying the membrane dimensions and
the solvent viscosity #,. For a significantly developed CP layer,
Peg > 1. In the following, we describe how the flow and concentra-
tion fields of the dispersion in the bulk region, and inside the thin CP
layer region, are determined and asymptotically matched and how
the thin cake layer model introduced in Sec. II B is implemented.
Regarding the dispersion pressure P and radial velocity component
v, no distinction is required between their respective forms in the
outer bulk and inner CP boundary layer regions since to first order
in &, and different from ¢ and u, these quantities do not vary steeply
across the CP layer.

A. Outer solution

The differential equations governing the flow and concentra-
tion fields in the bulk region are obtained by expanding the effective
Stokes, continuity, and advection-diffusion Egs. (1)-(4) up to zeroth
order in ¢. The axial and radial components of the Stokes equation
in the outer region are, respectively,

oP
87}} =Yy (21)
opP _ __1(¢,7) Ou

where the non-vanishing term on the right-hand side of the second
equation is due to the cylindrical curvature of the membrane. As
noted earlier, there is no radial variation of the dispersion pressure
P(z) from the bulk region to the inner membrane or cake surfaces.
The continuity equation in the outer region reads

g ou_ v (23)
dy 0z R-y
and the outer region form of the advection-diffusion equation is
9¢ 99
- — =0. 24
v dy +u 9z (24)
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Note that D, (¢, Pe;) ~ Dy in the bulk region, where ¢(y,z) ~ ¢,
<L

The concentration profile in the outer bulk regime follows read-
ily from the advection-diffusion equation as ¢(y,z) = ¢, under the
proviso that ¢, is at most of ¢'[¢]. From the Stokes and continu-
ity Egs. (21)-(23) in the outer region, combined with a separation
of variable ansatz for the y and z dependencies of the velocities, the
following factorized flow solution for the axial velocity in the outer
region is obtained:

R® dP 2
u(y,z):frmg [17(17%) ] (25)

In this velocity profile, the z-dependence is determined solely by the
axial pressure drop from the inlet toward the outlet of the channel at
z = L. The radial velocity in the outer region is

V(3 2) = —v(2) (1—R)[z—(1—£)2]. (26)

Note that v is not singularly perturbed, so that the present outer
region expression is also valid inside the CP layer, where y/R « 1.
Recall that v, (z) = —v(y = 0,2), i.e., the permeate velocity, v,,(z), is
taken positive for the solvent flowing inside-out from the lumen to
the permeate side.

Different from our earlier studies where cake formation was
disregarded, the pressure field P(z) is determined as the numerical
solution of

0.2 d*

L = KLe(2) [P(2) = K Lp()T(9u(2)),  27)

which depends functionally on the concentration profile, ¢, (z),
at the membrane or cake surface. In the presence of the cake,
the non-constant cumulative hydraulic permeability, Lp(z), ren-
ders the above-mentioned differential equation nonlinear. The
dimensionless parameter k, with

1% —16(R) '7515” (28)

quantifies the effect of overall solvent permeability on the pressure
profile. Larger k values give rise to a strongly non-linear axial pres-
sure profile different from the HP profile due to a more distinct
permeate flux. For the operating conditions considered in this work,
k<0.1.

The parameter k is related to the characteristic value,
B° = 4115,/ (Ru®) of the so-called solvent recovery indicator 8. This
indicator is defined as the ratio of the permeate volume flow rate
through the cylindrical membrane surface to the cross-sectionally
averaged volume flow rate of the dispersion at the channel inlet,
which is of HP form. Explicitly, § is given by

2R [} dz vy (2)

p= ﬂR2u°/2 (29)

and its characteristic value ° follows from approximating the
permeate radial velocity profile v, (z) by the characteristic value v},

J. Chem. Phys. 164, 244119 (2026); doi: 10.1063/5.0336005
© Author(s) 2026

164, 244119-8

00:0Z:TT 9202 AInC 22


https://pubs.aip.org/aip/jcp

The Journal
of Chemical Physics

B. Inner solution

Having described the solutions for the velocity, pressure, and
concentration profiles in the outer region, we next discuss the
inner CP boundary layer solutions whose derivation without shear-
rate dependence and cake formation has been given by Park and
Nigele.”” To the zeroth order in ¢, the advection-diffusion equation
for the concentration profile ¢(y, z) reduces inside the CP layer to

op 0 0¢

— = — | Dyy(¢,Pea) = | 30
describing the balance of radial advection and diffusion currents. As
discussed before, shear-induced migration is neglected, which other-
wise would contribute an additional term to the advection-diffusion
equation. Notice that

a du(y,2)

D() 8)/ (31)

Pea(y,2) =

is the dimensionless local shear rate field, to zeroth order in
e. In our dominant balance analysis, in addition to ¢ «< 1, it is
assumed that 8°/4 > &, expressing the condition of significant
solvent permeation of the membrane and cake layers.

The effective Stokes equation reduces in the CP layer region to

9] L Ou\
87(’1(%7)87}) =0, (32)

with 7 =1/(bry,), where 7(z) = n(¢,7)0u/dy is the local shear
stress. Notice that the local shear stress is self-referenced here. The
above-mentioned equation expresses that the CP layer shear stress is
constant in the radial direction.

To zeroth order in ¢, the continuity equation reads

ov

5 0, (33)
expressing that inside the CP layer, the radial velocity is indepen-
dent of y, i.e., v(y,z) = =y (z). In combination with the zero radial
particle flux at y = 0, and the extended Darcy-Starling and zero tan-
gential velocity wall boundary conditions, the formal solutions for
the concentration and velocity fields of the CP layer are obtained as

B vw(z) 1 ¢ Dy ,
¢(y,Z) - ¢W(z) exp |:—P€R 1/()W i.O/Dyy((p(y',Z),Pea(y',Z))dy :|)
(34)
g 1
u(y,z) = T(Z)Ofmd)’ ) (35)
v(3,2) = —vw(2), (36)

where v2, = L TMP" is the characteristic value of the permeate flux.
Note that the inter-related fields, ¢, u, v, and P, are dependent on the
wall profiles, ¢,,(z) and R.(z). The latter profiles enter into the CP
layer description via the surface (wall) boundary conditions.
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C. Asymptotic matching, particles conservation,
and model consistency

To this point, the inner and outer solutions of the concentration
and flow profiles are expressed as functionals of the concentration
and cake hydraulic resistance wall profiles, ¢, (z) and R.(z), respec-
tively. In an ensuing step, the outer limits of the inner solutions
are asymptotically matched to the inner limits of the outer solu-
tions, using an additive matching rule for ¢(y, z) and a multiplicative
matching rule for u(y,z).*> This results in the matched asymptotic
solutions,

002) = (9u(2) - ) xp -Pen () 0.2))

0
w

+ ¢b(1 ~Pe “) gy (2 exp (_PeR vagz) I D(%Z)))’
w w (37)
R® dp
w2 ==y (27 7)o, 69)
where the integrals,
y
1 Dy ’
Io(3,2) = = ; —dy, 39
AT v v LA
-1
fﬂ(%z):yf 7 s - d}’, Rf 7 s - dyl >
Jon(e(,2),1(n2)) 7 [ n(¢(2), 1(1:2))
(40)

invoking the radial diffusion coefficient Dy, and shear viscosity %
have been introduced. The denominator in .#, guarantees that the
inner solution for u(y,z) matches the outer solution at the channel
centerline.

The pressure P(z) and radial flow v(y,z) require no asymp-
totic matching and are thus given by their respective outer solutions.
For Pe) — 0, D,y and 1 become shear-rate independent, and with-
out cake formation, the asymptotically matched solutions presented
here reduce to the expressions for cylindrical geometry given by Park
and Nagele.”*

The matched asymptotic solutions are functionally dependent
on the wall profiles ¢, (z) and R.(z), which, in turn, are interrelated
by the extended Darcy-Starling wall boundary condition. To deter-
mine these profiles, as a global requirement, we employ conservation
of the cross-sectionally integrated axial particle flux, i.e.,

R 2
Zﬂfdy (R=y)p(»,2) u(y,2) = %% u’. (41)
0

This relation expresses that under steady-state conditions, and for
an ideally particle-retentive membrane, the cross-sectionally inte-
grated axial particle flux, J; =J-%, is constant and equal to its
value at the inlet. The term on the right-hand side is the inlet
value of the integrated flux, obtained using ¢(y,z = 0) = ¢, and the
Hagen-Poiseuille form, upp(y), for the inlet flow u(y,z = 0), where
u” is the flow velocity at the inlet center position (y,z) = (R,0). A
small axial diffusion flux contribution of & [¢*] is disregarded here
for consistency, so that J, = ¢ u.
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In the numerical analysis of our CF model for thin CP and cake
layers, we combine cross-sectional particle flux conservation with
the asymptotically matched (formal) flow and concentration fields
solutions to calculate ¢, (z) and R.(z) iteratively. For this purpose,
we use a fixed-point iteration method similar to the one employed
earlier by Park and Négele.”” In this iteration scheme where ¢, (z)
and R.(z) are determined simultaneously, one needs to distinguish z
positions where the condition ¢,,(z) = ¢ ; of cake formation is met,
from those axial positions where ¢, (z) < ¢, and the CP layer is
present only.

According to the Darcy equation introduced in Sec. II B, the
height profile, h.(z), of a uniform cylindrical cake is related to its
hydraulic resistance profile, R.(z), by

he(2)

R =P {xc Rc(2)/R} - 1. (42)

For a thin cake layer, h.(z) grows linearly with the cake resistance
according to hc(z) = kR.(z). This relation was used in obtaining
Eq. (9).

