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In our previous studies [Phys. Rev. D 108, 074501 (2023)., Proc. Sci. LATTICE2023 (2024) 219
[arXiv:2311.07209].], we confirmed that a quantum annealer can be used for importance sampling of gauge
theories. In this paper, we extend the previous results to larger 2-dimensional and 4-dimensional lattices to
generate ensembles for U(3) gauge theory in the strong coupling limit. We make use of the D-Wave
quantum annealer to generate histograms for sublattices, and use the Metropolis-Hastings algorithm to
determine thermodynamic observables and their dependence on the physical parameters on large volumes.
We benchmark our results to those obtained from classical Monte Carlo simulations.
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I. INTRODUCTION

Quantum annealers are promising devices for ensemble
generation in statistical physics and field theory. The
examples of quantum sampling range from boson sampling
[1] to sampling proteins [2]. Also, many different methods
are on the market for quantum annealers: the noisy Gibbs
sampler [3], methods to investigate phase transition [4],
hybrid approach [5], and the annealer as a quantum thermal
sampler [6]. Quantum sampling of statistical ensembles
requires however an additional step to obtain ensembles
according to the target equilibrium distribution that depends
on the physical parameters of the investigated theory [7–9].
In contrast to gate-based quantum computing, quantum
annealers are restricted to optimization problems, and a
crucial step is to map the physical system on the qubits of
the annealer. This embedding poses a scalability challenge
[10,11], which limits the usefulness for realistic applications
further. Despite these challenges, some progress in high
energy physics such as scalar field theory [12], lattice gauge
theory with non-Abelian gauge groups SUð2Þ [13], dihedral
group D3 [14], and for building blocks of standard model

physics [15] has been made. We address in this paper also a
non-Abelian gauge groupU(3), which at strong coupling has
similar properties as SUð3Þ at vanishing quark density, as
explained in Sec. II.
On a classical computer, via a Monte Carlo, importance

sampling is realized e.g. by the Metropolis algorithm.
The effective theory which we study is based on the dual
formulation of lattice QCD at strong coupling, and is
governed bya constraint on thedual variables,which restricts
admissible configurations. Depending on the physical
parameters, ensemble generation is a difficult task, specifi-
cally at low temperature where the entropy of the system
grows rapidly. In contrast, on a quantum annealer, the
admissible configurations can be generated easily with the
so-called quadratic unconstrained binary optimization
(QUBO) formalism which scales independently of the
physical parameters such as the temperature, as explained
in Sec. II.
The scope of this paper is to address larger volumes

compared to our previous studies [16,17], which requires
new strategies to take advantage of the quantum annealer.
We use the D-Wave advantage system with the Pegasus
topology [18] that has 5760 physical qubits and is the most
advanced annealer up to date. In Fig. 1(a) we show its
connectivity. This system can however only accommodate
small lattice volumes. Large volumes, on the other hand,
require an alternative scheme that samples smaller sub-
lattices. The central idea of our work is to make use of an
iterative scheme that embeds sublattices in parallel with
specific boundaries that are fixed by the previous quantum
sampling step. This scheme ultimately allows us to generate
larger volume configurations.
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After short introduction about the effective theory in
Sec. II, we explain the technical aspects to address large
volumes in Sec. III. We present our results on the volume
and parameter dependence of observables in Sec. IV.

II. EFFECTIVE THEORY OF LATTICE QCD

Our effective theory is derived from staggered fermions
in the strong coupling limit, which is well known to have
a dual representation in terms of integer-valued dual
variables:

SF ¼
X
x;ν

γδν0

2
ηνðxÞðeμδν0 χ̄ðxÞUνðxÞχðxþ ν̂Þ

− e−μδν0 χ̄ðxþ ν̂ÞU†
νðxÞχðxÞÞ þ amq

X
x

χ̄xχx ð1Þ

Z¼
X
fd;mg

Y
b¼ðn;ν̂Þ

ðNc−dνðnÞÞ!
Nc!dνðnÞ!

