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Abstract
Clustering is an unsupervised technique for grouping data points

by similarity. While explainability methods exist for supervised

machine learning, they are not directly applicable to clustering,

making it challenging to understand cluster assignments. This inter-

pretability gap is particularly evident in the popular density-based

method DBSCAN, which assigns points as inliers (cluster mem-

bers in dense regions) or outliers (noise points in sparse regions).

DBSCAN does not provide insight into why a particular point re-

ceives its assignment or if it is robust to small changes in the data.

To address the lack of explainability, we introduce ExDBSCAN, a

density-aware, post-hoc explanation method. ExDBSCAN offers

actionable counterfactual explanations, with theoretical guarantees

for validity. It generates multiple counterfactuals using a density-

connected weighted graph, adopting a physics-inspired model that

repels counterfactual candidates from one another (diversity), while

pulling them toward the instance to explain (proximity). Empirical

evaluation on 30 tabular datasets comparing against four baselines

shows that ExDBSCAN outperforms all baselines while attaining

perfect validity and retrieving diverse, proximal counterfactuals.

CCS Concepts
• Computing methodologies→ Cluster analysis; •Mathemat-
ics of computing→ Computing most probable explanation.
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1 Introduction
Clustering is a cornerstone of unsupervised machine learning, en-

abling discovery of patterns and groupings in data without relying

on predefined labels. Our work focuses on Density-Based Spatial

Clustering of Applications with Noise (DBSCAN) [6], an algorithm

known for its ability to find clusters of arbitrary shape and to

identify outliers (also denoted as noise) in the process. DBSCAN

is popular across domains ranging from computer vision [7] to

bioinformatics [8] and fraud detection [20]. Nevertheless, a limita-

tion of DBSCAN (and clustering methods generally) is their lack

of explanation, i.e., the absence of information on why a particular

point belongs to a particular cluster or not, which is crucial for

interpretability, user trust, and actionable insights [23, 24].

In supervised learning, counterfactual explanations (CEs) have

emerged as an impactful tool, identifying minimal changes to an

input that would alter the model’s prediction, offering intuitive

“what-if” scenarios [9, 12, 26, 29]. Counterfactual reasoning builds

user trust in the model and reflects how human stakeholders for-

mulate explanations, making counterfactuals easy to interpret [23].

For classification tasks, a typical CE shows how a rejected loan

application could be altered to become approved.

CEs are beneficial for clustering. Beyond explaining individ-

ual points, multiple counterfactuals can reveal alternative ways in

which a point could transition between clusters, offering comple-

mentary perspectives on the underlying structure. Furthermore,

analysing how counterfactuals change across several explained

points can suggest which features are most relevant to cluster mem-

bership. These patterns not only enhance interpretability but also

have the potential to help practitioners make more informed de-

cisions about data preprocessing, feature engineering, and outlier

treatment. While a formal user study is beyond the scope of this
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work, we illustrate this interpretive potential through concrete

counterfactual examples on tabular datasets.

Although DBSCAN provides transparent mechanisms including

interpretable rules, they do not answer the fundamental question of

what should I change. For noise points specifically, DBSCAN identi-

fies isolation but cannot indicate which features lead to isolation

or how to resolve it.

Devising CEs for DBSCAN presents major challenges. First, the

cluster assignment process is not based on a differentiable loss

function, preventing the counterfactual method from having access

to model gradients, often used to guide counterfactual search [26,

36]. Moreover, while classification algorithms often produce class

probabilities, a membership probability, used by several model-

agnostic counterfactual methods [26, 38], is difficult to define in

hard clustering contexts. Furthermore, DBSCAN can label isolated

points as noise, which may be scattered across the whole feature

space and share few similarities, giving them a boundary very

different from classes in a classification scenario.

Model-agnostic Bayesian and genetic counterfactual methods

for classification generally do not need access to gradients or class

probabilities. Their application, however, is mostly computationally

expensive [30]. Furthermore, different clustering algorithms rely

on different concepts of similarity. This can impact counterfactual

search, for example when ensuring diversity, i.e., making sure that

different counterfactuals for the same input are not repetitive but in-

stead add meaningful actionable alternatives. In the DBSCAN case,

two samples could be close in the traditional Euclidean distance

leveraged by most model-agnostic methods, while at the same time,

being connected only by a long density-connected path, making

the two points effectively distant.

In this work, we address these challenges by leveraging counter-

factual reasoning to explain density-based clustering. We propose

Explaining DBSCAN with counterfactual reasoning (ExDBSCAN),

the first method tailored to generate CEs for DBSCAN. Given a

specific point, DBSCAN’s assignments, and its parameter settings,

ExDBSCAN generates counterfactuals that are both proximal (close

to the original instance for realistic changes) and diverse (providing

multiple non-redundant alternatives), while accounting for DB-

SCAN’s similarity definition. To achieve this, ExDBSCAN models

the problem as a physical optimisation system, defining an undi-

rected weighted graph that captures DBSCAN’s density-based sim-

ilarity structure. The system treats candidate counterfactuals as

charged-like particles that repel each other to ensure diversity, and

uses spring-like forces to maintain proximity to the explained in-

stance. Our approach provably provides perfect validity, i.e., every

counterfactual attains the correct cluster assignment, for both noise-

to-cluster and cluster-to-cluster transitions. Furthermore, ExDB-

SCAN respects feature constraints by handling non-actionable at-

tributes, e.g., the number of previous hospital visits in a tabular

dataset of clinical analysis, where changing these attributes would

make the explanation unrealistic, with the goal of ensuring expla-

nations remain practical and applicable.

Our contributions include:

• We introduce ExDBSCAN, the first method to generate coun-

terfactual explanations designed for DBSCAN, covering both

noise-to-cluster and cluster-to-cluster transitions.

• ExDBSCAN generates diverse counterfactuals under our

novel physics-inspired model that repels candidate counter-

factuals from one another (diversity) while pulling them to-

ward the point to explain (proximity), while also accounting

for cluster structure captured in our graph representation.

• On 30 OpenML tabular datasets, ExDBSCAN outperforms

all baselines by obtaining lower proximity, higher multi-

counterfactual diversity and perfect validity.

2 Related Work
Supervised Counterfactual Explanations. In supervised learn-

ing, Wachter et al. [36] formally introduce CEs to answer “what

is the smallest change to input 𝑥 that would alter the model’s pre-

diction?”, and subsequent work optimises criteria such as prox-
imity, validity, diversity, and actionability [9, 22, 39]. The method

by Wachter et al. [36] utilises gradients to guide the counterfactual

search and thereby only applicable to differentiable methods.

DiCE [26], extends these concepts to account for diversity, re-
turns a set of diverse CEs. While DiCE was originally designed for

differentiable models only, it has since been adapted to be model-

agnostic. FACE [29] follows data-supported feasible paths on the

empirical manifold and returns a plausible path together with a

counterfactual endpoint that alters model prediction. MACE [38]

uses a reinforcement-learning policy and returns one or more coun-

terfactuals with minimal changes. The model-agnostic Growing

Spheres algorithm [17] explores the input space by expanding hy-

perspheres until the model decision boundary is reached.

Another model-agnostic counterfactual method is BayCon [30].