Provided h.(z) <« R holds for the employed input parameters,
the mBLA method can be used. Furthermore, one readily checks for
the smallness, 8%p < R, of the diffuse CP layer, additionally required
for the validity of the mBLA method, by using 8¢ = Do/v}, = R & for
the characteristic CP layer thickness.

This completes our discussion of the mBLA CF method, gen-
eralized here to account for the shear-rate dependence of particle
transport in the UF to MF transition regime and for thin cake
layer formation. Details about the iterative numerical solution of the
generalized mBLA equations are presented in Appendix A.

IV. SIMPLIFIED CRITICAL FLUX CALCULATION

The particle radii of the suspensions encountered in this paper
are in the range of a = 3-200 nm, with the corresponding Ped num-
bers limited to Pe’ < 10 for a Newtonian solvent. For the considered
operating conditions, hydrodynamic effects of shear, i.e., viscosity
thinning and shear-enhanced diffusion begin to compete with Brow-
nian motion. As discussed in detail in Subsection V A, since Pe’
oc @, Dy o< 1/a, and TT o< 1/a’, enlarging a decreases the radial dif-
fusivity and viscosity while the osmotic pressure becomes negligible.
The overall effect is to increase the particle concentration inside the
CP layer, which also affects cake formation.

The minimal characteristic TMP? value where a cake starts to
be formed in CF is denoted as the critical TMP value, TMP*, marked
by an asterisk. The according (length-averaged) critical mean per-
meate flux is referred to as the critical flux, (vy)*. Here, ((---))1
=(1/L) fOL dz (---) denotes an average over the length of the mem-
brane channel. Based on the extended mBLA method, in Eq. (B11) of
Appendix B, we have derived an expression for mean permeate flux
in terms of the membrane and operating parameters. This general
expression allows making contact with earlier results for the critical
flux based on two-dimensional similarity flow solutions'® and one-
dimensional classical film theory in conjunction with the concept of
a mass (i.e., particles) transfer coefficient.””

Equation (B11) invokes the radial and axial characteristic Péclet
numbers, Per and Pey, respectively. If these are replaced by their
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explicit forms, we obtain the general mBLA result for the mean
permeate flux,

3503 ¢u(2) ¥(2) |
(Wv)L—[TT@:I . (43)

This result remains valid in the presence of a thin cake and for
characteristic Péclet numbers Pel = ¢/[1 — 10], where shear effects
matter. Here, ¥(z) and G(z) are dimensionless functions defined in
Egs. (BY9) and (B12) of Appendix B, respectively, and j/OW = ZuO/R is
the characteristic shear rate at the inlet membrane wall. By consis-
tency, the right-hand side should be z-independent for z > 8%p, the
validity of which we have cross-checked using the mBLA solutions
for ¥(z) and G(z). Hence, it can be taken at z = L. As discussed
in Appendix B, ¥(z) ~ 1 holds for constant transport proper-
ties and negligible osmotic pressure. In contrast, values ¥(z) < 1
are expected when the particle transport inside the CP layer is
slowed down by enlarged viscosity and reduced radial diffusion,
whereas in the opposite case, ¥(z) can be larger than one. The
function G(z) accounts for the influence of v, (z) on the axial
particle transport.
Equation (43) can be cast into the suggestive form

1/3

w(L

(vt —Km(“’—()) , (44)
by

where Ky, is the mass (particles) transfer coefficient given by

-0 2 1/3
_(ywDs ¥(L)
Kon = ( L G(L)) ’ )

with

P (n (L))" 1

(1) = RS [y (1= yR) 2 - y/R)

x Zy(3n L) exp (~Per(vu(L) /i) #(nL)),  (46)

_ W ()Y
G(L) = u(y=Rz=1L) ( (vwiL ) . “n

Notice that K, in Eq. (45) is of a more general form than the conven-
tional expression for the CF mass transport coefficient K5, based on
the Lévéque solution for related heat-transfer problems.”*” Accord-
ing to Trettin and Doshi,” the latter expression valid for ¢, > ¢,
reads

20 2\1/3
K, :A(L” D") , (48)
L
where A = (3/2)*” ~ 1.31, provided that ¢,, is taken as constant.
In fact, the mBLA expression for K,, reduces to K?n when sim-
plifying assumptions are made. First, for transport properties that
are assumed to be constant, Dy, = Dy and # = 1, and negligible
osmotic pressure, ¥(z) = 1 holds, as discussed above. Second, when
the Hagen-Poiseuille profile is assumed to describe the suspension
flow field V, fully disregarding the permeate flux, G(z) simplifies to
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2(P" - Pr™) /AP )2 (49)

(HP) ¢y _
@@ ( 1+2(P" - PP™) /AP
where AP = P(0) — P* is the axial pressure drop along the mem-
brane channel. Provided the TMP at the outlet, PX — P"™, happens
to exactly match the axial pressure drop, it follows that GP (L)
= (2/3)% and hence, A = (G (L))™'/? = (3/2)*? is recovered.
In CF, however, one commonly has P(0) — P! «< TMP®, such that
GHP)(L) =1, suggesting that A ~ 1 should be preferentially used
instead of A = 1.31. Note that usage of the HP flow profile is a
stronger approximation than using the pure solvent flow profile, as
in Eq. (B12) of Appendix B.

Next, to obtain an expression for the critical flux (v,,); char-
acterizing the onset of cake formation, we employ the assumption
that ¢, (z) is monotonically increasing in z. Although monotonicity
of ¢,,(z) is not always valid (see Refs. 13, 22, and 46 for counter-
examples), it is often assumed in CF modeling. 74 Bor monotonic
¢,,(z), cake formation appears first at the outlet, which happens
when ¢, (L) = ¢, and ¢, (z <L) < ¢. The critical flux expression
is thus

1/3
(vw)L = Kfn(ﬂ) , (50)
P

where K, is the mass transfer coefficient in Eq. (45), under crit-
ical TMP? conditions and for monotonic ¢, (z). The (¢f/¢b)l/3
dependence originates from cross-sectional (axial) particle flux con-
servation. As recently remarked by Song,* this is the correct concen-
tration dependence, rather than a logarithmic dependence predicted
by film theory. The evaluation of (v, )] requires the solution of the
mBLA equations, e.g., by a fixed-point iteration scheme explained in
Appendix A. When shear is negligible, however, as a decent approx-
imation, one can assume a hyperbolically shaped axial pressure drop
as for pure solvent flow, in which case G(L) can be calculated ana-
Iytically. Moreover, W(L) is obtained from a numerical integration
using the pure-solvent form of v,,(L). Numerical results for {vy)]
using this approximation are presented in Sec. V.

For small (local) Péclet numbers where viscosity thinning and
shear-enhancement of radial diffusion are negligible, ¥(L)/G(L)
becomes independent of a. Since Dy o< 1/a, it follows then from
Eq. (45) that K,, o< a”?® and hence (v,); oc a?/?, an UF result
reported earlier on. For non-small Péclet numbers where the influ-
ence of shear on # and Dy, becomes significant, the full numerical
solution of the generalized mBLA equations is required to obtain
W(L) entering Eq. (45) for K,,. As shown in Sec. V, deviations
from the a> scaling behavior are then observed in the UF to MF
transition regime of medium-sized particles of radius a > 100 nm.

For large hard spheres under MF conditions of large Péclet
numbers where Brownian motion is negligible compared to shear-
induced hydrodynamic diffusion and migration, expressions of the

form Dﬁ,’ﬁd =y a’f(¢) have been commonly used for the shear-

induced hydrodynamic diffusion coefficient Dj,?,’d. Here, j is the
(local) shear rate, and f(¢) with f(0) =0 is typically a mono-
tonically increasing function in ¢.”" From substituting Dy by

D;'f,'d in the simplified mass transfer coefficient K3, in Eq. (48),

the scaling relation (v,,); o< a*/* follows, where the exponent 4/3
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qualitatively differs from the exponent -2/3 encountered for
(low-shear) Brownian diffusion.

V. RESULTS AND DISCUSSION

Using the semi-analytic mBLA method, extended to include
shear flow and cake formation, we analyze the effects of shear-
dependent collective diffusion and viscosity thinning on the CP layer
and cake formation in inside-out crossflow filtration. As a refer-
ence dispersion, we employ monodisperse colloidal hard spheres
in water at room temperature. As explained before, the membrane
is modeled as a long, hollow cylindrical channel of inner radius R
and length L, with R/L « 1. The membrane is assumed to be ide-
ally particle-retentive. Except for a reversibly formed thin filter cake,
no additional (irreversible) membrane fouling mechanisms, such
as membrane surface adsorption of and pore blocking by particles,
are considered. The extended mBLA method is used, in particular,
to predict the tube-length-averaged critical permeate flux, (v )], at
which cake formation sets in.

To unravel the influence of shear, in Subsection V A, we first
discuss crossflow ultrafiltration (UF) results for which Ped « 1,
such that Brownian motion is dominant, and D, and # take their
zero-shear equilibrium values. The excellent accuracy of the mBLA
method in the UF regime is demonstrated for axial and radial
CP layer concentration profiles by comparison with finite element
(FEM) calculations. Furthermore, we study the effect of a thin cake
layer on the mean permeate flux (v, ). and determine the mean
critical flux, (VW)Z, when a cake layer is about to be formed. Sub-
sequently, in Subsection V B, crossflow conditions typical of the UF
to MF transition regime are considered, where the influence of shear
is significant. The extended mBLA method is used here to analyze
concentration, axial flow, effective diffusion, and viscosity profiles
characterizing the CP layer in the transition regime and to determine
the critical mean permeate flux.

