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Abstract: The spectrum of vector charmonium(-like) states in the 4.1–4.6 GeV energy region
exhibits a long-standing tension between inclusive and exclusive measurements. While the
inclusive R-value indicates the presence of only vector charmonia that are usually interpreted
as conventional states such as ψ(4160) and ψ(4415), exclusive e+e− cross sections reveal
additional structures whose parameters strongly depend on the observed final states when
fitted with Breit-Wigner functions. This puzzling pattern suggests that coupled-channel and
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threshold effects play an essential role. In this work, we develop a unified coupled-channel
framework relevant for the 1−− resonances in the considered energy region. The framework
incorporates the S-wave open-charm channels DD̄1, D∗D̄1, and D∗D̄∗

2, constrained by heavy-
quark spin symmetry, optional bare poles corresponding to quark-model states which may be
associated with the ψ(4160) and the ψ(4415), and final-state interaction in the Zc channels
relevant for the three-body final states. We employ several benchmark models to perform
simultaneous fits to the BESIII data for the cross sections of e+e− → J/ψπ+π−, hcπ+π−,
DD̄∗π, D∗D̄∗π, J/ψη, and χc0ω, together with the available invariant-mass distributions that
exhibit the Zc(3900) and Zc(4020) structures. The models differ in the number of bare seed
states and the fitting strategy. We show that even the purely dynamical scheme without bare
charmonia captures the gross features of all the analyzed distributions. We therefore conclude
that the nontrivial behavior of the measured line shapes in the studied energy range can be
understood in terms of strong coupled-channel effects with dynamically generated poles. The
inclusion of bare compact states leads to a quantitative improvement of the fit quality but
does not alter this conclusion. Finally we discuss what can be learned about possibly existing
heavy-quark spin partners of the exotic JPC = 1−− states based on our study.
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1 Introduction

Understanding the spectrum of charmonia above the open-charm threshold remains one of the
central challenges in heavy-hadron spectroscopy. Since the discovery of the X(3872) [1], a large
number of charmonium-like states have been observed, whose properties cannot be naturally
accommodated within the conventional quark-model classification [2–4]. For general reviews
of the experimental and theoretical status of the XY Z states, see, for example, refs. [5–22].

The vector sector plays a distinguished role, since states with JPC = 1−− can be produced
directly in e+e− annihilations and therefore provide a particularly clean arena for studying
line shapes, threshold effects, and pole structures. The main difficulties in the theoretical
description of the spectrum of vector charmonium are twofold: on the one hand, this family
is very rich, and, on the other hand, the data that need to be analyzed cover a broad energy
range of nearly 1 GeV above the open-charm threshold at around 3.7 GeV. This corresponds
to typical momenta in the system of two charmed mesons of up to 1.0–1.5 GeV, which cannot
be accommodated within any reliable hadronic effective field theory (EFT). Moreover, the
large number of charmonium and charmonium-like states and hadronic thresholds coexisting
in this broad energy range leads to a large number of parameters in any realistic model
aimed at a simultaneous description of the entire set of experimental data. Such parameters
cannot firmly be constrained by the existing data. A possible way out is to employ model
approaches, for example, based on specific K-matrix parameterizations [23–25]. However,
in many realizations, these approaches violate analyticity.

In this work, we investigate the possible interplay between states emerging from two-
hadron scattering and additional pole terms. To keep the problem tractable, we restrict the
analysis to the most relevant data sets and employ complex-valued fit parameters, at the cost
of sacrificing exact unitarity to some extent, while carefully preserving the analytic structure
of the amplitudes. Furthermore, we focus on the energy range from 4.1 to 4.6 GeV, where a
substantial body of experimental data is available. In particular, we refrain from including in
our combined fit the data on the exclusive D(∗)

(s)D̄
(∗)
(s) channels [26–37]; see refs. [38, 39] for

works including those channels. These channels do not exhibit clear structures associated, for
example, with the ψ(4230) and couple to the relevant JPC = 1−− states only through odd
partial waves. This suggests that the coupling of the ψ(4230) and its possible spin partners to
such two-body channels is suppressed. The data in these channels are mainly localized at lower
energies, with only the tails of their line shapes extending into the energy range studied in this
work. The tails are insufficient to constrain the multiple additional fitting parameters required
to include these extra open-charm channels. Thus, since the analyzed set of experimental
data is not complete, we are forced to treat some parameters of our fit as complex-valued
quantities, whose imaginary parts effectively mimic the contributions from all neglected open
channels. In fact, it is basically impossible to include all channels that can sizably contribute
to the decays of vector charmonium-like states. In particular, hadronic molecules formed
by two charmed mesons with a relatively large binding energy would be able to decay into
purely light flavor hadrons without the Okubo-Zweig-Iizuka suppression [40]. Such channels
cannot be included explicitly in a reliable manner within a coupled-channel framework.

Now, after this general introduction and disclaimer, we come to a discussion of particular
vector states in the spectrum of charmonium and their experimental status. The state now
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Figure 1. Masses and widths of the vector ψ states from experimental analyses of individual
channels used in the Particle Data Group (PDG) average [65]. All observed processes are from e+e−

annihilations except for the B+ → K+µ+µ−. The parameters of ψ(4160) (diamond), ψ(4230) (upward
triangle), ψ(4360) (downward triangle), and ψ(4415) (square) are taken from refs. [35, 44–55, 58–
62, 64, 66], and [35, 63, 64], respectively. Red stars show the results of the combined fit obtained in
this work in coupled-channel models M2 (solid) and M0 (open) as defined in section 5.1. The dotted
lines with arrows indicate the shortest paths from the poles to the physical axis. If these trajectories
are not perpendicular to the physical axis, this indicates that the corresponding poles are not directly
connected to it, but rather reside on a hidden Riemann sheet. The black dashed vertical lines indicate
the thresholds of the two-body open-charm channels DD̄1, D∗D̄1, and D∗D̄∗

2 .

known as ψ(4230) was first reported by the BABAR Collaboration as Y (4260) in the initial state
radiation (ISR) process e+e− → γISRJ/ψπ

+π− [41] and later confirmed by the CLEO and
Belle Collaborations [42, 43]. With the high-statistics energy scan of BESIII, it became clear
that the structure around 4.2–4.3 GeV departed clearly from a simple isolated Breit-Wigner
resonance. Later on, multiple signals associated with ψ(4230) were observed in a variety
of hidden-charm and open-charm channels, including J/ψπ+π−, hcπ+π−, DD̄∗π, D∗D̄∗π,
J/ψη, χc0ω, and several others [44–56]. However, the masses and widths extracted in different
channels scatter significantly, and the asymmetric line shape in the J/ψπ+π− channel is
often parameterized experimentally by introducing an additional Breit-Wigner resonance
near 4.32 GeV [52, 57]. At the same time, the higher-energy region contains the structures
commonly labeled as ψ(4320), ψ(4360), and ψ(4415), whose mutual relation is likewise highly
channel-dependent [35, 44, 50, 52, 54, 58–64], as shown in figure 1. This situation suggests
that the observed enhancements in the line shapes should not be interpreted, as naïvely done,
as a set of independent states extracted using a sum of Breit-Wigner amplitudes.

Several qualitative features make the ψ(4230) region particularly intriguing. In particular,
the line shapes differ significantly from channel to channel, the hidden- and open-charm
production rates exhibit striking contrasts, and the state (originally called Y (4260)) is
closely connected to the emergence of the charged structures Zc(3900) and Zc(4020) in
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various channels [67–70]. In addition, the inclusive R-value does not display a prominent
conventional resonance peak at the position of the ψ(4230) [28, 71, 72]. Taken together, these
features indicate that the experimentally observed line shapes encode nontrivial coupled-
channel dynamics [39, 73], rather than providing a direct one-to-one correspondence with
the underlying pole content.

The peculiar situation just discussed has motivated a wide range of theoretical interpreta-
tions. Soon after the discovery of the Y (4260), this state was interpreted in terms of hybrid
charmonium, baryonium, hadro-charmonium, compact multiquark, and hadronic-molecule
scenarios, as well as interference effects [74–82]. Among these, the hadronic-molecule and
coupled-channel interpretations have attracted particular attention since the DD̄1 threshold
lies not far from 4.26 GeV, which is the mass value of the original determination, and naturally
gives rise to strong S-wave threshold effects [83–87]. Here and in the following, D1 denotes
the narrow D1(2420) resonance. A recent comprehensive analysis of the energy region from
4.2 to 4.35 GeV has shown that a single state with pronounced DD̄1 molecular features,
together with interference effects and the nearby DD̄1 threshold, can describe a broad set
of exclusive data in this window [73]. On the other hand, ref. [39] claims the need of an
additional pole around 4.32 GeV.

In the present work, we extend the study of ref. [73] by broadening the investigated energy
range from 4.2–4.35 GeV to 4.1–4.6 GeV and by investigating whether the pertinent states
can be understood as dynamically generated from {D,D∗}-{D̄1, D̄

∗
2} scattering.1 This at the

same time acknowledges that, in this broader energy interval, additional S-wave open-charm
channels, most notably D∗D̄1 and D∗D̄∗

2, become relevant in addition to DD̄1. The three
channels are related by heavy-quark spin symmetry (HQSS) [9, 88–90]. In addition, the
three-body final states require an explicit treatment of the Zc-related final-state interactions
(FSIs) in the subsystems J/ψπ, hcπ, DD̄∗, and D∗D̄∗ [83, 91–100]. Therefore, a realistic
description of the vector charmonium-like structures in this region should incorporate at
least three key ingredients: conventional charmonium seeds, coupled-channel rescattering
among the dominant open-charm channels, and channel-dependent FSIs in the experimentally
observed decay modes with three-body final states. In this work, we construct such a
framework and perform a simultaneous fit to the BESIII data for the cross sections of
e+e− → J/ψπ+π−, hcπ+π−, DD̄∗π, D∗D̄∗π, J/ψη, and χc0ω, together with the available
invariant-mass distributions involving the Zc(3900) and Zc(4020) states. Our goal is to
identify a consistent dynamical interpretation of the entire data set and clarify how many
poles (physical states) are actually required in the energy region considered. In particular, we
investigate to what extent the apparent proliferation of vector structures can be understood
as a combined consequence of nearby open-charm thresholds, rescattering effects, and channel-
dependent production and decay mechanisms. Addressing these questions is necessary for
clarifying the status of the vector charmonium(-like) spectrum and for establishing a more
reliable connection between experimental line shapes and the underlying degrees of freedom
in quantum chromodynamics (QCD).

1The meson pairs are understood as linear combinations with their charge-conjugated counterparts that
form states with negative C parity; see eq. (4.5) below for details.
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The paper is organized as follows. In section 2, we give a brief introduction to the vector
charmonia in the framework of quark models. In section 3, we specify and motivate the choice
of the experimental input to be used in the analysis. Section 4 contains the details of the
employed theoretical coupled-channel framework. We present our main results in section 5
and discuss and summarize them in section 6. Additional details of the formalism, explicit
expressions for the production amplitudes, predicted distributions in complementary channels,
and the parameter values obtained in the best fits are collected in the appendices.

2 Vector charmonium in the quark model: inspiration and puzzles

We start with a brief introduction to quark model calculations of the charmonium spectrum.
Charmonia are mesons composed of a charm quark and its antiquark. The first hadron
in this family, now known as the J/ψ, was observed during the November revolution in
1974 [101, 102]. Subsequently, discoveries of excited vector charmonia followed rapidly:
ψ(3686) [103], ψ(3770) [104], ψ(4040) [105], ψ(4160) [106], ψ(4415) [107], and others. Within
the quark model framework, these mesons can generally be understood as radial excitations
of predominantly S- or D-wave quark-antiquark states; see, for example, refs. [4, 108–113].
In particular, it is commonly believed that the two lightest vector charmonia, J/ψ and
ψ(3686), are genuine S-wave quark model states, so that ψ(3686) is conventionally denoted
as ψ(2S) [65]. However, already the next excitation, the ψ(3770), lies above the open-charm
threshold, making its assignment as a pure D-wave quark model state questionable. Thus
one may need to account for S-D mixing through charmed particle pairs to explain puzzling
features in the decays of the ψ(3770) [114].

The problem of the proper identification becomes even more severe for higher states,
where the effects of multiple hadronic thresholds must be strong. Furthermore, as mentioned
in the Introduction, a number of additional vector states have been reported by various
experimental collaborations (see figure 1 for a visual compilation of these results) in the
energy range between 4.1 and 4.6 GeV, and these states cannot be naturally accommodated
within the naïve quark model framework. Therefore, understanding the spectrum of vector
charmonia requires analyses employing advanced coupled-channel schemes that incorporate
both bare compact seeds inspired by the quark model and open- and hidden-charm channels
with thresholds lying in the relevant energy region. Examples of such analyses can be found
in refs. [23, 25, 39, 73]. However, in ref. [23], only a limited set of experimental data on
e+e− annihilation into pairs of open-charm mesons was analyzed, and the coupled-channel
model based on the K-matrix approach did not fully implement the analytic structure of
the amplitude. In ref. [25], a more advanced K-matrix approach was employed, so that the
resulting amplitude was suitable for a pole search, but only the lower part of the spectrum
below 4.2 GeV was addressed. In ref. [73], a unitary scheme was employed to study vector
charmonium and charmonium-like states in the energy interval 4.2–4.35 GeV; however, only
the D1D̄ channel was kept dynamically. This study led to the conclusion that one compact
quark model state, ψ(4160), coexisted with a dynamically generated pole around 4.23 GeV,
associated with the ψ(4230) state. In ref. [39], a global multi-parameter coupled-channel
analysis of the world data on e+e− → cc̄ was performed, approximately respecting three-
body unitarity, and several poles located near the open-charm thresholds were identified.

– 5 –
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However, in this global fit, some contact-interaction matrix elements among the HQSS-partner
channels DD̄1, D∗D̄1, and D∗D̄∗

2 were set to zero, at odds with the requirements of HQSS
(see table XIII in ref. [39]). In particular, no direct short-range coupling between the D1D̄

channel and the heavier D1D̄
∗ and D∗

2D̄
∗ ones was included. A consistent treatment of these

HQSS-related coupled-channel transitions is one of the main foci of the present analysis.
Accordingly, our study is based on the ideas underlying ref. [73], but we enlarge the covered
energy range up to 4.6 GeV and broaden both the set of experimental data analyzed and the
coupled-channel framework employed; see sections 3 and 4 below for a detailed discussion.

3 Experimental input

In this section, we specify the data sets included in the fit. The selection is guided by the
following considerations. We include both hidden-charm and open-charm channels and retain
both total cross sections and invariant-mass distributions. These data constrain the line shapes
in the 4.1–4.6 GeV energy range as well as the Zc-related FSIs. The selected data sets include:

• Exclusive cross sections for e+e− annihilation into J/ψπ+π− [52], hcπ+π− [115],
D0D̄∗−π+ + c.c. [45], D∗0D̄∗−π+ + c.c. [55], J/ψη [54], and χc0ω [47, 116, 117].

• Invariant mass distributions for the Zc structures observed in J/ψπ± [56], hcπ± [68],
(DD̄∗)± [69], and (D∗D̄∗)± [70] from the corresponding three-body final states.

