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Abstract

The emerging field of orbitronics, which exploits the orbital degree of freedom of
electrons rather than spin for information processing, offers a promising platform
for next-generation eco-friendly electronic devices. It is also regarded a viable al-
ternative to spintronics, with orbital degree of freedom playing a central role in
transport phenomena and magnetization manipulation. A major focus of this work
is the exploration of orbital-related effects in two-dimensional (2D) magnetic ma-
terials, which remain underexplored in the context of orbitronics. In this study
the electronic, magnetic, and transport properties of 2D rare-earth dichalcogenides
(REDs) are investigated using first-principles density functional theory (DFT). By
utilizing the strong spin-orbit coupling (SOC) and localized 4f electrons of rare-
earth elements, REDs exhibit a rich interplay of magnetism, orbital Hall effects
(OHE), and spin-orbit torques (SOT), making them ideal candidates for topologi-

cal spintronic and orbitronic applications.

This thesis first investigates the spin and orbital Hall effects in nonmagnetic mono-
layer and bilayer transition-metal dichalcogenides (TMDs) and their heterostruc-
tures. It is demonstrated that the OHE is a fundamental phenomenon, independent
of SOC, and often dominates the spin Hall effect (SHE) in 2D materials. This find-
ing suggests that the OHE could serve as a more efficient mechanism for generating
spin currents in spintronic devices. The study is then extended to magnetic 2D
materials, focusing on a novel family of magnetic REDs based on europium (Eu)
and gadolinium (Gd). It is shown that electronic structure engineering through
p—d—f hybridization in 2D materials can lead to a prominent topological orbital
response, which is highly sensitive to the details of crystal lattice design. Further-
more, the results reveal that strain-induced modifications in the electronic structure

of Gd-based REDs can enable quantized charge, spin, and orbital transport.

Finally, this thesis explores the role of orbital magnetism in mediating SOT and
orbital pumping in 2D magnets based on f-electrons. Using low-symmetry Janus-
type REDs, characterized by strong magnetism, significant SOC, and pronounced
orbital polarization, we demonstrate that the current-induced torque acting on 4 f
states is purely orbital in nature and reaches magnitudes comparable to those in

leading 2D magnetic materials. Furthermore, we predict that magnetization dy-
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namics can drive in-plane orbital angular momentum currents via orbital pumping,
with the response showing a non-trivial dependence on direction and polarization
due to structural asymmetry. We also identify the origin of the orbital pumping as
an effect of orbital-to-orbital current conversion, establishing these REDs as promis-
ing platforms for spintronic applications based on in-plane spin and orbital angular

momentum injection.



Zusammenfassung

Das neu entstehende Gebiet der Orbitronik, das fiir die Informationsverarbeitung
die Orbital- statt die Spin-Freiheitsgrade von Elektronen nutzt, bietet eine vielver-
sprechende Plattform fiir umweltfreundliche elektronische Bauelemente der néch-
sten Generation. Sie wird auch als praktikable Alternative zur Spintronik angese-
hen, wobei der orbitale Freiheitsgrad eine zentrale Rolle bei Transportphdnomenen
und der Magnetisierungsmanipulation spielt. Ein Fokus dieser Arbeit liegt auf der
Erforschung von orbitalen Effekten in zweidimensionalen (2D) magnetischen Mate-
rialien, die im Zusammenhang mit der Orbitronik bisher wenig erforscht sind. In
dieser Studie werden die elektronischen, magnetischen und Transporteigenschaften
von 2D Seltenerd-Dichalkogenide (REDs) mit Hilfe der ab initio Dichtefunktion-
altheorie (DFT) untersucht. Durch die Nutzung der starken Spin-Bahn-Kopplung
(SOC) und der lokalisierten 4 f-Elektronen der der Seltenerdelemente zeigen REDs
ein reichhaltiges Zusammenspiel von Magnetismus, Orbital-Hall-Effekten (OHE)
und Spin-Bahn-Drehmomenten (SOT), was sie zu vielversprechenden Kandidaten

fiir topologische spintronische und orbitronische Anwendungen macht.

In dieser Arbeit werden zunéchst die Spin- und Orbital-Hall-Effekte in nichtmag-
netischen ein- und zweilagigen Ubergangsmetall-Dichalkogeniden (TMDs) sowie in
deren Heterostrukturen untersucht. Es wird gezeigt, dass der OHE ein grundlegen-
des Phénomen ist, das unabhéngig vom SOC auftritt und in 2D Materialien haufig
den Spin-Hall-Effekt (SHE) tibertrifft. Diese Erkenntnis legt nahe, dass der OHE
als effizienterer Mechanismus zur Erzeugung von Spinstrémen in spintronischen
Bauelementen dienen kénnte. Die Studie wird anschlieSSend auf magnetische 2D-
Materialien ausgeweitet, wobei der Fokus auf einer neuartigen Familie von magnetis-
chen REDs auf der Basis von Europium (Eu) und Gadolinium (Gd) liegt. Es wird
gezeigt, dass die elektronische Strukturentwicklung durch p—d—f-Hybridisierung in
2D Materialien zu einer ausgepriagten topologischen Orbitalreaktion fiihren kann,
die sehr empfindlich auf die Details des Kristallgitters reagiert. Dariiber hinaus
zeigen die Ergebnisse, dass dehnungsinduzierte Verdnderungen in der elektronis-
chen Struktur von Gd-basierten REDs einen quantisierten Ladungs-, Spin- und

Orbital-Transport erméglichen kénnen.
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AbschlieSSend wird in dieser Arbeit die Rolle des Orbitalmagnetismus bei der Ver-
mittlung von SOT und orbitalem Pumpen in 2D-Magneten in auf f-Elektronen
basierenden zweidimensionalen Magneten untersucht. Unter Verwendung von Janus-
artigen REDs mit geringer Symmetrie, die sich durch starken Magnetismus, sig-
nifikante SOC und ausgeprégte orbitale Polarisation auszeichnen, zeigen wir, dass
das strominduzierte Drehmoment, das auf 4 f-Zustinde wirkt, rein orbitaler Natur
ist und GroSSenordnungen erreicht, die mit denen in fithrenden 2D-Magnetmaterialien
vergleichbar sind. Dariiber hinaus sagen wir voraus, dass die Magnetisierungsdy-
namik durch orbitales Pumpen orbitale Drehimpulsstréme in der Ebene antreiben
kann, wobei die Antwort aufgrund struktureller Asymmetrie eine nicht-triviale Ab-
héngigkeit von Richtung und Polarisation aufweist. Wir identifizieren auch den
Ursprung des Orbitalpumpens als einen Effekt der Umwandlung von Orbital- in
Orbitalstrome und etablieren diese REDs als vielversprechende Plattformen fiir
spintronische Anwendungen, die auf der Injektion von Spins und Orbitaldrehim-

pulsen in der Ebene basieren.
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Introduction

Historically and consistently up to the present moment, human beings have devel-
oped countless innovative tools and technologies to overcome ongoing challenges,
progressing from simple tools to increasingly complex systems. In todays world,
rapid technological advancements in fields such as artificial intelligence and big data
have resulted in massive volumes of data that conventional storage and processing
methods, such as hard disk drives and silicon-based systems, can no longer han-
dle effectively. Hard disk drives face capacity barriers and performance limitations
when dealing with large-scale data [1], while silicon-based computing technologies
are approaching their physical limits in design complexity, processing power, and
energy consumption [2]. This demand highlights the need for new materials and
techniques to manage information more efficiently. One promising approach is the
development of two-dimensional (2D) materials, which, along with the emerging
field of spin-orbitronics [3], offer potential for creating faster, more efficient data
processing and storage technologies suited to the demands of todays information-

driven era [4].

The discovery of graphene in 2004 [5] marked a significant milestone in materials
science, paving the way for extensive research into a diverse range of 2D mate-
rials, including transition metal dichalcogenides (TMDs) [6-8], hexagonal boron
nitride [9], and black phosphorus [10]. These materials exhibit unique physical and
chemical properties, enhancing their significance in materials science and expanding
their applications in modern nanotechnology [11]. Notably, 2D materials display
exceptional mechanical, electronic, and optical properties that are absent in their
bulk counterparts [12]. Furthermore, materials such as TMDs can be precisely engi-
neered through strain, composition tuning, and heterostructure assembly, unlocking
their potential for advanced technological applications [13]. Additionally, many 2D
materials, including TMDs, are relatively easy to synthesize, making them highly

accessible for experimental and industrial purposes [14].

Significant progress has been made in exploring the magnetic properties of 2D mate-
rials, primarily due to their potential applications in spintronics and quantum com-
puting. Materials such as Crls [15], Fe3GeTey [16], and bilayer CroGegTeg [17, 18]
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have significantly advanced the study of novel 2D ferromagnetic materials and their
unique magnetic properties. Among these materials, 2D TMDs are particularly
noteworthy. Several representative TMD compounds, including metallic VXg [19-
21], CrXy [21-23], and semiconducting MnXsy (X = S, Se, Te) [21, 24, 25], exhibit
magnetic ordering in their ground states, drawing considerable attention for their
strong potential as platforms for various spintronic effects. Additionally, the unique
combination of low crystal symmetry and spin-orbit coupling (SOC) in TMDs al-
lows these materials to host exotic excitations and demonstrate diverse transport

properties, such as anomalous, spin, and orbital Hall conductivities.

However, the magnetism in TMDs tends to be relatively fragile. Addressing this
limitation involves incorporating 4f electrons from rare-earth atoms into 2D mate-
rials, leading to the development of 2D rare-earth dichalcogenides (REDs). These
localized 4f electrons play a pivotal role in generating high magnetic moments,
which contribute to robust magnetocrystalline anisotropies when combined with
the strong SOC and unique crystal field in 2D geometry [26-29]. Several com-
pounds of 4f elements, such as Eu with chalcogenides, are experimentally known
in bulk, at interfaces, and in thin films, e.g., based on EuS [30-34], EuSes [35], and
EuTey [36], offering curiosity to study these compounds in 2D material monolay-
ers. These 2D REDs offer substantial advantages for the development of advanced

magnetic storage devices and spintronics applications.

Orbitronics is a field within spintronics that focuses on exploiting the orbital de-
gree of freedom of electrons rather than their spin degree of freedom. Orbitronics,
holding significant potential to shape information technology, has emerged as a field
capable of developing eco-friendly electronic devices [37]. By harnessing the unique
properties of electron’s orbital angular momentum (OAM), which can be generated
in a highly efficient manner by the direct transfer of angular momentum from the
lattice, orbitronics opens up new possibilities for energy-efficient technologies that
can reduce environmental impact and optimize device performance [38]. The study
of OAM offers the opportunity to explore novel data storage and processing mech-
anisms, which could revolutionize modern computing [39, 40]. The OAM is the
pivotal degree of electronic freedom, which can result in various phenomena such
as the orbital Hall effect (OHE) [41, 42], orbital magnetoelectric effects, and orbital
torques [43-45]. In this context, orbital torque and orbital pumping emerge as
critical mechanisms in orbitronics. Orbital torque, akin to spin torque in spintron-
ics [44, 46, 47], allows for efficient manipulation of magnetization via the transfer of
orbital angular momentum. Similarly, orbital pumping facilitates the generation of

orbital currents through dynamic coupling between orbitals and magnetic systems.



Chapter 1 Introduction

Together, these mechanisms bridge theoretical insights with practical applications,

advancing the potential of orbitronics in modern technology.

In addition to their magnetic properties, our interest in REDs is strongly motivated
by their potential to advance the study of the orbital Hall effect (OHE), particularly
in complex magnetic systems. The essence of OHE lies in the interaction between
the orbital motion of electrons and an applied electric field, which induces a trans-
verse flow of orbital angular momentum, as opposed to spin angular momentum
in the spin Hall effect (SHE) [48-53]. To date, OHE has been studied predom-
inantly in nonmagnetic crystals [54], and relatively little is known about orbital
currents in magnetic systems, especially in low-dimensional contexts. REDs pro-
vide a unique platform for exploring OHE due to the presence of strongly localized
4f electrons, which generate significant magnetic moments and robust magnetocrys-
talline anisotropies. Additionally, the 4 f electrons play a crucial role in enhancing
the magnetism of the p-state chalcogenide atoms, thereby contributing to the trans-
port properties of these materials. This combination of strong magnetism and SOC
in REDs makes them ideal candidates for studying the interplay between magnetism

and orbital transport phenomena.

