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ARTICLE INFO ABSTRACT

Keywords: Spiking Neural Networks (SNNs) have gained significant attention in recent years because
Spiking Neural Networks their spike-based, event-driven communication, together with the inherent sparsity of spikes,
€-prop is believed to enable highly energy-efficient computation. This property has been effectively

Structural Mechanics
Rheological models
Brain-inspired learning

leveraged in a variety of classification and regression tasks. Although inspired by biolog-
ical neural systems, most existing SNNs bear only limited resemblance to their biological
counterparts in terms of dynamics and learning mechanisms. Several studies have aimed to
better understand the mathematical functioning of the brain to incorporate greater biological
plausibility into existing neuron models. One such approach is to train the networks using a
more biologically plausible learning rule called eligibility propagation (e-prop), which serves as
an alternative to conventional Back Propagation Through Time (BPTT). In this study, we train a
recurrent-SNN composed of Adaptive-threshold based Leaky Integrate-and-Fire (ALIF) neurons
using the e-prop learning rule on datasets derived from viscoelastic rheological models. We
establish an analogy between these rheological models and the membrane dynamics of LIF
neurons, highlighting their mathematical similarity and providing a physical justification for
employing SNNs in mechanics beyond energy-efficiency considerations. To model geometrically
and physically nonlinear structural deformations, we further propose a multi-layer recurrent
spiking architecture that integrates Legendre Memory Units with ALIF neurons for predicting
nonlinear transient displacement responses of plates obtained from shock tube experiments.
To train this architecture, a hybrid learning approach is introduced by combining e-prop and
BPTT. Finally, a comparative analysis between e-prop and BPTT is conducted, emphasizing their
respective trade-offs in accuracy, convergence speed, and computational efficiency.

1. Introduction

One of the most complex systems in the universe is the human brain, comprising approximately 86 billion neurons [1]
interconnected by 100-500 trillion synapses [2]. The brain performs advanced cognitive and perceptual tasks such as memorization,
sensory processing, and abstract reasoning while consuming only 20 W of power [3,4]. One of the earliest attempts to emulate
biological neural networks was the perceptron [5]. The introduction of backpropagation [6] enabled Artificial Neural Networks
(ANNSs) to perform complex pattern recognition tasks, and their success has since grown exponentially with the advent of increased
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computational power and data accessibility. Architectural variants such as convolutional (CNN) and recurrent (RNN) neural networks
further enhanced their representational capabilities [7-10].

With artificial intelligence (AI) models achieving significant breakthroughs in image recognition [11,12], reasoning [13,14] and
mathematics [15,16], their adoption has expanded into computational science domains such as structural mechanics [17,18], fluid
dynamics [19,20], biomechanics [21-23], and material parameter identification [24-26]. In solid mechanics, neural models have
been employed to improve or replace material laws [27-31], map stress—strain relationships directly [32-35] assist Finite Element
Methods (FEM) by learning internal forces and stiffness matrices [36-39]. Automated material discovery frameworks have also been
developed for interpretable constitutive law identification using only force-displacement data [40-43].

However, the increasing computational and data demands of large Al models [44,45] raise sustainability concerns. For instance,
recent measurements show that inference with GPT-40 consumes on average about 1.2 Wh per query and a single day of global
usage can exceed 400 MWh of energy [46]. Such power-hungry models are unsuitable for low-power or edge devices without cloud
support. This is in stark contrast to the human brain, which achieves high computational capacity with minimal energy. Although
modern Al models are inspired by biological principles, they differ significantly from the brain’s continuous, feedback-driven, and
dynamic processing [47-51].

A step towards more biologically grounded computation is offered by SNNs [52,53]. In these networks, neurons emit discrete
spikes when their membrane potential exceeds a threshold, leading to sparse and event-driven computation. This sparsity is
the key to their low-power operation, allowing SNNs to achieve comparable performance to ANNs with substantially reduced
energy consumption [54-56]. They have also demonstrated strong performance in image-based tasks [57-59] and nonlinear
regression [60,61].

Recently, several studies have applied SNNs to problems in mechanics, highlighting their potential for energy-efficient and
physically interpretable modeling of dynamic systems. In [62], spiking recurrent networks integrating Legendre Memory Units
(LMUs) [63] with dense layers were developed as neuromorphic solvers for boundary value problems, achieving up to 1000x
improvements in energy-efficiency compared to conventional ANNs. In [64], an SNN-based nonlinear regression framework was
proposed to predict structural responses exhibiting material plasticity, strain-rate sensitivity and dynamic deformation using
neuromorphic hardware for real-time processing. [65] presented a hybrid mechanics-informed neural network approach incorpo-
rating bio-inspired spiking layers to enforce mechanical consistency constraints in structural analysis. Similarly, [27] introduced a
physics-based self-learning SNN coupling spike-driven computation with governing equations for adaptive identification of time-
dependent mechanical states. Extending this line of research, [66] introduced a physics-based SNN surrogate model for nonlinear
viscoplastic behavior in impulsively loaded beams, replacing constitutive material laws in a finite element solver with SNN and PINN
surrogates, demonstrating superior computational efficiency and physical consistency. Broader reviews, such as [67], emphasized
the promise of SNNs for real-time mechanical dynamics and vibration analysis, while [68] proposed mechanical neural networks,
a neuromorphic-inspired approach in which explicit mechanical neurons compute deformation-based responses.