Several observed channels that also exhibit the ψ(4230) structure are excluded from the
current analysis since

• J/ψπ0π0 [49] does not provide significant information beyond that contained in the
J/ψπ+π− mode and has much lower statistics;

• ψ(2S)ππ [50, 62] requires a dedicated treatment of the ψ(2S)π distribution simultane-
ously with the ππ FSI [11, 118], which lies beyond the scope of the present research;

• the description of J/ψK+K− and J/ψK0
SK

0
S requires the ππ-KK̄ FSIs [97, 119] not

included in the present framework;

• γX(3872) [46], J/ψη′ [120], and hcη [121] suffer from low experimental statistics;

• the µ+µ− measurement [48] appears to be in tension with the measured R value and
raises theoretical consistency issues [122].

Nevertheless, as will be demonstrated below, the retained set already covers the dominant
hidden-charm, open-charm, and Zc-sensitive observables sufficiently to constrain the pole
positions of the states in the energy range of interest.

4 Coupled-channel framework

As explained above, the experimental data analyzed in this work are total and differential
cross sections measured in e+e− collisions. We therefore need to establish a comprehensive
theoretical framework that incorporates the dynamics of coupled channels and the production
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mechanisms from virtual photons. Our aim is to retain a minimal set of degrees of freedom
capable of capturing the dominant threshold effects in the 1−− sector while maintaining
direct contact with the available BESIII data in both hidden-charm and open-charm final
states. In this section, we present the coupled-channel scheme used in the combined analysis
of the selected data set, aiming at a consistent description of the spectrum.

4.1 Degrees of freedom

The employed coupled-channel formalism incorporates three distinct categories of channels:

1. Np bare poles (compact states) tagged by capital Latin letters A and B. The inclusion of
such poles is motivated by the data and follows the previous analysis of the lower part of
the spectrum in ref. [73]. Here we consider up to two bare poles,

bare pole 1 leading to the ψ(4160),
bare pole 2 leading to the ψ(4415),

(4.1)

so we have Np = 2 at most. One of the primary goals of this analysis is to study the
minimal bare-pole content of the developed coupled-channel scheme that is consistent with
the existing data. Thus, we build fits with Np = 0 (no bare poles), Np = 1 (with only
ψ(4160) included), and Np = 2 (with both ψ(4160) and ψ(4415) included).

2. Ne dynamically coupled open-charm two-body S-wave channels. In what follows these
channels will be referred to as “two-body elastic channels” for brevity and tagged by Greek
letters from the beginning of the alphabet, that is, α and β (note that Greek letters µ and
ν are reserved for four-dimensional Lorentz indices). In the studied broad energy range,
the JPC = 1−− states can couple to several such channels related through HQSS. In this
analysis, we include (charge-conjugate channels are implied; see eq. (4.5) below for details)

DD̄1 as two-body elastic channel 1,
D∗D̄1 as two-body elastic channel 2,
D∗D̄∗

2 as two-body elastic channel 3,
(4.2)

so we have Ne = 3. The convention for the charge conjugation transformation with the
operator Ĉ is chosen to be

Ĉ{D,D∗, D1, D
∗
2} = {D̄,−D̄∗, D̄1,−D̄∗

2}. (4.3)

In this convention, a two-meson state |M1M̄2⟩C , with a given C-parity, is built as

|M1M̄2⟩C = 1√
2

(
|M1M̄2⟩+ (−1)J−J1−J2CC1C2 |M̄1M2⟩

)
, (4.4)

where C1 and C2 are the charge parities of the mesons M1 and M2, respectively, J1 and J2
are their total spins, and J is the total spin of the two-meson system. Then the physical
states with the quantum numbers JPC = 1−− composed of two charmed mesons above

– 7 –
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are constructed as [88]

|DD̄1⟩JP C=1−− = 1√
2
(|DD̄1⟩ − |D̄D1⟩),

|D∗D̄1⟩JP C=1−− = 1√
2
(|D∗D̄1⟩ − |D̄∗D1⟩),

|D∗D̄∗
2⟩JP C=1−− = 1√

2
(|D∗D̄∗

2⟩ − |D̄∗D∗
2⟩).

(4.5)

Finally, the isoscalar flavor combination entering the above C-parity eigenstates is, for
example, for the DD̄1 pair,

|DD̄1⟩I=0 = 1√
2
(|D+D−

1 ⟩+ |D0D̄0
1⟩), (4.6)

and similarly for the other elastic channels. In what follows, we refer to the two-body
elastic channels in eq. (4.2) for simplicity, implicitly assuming the proper C-parity and
isospin states defined in eqs. (4.5) and (4.6).

3. Nexp = 6 channels corresponding to the experimentally observed final states discussed in
section 3. We refer to these channels as “observation channels” and tag them by Latin
letters from the beginning of the alphabet, that is, a, b, and c (note that Latin letters i, j,
k, and l are reserved for three-dimensional Lorentz indices). The observation channels are
categorized as having three-body (hidden-charm or open-charm) final states,

J/ψππ as observation channel 1,
hcππ as observation channel 2,
DD̄∗π as observation channel 3,
D∗D̄∗π as observation channel 4,

(4.7)

and those with two-body hidden-charm final states,

J/ψη as observation channel 5,
χc0ω as observation channel 6.

(4.8)

Besides contributing to the absorptive parts of the amplitudes and thereby affecting the
pole positions, the observation channels in eqs. (4.7) and (4.8) constrain the production
sources and, in the three-body channels above, contain channel-dependent FSIs as discussed
in detail in section 4.5 below. Note that the three-body open-charm channels, observation
channels 3 and 4 in eq. (4.7), can also be regarded as elastic, analogously to the two-body
channels in eq. (4.2). However, to avoid confusion, we do not refer to them as such, and
therefore reserve the term “elastic” exclusively for the channels in eq. (4.2).

4.2 Lippmann-Schwinger equation

We employ a standard relativistic framework, where the S-matrix is by convention related
to the scattering multi-channel amplitude T as

S = 1− iT, (4.9)

– 8 –



J
H
E
P
0
9
(
2
0
2
6
)
1
2
5

and T obeys the Lippmann-Schwinger equation (LSE)

T = V + V GT. (4.10)

In the most general form the potential matrix V of dimension Np + Ne + Nexp includes
transitions between the bare charmonium states in eq. (4.1), two-body elastic channels in
eq. (4.2), and observation channels in eqs. (4.7) and (4.8),

V =

VAB VAβ VAb
VαB Vαβ Vαb
VaB Vaβ Vab

 , (4.11)

A,B = 1 . . . Np; α, β = 1 . . . Ne; a, b = 1 . . . Nexp.

The diagonal matrix of the free Green’s functions reads

G = diag(GAB, Gαβ , Gab). (4.12)

In the strict heavy quark limit, the leading-order (LO) contact interactions Vαβ (α, β =
1, 2, 3) between the three two-body elastic channels in eq. (4.2) can be expressed in terms of
four contact terms [9] introduced in eq. (A.10) (the subscript “0” carried by all F ’s indicates
isospin I = 0; see also appendix A.1 for further details),

V11 = 1
8
(
−F c01 + 3F d01 + 5(F d02 − F c02)

)
,

V22 = 1
16
(
7F c01 + 11F d01 + 5(F d02 − F c02)

)
,

V33 = 1
16
(
−5F c01 + 15F d01 + (F d02 − F c02)

)
,

V12 = − 1
8
√
2

(
F c01 + 5F d01 − 5(F d02 − F c02)

)
,

V13 = 1
8

√
5
2
(
−3F c01 + F d01 − (F d02 − F c02)

)
,

V23 =
√
5

16
(
5F c01 + F d01 − (F d02 − F c02)

)
.

(4.13)

Note that the six potentials Vαβ appearing here are controlled by only three independent
parameters, since two of them always enter through the same linear combination, F d02 − F c02.
Moreover, it is not consistent to set only a subset of the matrix elements listed above to
zero. As discussed in the Introduction, a large number of open channels cannot be considered
explicitly in the present analysis. Under these circumstances, some parameters of the effective
potentials must be treated as complex-valued. We therefore adopt the following procedure:
First, we neglect direct transitions among the bare quark-model states, since their effect can
be absorbed into a redefinition of the parameters of the bare compact states, and set VAB = 0
for A,B = 1 . . . Np. Second, we emphasize that a full inclusion of the observation channels
in the coupled-channel framework would introduce numerous additional parameters that
cannot be reliably constrained by the available data. Therefore, we refrain from considering
direct transitions between observation channels, which allows us to reduce the dimension
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of the potential matrix in eq. (4.11) by introducing an effective potential V̄ (Hereinafter,
summation over repeated indices is implied unless stated otherwise),

V̄AB = VAaGabVbB,

V̄αB = VαB + VαaGabVbB,

V̄Aβ = VAβ + VAaGabVbβ ,

V̄αβ = Vαβ + VαaGabVbβ ,

(4.14)

that absorbs the effects of the observation channels [123–125]. Then, rather than incorporating
the observation channels explicitly into the coupled-channel framework, we employ the effective
transition potentials in eq. (4.14) and neglect the real parts of the contributions from the
observation channels, while accounting for their absorptive effects by treating the imaginary
parts of the effective elastic potentials as constant fit parameters (see section 4.6 for a summary
of all fit parameters). In this way, we accept a certain degree of unitarity violation and
neglect the energy dependence associated with the observation channels, which is expected
to generate only slowly varying higher-order corrections, since the corresponding thresholds
lie far below the energy region studied here.

The resulting LSE reduces to

T = V̄ + V̄ GT, (4.15)

with

V̄ =
(
V̄AB V̄Aβ
V̄αB V̄αβ

)
, G = diag(GAB, Gαβ), (4.16)

where V̄αβ are treated as complex valued quantities and

GAB = δAB
E2 −m2

0,A + im0,AΓ0,A
,

Gαβ = δαβG
DR(E,m1α,m2α − iΓ2α/2).

(4.17)

Here, E is the total energy in the center of mass frame, and m0,A and Γ0,A denote the bare
mass and width of pole A, respectively, while m1α,2α and Γ1α,2α represent the masses and
widths of the constituent particles in channel α. The widths of the D and D∗ mesons are
negligibly small and are therefore omitted, whereas the widths of the D1 and D∗

2 states are
treated as constants throughout the analysis. We employ a dimensional regularization (DR)
scheme to tame the logarithmically divergent loop integrals, so the regularized two-body
propagator reads

GDR(E,m1,m2) = i

∫
d4l

(2π)4
1

[l2 −m2
1 + iϵ][(P − l)2 −m2

2 + iϵ]

= 1
16π2

{
a(µ) + log m

2
1

µ2 + m2
2 −m2

1 + E2

2E2 log m
2
2

m2
1

+ k

E

[
log

(
2kE + E2 +∆

)
+ log

(
2kE + E2 −∆

)
− log

(
2kE − E2 +∆

)
− log

(
2kE − E2 −∆

) ]}
,

(4.18)

– 10 –



J
H
E
P
0
9
(
2
0
2
6
)
1
2
5

where m1 and m2 are the complex masses of the constituents, ∆ = m2
1 − m2

2, and the
three-momentum

k = 1
2√stot

√
λ(stot,m2

1,m
2
2), (4.19)

with stot = P 2 = E2 the two-body invariant mass squared for the given two-body system,
and λ(x, y, z) = x2 + y2 + z2 − 2xy− 2yz− 2zx the Källén triangle function. The dimensional
regularization scale µ is set to 1 GeV. The subtraction constant a(µ) is determined by
matching the DR loop function GDR to the hard-cutoff (HC) loop function GHC at the
complex threshold [91, 93, 126, 127], with the cutoff Λ = 1 GeV, that is,

GDR(m1 +m2,m1,m2) = GHC(m1 +m2,m1,m2) , (4.20)

where

GHC(E,m1,m2) =
∫ Λ

0

l2 dl

4π2
1

ω1ω2

ω1 + ω2

E2 − (ω1 + ω2)2 + iϵ
, (4.21)

with ωn =
√
m2
n + l2 (n = 1, 2).

In what follows, the observation channels do not appear explicitly in the intermediate states
of the reactions considered. We therefore define the amplitude T as solution of the reduced
LSE in eq. (4.15), with the Green functions and the potential matrix defined in eq. (4.16).

4.3 Production amplitudes for bare states and two-body elastic channels

The production of the various final states in electron-positron annihilation studied in this
work proceeds through a single virtual photon. Since the e+e− → γ∗ annihilation vertex and
the photon propagator are fixed by QED, they are omitted for simplicity in the amplitudes
discussed below and restored only when cross sections are calculated.

We start from the bare poles in eq. (4.1) and two-body elastic channels in eq. (4.2)
produced from the virtual photon γ∗, with the polarization of the latter denoted as ϵγ∗ . The
polarization information of the bare compact states is contained in their polarization vectors,
{ϵA} (A = 1 . . . Np). For the two-body elastic channels in the final states this information
is encoded in the set of the polarization vectors (α = 1, 2, 3),

ϵiα =
{
ϵiD1 ,

i√
2
ϵijkϵjD∗ϵ

k
D1 ,

√
3
5ϵ

ij
D∗

2
ϵjD∗

}
. (4.22)

Denoting the tree-level production strengths of the bare states and two-body elastic channels
from the virtual photon by Pγ∗

A and Pγ∗
α , respectively, the corresponding dressed production

amplitudes read

MA,α =
(
ϵγ∗ · ϵ∗A,α

)
UA,α, (4.23)

with

(UA, Uα) = (Pγ∗

A ,Pγ∗
α )(1 +GT ), (4.24)

where, as mentioned above, T is solution of the LSE in eq. (4.15) and the matrix of the
propagators G is specified in eq. (4.16).
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=a +
∑

Aa +
∑

αa
A

a
α

=A +
∑

BA +
∑

α

B
A

TBA

α
A

TαA

=α +
∑

Aα +
∑

β

A
α

TAα

β
α

Tβα

Figure 2. Production mechanisms for the observation channels with three-body final states in
eq. (4.7) from the virtual photon as detailed in eq. (4.28). Diagrams for the production of the
two-body observation channels in eq. (4.8) look similar. The shaded square box represents the full
production amplitude in eq. (4.28). The hatched diamond represents the full transition amplitude,
eq. (4.23), from the virtual photon to bare states ψ in eq. (4.1) or two-body elastic channels in eq. (4.2),
including all coupled-channel effects. The hatched circle represents the full transition amplitudes
from virtual photon, bare states or two-body elastic channels to the observation channels. The full
transition amplitudes include the effects of the interaction in the final state discussed in section 4.5.
The amplitude T , whose various components appear in the diagrams as hatched square boxes, is
solution of the reduced LSE in eq. (4.15).

