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Abstract
Temperature has a crucial influence on rubber friction and tire dynamics. The temperature field in a rubber tread block is
the sum of the background temperature T0(x, t), which varies slowly in time and space, and the flash temperature �T (x, t),
which in nonzero only close to the macroasperity contact regions, and which varies rapidly in time often on the millisecond
time scale. Here, we study the motion of a single tire tread block and how it is influenced by the flash temperature. We also
present a theory and experimental results for the size of the macroasperity contact regions. In particular, we show that for a
large enough nominal contact area, in most cases the diameter D of the macroasperity contact regions are nearly independent
of the elastic modulus and the nominal contact pressure.

Keywords Flash temperature · Dynamic friction · Stress correlation function · Viscoelastic modulus

1 Introduction

Rubber friction is important in very many applications such
as for the tire-road and shoe-road interaction, for the con-
veyor belt drive physics, and for the friction between the
rubber stopper and the barrel in syringes. Most model stud-
ies of rubber friction consider rectangular blocks of rubber
sliding on rough surfaces. The result of such studied have
been compared to theories of rubber friction [1–3].

When a rubber block slides on a rough surface most of the
frictional energy is converted into heat [3–6]. Rubber friction
depends sensitively on the temperature and the friction force
for a given sliding speed is maximal for a particular tempera-
ture. This is well known for racing tires where the friction for
sliding speeds of order 1m/s is maximal for tire temperatures
of order 100◦ C. For this to be the case the rubber glass tran-
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sition temperature must be Tg ≈ −10 ◦C, while for rubber
for normal passenger car tires typically Tg ≈ −40 ◦C.

The temperature field in a tread block can be written as
T (x, t) = T0(x, t)+�T (x, t). The background temperature
T0(x, t) varies slowly in space and time while the flash tem-
perature�T (x, t)varies very fast in space and time.�T (x, t)
in non-zero only close to the asperity contact regions so very
localized in space, see Fig. 1. If the macroasperity contact
regions have the diameter D then the flash temperature occur
on the time-scale D/v ≈ 1 ms if D ∼ 1 mm and the sliding
speed v ∼ 1 m/s. The background temperature is the sum
of the cumulative flash temperature and a contribution from
the time-dependent macroscopic viscoelastic deformation of
the thread blocks and other parts of the tire. The background
temperature depends on the driving history (cornering, accel-
eration, breaking) and on the external conditions (air and road
temperature, humidity), while the flash temperature depends
on the instantaneous slip velocity, and only weakly on the
external conditions.

In most cases the area of real contact is much smaller than
the nominal contact area and in these cases the friction force
Ff is proportional to the normal force FN and the friction
coefficient μ, defined by Ff = μFN, independent of FN.
The physical reason for this is that as the load increases the
number of macroasperity contacts increases proportional to
the load while the average size of the macroasperity contact
regions stays (nearly) constant.
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Fig. 1 If the nominal contact pressure is small enough the contact
between a rubber block and a road surface consist of well-separated
macroasprity contact regions. Each macroasperity contact region con-
sist of closely spaced microasperity regions.

For tires it is often found that Ff/FN depend on FN but
this is usually an indirect effect: When FN increases the
rubber background temperature increases, which modify Ff .
Also, the length of the tire footprint in the sliding direction
increases with increasing FN, which also affect the friction
force.

Rubber friction at time t depends on the history t ′ < t
of the sliding motion because of the (slow) variation in the
background temperature. The flash temperature depends also
on the sliding history but only during the (usually) very short
time it takes for the rubber to slide a distance of order the
diameter D of the macroasperity contact regions. The aim of
this study is to illustrate this effect with theory results for a
realistic situation. We also present theory and experimental
results for the size of the macroasperity contact regions.