γ2dνðnÞδ0̂;ν̂
Y
n

Nc!

mðnÞ!ð2amqÞmðnÞ;

ð2Þ

where Eq. (2) is obtained from Eq. (1) by integrating out the
gauge variables first, and afterwards the Grassmann vari-
ables [20]. As we restrict to U(3) gauge group here, baryons
are absent in Eq. (2); they would form self-avoiding
worldlines for SUð3Þ. We have studied SUð3Þ in [17]
but in this work we restrict ourselves to U(3) for simplicity.
The dual variables in Eq. (2) consist of so-called monomers

mðnÞ and dimers dνðnÞ (with n a lattice coordinate). Dimers
correspond to pion hops, for Nc ¼ 3 there can be up to 3
pions on the same link (due to the quark substructure); the
monomers contribute to the chiral condensate. On each site,
the number of monomers and dimers touching this site has
to add up to Nc due to the Grassmann constraint.
This system describes pions that are strongly interacting

at low temperatures, resulting in a large entropy, and
noninteracting at high temperatures. The chiral transition
is located where the pion correlation is maximal (and
diverges in the chiral limit). The temperature (in lattice

units) is given by aT ¼ γ2

Nt
where γ is an anisotropy that

favors temporal pion hops over spatial hops for γ > 1, and
vice versa for γ < 1.
As explained in detail in [16], the integer-valued dual

variables can be mapped to a binary vector x which can be
adapted for the QUBO formalism:

χ2 ¼ xTQx;

Q ¼ W þ p
�
ATAþ diagð2bT · AÞ�: ð3Þ

Here Q is the quadratic QUBO matrix generated by the
weight matrix W that is determined from the effective
action, as well as A that incorporates the constraints
that stem from the Grassmann integration of the quarks.
The penalty factor p favors (p ≫ 1) or disfavors (p ≪ 1)
the constraint over the weight matrix. As we explain
in more detail in the next section, we embed in parallel

FIG. 1. (a) The connectivity between qubits of the Pegasus topology, showing a part of the full 5760 qubits. Qubits in this topology are
considered to have a nominal length of 12 (each qubit is connected to 12 orthogonal qubits through internal couplers) and degree of 15
(each qubit is coupled to 15 different qubits) [19]. (b) Embedding of sublattices in parallel, here shown for a subset of 4, using automatic
embedding, illustrating that each sublattice is disconnected. Each sublattice uses 24 physical qubits. Each monomer and dimer needs 2
logical qubits to represent integers between 0 and 3. (a) Pegasus topology. (b) Embedding of 4 sub-lattices.
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2 × 2 sublattices such that for each sublattice different
boundaries b are applied. More precisely, the weight matrix
of Q is determined for U(3) gauge group via

M¼
 
−2 logð2amqÞþ logð2Þ logð3Þ

0 − logð2amqÞ

!
ð4Þ

Ds¼
�
logð12Þ 0

0 logð3Þ

�
ð5Þ

Dt¼
 
logð12Þ−4 logðγÞ 0

0 logð3Þ−2 logðγÞ

!
ð6Þ

W ¼ diagðM;M;M;M;Ds;Ds;Dt; DtÞ ð7Þ

and the constraint and boundary are given by

A¼

0
BBBB@
2 1 0 0 0 0 0 0 2 1 0 0 2 1 0 0

0 0 2 1 0 0 0 0 2 1 0 0 0 0 2 1

0 0 0 0 2 1 0 0 0 0 2 1 2 1 0 0

0 0 0 0 0 0 2 1 0 0 2 1 0 0 2 1

1
CCCCA ð8Þ

b ¼ ð3 − dð1Þext ; 3 − dð2Þext ; 3 − dð3Þext ; 3 − dð4ÞextÞ: ð9Þ

The boundary b is no longer constant as in our previous
work, but now depends on the number of external dimers

dðxÞext ∈ f0; 1; 2; 3g. This quantity changes after each update
as explained in Sec. III A.

III. TECHNICAL DEVELOPMENT

In order to sample our effective theory on D-Wave, we
have to map logical qubit x as in Eq. (3) to the physical
qubits with connectivities given by the Pegasus topology.
This can be achieved by synchronized combination of
physical qubits (“chain”) to form a logical qubit, as
discussed in detail in [16]. With 5760 physical qubits
available, only small volumes can be sampled at once. For
larger volumes, we use an iterative scheme that only
samples disconnected sublattices, keeping dimers that
are not part of the sublattice fixed; see Eq. (9). An example
of the decomposition to sublattices is given in Fig. 2. Only
the degrees of freedom inside the red boxes are sampled,
and this is done in parallel to maximize the use of qubits.