4.4 Cross sections in the observation channels

The total production amplitude for a particular observation channel in eqs. (4.7) and (4.8)
can be written in the generic form (no summation in a is implied on the right-hand side)

Ma = ϵiγ∗Mij
a ϵ

j∗
a , a = 1 . . . Nexp, (4.25)

where, as before, ϵγ∗ is the polarization vector of the photon and

ϵia =
{
ϵiψ, −

i√
2
ϵijkϵjhc

ϵkL=1, ϵ
i
D∗− , −

i√
2
ϵijkϵjD∗0ϵ

k
D∗− , −

i√
2
ϵijkϵjψϵ

k
L=1, ϵ

i
ω

}
, (4.26)

with ϵX the polarization vector of the particle X and, for the polarization vector of the
state with the orbital angular momentum L = 1,

ϵiL=1(m) =
√

3
4π

∫
dΩ p̂iY ∗

1m(p̂),
∑
m

ϵiL=1(m)ϵj∗L=1(m) = δij , (4.27)

with p̂ the unit vector in the direction of the momentum.
Each production amplitude in eq. (4.25) can be presented as a sum of (i) the direct

production term, (ii) the production through the bare charmonium poles, and (iii) the
production through the two-body elastic intermediate states,

Ma = Mγ∗
a +

∑
A

MA
a +

∑
α

Mα
a . (4.28)

We illustrate these three mechanisms in figure 2. The spin-averaged squared amplitude
is then obtained as

|Ma|2 = 1
E4

∑
spins

Lii
′Mij

a M∗i′j
a = e2

E2 M̄
†
a ·Qa · M̄a, (4.29)
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where
Lii

′ = 1
2e

2E2
(
δii

′ − δi3δi
′3
)

(4.30)

is the leptonic tensor. For each observation channel a, Qa is a kinematical matrix and M̄a

is a vector. For the channels with only one tensor structure, both of these objects reduce
to single-component functions. We provide explicit expressions for the Q’s and M̄ ’s for all
observation channels involved in appendix B.

To proceed to the cross sections, we address the observation channels with the three-
body final states first. The kinematics of the corresponding processes can be defined in
terms of the four-momenta Pµ, pµ1 , pµ2 , and pµ3 for the virtual photon γ∗ and the final-state
particles a1, a2, and a3, respectively. For the four three-body observation channels in eq. (4.7)
considered here, we havea1

a2
a3

 =

 π+

π−

J/ψ

 ,
π

+

π−

hc

 ,
 π+

D∗−

D0

 ,
 π+

D∗−

D∗0

 . (4.31)

Then the Mandelstam variables read

s = (Pµ − pµ1 )2 = (pµ2 + pµ3 )2 = m2
23,

t = (Pµ − pµ2 )2 = (pµ1 + pµ3 )2 = m2
13,

u = (Pµ − pµ3 )2 = (pµ1 + pµ2 )2 = m2
12

(4.32)

and satisfy the standard kinematic constraint, s+ t+ u = m2
1 +m2

2 +m2
3 + P 2. We remind

the reader that the overall center-of-mass (c.m.) energy is denoted as E = √
stot, while

the variable s defined above refers to the invariant mass squared in the given two-body
subsystem. In the c.m. frame with P = (E,0), the three-momenta of the particles in the
final state can be expressed as

p2
1 ≡ p2

1 = 1
4E2λ(E

2,m2
1, s),

p2
2 ≡ p2

2 = 1
4E2λ(E

2,m2
2, t),

p2
3 ≡ p2

3 = 1
4E2λ(E

2,m2
3, u),

p1 · p2 = 1
2
(
(p1 + p2)2 − p2

1 − p2
2

)
= 1

2
(
p2

3 − p2
1 − p2

2

)
.

(4.33)

Thus, for the four observation channels in eq. (4.7) with three-body final states, the
doubly differential cross section with respect to the Mandelstam variables s and t is given by

dσa
ds dt

(E, s, t) = 1
(2π)3

1
32E4 |Ma|2, a = 1 . . . 4. (4.34)

The integration over t yields the invariant-mass distribution in the m23 subsystem,

dσa
ds

(E, s) = 1
(2π)3

1
32E4

∫
dt |Ma|2, (4.35)
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En, GeV L̄1(En), pb−1 En, GeV L̄1(En), pb−1 En, GeV L̄1(En), pb−1

4.1271 41.3 4.2187 42.8 4.2776 15.7
4.1567 43.2 4.2263 81.2 4.2866 46.4
4.1780 280.0 4.2357 43.6 4.3115 52.9
4.1888 52.5 4.2438 49.5 4.3370 52.6
4.1989 41.2 4.2580 73.2 4.3583 55.5
4.2091 45.5 4.2667 48.8

Table 1. Energy-dependent normalization factors for the J/ψπ± invariant-mass distributions relevant
for BESIII, constructed using the information from ref. [52].

and the yield of the events in the k-th bin with s ∈ (sk, sk+1) is calculated as

∆Nk
a (E) = 2L̄a(E)

∫ sk+1

sk

ds
dσa
ds

(E, s). (4.36)

The prefactor 2 above implicitly accounts for the charge-conjugate channels in the given
distributions (for example, J/ψπ+ and J/ψπ− in the channel with a = 1). At a fixed total
energy E, the normalization factor L̄a(E) with a dimension of the inverse cross section
absorbs experimental normalization factors such as the luminosity, branching fractions, ISR
factors, and detection efficiency. Then the total three-body cross section, obtained from
the differential cross section in eq. (4.35), reads

σa(E) =
∫
ds

dσa
ds

(E, s), a = 1 . . . 4. (4.37)

Finally, for the two-body observation channels in eq. (4.8), the total cross section is

σa(E) = |p|
8πE3 |Ma|2, a = 5, 6, (4.38)

with p the c.m. three-momentum of the final particles.
In the fits performed below, the formulas in eqs. (4.37) and (4.38) are evaluated at

the beam energies {En} from the discrete set studied at BESIII. The energies En and
the corresponding factors L̄1(E) for the channel J/ψπ+π− are collected in table 1. The
normalization constants L̄ for the other observation channels are not known and, therefore,
are treated as fit parameters; see the discussion in section 4.6 below and appendix D, where all
fit parameters are listed explicitly, together with their values returned by the fits performed
in different schemes.

4.5 FSIs in three-body observation channels

Before performing combined fits to the experimental distributions, we need to address the
effects of FSI in various two-body subsystems of the observation channels in eq. (4.7) with
three-body final states.
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4.5.1 Zc-related FSIs

We start from the interactions in the two-body subsystems of the three-body observation
channels in eq. (4.7),

J/ψπ (S-wave) in observation channel 1,
hcπ (P -wave) in observation channel 2,
(D̄∗D)− (S-wave) in observation channel 3,
D̄∗D∗ (S-wave) in observation channel 4,

(4.39)

with (D̄∗D)− ≡ 1√
2(D̄D

∗−D̄∗D) and D̄∗D∗ that result in the formation of the charged exotic
states Zc(3900) [67, 128–130] and Zc(4020) [68, 70, 131, 132], respectively. The corresponding
interaction potential, a 4× 4 matrix in the space of the channels in eq. (4.39), takes the form
(see appendix A.4 for the derivation and further details)

V Zc =

 0 V Zc

(cc̄)π↔HH̄

V Zc†
(cc̄)π↔HH̄

V Zc

HH̄

 , (4.40)

where, in the strict HQSS limit,[
V Zc

(cc̄)π↔HH̄

]
HQSS

= 1√
2

(
F F

−Gpπ Gpπ

)
,
[
V Zc

HH̄

]
HQSS

=
(
C1Z C34
C34 C1Z

)
. (4.41)

The quantities F , G, C1Z , and C34 are four independent low-energy constants to be fitted to
the data. In the actual fitting procedure we employ an energy-dependent phenomenological
parametrization that preserves the dominant channel structure above while allowing for HQSS
breaking effects required by the data [92]. Thus, instead of eq. (4.41), we use

V Zc

(cc̄)π↔HH̄
= 1√

2

(
F fF

−Gpπ gGpπ

)
(4.42)

and

V Zc

HH̄
=

C1Z +B
s−M2

DD∗
2MDD∗ C34

C34 cZC1Z + bB
s−M2

D∗D∗
2MD∗D∗

 , (4.43)

with
MDD∗ = mD +mD∗ , MD∗D∗ = 2mD∗ . (4.44)

Now, in addition to F , G, C1Z , and C34, the factors B, f , g, cZ , and b are also treated as
fit parameters responsible for possible HQSS breaking effects, previously found necessary to
explain the different manifestation of the Zc(3900) and Zc(4020) in different channels [94].
We also note that, since the Zc states may possess further decay channels beyond the four
channels included explicitly here — for example, the channel ηcρ [133] — the parameter C1Z
is allowed to acquire an imaginary part while all other parameters controlling the Zc states
are adopted to be real (see also the discussion in section 4.6).

The scattering amplitude is obtained from this potential by solving the LSE with the
potential in eq. (4.40),

TZc =
(
1− V ZcGZc

)−1
V Zc . (4.45)
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=
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Figure 3. Diagrams for the production of J/ψπ+π−, as a representative example for the observation
channels with three-body final states in eq. (4.7), from the virtual photon. The total amplitude is
a sum of the (i) direct production term, (ii) production through the bare charmonium poles, and
(iii) production through the two-body elastic intermediate states, as given in eq. (4.28). The internal
sum in a runs over two-body intermediate states enumerated in eq. (4.39) and the sum in b is for
the respective charge-conjugate channels. The amplitudes TZ±

c ’s with various lower indices are the
corresponding components of the solution to the LSE in eq. (4.45).

Here, GZc is a diagonal matrix of the two-point scalar loop functions for the channels in
eq. (4.39) evaluated in the DR scheme using the loop function defined in eq. (4.18). The
subtraction constant a(µ) is set to −2.8, −2.8, −3.0, and −3.0 for these four channels,
respectively [93]. Different components of the amplitude TZc enter as building blocks in the
production amplitudes for the observation channels in eq. (4.7) as shown in figure 3. Thus,
the Zc-related FSIs described above are included in the corresponding production amplitudes
and, therefore, also in the cross sections in eqs. (4.35) and (4.37). To make this explicit, below
we refer to these differential and total cross sections as dσ(Zc)

a /ds and σ
(Zc)
a , respectively.

– 16 –



J
H
E
P
0
9
(
2
0
2
6
)
1
2
5

4.5.2 Treatment of the ππ FSI

In the observation channels J/ψππ and hcππ (channels 1 and 2 in eq. (4.7)), the ππ or ππ-KK̄
FSIs contain the scalar and tensor light mesons f0(500), f0(980) and f2(1270). However,
since we focus on the vector charmonium(-like) sector, a complete incorporation of this
interaction into the present coupled-channel scheme goes beyond the scope of this work, so
we resort to a simplified treatment. In particular, the effects related to the formation of the
f0(500)/f0(980) mesons in both aforementioned observation channels are effectively included
via a non-interfering term Bππa (E, s) in the differential cross section [91, 93]. We used the
calculation of ref. [92] to verify that the interference term does not exceed approximately
5%. This contribution is sufficiently small for the purposes of the present analysis, and
its neglect is therefore justified.

We start from J/ψπ+π− channel and represent the differential cross section as

dσ1
ds

(E, s) = dσ
(Zc)
1
ds

(E, s) + Bππ1 (E, s), (4.46)

where the contribution dσ
(Zc)
1 /ds was previously introduced in eq. (4.35) and the ππ term

is parametrized as

Bππ1 (E, s) = σ
(f0)
1 (E)
N exp

1,ππ

∫ u↑(E,s)

u↓(E,s)
du

∆N exp
1,ππ(E, u)

∆s(E, u)∆u . (4.47)

For each fixed E and s, the quantities u↓(E, s) and u↑(E, s) define the kinematical boundaries
for u and, similarly, s↑(E, u) and s↓(E, u) are the boundaries for s at fixed E and u; then
∆s(E, u) = s↑(E, u)− s↓(E, u). The experimental distribution of the numbers of ππ events
∆N exp

1,ππ(E, u) in all u-bins with ∆
√
u = 20 MeV and the total number of such events,

N exp
1,ππ =

∫
ds du

∆N exp
1,ππ(E, u)

∆s(E, u)∆u , (4.48)

is taken from ref. [56]. Then it is easy to see that the quantity

σ
(f0)
1 (E) =

∫
dsBππ1 (E, s) (4.49)

admits interpretation as the contribution of the interacting pions in the J/ψπ+π− final state,
mainly through the formation of f0’s. We parametrize this contribution in the form

σ
(f0)
1 (E) = |Pol(E)|2

|det(1− V̄ G)|2
, (4.50)

where the denominator captures the leading energy dependence provided by the 1−− states
and the residual, slow dependence on the energy E is encoded in a polynomial,

Pol(E) =
nmax∑
n=0

αn(E − E0)n, (4.51)

with E0 = 4.2GeV and the αn’s as free parameters determined in the fit. We have explored
several values of nmax and found that, while nmax ⩾ 1 is necessary to reproduce the gross
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features of the dipion distributions (which are not included in the combined fit), increasing
nmax does not generally improve the fit quality already achieved for nmax = 1. We therefore
choose to employ a linear function Pol(E) with two fit parameters, α0 and α1.

There is no publicly available information on the ππ distributions for the channel
hcππ [115]. We therefore choose to neglect the ππ term in this channel. This is consis-
tent with the analogous findings in the bottom sector where a prominent ππ FSI is observed
in the Υ(nS)ππ (n = 1, 2, 3) final states [134–136], while the corresponding FSI effects in
the hb(mP )ππ (m = 1, 2) final states are found to be negligible [136].

4.6 Review of the parameters

Below we review the parameters of the coupled-channel scheme developed in this work. As
was previously introduced in section 4, the scheme includes Np bare poles, with Np varying
between 0 and 2, Ne = 3 two-body elastic channels, and Nexp = 6 observation channels. For
practical purposes, all fitted parameters can be grouped into four physically distinct classes:

(1) short-distance production parameters introduced in section 4.3;

(2) effective interaction parameters in the 1−− coupled-channel sector introduced in eq. (4.13);

(3) parameters associated with the Zc-related FSIs introduced in eq. (4.40);

(4) smooth ππ FSI contribution and normalization factors introduced in eqs. (4.36) and (4.51).

Let us briefly summarize these parameter classes and count the number of free parameters.
We start with the short-distance production parameters. For the observation channels in

eq. (4.7) and (4.8), the production amplitudes contain a contribution from the direct virtual
photon production terms, parametrized by Nexp real constants Pγ∗

a , and the production
through the bare poles, parametrized by Np ×Nexp real constants PA

a . The production of the
two-body elastic channels in eq. (4.2) is parametrized by Ne constants Pγ∗

α , all of which are
allowed to be complex. The motivation is that, in the heavy-quark limit, the direct S-wave
production of the two-body elastic channels from the virtual photon is suppressed [137]
(see also table VI in ref. [108]) and is expected to proceed mainly through the mixing
of the D1(2420) and D1(2430) states [73], the latter being dominated by the light-cloud
configuration with jℓ = 1/2.2 Since the underlying short-distance production mechanism is
not sufficiently constrained, we allow for nonvanishing phases in the corresponding source
terms. The production of the bare quark model states in eq. (4.1) is parametrized through
Np constants Pγ∗

A . The magnitude of each source term can be constrained from the electronic
widths of the corresponding bare cc̄ state [65],

|Pγ∗

A | =

√
3M3

ψ

α
Γψtot · BR(ψ → e+e−) ≈

{
0.12GeV2 for the ψ(4160),
0.11GeV2 for the ψ(4415).

