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ABSTRACT
The temperature increase in the contact regions between solids in sliding contact has a huge influence on friction and wear. Here, we test an 

analytical theory for the flash temperature, valid for randomly rough surfaces with multiscale roughness, by comparing the theory predictions 

with the experimental results of Sutter and Ranc for steel sliding on steel. The theory, which is based on the study of stress and tempera-
ture correlation functions, is valid for randomly rough surfaces with roughness on an arbitrary number of decades in length scale. Within 

the uncertainty of the experimental data (mainly the surface roughness power spectrum and the steel penetration hardness), there is good 

agreement between the theory and the experimental results.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license 

(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0339886

I. INTRODUCTION

Friction between surfaces generates heat, leading to tempera-
ture increases at the contact points. This phenomenon is known as 

flash temperature, which is the high, localized, and brief temperature 

spike that occurs at the true points of contact between two rubbing 

solids. The rapid generation of heat at these contact points causes 

thermal spikes, resulting in intense flash temperatures that convert 

kinetic energy into thermal energy. These spikes can be extremely 

high, sometimes reaching over 1000 

○ C, but they are also incredibly 

brief, lasting only for the instant that the asperities are in contact. 

The process is so rapid that the generated heat has little time to con-
duct away into the bulk of the materials, trapping thermal energy 

and further elevating the temperature at the contact point.
In almost all cases, most of the dissipated energy in sliding fric-

tion ends up as thermal energy in the sliding solids. The temperature 

field in the solids can be written as T(x, t) = T 0 
(x, t) + ΔT(x, t). The 

background temperature T 0 
(x, t) varies slowly in space and time, 

while the flash temperature ΔT(x, t) varies very quickly in space and 

time. ΔT(x, t) is non-zero only close to the asperity contact regions, 

so it is very localized in space.
Frictional heating is important in many applications, e.g., ice 

friction, rubber friction, and the friction between minerals. The flash

temperature can have a crucial influence on the friction force, usu-
ally reducing the friction force. This is the case for ice friction and 

for granite sliding on granite, where the granite (mainly quartz) 

melting temperature may be reached at the sliding speeds (on the 

order of ∼1 m/s) involved in earthquakes. Rubber friction depends 

(exponentially) on the temperature, and an increase in the temper-
ature shifts the friction coefficient master curve to higher sliding 

speeds, which usually reduces the friction but sometimes increases 

it. For rubber friction, relatively advanced theories for the flash 

temperature were developed in Refs. 1–3.
In Ref. 4, Rice studied the importance of flash heating on earth-

quake dynamics. He considered a model where the frictional shear 

stress is constant until the flash temperature reaches a temperature 

of the order of the pseudotachylyte (rather than quartz or silica) 

melting temperature, after which the shear stress was assumed to 

be negligible. However, the high stresses and temperatures in the 

mineral contact regions are likely to strongly weaken the inter-
face during slip already well before true melting occurs. 

5 Minerals 

like quartz, which are crystalline, may, during slip, become amor-
phous in the contact regions (quartz may be locally converted to 

silica) and will soften continuously with increasing temperature 

or sliding speed. 

5 This will result in a frictional shear stress that 

could decrease a lot even before true melting would occur, as also
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observed for other crystalline materials, e.g., ice, 

6 which undergoes 

displacement-driven amorphization. 

7

One way the flash temperature can manifest itself in experi-
ments is as sliding-induced phase transformations in materials. This 

was observed already in the classical studies by Bowden and Tabor 

and more recently in many other studies. 

8,9 However, in general, 

these transformations may be mechanochemical in nature, involv-
ing both the high contact stresses and the flash temperature. That 

is, the chemical or structural modifications result from stress-aided 

thermal excitations.
In this article, I test a recently developed multiscale theory for 

the flash temperature. 

10 The theory focuses on temperature-stress 

correlation functions, which contain information about the flash 

temperature. The correlation functions describe ensemble-averaged 

properties, i.e., averages over many realizations of the surface, where 

each realization is prepared in the same way experimentally or, if 

generated numerically, using the same procedure but with a different 

set of random numbers.
In the limiting case of roughness on one length scale, the 

theory is consistent with the classical theories of Jaeger, Archard, 

and Greenwood 

11–13 (see also Refs. 14–17). However, for multi-
scale roughness covering several decades in length scale, the classical 

theory fails severely. 

10

A multiscale flash temperature model was developed by 

Choudhry, Almqvist, and Larsson 

16 and tested in Ref. 18, but this 

approach is purely numerical and can only be applied to sur-
faces with roughness over a short wavelength region. The approach 

developed in Ref. 10 results in analytical equations that can be 

applied to systems with roughness over an arbitrary number of 

decades in wavelength. Here, the theory predictions are compared 

to experimental results for steel sliding on steel. 

19

In this study, all temperatures refer to the increase in tem-
perature above the background temperature T 0 

. Therefore, T flash 

is 

a weighted average flash temperature, and the actual temperature 

in the contact regions is T 0 
+ T flash 

. Similarly, temperature correla-
tion functions like ⟨T(x)T(x 

′ )⟩ are calculated with the background 

temperature T 0 
subtracted from T(x). Stated differently, all temper-

atures refer to actual temperatures if the background temperature 

vanishes.