2 Tread Block Dynamics

We consider a tread rubber block of a racing compound slid-
ing on a concrete surface. The small-strain (linear response)
viscoelastic modulus of the rubber is shown in Fig. 2. The
rubber has the glass transition temperature Tg ≈ −15 ◦C
which is typical for racing compounds. As road surface we
use the same concrete surface as used in many earlier stud-
ies. The surface roughness power spectrum of the concrete
surface was reported on in Refs. [3, 7] and in the Sect. 3.
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Fig. 2 (a) The real and imaginary part of the viscoelasticmodulus E(ω)

as a function of frequency (log-log scale) and (b) the ratio ImE/ReE
as a function of the logarithm of the frequency. For a racing tire tread
compound with the glass transition temperature Tg = −15 ◦C

There are two contributions to the friction force for rubber
sliding on clean surfaces, namely a viscoelastic contribution
μviscFN from the deformation of the rubber in the asperity
contact regions, and a contribution μadFN from shearing the
area of real contact [4, 8, 9]. For tires on clean road surfaces
both contributions are roughly equally important but they
depend on the sliding speed in different ways. The contribu-
tion from the area of contact can be written as the product
between the area of real contact A and a frictional shear stress
τ . We refer to μad as the adhesive contribution as for clean
surfaces it is assumed to result frommolecular stick–slip pro-
cesses where segments of the rubber chain molecules bind to
the countersurface, followed by stretching of the chain and
bond breaking, where the stored up elastic stretching energy
is converted into heat [9].

The Persson contact mechanics and rubber friction theory
predict μvisc and the area of real contact A but the depen-
dency of τ(v, T ) on the velocity and the temperature T must
be obtained from other theories [8, 9] or from experiments.
Here we will only consider the viscoelastic contribution to
the friction, which is most important on contaminated road
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Fig. 3 The calculated viscoelastic contribution to the friction coef-
ficient as a function of the logarithm of the sliding speed for the
temperature T = 60 ◦C. For the racing compound sliding on a concrete
surface. The upper curve denoted μcold is without the flash temperature
and the lower curve denoted μhot is with the flash temperature

surfaces, but the basic picture is valid also when including
the adhesive contribution.

Figure3 shows the calculated viscoelastic contribution to
the friction coefficient as a function of the logarithm of the
sliding speed for the racing compound sliding on a con-
crete surface. The background temperature T0 = 60 ◦C. The
results are obtained using the Persson contact mechanics
and rubber friction theory and the basic equations used are
presented in Refs. [4, 5]. In the theory we use an effective
large-strain viscoelastic modulus (strain ∼ 0.5) as both the
macroscopic shear deformations of the rubber block and the
strain in the rubber-road asperity contact regions is of order
unity while the mastercurve shown in Fig. 2 was obtained
for very low strain (≈ 4 × 10−4) where the linear response
assumption is accurate. The upper curve in the figure denoted
μcold is without the flash temperature, and the lower curve
denoted μhot is with the flash temperature.

The results in Fig. 3 are for stationary sliding. However,
when a tread block moves through the tire-road footprint the
sliding speed is highly non-uniform. For small tire slip there
is no slip between the rubber and the road surface until the
shear stress becomes big enough to overcome the effective
static frictional stress. To simulate this we consider a tread
block squeezed against the road surface with the nominal
pressure 0.5 MPa. The upper surface of the tread block first
moves with the speed vt = 0.1 m/s for 5 ms after which the
speed is increased to vt = 2 m/s. In tire applications only
the second phase (t > 5 ms) is relevant but we consider here
a more general case as it illustrate the physics better. For the
system considered here (racing compound on the concrete
surface) the diameter of the macroasperity contact regions is
D ≈ 1 mm as observed using pressure-sensitive paper, and
also predicted by the theory (see Sect. 3). We note that if the
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Fig. 4 Calculated results for a rubber tread block sliding on a concrete
surface. The upper surface of the rubber block is glued to a rigid surface
which moves with the speed vt = 0.1 m/s for the time period 0 < t <

5 ms and with vt = 2 m/s for the time period 5 < t < 10 ms. (a) shows
the time dependency of the top surface velocity vt (dashed line) and the
velocity vb of the bottom surface, which is in contact with the concrete
surface. (b) shows the strain and (c) the shear stress in the rubber block
as a function of time

relative contact area A/A0 � 0.1 (which is obeyed in most
tire applications) then the size of the macroasperity contact
regions are nearly unchanged as the sliding speed increases,
even though the magnitude of the effective viscoelastic mod-
ulus increases with sliding speed. Furthermore, the size of
the macroasperity contact regions is also nearly independent
of the nominal contact pressure. However, these counterintu-
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Fig. 5 The dependency of the effective friction coefficient on the veloc-
ity vb of the bottom surface of the rubber block. The green lines shows
the steady-state friction coefficients without (upper curve) and with
(lower curve) the flash temperature. The blue curve is the friction coef-
ficient experienced by the rubber block for the sliding case in Fig. 4, and
the red curve for a similar case but where the sliding speed increases
from 0.1 to 10 m/s at t = 5 ms instead of 2 m/s as in Fig. 4. The
dynamic friction coefficient first follows the cold-branch μcold but after
sliding a distance of order the size of the macroasperity contact, which
is needed to fully develop the flash temperature, it transition to the hot
branch μhot

itive results are valid only if the nominal rubber-road contact
area A0 is large enough, see Sect. 3.