(4.52)

2It has been suggested that the D1(2430) listed in the Review of Particle Physics (RPP) [65] should be
replaced by two states [138, 139]. Nevertheless, the light degrees of freedom in both states correspond to
the same light-cloud configuration with jℓ = 1/2. As a matter of fact, the B′

1B̄ and B∗
0 B̄∗ channels were

suggested in ref. [140] as a production mechanism for the Zb states in Υ(10860) decays, where B′
1 and B∗

0 are
the jP

ℓ = 1/2+ bottom counterparts.
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At the same time, given that the production of the ψ(4160) may receive contributions from
the nearby ψ(4040) tail and in view of the generally complicated situation in the energy region
under study, we allow all terms Pγ∗

A to acquire nonvanishing imaginary parts. Thus, altogether,
the production sector of the model contains Nexp ×Np +Nexp +Np + 2Ne = 7Np + 12 real
free parameters.

We next turn to the 1−− coupled-channel interaction in the two-body elastic channels
DD̄1, D∗D̄1 and D∗D̄∗

2. As encoded in eq. (4.13), the LO contact potential depends only
on three independent combinations,

F c01, F d01, δF02 ≡ F d02 − F c02. (4.53)

As discussed above, the net effect of the observation channels with lower-lying thresholds
consists of a dispersive contribution to the real part of the potential and an absorptive
contribution associated with the loss of flux into these channels. Since they are not included
explicitly in the reduced LSE of eq. (4.15), the minimal phenomenological way to account for
their effects within the reduced coupled-channel framework is to treat the parameters F c01,
F d01, and δF02 as complex-valued quantities. We therefore have 6 real parameters describing
the effective elastic interaction. We do not include HQSS-violating corrections to the potential
in eq. (4.13), since the fits discussed below indicate that the currently available data do
not require such corrections. Next, the transitions between the bare cc̄ seeds and two-body
elastic channels in eq. (4.2) are described by Np ×Ne real couplings VAα. Two additional
real parameters, FJ/ψη and Fχc0ω, describe the transitions from the two-body elastic channels
to the two-body final states in eq. (4.8), J/ψη and χc0ω. Thus the 1−− interaction sector
contributes 3Np + 8 real free parameters in total.

The Zc-related sector of the framework introduces another set of phenomenological
parameters. They control the couplings of the hidden-charm channels to the open-charm
channels, the diagonal and off-diagonal open-charm interactions in the isovector JPC = 1+−

subsystem, and the mild energy dependence required by the data and encoded in eq. (4.43).
As discussed in section 4.5.1, this sector contains the parameters F , G, C1Z , C34, B, f , g,
cZ , and b, with one of them, C1Z , allowed to be complex to effectively account for the decay
channels of the Zc that are not included explicitly in the present coupled-channel scheme.
Thus, altogether, the Zc-related sector contributes 10 real free parameters.

Next, we specify the normalization factors entering the invariant-mass distributions. The
J/ψπ± spectrum has been reported by BESIII at 21 energy points [56]. We include the first
17 energy points in the fit, for which the normalization factors L̄1(En) can be determined
explicitly from the published experimental information. These values are listed in table 1.
The hcπ± distribution [68] is available at three energy points, with the 4.23 and 4.26 GeV
samples combined. The D0D∗− distributions [69] are reported at 4.23 and 4.26 GeV, and the
D∗0D∗− distribution [70] is reported at 4.26 GeV. In the absence of complete information on
the experimental setup in these channels, we introduce 5 independent normalization factors,

L̄2(4.23), L̄2(4.36), L̄3(4.23), L̄3(4.26), L̄4(4.26), (4.54)

as real parameters of the fit. In eq. (4.54), the subscript tags the observation channel according
to eq. (4.7) and the beam energy in units of GeV is quoted in parentheses. In addition, to
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mimic the ππ FSI, the J/ψππ channel admits a smooth noninterfering term, Bππ1 , defined
in eq. (4.46) and parametrized by a first-order polynomial with two real parameters. Thus,
this sector of the model contributes 7 free real parameters altogether.

Finally, we allow the fit to vary the parameters (the mass and width) of the bare states
around the initial values of the ψ(4160) and ψ(4415) inferred from the RPP [65]. This adds
2Np real parameters to the scheme. Combining together the results of the above counting of
the free parameters of the coupled-channel scheme, one arrives at

Nparams = 12Np + 37 (4.55)

as the total number of real parameters to be fitted to the data. For the versions of the model
with Np = 0, 1, 2, this count gives 37, 49, and 61 parameters, respectively.

5 Fit results and predictions

5.1 Fit models and fitted line shapes

Within the quark model picture, the masses of the vector 2D and 4S states were calculated [4]
to be close to the observed ψ(4160) and ψ(4415) ones and thus reside in the studied energy
region. However, as should be clear from the discussion above, the actual positions of the
corresponding poles of the amplitude, and even their very appearance in the considered
interval, cannot be inferred directly from naïve quark model calculations. We therefore
consider different fitting models that either include or exclude particular bare compact
charmonium seeds. When included, the initial bare masses and widths of these seed states are
assigned to values taken from the RPP [65] as an educated guess. Then the fit is allowed to
adapt these values to the analyzed data as discussed in the end of section 4.6. The properties
of the corresponding physical states are extracted afterwards from the pole positions of the
resulting amplitudes and their residues at these poles; see section 5.2 below. Thus, to study
the interplay between dynamical poles and explicit seed states, we consider four benchmark
models for the reduced LSE in eq. (4.15):

• Model M0: a purely dynamical scenario with Ne = 3 two-body elastic channels in
eq. (4.2) included and no bare poles, so Np = 0;

• Model M0: same as model M0 with Np = 0, however, the data are re-weighted as
explained in the text below to demonstrate the potential of this ansatz, see section 5.2
for details;

• Model M1: obtained from model M0 by adding one bare pole associated with ψ(4160),
so Np = 1;

• Model M2: obtained from model M1 by adding one more bare pole associated with
ψ(4415), so Np = 2.

For each model, the fit is performed simultaneously to all selected cross sections and
invariant-mass distributions discussed in section 3, comprising 1242 data points in total. For
all three benchmark models, M0, M1, and M2, the qualities of the best fits are listed in
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Model Nparams χ2 χ2/dof

M0 37 2248 1.87
M1 49 1852 1.55
M2 61 1677 1.42

M0 37 3913 3.25

Table 2. Summary of the fit qualities for the benchmark models. Model M0 is defined at the end of
section 5.2 through a particular re-weighting of the data in the J/ψππ and DD̄∗π channels, while the
corresponding χ2 is evaluated then after removing the artificial weights.
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Figure 4. Fitted cross sections of the e+e− annihilation to the final states in eqs. (4.7) and (4.8)
obtained in the three models, M0 (blue solid), M1 (orange solid), and M2 (red solid), introduced in
section 5.1. In the plot for J/ψπ+π−, the Zc and ππ individual contributions defined in eq. (4.46) are
also shown for model M2.

table 2, the corresponding values of all fitted parameters are collected in appendix D, and the
resulting cross sections are shown in figure 4. From this figure, one can conclude that already
the purely dynamical model M0 provides a decent overall description of the experimental line
shapes, while the inclusion of the bare charmonium poles improves the fit especially in the
higher-energy region of the open-charm final states. In particular, it is instructive to observe
a gradual enhancement of the fitted signal, bringing it closer to the data points in the hump
region around 4.4 to 4.5 GeV in the DD̄∗π channel, as the fit acquires additional flexibility
from the inclusion of extra bare poles. It is also instructive to note the different line shapes
of the models in the 4.2–4.4 GeV region for the hcππ channel; thus improved data quality in
this channel may allow for a better discrimination among the models (this point becomes
particularly clear in light of the results of model M0, discussed below).

5.2 Poles of the amplitude

With the full multichannel amplitude constructed above, we are now in a position to compare
the pole content of the models introduced in section 5.1. The results are summarized in
table 3. The sheets of the Riemann surface in the complex energy plane (we use RS as
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Model Pole RS √
sP [MeV] g1 g2 g3

M0
ψ(4230) (+,+,+) 4217(1)− 25(1)i 2.69(2) + 0.53(3) i 1.45(4)− 1.44(4) i −0.11(6) + 1.62(5) i
ψ(4320) (+,+,+) 4278(3)− 97(3)i 1.17(5)− 0.93(4) i −2.06(3)− 1.05(4) i 2.99(4) + 0.40(5) i

(−,+,+) 4302(2)− 69(2)i 0.30(1) + 0.37(1) i 2.16(2) + 0.43(2) i −2.23(2)− 0.17(3) i

M1

ψ(4160) (+,+,+) 4185(3)− 35(2)i 1.95(12)− 0.51(20) i 0.03(17)− 1.03(9) i −0.26(38) + 0.59(8) i
ψ(4230) (+,+,+) 4218(1)− 25(1)i 2.23(8) + 0.83(13) i 1.44(10)− 1.13(8) i 0.32(23) + 1.25(10) i
ψ(4320) (+,+,+) 4286(3)− 85(3)i 0.91(6)− 0.89(7) i −2.12(8)− 0.76(5) i 2.85(6) + 0.29(4) i

(−,+,+) 4304(2)− 61(2)i 0.27(1) + 0.40(1) i 2.16(5) + 0.36(3) i −2.15(8)− 0.13(4) i

M2

ψ(4160) (+,+,+) 4195(2)− 26(2)i 1.34(23) + 0.06(12) i −0.13(13)− 0.54(13) i −1.87(17) + 0.49(9) i
ψ(4230) (+,+,+) 4219(1)− 20(1)i 2.29(10) + 0.36(6) i 1.33(8)− 1.10(6) i 0.75(14) + 1.07(11) i
ψ(4320) (+,+,+) 4314(6)− 101(6)i 1.09(7)− 0.58(6) i −2.21(8)− 0.89(5) i 2.35(7) + 0.55(8) i

(−,+,+) 4321(3)− 66(3)i 0.28(1) + 0.42(1) i 2.18(7) + 0.51(5) i −1.86(6)− 0.23(4) i
ψ(4415) (−,+,+) 4398(15)− 46(5)i 0.10(4) + 0.19(5) i 0.84(25)− 0.28(16) i 0.17(36) + 0.21(10) i

Table 3. Poles of the amplitude and its residues at these poles for the three benchmark models
introduced in section 5.1. For the nomenclature of the Riemann sheets see the discussion in the main
text. The uncertainties in the pole positions are statistical only.

shorthand notation for them) are labeled according to the signs of the imaginary parts of
the momenta in the two-body elastic channels in eq. (4.2): the positive sign is denoted by
“+”, while the negative sign is denoted by “−”. We therefore consider 23 = 8 RSs in total.
Notice that, in the presence of observation channels in eqs. (4.7) and (4.8) and inelastic
light-hadron channels that introduce imaginary parts into the contact-term parameters in
eq. (4.53), the poles acquire imaginary parts even on the RS (+++), which we hereafter refer
to as the physical sheet, since it would become such in the absence of the aforementioned
channels. For each found pole sP , its couplings gα to the two-body elastic channels are
defined through the residues of the amplitude,

Tαβ(s)
s→sP= gαgβ

s− sP
, (5.1)

where the indices α, β = 1, 2, 3 enumerate the two-body elastic channels.
The purely dynamical model M0, which, as mentioned above, already provides a decent

overall description of the data, generates two dynamical poles on the (+ + +) and (−++)
sheets of the Riemann surface; see table 3 for the pole positions and their couplings to the two-
body elastic channels defined in eq. (5.1). To gain insight into the physics of these dynamical
poles, and in particular the role of coupled-channel effects, we fix the parameters of model M0
and then artificially rescale the off-diagonal terms in the potential Vαβ (α, β = 1, 2, 3) (see
eq. (4.13)) by a factor ξ ∈ [0, 1]. This procedure provides a smooth interpolation (without
refitting the other parameters) between a limit of decoupled two-body elastic channels and the
physical coupled-channel scenario. In figure 5, we show the density plots for the representative
Riemann sheets obtained in the dynamical model M0, overlaid with the pole trajectories
as the parameter ξ is varied from 0 to 1. The trajectories start from the decoupling limit,
indicated by green open circles (ξ = 0), and evolve toward the physical situation, marked
by blue crosses (ξ = 1). In the decoupling limit, in agreement with the expectations in the
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Figure 5. Density plots for the fitting model M0. The pole positions in the no-coupling limit (see the
main text for details) are shown as green open circles and assigned the tags Y according to the serial
number of the two-body elastic channel in eq. (4.2) in which they appear. The poles in the physical
limit are shown as blue crosses; the positions of those relevant for the dynamics of the system are
listed in table 3. The white dashed lines show the trajectories of the poles as the coupled-channel
effects are gradually increased from zero to the physical value as explained in the text.

hadronic molecular picture based on, for example, one-vector-meson-exchange model [13],3

three states are found near the DD̄1, D∗D̄1, and D∗D̄∗
2 thresholds. They are labeled as Y1,

Y2, and Y3, respectively, and represent bound states, that is, poles on the physical RS for
each decoupled two-body elastic channel introduced above, although the real part of Y2 is
larger than that of Y3. In figure 5, these correspond to Y1 in the first plot, Y2 in the second
plot, and Y3 in the third plot. As the channels become coupled and the coupling strength
increases, the poles move such that, in the physical case (ξ = 1):

• The pole Y1 remains nearly stable and represents the physical state ψ(4230).

• The pole Y2 follows a long trajectory and eventually leaves the near-threshold region,
so that it no longer affects the system dynamics and therefore does not lead to any
observable effects that can be assigned to a physical state.

• The pole Y3 on RS (−−+) moves deeper into the complex plane, away from the physical
region. In contrast, the shadow poles associated with Y3 on RSs (+ + +) and (−++),
which emerge due to coupled-channel effects, undergo a strong downward shift in mass
and, in the physical limit ξ = 1, both correspond to the same physical state ψ(4320).

Thus, in the physical limit, only three near-threshold poles remain relevant for the system
dynamics, one of them representing ψ(4230) and the other two corresponding to ψ(4320),
significantly shifted downward in mass from the D∗D̄∗

2 threshold by strong coupled-channel
effects. The positions of these poles and the respective residues are quoted in table 3.

While the appearance of shadow poles on different Riemann sheets is a generic feature of
coupled-channel systems [141, 142], the pole positions, residues, and trajectories shown in
figure 5 suggest that both poles associated with the ψ(4320) play equally important roles in

3Notice that the HQSS-friendly potential in eq. (4.13) for the S-wave contact interaction among D(∗)D̄1,2

channels [9] contains three independent parameters; therefore, additional dynamical arguments are required to
infer the existence of other molecular states from a single observed one.
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observables. We therefore conclude that coupled-channel dynamics plays an essential role in
understanding the nature of the enigmatic Y states in the charmonium spectrum. In particular,
we observe a nontrivial two-pole realization of the ψ(4320) structure dynamically generated
by coupled-channel effects. These two poles should not be interpreted as two independent
resonances. Rather, they originate from the same dynamical state in the decoupling limit and
become companion, or shadow, poles on different Riemann sheets once the elastic channels
are coupled. Their similar distances to the physical region and sizable residues indicate that
both poles can contribute to the same observed enhancement around 4.32 GeV.

This situation is very different from the well-known two-pole scenarios discussed for systems
such as the Λ(1405) [143–150] and D∗

0(2300) [151–157]. In those cases, the corresponding
two poles are associated with two different underlying dynamical components, for example
different SU(3) multiplets or different dominant channel configurations, and therefore are
regarded as two nearby physical states [158]. In the present case, by contrast, the two
poles associated with ψ(4320) are generated from the same underlying dynamical state and
represent its coupled-channel shadow-pole manifestation rather than two distinct vector
charmonium-like states.