II. MULTISCALE THEORY FOR THE CONTACT SPOT 

SIZE AND THE FLASH TEMPERATURE
In Refs. 10 and 20–22, we have derived analytical expressions 

for correlation functions involving the normal stress σ(x) and the 

temperature T(x). These results can be used to estimate the size 

of the contact regions 

21,23 and the temperature distribution in the 

contact region. Here, we summarize the most important results. 

The stress–stress correlation function is defined by

g σ 
= ⟨σ(x, t)σ(x 

′ , t)⟩, (1)

where σ(x, t) is the stress at time t at the point x = (x, y) on the sur-
face. Here, ⟨ ..⟩ stands for ensemble averaging. We focus on steady
state, where g σ 

is time independent. For surfaces with roughness 

with isotropic statistical properties, g σ 

(r) depends only on the 

separation r = ∣x − x 

′ ∣. In Refs. 21 and 22, we have shown that

gσ(r) = (E∗)2 π
2∫

q1

q0

dq q3C(q)W(q)J0(qr), (2)

where E 

∗ = E/(1 − ν 

2 ) is the effective modulus, J 0 

is the zeroth-
order Bessel function, C(q) is the surface roughness power spec-
trum, and

W(q) = P(q)[γ + (1 − γ)P 

2 (q)],

where γ ≈ 0.4 and

P(q) = erf( σ0

2
√

G
),

G = π
4
(E∗)2∫

q

q0

dq q3C(q).

The surface has roughness components with wavenumbers q 0 

< q
< q 1 

, and the integral over q in Eq. (2) cover this wavenumber 

interval.
For a Hertzian-like contact with the diameter 2R, the cor-

relation function g σ 

(r) vanishes for r > 2R. 

22 For surfaces with 

multiscale roughness, the macroasperity contact regions consist, in 

general, of a compact central part surrounded by smaller noncon-
nected islands (see Fig. 1 and Refs. 22 and 24), which are elastically 

coupled. For this case, the g σ 

(r) function will have a tail extending 

beyond the diameter of the central compact region. For this case, one 

can define an effective diameter of the macroasperities by the con-
dition g σ 

(r)/g σ 

(0) = α, where α < 1 is a small positive number, e.g.,
α = 0.1.

A multiscale theory for the flash temperature was developed in 

Ref. 10, and here we review the most important results.
In applications to sliding friction and wear, it is the temperature 

in the asperity contact regions that matters, not the temperature dis-
tribution outside of the contact regions. One can define an effective 

flash temperature in the asperity contact regions using

Tflash =
⟨T(x)σ(x)⟩
⟨σ(x)⟩ , (3)

where ⟨σ(x)⟩ = σ 0 
is the nominal (or average) stress. Assuming 

that the frictional stress is proportional to the normal contact 

stress σ(x), this definition of the flash temperature is optimal as it 

projects the temperature exactly on the regions that give the biggest 

contribution to the friction force. For viscoelastic materials like rub-
ber, energy dissipation also occurs inside the material in the asperity

FIG. 1. (a) A macroasperity contact area and (b) the contact area in the Hertz 

approximation.
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contact regions. However, the treatment presented in Ref. 10 can be 

generalized to this case too, as is discussed elsewhere. 

25

Using the Persson contact mechanics theory, one can show 

that 

10

Tflash =
μv
κσ0
(E∗)2∫

q1

q0

dq q2C(q)W(q)

× Re∫ 

π/2

0
dϕ

1
[1 − i(v/Dq) cos ϕ] 

1/2 

, (4)

where κ is the thermal conductivity and D = κ/ρC p 

is the thermal 

diffusivity (ρ is the mass density and C p 
is the heat capacity).

Equation (4), and more generally the theory developed in
Ref. 10, assumes that the roughness occurs on one surface and that 

the other surface is smooth. If roughness of roughly equal ampli-
tude occurs on both surfaces, then asperities will rapidly move in 

and out of contact during sliding. This will effectively result in time-
dependent contact formation. In Ref. 26, I have generalized the 

theory of Ref. 10 to non-stationary sliding contacts.
For elastically stiff solids at not too high pressure, the contact 

involves the highest asperities, and then it is plausible that they stay 

in contact with the opposite surface for a sliding distance several 

times the diameters of the (macroasperity) contact regions, and then 

the theory of Ref. 10 should be approximately valid. However, more 

work on this topic is needed.
The temperature distribution in the macroasperity contacts 

during sliding is anisotropic and larger at the exit than at the front 

of the contact. This follows from the fact that the solid at the exit 

is already heated up by the contact with the asperity at the front
of the contact. We can characterize this “tilt” of the temperature 

distribution using the correlation function,

∇Tflash =
⟨∇T(x)σ(x)⟩
⟨σ(x)⟩ . (5)

Choosing the x axis along the sliding direction, only the 

x-component will be non-vanishing, which we write

T′flash =
⟨∂xT(x)σ(x)⟩
⟨σ(x)⟩ , (6)

where ∂ x 
f = ∂f /∂x, and where the 

′ indicates the derivative of T(x) 

with respect to x. We obtain

T′flash =
μv
κσ0
(E∗)2∫

q1

q0

dq q3C(q)W(q)

× Re∫ 

π/2

0
dϕ 

i cos ϕ
[1 − i(v/Dq) cos ϕ] 

1/2 

. (7)

Since the flash temperature is higher at the exit than at the lead-
ing edge of the moving contact region, the temperature profile 

tilts upward toward the exit of the contact region. If the positive 

direction of the x axis is along the sliding direction, then T′flash 

< 0
for a moving contact region, while for a stationary contact, by 

symmetry, T′flash 

= 0.