Unlike gradient-based methods, BayCon uses Bayesian optimisa-

tion with probabilistic feature sampling to explore the feature space

without requiring differentiable model outputs. It treats the cluster-

ing algorithm as a black box, repeatedly querying it with candidate

counterfactuals and using the discrete cluster assignments to guide

its search. However, it does not exploit DBSCAN’s specific density-

connectivity structure that ExDBSCAN leverages for efficient and

theoretically grounded counterfactual generation.

All methods need to repeatedly query a supervised model for

class probabilities at candidate points and then choose based on

closeness to the target class. By contrast, DBSCAN provides only

discrete, connectivity-based memberships (core, border, noise) de-

fined by 𝜀 and 𝑚𝑖𝑛𝑃𝑡𝑠 , with no continuous quantity to optimise

against. A workaround could be to fit a surrogate classifier to pre-

dict cluster memberships and then apply supervised CE methods;

however, the surrogate’s decision regions would then reflect its

own similarity notion rather than density-reachability.

Explainable Clustering. The need to understand and explain

clustering results has motivated various approaches to clustering

interpretability. Unlike supervised learning, where explanations

often focus on decision boundaries, clustering explanations must

describe why groups form and what distinguishes them.

Global explainable clustering methods aim to summarise en-

tire clusterings or cluster characteristics in human-understandable

forms. Moshkovitz et al. [25] replace 𝑘-means/𝑘-medians clusters

with compact interpretable decision trees. Similarly, Bandyapad-

hyay et al. [4] search for small trees that match a given partitioning.
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Prototype-based methods characterise each cluster by represen-

tative examples or “criticism” points, e.g., Kim et al. [14] select

prototypical instances and outliers for each cluster. Such global

explanations convey what defines clusters overall, but they do not

explain individual assignments.

In contrast, local explainability focuses on specific data points.

Agnostic attribution methods like FACT [31] quantify feature in-

fluence on a point’s cluster assignment by perturbing features and

observing changes in the clustering. Interactive tools like Cluster-

Vision [16] visualise effects of input parameters on clusters and

outliers.

While global summaries, prototypes, feature attributions, and vi-

sual analytics improve understanding of clustering results, they do

not provide actionable local changes for a given point. No existing

method can explain how a particular DBSCAN inlier or outlier could

change assignment through minimal feature changes, with guar-

antees of valid membership under DBSCAN’s density-reachability.

This gap motivates ExDBSCAN.

Counterfactuals for Clustering or Outlier Detection. Some

recent work studies CEs for clustering. For prototype/mixture-style

clustering, Vardakas et al. [35] provide the first analytic formula-

tions: for 𝑘-means, they derive a closed-form move that crosses the

Voronoi boundary into a target cluster, and for Gaussian clustering,

devise and solve a non-linear formulation.

These methods leverage geometry and thus do not apply to

density-based algorithms, where membership is defined by density-

reachability rather than distances to prototypes.

Spagnol et al. [32] build on BayCon and propose model-specific

scores: a distance-based score for 𝑘-means (scaled distance to the

target centroid) and amembership-probability score for HDBSCAN*

(using the algorithm’s soft-clustering outputs). These scores guide a

zero-order Bayesian optimisation loop to find CEs.While this makes

BayCon-style search applicable to HDBSCAN*, it uses HDBSCAN*’s

probabilistic model, unavailable for DBSCAN. Moreover, it provides

no density-reachability guarantees and does not explain DBSCAN’s

core/border/noise status.

Beyond clustering, counterfactuals have been explored for unsu-

pervised outlier detection. Zhou et al. [40] propose EACE which for

a given outlier generates one or more counterfactual samples that

an anomaly detection model would classify as an inlier. Angiulli

et al. [3] similarly “repair” an outlier via a subset of features and

adjusted values (a “mask”) that would turn it into an inlier. Amico

et al. [2] propose counterfactuals for LOF using the density-based

properties of the method.

Both EACE and the density-contrastive “repair” methods target

outlier detection models that expose a continuous anomaly score

(e.g., one-class SVM, kernel density estimators, autoencoders, LOF-

style scores). Their goal is to decrease the anomaly score so that a

point crosses a detector-specific decision threshold and becomes

“normal,” suitable for detectors where “inlierness” is defined by that

score. DBSCAN does not provide such a score, soft memberships,

or gradients; it yields discrete core/border/noise assignments based

on 𝜀-reachability and𝑚𝑖𝑛𝑃𝑡𝑠 . Consequently, these counterfactual

outlier detection methods optimise an objective that is orthogonal

to ours, since they can make a point “less anomalous” in a detector’s

sense without guaranteeing that it becomes density-connected to a

DBSCAN cluster. In contrast, ExDBSCAN includes both cluster-to-

cluster and noise-to-cluster transitions.

3 Counterfactual Explanations for DBSCAN
We describe DBSCAN and counterfactual explanations (Sect. 3.1),

before introducing density-based counterfactuals (Sect. 3.2) and our

novel method, ExDBSCAN (Sect. 3.3).

3.1 Preliminaries
Consider dataset 𝑋 = (𝑥1, . . . , 𝑥𝑙 ), 𝑥𝑖 ∈ R𝑛

and cluster assign-

ment from points C : 𝑋 → {−1, 0, . . . ,𝑚 − 1} to one of 𝑚 clus-

ter labels, or to noise (−1). The popular density-based clustering

approach DBSCAN [6] groups points based on a similarity no-

tion modelled as density-reachability. Clusters are maximal ar-

eas of density-connected points, separated from other clusters

through sparse areas. It uses two parameters: 𝜀, which defines

the radius of local density assessment, and𝑚𝑖𝑛𝑃𝑡𝑠 , which specifies

the minimum number of points required to form a dense region.

The 𝜀-neighbourhood are the points within radius 𝜀 of a point 𝑝:

N𝜀 (𝑝) = {𝑞 | ∥𝑝 − 𝑞∥2 ≤ 𝜀, with 𝑝, 𝑞 ∈ 𝑋 }. DBSCAN distinguishes

between dense core points, border points close to core points, and

noise points or outliers, that do not belong to any cluster:

Definition 3.1 (Core, border, and noise points). The set of core
points 𝑄 are points 𝑝 that have at least 𝑚𝑖𝑛𝑃𝑡𝑠 points in their 𝜀-

neighbourhood: 𝑄 = {𝑝 ∈ 𝑋 | |N𝜀 (𝑝) | ≥𝑚𝑖𝑛𝑃𝑡𝑠}.
Points in 𝑋 \𝑄 are border points 𝐵, if they have at least one core

point in their neighbourhood, else they are noise.

Counterfactual Explanations (CEs). CEs were first proposed as

an optimisation problem by Wachter et al. [36] for classifiers:

Definition 3.2 (Counterfactual Explanations). A set of 𝑘 CEs for a

point 𝑝 under a classification model 𝑓 , denoted as𝐶𝑘 (𝑝) minimises

a cost function for which the classification outcome changes:

𝐶𝑘 (𝑝) = argmin

𝑝′
1
,...,𝑝′

𝑘

cost(𝑝, 𝑝′) subject to 𝑓 (𝑝) ≠ 𝑓 (𝑝′) (1)

Counterfactual generation methods vary in the choice of cost

function, typically balancing between desired properties, e.g., the

distance between the original point 𝑝 and the counterfactual 𝑝′ or
the pairwise distance between counterfactuals. In the context of

density-based clustering, the cost function in Definition 3.2 takes

into account the clustering algorithm’s concept of similarity.