We first specify the employed operating parameters, namely,
the axial velocity at the inlet-center, u", the pressure at the outlet,
P! = 1 atm, set equal to the atmospheric pressure, and the character-
istic transmembrane pressure difference, TMP, defined in Eq. (20).
These input parameters are complemented by selected values of
parameters characterizing the membrane and dispersion. The mem-
brane parameters are the inner radius R and length L of the hollow
membrane channel, and the hydraulic permeability L} of the clean
membrane, which, in combination with the operating parameters,
determine the permeate pressure, PP, according to Eq. (20). The
hard-sphere dispersion is characterized by the solvent viscosity, 7,
feed volume fraction ¢, < 1 at the inlet and particle radius a. The
radius a affects the single-particle Brownian diffusion coefficient,
Dy = kgT/(6mn,a), and the characteristic Péclet number, Péb, at the
inlet wall. The latter is given by Ped = (2 u°/R)a’/Dy o< a’, where
#% =2 u®/R is the shear rate of the incoming Hagen—Poiseuille
flow at z =0 and y = 0. The solvent viscosity, 7, = 10~ Pa s, and
the diffusion coefficient, Dy, are taken for water as a solvent at
room temperature T' = 293.15 K. Particle radius values in the range
a=3.13-200 nm are considered, and two values ¢, = {1 x 107,
1x 107} are selected for the feed concentration. For the con-
centration and shear-rate-dependent dispersion viscosity, #, radial
diffusion coefficient Dy, and osmotic pressure IT entering the mBLA
method, the expressions in Eqgs. (11), (13), and (14) are used,
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TABLE |. Parameter sets used in this work. Set C1 is characteristic of crossflow UF,
while set C2 is typical for the transition regime between crossflow UF and MF.

L% [m/(Pas)] R(mm) L (mm) , u° (m/s)
Cl 67x107%° 0.5 500 1x107° 1.625x 1072
C2 1x1078 0.5 50 1x107° 0.2

respectively. Most of the results for the mean permeate flux are cal-
culated as functions of TMP?, for fixed «° and P*, and an accordingly
adjusted PP value.

As noted in Table I, the parameters of set C1 are characteristic
for dispersions of smaller particles (a < 100 nm) under UF condi-
tions, where shear effects are negligible. The hydraulic permeability
of the clean membrane in set C1 is LY = 6.7 x 107* m/(Pa s), which
is a permeability value in the range of UF membranes.” The para-
meters of set Cl1 are similar to those used by Roa, Zholkovskiy, and
Nigele!” and by Park and Nagele,”” where crossflow UF is con-
sidered. In contrast, the parameters of set C2 listed in Table I are
typical of the UF to MF transition regime, characterized by small to
moderately large Péclet numbers Pe, < 10. The considered particle
radii are restricted here to a < 200 nm. The hydraulic permeability
L?) =1x10"% m/(Pa s) of set C2 is about two orders of magni-
tude larger than that of C1, which, for equal membrane thickness,
amounts to a far larger mean pore size. The parameter values of
C2 are motivated by an experimental CF study by Kwon et al.”! In
the latter study, however, much larger particles typical for the MF
regime have been considered, with very large particle Péclet numbers
for which shear-induced particle migration matters but Brownian
motion effects are negligible.

The parameters of sets C1 and C2 are in the validity range
of the mBLA method, which requires that R/L <« 1, RerR/L < 1,
B° > 6[¢], and ¢, < 1. Furthermore, the value of the dimensionless
parameter k* introduced in Eq. (28) is small for both sets, equal to
1 x 1072 for C1 and 3.2 x 10~ for C2. Small values of k* are common
in crossflow filtration processes, with the implication that axial vari-
ations of the dispersion velocity are hardly affected by the permeate
flux through the membrane and cake. Hence, the difference between
the length-averaged actual TMP and the characteristic TMP® value
introduced in Eq. (20) is negligible. According to the criteria pro-
vided by Park and Nigele,”” the parameters of C1 and C2 are such
that there is no undesired axial flow exhaustion or permeate flow
reversal in the CF process.

While, for the mBLA analysis described in Sec. I1I, the respec-
tive thicknesses of the membrane and cake layers are not needed
as input, the following self-consistency analysis allows assessing the
validity of the employed thin-cake approximation. On assuming the
membrane thickness, /i, to be 20% of R, the Darcy permeability of
the clean membrane is estimated, using «m = L)#shm, as 235 nm? for
set C1. Moreover, since k. = 0.01 18a* according to Ergun’s equation
in Eq. (10), the reduced characteristic cake thickness 5? /R follows,
using 87/R = (kc/kim) (hm/R), as 2.4 x 107°, 2.4 x 107*, and 0.024,
for particle radius a = 3.13, 10, and 100 nm, respectively. For set
C2 parameters, the membrane Darcy permeability is «m, » 10° nm?,
resulting in 8° /R = 0.023 for the largest considered radius of @ = 200
nm. Thus, the thin cake layer assumption is valid for both parameter
sets. One similarly finds for both sets that 62p/R < 1 holds for the
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characteristic CP layer thickness, which justifies the usage of our
boundary layer analysis.

A. Crossflow ultrafiltration

Next, we discuss our results for the set C1 parameters typical of
UF, where Pe} « 1, so that shear flow effects on particle transport,
microstructure, and thermodynamics are negligible. The results are
presented for the concentration profiles and mean permeate flux
calculated for different particle sizes and characteristic TMP val-
ues. Furthermore, the influence of a thin cake layer on the mean
permeate flux and the hydraulic resistance profile is investigated.

Figure 4 depicts the volume fraction profile ¢(y=0,z) in
axial direction (left), and in radial direction (right) at the outlet,
¢(y,z=1L), respectively, for UF set Cl, with a=10 nm and
TMP® values listed in the right panel. The curves denote mBLA
results. Cake formation is predicted only for the largest considered
TMP® = 10 kPa (solid lines). The excellent accuracy of the mBLA
results is illustrated for TMP values without cake formation only for
comparison with results of the corresponding finite-element method
(FEM) generated using COMSOL Multiphysics software (open sym-
bols). The FEM results are based on the same flow equations and
hard-sphere transport properties underlying the mBLA method.
Details of the employed FEM model are given in the work by Park
and Nagele.””

For CI conditions, the surface concentration profile ¢, (z) of
non-cake-forming systems increases monotonically with increasing
axial distance z from the inlet (see the left panel). The increase is
more pronounced for larger TMP?, as expected. The radial concen-
tration profile, ¢(y,z = L), depicted in the right panel of Fig. 4 decays
in a nonexponential fashion with increasing y. According to Eq. (37)
for the matched asymptotic solution for ¢(y,z), a purely exponen-
tial decay in y is recovered for constant transport properties and
zero shear only, for which the film theory prediction of exponen-
tial decay is recovered.” As expected, the strength and range of the
radial profile ¢(y,L) at the outlet increases with increasing TMP°
due to enlarged advection of particles toward the membrane surface.
The left panel of Fig. 5 displays mBLA results for the channel-length-
averaged permeate flux, (v )1, of hard-sphere dispersions of varying
particle radius g4, in the range from 3.13 nm matching the mean
size of globular bovine serum albumin proteins™ up to 100 nm.
The linear solid line holds for pure solvent, where the crossflow
setup attains the maximal mean permeate flux {(v,); = L) TMP®
growing linearly in TMP®. For a = 3.13 nm, the osmotic pressure
of the feed dispersion at ¢, = 10~ is about 30 Pa, according to
the Carnahan-Starling pressure Eq. (13) and kgT/V, » 30 kPa. For
small particles where Brownian motion is strong and the osmotic
pressure is accordingly strong, even a small increment in ¢,, signif-
icantly lowers the permeate flux, causing in the low-TMP’ region
in the curve of (v, ) for a = 3.13 nm to be located slightly below the
one for a = 10 nm. No cake is predicted for a = 3.13 nm, owing to the
strong osmotic pressure contribution in the Darcy-Starling bound-
ary condition. For the larger radius a = 10 nm, where the osmotic
pressure at ¢, is only about 1 Pa (since, here, kgT/V, ~ 1 kPa), the
initial deviation from the pure-solvent solid line is less pronounced
than for a = 3.13 nm. However, a cake layer is now formed, ini-
tially at z = L, once a TMP® value of about 8.17 kPa is exceeded
(see the open circle). This TMP? value is larger than the osmotic

J. Chem. Phys. 164, 244119 (2026); doi: 10.1063/5.0336005
© Author(s) 2026

164, 244119-12

00:0Z:TT 9202 AInC 22


https://pubs.aip.org/aip/jcp

The Journal

of Chemical Physics

ARTICLE pubs.aip.org/aipl/jcp

0.5
o =0=== ——— TMP" =10 kPa
-—0==0=0= - - - 0 _ 7 .
=0T s RN T ey FIG. 4. Left panel: CP layer axial
/v"f-v— PP R, 04 ——em TMP — 5 kPa wall-concentration  profile  ¢,,(2) = ¢
T ) — TMP” = 4 kPa (y =0,2); right panel: radial profile
i a= A7 303 sremeeeme TMPY = 3 kP ¢(y,z=L) at the outlet, for the UF
A = a :
s I TP =2 kP set C1, using a=10 nm and TMP°
N '
’ - 4 S0 values listed. The curves denote mBLA
A ,0/’0/ < predictions, and the symbols denote
. ot g finite elements (FEM) calculation
o 0.1 results. The radial distance, y, from the
=" = .- ey . membrane surface is measured in units
ARSI = RO R 0w ﬂ‘_} el . T of the characteristic CP layer thickness,
‘ ‘ | : 0
01 06 08 L0 0 ) | 6 s 10 dep=Re
z/L y/0¢p
1 - ) 1
O critical flux for each a - <& PHS (mBLA) === PHS (simplified)
— pure solvent [ O CT (mBLA) === CT (simplified)
| T e=313mm L g O HS(mBLA)  —— HS (simplified)
B === a= 10 nm i
2 —:= a= 20 nm _ - i (Z
i === g = 30 nm - - g
i e a= 40 nm P - <
= e a =100 nm /,’, —————————— O====""] =
>: X
5 e
% 3 i 6 8 10