It is easy to calculate similar averages of higher order derivatives 

of T(x). The most important quantity is ∇ 

2 T flash 

, which can be used 

to estimate the size of the flash temperature hot spots. We define

∇2Tflash =
⟨∇2T(x)σ(x)⟩
⟨σ(x)⟩ , (8)

we obtain

∇2Tflash = −
μv
κσ0
(E∗)2∫

q1

q0

dq q4C(q)W(q)

× Re∫ 

π/2

0
dϕ

1
[1 − i(v/Dq) cos ϕ] 

1/2 

. (9)

III. SLIDING HERTZ CONTACT
When observed at low magnification, a macroasperity may 

appear smooth, and the contact region Hertzian-like; it is, therefore, 

interesting to correlate the results of the full theory in Sec. II with the 

known results for the sliding Hertz contact. For this case, we will also 

calculate ⟨∇ 

2 T⟩ and ⟨∂ x 
T⟩, which have not been obtained before. 

We will only consider the case of stationary contact and sliding 

contact for high sliding speeds.
If we approximate a macroasperity contact region as a Hertz 

contact with the pressure distribution 

27

σ(r) = σ1[1 − (
r
R
)

2
]

1/2
, (10)

then the heat source

q̇(r) = q̇1[1 − (
r
R
)

2
]

1/2
, (11)

where

q̇1 =
3Q̇

2πR2 , (12)

where ˙ Q is the total power produced by the heat source. For a sta-
tionary contact, the heat diffusion equation can be easily solved. The 

temperature field for r < R is given by

T(r) = T1[1 −
1
2
( r

R
)

2
], (13)

where T 1 
= ˙ q1 

Rπ/4κ. Figure 2 shows T(r)/T 1 
for this temperature 

distribution.
In what follows, ⟨ ..⟩ denotes integrating over the surface

area. Using the results above, we obtain the weighted average 

temperature,

Tflash =
⟨T(x)σ(x)⟩
⟨σ(x)⟩ = T1

∫ 1
0 dr r(1 − r2)1/2(1 − r2/2)

∫ 1
0 dr r(1 − r2)1/2

= 0.8T 1 
= 0.3

Q̇ 

κR
. (14)
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FIG. 2. Temperature distribution in a stationary Hertz contact. The top is an x, y 2D 

view, and the bottom curve shows the temperature profile through the centerline, 

y = 0.

The maximum temperature is

T max 
= T 1 

= 3 

8 

Q̇ 

κR 

≈ 0.375
Q̇ 

κR
, (15)

and the average is

Tav =
1

πR2 ∫ d2x T(x) = 3
4

T1 ≈ 0.281
Q̇
κR

. (16)

The flash temperature is, as expected, between T av 
and T max 

. 

Next, since

∇2T = − 2
R2 T1,

we obtain

∇2Tflash =
⟨∇2T(x)σ(x)⟩
⟨σ(x)⟩ = − 2

R2 T1, (17)

and

∇2Tflash

Tflash
= ⟨∇

2T(x)σ(x)⟩
⟨T(x)σ(x)⟩ = −

2.5
R2 . (18)

Finally, since the temperature distribution is independent of the 

angular coordinate ϕ, the inverse of the slope-length vanishes,

1
dflash

= T′flash

Tflash
= 0.

Next, let us consider high sliding speeds. In this case, one can neglect 

the lateral diffusion of the heat. Measuring the coordinates x and

y in units of the radius R, the temperature is given by the integral 

representation (see Appendix A and Ref. 28)

T(x, y) = q̇1

κ
(DR

πv
)

1/2
f (x, y), (19)

where

f (x, y) = ∫
x

−s
dξ
(1 − ξ2 − y2)1/2

(x − ξ)1/2 , (20)

where s = (1 − y 

2 ) 

1/2 . An intensity map of f(x, y) is shown in Fig. 3. 

Using (19) and (20), one can calculate all quantities of inter-
est using numerical integration. Here, we summarize the most 

important results (see also the Appendix).
The flash temperature is given by

Tflash ≈ 0.352
Q̇
Rκ
( D

Rv
)

1/2
. (21)

The maximum temperature is

Tmax ≈ 0.590
Q̇
Rκ
( D

Rv
)

1/2
, (22)

and the average flash temperature is

Tav ≈ 0.323
Q̇
Rκ
( D

Rv
)

1/2
, (23)

which is a factor of ≈0.549 smaller than the maximal temperature. 