A. Parallel sampling scheme

We now explain the details of the parallel sampling
scheme, leaving the details on the Monte Carlo updates for
Sec. III C. In order to sample all degrees of freedom, we
have to alternate which dimers are frozen and which are
updated. This we do by iterating through the base points, as
highlighted in Fig. 2, which define what array of sublattices

have to be considered for the next update. The number of
base points depend on the dimension and the sublattice
structure, as shown in Table I. We choose the sublattices of
size 2 × 2 (square sampling), and of size 2 × 2 × 2 (cube
sampling). Clearly, the sublattice dimension ds has to be
smaller or equal to the dimension d of the lattice volume.
For ds < d, we have to loop through ð ddsÞ sets of directions
to sample the full volume. For 2 × 2 sublattices, 16 logical
qubits(∼24 physical qubits) are required per sublattice
and for 2 × 2 × 2 sublattice, 40 logical qubits(∼88 physical
qubits). Since the number of sublattices is V=Vsub, the

number of logical qubits for lattice size V ¼ Nðd−1Þ
s × Nt is

Nlogical ¼ 2Vð1þ d=2Þ, with d the dimension of the
volume and Ns and Nt are spatial and temporal size of
lattice, respectively. Due to the block-diagonal structure of
the QUBO matrix Q, the embedding of Nlogical logical
qubits to the physical qubits results in disconnected
sublattice embeddings as shown in Fig. 1(b) . The quantum
annealer then solves for x in a fixed amount of time
regardless of how many qubits are used in the paralleliza-
tion. Hence, as long as the lattice volume V fits on the
annealer at once (for 2 × 2: 170 sublattices, 2 × 2 × 2: 45
sublattices) the scaling is constant. If the lattice is too large,
we sequentially update a block of maximal subset of
sublattice at a time. In that case, sampling the sublattices
scales linear with the volume.
It is sufficient to sample every degree of freedom by

sequentially going through all base points that define the

BasePoint

FIG. 2. Selecting 2 × 2 sub volume with fixed boundary
condition. Black dots are monomers, blue lines are dimers.
Monomers and dimers inside of red boxes are updated in parallel.
The Grassmann constraint is required to be satisfied at each site.
The dimers dext outside of red boxes are external dimers (light
blue) and give boundary condition for sampling the red sub-
lattices.
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location of sublattice. The number of base points on a
d-dimensional lattice is obtained by the binomial coefficient

The number of base points ¼ Vsub ×

�
d
ds

�
: ð10Þ

The solution vector for a new base point depends on the

previous solution vector because the fixed boundary b (dðxÞext)
in Eq. (9) changes after each update. For the square
sampling, we have ðNc þ 1Þ4 (256 for Nc ¼ 3) and for
cube sampling we have ðNc þ 1Þ8 (65536 for Nc ¼ 3)
distinct sets of b. While sampling, we store all generated
configurations into histograms. This is feasible for the
square update (see Fig. 3), but for the cube update the
larger number of boundaries precludes us.
The quantum annealer produces a distribution of valid

configurations that depend on the penalty factor p of the
QUBO matrix defined in Eq. (3), as well as hyper
parameters that we discuss in detail in the next section.
We classify the valid solution vectors per sublattice into
histograms for each set of boundary conditions b, and sort
them by monomer number M and number of temporal
dimers Dt, which encode the quark mass and temperature
dependence. As the set of generated histograms
hpðb;M;DtÞ will depend on both the physical parameters
and in particular the penalty factor p, the histogram is an
estimate of the true distribution htrueðb;M;DtÞ that we
obtain from exact enumeration (see Fig. 3 and the
Appendix). We will discuss in Secs. III C and III D two
methods to correct the histograms to obtain valid results.
To be more specific, we measure the N independent

solution vectors xðjÞ (j ¼ 1;…; N), blocked in n separate

sublattices xðjÞi (i ¼ 1;…; n), as shown in Fig. 4. The
boundary condition is the same for all j at fixed i. Since not
all configurations are valid in the sense that they fulfill the