TMP? (kPa)

a (nm)

FIG. 5. Left panel: mBLA results for the length-averaged mean permeate flux, (vi ), as a function of characteristic TMP?, for parameter set C1 and various particle radii a
as indicated. The open circles mark the minimal (critical) TMP?, for given a, where a cake layer appears first at the outlet, i.e., where ¢,(z=L) = ¢, for ¢, = 0.494. Right
panel: Log-log plot of the critical mean permeate flux, (vi);*, as a function of a, for three different particulate systems under C1 conditions, namely, hard spheres (HS),
hypothetical hard spheres with constant transport properties identified as their infinite dilution values (CT), and solvent-permeable hard spheres (PHS). The open symbols
denote mBLA results. The lines denote predictions from a simplified critical flux calculation that neglects osmotic pressure, as explained in the main text.

pressure at freezing concentration, which for a = 10 nm is given by
(¢ ) ~ 6.2 kPa.

The open circles in the left panel of Fig. 5 mark the critical
(mean) permeate flux, (vw)f, and its associated critical TMP®* val-
ues, indicated by an asterisk, where a cake shows up first at the
outlet, owing to the monotonic axial growth of ¢, (z) under C1 and
C2 conditions with ¢, (z < L) < ¢,,(L). Recall that according to the
mBLA scheme, a cake is present at all z values where the threshold
value ¢, (z) = ¢ is reached. With further increasing TMP? above
the onset value of cake formation, the cake is stretching out from
the outlet position into the interior of the channel toward smaller
positions z with z. < z < L. This is coupled to an accordingly atten-
uated growth of (v, ) above the critical flux value, as it is noticed
in the figure. For very large TMP® values, an apparent so-called
limiting flux behavior is observed where (v, )1 becomes insensi-
tive to changes in the transmembrane pressure. The critical flux
(open circles) decreases with increasing radius, and for a > 20 nm, it
approaches the pure-solvent line, indicating a diminishing influence
of the CP layer generated by back diffusion of particles away from
the inner membrane or cake surfaces. The left panel of Fig. 5 further
illustrates for a = 20 nm that the critical permeate flux, below which
no cake appears, can differ distinctly from the mean flux value where

the mean flux vs TMP" curve is about to deviate from the linear pure
solvent line.

In the right panel of Fig. 5, the critical flux (vy)] is shown on
a double logarithmic scale as a function of the particle radius. The
mBLA predictions (open symbols) are displayed for three differ-
ent types of particulate systems under C1 conditions of negligible
shear, namely, first for hard spheres (HS) with concentration-
dependent viscosity and radial diffusion coefficient given in Sec. I1 C,
second a reference dispersion labeled by CT (constant trans-
port properties) for which the infinite dilution values # = 7, and
Dyy = Dy are used but the hard-sphere osmotic pressure contri-
bution is still accounted for, and third a system of porous hard
spheres which are uniformly solvent permeable. As described in
Refs. 22 and 30, a solvent-permeable hard sphere behaves hydro-
dynamically as a no-slip hard sphere with a hydrodynamic radius,
ay, smaller than its hard-core radius a. The transport coefficients
without shear, Dy,(¢,y) and #(¢,y), depend on the ratio y = a;/a
in addition to ¢, and they account for increasing radial diffusion
(decreasing viscosity) with decreasing y. The critical flux curve
for the permeable hard spheres (PHS) system shown in the right
panel is obtained using y = 0.9, corresponding to distinctly enlarged
radial diffusion (distinctly reduced viscosity) compared to a HS sys-
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FIG. 6. Influence of the cake layer on hydraulic permeability and filtration efficiency of the CF setup, for parameter set C1 and a = 10 nm. Left panel: reduced hydraulic
resistance profile, R;(z) /Rﬂ,, for TMP? values, as indicated. The inset gives the fraction of the membrane surface covered by the cake layer. Right panel: filtration efficiency,
(vw)1/V3, vs TMP?. The circles denote efficiency values predicted by using the mBLA method. The filled circle marks the efficiency at critical TMP%* = 8.17 kPa. The
dashed curve denotes the pure solvent plus osmotic pressure contribution, 1 — (Lp(z) T1%%(¢w(z)))1/v3, to the filtration efficiency. The inset depicts the mean permeate

flux (v ). in its absolute unit.

tem of non-permeable hard spheres at the same ¢ where y= 1.
The employed analytic expressions for D,,(¢,y) and #(¢,y) of
the PHS system are given by Park and Nigele.”” The larger
diffusivity and smaller viscosity of the PHS system give rise to a
larger critical flux for initial cake formation, clearly visible in the
figure. We do not dwell here on permeable particle systems, whose
consideration in the figure serves only to illustrate that the mBLA
method is readily applicable to dispersions of hydrodynamically
structured particles, such as non-ionic microgels. Critical flux val-
ues of HS dispersion are smaller than those of the corresponding
CT systems, exemplifying that the effect of increased viscosity 1 > #,
for non-zero concentration outweighs that of an enlarged radial
diffusion coefficient Dy, > Dy.

The depicted mBLA results for the critical flux of the three con-
sidered particulate systems (open symbols) should be compared with
a simplified analysis of the mBLA equations in Sec. IV, where the
osmotic pressure contribution is disregarded and the analytical flow
profiles of pure solvent given by Park and Nigele’’ are used. This
results in a simplified expression for (v,,)] given in Eq. (50), where
G(L)" is given analytically by Eq. (47) for z = L under critical flux
conditions and W(L)* is determined from a numerical integration
with respect to y.

The simplified expression for (v, ); in Eq. (50) gives rise to the
approximately linearly decreasing curves shown in the right panel
of Fig. 5. It becomes more accurate for larger particles with lower
osmotic pressure, as shown in the figure. When the dispersion flow
is approximated by a Hagen-Poiseuille flow, the scaling relation
(vw)L o< a™ is obtained. This scaling relation for Brownian par-
ticles is also predicted by film theory.” We recall that in the UF to
MEF transition regime of small to moderately large Péclet numbers,
Dy, is proportional to kzT/a. This behavior is qualitatively differ-
ent from the MF regime of large non-Brownian particles, where the
athermal, shear-induced hydrodynamic diffusion coefficient scales

hyd
as Dy,
For parameter set C1 and a = 10 nm, the left panel of Fig. 6
shows the effect of the cake layer on filtration in terms of the

(reduced) cake hydraulic resistance profile, Rc(z)/R3, given in

< 612.

Eq. (8), and in terms of the cake surface coverage (L —z.)/L of
the membrane (inset), as a function of z and TMP, respectively.
According to the mBLA scheme, no cake is formed for 0 < z < z,
whereas a thin cake is present for z. < z < L. The axial width, L -
z., of the cake expands monotonically under C1 conditions with
increasing TMP’, with a surface coverage (L —z:)/L of 75% for
TMP? = 12 kPa (see the inset). For smaller TMP? < 8.3 kPa, no cake
layer is predicted, reflected by vanishing surface coverage. Except
near to z ~ z., the hydraulic resistance R.(z) of the cake grows
approximately linearly in z, which according to Eq. (8) implies an
approximately hyperbolic axial decay of the hydraulic permeability
profile, Lp(z), for increasing z.

The right panel of Fig. 6 displays the filtration efficiency,
(vw)r /vy, vs TMP® =+5,/L). The maximum efficiency of 100%
is obtained for pure solvent feed where (v,); = v}, represented
by the solid line in the inset with slope 1. Note that the inset
depicts the non-normalized mean permeate flux. The open circles
denote efficiency values predicted by using the mBLA method. The
filled circle denotes the efficiency value at the critical TMP? value
of 8.17 kPa, below which no cake is formed. The dashed curve
represents the pure solvent plus osmotic pressure contribution,
1 - (Lp(2) TI($w(2)))1/V3, to the filtration efficiency. This contri-
bution equals the full filtration efficiency for subcritical TMP® values
where no cake is formed and where the efficiency decreases with
increasing subcritical TMP® values, owing to the increasing osmotic
pressure at the membrane surface for constant Lp(z) = L. In con-
trast, it increases for increasing TMP? larger than the critical one
since Lp(z) decreases here with increasing cake formation, while
the osmotic pressure at the cake surface remains constant equal to

I(g,).

B. Shear effects on the CP layer and cake formation

We proceed by discussing mBLA results for the parameter set
C2. Here, the influence of shear on CP and cake layers comes into
play through significant shear-induced enhancement of D, (¢, Pe,)
given in Eq. (14) and shear-induced thinning of n(¢,7) modeled
for colloidal hard spheres by the empirical Williams expression
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in Eq. (11). Regarding osmotic pressure, the Carnahan-Starling
expression in Eq. (13) for zero shear is used, as discussed in the con-
text of this equation. As noticed in Table I, for set C2, the hydraulic
membrane mobility L3 is three orders of magnitude larger, and
the central inlet flow velocity u” is two orders of magnitude larger
than the corresponding values for set C1. As our mBLA calculations
show, the Péclet numbers of set C2 re-scaled by the local viscos-
ity at the cake surface, ie., Pe] = Pey/(n(¢7,0)/ns), are of O[1],
reaffirming that the above noted expressions for Dy, and # can
be used.