Extending the fitting model from M0 to M1 by adding a single bare pole in the lower
part of the spectrum predictably introduces an additional pole of the physical amplitude at
about 4185− 35iMeV corresponding to the physical (“dressed”) charmonium state ψ(4160).
The quality of the fit improves from χ2/dof = 1.87 for model M0 to χ2/dof = 1.55 for model
M1. Importantly, the two dynamical physical states predicted by model M0 remain in model
M1 and undergo only moderate shifts in both mass and width, as can be seen from table 3.

The best formal description of the data, with χ2/dof = 1.42, is achieved in model M2, in
which both bare poles are included: one near the lower end of the studied energy interval,
around 4.1 GeV, and the other near its upper end, around 4.4 GeV. Similarly to the case
of model M1, both bare quark model states become dressed and produce two poles of the
amplitude at approximately 4195 − 26iMeV and 4398 − 46iMeV, corresponding to the
charmonia ψ(4160) and ψ(4415), respectively. Remarkably, the physical masses and widths
of these charmonium states, extracted from the corresponding poles of the amplitude, deviate
only mildly from both the PDG values used as initial input and the bare values returned by
the fit; see table 4. This finding, which indicates that the coupling of the additional states to
the channels already included is weak, is consistent with the above statement that the gross
features of all data sets studied are already described by the two-body elastic channels; the
two additional states only contribute to some finer details of the observed structures.

Thus, the comparison among the three models employed, M0, M1, and M2, suggests
the following physical picture:

• The structures associated with the ψ(4230) and the ψ(4320) are robust and are generated
predominantly by the coupled-channel dynamics of the explicitly included two-body
open-charm channels.

• Incorporating the compact charmonium states ψ(4160) and ψ(4415) into the coupled-
channel scheme provides a quantitatively better global description of the data, but does
not qualitatively alter the above pattern of the dynamically generated poles.
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charmonium ψ(4160) ψ(4415)
(MPDG, ΓPDG) (4190, 70) (4415, 110)
(M0, Γ0) (4204, 53) (4406, 80)
(Mpole, Γpole) (4195, 52) (4398, 92)

Table 4. Masses and widths of the compact charmonium states ψ(4160) and ψ(4415) in model M2.
Here, MPDG and ΓPDG are taken from the RPP [65] and used as initial values for the fit, while M0
and Γ0 denote the bare values returned by the fit. Finally, Mpole and Γpole are obtained as the real
part and minus twice the imaginary part of the corresponding pole of the amplitude, respectively. The
latter quantities are interpreted as the physical mass and width and are also quoted in table 3. All
values are given in MeV.

State M (this work) Γ (this work) M [39] Γ [39] MPDG [65] ΓPDG [65]
ψ(4160) 4195± 4 52± 4 4192.2± 2.2 129.3± 4.2 4191± 5 69± 10
ψ(4230) 4219± 1 40± 2 4229.9± 0.9 46.4± 2.6 4222.2± 2.4 51± 8
ψ(4320) 4321± 3 132± 6 4308.1± 2.2 138.2± 4.4 — —
ψ(4360) — — 4346.2± 3.8 122.8± 6.7 4374± 7 120± 12
ψ(4415) 4398± 15 92± 10 4390.1± 2.0 106.5± 4.1 4415± 5 110± 13

Table 5. Masses and widths of the charmonium and charmonium-like states residing in the mass
range from 4.1 to 4.6 GeV. For the present work, taken as a representative example, we cite the results
for M2 collected in table 3. The virtual state with the mass 4216.2±0.5MeV and width 40.3±1.0MeV
found in ref. [39] in the channel D∗

sD̄
∗
s is not quoted since the sector of charmed-strange mesons is not

considered in this work. All masses and widths are given in MeV.

In table 5, we compare the masses and widths of the vector charmonia obtained in this
work and listed in table 3 (for definiteness, we refer to model M2) with those reported in
ref. [39] and in the RPP [65]. We find good agreement between our results and those of
ref. [39] for the states ψ(4160), ψ(4230), and ψ(4415), except that in our study the ψ(4160)
is much narrower than in [39], making the width consistent with the value reported by the
PDG. At the same time, equipped with insights into the dynamics of the strongly coupled
two-body elastic channels, we identify the two companion poles in the vicinity of 4.32 GeV as
a single physical state, ψ(4320). This contrasts with the interpretation in ref. [39], where
two distinct states, ψ(4320) and ψ(4360), were reported. We also note that comparison
with the PDG values given in the last two columns of table 5 should be made with caution,
since these values are extracted independently in different experimental analyses that rely
largely on Breit-Wigner fits.

One last comment is in order here. Comparison of the fitted line shapes in the three-body
open-charm channel DD̄∗π in figure 4 may leave an impression that the visible enhancement
around 4.4 GeV calls for the inclusion of a bare pole associated with the charmonium ψ(4415)
and cannot be described otherwise, in particular within the purely dynamical model M0.
This conclusion, however, would be misleading and merely reflects the very different weight
of the data sets analyzed simultaneously. Actually, the J/ψππ channel carries a much larger
weight in the global fit, since the 17 energy points are supplemented by the corresponding
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Figure 6. Comparison of the fitted cross sections in the observation channels in eqs. (4.7) and (4.8)
obtained in purely dynamical models M0 and M0. For the fit M0, we introduced weights for selected
data points, as discussed in the text, while the plot shows the original experimental data.

J/ψπ invariant-mass distributions. By contrast, the DD̄∗π channel is constrained by only a
small number of total-cross-section measurements and therefore has a much weaker impact
on the fit. To balance the relative impact of these two channels and emphasize an essential
role played by the data weight in the various open-charm three-body channels in the studied
energy range, we consider a modified purely dynamical model M0. This fitting model is
identical to model M0 discussed above but

• the contribution to χ2 from the channel J/ψππ is artificially suppressed by a factor of
0.025 and

• the contribution to χ2 from the channel DD̄∗π above 4.35 GeV is artificially enhanced
by a factor of 5.

In this way, we reduce the dominance of the J/ψππ channel in the global fit, driven mainly
by the many additional J/ψπ invariant-mass-distribution data points, and partially relax the
constraints that this channel imposes on the fit. At the same time, we enhance the weight
of the data in the open-charm DD̄∗π channel around the peak structure at approximately
4.4 GeV clearly visible in this data set. Although the overall fit quality for M0 deteriorates,
mainly driven by the J/ψπ invariant mass distributions, the fitted line shapes in the modified
model M0 still provide a good visual description of the data and, most importantly, the fit is
now capable of reproducing the structure around 4.4 GeV in the DD̄∗π channel. This fit also
captures the nontrivial energy dependence in the hcππ channel; see figure 6. In table 6, the
poles obtained in models M0 and M0 are compared. The first three poles and their residues
are found to be consistent between the two models. As discussed above, in the decoupling
limit these poles are associated with DD̄1 and D∗D̄∗

2 quasibound states, respectively, with
the latter being shifted significantly towards lower energies by strong coupled-channel effects.
However, model M0 features an additional dynamical state that can be traced back, in
the decoupling limit, to a D∗D̄1 quasibound state and generates an additional pronounced
bump structure near 4.4 GeV in the hcππ,DD̄∗π,D∗D̄∗π cross sections. In contrast, the
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Solution RS √
sp [MeV] g1 g2 g3

M0

(+,+,+) 4217(1)− 25(1)i 2.69(2) + 0.53(3) i 1.45(4)− 1.44(4) i −0.11(6) + 1.62(5) i
(+,+,+) 4278(3)− 97(3)i 1.17(5)− 0.93(4) i −2.06(3)− 1.05(4) i 2.99(4) + 0.40(5) i
(−,+,+) 4302(2)− 69(2)i 0.30(1) + 0.37(1) i 2.16(2) + 0.43(2) i −2.23(2)− 0.17(3) i
(−,+,+) 4594(43)− 315(46)i 0.19(5) + 0.52(6) i 1.75(15) + 1.71(12) i 1.88(11) + 1.62(8) i

M0

(+,+,+) 4214(1)− 26(1)i 2.98(3) + 0.42(3) i 0.99(5)− 1.76(5) i −0.01(6) + 1.93(6) i
(+,+,+) 4274(2)− 77(2)i 0.94(5)− 1.32(5) i −2.46(4)− 0.65(4) i 3.07(5) + 0.40(5) i
(−,+,+) 4301(1)− 58(1)i 0.32(1) + 0.39(1) i 2.21(2) + 0.18(1) i −2.19(3)− 0.38(2) i
(−,+,+) 4478(7)− 84(9)i 0.20(2)− 0.37(2) i −1.05(5)− 1.08(4) i −1.54(8)− 0.66(5) i

Table 6. The poles of the amplitude and its residues at these poles for the purely dynamical models
M0 and M0. Note that, to facilitate comparison of the models, here we quote all poles of the amplitude
rather than only those relevant for the dynamics of the system listed in table 3.

Model Zc(3900) Zc(4020)
M0 3875(1)− i 28(2) 4008(2)− i 14(1)
M1 3876(2)− i 34(3) 3998(6)− i 13(7)
M2 3868(4)− i 43(6) 4036(2)− i 35(5)
PDG 3887(3)− i 14(1) 4024(1)− i 7(3)

Table 7. The Zc’s pole positions (in MeV) extracted in the three benchmark models and quoted
from the RPP in the form of (M − iΓ/2) [65].

corresponding D∗D̄1 pole in model M0 is located far from the physical axis and therefore
has only a minor impact on the line shapes.

The results of model M0 highlight the need for more sufficiently precise DD̄∗π data before
definitive conclusions can be drawn regarding the compact-state content of the charmonium(-
like) spectrum in the studied energy range.

5.3 Invariant-mass distributions

The profiles of the invariant-mass distributions provide an important additional check of
the validity of the coupled-channel scheme constructed in this work. In particular, the
plots in figure 7 demonstrate that all benchmark models reproduce the J/ψπ± enhancement
associated with the Zc(3900), while the dependence on the fitting model remains mild in
this channel. This observation is further supported by table 7, where the extracted poles
corresponding to the Zc(3900) and Zc(4020) are shown to remain largely stable across all
fitting models, with only a moderate effect on the imaginary parts in M2. Such stability
indicates that the Zc sector is governed predominantly by near-threshold coupled-channel
dynamics and is therefore much less sensitive to the detailed bare-pole content of the model.
The invariant-mass distributions in the hcπ±, D0D∗−, and D∗0D∗− channels shown in figure 8
also confirm that the current data are generally well described by all three models and do
not allow for a clear distinction among them.
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Figure 7. Invariant mass distributions at the BESIII energies listed in table 1 for the J/ψπ±

two-body subsystem in the observation channel 1 of eq. (4.7), corresponding to the best fits obtained in
M0 (blue solid), M1 (orange solid), and M2 (red solid), introduced in section 5.1. In each plot, the full
result is accompanied by the Zc and smooth ππ contributions defined in eq. (4.46) for Model M2. The
last four data sets (shown in gray) were not included in the fit since they are not corrected for efficiency.
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Figure 8. Fitted invariant-mass distributions in the two-body subsystems hcπ
±, D0D∗−, and

D∗0D∗− of the corresponding observation channels in eq. (4.7) at the c.m. energies 4.23, 4.26 and/or
4.36 GeV.

With all parameters fully fixed by the global fit, the present framework allows one to
predict the invariant-mass distributions in channels and energy regions where data are sparse
or not yet available. Figure 9 shows the predictions at several selected energies, while figure 14
in appendix C presents the corresponding results for all 21 BESIII energy points, analogous
to those shown in figure 7. We note, in particular, that the low-mass enhancements associated
with the Zc sector are present in all models, which is again consistent with the stability
of the two Zc poles listed in table 7. However, the strength and energy dependence of the
higher-mass tails differ noticeably among the models. The comparison therefore shows that
some features are robust, while others are clearly model-dependent and may thus provide
a means to discriminate between the models in the future, once the missing data become
available. These predictions are especially relevant and timely, since future measurements of
the hcπ±, D0D∗−, and D∗0D∗− invariant-mass distributions at higher energies should allow
for a much sharper distinction between the different scenarios considered in this work.

5.4 Predictions for the HQSS partners

HQSS relates the short-range interactions in different open-charm channels. In addition to
the three 1−− channels investigated in this work, the {D,D∗}–{D̄1, D̄

∗
2} systems give rise

to channels with quantum numbers JPC = 0−±, 1−+, 2−±, and 3−±. The corresponding
short-range interaction potentials can all be expressed in terms of the four contact interactions
introduced in eq. (A.10); see ref. [9] for details. The channels with JPC = 0−−, 1−+, and 3−+

are of particular interest, since these quantum numbers cannot be realised by conventional cc̄
charmonia and are therefore manifestly exotic. In particular, a 0−− D∗D̄1 bound state was
predicted in ref. [88], while the 1−+ DD̄1 system has been studied in refs. [90, 159–161]. For
a discussion of HQSS partners in the compact tetraquark model [162], we refer to ref. [86].
Experimental searches for such exotic states have recently been carried out by the BESIII
Collaboration [163, 164]. Although no statistically significant signal has been observed so far,
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Figure 9. Predicted invariant-mass distributions in the two-body subsystems hcπ
±, D0D∗−, and

D∗0D∗− of the corresponding observation channels in eq. (4.7) obtained for selected values of the c.m.
energy, explicitly indicated in each plot. Note that there is no phase space for the D∗D̄∗π final state
at E = 4.15GeV, so the corresponding slot in the upper right corner of the figure is left blank.
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the current data do not yet allow one to draw definitive conclusions regarding their existence.
Interestingly, in the hidden-strangeness sector, the corresponding 0−− molecular state may
have manifested itself in the decay J/ψ → ϕηη′ [165, 166].

In this work, we focus on three channels whose contact interactions are determined by
three independent combinations of the contact terms introduced in eq. (4.53) and constrained
by the fit,

V (0−−, D∗D̄1) = F d01 + F c01,

V (0−+, D∗D̄1) = F d01 − F c01,

V (3−−, D∗D̄∗
2) = δF02.

(5.2)

Meanwhile, a disclaimer is in order here. The absorptive parts of the contact terms in
eq. (4.53), extracted from the analysis of the 1−− sector, effectively parameterise the inelastic
channels relevant to that sector. In general, however, the inelastic channels associated with
other JPC quantum numbers are different, so the corresponding absorptive contributions need
not be the same. By contrast, the real parts of the contact terms are expected to be more
universal across HQSS-partner channels. We therefore use them to estimate the strength
of the short-range interaction in the channels considered here. For each set of quantum
numbers JPC , we solve the corresponding single-channel pole equation and determine the
binding energy4 according to

EB =Mth − ReEpole. (5.3)

The results are summarized in table 8, where “+” and “−” denote the first and second
Riemann sheets, respectively, and a brief discussion of the individual channels follows below.

• The prediction for the 3−− D∗D̄∗
2 partner is remarkably stable across the different mod-

els. All solutions yield a strongly attractive interaction and predict a pole on the first
Riemann sheet with a binding energy of approximately 90–100 MeV. This makes the exis-
tence of the 3−− partner a robust consequence of the interaction constrained by the data.