3.2 Characteristics of Counterfactuals
Counterfactual explanations provide value for clustering tasks by

addressing the interpretability challenges in unsupervised learning.

Unlike supervised learning where model decisions can be evaluated

against known labels, clustering methods function without prede-

fined classes. This leaves the task of understanding why certain

groups are formed or why points are assigned to a particular cluster.

CEs bridge this gap by revealing the minimal changes required to al-

ter a point’s cluster assignment, thus explaining group differences

and features that may drive cluster membership. Density-based

clustering finds clusters of arbitrary shapes and can identify noise

points. These capabilities canmake the resulting clusterings difficult

to interpret because the complex, non-convex cluster boundaries
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and the distinction between core, border, and noise points are not

immediately obvious. Users cannot easily identify which specific

features or density thresholds have led to the assignments. Noise-to-

cluster and cluster-to-cluster CEs reveal key features that determine

density-based cluster membership.

Cluster Assignment. The counterfactual generation process re-

quires assigning out-of-dataset points such that we can test whether

a candidate lies in the target cluster. Contrary to classifiers, DB-

SCAN lacks a native assignment function for new points. To ensure

that we explain a given clustering without inadvertently manipu-

lating it, and avoid re-clustering, we keep the clustering fixed and

define C: point 𝑝 belongs to cluster 𝑖 iff there exists a core point 𝑞

with C(𝑞) = 𝑖 within the 𝜀-neighbourhood, such that 𝑞 ∈ N𝜀 (𝑝).
We restrict membership to core-point neighbourhoods, as plac-

ing a counterfactual near a border does not ensure density-connectivity,

and may violate DBSCAN’s membership definition. Keeping a fixed

clustering structure also avoids the computational and conceptual

pitfalls of re-clustering (e.g., merges or new clusters), ensuring that

we explain the original structure rather than one altered by the

CEs.

Generating multiple diverse CEs, rather than a single instance,

enhances explanatory value by probing cluster-assignment bound-

aries from different directions, giving stakeholders a thorough view

of the clustering algorithm’s behaviour. Multiple examples help

surface explanatory trends (e.g., features repeatedly changed likely

matter for assignment) and reduce perceived arbitrariness, improv-

ing trust [23].

Regarding actionability, i.e., how feasible the proposed counter-

factual change is, different paths offer different feasibilities, which

largely depend on the application scenario. For example in a medi-

cal setting, in the hypothetical scenario of changing the respiratory

rate versus the oxygen saturation may be more or less realistic for

a given patient. Offering several options increases the likelihood

that at least one constitutes a realistic, acceptable intervention, en-

abling feasible and actionable paths to change the outcome of the

model [33].

It is thus crucial that CEs demonstrate diversity [17]. CEs that dif-

fer only marginally are redundant and fail to highlight differences

among clusters [26]. High redundancy adds no valuable informa-

tion, for example, two counterfactuals that vary by only 0.1 breaths

per minute in respiratory rate are effectively indistinguishable and

convey the same information.

While diversity is essential, CEs that stray too far from the ex-

plained point risk suggesting unrealistic changes. If a CE bears little

in common to the point being explained, human stakeholders may

struggle to relate the two and reason about their differences. Proxim-

ity therefore remains fundamental to counterfactual reasoning, as it

increases both the realism and feasibility while reducing cognitive

load for stakeholders, as there are fewer overall changes [23].

3.3 ExDBSCAN Counterfactuals
ExDBSCAN addresses these requirements by generating valid sets

of counterfactuals that balance proximity and diversity. Users can

specify their number and the target cluster to meet their needs.

Inter-Cluster Concept of Distance. In CE literature, density

is used as a proxy for the ease of moving between points or fea-

sibility [11, 29, 37, 40]. In DBSCAN, cluster members are density-

connected, so a counterfactual that moves within a cluster stays in

dense regions with similar neighbours, enabling realistic paths.

However, because DBSCAN discovers non-convex shapes, two

points can be close in Euclidean space yet require a long density-

connected path; straight-line distance can therefore overstate sim-

ilarity. Throughout this paper we use Euclidean distance as it is

the most popular metric; a discussion of alternative metrics and

evaluation choices are in App. 3.3.

CEs that look redundant under Euclidean distance, i.e., proposals

close in straight-line distance, may still be meaningfully diverse

once DBSCAN’s density structure is considered. Euclidean close

points can lie in different density-reachable regions and thus rep-

resent distinct alternatives. Relying on Euclidean distance risks

“cutting through” clusters and ignoring connectivity, yielding ex-

planations that misstate feasibility.

Choice of Distance Metrics By design, ExDBSCAN is agnostic

to metrics. That being said, if DBSCAN is fit on a metric different

to Euclidean, e.g., Manhattan, Cosine, Mahalanobis, or mixed-type

metrics, ExDBSCAN can be easily adjusted to this. Instead of us-

ing Euclidean distance, we can employ any other distance metric

to determine reference core-points as well as solving the energy-

minimisation to produce diverse and proximal counterfactuals. We

strongly advise using the same metric in ExDBSCAN as the one

selected for DBSCAN clustering, to maintain consistency in the con-

cepts of density-reachability and graph connectivity. Furthermore,

we advise employing this chosen metric to evaluate proximity and

diversity, as the underlying structure of the data and clustering

depends on it.

Reference Core Point. Given our definition of the assignment

function, a CE is assigned to the target cluster iff it falls within the

𝜀-neighbourhood of a cluster’s core points. When selecting a point

in the space as a CE, we naturally associate it with its nearest core

point. To properly leverage the weighted graph𝐺 that captures the

cluster’s structure, we identify the most appropriate reference core

point for each proposed CE and generate the CE example within

its 𝜀-neighbourhood. Hence, a set of ExDBSCAN CEs corresponds

directly to a set of vertices in graph 𝐺 , namely the cluster’s core

points. We denote the set of CEs for point 𝑝 as 𝐶𝑘 (𝑝), while 𝐶′𝑘 (𝑝)
represents the corresponding set of reference core points.

Proximity Through Attraction. By definition, the most prox-

imal CEs are the ones closest to the point to explain 𝑝 . Given 𝑘

CEs, the set of core points 𝐶′ (𝑝) maximising proximity will thus

be composed of the 𝑘 nearest core points of 𝑝 . As 𝑝 and candidate

core points are not density connected, the distance metric used is

the one employed for fitting DBSCAN.

Diversity Through Repulsion. In CEs, a set is diverse when

its members are mutually dissimilar [26]. One class of methods

enforces this by maximising pairwise distances; variants of the

maximum diversity problem (MDP) [17, 19]. Another models diver-

sity via repulsion, minimising similarity between selected instances;

determinantal point processes are common realisations, probabilis-

tically favouring diverse subsets [1, 15, 26].

We observe that simply adopting (Euclidean) distance falls short

for DBSCAN: its very notion of similarity is density-connectivity.
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Thus, the challenge is to model proximity and diversity using

density-connectivity. We adopt a repulsion-based approach that

prevents redundant counterfactuals, as repulsion forces increase

substantially as points converge. In contrast, maximising pairwise

distances remains more forgiving toward closely positioned in-

stances, provided that other point pairs maintain sufficient sepa-

ration to preserve overall diversity. Also, repulsion interactions

naturally produce more evenly distributed selections across the

solution space. In our density-based setting, we implement this di-

versity measure using the weighted shortest path distance defined

by graph𝐺 to evaluate pairwise distances in a cluster. This ensures

that our diversity metric respects the cluster’s density-connectivity

structure rather than relying on simple Euclidean distances that

could cut through the cluster and misrepresent the actual relation-

ships between points.