The shear deformation [xb(t) − xt(t)]/d, where xt and
xb are the x-coordinate of the top and bottom surface of the
tread block, is related to the shear stress τ(t) = σxz(t) using
[5]

τ(t) =
∫ t

0
dt ′ K (t − t ′)[xb(t ′) − xt(t

′)].

Here K (t) = G(t)/d, where d is the thickness of the tread
block, and

G(t) = 1

2π

∫ ∞

−∞
dωG(ω)e−iωt ,

where

G(ω) = E(ω)

2[1 + ν(ω)]
is the shear modulus. Note that the memory-spring K (t)
describe both elasticity and damping as contained in the shear
modulus G(ω) (see Ref. [5] for more details).

Figure4 shows the calculated results. In (a) we shows the
time dependency of the top surface velocity vt (dashed line)
and the velocity vb of the bottom surface of the rubber block,
which is in contactwith the concrete surface. Figure4b shows
the stain and (c) the shear stress in the rubber block as a
function of time.

Figure4a shows that the rubber block does not slip on
the concrete surface during the first 5 ms where the speed
of the top surface is vt = 0.1 m/s. During this time the
stain increases linearly with time ε = vtt/d where the tread
block height d = 0.5 cm. For t = 5 ms the strain ε =
0.1×0.005/0.005 = 0.1 as shown inFig. 4b.During this time
period, as shown in Fig. 4c, the shear stress depends slightly
non-linear on time due to viscoelastic relaxation. After the
switch to the sliding speed vt = 2 m/s at time t = 5 ms the
strain and stress increases fast and slip at the rubber–concrete
interface start at t ≈ 5.3 ms. The velocity of the bottom of
the rubber block perform damped oscillations for t > 6 ms
which also shows up as oscillations in the strain and the shear
stress. The strain continue to increase up to the largest time
studied, as also manifested in the slip velocity vb which is
less than the driving velocity vt even at t = 10 ms. This is
again related to viscoelastic relaxation in the tread block.

The most important result of this study is shown in Fig.
5. This figure shows the dependency of the effective friction
coefficient on the velocity vb of the bottom surface of the
rubber block. The green lines shows the steady-state friction
coefficients without (upper curve) and with (lower curve) the
flash temperature. The blue curve is the friction coefficient
experienced by the rubber block for the sliding case in Fig. 4,
and the red curve for a similar case butwhere the sliding speed
increases from 0.1 to 10 m/s at t = 5 ms instead of 2 m/s
as in Fig. 4. The dynamic friction coefficient first follows
the cold-branch μcold but after sliding a distance of order the
size D of the macroasperity contact, which is needed to fully
develop the flash temperature, it transition to the hot branch
μhot. Similar dynamic friction coefficients is found in tire
dynamics simulations as shown in Fig. 6.

Figure 6 shows the dependency of the effective friction
coefficient on the slip velocity vb for a tire tread block as it
pass though the tire-road footprint. The results are obtained
using the tiremodel developed in Refs. [10, 11]. The blue and
red curves in the figure show the vb-dependency of the kinetic
friction coefficient, for stationary sliding without and with
the flash temperature, respectively. The black curves show
the effective friction during non-stationary sliding experi-
enced by a rubber tread block during braking at various tire
slip s = (vR − vx )/vx (vR is the tire rolling velocity and vx
the tire center of mass velocity). Note that, because of the
finite sliding distance which is necessary in order to fully
develop the flash temperature, the friction acting on the tread
block initially follows the blue curve corresponding to cold
rubber (i.e., negligible flash temperature). Thus, it is not pos-
sible to accurately describe rubber friction with just a static
and a kinetic friction coefficient (as is often done even in
advanced tire dynamics computer simulation codes) or even
with a function μ(vb) which depends on the instantaneous
sliding velocity vb(t). Instead, the friction depends on vb(t)
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Fig. 6 Red and blue lines: the kinetic friction coefficient (stationary
sliding) as a function of the logarithm (with 10 as basis) of the slip
velocity vb. The blue line denotedμcold is without the flash temperature
while the red line denoted μhot is with the flash temperature. Black
curves: the effective friction coefficient experienced by a tread block
as it goes through the footprint. For a car velocity 27 m/s and for
several slip values s = 0.005, 0.0075, 0.01, 0.03, 0.05, 0.07, and 0.09.
Note that the friction experienced by the tread block first follows the
μcold (v) rubber branchof the steady-state kinetic friction coefficient and
then, when the block has slip a distance of the order of the diameter of
the macroasperity contact region, it follows the μhot(v) rubber friction
branch