Recurrent Neural Networks (RNNs) are well suited for modeling temporal dependencies, and experimental evidence confirms
that biological networks also exhibit recurrent connectivity [49]. Classical gated architectures such as Long Short-Term Memory
(LSTM) networks [69] improve the learning of long-range temporal structure through carefully designed gating mechanisms, but
they are computationally expensive and difficult to deploy on low-power hardware. More recently, LMUs were introduced as
theoretically grounded state-space models that encode long-timescale information with optimal memory compression. LMUs achieve
high accuracy while drastically reducing the number of trainable parameters compared to LSTMs, making them attractive for
real-time dynamical modeling.

These advances align naturally with SNNs, where recurrence enables richer temporal processing [70-72]. Incorporating recurrent
structure into SNNs has yielded substantial improvements in representational capacity, giving rise to Recurrent Spiking Neural
Networks (RSNNs). Several recent studies [62,66] have used RSNNs to address mechanical and structural dynamics problems.
However, these networks have primarily been trained using BPTT [73], which unrolls the recurrent network into a feedforward
sequence [74] and computes gradients through time. Because spike events are discontinuous, surrogate derivatives are typically
used to approximate gradients in RSNNs to solve computationally demanding tasks [75,76]. While effective, BPTT is biologically
implausible and computationally expensive, as it requires storing all neuron states across time steps—rendering it unsuitable for
real-time or neuromorphic applications.

To overcome these limitations, [77] introduced e-prop, a biologically plausible, local, and online learning rule that approximates
BPTT using neuron-level eligibility traces and broadcast error signals. These eligibility traces act as transient memory that links
recent activity to delayed feedback. Unlike BPTT, e-prop decomposes the global gradient into a learning signal and eligibility trace,
computed locally for each synapse. This formulation enables compatibility with diverse neuron models and allows continuous,
online updates without storing historical states. The learning signal, modulated through a random feedback matrix, mimics neuro-
modulatory processes in biological systems. Although this form of feedback alignment performs comparably to backpropagation in
feedforward networks [78,79] and multi-layer SNNs [80,81], it remains less effective for deep architectures for image classification
tasks [82]. In [83], e-prop was formalized as part of a family of causal and local approximation algorithms for recurrent networks,
while [84-86] demonstrated e-prop-based learning on neuromorphic hardware.

Despite these advances, there remains very limited work applying e-prop to train multi-layer RSNNs for nonlinear regression,
particularly in the context of dynamic mechanical systems. To address this gap, the present study proposes a biologically plausible
recurrent spiking framework for modeling nonlinear and transient mechanical responses. The main contributions of this work are
summarized as follows:
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Establishing an analogy between viscoelastic rheological models and the membrane dynamics of LIF neurons, thereby providing
a conceptual bridge that motivates the use of spiking neural networks in mechanics beyond their energy-efficiency advantages.
Developing and training a two-layer RSNN with ALIF neurons on a viscoelastic dataset using both BPTT and the biologically
plausible e-prop learning rules.

Proposing a multi-layer recurrent spiking model integrating LMUs with ALIF neurons to predict geometrically and physically
nonlinear viscoplastic structural deformations.

Introducing a hybrid e-prop/BPTT training approach for the LMU-RSNN architecture and evaluating its performance against
fully BPTT-based and non-spiking models.

Performing a comparative analysis of the different learning paradigms in terms of accuracy, convergence speed, and
computational efficiency, highlighting the potential of biologically inspired learning for modeling dynamic mechanical systems.

Incorporating biologically plausible learning principles into recurrent spiking architectures represents a significant step to-
ward sustainable, brain-inspired computing for modeling dynamic mechanical systems—a research direction that remains largely
unexplored.

The remainder of this article is organized as follows. Section 2 introduces spiking neural networks and presents the formulations
of the ALIF neuron model, the LMU cell and its spiking variant, as well as the learning rules considered in this study. Section 3
describes the fundamentals of the viscoelastic rheological model and the experimental setup of the shock tube. Section 4 details the
recurrent spiking architectures developed in this work. Section 5 provides a comparative analysis of the learning rules in terms of
accuracy, convergence speed, and energy efficiency, and compares the performance of the spiking networks with their non-spiking
counterparts. Finally, Section 6 summarizes the findings and outlines the study’s broader implications.

2. Spiking neural networks

SNNs, often regarded as the third generation of ANNs, are designed to mimic the operation of biological neural systems, where
information is transmitted through discrete spike events [52,53]. Unlike traditional ANNSs, this spike-based communication naturally
endows SNNs with an intrinsic temporal dimension. This temporal characteristic is most evident in the underlying neuron models,
which form the fundamental building blocks of such networks. The mathematical formulation of these recurrent neuron models and
the e-prop learning rule are briefly explained below.

2.1. ALIF model

The LIF model, first introduced by Lapicque [87], is one of the most established and widely used neuron models. Despite its
reduced biological complexity, it effectively captures the essential membrane potential dynamics with sufficient accuracy for many
applications [27,59,60], while its mathematical tractability and low computational cost facilitate efficient software and hardware
implementations.

In its original form, the LIF model is a current-based point neuron model that describes how the membrane potential evolves as
a function of the input current. The dynamics are governed by the following differential equation:

do(r)

Tm T

where 7, = RC,, is the membrane time constant, v(¢) is the membrane potential, R is the membrane resistance, C,, is the membrane

capacitance, and I(¢) is the input current. The neuron emits a spike when v(r) reaches a fixed threshold v,;, after which the potential
is reset. The temporal evolution of the LIF neuron under piecewise constant input current is illustrated in Fig. 1.

Though the LIF model provides a useful abstraction of neuronal dynamics, it lacks important biological mechanisms such as
adaptation, where the firing threshold depends on the recent spiking activity. The ALIF model extends the LIF formulation by
introducing a dynamic threshold that increases transiently after each spike and decays back to a baseline value over time. This
extension equips the neuron with intrinsic temporal memory, enhancing its temporal processing capabilities while retaining the
efficiency of the LIF model.