constraint equation (8) (red entries), it may happen that
solution vectors have invalid blocks. N is typically large
enough to ensure that for every j there exists several valid
sublattices i from which we construct the histograms.
In Fig. 5, a comparison of the true histogram

htrueðbÞ ¼
e−S½C2×2ðbÞ�P

C2×2ðbÞe
−S½C2×2ðbÞ� ð11Þ

by exact enumeration [with C2×2ðbÞ the 2 × 2 configura-
tions at fixed boundary b] and the histogram hbp obtained by
the D-Wave quantum annealer for penalty factors p ¼
1; 2;∞ is shown. Here, b labels the 256 distinct boundary
conditions b ¼ fb1;…b4g in lexicographical order (left).
The distribution for a specific boundary condition b ¼
ð3; 3; 3; 3Þ (right) is shown for quark mass amq ¼ 1.0 and
γ ¼ 0.1, now sorted by the Boltzmann weight e−S. Both
histograms are in good agreement for p ¼ 1, but this
agreement deteriorates for larger p. This indicates that
we have good overlap between the true and the approxi-
mate distributions of the 2 × 2 sublattices, which is

TABLE I. Parallelization by sublattice sampling. Number of
independent sublattices corresponds to the number of sublattices
sampled in parallel. Number of base points is the number of sites
in sublattice. For one volume sweep, it is required to sample
sublattices in parallel for every base point.

V Vsub Independent sublattice Base points

4 × 4 2 × 2 4 4
8 × 8 2 × 2 16 4
16 × 16 2 × 2 64 4
32 × 32 2 × 2 256 4
4 × 4 × 4 2 × 2 16 12

2 × 2 × 2 8 8
4 × 4 × 4 × 4 2 × 2 64 24

2 × 2 × 2 32 32
8 × 8 × 8 × 4 2 × 2 512 24

2 × 2 × 2 256 32
FIG. 3. Number of configurations for each boundary condition
for the square sampling ðb1; b2; b3; b4Þ. The color coding reflects
the multiplicity of configurations per boundary. For details see
the Appendix.

FIG. 4. Each column corresponds to a solution vector of a block
QUBOmatrix. The xðjÞi is a solution vector for each sublattice. We

collect xðjÞi for fixed i from j ¼ 1;…; N with N solution vectors,
and check the validity (blue: valid, red: invalid), see Eq. (12).
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important to implement our strategy for large lattice
volumes. How to correct the distribution for the small
deviations is discussed in Secs. III C and III D.

B. Optimizing hyper parameters

To maximize the efficiency of the simulation and obtain
correct results, the hyper parameters chain_strength,
num_reads, annealing_time should be optimized.
As described earlier, we must embed logical qubits into
the physical layout of qubits so that the constellation of
our logical qubits can simulate our QUBO problem (we
use D-Wave’s automatized embedding to do this map-
ping). The physical qubits comprising a logical qubit
must act as one; either all take values of 0 or 1. And their
connections with other logical qubits must also act
accordingly. However, during the annealing process it
may (and does) happen that physical qubits within a
logical qubit do not act uniformly, and this results in
broken “chains.” These broken chains result in invalid
solutions.
For submitting a problem to the D-Wave system, one

has to provide a value for the chain_strength, which
acts as a constraint that enforces connectivity of the
chains. Increasing this value can reduce chain breaks.
However, we cannot arbitrarily increase the value of
chain_strength such that no broken chains occur,
since too large a value makes our QUBO matrix less
relevant and the system approaches the state of n indepen-
dent logical qubits that do not interact with each other. This
in turn adversely affects the number of obtained valid
solutions. Thus some optimization is required.
We optimize the chain_strength to maximize the

validity rate v, which is the number of valid solution vectors
over all solution vectors:

v ¼ 1

Nn

XN
j¼1

Xn
i¼1

xðjÞi;valid: ð12Þ

We rescale the QUBO matrix manually by Qmax, which is
the maximum absolute value of any element of the QUBO
matrix, before submitting to the D-Wave solver. This results
in the rescaling of the chain_strength to order one.
For small values of chain_strength, the number
of broken chains is large. Since broken chains produce
almost always invalid configurations, as a result the validity
rate is low, as shown in Fig. 6. With increasing chain_-
strength, the validity rate grows with maximum around
when chain_strength is between 1.0 to 1.4, depend-
ing on the penalty factor p and physical parameters. Note
that the weight matrix W in the QUBO matrix has a block-
diagonal structure, whereas the constraint matrix A has
long-range connectivity, requiring a larger chain_-
strength. For larger chain_strength the validity
rate drops again.
The number N of solution vectors x we request to