for earlier times t ′ < t . This memory effect is due to the
dependency of the temperature on the sliding history.

For the full tire model, Fig. 6 shows that there are no
oscillations of the tire tread blocks in the tire-road footprint.
This may be due to the viscoelastic coupling between the
tread blocks.

We have found that it is possible to describe the depen-
dencyof the friction coefficient on timeduring non-stationary
sliding using a simple friction law. If xb(t) denote the slip
distance between the rubber block and a road surface then
[10, 11]

μ(t) = μcold(vb(t), T0)e
−αxb(t)/D

+μhot(vb(t), T0)
[
1 − e−αxb(t)/D

]
,

where α ≈ 5, gives tread block motion in good agreement
with the full numerical calculation. Using this friction law in
tire simulations gives nearly the same result as using the full
dynamic friction description.

3 On the Size of Macroasperity Contact
Regions

The effective size of the macroasperity contact regions can
be determined from the stress–stress correlation function.
The basic idea is that the contact stress is non-zero only in
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Fig. 7 The stress correlation function g(r) as a function of the distance
r = |x−x′| for rubber block squeezed against the concrete surface. The
red, green, and blue curves are calculated with the Young’s modulus E
(in MPa) and the applied nominal contact pressure σ0 (in MPa) given
by (E, σ0) = (28, 0.12) (red curve), (14, 0.12) (green) and (14, 0.24)
(blue). The g(r) for the green curve is scaled by a factor of 2

Fig. 8 Picture of the contact regions between a rubber block and the
concrete surface. The nominal contact pressure σ0 ≈ 0.12 MPa. The
pictures is obtained with a pressure-sensitive film (Fujifilm, Super Low
Pressure, 0.5 − 2.5 MPa pressure range)

the contact area so the decay of the stress–stress correlation
function with the distance between two points will reflect the
lateral size of the contact regions as discussed in more detail
in AppendixA. The size of themacroasperity contact regions
is determined mainly by long wavelength roughness compo-
nents but for the “internal” structure (microasperity contact
regions) of the macroasperity contact regions depends also
the short wavelength part of the surface roughness power
spectrum. The treatment below is inspired by the studies of
Müser et. al. on the size of contact regions and its relation to
the stress–stress correlation function [12, 13].

Consider the stress-stress correlation function

g(x, x′) = 〈σ(x)σ (x′)〉 − 〈σ(x)〉〈σ(x′)〉.
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0.1 mm

concrete

Fig. 9 Magnified views of two contact regions from Fig. 8

sandblasted aluminum

Fig. 10 Picture of the contact regions between a rubber block and a
sandblasted aluminum surface. The nominal contact pressure is about
σ0 ≈ 1 MPa

The applied stress is defined as σ0 = 〈σ(x)〉, and from now
on, we assume the applied stress is subtracted from σ(x),
so that 〈σ(x)〉 = 0. For surfaces with isotropic roughness
g(x, x′) depends only on r = |x − x′| and we denote it by
g(r). For this case we have shown in Ref. [14]

Fig. 11 Magnified views of two contact regions for rubber block and
the sandblasted aluminum surface

〈σ(q)σ (−q)〉 = A0

(4π)2
(E∗)2q2C(q)W (q), (1)

where E∗ = E/(1− ν2) is the effective modulus and where
C(q) is the surface roughness power spectrum, and

W (q) = P(q)[γ + (1 − γ )P2(q)]

where P(q) is the relative contact area A/A0 when only the
roughness components with wavenumber smaller than q are
included in the analysis. We have

P(q) = erf

(
σ0

2
√
G

)