The ALIF neuron j is characterized by a two-dimensional hidden state variable h’, and a binary observable state variable
z; € {0, 1}. The hidden state variable consists of the membrane potential U;. and the threshold adaptation a;.. The following equations
define the dynamics of the ALIF neuron j in a single layer:

=—v(t)+ RI®), 1

U;“ =avi+ Z Witz + Z WX = 2oy, 2
i#j i
Here, a is the decay factor given by e¢%"/%m where 7,, is the membrane time constant. Wi and W]‘,n denote the synaptic weights
from network neuron i and input neuron i to neuron j, respectively. xj“ is the input of the current time step and z{ is the observable
state at the previous time step. The term z;. vy, resets the membrane potential to the baseline threshold v, after each spike. The
observable state is computed with the Heaviside function H as:

z;, = H(v; - AY), 3)
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Fig. 1. The dynamics of a leaky integrate-and-fire neuron subjected to piecewise constant input current.

where A} is the threshold potential which increases after each spike and decreases exponentially back to the baseline threshold vy;,.
This evolution of the threshold potential is described by

A} = vy, + fd), @

t+1 _ ! t
a =pa;tz) 5)
where f is the adaptation strength, ' is the threshold adaptation. p is the adaptation decay factor given by e~%"/%, with 7, denoting

the adaptation time constant. Eq. (2) can be modified in the following way for multiple layers:

41,0 _ 1,1 rec,! _t,] ind p_ ]
v =au; +ZVVji z; +ZVVJ.I. 1 z; v (6)
i) i
1+1
x! I=1
1= : )
{ z;“"_l otherwise.

2.2. Legendre memory unit

Although the ALIF neuron exhibits memory through its adaptive threshold dynamics, this mechanism alone is insufficient to
capture complex transient behaviors observed in real-world systems. To address this limitation, LMUs [63] are used in this study.
The key aspect of LMUs is the ability to learn complex functions of longer duration with less internal state variables. With the same
network size, they outperform Long Short-Term Memory cells (LSTMs) [69], which are very successful in learning complex temporal
relationships.

LMUs are derived by constructing a finite-dimensional approximation of the delay operator with Laplace transform F(s) = =%,
which corresponds to storing the recent history of a signal over a sliding window of length 6 € R,,. Instead of retaining the full
delayed signal u(t — 7), = € [0, 0], the LMU compresses this history into a low-dimensional state vector by projecting it onto the first
d Legendre polynomials. This derivation leads to a continuous-time linear dynamical system of the form:

Or(t) = Am(r) + Bu(t), ®

where the matrices A and B are ideal state-space matrices, meaning they arise from the closed-form analytical solution of the
Legendre delay approximation prior to discretization or learning. Their entries are given by:

A=lal, € R, 0 = Qi+ 1) {(__11),_H1 e ©

B =[b], e R b, = Qi+ )(=1), i,je[0,d—1]. (10)
For a recurrent layer, Eq. (8) can be discretized at any time step ¢ € N in the following way:

m =Am"! +Bu. (11

A and B are discretized using the zero-order hold method, which assumes that the input remains constant within each sampling
interval. The input signal u(f) is computed based on the input vector x/, the hidden state variable of the previous time step h'~!
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and the memory of the previous time step m’~!, which are unique to each recurrent layer. The hidden state can be represented
by any spiking or non-spiking recurrent cell. In this work, the hidden state is implemented using an ALIF neuron, as described in
Section 2.1, for the spiking version of the LMU. Accordingly, the hidden state variable h’ corresponds to the binary spike output
of the ALIF neurons. To couple the LMU with the spiking dynamics, the input signal ' is constructed from the input vector x’, the
previous spike output h’~!, and the previous memory state m'~! as:

W =e x +e, h™ +e, m!, (12)

where e, e, e, are learnable encoding vectors, which project relevant information into the memory at every time step. Thus, the
LMU receives the spike-based representation of the network activity, allowing the memory unit to capture a compressed history of
the spike trains over a finite time window. The computed memory state m’ is then fed back to the spiking neurons as an additional
input current:

h' = f(Wyx' + Wy bl + W, m"). (13)

where W,, W, and W,, are trainable kernels and f(-) denotes the nonlinear dynamics of the ALIF neuron.

2.3. Learning rule

Training RNNs in machine learning is performed by unrolling the network into a virtual feedforward network where each layer
represents a time step. By applying backpropagation to every layer, the gradients are propagated backwards in time and thus
updating the weights across all time steps. Hence this method is called backpropagation through time. The objective of training
a network is to find the optimal synaptic weights W;; by minimizing the loss function E. For a neuron ;j in a recurrent layer /, the
general equation to compute the gradients across via BPTT can be expressed as:

dE _ 4E 7 (14)

W S5 dh;’l W},
021',[ N ahr+1,l N aht.[ﬂ
dE _ 0E 7% Z dE ko Z dE k (15)

+ . . .
! 1l t+1, 1l tl+1 tl
z 0hj k#j dhk ()hj k#j dhk ahj

Here, Egs. (14) and (15) give the overview of how the gradients are summed over for all layers L across all time steps T. The term
ddh—f, consists of the direct loss contribution, the recurrent contribution from neurons k # j in the same layer at the next time step,

and the top-down influence from neurons k # j in the subsequent layer, where k indexes the neurons of the respective layer. The
limitations of BPTT arise mainly from two properties: non-locality and non-causality.