be generated by the annealer is given by the parameter
num_reads. The duration of an annealing process is set
by annealing_time. A longer anneal time can increase
the number of generated valid solutions. However this is
not guaranteed, and the longer anneal times comes at the
expense of overall computational cost. As shown in Fig. 6,
we optimize the annealing time per sample. The validity
rate is saturated after the annealing time 100 μs. As the
annealing time is increased, num_reads should be
decreased accordingly to keep the computational cost
constant. We determine the optimal chain_strength/
annealing time from the maximum/plateau of the validity
rate. Since we have limited amount of quantum computing
time, to balance the quantum computing time consumption

FIG. 5. Comparison for 2 × 2 sublattices between exact histograms from enumeration with those generated by D-Wave for p ¼ 1
and p ¼ 2. Left: comparison of the multiplicities for 256 different boundaries. Right: comparison of the weights for a specific
boundary b ¼ ð3; 3; 3; 3Þ for amq ¼ 1.0 and γ ¼ 0.1, with exact Boltzmann distribution htrueðbÞ compared to approximate
distributions from D-Wave hpðbÞ.

QUANTUM SAMPLING ON A QUANTUM ANNEALER FOR LARGE … PHYS. REV. D 111, 094504 (2025)

094504-5



and quality of the solution, we choose the chain_-
strength 1.2, annealing time ¼ 100 μs and num reads ¼
200. This allows us to generate histograms for more physical
parameters of the interest.

C. Metropolis and Metropolis-Hastings

Although we know the exact distributions of the 2 × 2
sublattices from enumeration in this simplest case (see the
Appendix), this is not the case in the more realistic cases in
general [SU(3) including strong coupling expansion].
But even with this exact distribution, it is not feasible to
extend to finite periodic lattices: First, analytically extending
to larger sublattices such as 4 × 4 cannot be achieved due the
exponential growth of computation involved. Second, a
standard Metropolis algorithm attempting to glue the sub-
lattices together would produce extremely small acceptance
rates of about 0.1% independent of the physical parameters.
Alternative classical algorithms such as the Metropolis
algorithm using the parallelization scheme as in Fig. 1
and sweeping through the 4 base points gives acceptance
rates of about 20% for low temperatures γ ¼ 0.1, with a
quark mass dependence as shown in Fig. 7(c).
In contrast, with the approximate distribution for 2 × 2

sublattices measured by D-Wave for penalty factor p ¼ 1,
we do not rely at all on the exact distribution obtained from
classical computation at all. However, we cannot incorpo-
rate the standard Metropolis algorithm, but have to use the
Metropolis-Hastings algorithm:

Paccept ¼ e−SnewþSold
hold
hnew

ð13Þ

with e−Snew and e−Sold the Boltzmann factors for the new/old
configuration, and hnew and hold the new/old histograms of

the configuration. They are nontrivial: although they have
the same boundary condition b, they differ in the specific
distribution of monomers and dimers within the 2 × 2

sublattice. The proposal probability Pproposal ¼ hold
hnew

for a set
of 2 × 2 updates is not uniform as it is drawn from the
measured histogram. The details of the procedure are
described by the following steps:
(1) On the classical computer, generate a large lattice

filled with 3 monomers at every sites.
(2) Select independent sublattices and use the set of

boundaries fbg to construct the QUBO matrix for
the physical parameters.

(3) Generate a distribution for the sublattices using the
quantum annealer and store it on the memory of
classical computer. If the distribution for a specific
boundary condition already exists, we can skip
this step.

(4) Select for each sublattice hnew from the distribution
and make an accept/reject step by comparing with
the previous configuration hold on the classical
computer according to Eq. (13).

(5) Store the configuration in terms of monomers and
dimers and measure observables.