The flash temperature is, as expected, between T av 
and T max 

.
In the Appendix, we show that

∇2Tflash

Tflash
= ⟨∇

2T(x)σ(x)⟩
⟨T(x)σ(x)⟩ ≈ −

4.93
R2 . (24)

FIG. 3. Temperature distribution in a fast-moving Hertz contact. The top is an x, y 

2D view, and the bottom curve is the temperature profile through the centerline, 

y = 0.
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Note that the prefactor 4.93 is larger than in the static case, where 

it equals 2.5. This is intuitively plausible from the intensity maps in 

Figs. 2 and 3, where the hottest region is more concentrated in space 

for high sliding speeds.
We define the curvature-length D flash 

and the slope-length d flash 

by

Dflash = [
−Tflash

∇2Tflash
]

1/2
, (25)

dflash =
−Tflash

T′flash
. (26)

For sliding Hertz contact,

D flash 

= αR,

where, using (18), α ≈ 0.63 for very low velocities (stationary con-
tacts) and, using (24), α ≈ 0.45 for very high velocities. Here, high 

and low velocities refer to v ≫ v 

∗ and v ≪ v 

∗ , with v 

∗ = D/R,
respectively. 

In the Appendix, we derive the slope parameter for the sliding 

Hertzian contact,

d flash 

≈ 1.36R,

while d flash 

= ∞ for v = 0. Note that for high sliding speed, 

d flash 

/D flash 

≈ 1.36/0.45 ≈ 3.0.

IV. NUMERICAL RESULTS AND COMPARISON 

WITH EXPERIMENTS
The flash temperature was studied experimentally for steel slid-

ing on steel, and here we will compare the theory predictions (Sec. II) 

with the experimental data presented in Ref. 19. We first briefly 

review the results obtained in Ref. 19. The experiments consisted of 

a steel block (substrate) sliding against a stationary steel block with a 

small hole (radius 1 mm) drilled in it. During sliding, the asperities 

on the stationary block will result in hot tracks on the substrate sur-
face, which can be observed through the hole using a CCD camera as 

illustrated schematically in Fig. 4. After calibration of the camera, the 

detailed surface temperature profile can be measured with a spatial 

resolution of 4 μm. Because of thermal diffusion, only the hot tracks 

from asperities on the stationary block, which contact the substrate 

close to the hole, can be observed, and the hottest tracks will result 

from asperity contacts very close to the hole. Therefore, the width of 

the hottest tracks at the edge of the hole will give an estimation of 

the effective width of the contact patches, which we will compare to 

the theory presented earlier.
Figure 5 shows the thermography of the hot tracks in two cases 

where the sliding speed was 33.9 m/s (test 3) and 34.5 m/s (test 5). 

Figure 6 shows the spatial temperature distribution along the y axis 

(orthogonal to the sliding direction) near point 5 for test 3. For this 

test, the asperity contact is assumed to be just outside the hole, so this 

figure gives an estimation of the width of the hot spots. A similar 

width was obtained for other asperity contacts when the asperities 

were located very close to the boundary of the drilled hole.
We will analyze the experimental data using the theory 

described in Sec. II. The power spectrum of the surface roughness of 

the steel surfaces was not given in Ref. 19, but only the R a 
roughness

FIG. 4. Hot track on the sliding steel surface from the contact with an asperity on 

the stationary surface located close to the hole (schematic).

FIG. 5. Thermography of the sliding surface at the sliding speeds (a) 33.9 m/s 

(test 3) and (b) 34.5 m/s (test 5). Adapted from G. Sutter and N. Ranc, Wear 268, 

1237 (2010).

parameter was given, R a 
≈ 0.8 μm. In the study below, we use the 

surface roughness power spectrum C(q) of a machined steel surface 

with similar roughness as in Ref. 29. The black line in Fig. 7 gives the 

power spectrum of this steel surface.
For the medium-low carbon steel C22 used in Ref. 19, 

we use the following elastoplastic parameters: Young’s modulus 

E = 200 GPa, Poisson ratio ν = 0.3, and for the penetration hardness, 

three values, namely σ P 
= 0.5, 1.2, and 2.0 GPa. The Brinell hard-

ness quoted in Ref. 19 was 120 (corresponding to σ P 
≈ 1.2 GPa), 

but the stress needed for plastic deformation of asperities may dif-
fer from the macroscopic penetration hardness for reasons discussed 

elsewhere. 

30 Here, we therefore use three values for σ P 
to show the 

dependency (sensitivity) of the results on the penetration hardness.
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FIG. 6. Spatial temperature distribution along the x axis near point 5 for test 3. 

Adapted from G. Sutter and N. Ranc, Wear 268, 1237 (2010).

FIG. 7. Black line is the surface roughness power spectrum of a machined steel 

surface scaled by a factor of 2. The original (not scaled) surface has the root-
mean-square roughness h rms 

≈ 0.90 μm and the rms slope ξ ≈ 0.30. The green, 

blue, and red lines are the power spectra of the plastically smoothed profiles using 

the penetration hardness σ P 

= 0.5, 1.2, and 2 GPa, respectively.