The local Péclet number, Pe,(y,z) entering D,,(¢, Pe,) and

the mBLA solutions for the concentration and flow profiles, fol-

lows from Eq. (31) combined with Eq. (38) for the asymptotically

matched u(y,z). To leading order in ¢, it is given by

Ped u(R, z)
2 u°

2-y/R
n(¢(3,2), (2)) /7

Pea(y,2) ~

17 1 ,
- iof 1802 7@ ]

with Pe,(0,0) = Peb. The axial profile of the local Péclet number at

the inner membrane (cake) surface follows as

o u(R,z)/u°

Pey(0,z) ~ Pe;, —————,
(0.2) ~ Pea s @ e

(51)

(52)

where ,,(z) = 7(¢w(2), 7(2)) is the dispersion viscosity at the inner
membrane or thin cake surface at y = 0. As predicted by the mBLA
method in thin cake approximation for both sets C1 and C2, ¢, (z) is
monotonically increasing and Pe, (0, z) is monotonically decreasing
axially along the channel length L. Using the Williams viscos-
ity expression in the mBLA calculations for small Pe), one finds
1, (zc <z <L)/, ~21,i.e.,adistinctly enlarged viscosity at the cake
surface.

The local shear stress, 7(y,z) = n(y,2z)0u(y,z) /0y, inside the
CP layer is according to Eq. (32) a function of z only. Therefore,
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Pl u(R,z)
6rb W’

i(z) » (53)
to leading order in &, with inlet stress value #(z = 0) ~ Pe} /(67 b).
Since u(R,z) = —(R*/4n,)dP(z)/dz according to Eq. (25), the
reduced shear stress of the CP layer decreases monotonically in axial
direction, well below its maximal value Ped/(67b) taken at the inlet
wall where z = 0.

In the left panel of Fig. 7, the wall concentration profile ¢, (z)
of C2 systems is shown for fixed TMP® = 1.5 kPa and particle
radii a = 100, 150, 200 nm. The lines represent mBLA results where
shear-enhanced radial diffusion and viscosity shear-thinning are
accounted for using Dy (¢, Pe,) given in Eq. (14) and 5(¢7) in
Eq. (11). The influence of shear flow is assessed quantitatively by
comparison with mBLA concentration profiles (open symbols) for
a reference system where the zero-shear equilibrium expressions
Dyy(¢,Pes =0) and 5(¢,7 =0) are used as input. Shear-induced
enhancement of radial diffusion and viscosity shear-thinning leads
to less developed CP layers, disfavoring cake formation. Compared
to the unsheared reference systems, the entrance length, z., of the
cake layer [for which ¢ (z>z.)=¢ ¢] is shifted to larger values
(smaller surface coverage) and the values for the hydraulic cake resis-
tance R.(z) are accordingly smaller. Primarily due to the size scaling
D,y o< 1/a, cake formation is enhanced for less mobile larger parti-
cles, reflected by an accordingly larger cake surface coverage (i.e., a
smaller z.-value).

The right panel of Fig. 7 displays the radial CP layer con-
centration profile, ¢(y,L), at the outlet port, for the same TMP®

value and particle radii as in the left panel. Since a thin cake is

present at the outlet where its surface is at y = 0, it holds ¢(0,L)

=¢,(L) = ¢;, where ¢, =0.494. For all a values, the radial pro-

file converges to the bulk concentration ¢, = 107> when y > 10 8¢.
Using 8¢p = R/Per, where Peg = 3500 and Peg = 7000 for a = 100
and 200 nm, respectively, the radial distance y = 10 82 from the
membrane wall amounts to only 0.29% and 0.14% of the inner
channel radius R, respectively, underscoring the applicability of
the employed boundary layer description. Consistent with the axial
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FIG. 7. Left panel shows the axial and the right panel shows the radial CP layer concentration profiles, ¢,,(z) and ¢(y, L), respectively, for parameter set C2 and particle
radii a, as indicated. The applied TMP? is fixed to 1.5 kPa. The lines denote mBLA results where shear-enhanced diffusion and viscosity thinning are accounted for, while the
open symbols represent mBLA results for a reference system where the constant, zero-concentration values for Dy, and # are used (.., ¢ = 0, Peg =0, and 7 = 0). Radial

distance y is scaled by the characteristic CP layer thickness 5°CP = ¢ Rand in the inset, it is scaled by 506,, VO /v (L).
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profile ¢ _(z), the radial profile ¢(y,L) at the outlet is more pro-
nounced and broader for the less mobile, larger particles. In com-
parison with the HS system, where shear flow is disregarded (open
symbols), the particles are more mobile and diffuse more easily away
from the membrane (cake) surface when viscosity thinning (see
Fig. 2) and shear-enhanced radial diffusion (see Fig. 3) are accounted
for, reflected in the broader concentration profiles (lines). For
a =100 nm, however, the radial concentration profiles at the out-
let, with and without shear, are practically coincident. This can
be attributed to the characteristic Péclet number Pel = 3.7 for the
a = 100 nm particles, which is small compared to the Péclet number
29.6 for the a =200 nm spheres. In fact, since the radial pro-
files are considered here right at the outlet where the cake of
volume fraction ¢, is present, instead of Peg, one should con-
sider the viscosity-rescaled characteristic Péclet number defined by

pel = Peg/(;yo(gbf)/ns) for which Pe! =0.17 and 1.37 for a = 100
and 200 nm, respectively. The inlet displays the radial profiles as
functions of y/6%, multiplied by the non-dimensionalized outlet
permeate flux v,,(L)/v3,. The profiles without shear (open symbols)
coincide in this representation since, according to Eq. (14), the 1/a
scaling of Dy, (¢,Pe, = 0) is canceled by the according scaling of
1/Dy and since ¢ (L) = ¢ ; due to the presence of the cake.

The left panel of Fig. 8 displays the CP layer radial Péclet num-
ber profile, Pe,(y,z = L) = (a®/Do)du(y,L)/dy, at the outlet as a
function of the reduced radial distance y/8%p S 10. The complete
profile, including the broad bulk region outside the CP layer, is
depicted in the inset, now in dependence on y/R. Hard spheres
(HS) of two different particle radii a = {100,200} nm are consid-
ered, and mBLA results with shear (lines) and without shear (open
symbols) are shown, together with the corresponding results for a
reference system (labeled CT) with constant transport properties,
D)y =Dy and 7, =1, where osmotic pressure effects are still
accounted for. The radial profiles of the reduced axial velocity at
the outlet, U(y) = u(y,z = L)/u(R, L), multiplied by the CP-layer
stretching factor 1/e = R/8¢p, are shown in the right panel. The
unstretched velocity profiles U(y) in the full radial range of the

ARTICLE pubs.aip.org/aipl/jcp

channel are shown in the inset, now as functions of y/R. For both
radii and all considered cases (i.e., HS systems with and without
shear, and CT systems), a cake is formed at the outlet so that
¢W(L) =¢ £

According to the mBLA analysis in Sec. I1I, only the radial
variation of the axial velocity u is affected by the presence of a CP
layer, whereas the radial velocity component v is y-independent
inside the layer. In the bulk region of the dispersion outside the
CP layer, the reduced axial velocity, u(y, z) /u(y, R), is, according to
Eq. (25), practically equal to the quadratic HP profile, unp(z)/u’,
given in Eq. (6). In particular, u(y,L)/u(R,L)~1-(1-y/R)%,
where u(R,L) = —(R*/4n,)P'(z = L) holds in the bulk region of the
outlet. Hence, Pey(y,z=L) » Peg(u(R, L)/u")(1 - y/R) decays lin-
early in the bulk region. Owing to the axisymmetry, Pe,(y = R,z) =0
holds exactly, which explains the steep decline of Pe,(y,L) toward
zero value for y — R, visible on the double logarithmic scale of the
left panel. Significant deviations from the quadratic HP profile for
U(y), and the linear HP profile for Pe,;(y, L) are manifested in the
thin CP layer only, originating from the concentration dependence
of (¢, 7). As noticed from the inset in the left panel, for HS sys-
tems with shear (lines) and without shear (open symbols), the latter
are obtained using Dy, = Dy, (¢, Pe, =0) and 5 = (¢, 7 =0), and
the corresponding profiles of Pe,(y,L) are not any more linearly
deceasing functions in y. Instead of having its largest value at y = 0,
Pe,(y, L) attains its maximum in the transition region between the
CP layer and bulk phase. It increases monotonically in the CP layer,
more strongly so for the larger 200 nm particles since a*/Dy o< a’.
The radial gradient of Pe, inside the CP layer follows for y << R from
Eq. (51) as

OPea(ys2) | po u(Rz) ns In(¢.7)
dy Cun(er) oy

(54)

The radial profile ¢(y,L) is monotonically decreasing with increas-
ing y toward its small bulk value ¢,. In conjunction with the
y-independence of 7 = 7(z), this leads to a monotonic radial decay of
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FIG. 8. left panel shows the radial Péclet number profile, Pea(y, z = L) and the right panel shows the radial profile of the normalized axial velocity, U(y) = u(y,L)/u(R,L),
multiplied by the stretching factor R/(S%P = 1/e, as functions of radial distance y/6gp. Parameters are those of set C2. The solid and dotted lines (open circles and squares)
are mBLA results for hard spheres (HS) with (without) shear, for a = 100 and 200 nm, respectively. The filled symbols represent mBLA results for constant transport properties
Dyy = Dy and = 7, but non-zero osmotic pressure (CT). Inset in the left panel: Log-log plot of Pea(y, z = L) in full radial range R. The dashed line in the right panel depicts
the Hagen—Poiseuille flow profile Unp (y). The inset in the right panel displays U(y) vs y/R for the HS system with shear.
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FIG. 9. Radial profiles of the reduced
dispersion viscosity 7(y, L) /7 (left) and
the reduced radial diffusion coefficient
Dy (y,L)/Dy (right) at the outlet cross-
section, as functions of y/R. The val-
ues of radius a as shown in Fig. 7 are
considered.