(6) Change the base point. Repeat from step 2.
As pointed out in Sec. III A, these histograms have good
overlap with the true distribution. Hence we expect that the
Metropolis-Hastings algorithm will have a much larger
acceptance rate, in particular also for low temperatures. The
dependence of the acceptance probability on the penalty
factors p is shown in Fig. 7(a). We can clearly see that
p ¼ 1 has the largest acceptance rate, and that large p
will decrease the acceptance rate. In the limit p → ∞,
the weight matrix will not contribute to the QUBO matrix
and the 2 × 2 histograms become flat. Hence, due
to hold ¼ hnew, the proposal probability drops out in

FIG. 6. (a) The validity rate v as a function of chain_strength on 2 × 2 sublattice with “3 3 3 3” boundary condition. For penalty
factor p ¼ 1, 2 and infinite. γ ¼ 0.1, 1.0, amq ¼ 0.1. (b) The validity rate as function of the annealing time for p ¼ 1, 2 and infinite and
γ ¼ 0.1, amq ¼ 0.1. A plateau is reached after about 100 ms. (a) Annealing time ¼ 100, num reads ¼ 800. (b) Annealing time
dependence.
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the Metropolis-Hastings, which simplifies to standard
Metropolis. The acceptance rate will hence be minimal
as there is poor overlap with the important configurations
given by the physical parameters. As shown in Fig. 7(c), the
p ¼ ∞ acceptance rate agrees with the classical Metropolis
algorithm. Recall that classical computations are in par-
ticular expensive for low temperatures (small γ), whereas
the computational costs for the histograms measured by
D-Wave do not depend on γ. This is particularly evident
by comparing the statistical uncertainties of the chiral
condensate as measured via the worm algorithm versus
the Metropolis-Hastings results based on the D-Wave

histograms, as shown in Fig. 8. In the case of worm
simulation, the statistical uncertainty grows with decreas-
ing temperature, while it remains constant for the results
based on the hybrid approach of D-Wave histograms and
Metropolis-Hastings. Interestingly, the error for 83 × 4 is of
comparable size as for 43 × 4, both having the same
number of Metropolis-Hastings updates. This might be
related to the fact that for each base point, the solution
vector x scales with the volume, as it contains 2 × 2
sublattices proportional to the volume.
Also, the acceptance rate does not depend much on the

volume as shown in Fig. 7(b), as expected.
For the thermodynamic observables such as the chiral

condensate and energy density, we show in Fig. 9 the p
dependence for p ¼ 1; 2; 10;∞. We clearly see in the inset
of Fig. 9(a) that p ¼ 1 results in the smallest error, as it has
the largest acceptance rate. For the large volume results in
the next section, we hence always use p ¼ 1. We show in
Fig. 10 for p ¼ 1 the volume dependence of the chiral
condensate and the energy density, for V ¼ 4 × 4; 8 × 8;
16 × 16; 32 × 32 and compare the data with results from a
classical computer using the worm algorithm.

D. Branching strategy

In the previous section we studied in detail how to obtain
the correct equilibrium distribution from the histograms that
D-Wave provides via the Metropolis-Hastings algorithm.
Note that if the histogramswere already a perfect Boltzmann
distribution, we could instead use a heatbath algorithm.
Another promising method to obtain valid results that we
briefly outline is to repeatedly branch into subbranches, and
statistically evaluate each branch to obtain expectation
values for thermal observables, such as the chiral condensate
and the energy. The essential idea of the branching strategy
is to maximize quantum parallelization. While in the

FIG. 7. Comparison of the acceptance rate versus amq. (a) For a 4 × 4 lattice from Metropolis-Hastings, with 2 × 2 sublattice
histograms from D-Wave, for various penalty factors p. (b) Illustrating independence of the acceptance rate of the volume.
(c) Metropolis from classical computation, for γ ¼ 0.1, 1.0. Metropolis-Hastings for p ¼ ∞ reproduces the classical Metropolis
acceptance rate. (a) Metropolis-Hastings (D-Wave) p-dependence. (b) Metropolis-Hastings (D-Wave) volume-dependence. (c) Metropo-
lis (classical).