The OHE can be utilized for magnetization control in spin-orbit torque devices rely-
ing on an injection of an orbital current, which often originates from light elements
and their surfaces [43, 55-59]. In the complex magnetic environment of REDs, or-
bital Hall currents can lead to measurable effects, such as inducing orbital torques on
magnetization [43, 60], or generating strong non-local spin currents via SOC [61].
This creates an entirely new channel for information transferthe orbital channel-
which is expected to push the boundaries of spintronics towards the emerging field
of orbitronics [62]. By leveraging the distinctive properties of REDs, particularly
their strong SOC and magnetism, we anticipate that further exploration of OHE
in these materials will lead to significant breakthroughs in the manipulation of

quantum states and the development of next-generation spin-orbitronics devices.

The Janus structure of REDs, characterized by its inherent inversion symmetry
breaking, significantly enhances spin-related properties. Examples like EuSP, Eu-
SSe, and EuSCI exhibit notable spin-orbit torques (SOT) due to the substantial
orbital angular momentum (OAM) response to electric fields, predominantly from
Eus 4f-electrons. These torques facilitate orbital pumping, where magnetization
dynamics generates an orbital current, a process beneficial for spin-orbitronic appli-

cations. The efficiency of orbital torque in REDs makes them promising candidates
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for low-dimensional spintronic devices, as they can produce strong in-plane currents

of angular momentum, potentially revolutionizing memory technologies.

The Berry curvature arises from the geometric (Berry) phase acquired by Bloch
electronic wavefunctions during their adiabatic evolution in crystal-momentum k
space [63]. It plays a central role in transport phenomena such as the AHE, SHE,
and OHE. REDs provide a particularly fertile platform for exploring these effects
due to their geometries, which can give rise to nontrivial topological features in the
electronic structure and contribute to quantized Hall responses. As a result, REDs

enable systematic investigation of Berry-curvature-driven Hall effects.

In this thesis, first-principles density functional theory (DFT) calculations using
the full-potential linearized augmented plane-wave (FLAPW) method are employed
to investigate the structural, electronic, magnetic, and transport properties of 2D
REDs. Applying DFT with the GGA+4U approach enables accurate modeling of
the strong on-site Coulomb repulsion within the 4f orbitals, which is crucial for
predicting the complex behavior of rare-earth elements in these materials. Addi-
tionally, Wannier functions are utilized to construct accurate tight-binding models
from the DFT results, enabling detailed calculations of transport properties and
spin-orbit torques with high computational efficiency. These ab initio calculations
provide an in-depth understanding of the band structure, density of states, various
Hall conductivities, and spin-orbit torques, which are fundamental to evaluating
the transport properties of REDs and their potential applications in spintronics

and orbitronics.

This thesis explores key questions regarding the impact of rare-earth elements,
specifically europium (Eu) and gadolinium (Gd), on the magnetic and electronic
properties of 2D REDs within various chalcogenide compounds and structures. Cen-
tral to this investigation are the roles of spin-orbit coupling (SOC), Berry curvature,
and p—d—f hybridization in shaping the transport properties of REDs. Addition-
ally, this study examines how strain engineering can be employed to modulate Hall
effects in REDs, potentially inducing quantized transport phenomena. Finally, this
research assesses the potential of REDs as platforms for realizing topological quan-
tum states, with promising applications in the fields of spintronics and orbitronics.

The following provides an overview of the thesis structure:

e Chapter 2: This chapter presents the theoretical foundations of spinorbit
coupling (SOC), Berry curvature, Hall effects, and spin and orbital torques,
with particular focus on their roles in spin and orbital transport phenomena

in two-dimensional materials.
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o Chapter 3: This chapter describes the density functional theory (DFT) and
GGA+U approaches, detailing how these methods are employed to model
the electronic structure and magnetic properties of REDs. It also discusses
the theoretical foundation of the Full-Potential Linearized Augmented Plane-
Wave (FLAPW) method, as implemented in the FLEUR code, which is used
for all calculations in this thesis. Furthermore, the construction of maximally
localized Wannier functions is presented, enabling a more accurate description

of electronic properties.

e Chapter 4: In this chapter, we begin by reproducing the spin Hall conductiv-
ity (SHC) and orbital Hall conductivity (OHC) in the H-phase monolayer and
bilayer of MoS; [51]. Following this, we investigate the SHC and OHC in the
metallic H-phase monolayer and bilayer NbSey, highlighting the plateau-like
behavior of the OHC in the bandgap above the Fermi level. Furthermore, we
examine the SHC and OHC transport properties in MoSs/NbSey heterostruc-
tures. Finally, we address the SHC and OHC in MoS2/WSy under biaxial
strain, demonstrating the robustness of the orbital Chern number in these

materials.

¢ Chapter 5: This chapter delves into the spin and orbital transport properties
of 2D REDs, with a focus on H-phase monolayer of EuSs as a representative
material. Leveraging first-principles calculations, the study investigates the
influence of 4f electrons in generating large magnetic moments and robust
spin-orbit coupling (SOC), which are essential for realizing substantial spin
and orbital Hall conductivities. A key finding presented is the sensitivity of
EuSss electronic structure to the Coulomb repulsion parameter U, which mod-
ulates hybridization between Eu’s 4 f and Ss 3p states, significantly impacting
transport properties. This chapter also explores the AHC, SHC, and OHC
revealing that the OHE can reach magnitudes six times greater than the SHE,

making EuSy a potential platform for orbitronics.

e Chapter 6: This chapter investigates the enhancement Hall effects in Gd-
and Eu-based REDs, focusing specifically on p—d—f hybridization in monolay-
ers of EuSy, EuSey, EuTes, GdSy, GdSey, and GdTes. Using first-principles
calculations, the chapter demonstrates how the unique electronic structures
of these REDs — characterized by high magnetic moments and wide band
gaps — promote substantial anomalous, spin, and orbital Hall conductivities.
In Gd-based compounds, the spin-polarized p states near the Fermi level sig-

nificantly contribute to transport properties, while EuSs, EuSes and EuTes

7
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exhibit a slightly different electronic configuration that enhances interactions
with their 4f states. The chapter also explores the effects of strain in tun-
ing these Hall conductivities, with GdTey displaying strain-induced orbital
inversion that leads to quantized charge, spin, and orbital transport. These
findings underscore the versatility of Gd- and Eu-based REDs as promising
materials for realizing topological phases and advancing spintronic and orbi-

tronic applications.

Chapter 7: This chapter highlights the unique role of orbital angular mo-
mentum (OAM) in mediating spin-orbit torques and orbital pumping in 2D
REDs. Focusing on Janus-type ferromagnetic monolayers of Eu-based com-
pounds like EuSP, EuSSe, and EuSCl, this study demonstrates how the strong
orbital response of 4f electrons under current generates significant orbital
torques. These torques arise primarily from the robust coupling of OAM with
spin-orbit interaction, leading to effective current-driven magnetization dy-
namics. The chapter also explores the reciprocal process of orbital pumping,
wherein magnetization dynamics induces in-plane currents of orbital angular
momentum, offering a pathway for orbital current generation. These findings
highlight the potential of Eu-based REDs as a versatile platform for advanced
spin-orbitronic applications, with the non-trivial directional polarization of
orbital currents offering novel functionalities for information transfer in 2D

materials.

Chapter 8: This chapter summarizes the key findings and provides sugges-

tions for future research directions.
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Theory

In this chapter, I present the theoretical background of spin and orbital transport
in 2D materials. I begin by introducing the fundamentals of magnetism, followed
by spin-orbit coupling, and then provide a detailed discussion of Berry curvature
and its role in topological transport phenomena. I then discuss the anomalous, spin,
and orbital Hall effects, highlighting their physical origins and differences. After-
wards, I introduce the concepts and mechanisms of spin-orbit torque and orbital
torque, which are essential for understanding current-driven magnetization dynam-
ics. Finally, I discuss orbital pumping and orbital-to-orbital current conversion,

presenting their roles in the generation and manipulation of orbital currents.

Magnetism

Fundamentals of Magnetism

Magnetism is a fundamental natural phenomenon arising from the motion of electric
charges, such as electrons, and their intrinsic properties, including spin and orbital
angular momentum [64]. In magnetic materials, the magnetic moments of electrons
are the primary contributors to magnetism, with their alignment governed by ex-
change interactions. These magnetic moments comprise two key components: the
intrinsic spin magnetic moment and the orbital magnetic moment. In most cases,
particularly in 3d transition metals, magnetism is predominantly governed by the
spin magnetic moment, while the contribution of the orbital magnetic moment is
often considered relatively small in bulk materials. For instance, in bulk bcc Fe,
the spin magnetic moment is approximately 2.34 up, whereas the orbital magnetic

moment is significantly smaller, measuring around 0.08 up [65].

The magnetic moment m that arises from the spin angular momentum S of the

electrons can be expressed as:

1
Mgpin = _%HBQCS: (2'1)

9
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eh
2me?

(approximately 2.0023 for free electrons), e > 0 is the elementary unit of charge, &

where pp is the Bohr magneton, defined as up = ge is the Landé g-factor

is the reduced Planck’s constant, and m. is the mass of the electron.

Similarly, the orbital magnetic moment my,, originates from the motion of electrons
along their orbital paths around the nucleus and is directly related to the orbital

angular momentum L as expressed by:
1
meh = _EﬂB ZLaa (2'2)
[e3

where L, = ry X (meVy) represents the angular momentum of the a-th electron. The
orbital magnetic moment of an electron is oriented opposite to its orbital angular
momentum due to the negative charge of the electron. Together, the spin and
orbital components define the total magnetic moment of an electron, expressed
as:

m = —%HB(L—FQS). (2.3)

As described earlier, the spin magnetic moment typically dominates in most ma-
terials; however, the orbital contribution can become significant in specific cases,
particularly in systems with strong spin-orbit coupling and low crystal symmetry

or orbital degeneracy in combination with strong Coulomb interaction.

Origin of Magnetism in Solids

In an isolated atom, a single electron can be characterised by the four quantum num-
bers n (the principal quantum number), I (the orbital angular momentum quantum
number), m; (the magnetic quantum number specifying the orientation of the or-
bital angular momentum), and ms (the spin projection quantum number), and
thus the magnetic moment of the single electron arises from its orbital angular
momentum and the intrinsic and intrinsic spin (see Eq. (2.3)). The magnetism
of multi-electron systems is a result of the Pauli exclusion principle that the total
wavefunction of a system of electrons must be antisymmetric under exchange of any
two electrons. As a result, each atomic orbital (n,l,m;), can hold at most two elec-
trons, and they must have opposite spins. In atoms with partially filled degenerate
subshells, intra-atomic electronelectron interactions combined with the antisymmet-
ric nature of the total electron wave function lift the degeneracy of single-particle
states. Coulomb repulsion and intra-atomic exchange interactions favor configura-
tions in which electrons occupy different orbitals with parallel spins, maximizing

the total spin S (Hunds first rule), because this lowers the energy through exchange.
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For a given S, the electrons arrange their orbital magnetic quantum numbers to
maximize the total orbital angular momentum L (Hunds second rule), and spinorbit
coupling then selects the total angular momentum J of the ground state (Hunds
third rule). Together, these rules determine the atoms ground-state term and its

magnetic moment.

Atoms with filled subshells, such as noble gases, exhibit no net magnetic moment
due to spin cancellation. This atomic physics is particularly evident in the atomic-
like, localized 4 f-electrons of the rare-earth elements of the REDs investigated in
this thesis.

In solid state systems, valence electrons delocalize between atoms, intra-atomic ex-
change extends to inter-atomic exchange that competes with the kinetic energy of
electrons. Thus, the strength of the Coulomb interaction, the hopping of the elec-
trons, the overlap of their wave functions, the degeneracy of their states determine
whether solids are nonmagnetic or have a magnetic ground state and what magnetic
order they adopt, e.g. ferro- or antiferromagnetic or even a more complex magnetic
order. In solids orbital moments are typically quenched by the crystal fields with

exceptions mentioned above.

Magnetism prominently arises in systems with localized electrons, which means for
the purpose of this thesis such as the 3d-orbitals in transition metals and the 4 f-
orbitals in rare-earth elements. These systems, characterized by near-degenerate
orbital energy levels (defined by my;), are pivotal in enabling robust magnetic be-

havior.