1(¢,7), i.e., On/Ay < 0 holds in the CP layer (also see Fig. 9), which
leads to the monotonic growth of Pe,(y, L) inside the CP layer visible
in the figure.

The y-dependence of the viscosity inside the CP layer causes
a smaller growth of U(y), above its value U(y = 0) = 0 at the cake
surface (see the inset in the right panel), than described by Unp(y),
which is represented by the red dashed line in the right panel. The
viscosity-induced perturbation of U(y) away from Upp(y) is more
pronounced for the larger particles. The perturbation is weakened,
however, by viscosity shear-thinning, giving rise to smaller Pe,(y, L)
values than without shear (cf. open squares and dotted lines in both
panels). In contrast, for the smaller 100 nm particles, the effect of
shear-thinning on Pe,(y,L) and U(y, L) is negligible since the cor-
responding Pe, values are distinctly smaller than those of the larger
particles (solid lines and open circles). The Pe, and U profiles of the
HS systems with and without shear converge toward the correspond-
ing HP profiles in the bulk region, where y/R > 1072 ~ 108cp/R (see
both the insets). In comparison, for the CT reference system where
the viscosity is equal to #s ~ 57(¢p, T), the radial Péclet number and
axial velocity profiles (filled symbols) are also of Hagen-Poiseuille
form inside the CP layer. For y/0%p < 10, the CT reference sys-
tem reduced shear-rate profiles are practically constant and equal
to PeS” (y,L) = 2a*ucr(R,L)/(R Dy). Owing to the small feed con-
centration, ¢, = 1077, the bulk values of Pe, are practically the same
for the HS and CT systems.

Figure 9 displays the mBLA radial profiles for the reduced dis-
persion viscosity, (y, L) /7, (left panel), and reduced radial diffusion
viscosity, Dy, (y,L)/Dy (right panel), both taken at the outlet cross
section z = L. A logarithmic distance scale is used for y to encom-
pass the CP layer and the transition region into the bulk. Notice here
thate = 2 x 107 and 10~ for @ = 100 and 200 nm, respectively. Both
1/, and Dy, /Dy decrease monotonically with increasing radial dis-
tance y from the cake layer surface at y = 0 toward a common value
1 since 77 ~ 7, and Dy, ~ Dy in the bulk region where ¢ = ¢, < 1.
For hard spheres without shear (open symbols), there is practically
no particle size dependence of the two reduced transport properties,
consistent with the size-independence of the corresponding radial
concentration profiles ¢(y, L) without shear, with ¢(y = 0,L) = ¢,
as shown in the right panel of Fig. 7. The (explicit) dependence Dy,
o< 1/a according to Eq. (14) is canceled out by the corresponding
dependence of Dy in the curves of D,, /Dy shown in the right panel.
In regards to 7(¢(y, L), 7(y, L)), the shear stress on which it depends

101 1073 1072

is y-independent inside the CP layer and equal to its value at the cake
surface y = 0.

For HS systems where shear-thinning and shear-enhanced dif-
fusion effects are accounted for (lines), increasing a increases Pe,,
which, in turn, causes stronger shear-thinning (see Fig. 8, left panel).
For a given ¢, viscosity shear-thinning is stronger for larger parti-
cles since these are less affected by Brownian motion. Notice here
that the Williams viscosity expression in Eq. (11) describing shear
thinning has an explicit particle-size-dependence due to the ther-
mal stress 7y,. As seen in the figure, shear-induced enhancement
of Dy,/Dy is likewise more pronounced for larger particles, where
Pes(y,L) and ¢(y,L) are larger than without shear. For the a = 100
nm particles (solid lines), shear-induced effects are small, reflected in
a small viscosity reduction and radial diffusion enhancement away
from the zero-shear case. In contrast, shear thinning and shear-
enhanced Brownian diffusion are pronounced for the a = 200 nm
spheres.

In the right panel of Fig. 9, a shallow secondary maximum of
D,y/Dy is seen at y/R ~ 107> for the a = 200 nm particles. The cor-
responding Péclet number Pe,(y,L) ~ 30 is, however, outside the
range of values (< 10) where Eq. (14) can be safely used. For even
larger Péclet numbers, one has to account for the disregarded shear-
induced migration flux contribution, —€ - §, in Eq. (3), and at larger
concentrations for shear-thickening effects in case of hard spheres
with stick hydrodynamic boundary conditions. An extension of
the mBLA method to large Pe, numbers can be the task of future
work.

Figure 10 depicts the mBLA critical flux for hard spheres (HS)
under C2 conditions, both with shear (filled circles) and without
shear (open circles), in its dependence on a € [20-200] nm. The
critical flux indicates (v,); for the a = 200 nm particles, the onset
of cake formation at the channel outlet. On the double-logarithmic
scale of the figure, the mBLA flux data without shear follow, to
good accuracy, the scaling relation (v ); o< a~3. The solid line
on which the data points without shear (filled circles) are located
to good accuaracy reflects the simplified critical flux expression
in Eq. (50), with the critical mass transfer coefficient approxi-
mated by K, = K for KJ, according to Eq. (48), A ~0.81 and
Dy = Dy o< kgT/a, such that (vy)] o< a3 1t has been used here
that A = (¥*(L)/G* (L))l/3 ~ 0.81, as obtained from the mBLA

solution at the critical TMP?, where the cake is initially formed at
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FIG. 10. Critical permeate flux, (v )", of hard spheres (HS) under C2 conditions,
without shear (open circles) and with shear (filled circles). The solid line pictures
the simplified flux expression in Eq. (50) for K* = K% according to Eq. (48), with
A=081and Dy, = Dy o< kgT/asuch that (v );" o< a*z/3 The dashed and dot-
ted lines limiting the t||ted slab depict Eq. (50) for K = usmg A =0.81and Dy
replaced Djy = 0.32%}), (dashed) and D))" = 0.3a2y3,:13/;1(¢>f, 7 =0) (dotted),
respectively.

z = L. Shear-enhanced Brownian diffusion and viscosity-thinning
cause the colloidal hard spheres in the CP layer to be more mobile
than without shear. Consequently, a cake layer is formed only at
larger critical TMP® and larger (VW)Z values than without shear. The
shear-induced up- sw1n§ of {vy)[, noticed from the figure, is located

distinctly above the ™~ scaling form (solid line). It occurs when the

f_

viscosity-rescaled Péclet number Pe} = Pegns/n(¢s, 7 = 0) exceeds

roughly the value 0.2. Here, n(¢s,7=0)/ns=(1- ¢f/0.63)_2
~ 21.46, according to the Williams viscosity expression in Eq. (11)
taken for zero shear stress. In fact, for a = {10, 100,200} nm, the bare
and viscosity-rescaled characteristic Péclet numbers are Pe = {3.7
x 1073, 3.7, 30} and pel = {1.7 x 107%, 0.17, 1.4}, respectively.
As noted in the final paragraph of Sec. II, for high shear rates
and particle radii a ~ 0.3-15 ym representative of the MF regime,
shear-induced hydrodynamic diffusion is important while Brow-
nian diffusion is negligibly small in comparison. Instead of D),
o< kgT/a given in Eq. (14), one should use the athermal shear-
induced hydrodynamic radial diffusion coefficient D hy Sy A8,
for which expressions of its concentration-dependent factor f(¢)
are summarized, e.g., by Vollebregt et al.”> While crossflow MF
of large non-Brownian particles is not the topic of this paper, we
briefly comment on the expected size-scaling of the critical flux
when shear-induced hydrodynamic diffusion dominates the back
transport of particles away from the membrane or cake surfaces.
For this purpose, we use Eq. (50) for (vw)z, with the mass trans-
fer coefficient approximated by K}, ~ K&, = A(j° (Dﬁ;d)z JL)'? akin
to Eq. (48), but with Dy replaced by D)’gd. Consistent with the
constant transport properties approximation underlying Eq. (48),
usage of the constant Eckstein expression Dy)’fd =0.3 a’}}, for the
characteristic shear-induced diffusion coefficient leads to the scal-
ing relation (v,); oc a*/*. This scaling differs qualitatively from the
a™*? scaling observed for dominating Brownian diffusion, where
Dyy o< kgT/a. The curves for (v,)f (a) in this approximation are
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straight lines of slope 4/3 on the double-logarithmic scale of the
figure. The dashed line is obtained using the bare Eckstein diffusion
coefficient, while the dotted line is obtained using the viscosity-
rescaled (local) Eckstein coefficient in which j,, o< Ped is replaced

by w #s/n(¢s, 7= 0) o< Pel. For both lines, the same coefficient
A ~0.81 is used as in the Brownian diffusion case (solid line).
The tilted shaded stripe, bounded by the dashed and dotted lines,
marks the UF to MF transition region. We do not dwell further
on MF here. For its detailed description, one needs to account for
physical features in addition to shear-induced diffusion, namely,
shear-induced migration, non-equilibrium osmotic pressure contri-
butions, shear-induced compression and melting of the cake layer,
and hydrodynamic shear thickening (hydrocluster formation) in the
case of particles with stick hydrodynamic boundary conditions. As
particle size increases further, shear-induced inertial lift forces come
into play, driving particles away from boundaries. In the context of
MF, these additional features have been discussed in earlier studies
that used simplified CF models.*