Balancing Proximity and Diversity. ExDBSCAN generates

multiple CEs that ensure both proximity and diversity; an inher-

ent trade-off since closer alternatives are often less diverse. We

resolve this by modelling a physical system and selecting its equi-

librium (the minimum-energy configuration), where the proximity-

diversity balance is optimal.

For diversity, we treat candidate core points as like-charged

particles with Coulomb’s electrostatic law [10], pushing already se-

lected cores apart so the minimum-energy set is maximally spread;

making the minimum energy configuration the most diverse.

For proximity, we bias chosen core points to be close to the

original point, by connecting the latter with a spring to candidate

core points. The further the candidate CE, the stronger the force

pulling it closer to the original instance, growing linearly with the

weighted path distance according to Hooke’s law [10]. Prop. 1 states

how the minimum energy configuration of spring-like interactions

selects the closest core points, accounting for proximity.

The aim is to find the system’s stable configuration, i.e., the one

that minimises the energy of the physical system. Spring-like forces

bias the system to select points closest to the original instance as

springs push towards their rest state; i.e., when explained point

and candidate core point have a null distance. Electrostatic-like

repulsion favours core points to be pairwise distant (according

to the shortest weighted path distance), as same-charged particles

push each other away. The minimum energy configuration balances

the springs’ desire to go back to their rest configuration with the

charges’ desire to spread as much as possible. Hence, given a set

𝐶′ (𝑝) of chosen core points, and point to explain 𝑝 , the energy

configuration of the system has the form:

𝐸𝐶′ =
∑︁
𝑉𝑖 ∈𝐶′

∑︁
𝑉𝑗 ∈𝐶′ :𝑗>𝑖

1

D(𝑉𝑖 ,𝑉𝑗 )
+

∑︁
𝑉𝑖 ∈𝐶′

𝑑2 (𝑝,𝑉𝑖 ) (2)

𝑉𝑖 is the 𝑖th vertex of graph 𝐺 , D(𝑉𝑖 ,𝑉𝑗 ) denotes the weighted
shortest path distance between vertices𝑉𝑖 and𝑉𝑗 . Lastly, 𝑑 (𝑝,𝑉𝑖 ) is
the Euclidean distance between the point to explain 𝑝 and vertex

𝑉𝑖 . As these two distances may operate at different scales, with

𝑑 (𝑝,𝑉𝑖 ) potentially larger since it connects points outside a cluster,

we scale D(𝑉𝑖 ,𝑉𝑗 ) by 𝑑𝑐/ ¯D, where 𝑑𝑐 is the distance from 𝑝 to the

closest core point and
¯D is the average graphweight, preventing the

spring-like term from dominating. We evaluate physical constants

characterising spring and electrostatic terms in Eq. 2 as 1, as we

are only interested in how energy terms scale with distance.

To find the optimal configuration of the system and thus, the set

of C, we find the subset𝐶′ of vertices𝑉 minimising system energy:

𝐶′
𝑘
(𝑝) = argmin

𝐵∈𝑉 : |𝐵 |=𝑘
𝐸𝐵 . (3)

The energy term in Eq. 2 can be seen as ExDBSCAN’s cost func-

tion in the formalism introduced in Eq. 1. Fig. 1 shows how a solu-

tion of Eq. 3 can be visualised on a toy dataset where counterfactuals

are produced for a noise point. On the left of Fig. 1, considering the

electrostatic term only leads to maximally diverse counterfactuals.

On the right, using just spring-like terms make counterfactuals

maximally proximal. In the middle, balancing repulsion and attrac-

tion considering the cluster’s density structure, prompts proximal

and spread-out counterfactuals. We observe the following:

Proposition 1. Aligning with our desiderata on proximity, if con-
sidering only the spring-like term in Eq. 2, solving the optimisation
problem in Eq. 3 is equivalent to selecting the 𝑘 nearest neighbours of
the point to explain 𝑝 .

Proof. From Eq. 2, and by induction, when the set of core points

is empty, the core minimising the elastic energy of the system is

the closest to the point to explain 𝑝 (minimum possible distance).

As for the induction step, given a set of 𝑘 ′ < 𝑘 selected core points,

the next core point to be selected, i.e., the one minimising the total

elastic energy, is given by the closest non-selected core-point to

𝑝 . □

Solving the optimisation problem in Eq. 3 is computationally

challenging.

Proposition 2. Solving Eq. 3, i.e., the energy minimisation problem
with both attraction and repulsion, is an NP-hard problem.

Proof. (Sketch, full in Appendix A.3)

Maximum diversity problems are NP-hard [28]. Eq. 3 restricted

to the electrostatic term can be mapped to the MDP. Adding springs

does not change NP-hardness: If it did, the MDP could be solved in

polynomial time sending spring constants to zero. □

We approximate the solution using the following greedy algo-

rithm. Given an incomplete set of selected core points 𝐶′
𝑘
with

𝑘 ′ < 𝑘 , the next cluster point is chosen as the one minimising the

total energy of the system according to Eq. 2. When choosing the

instance initialising the set of core points,𝐶′ is still empty and thus

no repulsive electrostatic-like force influences the choice. 𝐶′ will
thus be initialised with the core point closest to the point to explain

since it is the one greedily minimising the energy configuration,

composed by a single spring-like term. Note in the case with only

one counterfactual, the greedy optimisation corresponds to the op-

timal one according to Eq. 2. Full pseudocode, a complexity analysis,

and an empirical assessment of approximation quality are provided

in App. A.2, App. A.6, and App. A.4, respectively.

Choosing the set of counterfactuals 𝐶. Our chosen set of

core points𝐶′ leverages the clusters’ density structure to optimally

balance proximity and diversity through the weighted undirected

graph 𝐺 . Given 𝐶′, we need to select where in each core point’s 𝜀-

neighbourhood the counterfactual is going to be placed, practically
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Figure 1: Optimising diversity (left), balanced (middle), optimising proximity (right). Cluster points in yellow and blue, resp.;
noise marked with X; green point to be explained; red stars counterfactuals.

mapping 𝐶′ to the final set of counterfactuals 𝐶 . Given a single

core point 𝑞 in 𝐶′, to further improve proximity and respecting

our assignment function definition, we position the counterfactual

𝑝′ ∈ 𝐶 , 𝜀 away in the direction of the original point 𝑝:

𝑝′ = 𝑝 + (𝑑𝑝𝑞 − 𝜀) (𝑞 − 𝑝)/𝑑𝑝𝑞 . (4)

The counterfactual point 𝑝′ is considered part of the cluster contain-
ing reference core point 𝑞, as it satisfies the density-based clustering

criteria for the target cluster, effectively ensuring validity.

Theorem 3.1. Every counterfactual point 𝑝′ with reference core
point 𝑞, such that C(𝑞) = 𝑖, 𝑖 ≠ −1, that is generated for a point
𝑝 ∈ 𝑋 : C(𝑝) ≠ 𝑖 toward cluster 𝑖 with the proposed method,
is considered part of cluster 𝑖 , implying that C(𝑝′) ≠ C(𝑝) and
𝐶 (𝑝′) = 𝑖 , and thus valid counterfactual.