Spin-Orbit Coupling

Exploring spin-orbit coupling (SOC) within the framework of the Dirac equation
represents a significant milestone in our understanding of the quantum behavior of
electrons. The SOC arises from the relativistic interaction between the electron’s
spin angular momentum and its orbital angular momentum around the nucleus. To
understand the origin of SOC, consider an electron orbiting in the electric field
generated by the nucleus. From electron’s perspective, it perceives the positively
charged nucleus as rotating around itself. The relative motion induces a magnetic
field in the electron’s rest frame. This effective magnetic field interacts with the
electron’s spin magnetic moment and the interaction energy differs if the spin is
parallel or antiparallel to the orbital angular momentum. In solids, SOC lifts the

degeneracy of bands of the same principle quantum number n and the same orbital

11
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quantum number ! but different j, and links in general band topology to spin-

splitting and to magnetization.

Typically the interaction energy ranges from a few to several hundred meV. Conse-
quently, SOC is treated as a perturbation to the non-relativistic Hamiltonian. For

a spherically symmetric potential, this interaction can be expressed as

1 19V (r)
2m2c2r  Or

Hsoc = L-S=¢r)L-S, (2.4)
where £(r) is the radial SOC parameter, V() represents the electrostatic potential
energy at a point located at a distance r from the center of the atom and L and S
denote the angular momentum and spin operator of the electron, respectively. Here,
c is the speed of light, and m, is the mass of a free electron. Due to the Coulomb-like
form of the potential V() near the atomic nucleus, the SOC constant £ = (£(r))
is a significantly increasing function of the atomic number Z. Electronic structure
calculations [66] reveal that within a series of atoms in the periodic system, ¢

increases proportional to the atomic number Z2.

Consequently, ¢ increases for heavier elements, and thus heavier chemical elements
as those in the 4d, 5d, and 4f series are typically selected when strong spin-orbit
coupling is required. In reality, most modern first-principles methods include the
spin-orbit interaction on top of the scalar-relativistic approximation of the Dirac
equation [67], which effectively means that the mass of the free electron is replaced

by the velocity-dependent relativistically enhanced mass of the electrons.

Despite its relatively weak magnitude, SOC is a crucial factor in various quantum
phenomena, including the anomalous Hall effect, the spin-Hall effect, and spin-orbit

torques.

Berry Phase

Berry curvature is a fundamental concept in materials science, essential for under-
standing phenomena such as the anomalous Hall effect, spin Hall effect, topological
insulators, and magnetization dynamics [63, 68]. It arises from the geometric phase,
a concept that has historical roots in multiple fields. The modern quantum mechan-
ical formulation of the Berry phase was introduced by Michael Berry in 1984 [69].

In quantum systems undergoing adiabatic parameter changes, the system’s Hamil-

tonian evolves gradually, leading to the accumulation of a phase factor consisting of
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both a dynamical phase and a geometric (Berry) phase [70]. A deep understanding
of Berry curvature begins with the Berry phase, which characterizes the geometric
phase accumulated by a quantum state under cyclic evolution. This implies that
the final and initial states may differ by a constant phase factor, which remains
gauge-invariant modulo 27 [71]. In the quantum realm, the Berry curvature phe-
nomenon emerges as a cornerstone of geometric phases, elegantly captured by the
following fundamental equations. The time-dependent Schrodinger equation with

parametric dependence is given as:

H(A®)) In(AM(®))) = En(A(1) [n(A®)) , (2.5)

where H(A(t)) represents the Hamiltonian, which depends on a set of time-varying
parameters A(t) = (A1(t), Aa(t),..., \n(t)). Here, [n(A(t))) denotes the instanta-
neous eigenstates of the Hamiltonian, and E,,(A(t)) are the corresponding eigenen-
ergies. To account for the phase evolution of the quantum state, the wave function

is expressed as:

[0(1) = e(t)e™ O [n(\(1))) . (2.6)

where ¢(t) represents time-varying expansion coefficients, and ®(¢) is the dynamical

phase factor, given by:
t
B(t) = - / En(\(#)) dt. 2.7)
h Jo

Substituting the eigenstate equation (2.5) into the time-dependent Schrédinger

equation:
HO) [9(0)) = ih (1), (28)

we derive the equation governing the time evolution of the coefficient ¢(t):
é(t) = ic(t) Au(t), (2.9)

where A, (t) = (n(\(t))| i% [n(A(t))) is the Berry connection, a key quantity en-
coding the geometric properties of the system. The Berry phase (), a geometric

phase acquired by the quantum state, is then defined as:

V(t) = /0 ALt (2.10)

This phase can be reformulated in terms of the parameters A(¢). For slow variations

of A(t), the adiabatic approximation allows us to apply the chain rule:

0

7 MA@®)) = A=V ln(A(©)) (2.11)

13
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which transforms the Berry phase into a path integral in parameter space:

A(t) = A M A -, (2.12)
where A,(X) = (n(N\)] iV |n(A)) is the Berry connection in parameter space. This
profound result reveals that the Berry phase does not depend on the eigen energy
of the state, but on the wave function |n) and depends solely on the path traversed
in parameter space, independent of the rate of traversal, provided the evolution is
adiabatic. This geometric phase is behind a wide range of phenomena in quantum
mechanics, from the Aharonov-Bohm effect to topological insulators, highlighting

the deep interplay between geometry and quantum dynamics.

Fig. 2.1.: When a tangent vector is parallel transported along a closed path on a sphere,
starting from the north pole N through points A and B back to N, it becomes
misaligned with the original vector due to the sphere’s non-trivial curvature.
The red and blue vectors illustrate this misalignment; red represents the original
vector, while blue represents the transported vector. The angle v, referred to as a
geometric phase, arises during this process of parallel transport. Figure inspired
by [72].

2.3.1 Geometric Properties of the Berry Curvature in the Brillouin

14

Zone

At the heart of this geometric framework lies a remarkable insight: the relationship

described in (2.12) depends not on time but on the intrinsic geometry of the Berry
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connection. Specifically, it reflects the influence of the Berry vector potential along

the path C. When A; = Ay, the geometric phase is given as follows:

v = ]4 NIVan(A)) - d = 7{A)\) d\ (2.13)

Stokes’ theorem allows for the transformation of the line integral in equation (2.13)
over the closed path C into a surface integral over the surface S enclosed by the
loop C:

= 7§CA(A)-dA: /SQ()\)-dS, (2.14)

where Q(A\) = V) x A(A), mirroring the electromagnetic analogue, akin to the curl
of the Berry vector potential in electromagnetics. This quantity, termed the Berry
curvature, characterizes the geometric properties of the system. When the Berry
vector potential is a gradient field of a smooth function, the Berry curvature field
vanishes across the surface S, indicating a trivial Berry phase due to the pure gauge
condition. However, deviations from this pure gauge scenario lead to non-trivial
geometric or topological phases [72]. The Berry curvature, represented as a rank-2

antisymmetric tensor, has its components defined as follows:

0 0 0
Qi;(A) = N v Ai(A) = TAJ_Ai(/\) =—-2Im <8/\im‘

5}

Within the parallel transport gauge, a highly useful expression for the curvature
can be derived, allowing the perturbation theory expression for the derivative of

[ny) in (2.15) to be formulated as follows:

m,\‘ai,\zH()\)‘n/\>

) = gﬂ En(N) — En ()

[ma), (2.16)

O\

consequently, we obtain the gauge-invariant expression for the curvature:

(100 s) (o, 109 o)
Q(\) = —2Im %:n Bl — B0 : (2.17)

Berry Curvature for Bloch Electrons in a Two-Dimensional Sys-
tem

In a two-dimensional (2D) periodic solid, the eigenstates of the Hamiltonian for

electrons can be described by quantum numbers (k,n), where k = (kg,ky,) lies
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within the 2D Brillouin zone and n is a discrete index labeling the energy bands.

The eigenfunctions ¢,x(r) take the form:

Uni(r) = €F U (), (2.18)

where u,k(r) is a function with the same periodicity as the 2D crystal lattice. This
allows the Schrodinger equation to be rewritten in terms of a k-dependent Hamil-
tonian H (k):

H(k)upk(r) = enkunk(r), (2.19)
with H(k) = Hy = e"*THe**. Here, Hy, acts on the Hilbert space of periodic
functions, making the problem suitable for analyzing geometric phases and topo-
logical effects [63, 73]. In this context, the parameter A in the general theory of
Berry phases is identified with the 2D crystal momentum k = (k;, ky). The Berry

connection for a non-degenerate band n is given by:
An(k) = i{unk| Vitnk), (2.20)

and the Berry curvature for the 2D system is:

0 7]
Q,(k) = —2Im <3kzunk 3kyunk> . (2.21)

Using perturbation theory, the Berry curvature in k-space can be expressed as:

<Unk|a%wHk\umkﬂumk\a%yHﬂunk)
(Enk - Emk)2

Q(k) = —2Im )
m#n

(2.22)

This expression highlights the interplay between different bands and their contribu-
tions to the Berry curvature. In a 2D system, the Berry curvature Q, (k) acts as an
effective magnetic field in reciprocal space. It influences the dynamics of electrons
under external perturbations, such as in-plane electric fields. For example, an in-
plane electric field E can drive electrons along specific orbits in k-space, leading to

a transverse velocity proportional to the Berry curvature.

To calculate the Berry curvature in momentum space, it is crucial to take into
consideration the symmetry properties. When time-reversal symmetry is present
in a crystal, Q,(k) = —Q,(—k), leading to a zero integral of Berry curvature
over all occupied states. Conversely, in the presence of spatial inversion symmetry,
(k) = Q,(—k). Therefore, if a crystal exhibits both time-reversal and spatial

inversion symmetries, Q,(k) = 0, indicating that the Berry curvature vanishes
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throughout the Brillouin zone. So, to obtain a non-zero Berry curvature, a crystal

must exhibit broken inversion symmetry or broken time-reversal symmetry.

Anomalous Hall Effect

It required nearly a century to unravel the enigma of the Anomalous Hall Effect

(AHE). The phenomenon was first observed as an extraordinarily large Hall effect in

ferromagnetic materials such as nickel (Ni) and cobalt (Co) [74]. In 1879, Edwin H.

Hall discovered that when an electric current j, flows through a conductor, charge
carriers experience a Lorentz force in the presence of an external magnetic field
H,, giving rise to a transverse voltage perpendicular to the current. One year
later, Hall discovered that this effect is tenfold larger in ferromagnetic iron than
in nonmagnetic conductors. To address this difference, a practical equation for the

Hall resistivity was introduced to describe the resistivity governing this effect:
pit, = pOMF + pAME = RoH, + R, M., (2.23)

where the first term corresponds to the resistivity of the ordinary Hall effect (OHE)
— not to be confused with the orbital Hall effect discussed in section 2.6 — which is
proportional to the applied magnetic field H, and arises due to the Lorentz force
on charge carriers. The second term represents the anomalous Hall effect (AHE)
and depends on the magnetization M,; it can be observed even in the absence of

an external magnetic field. Here, Ry and R, are material-dependent coefficients.

In 1954, Karplus and Luttinger provided the foundational understanding of the
intrinsic AHE. They revealed that when an electric field is applied to a perfect
crystal with spin-orbit coupling (SOC), the electrons gain an extra component to
their group velocity, known as the anomalous velocity. The common explanation
of AHE is based on the role of SOC. This interaction influences the trajectory
of electrons by curving the paths of those with up and down spins in opposite
directions. When these electrons are subject to exchange splitting, an imbalance
arises between the populations of up-spin and down-spin electrons, leading to the
emergence of a net Hall current (see Figure 2.2). Intriguingly, this effect is rooted
in the band structure of the material; the concept of anomalous velocity is often
associated with the Berry curvature. The interaction between the electric field and
the Berry phase curvature in momentum space results in a spatial separation of
electrons with different spins, driving them in opposite directions perpendicular to
the field [68].