FIG. 8. The chiral condensate as a function of γ which is related

to the temperature aT ¼ γ2

NT
. While the size of error of classical

simulations via worm algorithm depends on the physical param-
eter, the method that we demonstrate in this paper is independent
of γ, as illustrated in the inset. Hence, we confirm that this method
has a significant advantage over the classical method at low
temperatures.
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Metropolis-Hastings the same accept-reject step is required;
the branching strategy performs accept-reject at each
branch.
We start with a specific boundary condition (square

sampling) with b ¼ ð3; 3; 3; 3Þ, i.e. we choose 2 × 2 sub-
lattices withweights depending on the physical parameters γ
and amq, as shown in Fig. 5(b). The number of samples
Nbranch defines the branches. The same sample can be chosen
multiple times in extreme cases (e.g. amq very large),
although this is rare for physical parameters of interest
(low temperatures, intermediate and small quark masses).
If we restrict to 2 dimensions, as we have 4 base points

for 2 × 2 sublattices, we have to repeat the above pro-
cedure 4 times and obtain further subbranches, in total
N4

branch branches, each representing a valid configuration.
While branching into i subbranches, the weight factor

wi ¼ e−S½i�=hbp;i for each sample with index of depth i
multiplies the weight factors for all existing branches,
where hbp is the entry of the measured histogram, with b
the specific boundary condition. The final weight for each
of the N4

branch branches is

Wbranch ¼ w1 × w2 × w3 × w4: ð14Þ

Ultimately, to correct for bias, we must reweight our
observable O,

hOWbranchi=hWbranchi:

Unfortunately a limitation of this method so far is that the
memory requirement for branching grows exponentially

FIG. 9. Results from the Metropolis-Hastings algorithm, all for γ ¼ 0.1: chiral condensate (a) and energy density (b) for different p
values. The solid lines are analytic results from an exact enumeration. The inset figures show the difference between analytic and the
numerical results. For any quark mass, p ¼ 1 has the smallest error. (a) Chiral condensate at γ ¼ 0.1. (b) Energy density at amq ¼ 0.3.

FIG. 10. Results of Metropolis-Hastings method for the chiral condensate for p ¼ 1 at γ ¼ 0.1 (a) and the energy density (b) for p ¼ 1
at amq ¼ 0.3 for various 2-dimensional volumes. (a) Chiral condensate at γ ¼ 0.1. (b) Energy density at amq ¼ 0.3.
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with Nbranch, preventing us from presenting results at this
point in time.

IV. RESULTS

We have compared different 2-dimensional lattices in
Sec. III C and extended to 4-dimensional volumes for the
thermodynamic observables, as shown in Fig. 11, which
includes a 43 × 4 and 83 × 4 lattice. We are particularly
interested in the chiral limit amq → 0 for the chiral
condensate, and the low temperature limit γ → 0 for the
energy density, as these limits are particularly interesting
from the physics point of view, and expensive with classical
computers. We also present “extrapolated results,” for
which we use a histogram at fixed quark mass and
temperature γ and run the Metropolis-Hastings for smaller

quark masses and/or temperatures, given that there is still
sufficient overlap with the corresponding target distribu-
tions. We demonstrated that these extrapolations are under
control for all 2-dimensional volumes under investigation:
the lattices 4 × 4, 8 × 8, 16 × 16, 32 × 32, as shown in
Fig. 12. As this works remarkably well, we can reduce
drastically the number of histograms that have to be
generated on the annealer for the set of physical parameters.

V. CONCLUSION

We developed an algorithm to simulate U(3) gauge
theory in the strong coupling limit for large 2-dimensional
and 4-dimensional volumes on a quantum annealer. In
particular, we made use of a hybrid quantum/classical
approach, whereby we determined the histograms in the

FIG. 11. 4-dimensional results on V ¼ 4 × 4 × 4 × 4 and 8 × 8 × 8 × 4. (a) Chiral condensate at γ ¼ 0.1 for amq ¼ 0.05, 0.3, 1.0.
(b) Energy density at amq ¼ 0.3 for γ ¼ 0.05, 0.1, 0.4, 0.7, 1.0.