VI. SUMMARY AND CONCLUSIONS

In this paper, the modified boundary layer (mBLA) method of
crossflow filtration (CF) in a membrane channel, developed in ear-
lier studies by Park and Négele,”” has been extended to situations
where a thin filter cake is formed and to conditions characteristic
of the UF to MF transition regime where the CP layer is affected by
shear flow in addition to Brownian motion. To the best of our knowl-
edge, this paper presents the first systematic study of inside-out
CF in the UF to MF transition regime, using concentration- and
shear-rate-dependent analytic expressions for D), and # that account
for both Brownian and shear-induced hydrodynamic forces. Ear-
lier studies on CF focused on the UF regime, where shear effects
are negligible, and on the MF regime, where Brownian motion is
dominated by shear-induced hydrodynamic effects. Unlike earlier
boundary layer analyses of CF, we fully account for correlations
between flow and concentration profiles and their interrelationships
with dispersion transport properties. The mBLA method results are
more accurate than similarity solutions of the CP layer concentra-
tion profiles.”” This paper bridges the gap between fundamental
research on shear-affected colloidal dispersion flow and inside-out
crossflow filtration as a technologically important process.

Using the extended mBLA method, we have calculated steady-
state CF flow and concentration profiles for a model dispersion
of monodisperse colloidal hard spheres. Particle sizes were con-
sidered in the range from a few up to 200 nm, with characteristic
shear-Péclet numbers Pel < 10, corresponding to viscosity-rescaled

Péclet numbers Pel = 0[1]. The mBLA method extended to
this regime involves a shear-rate dependent collective Brownian
diffusion coefficient D,, (¢, ) and the dispersion viscosity #(¢, ),
for which analytic expressions provided by Jin et al.”’ and Krieger*’
are used, respectively. The extended mBLA method accounts for
Brownian motion, shear-enhanced Brownian diffusion, and shear
thinning of viscosity. Regarding D,,, hydrodynamic interactions
between the dispersed particles are accounted for by scaling with the
concentration- dependent sedimentation coefficient, K:’,(¢), given
by Banchio et al** Without shear, the equilibrium expression

Dy, =K1 ($)/5%(0) is recovered, where S$(0) is the
Carnahan-Starling expression for the osmotic compressibility
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of colloidal hard spheres. For consistency, the Carnahan-Starling
expression for the equilibrium osmotic pressure was used in the
Darcy-Starling wall boundary condition, relating permeate flux
to TMP and osmotic pressure. While this amounts to neglecting
the shear-rate dependence of the generalized osmotic pressure, the
osmotic pressure influence on the permeate flux is expected to be
negligible in the UF to MF transition regime. Regarding (¢, ),
we have used the empirical Williams viscosity expression, which
interpolates between Krieger-Dougherty forms for the zero-shear
and infinite-shear viscosities 7, and #__, respectively. The Williams
viscosity expression can be conveniently formulated in terms
of the shear stress, which remains radially constant across the
thin CP layer. As demonstrated in comparison with simplifying
mBLA calculations of crossflow where transport properties are kept
constant, viscosity thinning and shear-enhanced collective radial
diffusion become increasingly important with increasing shear rate
and volume fraction. Both hydrodynamic effects tend to improve
the filtration performance, e.g., by increasing the critical permeate
flux and critical TMP, which are indicators for the onset of cake
formation, and by decreasing the cake coverage of the membrane
surface.

For simplicity, we have used a minimal description of
(reversible) filter cake formation, assuming that the volume fraction
of immobilized particles is constant. The cake layer acts as an addi-
tional membrane, increasing the hydraulic resistance of the filtration
setup. The geometric cake thickness is disregarded in the mBLA cal-
culations, while the increase in the cake hydraulic resistance, R.(z),
with increasing axial distance z from the inlet is accounted for using
Ergun’s equation describing an ordered fcc array taken at volume
fraction ¢ = ¢ ;= 0.494.

A new finding of this paper is the shear-induced non-
monotonicity of the radial shear-rate profile, which exhibits a peak
at a radial distance y from the membrane/cake surface, located in
the CP-bulk transition region. While for the considered parameters
and cake model the mBLA concentration profile ¢ _(z) = ¢(0,2) is
monotonically increasing, from ¢,,(0) = ¢, at the inlet up to ¢ ¢ at

axial distances z. < z < L where a thin cake is present, ¢, (z) can
become non-monotonic for a sufficiently large axial particle flux.
As a consequence, distinct cake layer ring(s) can be formed. In
the UF regime and without cake formation, mBLA results for non-
monotonic concentration profiles have been discussed already by
Park and Nigele”” for ¢, (z) profiles with a maximum at distances
z/L ~ 0.4-0.5 and wherein a criterion for the occurrence of non-
monotonic profiles is given. In future work, it will be beneficial
to explore how the non-monotonicity of ¢, (z) and the corre-
sponding cake layer profiles are affected by shear in the UF to
MEF transition regime. Moreover, the mBLA method can be further
generalized to more refined fouling models for a compressible amor-
phous cake, irreversible particle adsorption at the membrane surface
and clogging of membrane channels.

In the framework of the generalized mBLA scheme, a useful
general expression (v,,). = Kn($(L)/;)"/* for the mean permeate
flux has been provided in Eq. (44), with mass transfer coefficient K,
according to Eq. (45). We have numerically analyzed this expression
as a function of the characteristic transmembrane pressure, TMP®,
and particle radius a. The power law concentration dependency is
a consequence of cross-sectional particle flux conservation and it
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differs from the logarithmic log(¢ I /$,) dependency of (v, )L sug-

gested by film theory.”” The latter dependency has been rightfully
criticised.” At large TMP?, an (apparent) limiting flux behavior is
observed where (v,,); becomes insensitive to changes in the trans-
membrane pressure and where most of the membrane is covered by
the filter cake. In analyzing the mBLA mean permeate flux expres-
sion for constant transport properties and a simplified description
of crossflow, an earlier version of the mass transfer coefficient K, is
obtained as a limiting case, but now with a more realistic expression
for its prefactor A.

Our calculations of the critical flux as a function of a, for other-
wise fixed operating conditions, reveal the well-known power-law
decline according to (vy); ~a >/, for small a in the UF regime
where Brownian diffusion dominates.” With further increasing par-
ticle radius, for values a > 10 nm, the generalized mBLA theory
predicts an upturn of (v,); significantly above the a~** power
law prediction, which is due to shear-enhanced Brownian diffu-
sion and shear thinning of viscosity. The upturn starts roughly

for viscosity-rescaled Péclet number values Pel ~0.2. The observed
shear-induced flux upturn adds to the resolution of the (appar-
ent) flux paradox of CF in the UF to MF transition regime. As an
aside, for large particles and Péclet numbers, the scaling relation
(vi)[ ~ a*? is obtained from the simplified mBLA flux expression,
provided Dy, is identified by the shear-induced self-diffusion coeffi-
j,'i,’d oc @*§ of non-Brownian hard spheres as in earlier studies
by Eckstein et al.”* and Belfort et al.”

While this paper is about CF of colloidal hard spheres, the
generalized mBLA method can also be applied to dispersions of
solvent-permeable particles, such as non-ionic globular microgels,
and to dispersions of charge-stabilized colloidal particles, provided
appropriately adjusted transport properties are used. An example is
shown in the right panel of Fig. 5, which includes the critical flux of
solvent-permeable hard spheres (PHS) in addition to that of non-
permeable spheres. Particle size polydispersity can be included in
the mBLA scheme by accounting for static cross correlations (i.e.,
partial radial distribution functions) and dynamic cross correlations
in the hydrodynamic diffusivities and the dispersion viscosity. In
proceeding beyond an effectively one-component treatment of poly-
dispersity as done by Vollebregt et al.,”" a set of advection-diffusion
equations needs to be considered in which the concentration fields
and fluxes of the various particle components are coupled. Such a
multi-component treatment allows for studying size fractionation
along the membrane channel. This can be the topic of a future
study.
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APPENDIX A: FIXED-POINT ITERATION FOR WALL
CONCENTRATION AND CAKE RESISTANCE

We explain here how the particles’ concentration profile at
the membrane or cake surface, ¢ (z), and the hydraulic resis-
tance profile of the cake, R.(z), are calculated self-consistently for
all z values in [0,L], using an under-relaxed fixed-point itera-
tion (FPI) method based on the particle-flux conservation law in
Eq. (41). The present FPI method generalizes the earlier one by
Park and Nigele* to shear-rate-dependent transport properties and
cake formation. In the extended mBLA method, the axial pres-
sure profile P(z) needs to be determined numerically from solving
Eq. (27). The physical quantities {z,¢,,Rc(z),vw(2),u(y,2)} are
non-dimensionalized (reduced) here by their respective character-
istic values {L, ¢}, R%, v, u’}. For notational simplicity, unchanged
symbols are used for the reduced quantities. The functional depen-
dency of a quantity on the searched-for axial profiles ¢ (z) and
Rc(z) is indicated in its argument list by the standard bracket
notation [¢, ] and [R.], respectively.