17
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The AHC follows the same symmetry arguments as the Berry curvature discussed
in the previous section. Therefore, we can observe AHC when the Berry curvature
is nonzero, which occurs upon breaking either time-reversal symmetry or spatial

inversion symmetry. Consequently, AHC is nonzero in ferromagnetic materials.
The intrinsic contribution to the 2D AHC is defined as the DC limit of the interband

conductivity, derived from the Kubo formula [75]:

2 2
AH € d k .
- — n Qn ) 2.24
ol ; En ./BZ (QW)QJ‘ k Qo (2.24)

where fyr is the Fermi-Dirac distribution function, and €,,; is the Berry curvature

of the n-th band at momentum k. The Berry curvature is given by:

O, = 952 Im {<unk [Ve| Unk) (Ui |vy| Unk,) ’ 2.95
" n%é:n (Enk = Emp + in)? (225)

where E, is the energy of the Bloch state, u,, is the lattice-periodic part of the
Bloch wave function, and v; is the i-th component of the velocity operator related

to the Hamiltonian H as:
10H

:ﬁakl7 1=x,Y.

The anomalous velocity, arising from the Berry curvature, is expressed as:

Vi

e
Vanomalous — %E X ﬂnk7

this anomalous velocity induces a transverse electron flow, leading to the intrinsic

AHC, which is proportional to the integral of the Berry curvature over the occupied

states in the Brillouin zone. In this context, the Berry curvature acts as an effective

magnetic field in momentum space, deflecting electron motion analogous to the

Lorentz force.

Spin Hall Effect

The Spin Hall Effect (SHE) occurs in nonmagnetic systems with finite spin-orbit
coupling, where an external electric field induces a transverse flow of pure spin
current without any net charge current (see Figure 2.2). The spin current leads to
the accumulation of spins on the edges of a sample. The SHE was first proposed by
Dyakonov and Perel in 1971 [76, 77], but it gained significant attention after Hirsch’s
theoretical description, who coined the term "spin Hall effect" [78]. Despite the
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absence of a Hall voltage in SHE, numerous experimental studies have successfully
measured the effect [79-82].

The SHE and AHE originate from the same microscopic mechanisms, differing only
in the requisite presence of spin polarization and time-reversal symmetry breaking
in the examined material for AHE. Consequently, both AHE and SHE can be an-
alyzed in a similar manner. Both effects can be deconstructed into two distinct
contributions: the extrinsic and intrinsic contributions. The extrinsic contribution
is rooted in spin-dependent scattering, such as scattering by impurities. Skew scat-
tering, arising from asymmetric scattering, and side-jump scattering are the two
dominant microscopic mechanisms responsible for spin-dependent scattering [83,
84], which will not be discussed further. The intrinsic SHE is seen in pure systems
without impurity scattering and is connected to the Berry curvature [68, 85-87].
The intrinsic scattering mechanism depends only on the electronic structure of the
material. When an electric field E is applied (in & direction), electrons acquire
a spin-dependent anomalous velocity (in ¥ direction), leading to a transverse spin

current. The intrinsic 2D SHE can be calculated using the Kubo formula:
st _ © Z/Lgk Fok Q5 (2.26)
a = A - (27{')2 nk3ink> .

where fpk is the Fermi-Dirac distribution function, and Qiz is the spin Berry cur-

vature (pointing in 2 direction), defined as:

<Unk ‘]{/]z umk> (Ui |ve| tnk)
(Enk - Emk + iU)Q

Qf =202 Im

m#n

(2.27)

Here, j‘y]z is the spin current operator, given by:

. 1
i = S g,

where J, = S, is the z-component of the local angular momentum operator, and
vy is the velocity operator in the y-direction. The spin Berry curvature Q;{Z is
associated with the n-th band, and the integral is performed over the Brillouin
zone for all occupied bands below the Fermi surface. The SHC thus depends on
the detailed spin character of the electronic bands and the geometry of the Berry

curvature in momentum space.
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(@)

(b)

Fig. 2.2.: (a) The Anomalous Hall Effect (AHE) is observed in magnetic materials charac-
terized by an asymmetry in the distribution of spin-up and spin-down electrons.
This asymmetry induces spin-dependent Hall transport, leading to an uneven
charge accumulation at opposing boundaries and, consequently, the generation
of a finite Hall voltage. Conversely, (b) the Spin Hall Effect (SHE) is analogous
to the AHE but occurs in nonmagnetic materials. Despite the SHE causing spin
accumulation at opposite boundaries, the quantities of spin-up and spin-down
electrons are balanced, resulting in a zero Hall voltage.

2.6 Orbital Hall Effect

20

In addition to the Anomalous Hall Effect and Spin Hall Effect, the Orbital Hall
Effect (OHE) describes the generation of a transverse flow of orbital angular mo-
mentum (OAM) in response to an applied electric field. Unlike the SHE, which
relies on spin-orbit coupling to produce a transverse spin current, the OHE can
emerge even in systems with weak or negligible SOC [42]. This makes the OHE
a more general and fundamental phenomenon, driven by non-relativistic orbital
textures in momentum space that are intrinsic to the electronic band structure of
materials. As a result, the OHE is particularly prominent in multi-orbital systems,
where the complex interplay of orbital degrees of freedom dominates the transport

properties.
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The OHE shares the same theoretical foundation as the AHE and SHE, relying
on the Berry curvature of electronic bands. However, instead of spin, the key
quantity in the OHE is the orbital angular momentum operator L. The OHC, which
quantifies the magnitude of the OHE, can be derived using the Kubo formula:

e A’k
LSOT _ ﬁZ/W S 25 (2.28)

where f,r is the Fermi-Dirac distribution function, and Qi;c is the orbital Berry

curvature, defined as:

(|37 | ) (e o] )
(Enk — Emp, + in)?

Qf =202 Im

m#n

(2.29)

Here, j;/]z is the orbital current operator, given by:

= Lo )
Here, J, = L, denotes the z-component of the orbital angular momentum operator,
while v, is the velocity operator along the y-direction. The orbital Berry curvature
Qﬁc captures the interband coherence associated with orbital degrees of freedom in
the n-th band. The Brillouin-zone integration is performed over all occupied states
below the Fermi level. Consequently, the OHC is governed by the orbital texture of

the Bloch states and the momentum-space distribution of the Berry curvature.

Moreover, in systems where sizable SOC exists, the OHE can be converted into
the SHE, indicating that the OHE is more fundamental phenomenon. Theoretical
studies have shown that in a variety of materials, the OHE can significantly surpass
the SHE in magnitude, making it a more efficient mechanism for manipulating and
detecting quantum states [42]. This discovery offers new opportunities in fields like
spintronics and orbitronics, where controlling orbital angular momentum offers an

alternative channel for information transfer.

The exploration of the OHE has been extended to a wide range of materials, includ-
ing 4d and 5d transition metals, graphene, and two-dimensional transition-metal
dichalcogenides (TMDs) [41, 42, 51, 88]. This research is particularly impactful
because the OHE circumvents some of the material limitations posed by the SHE,
which typically requires heavy elements with strong SOC. The ability of the OHE
to arise in a wide class of materials, including systems with weak SOC, significantly

expands its potential for device applications.
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Tab. 2.1.: Comparison of anomalous, spin, and orbital Hall effects.

Calculation Basis

Berry Curvature

SOC Dependence

Example Materials

AHE | Calculated using | Requires finite Berry | Strong SOC  en- | Ferromagnets such as
the intrinsic Kubo | curvature from bro- | hances the Hall | Nickel [74], Cobalt [89],
formalism and Berry | ken symmetries. response. and Iron [75].
curvature integra-
tion over occupied
bands.

SHE | Calculated from | Berry curvature | Finite SOC is re-| Platinum [90] and
spin  Berry curva- | generates transverse | quired for efficient | graphene with en-
ture within linear- | spin currents under | spin transport. hanced SOC [91, 92].
response theory. electric fields.

OHE | Calculated using or- | Can exist with finite | May occur without | Titanium [93] and
bital Berry curvature | orbital Berry curva-| strong SOC. TMDs such as MoS,
and the Kubo formal- | ture even in nonmag- and WSe, [94].
ism. netic systems.

L3
Fig. 2.3.: Orbital Hall Effect (OHE): When an electric field E is applied, orbital angular

momentum with a positive sign flows in one direction, while orbital angular
momentum with a negative sign flows in the opposite direction, generating a
transverse orbital current. Remarkably, the OHC can occur even in the absence

of SOC.

The OHE remained largely unknown until recently due to the quenching of OAM in

solids in the presence of crystal fields. However, recent studies have shown that or-

bital quenching does not prevent the nonequilibrium dynamics and transport of the
orbital degree of freedom [42, 45]. Additionally, it facilitates the essential hybridiza-

tion between different atomic orbitals, playing a vital role in orbital dynamics [42].
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This implies that external stimuli, such as an electric field, can steer the dynam-
ics and transport of orbital information, irrespective of the orbital quenching that
dominates ground state properties [95]. In 2023, the OHE-induced orbital moment
in face-centered cubic titanium was detected experimentally using the magneto-
optical Kerr effect (MOKE). The OHE-induced MOKE signal was significantly
stronger than the SHE-induced spin moment. This discovery is notable, especially

considering that titanium is a light element with negligible SOC [93].

The intrinsic mechanism of the OHE exhibits a striking contrast between cen-
trosymmetric and non-centrosymmetric materials. In centrosymmetric systems,
the presence of inversion symmetry enforces a ground state with zero orbital an-
gular momentum (OAM). This arises because the OAM expectation values satisfy
(L)p,—k = (L)p k. Furthermore, time-reversal symmetry imposes an additional con-
straint: (L), _ = —(L)n . When both symmetries are present, these constraints
force the OAM to vanish at every k-point in the Brillouin zone. To induce nonzero
OAM in such materials, external perturbations such as an applied electric field E
are required to break inversion symmetry and hybridize states with distinct orbital
characters [42, 95]. In contrast, non-centrosymmetric materials inherently lack in-
version symmetry, allowing for the existence of nonzero OAM in the ground state.
However, even in these materials, an external electric field F is still necessary to
drive the OHE. The absence of inversion symmetry facilitates the generation of
OAM, but the electric field is essential to create the transverse flow of orbital an-
gular momentum. Thus, while non-centrosymmetric materials provide a natural
platform for observing and harnessing the OHE, the application of an electric field

remains a key requirement for its manifestation.

Orbital Hall Effect in Transition Metal Dichalcogenides

TMDs characterized by their non-centrosymmetric nature with time-reversal sym-
metry, can manifest a substantial OHC with a mechanism notably distinct from
that observed in centrosymmetric cases. The absence of inversion symmetry in non-
centrosymmetric systems enables the spatial accumulation of orbital moments as
shown in Fig. 2.4. In contrast to centrosymmetric materials, an intrinsic k-space
orbital moment exists even in the absence of an external electric field. These orbital
moments in k-space exhibit a transverse flow in response to the applied electric field
E, giving rise to the Hall effect due to the anomalous velocity v o« E X 2, stemming
from the nonzero Berry curvature present in the system [54]. Subsequently, this

orbital moment flow results in a pronounced OHC.
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Ml>0 Vv

Fig. 2.4.: In a monolayer of TMD, the broken spatial inversion symmetry results in a
valley-dependent orbital angular momentum (OAM) in equilibrium (highlighted
by red/blue color). Consequently, the anomalous velocity (illustrated by red/blue
arrows), propelled by the valley-dependent Berry curvature, induces a Hall cur-
rent that is inherently orbitally polarized. Adapted from ref [96].

Spin-Orbit Torque

Switching the magnetization of magnetic moments is a primary focus in developing
next-generation data storage devices. Various techniques, including magnetic fields,
spin-transfer torque (STT) [97], and spin-orbit torques (SOT) [37, 98], have been
explored for efficient and energy-effective magnetization switching. STT involves
using a current of spin-polarized electrons to change the magnetization orientation
by applying torque, without the need for external magnetic fields. However, STT
relies on the exchange of spin angular momentum between two ferromagnetic lay-
ers and requires spatial variation in magnetization, leading to significant energy

dissipation and device complexity.

In contrast, SOT arises from spin-orbit coupling, where an electric field transfers
orbital angular momentum to spin angular momentum within either a single ma-
terial or a heterostructure. Conventionally, an electric field creates nonequilibrium
orbital occupation, which leads to SOT through SOC. This process encompasses
mechanisms such as the spin Hall effect [99], the Rashba-Edelstein effect [4, 100],
and the orbital Hall effect [101]. The result is nonequilibrium spin accumulation
that generates magnetic torque on the magnetization. The advantage of SOT over
STT is that it can operate in collinear magnetic systems when inversion symmetry
is broken. Unlike STT, SOT does not require a second ferromagnetic layer, offering

greater flexibility in device design and significantly lower energy dissipation.
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Magnetization Dynamics

The Landau-Lifshitz-Gilbert (LLG) equation [102] describes how the magnetization
M responds to the effective magnetic fields within the material:

dM . - dM
o —YM x Heg + aM x o (2.30)

where the first term represents the precession of the magnetization vector M around

the direction of the effective magnetic field Hqg, and the second term accounts for

the damping of the magnetization dynamics. Here, v = 25:::6 is the gyromagnetic
ratio, and « is the Gilbert damping parameter. Figure 2.5 provides a schematic

representation of the magnetization dynamics governed by the LLG equation.