To take into account the contact between two steel surfaces, we use 

the effective modulus E/2 = 100 GPa.
We use the Persson contact mechanics theory. 

31 We assume 

that the material deforms plastically without strain hardening in 

such a way that the maximum stress in the contact areas is σ P 
. For 

this elastoplastic model, it has been shown that the theory accurately 

predicts both the elastic and plastic contact area. 

32 Since the theory 

discussed in Sec. II assumes elastic deformation, we replace the orig-
inal surface with a surface where the short-wavelength roughness is 

smoothed by the plastic deformations. This smoothing is performed 

everywhere, i.e., also in the non-contact area, which is necessary in 

order to have a randomly rough surface also after the smoothing. 

Plastic smoothing can be performed in different ways, and here 

we use a simple procedure that gives a smoothed surface where the 

(elastic) contact area as a function of magnification is virtually the 

same as the elastoplastic contact area using the original surface. 

33–35 

The basic idea is that if the applied stress is removed and then applied 

again, the surface will deform elastically as long as the applied stress 

is smaller than the stress used to plastically deform the surface.

The power spectrum C sm 
(q) of the smoothed surface is 

obtained from the power spectrum C(q) of the original surface using

Csm(q) =
⎡⎢⎢⎢⎢⎣

1 − (Apl(ζ)
Apl0

)
6⎤⎥⎥⎥⎥⎦

C(q). (27)

Here, A pl 

(ζ) is the plastic surface area predicted by the elastoplas-
tic calculation when the interface is observed at the magnification
ζ = q/q 0 

(where q 0 

is the smallest wavenumber) and A pl0 

= F N 
/σ P 

is 

the plastic contact area observed at the highest magnification, where 

all contact regions have yielded plastically. The smoothing (27) con-
sists of removing or reducing the amplitude of the short-wavelength 

roughness components that deform plastically.
The black line in Fig. 7 shows the surface roughness power 

spectrum of the original steel surface scaled by a factor of 2 to take 

into account the contact between two rough surfaces with identical 

power spectra but uncorrelated roughness. The green, blue, and red 

lines are the power spectra of the plastically smoothed profiles using 

the penetration hardness σ P 
= 0.5, 1.2, and 2 GPa, respectively.

For the penetration hardness of 1.2 GPa, Fig. 8 shows the elas-
tic contact area (red curve) and the contact area where the solid 

deforms plastically (green curve). The result was obtained using the 

elastoplastic mechanics contact theory (Ref. 36), which was tested in 

detail in Ref. 32. The blue curve is the result of the theory for elas-
tic solids with the smoothed power spectrum (blue line in Fig. 7) 

determined by (27). The prediction of the elastic contact mechanics 

with the plastically smoothed power spectrum (blue curve in Fig. 8) 

agrees well with the prediction of the elastoplastic theory (sum of the 

red and green curves in Fig. 8), except for a small difference in the 

region where the asperities are fully plastically deformed.
Figure 9 shows the stress–stress correlation function g σ 

(r)
= ⟨σ(x)σ(x 

′ )⟩ as a function of the separation r = ∣x − x 

′ ∣ between 

the points x and x 

′ for the surface plastically smoothed, assuming 

the penetration hardness σ P 
= 0.5 (green line), 1.2 (blue line), and

2 GPa (red line). For a Hertzian contact, g σ 

(r) = 0 for separations 

r larger than the diameter 2R of the contact area. 

22 In the present

FIG. 8. Contact area as a function of the magnification (lower scale) or the 

wavenumber cutoff (upper scale) used in calculating the contact area. The red and 

green curves are the elastic and plastic contact areas obtained using the elasto-
plastic contact mechanics theory. The blue curve is the contact area obtained using 

the elastic contact mechanics theory with the plastically smoothed power spectrum 

(blue line in Fig. 7).
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FIG. 9. Stress–stress correlation function g σ 

(r) = ⟨σ(x)σ(x 

′ 

)⟩ as a function of 

the separation r = ∣x − x 

′ 

∣ between the points x and x 

′ for the surface plastically 

smoothed, assuming the penetration hardness σ P 

= 0.5 (green line), 1.2 (blue 

line), and 2 GPa (red line).

case, the contacts are not circular, and island-like contact regions 

will surround the main compact inner region (see Fig. 1); in this 

case, there is no sharp cutoff in the g σ 

(r) function. Nevertheless, we 

can define an effective radius of the macroasperity contact area using 

g σ 

(r)/g σ 

(0) ≈ 0. Using such a definition, the figure shows that the 

diameter of the macroasperity contact regions is of order ≈200 μ m 

if σ P 
is chosen as the Brinell hardness.
Next, we focus on the result of the calculation of the flash tem-

perature. In what follows we use the measured nominal contact 

pressure σ 0 
≈ 90 MPa and the following thermal parameters for steel: 

mass density ρ = 7900 kg/m 

3 , thermal conductivity κ = 30.0 W/km, 

and thermal heat capacity C P 
= 500.0 J/kg K. We note that the ther-

mal conductivity at room temperature for the used steel is about 

50.0 W/Km, but for the higher temperatures relevant here it is about 

30 W/Km. (The thermal conductivity of materials decreases at high 

temperatures due to increased scattering of the thermal carriers. 