G = π

4
(E∗)2

∫ q

q0
dq q3C(q)
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Fig. 12 Picture of the contact regions between a rubber block and a
sandpaper P100 surface. The nominal contact pressure is about σ0 ≈
0.2 MPa

sandpaper

Fig. 13 Magnified views of two contact regions for rubber block and
the sandpaper surface
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Fig. 14 Surface roughness power spectra of the concrete, sandpaper
and sandblasted aluminum surface. In the linear region the slope of the
power spectra is ≈ −4.4 for the sandpaper surfaces and −4.0 for the
sandblasted aluminum surface
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Fig. 15 The stress correlation function g(r) as a function of the distance
r = |x−x′| for an elastic block squeezed against the concrete (red line),
the sandpaper (green) and the sandblasted aluminum (blue) surfaces.
With theYoung’smodulus E = 14MPa and the applied nominal contact
pressure σ0 = 0.3 MPa. The g(r) for the green curve is scaled by 0.71
and for the blue curve with 1.21

Using (1) one can show that [3]

g(x, x′) = (E∗)2 1
4

∫
d2q q2C(q)W (q)eiq·(x−x′)

Denoting |x − x′)| = r , we get

g(r) = (E∗)2π

2

∫ q1

q0
dq q3C(q)W (q)J0(qr). (2)

As long as the relative contact area A/A0 � 0.1 the contact
area andW (q) are proportional to σ0/E∗ and then (2) shows
that g(r) = E∗σ0 f (r) where f (r) is independent of E∗ and
σ0. This imply that g(r)/g(0) is independent of E∗ and σ0
when the relative contact area A/A0 � 0.1, which is obeyed
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in most rubber friction applications. We note, however, that
the integral in (2) is over all wavenumbers or magnifica-
tions ζ = q/q0, and for small magnification the surfaces
appear smooth and the relative contact area P(q) ≈ 1. How-
ever, because of the q3 factor the small wavenumber region
will in most cases not dominate the integral in (2). Since
the size of the macroasperity contact regions only depend
on g(r)/g(0) we conclude that the size of the macroasper-
ity contact regions decreases only marginally as the Young’s
modulus increases. This imply that for rubber applications, as
sliding speed increases the size of the macroasperity contact
regions remains almost unchanged even though the magni-
tude of the viscoelasticmodulus increaseswith sliding speed.
Furthermore, the size of the macroasperity contact regions
is also nearly independent of the nominal contact pressure.
However, these counterintuitive results are valid only if the
nominal rubber-road contact area A0 is large enough, as the
theory assumes a system of infinite size.

Figure 7 shows the calculated stress correlation function
g(r) as a function of the distance r = |x−x′| for rubber block
squeezed against the concrete surface used in Ref. [3]. The
red, green and blue curves are calculated with the Young’s
modulus E (in MPa) and the applied nominal contact pres-
sure σ0 (in MPa) given by (E, σ0) = (28, 0.12) (red curve),
(14, 0.12) (green) and (14, 0.24) (blue). The g(r) for the
green curve is scaled by a factor of 2. Eq. (2) and Fig. 7
shows that when the pressure σ0 and the Young’s modulus E
are such that the area of real contact is proportional to σ0/E
then the scaled stress correlation function g(r)/Eσ0 does not
depend on E and σ0.

We have studied the contact between the rubber block and
the concrete surface using a pressure-sensitive film (Fujifilm,
Super Low-Pressure film, 0.5 − 2.5 MPa pressure range,
λ = 30 μm lateral resolution). Figure 8 shows the opti-
cal image of the nominal contact region of the concrete
block after 5 s of contact time. The nominal contact pres-
sure σ0 = 0.12 MPa. Figure 9 shows magnified views of
two contact regions from Fig. 8. The effective (or average)
diameter of the (macroasperity) contact regions is 2r0 ∼
0.4 mm, which agrees beautifully with the predicted size of
the macroasperity contact regions. Thus, Fig. 7 shows that
the stress correlation function extend to 0.5mm.We interpret
the tail of the stress correlation function for r > 0.2 mm to
the disconnected parts of the macroasperity contact regions
which can extend away from the center of the contact region
by up to ∼ 0.5 mm (see Figs. 8 and 9).