Proof. (Sketch) The definition in Section 3.2 denotes that 𝑝′

is in the same cluster as its reference core point 𝑞 with C(𝑞) = 𝑖 ,
therefore C(𝑝′) ≠ C(𝑝) and specifically C(𝑝′) = 𝑖 . ■

App. A.5 details how to retrieve counterfactuals𝐶 when some fea-

tures are not actionable, and shows how ExDBSCAN creates a graph

only considering reference core points whose 𝜀 neighbourhood is

reachable without changing non-actionable features. Discussion

on how to implement feature constraints such as monotonicity and

positive correlation can be found in the extended material [21].

4 Experiments
Experimental Setup. In this paper we evaluate counterfactual

explanations on 30 tabular datasets from OpenML [34]
1
. We further

provide in the extended version [21] two additional evaluations

specifically on spatial datasets [21]
2
. For each dataset, DBSCAN

hyperparameters (𝜀,minPts) are selected through a grid search to

maximise the DBCV clustering validity index [27].

1
Dataset details and reproducible code:

https://github.com/tommasoamico/ExDBSCAN.

2
datasets, where data points represent geographical locations, are often clustered with

DBSCAN as it can successfully capture their density structure.

BaselineMethods. ExDBSCAN is compared against seven base-

line methods and variants for counterfactual generation:

(1) BayCon [30], a model-agnostic Bayesian counterfactual gen-

erator. BayCon uses Bayesian optimisation to propose candi-

date points; to model the objective posterior, it fits a Random

Forest surrogate internally.

(2) DiCE [26] uses an optimisation-based counterfactual formu-

lation and incorporates diversity into the objective. DiCE is

evaluated in two variants:DiCE-Direct, where DBSCAN’s dis-
crete assignment is queried during optimisation, and DiCE-
Surrogate, where DiCE optimises against a fitted surrogate

classifier to obtain a smoother search space.

(3) Growing Spheres (GS) [17] is a greedymethod that samples

instances on hyperspheres of increasing radius until a point

crossing the decision boundary is found. We evaluate two

variants, GS-Direct on DBSCAN’s discrete assignments and

GS-Surrogate on top of a fitted surrogate model.

(4) ExDBSCAN Random is a heuristic baseline which samples

𝑘 reference core points uniformly at random from the target

cluster’s core set, and constructs counterfactuals from these

cores using the same core-point-based construction as ExDB-

SCAN (Section 3). This isolates the contribution of ExDB-

SCAN’s structured core-point selection (proximity-diversity

optimisation) from the final counterfactual construction step.

We perform a deeper ablation study beyond ExDBSCAN Ran-

domwhich inspects how ExDBSCAN’s performances change

without repulsive forces and attraction forces respectively

in the extended material [21].

Surrogate Models and Training. DBSCAN produces discrete

assignments (inliers/outliers) and exposes neither class probabilities

nor usable gradients. As a consequence, supervised counterfactual

methods like DiCE and Growing Spheres do not have a smooth

objective to optimise when applied directly; leading to unstable

optimisation and difficulty crossing the clustering boundary. For

fair comparison against these methods, evaluation occurs through

https://github.com/tommasoamico/ExDBSCAN
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a surrogate setting that fits a multi-class classifier that predicts DB-

SCAN cluster labels and generates counterfactuals with respect to

the surrogate’s probability output. This is a standard workaround of

treating cluster labels as pseudo-classes [13, 18]. While acknowledg-

ing that the resulting decision regions may reflect the surrogate’s in-

ductive bias rather than DBSCAN’s underlying density-reachability

structure, inclusion of surrogates is necessary due to the lack of

methods able to adequately compute valid DBSCAN counterfactu-

als. For surrogate-based variants, DBSCAN cluster labels are used

as training targets; except for BayCon, which natively fits a Ran-

dom Forest surrogate. We select the surrogate via grid search over

feed-forward neural networks, Random Forests, and XGBoost clas-

sifiers [5], choosing the best-performing model per dataset.

Sampling Strategy. For eachmethod, we use the following strat-

egy to select the samples that will be explained. For each cluster 𝐶𝑖

or noise partition 𝑁 , we sample 10 points randomly. Each sampled

point 𝑝 ∈ 𝐶𝑖 , targets every other cluster 𝐶 𝑗 with 𝑗 ≠ 𝑖 yielding

10×∑𝑚
𝑖=1
(𝑚 − 1) + 10×𝑚 queries per dataset. Each query asks to

produce a set of 𝑘 = 10 CEs in the specified target cluster. The only

method that cannot output a precise number of counterfactuals

is BayCon, which inherently produces a large set of explanations.

Thus, we evaluate BayCon by taking both 10 random counterfactu-

als and the 10 closest to the original instance. We refer to the two

cases with BayCon Random and BayCon Closest respectively.
Counterfactual Evaluation Metrics. To evaluate the quality

of counterfactuals across methods we utilise three common coun-

terfactual evaluation metrics: Validity, Proximity and Diversity.

(1) Validity (↑ is better): Proportion of returned 𝑘 counterfac-

tuals that reach the target cluster (i.e., the CE is part of the

target cluster). When no CE is found, validity is zero for that

query. Higher values are better for validity, as the goal is to

obtain as many valid CEs as possible.

(2) Average Proximity (↓ is better):Mean distance from origi-

nal point 𝑝 to each valid returned CE,measured inDBSCAN’s

clustering feature space. The distance is the same as the one

used to fit DBSCAN, here Euclidean distance. Lower values

indicate that the CE more closely resembles the explained

point.

(3) Average Diversity (↑ is better): We want 𝑘 CEs to offer

diverse solutions in the target cluster, not minor variants

of the same information. To properly evaluate diversity, we

use the diversity metric based on the determinantal point

process used in Mothilal et al. [26] and argued for by Kulesza

and Taskar [15]. Specifically, we compute a kernel matrix

𝐾𝑖 𝑗 = 1/(1 + 𝑑 (cf 𝑖 , cf 𝑗 )) and use its determinant as a mea-

sure of diversity. Higher determinant values indicate greater

diversity among proposed counterfactuals. The more diverse

the vectors inspected, the higher the volume computed by

the determinant to estimate diversity.

To measure diversity, we apply a Determinantal Point Process

(DPP) kernel based on the weighted shortest-path distance within

the cluster graph. For points that are density-connected, like our

counterfactuals, graph distance effectively captures the similarity

structure of DBSCAN, whereas Euclidean distance may not accu-

rately represent density-connectivity. Furthermore, between the

explained point and its counterfactuals there is no density con-

nectivity, making Euclidean distance, the metric used for fitting

DBSCAN, the most appropriate measure. To extend the discussion,

we illustrate concretely how Euclidean distance can misrepresent

diversity, where counterfactuals at opposite ends of an arc appear

close in Euclidean space yet are density-distant; see extended mate-

rial [21].

To realise this, for each cluster we build an undirected weighted

graph𝐺 (𝑉 , 𝐸) whose vertices𝑉 are core points; edges connect two

vertices if they are directly density-reachable (distance < 𝜀), with

their distance as edge weight. The distance between any two points

is the weighted shortest-path in 𝐺 . Thus, instances are “close” only

if an easy path connects them, naturally respecting the cluster’s

density structure.