• The 0−+ D∗D̄1 partner is also found to be bound in all considered solutions. Although,
varying from 47 MeV to 81 MeV, its binding energy exhibits a larger spread than in the
3−− channel, all models nevertheless predict an attractive interaction strong enough
to support a bound state.

• The predictions for the 0−− D∗D̄1 channel are the least conclusive. In the M0, M1, and
M2 solutions, the corresponding pole is located on the second Riemann sheet. In models
M0 and M1, however, the attraction is relatively weak, resulting in poles residing more
than 100 MeV below the D∗D̄1 threshold; these poles are not included in table 8. There
are two reasons for disregarding them. First, they lie well outside the near-threshold
region where the leading-order contact potential can be expected to provide a reliable
description. Second, such remote poles on the second Riemann sheet have little impact
on the physical observables. In model M0, on the other hand, the pole moves much
closer to the threshold, approaching the unitary limit.

4For virtual states, this is not a binding energy in the strict sense, but only a measure of the pole distance
from threshold.
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JPC Channel Threshold [MeV] Model RS EB [MeV]

0−− D∗D̄1 4431 M0 − 1
M2 − 44

0−+ D∗D̄1 4431

M0 + 66
M0 + 80
M1 + 81
M2 + 47

3−− D∗D̄∗
2 4472

M0 + 94
M0 + 89
M1 + 98
M2 + 93

Table 8. Estimates for the pole positions of the HQSS partners. Only poles located within 100 MeV
of the corresponding threshold are quoted, since farther poles are not reliably constrained within the
simplified single-channel framework employed in the present analysis.

We also examined whether the current experimental data in the JPC = 1−− channel
allow for the existence of a bound state in the exotic 0−− channel, as predicted in ref. [88].
It turns out when adjusting F c01 + F d01 such that a bound state in the 0−− D∗D̄1 channel
appears with the binding energy of EB = 30 MeV, the overall fit gets only slightly worse.
Moreover, the pole locations found for the quantum numbers 0−+ and 3−− as well as those
in the 1−− channels remain consistent with those found before. We therefore conclude that
the currently available data do not exclude the existence of an exotic 0−− bound state of
the type predicted in ref. [88].

Clearly, improved data in the 1−− channel would allow us to also refine further the
predictions for the spin partner states. But this connection goes both ways: Once sufficiently
good data are available in the channels for the spin partner states, those will allow us to
better understand the physics of the vector states.

6 Summary and outlook

In this work, we developed a unified coupled-channel framework for the vector charmonium(-
like) structures residing in the energy region from 4.1 to 4.6 GeV. It incorporates the three
S-wave open-charm channels DD̄1, D∗D̄1, and D∗D̄∗

2 as well as (optionally) the bare poles
associated with the ψ(4160) and ψ(4415) treated as compact quark model states. Four
benchmark models were introduced and employed in the combined data analysis: the purely
dynamical model M0 (together with its variant M0, in which the relative weights of the
datasets were artificially modified), the one-seed-state model M1, and the two-seed-state
model M2. Simultaneous fits to cross sections and invariant-mass distributions measured at
BESIII demonstrate that the strongly channel-dependent line shapes in this energy region
can be described reasonably well within the proposed common multichannel framework. This
illustrates very clearly the need of simultaneous analyses of various channels with proper
theoretical formalisms, if one aims at extracting the physics content of a certain system.
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Assessment of the results obtained in this work leads to the following conclusions:

• The coupled-channel formalism employed here is capable of describing the studied
experimental distributions and provides an overall good fit quality. In particular,
already the version without any bare poles (model M0) can describe simultaneously
the total cross sections in the J/ψππ and the DD̄∗π channels with reasonable accuracy.
This observation is in conflict with the conclusion of ref. [73], which called for the
inclusion of the ψ(4160). Thus, the coupled-channel dynamics not considered in ref. [73]
can produce additional structures. However, some detailed features of the observed
channels, such as hcππ and DD̄∗π, are better captured when additional charmonium
poles are included.

• In models M1 and M2, the physical masses and widths of the compact charmonium
states extracted from the poles of the amplitude deviate only mildly from both the
PDG values used as initial input and the bare values returned by the best fit. This is
consistent with the quarkonia largely decoupling from the two-meson states — a scenario
proposed in refs. [167, 168]. It should be stressed, however, that the quark-model states
play an important role in describing the data for the various D(∗)D̄(∗) channels with
JPC = 1−−.

• The two dynamical states found in all fitting models at around 4.23 and 4.32 GeV
are robust, and their properties show only minor variations among the models. It is
interesting to observe that, although three coupled two-body elastic channels were
included in the analysis, only two near-threshold states were generated dynamically: one
can be identified with the ψ(4230), and the other corresponds to the ψ(4320), which is
significantly shifted downward from the D∗D̄∗

2 threshold due to strong coupled-channel
effects (see the results for model M0 in figure 5 and table 3). The pole that lies near the
D∗D̄1 threshold in the decoupled-channel limit moves far away from the near-threshold
region and does not affect observables. However, we demonstrated by re-weighting
some selected data sets that a third dynamical state could also be present and generate
additional structure around 4.4 GeV (see the results for model M0 and their comparison
with those for model M0 in figure 6 and table 6). Thus, improved data for different
channels in this mass range are needed to draw firmer conclusions on the number of
dynamically generated poles.

• Contrary to the findings of ref. [73], in all fits presented here, there is a dynamically gener-
ated pole close to 4.3 GeV. The coupled-channel dynamics driving the emergence of this
pole was absent in ref. [73], which might be the origin of this difference. However, as al-
ready pointed out above, more definite conclusions on the pole content in the mass range
studied here can only be drawn once better data for all relevant channels are available.

• The present analysis supports an alternative, theoretically motivated framework in which
the experimentally observed vector enhancements above 4.2 GeV need not be interpreted
as a naïve sequence of isolated Breit-Wigner resonances. Instead, the results favor a
mixed scenario in which threshold-driven dynamical states may coexist and interfere
with explicit seed states (generally consistent with the expectations of the quark model).
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• Employing the contact interactions constrained by the coupled-channel fit in the 1−−

sector, we also predicted the pole structure of several HQSS-partner channels. The 3−−

D∗D̄∗
2 and 0−+ D∗D̄1 partners are found to be robustly bound across all considered

models. The predictions for the exotic 0−− D∗D̄1 channel are far less constrained;
nevertheless, the current data were found compatible with the existence of a bound
state in this channel, too, as predicted in ref. [88].

• The Zc-related sector shows significantly greater stability across the benchmark models,
suggesting that the two Zc poles are largely governed by near-threshold dynamics and
are much less sensitive to the detailed bare-pole content of the vector sector.

The proposed framework is also capable of reproducing various measured invariant-mass
distributions such as J/ψπ±, hcπ±, DD̄∗, and D∗D̄∗, and provides predictions for channels
and energies for which data remain sparse. Further progress will come from more precise
measurements of additional hidden-charm and open-charm final states, especially those
capable of resolving the energy dependence of the hcπ±, DD̄∗, and D∗D̄∗ subsystems. Such
measurements will provide essential additional constraints on the interplay between explicit
bare poles and dynamical poles in the vector charmonium-like sector. Moreover, having
demonstrated the connection between the system with 1−− and its spin partner channels,
additional data in the latter will not only teach us a lot about the QCD spectrum but also
improve our understanding of the vector channel.
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A HQSS-constrained interactions

Hadrons containing one or more heavy quarks exhibit an emergent symmetry known as
heavy quark spin symmetry (HQSS) often employed in the low-energy effective field theory
of QCD [169, 170]. This symmetry arises because the spin sQ of a heavy quark Q effectively
decouples from the momentum of the light degrees of freedom jℓ. Specifically, in the limit
mQ → ∞, the chromomagnetic interaction responsible for spin-dependent interactions between
heavy and light quarks is suppressed as σ · B/mQ ∼ ΛQCD/mQ ≪ 1, with ΛQCD ∼ 300 MeV
being the characteristic nonperturbative QCD scale. Therefore, strong interactions become
independent of the heavy quark spin orientation. Note that, in this appendix, the low case
Latin letters a and b are used for the SU(2) flavor indices.
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A.1 HQSS basis and LO potentials in the 1−− sector

For the ground states of charmed mesons, HQSS naturally organizes the spin-1 vector meson
P

∗(Q)
µ and the spin-0 pseudoscalar meson P (Q) into a heavy-light spin multiplet with jℓ = 1/2.

In the heavy quark effective theory formalism, these states are conveniently described by
the superfield H

(Q)
a [171–173],

H(Q)
a = 1 + /v

2
[
P ∗(Q)µ
a γµ − P (Q)

a γ5
]
, (A.1)

where the corresponding isospin doublets are

P (Q) = (D0, D+), P ∗(Q)
µ = (D∗0

µ , D
∗+
µ ), (A.2)

with vµ = pµ/M the four-velocity of the heavy meson satisfying v · v = 1. The heavy
field operators include a factor

√
MH (here MH is the heavy meson mass) and have the

mass dimension 3/2.
Similarly, the P -wave (L = 1) heavy-light mesons form two HQSS multiplets [174, 175]:

one with the light-quark angular momentum jℓ = 1/2,

S(Q)
a = 1 + /v

2
[
P

′(Q)µ
1a γµγ5 − P

∗(Q)
0a

]
, (A.3)

and the other with jℓ = 3/2,

T (Q)µ
a = 1 + /v

2

[
P

∗(Q)µν
2a γν −

√
3
2P

(Q)
1aν γ5

(
gµν − 1

3γ
ν (γµ − vµ)

)]
. (A.4)

The states in the multiplet S are generally broad due to their predominantly S-wave decays.
They are not included explicitly in the current analysis but are expected to contribute
to nonvanishing phases of some production parameters as discussed in section 4.6. The
mesons in the multiplet T ,

P
(Q)
1 = (D1(2420)0, D1(2420)+), P

(Q)
2 = (D∗

2(2460)0, D∗
2(2460)+), (A.5)

can only couple to D(∗)π in the D wave in the heavy quark limit. These D1(2420) and
D∗

2(2460) mesons are the key ingredients of the molecular states studied in this work.
The coupled-channel potential is derived from the LO effective Lagrangian for the HT̄+c.c.

interaction. To this end we first decompose the wave functions of the relevant two-meson
states in terms of the HQSS basis states |sQ, jℓ, J⟩, where sQ, jℓ, and J are the heavy quark
spin, angular momentum of the light degrees of freedom, and the total angular momentum,
respectively. The physical 1−− channels relevant to our analysis are projected onto the
HQSS basis as

|DD̄1⟩ =
1
2 |0, 1, 1⟩1 −

√
1
8 |1, 1, 1⟩1 +

√
5
8 |1, 2, 1⟩1 ,

|D∗D̄1⟩ = −
√

1
8 |0, 1, 1⟩1 +

3
4 |1, 1, 1⟩1 +

√
5
4 |1, 2, 1⟩1 ,

|D∗D̄∗
2⟩ =

√
5
8 |0, 1, 1⟩1 +

√
5
4 |1, 1, 1⟩1 −

1
4 |1, 2, 1⟩1 ,

(A.6)
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while for their charge conjugates one has

|D1D̄⟩ = 1
2 |0, 1, 1⟩2 +

√
1
8 |1, 1, 1⟩2 +

√
5
8 |1, 2, 1⟩2 ,

|D1D̄
∗⟩ = −

√
1
8 |0, 1, 1⟩2 −

3
4 |1, 1, 1⟩2 +

√
5
4 |1, 2, 1⟩2 ,

|D∗
2D̄

∗⟩ =
√

5
8 |0, 1, 1⟩2 −

√
5
4 |1, 1, 1⟩2 −

1
4 |1, 2, 1⟩2 ,

(A.7)

where the subscripts 1 and 2 distinguish the HT̄ and TH̄ ordering, respectively. We choose
the relative phase of the TH̄ basis such that the D1D̄

∗ channel carries an extra overall minus
sign as shown above. If we denote the states from the sets in eqs. (A.6) and (A.7) as |α⟩ and
|ᾱ⟩, respectively, and employ the charge conjugation operation in eq. (4.4), then

|α;C = −⟩ = 1√
2
(|α⟩ − |ᾱ⟩), (A.8)

and the potential in eq. (4.13) follows from the projection

Vαβ = ⟨α;C = −|Hint|β;C = −⟩ = 1
2
(
⟨α|Hint|β⟩+ ⟨ᾱ|Hint|β̄⟩ − ⟨α|Hint|β̄⟩ − ⟨ᾱ|Hint|β⟩

)
.

(A.9)
Assuming that the interaction Hamiltonian Hint conserves HQSS and, therefore, is diagonal
in the HQSS basis, we define the following nonvanishing matrix elements for the direct (d)
and cross (c) interactions:

⟨sQ, jℓ, J |Hint |s′Q, j′ℓ, J ′⟩ = ⟨sQ, jℓ, J |Hint |s′Q, j′ℓ, J ′⟩ = δsQs
′
Q
δjℓj′ℓδJJ

′F dIjℓ ,

⟨sQ, jℓ, J |Hint |s′Q, j′ℓ, J ′⟩ = ⟨sQ, jℓ, J |Hint |s′Q, j′ℓ, J ′⟩ = δsQs
′
Q
δjℓj′ℓδJJ

′F cIjℓ ,
(A.10)

where I is the isospin quantum number. In the present work, we set I = 0 throughout, since
all channels considered here are isoscalar. By projecting the interaction strength defined
above onto the physical channel basis, we obtain the coupled-channel potential V for the
HT̄ interaction, as quoted in eq. (4.13).

A.2 THΦ Lagrangian and tensor decay amplitudes

The nonrelativistic form of the HQSS multiplets in eqs. (A.1) and (A.4) read

Ha =D∗
a · σ +Da and T ia = Dij

2aσ
j +

√
2
3D

i
1a + i

√
1
6ϵijkD

j
1aσ

k, (A.11)

respectively, while the matrix of the pions is

Φ =

 π0/
√
2 π+

π− −π0/
√
2

 . (A.12)

Then the LO effective Lagrangian for the transition of a P -wave heavy meson T into a
ground-state heavy meson H and a light pseudoscalar Φ, collected in eqs. (A.11), (A.12),
that satisfies HQSS and corresponds to a D-wave coupling, reads

LD = hD
2Fπ

〈
T ibσ

jH†
a

〉
∂i∂jΦba, (A.13)
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where Fπ = 92.4MeV is the pion decay constant. Meanwhile, the width of the decay
D1 → D∗π derived from the Lagrangian in eq. (A.13) for the physical D1(2420) meson fails
to saturate its full experimental decay width [175, 176]. It suggests sizable HQSS-breaking
effects and the necessity to take into account S-wave contribution to this decay that stems
from the Lagrangian

LS = i
hS√
6Fπ

Di
1bD

∗†i
a ∂0Φba. (A.14)

The absolute values of the couplings hS and hD can be determined by fitting the experimental
decay widths of the D∗

2(2460) and D1(2420) mesons, yielding |hS | = 0.57 and |hD| =
1.17GeV−1 [176]. Then, from the effective Lagrangians LD and LS in eqs. (A.13) and (A.14),
respectively, one can extract

LD1D∗π = hD√
6Fπ

(
3Di

1bD
∗†j
a ∂i∂jΦba −Di

1bD
∗†i
a ∂2Φba

)
+ i

hS√
6Fπ

Di
1bD

∗†i
a ∂0Φba,

LD∗
2D

∗π = i
hD
Fπ

ϵijkDil
2bD

∗†k
a ∂j∂lΦba,

LD∗
2Dπ

= hD
Fπ

Dij
2bD

†
a∂

i∂jΦba.