Figures 10 and 11 shows similar contact pictures for rub-
ber squeezed against a sandblasted aluminum surface and
Figs. 12 and 13 for rubber squeezed against a sandpaper
P100 surface. The result for the sandpaper is very similar
to that for concrete with relative big compact contact regions
surrounded by smaller disconnected contact regions. For the
sandblasted aluminum surface the contact regions are smaller

and there are nearly no disconnected regions surrounding the
big compact regions. However, the density of contact areas is
higher for the sandblasted surface as compared to the other
two surfaces, which in part result from the higher contact
pressure used in that study.

Figure 14 shows the surface roughness power spectra
of the concrete, sandpaper and sandblasted aluminum sur-
face. The sandpaper and the concrete both consist of mineral
fragments in a binder and have similar power spectra. The
particles in sandpaper P100 have the average size≈ 0.16mm
while the particle sizes in the concrete are not known to
us. The power spectra was obtained from the measured line
topography using the methods described in Ref. [15].

Using these power spectra in Fig. 15 we show the cal-
culated stress correlation function g(r) as a function of the
distance r = |x−x′| for an elastic block squeezed against the
concrete (red line), the sandpaper (green) and the sandblasted
aluminum (blue) surfaces. We have scaled g(r) for the sand-
paper and sandblasted aluminum surfaces so that g(0) is the
same for all three cases. Note that while the concrete and
the sandpaper give similar results, with a tail extending to
larger separation r , this is not the case for the sandblasted
surface. The size of the contact regions we observe for the
concrete and the sandpaper, where the diameter of the com-
pact part of the contact region is of order 0.4 mm and the
effective diameter when including the disconnected parts is
of order 0.6mm, are consistent with the calculated g(r) if we
interpret the tail as arising from the disconnected region. For
the sandblasted surface there is no such tail region which is
consistent with the observed contact pictures. The diameter
of the biggest contact regions for the sandblasted surface is
about 0.3 mm which is also consistent with the calculated
g(r), which describe the ensemble averages stress correla-
tion.Onevery important observation is that there is negligible
stress correlation between the different macroasperity con-
tact regions since if such a correlation would exist then the
stress correlation function g(r) would be nonvanishing for
much larger r = |x−x′|. Hence the elastic coupling between
themacroasperity contact regions is not very important,while
it is very important between themicroasperity contact regions
within the macroasperity contact regions.

4 Summary and Conclusion

We have studied the non-uniform motion of a rubber tread
block when the upper surface of the block is moved in a
non-steady way. We have shown that the friction coefficient
experienced by the tread block first follows the cold-branch
μcold(v), where the flash temperature is negligible, but after
sliding a distance of order the diameter D of the macroasper-
ity contact, which is needed to fully develop the flash
temperature, it transition to the hot branch μhot(v). Simi-
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lar dynamic friction coefficients is found in tire dynamics
simulations.

We have also studied the size D of the macroasperity
contact regions and shown that in most cases D is nearly
independent of the elastic modulus and the nominal contact
pressure. This imply that for rubber friction, as the sliding
speed increases the size of the contact regions are nearly
unchanged even though the magnitude of the viscoelastic
modulus increases with sliding speed. However, these coun-
terintuitive results are valid only if the nominal rubber-road
contact area A0 is large enough, as the theory assumes a
system of infinite size.

Appendix A

As a model of the contact between two solids with a roll-off
in the power spectrum we consider a nominal contact are A0

with N randomly distributed macroasperity contact regions.
We assume that contact regions are circular with the radius
r0 and have identical internal stress distribution σ0(r) which
only depend on the radial distance from the origin of the
contact regions. The stress at the interface is

σ(x) =
∑
i

σ0(x − xi )

and the Fourier transform

σ(q) = σ0(q)
∑
i

e−iq·xi ,

where

σ0(q) = 1

(2π)2

∫
d2x σ0(x)e−iq·x

= 1

2π

∫ r0

0
dr rσ0(r)J0(r) (A1)

We will consider three cases denoted flat, Hertz and ring
where σ0(r) are given by

σ0(r) = σ0 a constant

σ0(r) = σ0

[
1 −

(
r

r0

)2
]1/2

Hertz contact.

The ring (see Fig. 16) has a central contact region for
r < 0.25r0 surrounded by a circular region (annulus) of
non-contact for 0.25r0 < r < 0.9r0, which is surrounded
by a circular contact region (annulus) for 0.9r0 < r < r0.
The contact pressure is constant in both contact regions but
is a factor of 0.4 smaller in the ring than for r < 0.25r0.