* Non-locality: Due to the explicit references in Eq. (15), the gradient of a synapse W); depends not only on the postsynaptic
neuron j but also on the future states of all other neurons k, where k # j. This dependency propagates forward in time, such
that the weight update for W), required access to hidden variables from all neurons across all subsequent time steps. On the
contrary, a local algorithm would only require information that is available in the immediate neighborhood of the synapse.
Non-causality: Similarly, BPTT suffers from non-causality because the computation of gradients at time ¢ requires information
from all future time steps. This causes two primary issues: (i) update locking, since weight updates can be computed only after
the entire sequence has been processed, and (ii) backward locking, where gradients must be propagated backwards through
all time steps before the current gradient can be determined. Also, the entire trajectory of all hidden state variables across
all time steps T should be stored during inference, resulting in a memory complexity of order O(nT) for n neurons. While
checkpointing strategies can reduce this memory requirement by trading off additional forward computation, the memory still
scales with the sequence length and remains a limiting factor for long sequences. A causal algorithm, in contrast, would only
rely on past and present activity, enabling online computation of gradients during inference.

To address these limitations, [77] introduced e-prop, a biologically inspired learning rule that replaces the non-local and non-causal
computations with local and causal eligibility traces and learning signals. The mathematical basis for e-prop starts from the gradient
computation of a single recurrent layer by BPTT, which can be obtained from Eq. (14) as:

J
dE dg  on

-y dE T (16)
AWy 4 dnt oW

where the first term (% accounts for the evolution of the internal state h; of neuron j and its influence on the neuron’s firing at later

time steps. For ALIF neurons and other biologically realistic neurons where the internal states change very slowly, this is relevant.

The first term is replaced by an approximation ;—IE, in the e-prop equation, with the derivative computed based on the observable
Z

J
state z;.'. This approximation ignores these indirect influences and captures only the direct influence of the observable state z;.' on
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the loss function E. The evolution of the internal state of neuron j is then accounted for by another term, that integrates the entire
history of the synapse up to time r. This is achieved by first expressing <% as a recursive function as:
dn’
t '+1
dE _ JE 9z; 4 de M a7
dh’  9z! on’  dn’*! on’
J J J J J

where ;% is defined as the learning signal L;./. By substituting Eq. (17) into Eq. (16), we obtain:
Z
J

1 t+1 t+2 t+1 t
dE =y v (% +(...)ah’ A W I (18)
aw; / on'! J ah;,’“ ah;’+I oh/ oW

I

The terms within the parentheses in Eq. (18) can be reformulated by adding a second summation indexed by ¢ and pulling the
learning signal L;. out by swapping the summation indices, as shown below:

' t '+1 t
dE ZZZUZ oh; om ol 19
awy S5 ohlon™t T on! OW,
eligibility vector ej.‘.
o0z on’  on’*'  on’
J J J

. . (20)
oh'™! ah;’ oW

J

eligibility trace e; ;

oz
The second term e;.l. is called the eligibility trace, gathers the evolution of the internal state of neuron j and is a product of # and

J
the eligibility vector €’,. The eligibility vector and the hidden state have the same dimension i.e., {e;,.,h;.} € RY, with d = 1 for the
LIF neuron and d = 2 for the ALIF neuron. The eligibility vector is a recursive function given by:

6h; 6h;
€ = -1 ’6;1 o
6hj ji

2D

This makes e-prop an online learning rule since the loss gradients can be computed locally at the current time step ¢, based on the
learning signal and eligibility traces. Thus, the fundamental equation of e-prop for a single layer can be written as:

dz’
dE J0E j
= e . 22
aw; Z,: oz [dW- ] (22)
J local

Jt Ji

The fundamental e-prop framework can be extended to multiple layers [84] by incorporating distinct learning signals and eligibility
traces for each layer as shown below:

I _ 3y o (23)
1

Following prior work, we briefly discuss the derivation of the eligibility trace for ALIF neurons to establish notation. From Eq. (3),
s P . . . . def . .

it is clear that the eligibility vector is two-dimensional i.e., e;.,. = [ez.l. U,ez.ia]. The dynamics of the membrane potential and the
adaptive threshold are captured by the derivatives in a 2 x 2 matrix given by:

01;’.“ au’.“
ot | 5r o7
on | oat  ad! (24)
j J J
! o', od".
J J
a 0
= t tal > (25)
v, p-wp

where the derivatives are computed based on Eq. (2). Since the spikes z' are non-differentiable, a pseudo derivative 1///’. is used
to compute the derivative in the backward pass. While [77] employ a piecewise linear surrogate derivative, we instead use the
derivative of a fast sigmoid function as the surrogate gradient, given by:
oz"
Jo_ ot 1
o i e (26)
J J
t+1
where k is the slope of the fast sigmoid surrogate gradient function. The partial derivative alj. accounts only the direct influence

’.
J

oh’, o', od.
of h' on h’*' and ignores the indirect influences of h’; on h'*' through the observable states z'. With —L = [ e ] =[27",0],
ji ji

w;,
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Eq. (21) can be written as:

. du;.+' du;'*" ,)U;_H
1+ 7 7 t
jiw| _| %% od; | | Ciiw +| W 27)
SITI ()a&l ()a&l 6‘[, ) ()ar."'l
Jji.a J J Ji.a 4
v’ od’, ow;
J J Jt
a 0 e;iu z!
vt o-wis| e [T lo (28)
J J ej,;,a
t t
a€.. + Z.
i,v i
= |: t ot ! t t :| : (29)
vi€ipt (P —wihe,

The first component of the eligibility vector €’ can replaced by a low-pass filter of the presynaptic spike-train F,(z!) = z!, where
Jji,v i i
the temporal filter 7, for any spike-train x’, is given by:

F(x") = aF,(x" 1) + x'. (30)

oz
To compute the eligibility trace, the eligibility vector is multiplied by # as shown in Eq. (20). This gives the final form of the
eligibility trace as: '

az. a7, €.
t_ | i i jio| — 51 _ t
i T |t aaf.] [Gr —"’1<Zi ﬂe;i,a) €2
J J
3. Data acquisition

In this study, we investigate the performance of the different learning rules based on datasets representing various material
behaviors. A 3-element rheological model is used to obtain data for the viscoelastic material behavior. To capture the geometrically
and physically nonlinear viscoplastic behavior, shock tube experiments were used since they resemble a complex real-world problem.