When spin-polarized electrons are injected into a ferromagnetic layer, the magne-
tization of the layer is influenced by a torque arising from the interaction with
the polarized spins. In 1996, Slonczewski revised the LLG equation to incorporate
this torque generated by the current. This updated equation, referred to as the

Landau-Lifshitz-Gilbert-Slonczewski (LLGS) equation, is formulated as follows:

dM . . dM - - .
W = —yM x Heg + aM X W + Trr,o X M 4+ Tpr, M x (0’ X 1\/[)7 (231)

where the third term on the right-hand side corresponds to the current-induced
field-like (FL) torque, while the fourth term corresponds to the damping-like (DL)

torque. o is the spin polarization orientation.

Spin and Orbital Torque

Injection of an orbital current into a ferromagnetic material can induce an orbital
torque (OT) on the local magnetic moments, similar to how the injection of a spin
current into a ferromagnet induces magnetization dynamics, which is known as
spin torque as described by SOT [103]. Omne key difference between spin torque
and orbital torque is that orbital torque requires SOC because the local moments
in a ferromagnet are coupled to spin by exchange interaction, and OAM interacts
with magnetization indirectly via SOC [43]. The mechanism of orbital torque, as
detailed by Go in [43], involves three main steps: the generation of OAM or the
orbital current in the nonmagnetic (NM) layer, the injection of OAM into the
ferromagnetic (FM) layer, and the conversion of OAM to spin. This spin then
interacts with the local magnetic moment through SOC, ultimately resulting in

torque on the magnetization, as shown in Fig. 2.6. The advantage of relying on an
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Fig. 2.5.: Magnetization dynamics described by the Landau-Lifshitz-Gilbert (LLG) equa-
tions. The red arrow (M) represents the magnetization of a ferromagnet, while
the black arrow illustrates the effective magnetic field (Hers). The blue and yel-
low arrows correspond to the damping torque and field-like torque, respectively,
which are perpendicular to each other.

orbital torque is that the OHC is often one order of magnitude larger than SHC in
various materials and does not rely on SOC to occur. However, to exert an OT on a
ferromagnet, one still needs SOC to convert the orbital current into a spin current.
Unlike the conventional SOT device which needs high SOC in the NM layer, in an
OT device one requires only moderate SOC in the ferromagnet and vanishing SOC
in the NM layer. It has been shown experimentally that the torque efficiency was
greatly increased with the inclusion of orbital currents in a SOT device [104, 105],
positioning OT as a promising path towards achieving enhanced torque efficiency

in spintronic devices.

Anatomy of Spin Orbit Torque

To investigate the spin and orbital torque that is exerted on the magnetization upon
application of an electric field, we utilize the spin continuity equation for the time

evolution of spin density [106]:

S
i o5 TS, + TS, (2.32)
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where ®3 stands for the spin flux contribution, T'so is what we refer to as the
spin-orbital, or, simply orbital torque, and Txc is the torque on the magnetization

due to transfer of angular momentum from the spin of excited electronic states.

For the total Hamiltonian H, the spin flux coming into an atom defined by the
projection P is given by
1
oS = _—{[P H|, S}, 2.33
AP 1), 8} (233)
where [A, B] = AB — BA and {A, B} = AB + BA are the commutator and anti-
commutator for the pair of operators A and B. Here, P acts as a projection onto a

specific atomic site, allowing us to isolate the spin flux contribution for that site.
The spin-orbital torque and exchange torque are given as

1 1
TS = % {[S. Hso], P}, TRc = % {[S, Hxc], P}, (2.34)

respectively, where Hgo and Hxc stand for the spin-orbit and spin-dependent
exchange-correlation part of the single-particle Kohn-Sham Hamiltonian, respec-
tively. That is, the total Hamiltonian as given by (for further details, see next

Chapter 3 on Density Functional Theory):
H = Hy+ Hso + Hxc, (2.35)

where Hy incorporates the spin-independent part of the Hamiltonian, including the
kinetic energy and the crystal-field potential generated by the lattice and the mean-
field of electron cloud. Note that the exchange Hamiltonian is given as Hxc =
(2up/h)S - Qxc, where Qxc = M - Qxc (r) is the so-called exchange field which
determines the magnitude of the magnetic moments and spatial properties of the
spin density, and M is the unit vector along the magnetization direction. In the
evaluation of the corresponding torques, only muffin-tin regions around atoms are

considered, as discussed in Chapter 3.

In the steady state, the torque on the magnetization is given by
(-T8c) ~ (%) +(18,), (2.36)

where (---) stands for the statistical average in the steady state. However, in a
2D magnet, which is periodic in the zy plane, the flux is absent by construction.
Thus, the exchange torque is purely given by the spin-orbital torque, the angular

momentum transfer from the OAM to the spin, (—T2-) & (T5,). Under an external
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electric field E, applied along x, the response of the torque in the steady state as

given by the Kubo formula:

S\ _ EFLEI Im [<¢nk| TS |wmk> (¢mk‘ Uy ‘wnk” o

nm k

(2.37)
where e > 0 is the unit charge, Vi, is the number of k-points used for the summation
such that the response is given in the unit per unit cell, v, is the z-component of
the velocity operator, 1, is an eigenstate of the total Hamiltonian with band index
n, Eyy is its energy eigenvalue, and t,, is the yz-component of the torkance tensor.
Here, fy is the corresponding Fermi-Dirac distribution function. The calculation

for the spin-orbital torque is done by replacing T)%C by TSSO in Eq. (2.37).
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Fig. 2.6.: The orbital torque (OT) mechanism in a nonmagnetic/ferromagnetic (NM/FM)
bilayer is illustrated as follows: It begins with the injection of orbital angular
momentum (OAM) in the NM layer, where torque arises purely from the orbital
contribution. Since the NM is composed of light elements, it exhibits negligible
SOC. The injected OAM is then converted into spin through the SOC present in
the FM layer. This conversion ultimately generates torque on the local magnetic
moment M under the influence of an applied electric field. The figure is adapted
from [43].

2.8.2 Orbital and Spin Pumping

28

The reciprocal phenomenon of spin torque, termed spin pumping, occurs when
magnetization produces non-equilibrium spin. This mechanism is deeply rooted

in the fundamental dynamics of magnetization, characterized by the transfer of
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angular momentum. Notably, this transfer extends beyond spin to include orbital
angular momentum (OAM). Similarly, orbital pumping refers to the process where
magnetization dynamics drives an orbital current, causing the flow of OAM [44,
107-109]. This process is the orbital analogue of spin pumping and extends the
concept of angular momentum transfer to include orbital contributions. Orbital
pumping has been recognized as one of the most flexible and effective techniques
for generating spin currents [44]. Recent studies have demonstrated that orbital
pumping can significantly advance spintronics, enabling more efficient spin-current
generation and providing new routes to control magnetization dynamics through
the interplay of spin and orbital angular momentum [44]. In particular, orbital
pumping can drive the conversion of orbital currents into spin currents via spinorbit

coupling [110].

To explore the generation of spin and orbital currents driven by magnetization
dynamics, we need to develop a model that accounts for the effects of these dynamic
processes. A key assumption is that the exchange field becomes time-dependent
due to the time-dependent nature of the magnetization direction. This approach
enables us to systematically investigate how time-varying magnetization influences

the generation of spin and orbital currents:
Vxo(t) = M(t) - Vxol(r). (2.38)

It can be shown [111] that this results in the following rate of change of the Hamil-

tonian of the system:

di
dt

(2.39)

Txc - (M(t) X dM(t)) .

dt
In terms of the torkance tensor t,g, by using perturbation theory, one can arrive

at the expression for the so-called inverse spin-orbit torque effect, i.e. an effect of

charge pumping by magnetization dynamics:

dM (t)> , (2.40)

INCEES SN0 (]\Zf(t) < 4
B

where V' is the volume and j, is the a’th component of the generated by magneti-
zation dynamics charge current density [111]. Thus, following Onsager’s reciprocity
principle, the torkance tensor describes both the response of torque to the current,

and the response of current to the magnetization dynamics.
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To assess the effects of orbital and spin pumping, we introduce the inverse spin and

orbital torkance tensors tgg according to

SRS WACTDICURESR (241
B B

where J, stands for the y-component of either spin (Sy) or orbital (L,) angular
momentum, and Qg” is the current density of J, along direction o. Within the
Kubo linear response the intrinsic contribution to the inverse spin (orbital) torkance

tensor reads:

.J.
tJ‘Y mk>Ep <unk |]a7 ‘umk:> <umk|T)%c’5|unk>

af
B9 Im : , 2.42
eh nk;;F Ni(Enk = Emkc + in)? (242)

where jJ = L(vaJ7 + J7v,) is the operator of spin (orbital) velocity.

) -

‘ Magnetization dynamics ‘ ‘ Orbital-polarized electrons

Fig. 2.7.: The schematic depicts the concept of orbital pumping, where magnetization dy-
namics drive the generation of an orbital-polarized current. As the magnetization
precesses or undergoes dynamic changes, it induces a flow of orbital angular mo-
mentum (OAM) within the system.

2.9 Orbital to Orbital-Current Conversion
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To explore the concept of orbital-to-orbital current conversion, we consider the

response of the system in terms of a pumped orbital angular momentum (OAM)
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current when the orbital magnetization increases over time. This effect can be
modeled by introducing an additional orbital term in the Hamiltonian, BL(t)f,,
where the orbital exchange field, By (¢), increases linearly with time, B (t) = nt.
Such a term, introduced for spin systems, has previously been employed to investi-
gate phenomena such as the inverse (spin) Edelstein effect [112] and its magnetic

counterpart [113], both associated with the pumping of charge currents.

In this context, we treat the time-dependent orbital exchange field as a perturbation
and focus on the resulting orbital current response. This response, proportional to
the rate of change in the orbital magnetic field 7, is characterized by the orbital-
to-orbital-current conversion tensor, which governs the relationship between the

orbital dynamics and the generated orbital currents.

7—6’7 mk>Erp <U'n,k|jéw ‘“mk> <Umk|i/a‘unk>
Ni(Enk, — Bk + 1m)2

(2.43)

The calculations for the 77% and 75¥ components corresponding to a generation of y-
or z-polarized OAM currents along x in response to the orbital field applied along

xX.

Transition Metal Dichalcogenides

Two-dimensional (2D) transition metal dichalcogenides (TMDs), denoted as MXs
where M represents a transition metal element (such as Mo, W, or Nb) and X
is a chalcogen atom (such as S, Se, or Te), as shown in Fig. 2.8, constitute a
diverse class of van der Waals (vdW) crystals. These materials can be mechanically
exfoliated from their bulk form into individual monolayers. Monolayers of TMDs
exhibit unique properties that differ significantly from their bulk counterparts. For
example, while many bulk TMDs possess an indirect bandgap, their monolayer
forms often transition to a direct bandgap, as demonstrated in studies such as [114-
116]. MX4 monolayers can exist in two primary structural phases: the hexagonal (H-
phase MXs) and the trigonal (T-phase MXs). In the H-phase MXy structure, each
M atom is positioned at the center of a trigonal prism formed by six surrounding
X atoms, resulting in hexagonal symmetry. This structure is the focus of this
thesis. In contrast, the T-phase MXs structure features M atoms octahedrally
coordinated with six X atoms, leading to trigonal symmetry. These structural
distinctions give rise to significantly different electronic properties: the H-phase is

typically semiconducting, whereas the T-phase is metallic, as highlighted in [117].
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Fig. 2.8.: Top and side view of the H-phase monolayer MXs. The red balls and yellow balls
represent M and X atoms, respectively.