Therefore, as temperature rises, the phonon and electron mean free 

path becomes shorter, which reduces the efficiency of heat transfer.) 

Here, we note that Reddyhoff et al. 

37 have shown that the ther-
mal conductivity of solids (mainly metals) close to the surface may 

differ from that in the bulk. Therefore, work hardening, which pro-
duces disordered lattice structures and defects, e.g., dislocations or 

point defects, decreases the surface thermal conductivity. This is due 

to scattering of the thermal carriers (phonons and electrons) from 

the lattice imperfections, which result in a reduced carrier mean free 

path and smaller thermal conductivity. These defects, however, have 

only a small influence on the mass density and the thermal heat 

capacity, and these quantities are expected to be nearly the same in 

the surface region as in the bulk.
Reddyhoff et al. found that the measured thermal conductiv-

ity of AISI 52100 steel (21 W/mK) is less than half the value cited 

in the literature (46 W/mK). This discrepancy arises from a reduc-
tion in thermal conductivity of AISI 52100 due to work-hardening. 

They pointed out that the thermal conductivity value generally cited 

and used in the literature represents that of soft, annealed alloys, but 

work-hardened AISI 52100, which is generally employed in rolling 

bearings and for lubricant testing, appears to have a much lower 

surface thermal conductivity.

The measured friction coefficient was not constant during the 

sliding tests, and here we use an average μ ≈ 0.11. This friction coeffi-
cient is much smaller than typically found for steel sliding on steel at 

low sliding speeds (typically μ ≈ 0.7 for v ≈ 1 mm s 

−1 38 ) and is likely 

a result of the high temperatures (∼1000 

○ C) prevailing in the asper-
ity contact regions, which result from the high sliding speed (about 

35 m/s).
If one assumes that T flash 

is continuous at the interface, then if 

s is the fraction of energy going into the sliding block (substrate) 

and 1 − s into the stationary block, then (1 − s)T flash 

(stationary) 

= sT flash 

(moving), where T flash 

(stationary) and T flash 

(moving) are 

calculated assuming that all have thermal energy goes into each 

block. Using this equation for the sliding speed used in the experi-
ments, v = 35 m/s, assuming the penetration hardness σ P 

= 1.2 GPa, 

the theory predicts that the fraction of the frictional energy going 

into the sliding block is s ≈ 0.938 and the rest goes into the station-
ary block. In what follows, we reduce the frictional energy by a factor 

of s ≈ 0.938 in order to take this effect into account when calculating 

the flash temperature on the sliding substrate surface.
Figure 10(a) shows the calculated flash temperature T flash 

and 

(b) the curvature-length D flash 

as a function of the logarithm of 

the sliding speed for the three plastically smoothed surfaces. For 

the sliding speeds in the experiments (about 35 m/s), indicated 

by the vertical dotted lines, the temperature increase is 259 

○ C for 

the yield stress of 1.2 GPa. The measured temperature increase is 

about ∼200 K, but the actual maximum temperature increase may 

be slightly larger since the temperature measurements are for some 

short distance away from the hot spots. For the yield stress of 1.2 GPa

FIG. 10. (a) The flash temperature T flash 

and (b) the curvature-length D flash 

of the 

hot spots as a function of the logarithm of the sliding speed for the three plastically 

smoothed surfaces.
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and sliding speed v = 35 m/s, the curvature-length D flash 

= 46.58 μm. 

Assuming the result (25) derived for a sliding Hertz contact with
α = 0.45 (since v ≫ v 

∗ in the present case) gives 2R ≈ 207 μm. This 

is similar to the diameter as predicted from the stress correlation 

function and also observed in the experiments.
In Fig. 11, we show the slope-length d flash 

as a function of the 

logarithm of the sliding speed for the three plastically smoothed 

surfaces. For the sliding speed of 35 m/s, this gives 118 μm if
σ P 
= 1.2 GPa. For Hertzian contact, the theory predicts the slope 

length d flash 

≈ 0.68 × [2R] so that if the diameter is ≈200 μ m, then 

the Hertz contact theory would predict 136 μm, which is consistent 

with the full theory. Hence, it appears that the sliding Hertz contact 

results give useful results for the present system. The reason for this 

is that plastic deformation occurs already at relatively long length 

scales, and only roughness over a relatively narrow length-scale 

region matters, which is the limit where the classical flash temper-
ature descriptions are approximately valid (see Ref. 10). However, 

when roughness on many length scales is important, the classical 

theory fails even qualitatively, as was the case for granite sliding on 

granite in Ref. 10.
We now study the sensitivity of the results to the surface rough-

ness power spectrum. I note that power spectra prepared using 

similar methods tend to have similar fractal-like roughness but may 

differ in the roll-off region. 

29 For most surfaces, it is the region 

around the onset of the roll-off that gives the largest contribution 

to the rms roughness. 