By splitting ¢ = (¢ — ¢p) + ¢, into its excess and bulk parts,
respectively, the conservation law in Eq. (41) for the cross-
sectionally averaged axial flux is rewritten as

0
u
Bulude+ (9 - ¢ = 21, (an
where (---)r = (1/7R*) [ sdS denotes the average over the cross-
sectional area S = 7R’
Substitution of the (formal) matched asymptotic solutions for
¢ and u into Eq. (A1) leads to the implicit integral equation in z,

20, [¢u]. [Re]) - # (2 [$w], [Re])

(pw(z) = F(Z; [‘Pw]’ [RC]) =1+ (Qf(Z, [(/’w]) [RC])

>

(A2)

where the functional dependencies on the concentration and
cake resistance profiles are indicated explicitly. The dimensionless
expressions for &/ and # are

(@ [gub [R]) = (" M Du(y, 2[4 [RD) . (A3)
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# (2 [9w] [R]) = ((1 - Perv(z,[¢u], [Re])e o CLOHED )

< uyz gl [RD) (A4)

R

and these depend functionally on the searched-for concentration
and resistance profiles.

In our numerical calculations, the (reduced) radial and axial
coordinates are discretized uniformly in logarithmic space as
logy, =i Alogy and equidistantly as z, = k Az, with step sizes
Alogy and Az, respectively, and integer indices i and k enu-
merating each grid point. In this way, the functional arguments
of the axial profiles are approximated by arrays of N, entries,

namely, [$1] = [41” (), 01" (21), ¢ ()] and [RE)]
= [RS")(ZO),Rgn)(zl),...,RE")(ZNZ)]. The pressure profile, P(z),
determined by the differential equation in Eq. (27) is obtained
numerically using a second-order finite difference method invok-
ing a central difference scheme and a fictitious node method. The
inlet pressure P(0) is determined by the given value for the out-
let pressure PX = P(L) =1 atm and by the velocity, u’, of the
Hagen-Poiseuille feed flow at the inlet center. The numerically
determined P(z) is used for characterizing the axial dependencies
of the flow profiles v, (z) and u.(z) = —(R*/(4,))dP(z)/dz.

On identifying F as the FPI integral operator, the iteration
scheme,

687 (z¢) = F(zi [0 V1, [RUV]) (AS)

is used for each axial position zj, relating the concentration array
[¢§vn)] at the n-th iteration step to the arrays [ &"71)] and [Rg”fl)]
of the previous step n — 1.

According to the thin cake model employed in this paper, no
cake is formed at z; when gb&,”)(zk) < ¢y, and the corresponding
hydraulic cake resistance value is set equal to zero, i.e., RE") (z) =0.
If, instead, ¢>ff)(zk*) > ¢s is found at some z;+, then gbsvn)(zk*) is
reset to ¢1(A,") (2+) = ¢¢ and a suitable R (z+) value is determined
obeying the identity,

¢ = F(zp, [0V [RMY). (A6)

For this purpose, [RS")] in the above-mentioned identity is taken to

be equal to [Rg"_l)], except for its k*-th component treated as a free
variable, determined from the requirement that the identity must be
fulfilled. Note that Egs. (A5) and (A6) are two conditions for the
searched-for concentration and resistance profiles.

Once the arrays | ff’)] and [RE")] of the discretized profiles are
determined in the n-th iteration step, the under relaxed fixed-point

iteration (FPI) scheme is applied individually to the arrays [ S,”)]

and [Rg") ], according to

[657] = (1 - 0)[9] + w[#S7], (A7)
[R™] = (1-w)[R™] + w[R™], (A8)

with an appropriately selected relaxation parameter 0 < w < 1. The
optimal choice of w depends, in principle, on the operating condi-
tions and dispersion properties. For the parameter sets C1 and C2
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discussed in the present paper, w = 0.01 was found to be a good
choice in most cases.

In the iteration procedure described above, the coupled flow
and concentration fields are updated based on results from the
previous iteration. At the initial zeroth-order step (n = 0), the con-
centration field is set equal to the uniform starting field ¢ (y,z)
= ¢, [which implies RSO) (2) = 0]. The zeroth-order axial and radial
flow fields, u® and v(o), and the zeroth-order pressure profile, P(O),
are then computed numerically using D),;)) = D,,(¢, Pe, = 0) and
n® = n(¢®, 7 = 0) at each discretized grid point W 2k)-

In the subsequent iteration steps (n > 0), the flow and con-
centration fields are updated as follows: First, the arrays [gbsvn)]
and [RE")] of the n-th iteration step are determined using the FPI
method described above. Next, P™(z;), u™ (9> 2k) and v Vo 2)
are numerically determined at the grid points (y,,z;). Using the
updated (discretized) flow and concentration fields, the local shear
rate and stress fields Pe( "™ and #™ are obtained. These are
then used, in turn, to determine the viscosity field, 7™, and the
radial diffusion coefficient field, D}(,}','), at all grid points (y;,z).
The iteration continues until both arrays, [ fl,”)] and [RE")], have
converged according to a prescribed criterion. For the employed
high-precision criterion, about 3000 iteration steps were required to
reach convergence when the cake was formed.

APPENDIX B: SIMPLIFIED mBLA PERMEATE FLUX
EXPRESSION

On basis of the cross-sectionally averaged axial particle-flux
conservation law in Eq. (41) and the asymptotically matched mBLA
solutions for u(y,z) and ¢(y, z), we derive here a simplified expres-
sion for the length-averaged permeate flux, quoted in Eq. (43).
Following earlier studies,”””" the axial particle flux, J, = ¢u, is split
into excess and bulk parts according to J; =J7" + ]Zb, where the
bulk part is JL = ¢pu, such that J;* vanishes outside the CP layer.
Using this splitting, the conservation law in Eq. (41) reads [cf. also
Eq. (A1)]

) = “"'—“ ~ g}, (B1)

where (---)r denotes the cross-sectional average. Next, using that
(u)r ~ (u°)r, where u® is the axial velocity in the outer region
given in Eq. (25), one obtains

VW(Z ) 47, (B2)

U - B[ W=k D] o

u° 2 L 0
Here, 8° = 4113,/ (Ru") is the characteristic solvent recovery indica-
tor value introduced before in the context of Eq. (29). To obtain the
second equality in Eq. (B2), volume conservation of solvent and par-
ticles expressed by V - V = 0 was used. Volume conservation was
likewise invoked for obtaining the pressure profile in Eq. (27)

An alternative expression for the cross-sectionally averaged
excess flux is obtained from substituting the matched asymptotic
mBLA expressions for u and ¢ into J7* = (¢ — ¢}, )u and subsequently

ARTICLE pubs.aip.org/aipl/jcp

performing the cross-sectional average by neglecting a term linear in
¢, This leads to

0@ ~ 220 [y [y 2y 70:2)

1/( )Jp(y,z)):l (B3)

0
w

X exp (—PeR

where the integrals ., and .#p are given in Eqs. (39) and (40),
respectively. From equating Eqs. (B2) and (B3), one obtains

vw(z )

ppus’ ﬂ

FL) ? = 20u(2)ue(2) [ vora)dy (B9

W

where u;(z) = —(RZ/(411$))dP(z)/dz is the z-dependent factor of
u(y,z) in Eq. (25). The non-dimensional integrand,

vw(2)

w00 = (1-2)(2- 2 ) ez exp (—PeR fa(m)

(B5)

related to (¢ — ¢, ) u, accounts for the intermingled effects of disper-
sion viscosity, radial diffusion coefficient, and osmotic pressure, the
latter mediated via v, (z) in the Darcy-Starling boundary condition.

We next introduce simplifications for the radial integral of
v(,z) appearing in Eq. (B4). On assuming # = #, and Dy, = Dy, and
neglecting the osmotic pressure, which is justifiable in the UF to MF
transition regime, one obtains ., = #p = y/R and

R
1 _6-6A(2) +2 A(2)* + (A(z)? —6) e
RJW(y’Z)dy_ A(z)4 >
(B6)
where
A(z) = Per 2. (B7)

W

Since A(z) > 1 holds within the mBLA description of crossflow, it
suffices to account for the quadratic term in A(z). The radial integral
further simplifies to

R
1 2
Eof O = Y 5

This finding motivates us to define a dimensionless function
¥(2) by

¥Y(z) = M%/w(%z)d% (B9)

which is approximately equal to one for constant transport proper-
ties and zero osmotic pressure. When the particle transport is slowed
down due to enlarged viscosity and reduced radial diffusion, values
W¥(z) < 1 are expected. In the opposite case, ¥(z) can be larger than
one.

With this definition of ¥ inserted into Eq. (B4), we obtain
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8 9u(2) @) .
P (m) e

u,(z) v

Pey = (B10)

On noting that the radial characteristic Péclet number,
Peg = RVY,/Dy, is related to the axial characteristic Péclet num-
ber, Per = R*u’/(DoL), by f° = 4Per/Per, the above-mentioned
equation can be rewritten as

), w(2) ¥(2)
(PeRT) —ZPQLT@, (Bll)

VW
where we have introduced the dimensionless function G(z),
defined as

o vi(@)1 [y vw(E)dZ
~u(2) (vl

which is of order one at the outlet z = L. Equation (B11) is used as
the starting point for Eq. (43) in Sec. I'V. A decent approximation of
G(z) according to Eq. (B12) follows from replacing v,,(z) and u.(z)
by the mBLA forms for pure solvent (PS) feed, V(P (z)and ulh (2),
without dispersion particles. The analytic expressions for the pure
solvent flow profiles are given in the work by Park and Nigele’” and
thus are not repeated here.

G(z) , (B12)
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