Magnetism is an essential characteristic within the realm of low-dimensional spin-
tronic devices. However, exhibiting magnetism in 2D systems is challenging due
to the well-known Mermin-Wagner theorem, which states that thermal fluctuations
can prevent spontaneous magnetization in low-dimensional systems [118]. Intro-
ducing magnetic anisotropy can stabilize magnetism in 2D materials by overcoming
these fluctuations and maintaining magnetic order [119]. Consequently, consider-
able progress has been made in investigating the magnetism of 2D materials. Since
the groundbreaking discovery of ferromagnetism in monolayer Crls [120], a plethora
of 2D magnetic materials has been discovered, including monolayer FesGeTey [121]
and monolayer FePS3 [122]. Additionally, 2D TMDs such as VSe, have attracted
substantial interest due to their fascinating magnetic properties. However, there is
an ongoing debate regarding whether VSey exhibits ferromagnetic behavior [123]
or if its magnetism is frustrated [124]. Further research into the magnetism of 2D
TMDs is expected to reveal new phenomena and enhance our comprehension of

magnetic interactions at the nanoscale.
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Fig. 2.9.: Highlighted in the periodic table are Europium (Eu) and Gadolinium (Gd), repre-
senting rare-earth elements, with their electron configurations being [Xe] 4f76s2
for Eu and [Xe] 4f75d*6s% for Gd. These elements are significant for their par-
tially filled 4 f orbitals, which contribute to unique magnetic and electronic prop-
erties. Sulfur (S), Selenium (Se), and Tellurium (Te) are also highlighted as

representatives of dichalcogenides, showcasing their interactions with rare-earth
elements.

Rare-Earth Dichalcogenides

In this thesis, we proceeded to scan promising materials capable of hosting complex
magnetic properties. For this purpose, we focus on 4 f rare-earth elements. In par-
ticular, we adopt the well-established crystal structure of transition metal dichalco-
genides (TMDs) and replace the transition-metal atoms with rare-earth elements,
leading to the formation of rare-earth dichalcogenides (REDs). The utilization of lo-
calized 4 f electrons in these 2D materials presents distinct advantages for advanced
magnetic storage devices and spintronics applications. The 4f electrons give rise
to large magnetic moments and strong magnetocrystalline anisotropy. Combined
with strong spinorbit coupling and the unique crystal field in a two-dimensional
geometry [26-29], these features significantly enhance the magnetic performance
of the materials. This robust magnetic behavior is difficult to achieve in conven-
tional TMDs, where magnetism is typically more fragile, making REDs particularly

attractive for next-generation technologies.
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Density Functional Theory

The dawn of the 20th century was marked by the emergence of quantum mechan-
ics, which sparked a transformative era in the realm of physics [125, 126]. This
revolutionary theory reshaped our understanding of the microscopic world, offering
a novel perspective on the behavior of matter. One of its most profound implica-
tions was the ability to predict the properties of atomic systems with unparalleled

accuracy.

In this chapter, I offer a brief overview of the electronic structure problem, and its
resolution through quantum mechanics, specifically using density functional theory
(DFT). We begin by explaining the interacting many-body Schrédinger equation
and the theoretical foundation of DFT. We then explore various extensions to DFT
that allow to model the many-electron problem that we encounter in different ma-
terials systems more accurately. This introductory section follows along the lines
of similar introductions to DFT [127-133].

The Many-Body Schrédinger Equation

The time-independent Schrédinger equation accurately describes the ground state

of a system comprising electrons and atomic nuclei:
Hw(r17r27 cee 3rOé7R17R27 s 7Rﬁ) = Elp(rh ro,..., ra,Rl,RQ, s 7Rﬁ) (31)

Here, ¥ represents the many-body wave function that depends on the coordinates
of r; of all « electrons as well as on the positions of R, of the 3 nuclei, and the

Hamiltonian operator H is defined as:

R & 2d 7,7,
H=——-S VI_— + = e
2me < 2%: Z|r —R\ Z|r—r]| ;§J|RM—RV|
Te Ta Ve—n Ve—e Vio—n
(3.2)

The first two terms in the Hamiltonian, represented by 7. and 7, describe the

kinetic energy of the electrons and nuclei, respectively, the following three terms
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represent the potential energies. In detail, the third term, V,_,, represents the
attractive Coulomb interaction between an electron located at r; and a nucleus
positioned at R,. The remaining two terms, Ve_e and V;_y, describe the Coulomb
repulsion between electrons and between nuclei, respectively. Here, ¢ and j represent
the electrons, while p and v are indices for the nuclei. The quantities a and 8
represent the total number of electrons and nuclei, respectively, while Z,, and M,

denote the atomic number and mass of the nuclei p.

Born-Oppenheimer Approximation

With nuclei being at least a thousand times heavier than electrons, their motion
is significantly slower, making them appear almost stationary compared to the
rapidly moving electrons. This difference arises from the equal forces acting on
both electrons and nuclei; however, the much smaller mass of electrons leads to
greater accelerations. Consequently, it is assumed that the nuclei remain stationary.
This assumption represents a key simplification of the many-body problem and is
referred to as the adiabatic Born-Oppenheimer approzimation [134]. In systems
featuring stationary nuclei, the kinetic energy (7y), associated with nuclei can be
neglected, as a result, the electrostatic potential energy from the nucleus can be
treated as an external potential energy, similar to other energies due to externally

applied fields, enabling the Hamiltonian to be expressed as:

HBO = 7; + Vee + Vexm (33)
where 2y
€Ly

ext = — n—n- A4

Vext %;'rFR#‘Jrv (3.4)

Vext 1s the external potential which includes the nuclear electrostatic potential.
While treating atomic nuclei as stationary objects significantly simplifies the prob-
lem, solving Eq. 3.3 remains computationally challenging. The solution is a 3N,-
dimensional function, represented as [1(ry,r2,...,ry)). Due to the mutual interac-
tions among the electrons, the system depends on the coordinates of all electrons
and cannot be decoupled into a system of non-interacting particles. Consequently,
obtaining an exact solution is practically unattainable. Even for moderately sized
systems with relatively small values of N,, storing or computing this solution be-

comes infeasible.
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Density Functional Theory

The fundamental idea behind DFT is to utilize the electronic charge density n(r)

rather than the wave function to determine all the observables of a given system.

Hohenberg-Kohn Theorem

The cornerstone of density functional theory (DFT) is the replacement of the
ground-state many-body wavefunction as the central descriptor with the ground-
state electron density of the electrons, n(r). This was made possible thanks to
theorems by Hohenberg and Kohn [135]. Unlike the many-body wavefunction,
¥ (r1,r2,...,Ty), which depends on the coordinates of all electrons in the system,
the charge density depends only on one spatial variable, making it significantly

simpler to calculate, as shown schematically in Fig 3.1.

For a system of NV interacting electrons described by the Hamiltonian in Eq. 3.3,

the ground-state electron density is expressed as:
ngs(r) = / [h(r1, T, ... 1o)|? dradrs .. . dr,. (3.5)
The first Hohenberg-Kohn theorem states [135]:

1. Theorem 1: The external potential Vg in Eq. 3.3 is determined by the
electronic many-body density n(r) up to a trivial constant. As a consequence,

the total energy of the system is a unique functional of the density:
E = Eln(x)] = Tln(x)] + V()] + Ve_cln(v)]. (3.6)

Thus, the total energy and all observables are given as functional of the ground-

state density.

2. Theorem 2: The total energy functional E[n(r)] is minimized for the ex-
act ground- state density n(r) under the constraint that the total number of

electrons remains fized. This implies that:
Elngs(r)] < Eln(r)] (3.7)

Hence, minimizing the total energy functional determines the ground-state
density. Furthermore, this demonstrates that the variational principle can be

applied to calculate the ground-state density.
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Fig. 3.1.: The core principle of Density Functional Theory (DFT) is to reduce the com-
plexity of many-body electron interactions by describing the system in terms of
its electron density distribution. Instead of tracking individual electrons, DFT
treats each electron as moving within an effective potential generated by the
combined effects of all other electrons and the nuclei.

Kohn-Sham System

The Hohenberg-Kohn theorems establish that the ground-state density can be used
to compute any observable. This density is determined by minimizing the total
energy functional, with all physical properties of the ground state expressed as func-
tionals of ngs(r). In 1964, Kohn and Sham introduced single-particle Schrédinger-
like equations to describe a system of N non-interacting electrons, instead of tackling
the fully interacting many-body problem [136]. In this framework, all properties
are derived from single-particle wavefunctions. They proposed that a fictitious non-
interacting system could be constructed such that its ground-state density matches
that of the interacting many-body system. To address this non-interacting problem,

one must solve the Kohn-Sham equation:
[~V 4 Vesr(0)] () = Ei(x), (38)

where ;(r) represents the Kohn-Sham orbital, and & denotes the Kohn-Sham
orbital’s eigenvalues. The effective Kohn-Sham potential Veg(r) is an unknown
functional of the ground-state electron density and can be decomposed into three

components:
Vert(r) = Vext (r) + Vi (r) + Vie(r), (3.9)
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where the electron density can be calculated using the Kohn-Sham orbitals as:

nxs(r sz . (3.10)

The total energy functional of Kohn-sham system, which needs to be minimized is

defined as follows:
Exs[n] = Tyl +/ Vit (r) dr + Exa[n] + Exc|n]. (3.11)

Here, T,[n] represents the kinetic energy of the non-interacting Kohn-Sham orbitals,

calculated as the sum of the individual contributions from all electrons:

Z / P7 (1) V24 (r) (3.12)

Ts[n

Qme

The Eg[n] is the Hartree term, which describes the electrostatic interaction between

[n] = %//%dr dr' = ?/ Vit (r)n(r) dr. (3.13)

Finally, the exchange—correlation energy FEy.[n] accounts for all many-body effects

charge densities:

beyond the classical Hartree term and is defined as
Eye[n] = (T[n] = Tu[n]) + (Uln] — En[nl), (3.14)

where T'[n] and Uln| are the exact kinetic and electron—electron interaction energies
of the interacting system. The corresponding exchange—correlation potential is

given by
0Exc[n]

Vielr) = on(r)

(3.15)

It’s important to highlight that even though the density of the Kohn-Sham system
corresponds to that of the many-body system, the Kohn-Sham orbitals v; lack
direct physical interpretation. Despite this disconnection from the many-body wave

function, Kohn-Sham orbitals have proven highly valuable. Notably, their band

structures often offer surprisingly accurate representations of experimental data,

underscoring their practical utility.
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3.4 Exchange-Correlation Functionals

Exchange-Correlation Functionals

While the exchange-correlation energy Fyc[n] remains unknown, various approxi-
mation methods have been developed to address this challenge. Among these, the
most widely used methods are the Local Density Approximation (LDA) and the
Generalized Gradient Approximation (GGA).

Local Density Approximation (LDA)

The core concept of LDA, introduced by Kohn and Sham in 1965, is to partition
the inhomogeneous electron density of the system into many small regions. Each
of these small regions is then approximated as a homogeneous electron gas. The
exchange-correlation functional for the nonuniform electron gas is derived based on
the density function, n(r), of the uniform electron gas, enabling a self-consistent
calculation. The LDA assumes that the XC energy depends locally on the electron
density at each point, similar to the behavior of a homogeneous electron gas. The
XC energy in the LDA methods is as follows:

ELPAR] = / n(r) exe(n(r)) dr (3.16)

Here, ex.(n(r)) represents the exchange-correlation energy of homogeneous electron
gas with density n(r), weighted by the probability n(r) of finding an electron at
that position. This LDA is successful when electron density is smooth and does not

undergo rapid variation such as metals [136].

Generalized Gradient Approximation (GGA)

To improve accuracy beyond that of the LDA, the generalized gradient approzima-
tion (GGA) [137, 138] offers a more advanced approach. GGA builds upon LDA by
incorporating both the local electron density and its gradient, resulting in a more

general form:
Ex[n] = /n(r),cxc(n(r)),dr + ESSA (n(r), Vn(r)). (3.17)

GGA functionals are favored over LDA for their enhanced depiction of electron
density n(r), which provides a more accurate representation of physical principles.
Among the available GGA formulations, the Perdew, Burke, and Ernzerhof (PBE)
functional [139] is widely adopted. GGAs offer improvements in total energies,

atomization energies, energy barriers, and structural energy differences compared to
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LDA [139]. GGA typically exhibits a stronger preference for density inhomogeneity
compared to LDA [140]. In this thesis, the PBE functional [139], a widely adopted
GGA method, is employed for the DFT study. The PBE functional remains one of
the most commonly used approaches in contemporary DFT calculations due to its

reliability and accuracy.
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Fig. 3.2.: The self-consistency loop of density functional theory, employing the Kohn-Sham
approach.