(A.15)

These interaction terms lead to the decay amplitudes

MD1→D∗π = −
√
mD1mD∗
√
6Fπ

ϵiD1ϵ
∗j
D∗

(
hSp

0
πδ
ij + hD

(
3piπpjπ − p2

πδ
ij
))

= −c1ϵ
i
D1ϵ

∗j
D∗Mij

TH1,

MD∗
2→D∗π = −i

√
mD∗

2
mD∗

Fπ
ϵilD∗

2
ϵ∗kD∗

(
hDϵ

ijkpjπp
l
π

)
= −ic2ϵ

il
D∗

2
ϵ∗kD∗Milk

TH2,

MD∗
2→Dπ = −

√
mD∗

2
mD

Fπ
ϵijD∗

2
(hDpiπpjπ) = −c3ϵ

ij
D∗

2
Mij

TH3,

(A.16)
where

c1 =
√
mD1mD∗
√
6Fπ

, c2 =
√
mD∗

2
mD∗

Fπ
, c3 =

√
mD∗

2
mD

Fπ
(A.17)

and

Mij
TH1 = hSp

0
πδ
ij + hD

(
3piπpjπ − p2

πδ
ij
)
, Milk

TH2 = hDϵ
ijkpjπp

l
π, Mij

TH3 = hDp
i
πp

j
π.

(A.18)

A.3 Transitions from two-body elastic channels to J/ψη and χc0ω

In this appendix we provide some details concerning production of the observation channels
in eq. (4.8) with two-body final states. To proceed we decompose the corresponding states
in the basis {|a; sQ, jℓ, J⟩}, with a = 5 for J/ψη and a = 6 for χc0ω, as defined in eq. (4.8).
Then we arrive at

|J/ψη, L = 1⟩ = |J/ψη; 1, 1, 1⟩ ,

|χc0ω,L = 0⟩ = 1
3 |χc0ω; 1, 0, 1⟩ −

1√
3
|χc0ω; 1, 1, 1⟩+

√
5
3 |χc0ω; 1, 2, 1⟩

(A.19)
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so the transition amplitudes can be parametrized as

⟨1, 1, 1|Hint |J/ψη, L = 1⟩ = −⟨1, 1, 1|Hint |J/ψη, L = 1⟩ = FJ/ψηpη,

⟨1, 1, 1|Hint |χc0ω,L = 0⟩ = −⟨1, 1, 1|Hint |χc0ω,L = 0⟩ = Fχc0ω,
(A.20)

with FJ/ψη and Fχc0ω two free parameters and pη the momentum of η in the c.m. frame.
Since the lℓ = 1/2 component in D1(2420) is small, we do not consider the mixing here. Then
it is straightforward to obtain for the LO transitions from a two-body elastic channel α,

Vα5 = ⟨α|Hint |J/ψη, L = 1⟩ =
(
−1
2 ,

3√
8
,

√
5
8

)
FJ/ψηpη,

Vα6 = ⟨α|Hint |χc0ω,L = 0⟩ =
(
−1
2 ,

3√
8
,

√
5
8

)
Fχc0ω,

(A.21)

with α = 1, 2, 3 enumerating the two-body elastic channels in eq. (4.2).

A.4 HQSS basis and the potentials in the Zc-related sector

We consider the two-body subsystems of the three-body observation channels with Zc-related
interactions; see eq. (4.39) — and decompose the corresponding states in the basis |sQ, jℓ, J⟩,

|J/ψπ⟩ = |a = 1; 1, 0, 1⟩ ,

|hcπ⟩ = |a = 2; 0, 1, 1⟩ ,∣∣∣D̄D∗
〉
= 1

2 |a = 3; 1, 0, 1⟩ − 1
2 |a = 3; 0, 1, 1⟩+ 1√

2
|a = 3; 1, 1, 1⟩ ,∣∣∣D̄∗D

〉
= −1

2 |a = 3; 1, 0, 1⟩+ 1
2 |a = 3; 0, 1, 1⟩+ 1√

2
|a = 3; 1, 1, 1⟩ ,∣∣∣D̄∗D∗

〉
= 1√

2
|a = 4; 1, 0, 1⟩+ 1√

2
|a = 4; 0, 1, 1⟩ ,

(A.22)

which gives for the relevant linear combination∣∣∣D̄∗D
〉

+
≡ 1√

2

(∣∣∣D̄D∗
〉
+
∣∣∣D̄∗D

〉)
= |a = 3; 1, 1, 1⟩ , (A.23)∣∣∣D̄∗D

〉
−
≡ 1√

2

(∣∣∣D̄D∗
〉
−
∣∣∣D̄∗D

〉)
= 1√

2
(|a = 3; 1, 0, 1⟩ − |a = 3; 0, 1, 1⟩) . (A.24)

Then the LO HQSS-motivated transition potential in the basis of physical states

{|J/ψπ⟩ , |hcπ⟩ ,
∣∣∣D̄∗D

〉
−
,
∣∣∣D̄∗D∗

〉
} (A.25)

reads

V Zc
HQSS =


0 0 1√

2F
1√
2F

0 0 − 1√
2Gpπ

1√
2Gpπ

1√
2F − 1√

2Gpπ
1
2(C0 + C1) 1

2(C0 − C1)
1√
2F

1√
2Gpπ

1
2(C0 − C1) 1

2(C0 + C1)

 , (A.26)
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where the four independent low-energy constants appearing at this level, F , G, C0, and
C1, are defined through

F = ⟨a; 1, 0, 1|Hint |J/ψπ⟩ , G pπ = ⟨a; 0, 1, 1|Hint |hcπ⟩ , (A.27)

for a = 1, 2, and

⟨a; sQ, jℓ, J |Hint
∣∣∣a′; s′Q, j′ℓ, J ′

〉
= δsQs

′
Q
δjℓj′ℓδJJ

′Cjℓ , (A.28)

for a, a′ = 3, 4. It proves convenient to define the linear combinations C1Z ≡ (C0 + C1)/2
and C34 ≡ (C0 − C1)/2.

Note that, for the transition a → b (a, b = 1 . . . 4), the corresponding matrix elements
in eq. (A.26) should be multiplied by the mass factor 4√ma1ma2mb1mb2 to account for the
normalization of fields, where {ma1,ma2} and {mb1,mb2} are the masses of the two particles
in the given initial- and final-state observation channel, respectively.

B Production amplitudes in the observation channels

In this appendix we collect explicit channel-dependent formulas for the production of the
observation channels in eqs. (4.7) and (4.8) used to evaluate the amplitudes in eq. (4.25).

B.1 Observation channel J/ψπ+π− (a = 1)

The set of the diagrams relevant for building the total production amplitude in the channel
J/ψπ+π− is shown in figure 3. The components of this amplitude contributing to the
decomposition in eq. (4.28) read (summations over repeated indices of the observation channels
b and c as well as the three-dimensional Cartesian index k are implied; no summation over
A is understood)

Mγ∗,ij
1 =

(
Pγ∗

a=1 + Pγ∗

b GZc
bc (s)T

Z−
c

c1 (s) + Pγ∗

b GZc
bc (t)T

Z+
c

c1 (t)
)
δij , (B.1)

MA,ij
1 = −UAGAA

(
PA
a=1 + PA

b G
Zc
bc (s)T

Z−
c

c1 (s) + PA
b G

Zc
bc (t)T

Z+
c

c1 (t)
)
δij , (B.2)

Mα=1,ij
1 = 1√

2
c1Uα=1TD1DD∗

(
Mij

TH1(p1)TZ
−
c

31 (s) +Mij
TH1(p2)TZ

+
c

31 (t)
)
, (B.3)

Mα=2,ij
1 = 1

2c1Uα=2TD1D∗D∗

[(
Mij

TH1(p1)− δijMkk
TH1(p1)

)
TZ

−
c

41 (s)

+
(
Mij

TH1(p2)− δijMkk
TH1(p2)

)
TZ

+
c

41 (t)
]
, (B.4)

Mα=3,ij
1 =

√
3√
10
c3Uα=3TD∗

2DD
∗

[(
Mij

TH3(p1)− δijMkk
TH3(p1)/3

)
TZ

−
c

31 (s)

+
(
Mij

TH3(p2)− δijMkk
TH3(p2)/3

)
TZ

+
c

31 (t)
]

+
√
3

2
√
10
c2Uα=3TD∗

2D
∗D∗ϵjbk

[(
Mibk

TH2(p1) +Mbik
TH2(p1)

)
TZ

−
c

41 (s)

+
(
Mibk

TH2(p2) +Maik
TH2(p2)

)
TZ

+
c

41 (t)
]
, (B.5)

where the triangle loop function denoted by TP1P2P3 is approximated as

TP1P2P3 ≃ −IP1P2P3 , (B.6)
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with the scalar function IP1P2P3 provided explicitly in ref. [92]. The constants ci and the
amplitude MTH are related to the transition of T → Hπ and the corresponding expressions
are given in eqs. (A.17) and (A.18), respectively. The tensor amplitude in eq. (4.25) given
by the sum of the contributions in eqs. (B.1)–(B.5) can be decomposed in the independent
tensor structures as

Mij
1 =M11(s, t)δij +M12(s)pi1p

j
1 +M12(t)pi2p

j
2, (B.7)

where the coefficients of this decomposition take the form

M11(s, t) =
(Pγ∗

a=1 + Pγ∗

b GZc
bc (s)T

Z−
c

c1 (s) + Pγ∗

b GZc
bc (t)T

Z+
c

c1 (t)
)

−
2∑

A=1
UAGAA

(PA
1 + PA

b G
Zc
bc (s)T

Z−
c

c1 (s) + PA
b G

Zc
bc (t)T

Z+
c

c1 (t)
)

+ 1√
2
c1Uα=1

[
TD1D̄D∗(s)TZ

−
c

31 (s)
(
hSp

0
1 − hDp

2
1

)
+ TD1D̄D∗(t)TZ

−
c

31 (t)
(
hSp

0
2 − hDp

2
2

)]
− c1Uα=2

[
TD1D̄∗D∗(s)TZ

−
c

41 (s)
(
hSp

0
1 + hDp

2
1/2
)

+ TD1D̄∗D∗(t)TZ
+
c

41 (t)
(
hSp

0
2 + hDp

2
2/2
)]

− 1√
30
c2Uα=3

[
TD∗

2D̄
∗D(s)T

Z−
c

31 (s)hDp2
1 + TD∗

2D̄
∗D(t)T

Z+
c

31 (t)hDp2
2
]

−
√
3

2
√
10
c2Uα=3

[
TD∗

2D̄
∗D∗(s)TZ

−
c

41 (s)hDp2
1 + TD∗

2D̄
∗D∗(t)TZ

+
c

41 (t)hDp2
2
]
, (B.8)

M12(s) =
3√
2
c1Uα=1TD1D̄D∗(s)TZ

−
c

31 (s)hD + 3
2c1Uα=2T

Z+
c

D1D̄∗D∗(s)T
Z−

c
41 (s)hD

+
√

3
10c3Uα=3TD∗

2D̄
∗D(s)T

Z−
c

31 (s)hD + 3
√
3

2
√
10
c2Uα=3TD∗

2D̄
∗D∗(s)TZ

−
c

41 (s)hD.

(B.9)

Then the vector M̄1(s, t) introduced in eq. (4.29) reads

M̄1(s, t) =
(
M11(s, t),M12(s),M12(t)

)T
(B.10)

and the 3 × 3 kinematical matrix Q1 is

Q1 = 1
3

 3 p2
1 p2

2
p2

1 p4
1 (p1 · p2)2

p2
2 (p1 · p2)2 p4

2

 . (B.11)

B.2 Observation channel hcπ+π− (a = 2)

The production of the observation channel hcπ+π− is illustrated in figure 10 and described by
the tensor Mij

2 introduced in eq. (4.25). Following the decomposition explained in eq. (4.28),
we write the individual contributions to this tensor as (summations over repeated indices of
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=

π+

π−

hc

+
∑

A

π+

π−

hc

+
∑

α

π+

π−

hc

A

π+

π−

hc

α

=

π+

π−

hc

+
∑

a

π+

π−

hc

+
∑

b

π+

π−

hc

a
TZ−

c
a2

π−

π+

hc
b

TZ+
c

b2

=

π+

π−

hc

A
+

∑
a

π+

π−

hc

A A
+

∑
b

π+

π−

hc

a
TZ−

c
a2

A

π−

π+

hc
b

TZ+
c

b2

=

π+

π−

hc

α = 1
+

π+

π−

hc

D̄0
1

D0

D∗−

TZ−
c

32

+

π+

π−

hc

D+
1

D−

D∗0

TZ−
c

32

+

π−

π+

hc

D−
1

D+

D̄∗0

TZ+
c

32

π−

π+

hc

D0
1

D̄0

D∗+

TZ+
c

32

=

π+

π−

hc

α = 2
+

π+

π−

hc

D̄0
1

D∗0

D∗−

TZ−
c

42

+

π+

π−

hc

D+
1

D∗−

D∗0

TZ−
c

42

+

π−

π+

hc

D−
1

D∗+

D̄∗0

TZ+
c

42

π−

π+

hc

D0
1

D̄∗0

D∗+
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Figure 10. Diagrams for the production of hcπ
+π− from the virtual photon.

the observation channels b and c as well as the three-dimensional Cartesian indices k and
l are implied; no summation over A is understood)

Mγ,ij
2 =

(Pγ∗

a=2 + Pγ∗

b GZc
bc (s)T

Z−
c

c2 (s) + Pγ∗

b GZc
bc (t)T

Z+
c

c2 (t)
)
δij , (B.12)

MA,ij
2 = −UAGAA

(PA
a=2 + PA

b G
Zc
bc (s)T

Z−
c

c2 (s) + PA
b G

Zc
bc (t)T

Z+
c

c2 (t)
)
δij , (B.13)

Mα=1,ij
2 = 1√

2
c1Uα=1TD1DD∗

(Mij
TH1(p1)TZ

−
c

32 (s) +Mij
TH1(p2)TZ

+
c

32 (t)
)
, (B.14)

Mα=2,ij
2 = −1

2c1Uα=2TD1D∗D∗
[(
δijMll

TH1(p1)−Mij
TH1(p1)

)
TZ

−
c

42 (s)

+
(
δijMll

TH1(p2)−Mij
TH1(p2)

)
TZ

+
c

42 (t)
]
, (B.15)

Mα=3,ij
2 =

√
3
10c3Uα=3TD∗

2D
∗D∗

[(
Mij

TH3(p1)−
1
3δ

ijMll
TH3(p1)

)
TZ

−
c

32 (s)

+
(
Mij

TH3(p2)−
1
3δ

ijMll
TH3(p2)

)
TZ

+
c

32 (t)
]
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4
√
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c2Uα=3TD∗

2D
∗D∗ϵjkl

×
[(Mikl

TH2(p1)−Milk
TH2(p1) +Mkil

TH2(p1)−Mlik
TH2(p1)