3.1. Rheological model

Rheological models are widely employed to describe time-dependent mechanical behavior of materials, particularly when both
elastic and viscous effects are significant. Classical viscoelastic models consist of springs and dampers, arranged in series or parallel
to capture different deformation mechanisms. In this study, we adopt a rheological representation of a Maxwell element and a
damper with a viscosity of #,, connected in parallel as shown in Fig. 2(a). The Maxwell element is composed of a spring of stiffness
E, in series with a damper of viscosity #,. The constitutive equation of the model is defined as:

6=noé+<El+M>é—ﬂa (32)
m m

The typical stress response of the model ¢ based on the strain rate ¢ is shown in Fig. 2(b). The strain rate here is expressed as
a step function. It can be seen that the stress—strain rate relationship is very similar to that of a LIF neuron as shown in Fig. 1.
This similarity becomes evident when comparing the constitutive relation of the rheological model in Eq. (32) with the membrane
potential dynamics of the LIF neuron in Eq. (2). Both are first-order linear ODEs characterized by a decay term proportional to the
state variable and a driving term determined by the external input. In the rheological model, stress ¢ relaxes with a rate L and
is driven by the strain rate ¢ and its derivative, whereas in the LIF neuron the membrane potential v(¢) decays with time C(;’IIIStaIlt
7, and is driven by the input current I(r). Thus, both systems implement a form of leaky integration: the state variable (stress
or membrane potential) integrates the input over time while simultaneously decaying toward equilibrium. This structural analogy
provides a physical justification for employing spiking neurons in mechanics, extending their relevance beyond energy efficiency to
a framework grounded in similar governing equations. The proof of this analogy will be discussed in Section 5.

Since the rheological model does not feature an explicit reset mechanism as in the LIF neuron, the strain rate and its derivative
are expressed as a series of piecewise constant step functions as shown in Fig. 3. The inputs were chosen in this form to enable a
direct comparison between the two dynamical systems under a discrete-time excitation. This representation induces abrupt changes
in the input, effectively emulating switching events that support the analogy to the reset behavior in the LIF neurons. The use of
an adaptive-threshold LIF neuron further strengthens the correspondence by introducing a memory effect similar to the transient
responses observed in viscoelastic materials. Importantly, the qualitative correspondence between the rheological model and the
neuron dynamics is not restricted to this specific input choice and holds for general input signals.

Two sets of material parameters were employed in the rheological model. For Set 1, the elastic modulus was E; = 600 Pa, with
viscosities 7, = 10 Pas and #, = 5 Pas. Set 2 was characterized by an elastic modulus of E; = 800 Pa, and viscosities , = 20 Pas and
#, = 10 Pas. The model was simulated for 1 s with a total of 1000 time steps.
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Fig. 2. (a) The 3-element rheological model. (b) Stress response of the model to a constant strain rate input.
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Fig. 3. Stress response of the rheological model based on the strain rate. The strain rate is described by a series of piecewise constant step
functions.

3.2. Shock tube experiments

The data used here is from the shock tube experiments conducted in [88-90] to investigate the viscoplastic vibrations in a plate
subjected to impulsive loadings. The dataset comprises geometrically and physically nonlinear structural deformations over a broad
spectrum of strain rates. The schematic representation of the setup is shown in Fig. 4. The shock tube consists of two chambers
separated by a hostaphane diaphragm. High pressure is maintained in one chamber and the other chamber has a low pressure. The
plate specimen to be investigated is clamped at the end of the tube. The plate is made of steel with a diameter of 0.138 m and a
thickness of 0.002 m. The diameter of the area subjected to the impulse is only 0.108 m as a result of clamping. The high pressure
chamber is filled with gas until the diaphragm is ruptured. As a result, a shock wave of high density and high pressure is transmitted
through the low pressure chamber, hitting the plate specimen. Piezoelectric sensors located on a separate ring flange on the front,
capture the pressure history accurately. The midpoint displacement of the plate was recorded using a capacitive displacement sensor,
with the circular front electrode of the measurement device and the specimen itself acting as the two plates of the capacitor. The
voltage signal is converted into displacement by a calibration curve relating the measured voltage and the distance between the
capacitor plates. Since the dielectric properties of the capacitor are temperature dependent, the calibration has to be performed
newly after each experiment. The pressure and displacement signals were recorded over an impact duration of 0.015 s with a
sampling frequency of 1 MHz. This results in sequences containing approximately 15000 time steps.

Feeding longer sequences directly into a recurrent neural network would be computationally inefficient and may not be effective
for training. To address this, the datasets are divided into shorter segments of 500 time steps, which can later be sequentially
provided to the network while maintaining temporal continuity between segments through stateful training. The acquired datasets,
consisting of approximately 1000 samples, are normalized between [—-1, 1] to avoid the problem of vanishing and exploding gradients.
A 80-10-10 split was performed randomly to obtain the training, validation and testing datasets, respectively.
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Fig. 4. Schematic representation of the shock tube experiment.
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Fig. 5. Model architecture used to predict the stress based on the strain derivatives and the rheological material parameters in the viscoelastic
dataset.