Spin Density Functional Theory

This study focuses on exploring the electronic and magnetic properties of rare-earth
dichalcogenides (REDs), a class of materials that exhibit intriguing behaviors due
to their strong spin-orbit coupling and correlated electron effects. To accomplish
this purpose, the existing Density Functional Theory (DFT) framework must be ex-
panded to incorporate spin-polarized systems. This extension involves decomposing
the electron density, n(r), into its spin components, enabling a more comprehensive
analysis of magnetic and electronic behavior. The foundation for this approach lies
in utilizing a 2 x 2 density matrix, which replaces the conventional electronic and
magnetization densities in spin-polarized systems [141]. This formalism is partic-
ularly useful for studying materials where spin interactions play a dominant role,
such as in REDs.
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The spin density matrix is defined as

1 < n(r) + my(r) my(r) — imy(r)> C318)

plr) = % n@T+mE) -0l =5 | ) +imy (@) () — ma(r)

Here, p(r) is the local 2 x 2 spin-density matrix, n(r) denotes the total electron
(charge) density, and m(r) = (mg(r),my(r),m.(r)) is the magnetization density
vector, which characterizes the local spin polarization of the system. The symbol
o = (04,0y,0) denotes the vector of Pauli matrices, and I is the 2 x 2 identity
matrix. The dot product m(r) - o is understood as a scalar contraction in spin

space, yielding a 2 X 2 matrix.

For collinear magnetic systems, the spin-polarized Kohn-Sham equations are ex-

pressed as:

(3.18)

{ [ 29 + V)] 0l () = lul ()
[~ 22V + V()] b (x) = et (n).

2me

These equations can be solved independently for spin-up and spin-down electrons.
The effective potentials, VJH(I‘) and ‘/;gf(r‘)7 incorporate both the external potential
and the exchange-correlation potential, which depends on the spin density. As a
result, physical observables such as the total energy depend on the electron density,
n(r), and the magnetization density, m(r), rather than the specific orientation of
the magnetization. This simplification is valid for collinear systems, where the

magnetization is aligned along a single axis.

The electronic structure problem in collinear magnets can also be described in terms

of the spin-up and spin-down electron densities, which are given by:

NT

nl(r) = 3wl ) (3.19)
Ny

nt(r) = [0 (3.20)

The total electron density, n(r), is then obtained by summing the spin-up and
spin-down contributions:

n(r) = n'(r) + n*(r). (3.21)
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Similarly, the magnetization density, m(r), is derived from the difference between

the spin-up and spin-down densities:
m(r) = n'(r) — n¥(r). (3.22)

The magnetization density provides insight into the local magnetic moment distri-
bution within the material. For instance, regions with a large m(r) indicate strong

spin polarization, which is often associated with magnetic ordering.

Finally, the magnetic moment per unit volume, arising from spin polarization, is

calculated by integrating the magnetization density over the entire volume, V:

M:/Vm(r) d’r. (3.23)

This approach provides a robust framework for understanding the magnetic and
electronic properties of REDs and other spin-polarized materials. By combining
DFT with advanced computational techniques, it is possible to predict and analyze

the behavior of these materials under various conditions.

Hubbard U Correction

DFT based on the GGA approach is a powerful method for describing the elec-
tronic properties of systems dominated by s- and p-orbitals. However, DFT —
GGA has notable shortcomings when dealing with localized electrons, such as those
in systems containing d- and f-orbitals, as found in transition metals and rare-earth
systems [142]. Additionally, DFT — GGA is widely recognized for underestimat-
ing experimental band gaps [143, 144] and magnetic properties [145], particularly in
systems with d- and f-orbitals. In strongly localized systems such as 4f electrons
it is essential to address the Coulomb interaction to obtain accurate ground-state
properties. The DFT+4U scheme, integrating DFT in some local or semilocal
approximation to the exchange-correlation potential with the Hubbard model U,
serves as a valuable tool for achieving this goal. This method, known for simplicity
of its implementations and computational cost, addresses Coulomb repulsion by

appending a U correction to the DFT Hamiltonian.

The concept behind DFT+U is straightforward: it combines the description of

strongly correlated electronic states, typically associated with localized d- or f-
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orbitals, using the Hubbard model [146], while treating remaining all delocalized

electrons with conventional approximate DFT functionals:

Eprriv[n(r)] = Eppr[n(r)] + Buubaralnteo] — Eqc[n]. (3.24)

The approach combines the conventional DFT functional, Eppr[n(r)], with the Hub-
bard functional, Egubbard [n%gﬂ], capturing electron-electron interactions among lo-
calized electrons within the framework of the Hubbard model. To mitigate issues
of double-counting, it is essential to subtract the functional Eg.[n#?] from the for-
mulation, as the DFT component already addresses a segment of the correlation
energy. The Hubbard term’s calculation depends on the occupation numbers of
localized orbitals, characterized by the specific indices attributed to them pu, ¢, o,
and m. This emphasizes the exclusive application of the U correction to localized
electrons. In this context, p denotes the atomic site, o represents the spin index,
and m corresponds to thesubspace of orbitals indicated by the orbital number ¢ of

the localized state.

There are two formulations of the DFT+U method. In Dudarev’s approach [147,
148], only the difference between the Coulomb parameter U and the exchange pa-
rameter J, denoted as (U — J), contributes to the energy functional. In contrast,
Liechtensteins formulation [149] considers both U and J as independent contribu-

tions to the energy functional. In this work, the latter approach is employed.

3.7 Full-Potential Linearized Augmented Plane-Wave Method

Different strategies can be used to solve the Kohn-Sham equation (Eq. 3.8) or its
spin-polarized counterpart (Eq. 3.18). A common method is to expand the single-
particle wave functions in a set of basis functions that are well suited to the physical
problem, such as augmented plane waves for periodic solids. A popular choice is to
use an orthogonal plane-wave basis. This method is practical because plane waves
are simple to handle, they diagonalize the kinetic energy operator, and they are
well matched to Blochs theorem, which makes them a natural solution for periodic

systems.

The translational invariance of solids implies that the Kohn-Sham wave functions

can be expressed as Bloch states, ¢ (r) = e*Tug(r), for any given point k within
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the Brillouin zone. The lattice-periodic functions wug(r) are expanded into plane
waves using the reciprocal lattice vector G as

U(r) =Y cfoR (r), where ¢S(r)=%ei<’“*‘”*- (3.25)
G

Here, Q is the unit cell volume, and ckG are the expansion coefficients.

The augmented plane-wave method (APW) [127, 150-152] partitions real space into
two distinct regions: muffin-tin (MT) spheres centered around the nuclei, and the
interstitial region (IR) between the spheres. Within the muffin-tins, the potential is
approximated to resemble atomic-like spherical potentials, while in the interstitial

region, the potential is often assumed to be constant or smoothly varying. The

Fig. 3.3.: The space in the (FL)APW method is divided into two regions: the muffin-tin
(MT) spheres, centered on each atom (shown in red), and the interstitial region
(IR) between the spheres (shown in gray).

core electrons are described as eigenstates in the spherical muffin-tin potential. The

APW basis function of a valence electron is defined as:

(3.26)

ben(r) = %ei(’“'c’)", IR region,
>im a}’;,?(k)uf‘(ra, E)Y;n(£%), MT region,

where [ and m are the orbital and magnetic quantum numbers, respectively; « la-

bels the atoms at positions 7%; and r® = r — 7* denotes the local coordinate system

aG

i are chosen to ensure conti-

relative to the center of atom a. The coefficients a

nuity of the wave functions at the muffin-tin boundaries. Y}, (#) are the spherical
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harmonics functions depending on the angular part of the spatial vector r®, and
uf(r, E) are the solutions of the radial Schrodinger equation:
R RA(I+1)
“oma t oz V)| wlr) = Bu(r). (8.27)
The radial functions uf*(r, E) depend on the band energy FE, which leads to a non-
linear eigenvalue problem in the solution of the Kohn-Sham equations. To address
this, a linearization technique was proposed [153] based on a Taylor expansion of

u; around a fixed energy Ep*:
uf (r*, B) = uf (r*, Bf') + (E — B (r*, Ef) + O((E — Bf')?). (3.28)

Here, 4f* is the energy derivative of wuf*. Using this Taylor expansion helps to
separate valence states from core states. Usually, only terms up to the first order
are kept in the expansion. In the linearized augmented plane-wave (LAPW) method,

the basis function becomes:

1 _i(k+G)r IR :
e , region,
¢Gk(r) - - G G . o .
P [apy (R)u (r, BY) + b (R)a (r®, E)] Yim (8%), - MT region.
(3.29)

The LAPW coefficients af,‘f and bf;rcf are determined by applying boundary con-
ditions at the interface between the interstitial region and the muffin-tin spheres.
They are chosen to ensure that the basis functions are both continuous and have

continuous first derivatives at the muffin-tin boundaries.

Another major advantage of the LAPW basis set is the simple extension of the APW
method to the full potential and charge density of the periodic solid without any
shape approximation. The non-spherical potential /charge density in the muffin-tin
spheres and the warped potential/charge density in the interstitial region are taken
into account variationally in the Hamiltonian. This is the all-electron full-potential
linearized augmented plane wave (FLAPW) method, which is currently the gold

standard for precision in electron structure methods for periodic solids.

All calculations presented in this thesis were carried out using the FLEUR code [154],
an open-source density functional theory package that implements the FLAPW
method.
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Wannier Functions

In periodic crystals, the electronic structure is typically described using single-
particle Bloch wavefunctions, which are expressed as in Equation 2.18. These wave-
functions simultaneously diagonalize the Hamiltonian and the lattice translation
operator, making them a natural representation for describing periodic systems.
However, the delocalized nature of Bloch states in real space can complicate the
understanding of localized chemical and physical phenomena, such as bonding or
defect interactions, in solids. To address this issue, Wannier functions [155-157]
were introduced as a localized alternative to Bloch wavefunctions. They are con-
structed as Fourier transforms of Bloch states over the entire Brillouin zone (BZ)

and are defined mathematically as:

14

Wolr) = s /B ln (), (3.30)

where V' represents the real-space primitive cell volume and the integral is carried
over the BZ. Due to the phase factor e’** in Blochs theorem, the superposition
of Bloch wavefunctions at different k-points ensures that Wannier functions are
localized in real space. The definition above confines the Wannier function to the
original unit cell. To extend this description across a lattice, Wannier functions can

incorporate lattice translational symmetry:
14 —ik-R
|Rn) = @ Jns dke [¥nk) (3.31)

and
k) = > e*R|Rn). (3.32)
R

where R is a real-space lattice vector. Bloch’s theorem implies that Wannier func-
tions exhibit translational symmetry. Specifically, the Wannier function centered at
the lattice vector R+R (gpif) is identical to the Wannier function at R, but shifted in
real space by Rgpif;). This property demonstrates that Wannier functions maintain

their shape across unit cells, differing only in their positions.

Equations 3.30 and 3.31 are suitable for describing a single band that does not
exhibit degeneracies at any k-point. Additionally, these equations can be extended
to a set of bands that may be degenerate among themselves at specific symmetry
points or lines, but remain separated from other bands by finite energy gaps across
the entire Brillouin zone. Such sets of bands are referred to as composite bands.
In these cases, it becomes necessary to introduce a specific index, denoted as n, to

label the individual bands within the composite group. This index must be consis-
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tently incorporated into both the Wannier function and the Bloch wavefunction to
distinguish between the bands effectively. It is well established that while Wannier
functions serve as a powerful alternative to Bloch wavefunctions, their construction
is not inherently unique. This ambiguity, particularly in systems with composite
bands, can be resolved by applying a unitary transformation to the Bloch states.
This transformation ensures the proper definition and localization of the Wannier

functions while maintaining the physical consistency of the electronic structure:

k(1)) = > UK () (3.33)

m

with Ur(rlﬁl) representing the arbitrary unitary rotation that mixes the bands at each
point in k-space. The matrix U,gf)b is chosen such that it optimizes the localization
properties of the resulting Wannier functions. Subsequently, the Wannier functions

from Eq. 3.30 are given by:
|wnR(1" / Z U(k) ka 7ik'Rd3k (3.34)

It is important to emphasize that the selection of Wannier functions is not unique

due to the freedom in the choice of the unitary matrix U},ﬁ%

Maximally Localized Wannier Functions

Significant progress toward the practical applications of Wannier functions was
achieved by Marzari and Vanderbilt [158], who introduced the concept of maximally
localized Wannier functions (MLWFs). To address not only composite but also
entangled energy bands, the method was later extended. By imposing the constraint
of maximal localization, this approach ensures a unique Wannier basis set and
establishes an optimally smooth gauge for the Bloch states. This constraint also

minimizes the spread of functional 2, defined as:
2= 3" [(wo()[r|wno(r) ) = (wao(r) rlwno(1))?] = 3 [ — (1)2], (3.35)

The detailed method and the technical procedure for calculating MLWFs are out-

lined in reference [159].
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ORBITRANS

Having established the theoretical framework underlying the response functions
considered in this work, we now turn to their numerical evaluation. Orbital, spin,
and charge transport properties are computed from first principles using the in-
house computational code ORBITRANS [160], based on Wannier interpolation

and linear-response theory.