29 Figure 12 shows (a) the flash tempera-
ture T flash 

and (b) the curvature-length D flash 

as a function of the 

logarithm of the sliding speed for the three different plastically 

smoothed surfaces. The red, blue, and green lines are after plastic 

smoothing (with σ P 
= 1.2 GPa) of the power spectrum of the orig-

inal surface scaled with the factors 0.5, 1, and 2, respectively. As 

expected, the flash temperature increases when the surface rough-
ness amplitude increases. At the same time, the curvature-length 

D eff 

increases, which is expected as the plastic deformation starts 

at longer wavelengths, resulting in bigger asperity contact regions. 

Since the total contact area is unchanged (it is determined by the 

penetration hardness, which is not changed), the contact consists 

of a lower concentration of bigger asperity contact regions with the 

same contact pressure σ P 
as for the original surface. Hence, the flash 

temperature will increase as observed.

FIG. 11. Temperature slope-length d flash 

as a function of the logarithm of the sliding 

speed for the three plastically smoothed surfaces.

FIG. 12. (a) The flash temperature T flash 

and (b) the curvature-length D flash 

as 

a function of the logarithm of the sliding speed for the three different plastically 

smoothed surfaces. The red, blue, and green lines are after plastic smoothing 

(with σ P 

= 1.2 GPa) of the power spectrum of the original surface scaled with the 

factors 0.5, 1, and 2, respectively.

For the case where we change the penetration hardness, 

the opposite effect is observed: the lower penetration hardness,
σ P 
= 0.5 GPa, gives bigger asperity contact regions than when

σ P 
= 1.2 GPa, but since the contact pressure is lower, the frictional 

energy produced per unit surface area is lower, and the net result 

is that the flash temperature is lowest for the lowest penetration 

hardness.
Finally, we note that Fig. 5 shows that the surface tempera-

ture away from the hot tracks behind the asperity contact regions 

is about 600–700 

○ C, i.e., much higher than room temperature. This 

background temperature is the cumulative result of the flash tem-
perature. It formally corresponds to the q = 0 contribution in the 

Fourier decomposition of the temperature profile. It can be calcu-
lated assuming a uniform heat source, ˙ q0 

= μσ 0 
v, with an onset at the 

time t = 0 of the start of sliding. This results in a background surface 

temperature (here defined as the increase in the temperature relative 

to the starting temperature, which may be the room temperature) 

that is given by

T0(t) =
1
κ
(D

π
)

1/2
∫

t

0
dt′

q̇(t′)
(t − t′)1/2 =

2q̇0

κ
(D

π
)

1/2√
t.

If the sliding solid (the bottom steel block) has been in contact with 

the upper stationary block for a distance L = vt before entering the 

hole, then the background temperature,
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FIG. 13. Calculated background temperature as a function of the sliding speed for 

the sliding distance L = 6 mm.

T0 =
2q̇0

κ
(D

π
)

1/2
(L
v
)

1/2
. (28)

The upper block with the hole is rather short in the sliding direc-
tion (12 mm), with the hole in the middle so that L = 5–6 mm. 

Using L = 6 mm in (28) gives the background temperature shown 

in Fig. 13. Here, we have assumed that after some short sliding dis-
tance, all frictional power is transferred to the substrate. This may 

be a good approximation because the surface of the bottom block is 

much longer than the upper block, and hence, after some small slid-
ing distance, the bottom surface of the upper block will be very hot, 

and then all the frictional power may be transferred to the bottom 

block as it enters the contact region cold.
The background temperature shown in Fig. 13 assumes that the 

temperature before the start of sliding is 0 

○ C, which certainly is not 

the case, but the initial temperature was not specified in Ref. 19 and 

could be higher than room temperature, as the experiments were 

repeated many times. However, even adding 50 

○ C to the temper-
ature in Fig. 13 results in a background temperature that is at least 

100 

○ C smaller than observed. I have no explanation for this discrep-
ancy, but it may reflect uncertainty in the thermal parameters. Since 

the background temperature scales with the thermal conductivity as 

1/ 

√ 

κ, a reduction in κ from 30 to 20 W/mK, which is similar to what 

was found by Reddyhoff et al. (Ref. 37), would increase T 0 
from ≈420 

to 515 

○ C or ≈540 

○ C, assuming the starting temperature is 25 

○ C.

V. SUMMARY AND CONCLUSION
In this study, I have tested a recently developed theory for the 

size of the contact regions and for the flash temperature for solid 

blocks in sliding contact. 

10 The theoretical predictions are consistent 

with the experimental observations by Sutter and Ranc 

19 for steel 

sliding on steel. However, an “exact” comparison between theory 

and experiments is not possible because the surface roughness power 

spectrum of the steel surfaces used in Ref. 19 is not known, and also 

the (macroscopic) Brinell harness may differ somewhat from the 

penetration hardness involved in plastic deformations of asperities 

at the micrometer length scale. 

30 The theory is based on multiscale 

contact mechanics and is valid for surfaces with roughness on an 

arbitrary number of decades in length scale.