FIG. 12. Chiral extrapolation (a) from histograms at amq ¼ 0.05, γ ¼ 0.1, p ¼ 1, obtained via Metropolis-Hastings for several quark
masses amq ≤ 0.05 and various volumes. (b) Low temperature extrapolation from amq ¼ 0.3, γ ¼ 0.1, p ¼ 1 for several γ ≤ 0.1. The
bands are obtained by worm simulation on the classical computer. (a) Chiral extrapolation at γ ¼ 0.1. (b) Low temperature extrapolation
at amq ¼ 0.3.
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dual variables relevant to the QUBO formalism via the
D-Wave quantum annealer, and then ran the Metropolis-
Hastings algorithm based on these histograms on a classical
computer. We described the hyper parameters we used to
reduce the computation time on the annealer, detailing
how we numerically determined optimal values for
annealing_time and chain_strength by maxi-
mizing the validity rate given our finite computation time
resources. Also, the penalty factor p that balances the
weight matrix and the constraint in the QUBO matrix, for
which the quality of the histograms is the best was
determined to be p ¼ 1, resulting in large acceptance rates.
Further improvements can be obtained by using the

quantum parallelization more extensively and efficiently
while branching our sublattices. This would require a better
understanding of how the number of branches can be
optimized with respect to computation time and memory
requirement, in particular in four dimensions. We are
actively investigating this option.
Extending to SUð3Þ and including gauge corrections are

important next steps towards a more realistic effective
theory of lattice QCD. The first aspect includes baryons
while the second aspect includes gluon propagation. The
dual representation is well established for both extensions,
and again can be mapped on binary vectors. However, these
formulations will require more logical qubits. Still, it
remains feasible to map the logical qubits required for
the QUBO matrix to the physical qubits on the annealer.
However, while the histograms required for this work,
given square sampling, had 44 different boundaries to
classify the histograms, these generalizations will require
up to 164 different boundaries, for which the histograms
can no longer be precomputed on D-Wave. Instead they
need to be computed during Metropolis-Hastings in
between the updates, whenever required. Studying more
realistic effective theories will introduce two more physical
parameters [21]: the quark chemical potential μq and the
inverse gauge coupling β that is related to the lattice
spacing a. We will report on our findings using the same
approach via histograms determined on the annealer in a
subsequent publication.

ACKNOWLEDGMENTS

The authors gratefully acknowledge the Jülich
Supercomputing Centre [22] for funding this project by
providing computing time on the D-Wave Advantage
System JUPSI through the Jülich UNified Infrastructure
for Quantum computing (JUNIQ). J. K. and T. L. were
supported by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) through the funds provided

to the Sino-German Collaborative Research Center
TRR110 “Symmetries and the Emergence of Structure in
QCD” (DFG Project-ID 196253076—TRR 110) and as
part of the CRC 1639 NuMeriQS–Project No. 511713970,
respectively. J. K. and W. U. are supported by the Deutsche
Forschungsgemeinschaft (DFG) through the CRC-TR 211
“Strong-interaction matter under extreme conditions,”
Project No. 315477589—TRR 211.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

APPENDIX: EXACT ENUMERATION

From exact enumeration, we obtain for 2 × 2 sublattices
with fixed boundary conditions (the building blocks of
square sampling) in total 2350 distinct configurations, that
are distributed over 256 distinct boundaries ðb1; b2; b3; b4Þ,
with bi ∈ f0; 1; 2; 3g.
If we further distinguish the sublattice configurations by

its monomer numberM and number of temporal dimersDt,
we obtain refined multiplicities. In Table II we give the
multiplicities in these sectors M, Dt. Alternatively, the
multiplicities can also be considered in the sectorsM and B,
where B ¼ b0 þ b1 þ b2 þ b3 is the sum of the boundaries,
as given in Table III.

TABLE II. Multiplicities from exact enumeration on 2 × 2
sublattices with fixed boundary conditions sorted by monomer
number M and temporal dimer Dt.

M

Dt

Sum0 1 2 3 4 5 6

0 16 18 17 10 6 2 1 70
1 48 60 48 28 12 4 0 200
2 92 110 82 40 14 2 0 340
3 132 148 96 40 8 0 0 424
4 153 154 88 26 3 0 0 424
5 148 132 60 12 0 0 0 352
6 124 92 32 4 0 0 0 252
7 88 52 12 0 0 0 0 152
8 54 24 3 0 0 0 0 81
9 28 8 0 0 0 0 0 36
10 12 2 0 0 0 0 0 14
11 4 0 0 0 0 0 0 4
12 1 0 0 0 0 0 0 1

Sum 900 800 438 160 43 8 1 2350
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