We report counterfactual quality using empirical percentile curves,

which visualise the distribution of each metric across queries while

simultaneously reflecting method failure rates. For each method,

per-query values are sorted and plotted with the metric value on the

𝑦-axis and the cumulative percentage of all queries on the 𝑥-axis,

where the 𝑥-position of the 𝑥-axis is given by 100 · 𝑟/𝑁 with 𝑁

denoting the total number of queries. Queries for which a method

fails to return a valid counterfactual, yield undefined metric values

and do not contribute points to the curve. Consequently, curves that

extend further to the right indicate higher percentage of validity

i.e., more successful queries. Due to space, experiments for non-

actionable scenarios can be found in Appendix A.5.4. A qualitative

example on the California Housing dataset, sparsity and plausibility

can instead be found in our extended material [21].

4.1 Validity and Proximity Evaluation
Fig. 2 reports results for validity and proximity. The 𝑦-axis indicates
the proximity metric values, while the 𝑥-axis reports cumulative

percentages of queries for which a valid counterfactual has been

obtained. Lower proximity values correspond to less changes from

the original instance and thus better counterfactual quality.

Validity Performance. ExDBSCAN achieves perfect validity

(100%) across all queries, successfully generating valid counterfac-

tuals in every case. This is guaranteed by our theoretical analysis

(Theorem 3.1), which ensures that every counterfactual obtained

by Eq. 4 lies within 𝜀 of a core point in the target cluster and thus

satisfies DBSCAN’s density-connectivity requirements. ExDBSCAN
Random and DiCE surrogate also achieve 100% validity. The full

table of validity values are presented in the Appendix in Table 1 in

the extended version [21].

In contrast, the surrogate-based methods, DiCE-Surrogate and
GS-Surrogate, as well as BayCon struggle severely with validity,

mostly below 50% successful counterfactual generation. This per-

formance gap originates from the fundamental mismatch of these

methods optimising against continuous decision boundaries learned

by surrogate classifiers or probabilistic models, which do not faith-

fully capture DBSCAN’s discrete, density-connectivity-based mem-

bership requirement. The surrogate’s smooth decision regions may

unintentionally exclude valid density-connected points or include

invalid ones, which leads to generated counterfactuals that fail

on DBSCAN’s actual assignment function. DiCE-Direct performs

poorly due to the problem not being characterized by gradients or
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Figure 2: Validity/proximity. Cumulative percentage of successful queries (x-axis) vs. proximity (y-axis, ↓ lower is better).
ExDBSCAN achieves perfect validity with superior proximity. ExDBSCAN Random and GS-Direct show worse proximity.
Surrogate-based methods and BayCon show poor validity (< 50%) due to lack of alignment with DBSCAN model.

Figure 3: Diversity. Cumulative percentage of successful queries (x-axis) vs. diversity (y-axis, higher is better). ExDBSCAN
achieves highest diversitywhilemaintaining perfect validity, balancing proximity and diversity in its physics-inspired approach.

continuous probability functions. Its optimisation procedure strug-

gles to navigate DBSCAN’s discrete assignment space, meaning

that it fails to find any valid transition to counterfactuals.

Proximity Performance. Among methods achieving high va-

lidity, ExDBSCAN demonstrates superior proximity. ExDBSCAN’s

curve lies consistently below both ExDBSCAN Random and DiCE

surrogate, indicating that ExDBSCAN produces counterfactuals

closer to the original instances. This advantage arises directly from

ExDBSCAN’s physics-inspired optimisation approach where the

spring-like attraction term in Eq. 4 explicitly biases the selection

toward core points with a minimal weighted-path distance to the ex-

plained point 𝑝 . By construction, ExDBSCAN’s algorithm initialises

with the nearest core points (Prop. 1) and incrementally selects addi-

tional cores that minimise total system energy, balancing proximity

against diversity constraints.

ExDBSCAN Random, while achieving perfect validity, notably

shows worse proximity because it samples core points uniformly

at random from the target cluster without considering their dis-

tance to point 𝑝 . This demonstrates that the structured core-point

selection in ExDBSCAN is in fact essential for proximity optimisa-

tion. DiCE surrogate achieves reasonable proximity. However, its
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optimisation approach does not take into consideration DBSCAN’s

density-connectivity structure, and thereby lacks a mechanism to

select the most proximal valid points once multiple candidates are

found. Other surrogate-based methods like BayCon, when they do

succeed, often produce counterfactuals with poor proximity val-

ues. This occurs because these methods must explore broadly to

find any valid points at all, given their poor alignment with DB-
SCAN’s true decision boundaries. Their successful counterfactuals

tend to be those that happened to lie near large, easily-discoverable

dense regions rather than the minimal changes that ExDBSCAN
identifies through its density-aware optimisation. The per-dataset

tables showing raw proximity values are presented in the extended

version in Table 2 [21].

4.2 Diversity Evaluation
Fig. 3 shows the corresponding results for the evaluation metric

diversity. As before, the 𝑥-axis represents the cumulative percent-

age of queries with successful counterfactual generation, while the

𝑦-axis reports the diversity score of the returned counterfactual

set. Higher diversity values indicate more diverse counterfactual

solutions, which is the desired outcome. Consequently, methods

whose curves lie higher achieve greater diversity among the gen-

erated counterfactuals at the same level of validity, while curves

that extend further to the right indicate successful counterfactual

generation for a larger fraction of queries.

Diversity Performance. ExDBSCAN achieves the highest di-

versity among all methods, with its curve lying consistently above

all baselines. This superior diversity is because of its electrostatic-

like repulsion mechanism (Eq. 2) which explicitly enforces sep-

aration between selected core points. The repulsion force scales

with the inverse of the weighted shortest-path distance 𝐷 (𝑉𝑖 ,𝑉𝑗 ) in
the cluster’s density-connectivity graph 𝐺 , ensuring that selected

counterfactuals are spread throughout the cluster structure rather

than clustered together. Critically, this diversity measure respects

DBSCAN’s notion of similarity. If points appear close in Euclidean

space, they may be far apart in terms of density-connectivity, and

ExDBSCAN’s graph-based distance ensures that selected counter-

factuals represent actually distinct alternatives. We illustrate this

further in the extended version [21]) ExDBSCAN Random, despite

having perfect validity, does not match ExDBSCAN’s performance

on diversity. Its random sampling from core points produce spread-

out selections when the cluster contains many spread-out cores.

However, this comes at the cost of significantly worse proximity,

as seen in Fig. 2, highlighting the proximity-diversity trade-off that

ExDBSCAN explicitly optimises for. The competitive diversity of

this baseline confirms that repulsion-based core selection is an effec-

tive diversity strategy; ExDBSCAN goes further by systematically

achieving this while simultaneously optimising proximity.

GS-Direct shows moderate diversity, considerably lower than

both ExDBSCAN and ExDBSCAN Random. GS-Direct’s expanding
sphere strategy tends to find counterfactuals along similar search

directions, particularly when the original point is near a cluster

boundary. Without an explicit diversity mechanism, GS-Direct’s
multiple counterfactuals often represent minor variations along

the same transition path instead of truly alternative routes into the

target cluster.

The poor diversity performance of the surrogate-based methods

and BayCon, when they at all find valid counterfactuals, reflects

that their fundamental approach is ill-aligned with DBSCAN. These

methods optimise against surrogate decision boundaries that do

not capture DBSCAN’s density-connectivity structure. Even when

they incorporate diversity mechanisms (e.g., DiCE’s determinan-

tal point process), the diversity is measured in Euclidean space or

with respect to the surrogate’s feature space, but not DBSCAN’s

density-connected distance that is the model to be explained here.