4. Model architectures
4.1. Architecture for the rheological dataset

Fig. 5 illustrates the network architecture used to train the rheological model dataset. The network receives an input vector
composed of the strain rate ¢ and its derivative &, together with the material parameters E,, #,, and #,, which characterize the
viscoelastic behavior according to the rheological model shown in Fig. 2(a). The input vector is first processed by the input neurons,
which serve as a transformation layer mapping the input features to the dimensionality of the recurrent spiking neuron population.
This RSNN consists of ALIF neurons with all-to-all recurrent connectivity, meaning that each neuron is connected to every other
neuron within the recurrent pool, excluding self-connections, consistent with the original formulation [77]. The RSNN generates
a spike-train z' which is then propagated to a second RSNN layer. The spike-trains from both layers, z' and z?, are subsequently
passed through a temporal filter F(«), described in Eq. (30), with the trainable filter parameter a unique to each layer. The filtered
spike-trains are transformed to the desired output dimensions via the respective readout weights W' and W2 . By employing a
current-based neuron model rather than a conductance-based one, the network avoids the need for explicit spike encoding of the
input signals, which can be directly provided to the first layer. Unlike conventional approaches, where the membrane potential of
the final layer is used to generate continuous output signals, the present architecture directly utilizes the spike-trains from each
recurrent layer to compute the output. This design allows each RSNN layer to contribute to the final prediction through its own
readout pathway, thereby providing distinct layer-specific learning signals. Such a structure is particularly well suited for the e-prop
learning rule, which relies on local eligibility traces and layer-wise learning signals to approximate backpropagation through time.
The error between the predicted stress 6" and the target ¢’ is propagated backward as a layer-wise learning signal L;, modulating
the eligibility traces within each RSNN layer. This interaction enables biologically plausible, layer-local learning without the need
for full backpropagation through time.

4.2. Architecture for the shock-tube dataset

For the shock-tube experiment dataset, a much more complex architecture is used, as shown in Fig. 6. This can be seen as an
extension to the previous architecture with a few modifications, which are required to approximate the highly nonlinear dynamic
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Fig. 6. Multi-layer network architecture used to predict the midpoint displacement of a plate subjected to shock wave loads.

Table 1
Network parameters for the proposed architectures.
Architecture Layer Parameters Values
RSNN 1 Wl wl 5,128
Architecture 1 (Fig. 5) RSNN 2 W"f w2, 128, 128
Readout wl. w2 128, 128
LMU-RSNN 1 d', 6", VVHt I/VIItL 50, 500, 50, 50
LMU-RSNN 2 d2, 0>, W2, W2 50, 500, 50, 50
Architecture 2 (Fig. 6 0% W W , 500, 50,
rehitecture 2 (Fig. 6) LMU-RSNN 3 &, 0%, W3, w3, 50, 500, 50, 50
Dense Wd', Wdz, Wd3, Wd4 64, 64, 64, 192

responses. The network receives the pressure history P as input, which is first transformed by the input neurons and then propagated
through a series of RSNN layers. The spike-trains z' generated by each layer I are transformed by the corresponding input weight
matrix Whﬁ“, acting as the input to the subsequent layer. Since ALIF neurons have only a limited intrinsic memory, they are not well
suited to represent highly nonlinear temporal dependencies over longer time steps. To address this limitation, we integrate LMUs into
the recurrent layers, thereby providing enhanced memory capacity. Similar to the previous architecture, the generated spike-train
from each RSNN layer is passed through distinct temporal filters. In preliminary experiments, we observed that directly multiplying
the filtered spike-trains with the readout weights produced noisy outputs, a result of information loss due to the discontinuous
nature of spikes. To mitigate this, we replace the readout weights with dense layers W*, k € [1,4] employing a tanh activation
function. These dense layers serve as additional filters, smoothing the outputs and reducing their noise. The outputs from all dense
layers are concatenated and passed through a final dense layer, which further refines the signal and maps it to the desired output
dimensions.

The non-spiking counterparts of the above architectures are employed by replacing the temporal filters with dropout layers, with
a dropout probability of 0.15. This facilitates regularization in the networks and also partially emulates the irregular activation
patterns observed in the spiking networks. In contrast, explicit dropout is not required for the spiking networks, as the intrinsic
spiking activity introduces sparsity and discontinuities in the network dynamics, which act as an implicit form of regularization.

4.3. Training strategy

To compare the performance of the two learning paradigms, the proposed architectures are trained independently using either
e-prop or BPTT. Training the networks with BPTT is straightforward, with gradients accumulated across all layers and time steps,
as described in Eq. (14). The e-prop training follows the formulation presented in Section 2.3, where layer-specific learning signals
— computed based on the prediction error and spike activity — are combined with local eligibility traces to estimate the gradients.

For the architecture shown in Fig. 6, a hybrid training approach is adopted that combines e-prop and BPTT. Specifically, the
hidden cell states of the LMU-RSNN layers are trained using e-prop, while all other trainable parameters, including those of the
dense layers and the LMU’s memory component, are updated using BPTT. This hybrid approach leverages the biological plausibility
and computational efficiency of e-prop for the recurrent spiking components, while retaining the gradient accuracy and stability of
BPTT for the continuous, differentiable parts of the network, such as the LMU memory and dense layers.