)
TZ

−
c

42 (s)

+
(Mikl

TH2(p2)−Milk
TH2(p2) +Mkil

TH2(p2)−Mlik
TH2(p2)

)
TZ

+
c

42 (t)
]
. (B.16)

After summing up the contributions above, the full amplitude Mij
2 can be expressed as

Mij
2 =M21(s, t)δij +M22(s)pi1p

j
1 +M22(t)pi2p

j
2, (B.17)

with the coefficients

M21(s, t) =
(
Pγ∗

a=2 + Pγ∗

b GZc
bc (s)T

Z−
c

c2 (s) + Pγ∗

b GZc
bc (t)T

Z+
c

c2 (t)
)

−
2∑

A=1
UAGAA

(
PA
a=2 + PA

b G
Zc
bc (s)T

Z−
c

c2 (s) + PA
b G

Zc
bc (t)T

Z+
c

c2 (t)
)

+ 1√
2
c1Uα=1TD1D̄D∗

[
TZ

−
c

32 (s)
(
hSp

0
1 − hDp

2
1

)
+ TZ

+
c

32 (t)
(
hSp
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2 − hDp

2
2

)]
+ c1Uα=2TD1D̄∗D∗

[
TZ

−
c

42 (s)
(
hSp

0
1 + 1

2hDp
2
1

)
+ TZ

+
c

42 (t)
(
hSp

0
2 + 1

2hDp
2
2

)]
− 1√

30
c3Uα=3TD∗

2D̄
∗D hD

[
TZ

−
c

32 (s)p2
1 + TZ

+
c

32 (t)p2
2

]
−

√
3

2
√
10
c2Uα=3TD∗

2D̄
∗D∗ hD

[
TZ

−
c

42 (s)p2
1 + TZ

+
c

42 (t)p2
2

]
(B.18)

M22(s) =
3√
2
c1Uα=1TD1D̄D∗T

Z−
c

32 (s)hD − 3
2c1Uα=2TD1D̄∗D∗T

Z−
c

42 (s)hD

+
√

3
10c3Uα=3TD∗

2D̄
∗DT

Z−
c

32 (s)hD + 3
√
3

2
√
10
c2Uα=3TD∗

2D̄
∗D∗T

Z−
c

42 (s)hD. (B.19)

Then the vector M̄2 in eq. (4.29) reads

M̄2 =
(
M21(s, t),M22(s),M22(t)

)T
(B.20)

and the kinematical matrix Q2 takes the same form as Q1 in eq. (B.11).

B.3 Observation channel D∗−D0π+ (a = 3)

The production of the D∗−D0π+ final state is illustrated in figure 11. The total tensor
amplitude Mij

3 in eq. (4.25) admits various contributions as given in eq. (4.28) which read
(summations over repeated indices of the observation channels b and c as well as the three-
dimensional Cartesian index k are implied; no summation over A is understood)

Mγ∗,ij
3 = 1√

2

(
Pγ∗

a=3 + Pγ∗

b GZc
bc (s)T

Z−
c

c3 (s)
)
δij , (B.21)

MA,ij
3 = − 1√

2
UAGAA

(
PA
a=3 + PA

b G
Zc
bc (s)T

Z−
c

c3 (s)
)
δij , (B.22)

Mα=1,ij
3 = 1

2c1Uα=1Mij
TH1(p1)

(
−GD1(u) + TD1DD∗TZ

−
c

33 (s)
)
, (B.23)

– 42 –



J
H
E
P
0
9
(
2
0
2
6
)
1
2
5

=

π+

D∗−

D0

+
∑

A

π+

D∗−

D0

+
∑

α

π+

D∗−

D0

A

π+

D∗−

D0

α

=

π+

D∗−

D0

+
∑

a

π+

D∗−

D0

π+

D∗−

D0
a

TZ−
c

a3

=

π+

D∗−

D0

A
+

∑
a

π+

D∗−

D0

A

π+

D∗−

D0
a

TZ−
c

a3

A

=

π+

D∗−

D0

α = 1
+

π+

D∗−

D0

D̄0
1

+

π+

D∗−

D0

D̄0
1

D0

D∗−

TZ−
c

33

D∗−

D0

π+

D+
1

D−

D∗0

TZ−
c

33

=

π+

D∗−

D0

α = 2
+

π+

D∗−

D0

D̄0
1

D∗0

D∗−

TZ−
c

43

π+

D∗−

D0

D+
1

D∗−

D∗0

TZ−
c

43

=

π+

D∗−

D0

α = 3
+

π+

D∗−

D0

D+
2

+

π+

D∗−

D0

D̄0
2

D∗0

D−

TZ−
c

33

+

π+

D∗−

D0

D+
2

D∗−

D0

TZ−
c

33

+

π+

D∗−

D0

D̄0
2

D∗0

D∗−

TZ−
c

43

π+

D∗−

D0

D+
2

D∗−

D∗0

TZ−
c

43

Figure 11. Diagrams for the production of D0D∗−π+ from the virtual photon.

Mα=2,ij
3 = − 1

2
√
2
c1Uα=2TD1D∗D∗

(
Mij

TH1(p1)− δijMkk
TH1(p1)

)
TZ

−
c

43 (s), (B.24)

Mα=3,ij
3 =

√
3

2
√
5
c3Uα=3

(
−GD∗

2
(t) + TD∗

2DD
∗TZ

−
c

33 (s)
) [

Mij
TH3(p1)− δijMkk

TH3(p1)/3
]

+
√
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4
√
5
c2Uα=3TD∗

2D
∗D∗

(
ϵjklMikl

TH2(p1)− ϵkjlMkil
TH2(p1)

)
TZ

−
c

43 (s). (B.25)

Then the total amplitude can be written as

Mij
3 =M31(s, t)δij +M32(s, t)pi1p

j
1, (B.26)

with the coefficients

M31(s, t) =
(
Pγ∗

a=3 + Pγ∗

b Gbc(s)TZ
−
c

c3 (s)
)
−

2∑
A=1

UAGAA
(
PA
a=3 + PA

b G
Zc
bc (s)T

Z−
c

c3 (s)
)

+ 1
2c1Uα=1

(
hSp

0
1 − hDp

2
1

) (
GD1(u)− TD1D̄D∗T

Z−
c

33 (s)
)

+ 1√
2
c1Uα=2TD1D̄∗D∗T
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43 (s)
(
hSp

0
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1
2hDp

2
1
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(
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2
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∗DT
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33 (s)
)
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−
√
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c2Uα=3TD∗

2D̄
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43 (s)hDp2
1, (B.27)
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GD1(u)− TD1D̄D∗T
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√
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43 (s)hD
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(
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33 (s)TD∗
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+ 3
√
3

4
√
5
c2Uα=3TD∗

2D̄
∗D∗T

Z−
c

43 (s)hD. (B.28)

Then the vector M̄3 and the kinematical matrix Q3 in eq. (4.29) read

M̄3 =
(
M31(s, t),M32(s, t)

)T
(B.29)

and
Q3 = 1

3

(
3 p2

1
p2

1 p
4
1

)
, (B.30)

respectively.

B.4 Observation channel D∗−D∗0π+ (a = 4)

The production of the D∗−D∗0π+ final state is illustrated in figure 12. The total tensor
amplitude Mij

4 in eq. (4.25) admits various contributions as given in eq. (4.28) which read
(summations over repeated indices of the observation channels b and c as well as the three-
dimensional Cartesian indices k and l are implied; no summation over A is understood)

Mγ∗,ij
4 =

(
Pγ∗

a=4 + Pγ∗

b GZc
bc (s)T

Z−
c

c4 (s)
)
δij ,

MA,ij
4 = −UAGAA
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c4 (s)
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δij ,
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.

The total amplitude can be expressed as

Mij
4 =M41(s, t)δij +M42(s, t)pi1p

j
1, (B.31)

with the coefficients
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Figure 12. Diagrams for the production of D∗−D∗0π+ from the virtual photon.
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Figure 13. Diagrams relevant for the production of J/ψη. The meson-exchange mechanism for
the transition of a two-body elastic channel to J/ψη, as shown by the diagrams in the last rows, is
represented by short-range contact terms, as illustrated by the last diagram in the third row. Diagrams
for the production of χc0ω look similar.

Then the vector M̄4 in eq. (4.29) reads

M̄4 =
(
M41(s, t),M42(s, t)

)T
(B.34)

while the kinematical matrix Q4 = Q3, with the explicit form of K3 given in eq. (B.30).

B.5 Observation channels J/ψη and χc0ω (a = 5, 6)

The production of the J/ψη final state is illustrated in figure 13, and it looks similar for
the χc0ω and hcη channels. We employ the short-range contact terms in eq. (A.21) for
the triangle-loop contributions to the transition from a two-body elastic channels to J/ψη,
χc0ω and hcη, respectively. The individual contributions to the tensor amplitudes Mij

a=5,6
(for J/ψη, and χc0ω channels, respectively), as defined in eqs. (4.25) and (4.28), read (no
summation over A and α is understood)

Mγ∗,ij
a = Pγ∗

a δij , MA,ij
a = −UAGAAPA

a δ
ij , Mα,ij

a = −UαGααVαa δij , (B.35)

so that

Mij
a =Ma1δ

ij , (B.36)
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where

Ma1 = Pγ∗
a − (UA, Uα)

(
GAB

Gαβ

)(
PB
a

Vβa

)
. (B.37)

In this way, one ends up with single-component coefficients in eq. (4.29) that read

M̄a =Ma1, Qa = 1. (B.38)

Note that in the fit we use the reduced parameter P̄γ∗/A
a=5 defined as Pγ∗/A

a=5 = P̄γ∗/A
a=5 pη.

C Predicted distributions in the channels hcπ, DD̄∗, and D∗D̄∗
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Figure 14. Predicted invariant-mass distributions in the two-body subsystems hcπ
±, D0D∗−, and

D∗0D∗− of the corresponding observation channels in eq. (4.7) obtained for c.m. energies performed
in BESIII experiments, analogous to those shown in figure 7. The upper, middle, and lower rows
correspond to the models M0, M1, and M2, respectively.
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D Parameters of the best fits for models M0, M0, M1, and M2

parameters units M0 M0 M1 M2

Pγ∗

a=1 1 −0.414(62) −1.200(76) −0.329(97) 0.037(107)
Pγ∗

a=2 1 −2.173(212) −0.914(170) −1.134(221) −0.148(421)
Pγ∗

a=3 1 1.052(209) −7.036(282) 1.771(218) 4.682(349)
Pγ∗

a=4 1 −3.44(18) −4.78(26) −2.07(38) 2.13(88)
P̄γ∗

a=5 10−1 −0.871(60) −1.141(44) −0.583(87) −1.493(134)
Pγ∗

a=6 10−1 GeV 1.489(199) 2.042(200) 1.292(264) 3.984(668)
Pγ∗

α=1 GeV 2.26(7) exp(1.63(4) i) 3.65(8) exp(1.23(3) i) 2.97(11) exp(1.96(7) i) 2.36(13) exp(1.66(6) i)
Pγ∗

α=2 GeV 3.24(8) exp(−1.44(5) i) 2.65(10) exp(−1.45(5) i) 3.22(13) exp(−1.18(5) i) 3.24(17) exp(−1.54(6) i)
Pγ∗

α=3 GeV 5.83(15) exp(1.52(4) i) 4.95(13) exp(1.11(4) i) 5.95(17) exp(1.82(6) i) 4.62(21) exp(1.71(10) i)
F GeV−2 1.105(28) 0.803(33) 1.111(42) 1.034(38)
f 10−1 −1.954(392) −1.741(668) −2.476(658) −1.168(819)
G GeV−2 4.57(27) 0.32(3) 1.54(53) 1.78(49)
g 1 1.32(10) 19.93(174) 4.67(162) 5.56(151)
C1Z GeV−2 −5.14(4) + 0.94(3) i −1.20(3) + 0.50(3) i −5.06(5) + 0.94(4) i −4.89(7) + 0.47(5) i
cZ 1 0.972(11) 3.387(81) 0.926(18) 0.945(33)
C34 GeV−2 0.737(35) 2.336(54) 0.844(46) 1.541(82)
B GeV−3 5.390(786) 0.605(85) 2.268(1328) −8.358(1568)
b 1 1.97(38) 36.29(514) 3.56(205) 5.91(127)
α0 10−1 pb1/2 3.75(27) 4.53(40) 5.09(56) 6.40(93)
α1 10 pb1/2GeV−1 2.74(9) 2.33(9) 2.56(18) 3.82(30)
L̄2(4.23) 109 pb−1 2.26(20) 2.30(18) 2.42(19) 2.44(20)
L̄2(4.36) 109 pb−1 4.63(64) 4.70(60) 4.09(57) 3.84(60)
L̄3(4.23) 109 pb−1 1.35(6) 1.33(6) 1.46(7) 1.54(9)
L̄3(4.26) 109 pb−1 0.941(69) 0.822(59) 0.957(77) 0.981(73)
L̄4(4.26) 109 pb−1 1.32(9) 1.45(10) 1.56(11) 1.31(9)
F c01 1 171(11) + 168(10) i 129(6) + 210(8) i 177(12) + 200(15) i 106(26) + 248(17) i
F d01 1 −207(6)− 330(7) i −293(5)− 314(5) i −248(12)− 285(12) i −220(14)− 226(11) i
δF02 1 −480(3) + 137(4) i −462(3) + 157(3) i −495(6) + 170(8) i 476(5)− 141(7) i
FJ/ψη 1 36.9(12) 17.4(4) 33.1(20) 31.8(18)
Fχc0ω GeV −68.6(40) −32.5(17) −22.9(108) −74.9(82)
PA=1
a=1 1 − − −1.88(30) −2.24(50)

PA=1
a=2 1 − − −2.08(117) −3.79(163)

PA=1
a=3 1 − − 4.28(119) 7.93(139)

PA=1
a=4 1 − − 17.6(21) 32.7(38)

P̄A=1
a=5 10−2 − − 1.51(172) −3.03(191)

PA=1
a=6 GeV − − 1.01(21) 0.225(234)

Pγ∗

A=1 GeV2 − − 0.12 exp(0.23(13) i) 0.12 exp(2.05(13) i)
VA=1,α=1 GeV − − 3.12(53) −2.08(53)
VA=1,α=2 GeV − − −1.24(158) 5.29(180)
VA=1,α=3 GeV − − −8.45(328) 22.21(194)
m0,A=1 GeV − − 4.197(3) 4.204(3)
Γ0,A=1 GeV − − 0.085(10) 0.053(7)
PA=2
a=1 1 − − − −13.31(181)

PA=2
a=2 1 − − − 42.90(780)

PA=2
a=3 1 − − − −4.72(517)

PA=2
a=4 1 − − − 59.6(93)

P̄A=2
a=5 1 − − − 0.781(198)

PA=2
a=6 GeV − − − −3.63(102)

Pγ∗

A=2 GeV2 − − − 0.11 exp(−0.11(6) i)
VA=2,α=1 GeV − − − −2.14(40)
VA=2,α=2 GeV − − − −0.94(94)
VA=2,α=3 GeV − − − −12.1(13)
m0,A=2 GeV − − − 4.406(5)
Γ0,A=2 GeV − − − 0.080(11)

Table 9. The values and errors of the best fit parameters.
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