We have found that the flash temperature parameters D flash 

and 

d flash 

for the sliding Hertz heat source are consistent with the result 

of the full theory and with the experiments for steel sliding on steel. 

19 

The reason for this is that the steel deforms plastically already at rela-
tively long length scales so that effectively roughness occurs only on 

a relatively narrow wavelength region, and in particular, the short 

wavelength roughness on the original surfaces is irrelevant for the 

flash temperature. However, this is not the case in general, and in 

Ref. 10, it was shown that the classical theory for the flash temper-
ature fails severely for surfaces with roughness extending over two 

decades or more of length scale. This was the case for granite sliding 

on granite, 

10 a system of interest in earthquake dynamics.
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APPENDIX: SLIDING HERTZIAN CONTACT

We consider a sliding Hertz contact in the limit of very high 

sliding speeds where one can neglect the lateral diffusion of the heat. 

In this case, if a material point experiences the time dependent heat 

source q̇(t) for t > 0, then the temperature becomes

T(t) = 1
κ
(D

π
)

1/2
∫

t

0
dt′

q̇(t′)
(t − t′)1/2 .

Figure 14 shows the Hertz circular contact region moving with the 

velocity v along the negative x axis. A point (x, y) has been in con-
tact with the heat source for the time t = (s + x)/v or the distance 

s + x (dotted line). If we write x 

′ = −s + vt 

′ , where s = (R 

2 − y 

2 ) 

1/2 , 

we obtain

T(t) = 1
κ
( D

πv
)

1/2
∫

x

−s
dx′

q̇1

(x − x′)1/2 (1 − x′2 + y2

R2 )
1/2

.

Writing x 

′ = Rξ and measuring x and y in units of R gives 

28

T(x, y) = q̇1

κ
(DR

πv
)

1/2
f (x, y), (A1)

where

f (x, y) = ∫
x

−s
dξ
(1 − ξ2 − y2)1/2

(x − ξ)1/2 , (A2)
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FIG. 14. Hertz circular contact region moves with the velocity v to the left along 

the negative x axis. A point (x, y) has been in contact with the heat source for the 

time t = (s + x)/v or the sliding distance s + x (dotted line).

where s = (1 − y 

2 ) 

1/2 . An intensity map of f(x, y) is shown in Fig. 3. 

Using (A1) and (A2), one can calculate

T flash = 

⟨T(x)σ(x)⟩
⟨σ(x)⟩ = 1.305 

q̇
κ 

(DR
πv
) 

1/2
.

Using ˙ q1 
= 3 ˙ Q/2πR 

2 , we can write

T(x, t) = Q̇
Rκ
( D

Rv
)

1/2 3
2π
√

π
f (x, y),

and

Tflash ≈ 0.352
Q̇
Rκ
( D

Rv
)

1/2
. (A3)

The maximum temperature is

Tmax ≈ 0.590
Q̇
Rκ
( D

Rv
)

1/2
, (A4)

and the average flash temperature is

Tav ≈ 0.323
Q̇
Rκ
( D

Rv
)

1/2
, (A5)

which is a factor of ≈0.549 smaller than the maximal temperature. 

The flash temperature is, as expected, between T av 
and T max 

.
Next, we calculate ∇ 

2 T flash 

. We write

⟨∇ 

2 T(x)σ(x)⟩ = ∫ 

d 

2 x ∇ ⋅ (∇Tσ) − ∫ 

d 

2 x ∇T ⋅ ∇σ.

Using the Gauss divergence theorem and the fact that σ(x) vanishes 

for r = R, it follows that the first term in this equation vanishes. For 

the second term, we use that σ(r) only depends on r = ∣x∣ so that
∇σ = σ 

′ (r)x/r. Therefore, we obtain

⟨∇2T(x)σ(x)⟩ = −∫
R

0
dr rσ′(r) ∂

∂r∫
2π

0
dϕ T(r, ϕ).

Using this, we can calculate

∇2Tflash

Tflash
= ⟨∇

2T(x)σ(x)⟩
⟨T(x)σ(x)⟩ ≈ −

4.93
R2 , (A6)

which is larger than in the static case. 

Finally, consider

⟨∂ x 
T(x)σ(x)⟩ = ∫ 

d 

2 x ∂ x 
Tσ = ∫ 

d 

2 x [∂ x 
(Tσ) − T∂ x 

σ].

The first term can be written as

∫ 

R

−R 

dy ∫
h(y)

−h(y)
dx ∂ x 

(Tσ) = σ(R)∫ 

R

−R 

dy[T(h(y), y) − T(−h(y), y)]

where h(y) = (R 

2 − y 

2 ) 

1/2 and where we used that σ(r) only 

depends on r 

2 = h 

2 (y) + y 

2 = R 

2 . Since σ(R) = 0, the first term 

vanishes. The second term can be written as

− ∫ 

d 

2 x T∂ x 
σ = −∫ 

R

0
dr rσ 

′ (r)∫ 

2π

0
dϕ cos ϕ T(r cos ϕ, r sin ϕ).

Using this equation, one obtains

1
dflash

= −T′flash

Tflash
≈ 0.734

R
. (A7)
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