10
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Fig. 7. Network dynamics and prediction performance on the viscoelastic testing dataset. The plots display the input strain rate, membrane
potentials, spike activity, the predicted and target stress signals, and the corresponding prediction error. The left panel shows a sample trained
using BPTT, whereas the right panel shows the results for the same sample obtained using e-prop.

4.4. Implementation details

The details of the network parameters of the two architectures can be found in Table 1. For the non-spiking versions of these
networks, the ALIF neurons are replaced by RNN cells in the first network and by LSTM cells in the second. The networks are built
and trained in TensorFlow [91] with a batch size of 16 using the Adam optimizer [92] with a learning rate of 1 x 1073, The loss is
computed as the mean squared error (MSE), and training is performed on an NVIDIA RTX 5000 Ada Generation GPU.

5. Results and discussion
5.1. Qualitative analysis of network dynamics

Once the networks have been trained, their performance is evaluated on both the training and testing datasets. Figs. 7 and
8 illustrate the results obtained for the viscoelastic and shock tube datasets, respectively, using both BPTT and e-prop learning
rules. Each panel presents the internal neuron dynamics, including spike activity, membrane potentials, and adaptive thresholds, for
different input samples. The figures also compare the predicted stress and midpoint displacement responses with the corresponding
target signals and show the estimated error at every time step. A closer examination of these internal dynamics reveal some
distinctive characteristics of the spiking models. Additional sample-specific results for both training and testing datasets are provided
in Appendix A, Figs. A.12-A.17.

A clear correspondence between the firing of neurons and the input signal can be observed in the first layer, where distinct
groups of neurons become active during the increasing and decreasing phases of the input samples. This relationship transitions from
a spike—-input to a spike—output coupling in the last layer, as the neurons directly contribute to output generation. This behavior
is also reflected in the evolution of the membrane potentials across layers, shown in Fig. 7, which exhibit a partial resemblance
to the target stress responses. The fact that no single neuron replicates the target dynamics exactly, but rather that the population
collectively reconstructs the signal, indicates a distributed coding scheme within the network.

The adaptive threshold dynamics shown in Fig. 8 further influence the spike count. Neurons that fire more frequently gradually
increase their thresholds, thereby regulating the excessive firing and stabilizing the network activity. The plots also reveal the distinct

11
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Fig. 8. Network dynamics and prediction performance on the shock tube testing dataset. The plots display the input strain rate, adaptive
thresholds, spike activity, the predicted and target displacement signals, and the corresponding prediction error. The left panel shows a sample
trained using BPTT, whereas the right panel shows the results for the same sample obtained using e-prop (hybrid).

firing rates and membrane time constants of sample neurons. The predicted stress responses for the viscoelastic dataset appear noisier
compared to those for the shock tube dataset. This arises from directly using the filtered spike-trains from the RSNNs for output
computation, as shown in Fig. 5. The filtered spike-trains lose some information primarily due to the binary and discontinuous
nature of spikes, as well as the resulting sparse and irregular activity patterns. This effect can be mitigated by introducing dense
layers in place of the readout weights, as shown in Fig. 6. The continuous nonlinear activations in these dense layers help smoothen
the outputs and improve the overall prediction quality.

5.2. Training performance and learning efficiency

The training performance of the proposed architectures on the rheological model and shock tube datasets was evaluated using
BPTT, e-prop, and their non-spiking counterparts. Across both datasets, networks trained with BPTT consistently achieve lower mean-
squared-error (MSE) in both training and testing, confirming that BPTT provides more accurate gradient estimates. This behavior is
expected, as BPTT computes exact gradients by unrolling the network through time, thereby capturing the full temporal dependencies
across all time steps. In contrast, networks trained with e-prop require more epochs to reach convergence and yield slightly higher
MSE values. This trend is clearly illustrated in Fig. 9, which shows the evolution of the average training and validation losses for
the networks trained on the rheological dataset over 10 runs and 200 epochs. The slower convergence of e-prop is primarily due to
its approximate gradient estimation, which relies on local eligibility traces and broadcast signals rather than backpropagating exact
error gradients through time. While this enables online and memory-efficient learning without storing past states, the resulting
gradient estimates are noisier, leading to slower convergence and marginally reduced accuracy relative to BPTT. For the shock
tube dataset, the overall performance difference between e-prop and BPTT follows the same trend, though it is somewhat more
pronounced—potentially due to the hybrid training strategy combining e-prop and BPTT, as the full potential of e-prop for RSNNs
integrated with LMUs has not yet been explored. A complete summary of average MSE values for both datasets and all learning
rules is provided in Appendix B (Table B.2).

12
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Fig. 9. Training, validation and test performance of BPTT, e-prop, and a non-spiking baseline. The upper panel shows the mean training loss
with standard deviations over multiple runs for 200 epochs, with an inset highlighting the convergence behavior in the final epochs. The lower
panel shows the corresponding validation losses and a bar plot of the test losses after 200 training epochs.

5.2.1. Energy and memory efficiency

In terms of energy efficiency, e-prop remains theoretically more sustainable than BPTT, as it eliminates the need to store and
backpropagate through all time steps. As a result, e-prop’s memory usage does not scale with time steps unlike BPTT. These character-
istics make e-prop particularly attractive for large-scale recurrent spiking networks and for deployment on neuromorphic hardware.
In [85], such online learning on the SpiNNaker 2 neuromorphic platform using e-prop was demonstrated, empirically validating its
energy- and memory-efficiency advantages. These developments open up promising directions for applying e-prop-trained RSNNs
to dynamic mechanical systems on neuromorphic hardware.