Consequently, their counterfactuals may appear diverse under their

internal metrics while being related or simply invalid from DB-

SCAN’s perspective. The full per-dataset results are presented in in

the extended version in Table 3.

Balancing Proximity and Diversity. The results from Fig. 2

and 3 demonstrate ExDBSCAN’s success in optimising the inher-

ent trade-off between proximity and diversity. By modelling this

balance as a physical energy minimisation problem (Eq. 3), ExDB-

SCAN achieves superior performance on both metrics simultane-

ously. ExDBSCAN generates counterfactuals that are both close

to the original instance (enabling realistic, minimal changes) and

diverse from one another (providing multiple distinct alternatives).

These empirical results validate that our physics-inspired approach

for ExDBSCAN is effective for achieving multi-objective optimi-

sation in this counterfactual generation problem. Thus, our coun-

terfactuals truly support “what-if” scenarios even in the absence

of differentiable loss functions or class memberships required for

existing methods.

5 Conclusion and Future Work
We propose ExDBSCAN, a novel counterfactual method specifically

designed for density-based clustering. ExDBSCAN addresses the

interpretability gap in DBSCAN by generating noise-to-cluster and

cluster-to-cluster counterfactual explanations with theoretical va-

lidity guarantee. Our novel physics-inspired optimisation approach

models the proximity-diversity trade-off as an energy minimisation

problem, taking into account the structure of the cluster.

Given experiments on 30 tabular datasets, ExDBSCAN demon-

strates superior performance across all evaluation metrics, generat-

ing more proximal counterfactuals than all baselines, and producing

more diverse counterfactual sets, while achieving perfect validity.

In future work, ExDBSCAN could be extended to incremental or

streaming scenarios with evolving clusters; particularly relevant to

applications in continuous monitoring systems, fraud detection or

real-time anomaly detection, where data arrive incrementally and

cluster assignments may change over time.

Investigation into more sophisticated optimisation strategies

beyond our greedy solution to the NP-hard energy minimisation

problem might further improve counterfactual quality.
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A Appendix
A.1 LLM statement
No generative AI tools were used in the writing of the paper and at

any stage of this research.

A.2 Algorithm Pseudocode
To complement Section 3.3, we include full pseudocode for the two

ExDBSCAN components that balance proximity and diversity:

(1) Selection of 𝑘 reference core points via greedy minimisation

of energy function in Eq. 3.

(2) Generation of counterfactual examples from the selected

core points using Eq. 4.

A.2.1 Greedy Selection of Core Points. Given a point 𝑝 to be ex-

plained and a target cluster, the first step of ExDBSCAN is to select

a set of 𝑘 core points whose 𝜀-neighbourhoods will serve as the

basis for constructing counterfactuals.

The energy of a candidate set 𝐶′ is:

𝐸𝐶′ =
∑︁
𝑉𝑖 ∈𝐶′

∑︁
𝑉𝑗 ∈𝐶′ :𝑗>𝑖

1

D(𝑉𝑖 ,𝑉𝑗 )
+

∑︁
𝑉𝑖 ∈𝐶′

𝑑2 (𝑝,𝑉𝑖 ).

The optimisation problem in Eq. 3 is NP-hard (Proposition 2), so

we use a greedy approximation. For 𝑘 = 1, this procedure returns

the optimal solution.

A.2.2 Constructing Counterfactuals. Once the set of reference core
points𝐶′ = {𝑞1, . . . , 𝑞𝑘 } has been selected, each counterfactual 𝑝′ is
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Algorithm 1 Greedy Selection of Core Points

Require: Point to explain 𝑝 ; set of core points 𝑉 ; number of coun-

terfactuals 𝑘 ; weighted graph distance D(·, ·); feature-space
distance 𝑑 (·, ·); target cluster 𝑡 .

Ensure: Set 𝐶′ of 𝑘 selected core points

1: 𝐶′ ← ∅
2: 𝑉 𝑡 = {𝑉𝑗 : 𝑉𝑗 ∈ 𝑡}
3: while |𝐶′ | < 𝑘 do
4: best_core← None, best_energy← +∞
5: for each core point 𝑉𝑗 ∈ 𝑉 \𝐶′ do
6: 𝑆 ← 𝐶′ ∪ {𝑉𝑗 }
7: 𝐸𝑆 ← 0 ⊲ Repulsion term (graph distances)

8: for all pairs (𝑉𝑖 ,𝑉ℓ ) in 𝑆 with ℓ > 𝑖 do

9: 𝐸𝑆 ← 𝐸𝑆 +
1

D(𝑉𝑖 ,𝑉ℓ )
10: end for ⊲ Attraction term (feature-space distance)

11: for all 𝑉𝑖 ∈ 𝑆 do
12: 𝐸𝑆 ← 𝐸𝑆 + 𝑑2 (𝑝,𝑉𝑖 )
13: end for
14: if 𝐸𝑆 < best_energy then
15: best_energy← 𝐸𝑆
16: best_core← 𝑉𝑗

17: end if
18: end for
19: 𝐶′ ← 𝐶′ ∪ {best_core}
20: end while
21: return 𝐶′

Algorithm 2 Generate Counterfactuals from Selected Core Points

Require: Point 𝑝 ; selected core points𝐶′ = {𝑞1, . . . , 𝑞𝑘 }; DBSCAN
radius 𝜀; feature-space metric 𝑑 (·, ·)

Ensure: Set 𝐶 of 𝑘 counterfactuals

1: 𝐶 ← ∅
2: for all 𝑞 𝑗 ∈ 𝐶′ do
3: 𝑑𝑝𝑞 ← 𝑑 (𝑝, 𝑞 𝑗 ) ⊲ By construction, 𝑑𝑝𝑞 > 0 since 𝑝 and 𝑞 𝑗

belong to different clusters

4: direction← (𝑞 𝑗 − 𝑝)/𝑑𝑝𝑞
5: 𝑝′ ← 𝑝 + (𝑑𝑝𝑞 − 𝜀) · direction ⊲ Eq. 4

6: 𝐶 ← 𝐶 ∪ {𝑝′}
7: end for
8: return 𝐶

placed inside the 𝜀-neighbourhood of its corresponding core point

𝑞. To maximise proximity to the original point 𝑝 , we move away

from 𝑝 towards 𝑞 and stop at distance 𝜀 from 𝑞. This corresponds

exactly to Eq. 4 in the main text. Because each constructed point

lies within 𝜀 of a core point in the target cluster, Theorem 3.1 guar-

antees that all counterfactuals are valid. Algorithm 2 summarises

the procedure through pseudocode. Because each 𝑝′ lies within
distance 𝜀 of a core point in the target cluster, the construction

ensures all counterfactuals are valid.

A.2.3 Target Cluster Not Specified. Pseudocode 1 requires the tar-
get cluster in input. The user could prefer not to specify a certain

target cluster, e.g. if the user wants to convert a noise point to a

generic non-noise instance. In this case, pseudocode 1 would need

to be slightly changed on line 8. Specifically, instead of adding a

repulsion term for each pair of core points already selected un-

conditionally, we add it only if they belong to the same cluster.