0.65 r0

�0

0.4 �0

0.5 r0

1.25 r0

Fig. 16 A ring contact where contact occur in an inner region r <

0.25r0 and in an annulus 0.9r0 < r < r0. The contact pressure is
constant in both contact regions but a factor of 0.4 smaller in the annulus

The contact region outside of the non-contact annulus simu-
late the contact islands surrounding the (main) inner contact
region in a typical macroasperity contact region (see Figs. 9
and 13).

If we write r = ξr0 then the integral (A1)

σ0(q) = r20
2π

∫ 1

0
dξ ξσ0(ξr0)J0(ξqr0) = r20

2π
f (qr0), (A2)

which we also will denote by σ0(q) since σ0(q) depends only
on the magnitude q = |q|. Using that

〈σ(x)σ (x′)〉 = (2π)2

A0

∫
d2q 〈σ(q)σ (−q)〉eiq·(x−x′)

and that

∑
i j

〈e−iq·(xi−x j )〉 =
∑
i j

δi j = N , (A3)

where N is the number of macroasperity contact regions, we
obtain

〈σ(x)σ (x′)〉 = (2π)2N

A0

∫
d2q 〈σ0(q)σ0(−q)〉eiq·(x−x′).

(A4)

In deriving (A3) we have used that the positions xi of the
different contact regions are randomly distributed within the
area A0. Using (A2) and (A4) gives

〈σ(x)σ (x′)〉 = 2πNr40
A0

∫ ∞

0
dq q| f (qr0)|2 J0(qr),
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where r = |x − x′|. We define

gσ (r) = 〈σ(x)σ (x′)〉

The area occupied by the macroasperity contact regions is
Am = Nπr20 so we can write

gσ (r) = 2
Am

A0
r20

∫ ∞

0
dq q| f (qr0)|2 J0(qr).

Finally, writing qr0 = η we get

gσ (r) = 2
Am

A0

∫ ∞

0
dη η| f (η)|2 J0(ηr/r0), (A5)

where

f (η) =
∫ 1

0
dξ ξσ0(ξr0)J0(ξη).

Note that

gσ (0) = N

A0

∫
d2x [σ0(x)]2 = N

A0
2π

∫ r0

0
dr rσ 2

0 (r)

= 2
Am

A0

∫ 1

0
dξ ξσ 2

0 (ξr0)

Figure 17 shows gσ (r)/gσ (0) as a function of the separa-
tion r for the flat (red curve), Hertz (green) and ring (blue)
stress profiles. Note that in all cases gσ (r) vanish for r > 2r0
so the largest r where gσ (r) in non-zero is given by the diam-
eter of the macroasperity contacts. This is of course expected
as the largest distance between two points where the stress
is non-vanishing in both points is determined by the diam-
eter 2r0 of the macroasperity contact regions. For the ring
profiles, gσ (r) shows a tail region, but with some structures
which may be smeared out in real situations where the com-
pact central part of the contact is surrounded by randomly
distributed (disconnected) contact islands, rather than a cir-
cular region (annulus) with constant pressure.

Figure 16 shows three characteristic distances which are
important for the stress correlation function for the ring.
First note that the largest distance which can connect to
points in the central high contact pressure region is 0.5r0
and the stress correlation function exhibit very small magni-
tude for 0.5 < r/r0 < 0.65. For separations in the interval
0.65 < r/r0 < 1.25 there are contact points in the high pres-
sure region which can be connected with points in the low
pressure annulus and for this distance region the gσ (r)/gσ (0)
function exhibit a bump. Finally for r close to 2r0, there is a
small bumpwhich can be attributed to the separation between
points in the low pressure annulus on opposite sides of the
contact. Between these bumps the stress correlation function
is much smaller but still finite since there are points on the

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2

g �
(r

)/
g �

(0
)

r /r0

flat
Hertz
ring

0.5 0.65 1.25

Fig. 17 The normalized stress-stress correlation function gσ (r)/gσ (0)
as a function of the separation r = |x − x′| between two points for the
flat, Hertz and ring stress distributions

low pressure annulus with any separation between 0 and 2r0.
The reason for the bump close to 2r0 is that two opposite
segments on the annulus have locally nearly flat segments
resulting in larger stress-stress correlation for these separa-
tions as compared to other separations between the bumps in
Fig. 17.
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