5.3. Comparison of spiking and non-spiking architectures

A notable observation is the difference between spiking and non-spiking networks across the two datasets. In the shock tube
experiment, the non-spiking network outperforms the spiking version both in speed and accuracy (Table B.2). However, in the
rheological model dataset, the spiking network trained with BPTT achieves faster convergence and slightly lower MSE than the
non-spiking version (Table B.2).

Figs. 10 and 11 show the predictions of the networks trained with the two learning rules. The plots also show the predictions of
the non-spiking networks along with the target responses. This contrasting behavior aligns with the analogy discussed in Section 3.1:
The stress—strain dynamics of the rheological model closely resemble the membrane potential dynamics of the LIF neuron—both
being governed by first-order linear ODEs with exponential decay and input-driven terms. Owing to this structural similarity, the
spiking network can represent the system’s temporal dynamics more naturally, which likely facilitates faster learning in this specific
case. Also, the non-spiking network has to learn the temporal dependencies implicitly through their parameters, which increases
the training burden. Conversely, the shock tube dataset involves more complex and nonlinear transients that are not well captured
by the neuron dynamics. This results in the slightly better performance of the non-spiking model in this setting.
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Fig. 10. Comparison of predicted and target responses for the viscoelastic dataset. The plots show the performance of the network trained using

BPTT, e-prop and a non-spiking version. The top row (a, b) presents the predictions for the training dataset, while the bottom row (c, d) shows
the results for the testing dataset.

5.4. Implications and future directions

While this analogy provides a strong physical and mathematical motivation for employing spiking neural networks in modeling
mechanical systems, it does not imply that SNNs will universally outperform non-spiking models in all cases. Their advantage can
be realized primarily when the underlying mechanical system shares structural similarities with the neuron dynamics. In other
cases, SNNs may be limited in terms of accuracy and convergence speed, but can still offer significant benefits in terms of energy
efficiency. Future improvements could be achieved through more comprehensive hyperparameter optimization and by extending the
e-prop learning framework to the complete LMU-based recurrent architecture. Such developments would enable a fully biologically
plausible yet computationally efficient modeling paradigm for complex dynamic mechanical systems.

6. Conclusion

This study presented a biologically plausible framework for modeling nonlinear and transient mechanical responses using RSNNs.
Two datasets were considered—a viscoelastic rheological model and an impulsively loaded plate from shock tube experiments. By
drawing an analogy between viscoelastic rheological models and the membrane dynamics of LIF neurons, a physical basis was
established for employing SNNs in mechanics beyond their energy-efficiency benefits. A two-layer ALIF-based RSNN was trained on
the viscoelastic dataset using both BPTT and the biologically plausible e-prop. For the shock tube dataset, a multi-layer recurrent
spiking architecture combining LMUs with ALIF neurons was trained using a hybrid e-prop/BPTT approach to predict the transient
midpoint displacements of plates. Comparative analyses revealed that BPTT achieved faster convergence and lower mean-squared
errors, whereas e-prop enabled online, memory- and energy-efficient learning with greater biological plausibility. The spiking model
exhibited superior performance for the rheological dataset, consistent with the structural similarity between the rheological model
and the neuron dynamics, while the non-spiking model performed better for the complex shock tube responses. Overall, the proposed
architectures demonstrate that recurrent spiking networks — particularly when aligned with the physics of the target system — can
offer interpretable, energy-efficient alternatives to conventional neural models in computational mechanics. The present findings
highlight the substantial potential for further research into biologically inspired, energy-efficient learning paradigms and their
neuromorphic implementation for modeling complex mechanical systems.
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Fig. 11. Comparison of predicted and target responses for the shock tube dataset. The plots show the performance of the network trained using

BPTT, e-prop (hybrid) and a non-spiking version. The top row (a, b) presents the predictions for the training dataset, while the bottom row (c,
d) shows the results for the testing dataset.
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Appendix A. Network dynamics and prediction performance on the viscoelastic and shock tube datasets

This section presents additional results illustrating the network dynamics and prediction performance on the viscoelastic and
shock tube datasets. For each figure, the plots display the input strain rate, membrane potentials/adaptive thresholds, spike activity,
predicted and target stress/displacement signals, and the corresponding prediction error. The left panel shows a sample trained using
BPTT, whereas the right panel shows the same sample evaluated with e-prop. Multiple samples from the training and testing datasets
are presented to demonstrate the consistency of the network behavior and learning performance (see Figs. A.12-A.17).
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Fig. A.13. Network dynamics and prediction performance for train sample 2. Left: BPTT; Right: e-prop.
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Fig. A.14. Network dynamics and prediction performance for test sample 1. Left: BPTT; Right: e-prop.
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Fig. A.17. Network dynamics and prediction performance for test sample 1. Left: BPTT; Right: e-prop.
Appendix B. Average training performance

This section provides a summary of the average training performance of the proposed architectures on the viscoelastic and shock
tube datasets. The table reports the average number of epochs required for convergence and the mean-squared error (MSE) for both
training and testing datasets, comparing BPTT, e-prop, and non-spiking networks.
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Table B.2
Training performance comparison of BPTT, e-prop, and non-spiking networks for the rheological model and shock
tube experiment datasets.

Dataset Method Epochs MSE (Train) MSE (Test)
BPTT 180 0.00141 0.00165

Rheological model e-prop 440 0.00234 0.00273
Non-spiking 230 0.00269 0.00335
BPTT 940 0.0356 0.0155

Shock tube experiment e-prop (hybrid) 1220 0.0578 0.0376
Non-spiking 720 0.0142 0.0222

Data availability

Data will be made available on request.
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