Points belonging to different cluster are indeed already diverse

by construction and they are not connected through any density

connected path according to DBSCAN’s algorithm.

A.2.4 Complexity Analysis. Given a DBSCAN clustering as input

(with core points and weighted graph distances), ExDBSCAN has

the following computational complexity. Core point selection re-

quires 𝑂 (𝑘3 ∗ |𝑉 𝑡 |), construction of CEs requires 𝑂 (𝑘𝑛), and pre-

computing distances requires 𝑂 (𝑛 |𝑉 𝑡 | + |𝑉 𝑡 | |𝐸 |), where 𝑛 denotes

the number of features, 𝑉 𝑡
the set of core points in target cluster 𝑡 ,

𝐸 the edges in connectivity graph, and 𝑘 the number of CEs.

Validity is guaranteed by Theorem 3.1 and requires no additional

verification step. Regarding scalability: high-dimensionality in-

creases 𝑛, while large-scale datasets and the neighbourhood radius

𝜀 do not directly influence scalability, but implicitly in |𝑉 𝑡 | ≫ 𝑁

and E, both of which scale linearly. Only 𝑘 enters cubically, however

it is a small constant in practice, e.g., [26] uses 3-5. Overall, runtime

remains tractable in high-dimensional and large scale settings.

A.3 NP-hardness
Proposition 2, states that the optimisation problem in Equation 3

is NP-hard, we present here a more extended proof.

Proof. Consider the energy landscape in Equation 2, the elec-

trostatic term reads (in contracted notation)

∑
𝑖, 𝑗>𝑖

1

D(𝑉𝑖 ,𝑉𝑗 ) , which

needs to be minimised to find the optimal energy configuration.

Minimising the sum of the energy terms is equivalent to maximise

their negative. Thus, the problem can be mapped to a maximum

diversity problem where the object summed is the inverse distance,

MDP optimisation is known to be NP-hard [28]. Consider now

adding the spring terms, considering Equation 2 in full. We can

again map the minimisation problem to a maximisation one by

taking the negative energy. If this new optimisation problem would

be solvable in polynomial time, we could move the spring constants

(which we consider equal to 1) to 0. In this limit, the MDP could be

also solved in polynomial time, contradicting its NP-hardness. ■

A.4 Approximation Quality of CE Selection
The energyminimization problem (Eq. (3)) is NP-hard and solved via

a greedy strategy. To assess approximation quality, we additionally

evaluate a local search variant (best-improvement swap initialized

from greedy solution) and an exact solver (Gurobi MIQP on Eq. (3)),

across 10 datasets, 100 query points and 𝑘 ∈ {4, 10}.
For 𝑘 = 4, the greedy solution matches the exact optimum in

87% cases (mean ratio 1.0014, worst-case 1.05, 98% within 1%). Local

search initialized from the greedy solution converges to the exact

optimum in 100% cases, requiring a mean of only 0.2 swaps, which

confirms that greedy is near-locally-optimal. For k=10, the gap

shrinks, greedy achieves 90% exact matches (mean ratio 1.0005,

worst-case 1.02) and local search reaches 99% with 0.1 mean swaps.

Across both values of 𝑘 , all cases fall within 5% of optimum.

To assess whether objective differences translate to differences

in the selected sets, we report mean Jaccard overlap between the

greedy and exact solutions, for 𝑘 = 4 0.94 and 0.97 for 𝑘 = 10. Even
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Figure 4: Illustration of non-actionability. Coloured points
denote cluster assignments. The x-axis shows the actionable
feature and the y-axis the non-actionable feature. The orange
rhombus marks the closest core point within 𝜀 in the non-
actionable direction from the point to explain (purple), and
the green star indicates the counterfactual.

in cases where objective values differ, the selected CE sets are nearly

identical. We attribute this to the sensitivity of the repulsion term

to close pairs: once greedy avoids selecting nearby points, further

optimization yields only marginal improvements.

A.5 Non-Actionable Features
Actionability ensures that the generated CEs are actionable, i.e., a

user can actually realistically change the features. Non-actionable

features such as genetic information or inherent personal attributes,

make explanations unrealistic and prevent human stake-holders to

simulate and apply the proposed changes.

A.5.1 Non-Actionable Features in ExDBSCAN. To account for non-

actionable features, we restrict the set of core points to consider,

when identifying the set 𝐶′. The constrained set of core points

includes all core points that are not further than 𝜀 away from the

original point when measuring distances in the subspace defined by

the non-actionable features R𝑛′
, where 𝑛′ < 𝑛 denotes the number

of non-actionable features. In this way, we take into considera-

tion only core points whose 𝜀 neighbourhood is reachable without

changing any of the non-actionable features.

The undirected weighted graph 𝐺 is then built and the set of

reference core points chosen 𝐶′ as described in Section 3.3.

When moving from the set of core points 𝐶′ to the set of coun-

terfactuals𝐶 , it is not guaranteed that we can move in the direction

of the point to explain 𝑝 , as we now have the constraint given by

the non-actionable features. Therefore, we move toward point 𝑝

only in the subspace R𝑛−𝑛′
formed by the actionable features, still

putting the counterfactual 𝜀 away from the reference core point,

which is always possible given our core point filtering procedure.

A.5.2 Real-world Constraints. Several strategies can account for

real-world constraints. First, if the non-actionable features include
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Figure 5: Lineplot showing the runtime in seconds (y-axis,
log-scaled) and number of features (x-axis).

categorical features, we suggest changing the metric used in DB-

SCAN and ExDBSCAN; for details on metric choice, see Section 3.3.

Other constraints, i.e., monotonicity or feature bounds can be

easily incorporated through further filtering of the core point set.

Instead of restricting the set of reference core points to actionable

dimensions only, we can additionally restrict this to be a specific

direction or range depending on the constraints defined by the user,

which allows incorporating known domain knowledge.

A.5.3 Non-Actionable features. We here evaluate ExDBSCAN in

the setting where a subset of features are non-actionable. We utilise

the experimental pipeline used in Section 4. How many features

are non actionable is a parameter chosen at random between one 1

and 𝑛/2 features, with 𝑛 the total number of features.

A.5.4 Non-Actionable Results. We present an experimental anal-

ysis benchmarking ExDBSCAN when a subset of features is non-

actionable, i.e. cannot be modified by the counterfactual method.

We follow the experimental setting of Section 4, but additionally

randomly select a subset of features, with cardinality between 0

and half of the features, as non-actionable.

Empirical percentile curves, visualising the distribution of prox-

imity while simultaneously reflecting method failure rates are pre-

sented in Figure 6 ( [21]); diversity information is instead visualised

in Figure 7 ( [21]). Results mirror the ones presented in Section 4,

with ExDBSCAN outperforming competitors in validity, proximity

and diversity. Full per-dataset tables are presented in the extended

version in Tables 7,6, and 5.

A.6 Run-Time Analysis
Figure 5 shows average runtime as a function of the number of

features. ExDBSCAN scales linearly with dimensionality and re-

mains competitive throughout. ExDBSCAN Random is consistently

fastest given its simple sampling heuristic, while ExDBSCAN and

Growing Spheres are the next quickest. DiCE variants and BayCon

are substantially slower across all settings, with DiCE Surrogate

and DiCE Direct ranking as the heaviest methods computationally.

Cumulative runtime curves and full per-dataset runtime tables are

provided in the extended version [21]
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