ORBITRANS is a specialized in-house computational code developed for calcu-
lating orbitronic properties using the Wannier interpolation method. The Wannier
interpolation technique enables efficient calculations on dense k-meshes while retain-
ing first-principles accuracy. ORBITRANS is fully interfaced with the FLEUR [154]
and WANNIEROO0 [161] codes, allowing integration with first-principles DFT cal-
culations. ORBITRANS is based on the theoretical framework introduced in
Ref. [106] and enables accurate and efficient evaluation of transport phenomena

in materials with complex electronic structures.

Working in the basis of maximally localized Wannier functions (MLWFs) (see
Sec. 3.8), ORBITRANS supports the calculation of key quantities such as Berry
curvature, anomalous Hall conductivity, spin Hall conductivity, and orbital Hall
conductivity. These quantities are computed using the Kubo linear-response for-
malism [Egs. 2.24, 2.26, and 2.28]. Its capabilities make ORBITRANS a powerful
tool for investigating the interplay between spin-orbit coupling, magnetism, and
orbital effects, particularly in low-dimensional and topologically nontrivial systems.
With its combination of precision and scalability, ORBITRANS plays a central
role in the computational study of phenomena at the heart of the emerging field of

orbitronics.
ORBITRANS is well suited for large-scale systems and dense Brillouin-zone sam-

pling, as it supports hybrid MPI/OpenMP parallelization, enabling efficient high-

performance computing on modern architectures.

Workflow and Methodology

The practical implementation of ORBITRANS follows a three-step workflow, de-

scribed below.

In the first step, a self-consistent density functional theory (DFT) calculation is per-

formed to determine the electronic structure and density of states of the material.
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This is carried out using the FLEUR code [154], which employs the full-potential lin-
earized augmented plane-wave (FLAPW) method. The FLAPW approach provides
high accuracy and enables direct access to orbital-resolved quantities, including the
orbital angular momentum (OAM). In the second step, maximally localized Wan-
nier functions (MLWFs) are generated from the converged Kohn-Sham states via
the interface between FLEUR and WANNIER90 [159]. These functions provide
an efficient real-space representation of the electronic structure, preserving the or-
bital character and enabling accurate interpolation across the Brillouin zone. In the
final step, the Hamiltonian and relevant operators, including spin and orbital angu-
lar momentum operators, expressed in the MLWF basis are diagonalized to obtain
the interpolated Bloch eigenstates and corresponding energy eigenvalues. These
quantities are subsequently used to evaluate the desired response functions. All
transport calculations presented in this thesis were performed within the Wannier
representation using ORBITRANS.
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Engineering the Orbital Hall
Effect in nonmagnetic TMDs

In this chapter, we explore the engineering of the orbital Hall effect (OHE) across
various examples of transition metal dichalcogenides (TMDs), specifically focusing
on monolayers, bilayers, and hetero-bilayer structures with electronic properties
that range from semiconducting to metallic and semimetallic. The study of spin
and orbital Hall effects in these materials offers valuable insights due to their distinc-
tive electronic and structural characteristics. By analyzing monolayer and bilayer
configurations of MoSg and NbSesg, and extending our investigation to MoSs/NbSey
and MoS;/WSes hetero-bilayers under conditions such as biaxial strain, we aim to
reveal the robustness and tunability of the OHE in TMDs. These findings not
only demonstrate the stability of the orbital Hall insulator state across diverse
structural configurations but also provide a foundation for designing strain-tunable
orbitronic devices with promising applications in next-generation spintronics and

orbitronics.

Some results presented in Chapter 4.8 have already been published in Nddvornik,

Zeer et al., Adv. Mater. Interfaces 9, 2201675 (2022) [162].

Introduction

2D TMDs have attracted considerable attention due to their potential as a versatile
platform for various spintronics effects. TMDs display a wide array of electronic
phases, including semiconductors [116, 163, 164], semimetals [165], metals [165],
and superconductors [166]. This variety enables innovative design paradigms in-
corporating multiple complex phases of matter. Furthermore, the combination of
low crystal symmetry and spin-orbit coupling (SOC) in TMDs [167] can give rise
to exotic excitations and unique transport properties. For example, recent studies
suggest that H-phase TMDs, which lack inversion symmetry, can facilitate various
Hall effects, such as the anomalous Hall effect (AHE) [168], the valley Hall effect
(VHE) [169, 170], the spin Hall effect [171, 172], and even the OHE [51, 173].
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4.3

4.2 Computational Details

g) utatlon I Petal S

rmmples ca culations were conducted using the density functional theory
(DF T) code FLEUR [154], which employs the full-potential linearized augmented
plane wave (FLAPW) method [152]. For the exchange-correlation functional, we
used the Perdew-Burke-Ernzerhof approximation [139]. The monolayer, bilayer,
and hetero-bilayer structures of MoSa, NbSea, and WSes were optimized by relaxing
the atomic positions to achieve their lowest-energy configurations, as summarized
in Table 4.1. The spin-orbit coupling (SOC) effect was included in all calculations

using the second-variation approach.

We performed self-consistent calculations on a 16 x16x 1 Monkhorst-Pack grid within
the first Brillouin zone to ensure accurate electronic structure convergence. For the
TMD materials studied, the SOC influence on orbital and spin Hall conductivities
was carefully analyzed through the density of states (DOS) and transport proper-
ties. Maximally localized Wannier functions (MLWFs) were constructed from the
Bloch wave functions obtained from DFT, using the Wannier90 package [161]. For
MoS2, WSes and NbSey systems, MLWFs were generated from the d orbitals of
Mo, We and Nb and the p orbitals of S and Se atoms, which are the primary con-
tributors near the Fermi level. For accurate orbital Hall and spin Hall conductivity
calculations, a mesh of 8 x8x 1 k-points was used to obtain MLWFs for each system.
The matrix elements of spin and orbital angular momentum operators were first
evaluated in the Bloch basis and subsequently transformed into the Wannier func-
tion basis, enabling detailed transport property analysis under varying conditions,

including biaxial strain.

To analyze the transport properties of MoSs, NbSes, WSes, and their hetero-bilayer
configurations, we computed the intrinsic Berry curvature contributions to the SHC
and OHC using the MLWF framework, as described in Section 3.9. MLWF Hamil-
tonian was constructed for each system, enabling precise calculations of the zy com-
ponents of the SHC and OHC. These quantities were evaluated as Brillouin zone
integrals over a dense 300 x 300 k-point mesh, ensuring high-resolution insights into

the transport properties using Equations 2.26 and 2.28.

Spin and Orbital Hall Effects in Monolayer and Bi-
layer H-MoS,

In this section, we start by taking the H-phase monolayer and bilayer of MoSs
as a representative example to demonstrate the consistency of our results with

references [51].
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Tab. 4.1.: Key properties of MoSs, NbSes, WSes, and their hetero-bilayer configurations,
including lattice constants, band gaps, orbital Hall conductivity (OHC), and
spin Hall conductivity (SHC) values. For metallic systems, the OHC is given
as two values: the first corresponds to the value at the Fermi energy, and the
second value in parentheses corresponds to the value in the main gap above the
Fermi energy.

Material Lattice Constant Band Gap | OHC (%) | SHC (%)
(A) (eV)
Monolayer MoSs 3.182 1.61 2.1 0.0
Monolayer NbSey 3.487 Metallic 1.0 (1.7) —0.02
Monolayer WSesy 3.326 1.27 1.5 0.0
Bilayer MoSs 3.160 1.18 (indirect) 3.8 0.0
Bilayer NbSe, 3.440 Metallic 3.2 (3.4) -0.7
Hetero-bilayer 3.286 Metallic 3.1 (3.4) —0.013
k’lOSz/NbSeg
Hetero-bilayer 3.259 0.3 3.6 0.0
NIOSZ/WSGQ

4.3.1 Spin and Orbital Hall Effects in Monolayer H-Phase MoS,

The 2H-phase monolayer MoSs, known for its noncentrosymmetric structure, serves
as a prototypical example for exploring the spin and orbital Hall effects in 2D
TMDs. This material’s unique electronic structure, combined with strong SOC
primarily originating from the d-orbitals of Mo atoms, makes it an ideal candidate
for studying spin-orbit-induced transport phenomena [174]. The interplay between
inversion symmetry breaking and significant SOC leads to band splitting that is

essential for understanding spin and orbital transport in 2D systems.

In Fig. 4.1 (a-b), we present the calculated band structure and density of states
(DOS) for the H-phase monolayer MoSs with SOC. Our DFT calculations reveal
a direct energy bandgap of 1.60 eV, with both the conduction and valence bands
located at the K-point, consistent with previous studies [172, 175]. The inclusion of
SOC results in a noticeable splitting of the valence band at the K-point, underscor-
ing its effect on the band structure. The DOS plot highlights strong hybridization
between the Mo-d states and the S-p states.

In Fig. 4.1 (c), we present the spin Hall conductivity (SHC) (red line) and orbital

Hall conductivity (OHC) (blue line) as functions of band filling. The SHC exhibits

two prominent sharp peaks with opposite signs for p-doped monolayer MoSs, while
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for n-doped MoSs, a significant peak is centered around 2.2 eV. Within the primary
semiconducting energy gap, the SHC vanishes, reflecting its topologically trivial
nature [171]. In contrast, the OHC shows dominant contributions across the set
Fermi energy, demonstrating that the OHC is more pronounced than the SHC
in these materials. Most notably, within the main bandgap, the OHC exhibits
a substantial plateau with a magnitude of approximately 2.2 5=, consistent with
previous findings [51, 94]. This behavior highlights the fundamental characteristic
of the OHC, where significant orbital transport occurs even in the absence of SHE.
Interestingly, the orbital Hall effect in MoSs can occur without SOC, showcasing

the intrinsic capability of these materials for robust orbital transport.
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Fig. 4.1.: Electronic structure and transport properties of monolayer MoS, as a function of
band filling. Panel (a) displays the band structure with spin-orbit coupling (SOC)
included, revealing a direct bandgap at the K point. The shaded region marks
the energy range where significant orbital Hall conductivity (OHC) is observed.
In panel (b), the spin-resolved density of states (DOS) is shown, highlighting the
contributions from Mo-d orbitals (red) and S-p orbitals (sky-blue). These DOS
features illustrate strong hybridization between Mo-d and S-p states near the
Fermi level, which influences the electronic and transport properties of MoS,.
Panel (c) illustrates the calculated orbital Hall conductivity (OHC, blue line)
and spin Hall conductivity (SHC, red line) as functions of band filling. The
OHC exhibits notable plateaus, particularly in the shaded energy region where
it maintains a high value of approximately 2.2 5=, suggesting a robust orbital
Hall effect within the bandgap. In contrast, the SHC vanishes within the main
semiconducting gap due to the topologically trivial nature of MoSs, but displays
small peaks outside this region.
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Analysis of Orbital Hall Conductivity in Monolayer H-MoS,

We turn our attention to analyzing the OHC in monolayer MoSs. For this pur-
pose, we plot the out-of-plane orbital polarization (L), of the occupied states of
MoSs, as shown in Fig. 4.2 (a). The color map indicates the evolution of orbital
character along high-symmetry paths, highlighting changes that result from strong
hybridization between Mo-d and S-p orbitals. This interaction significantly affects
the electronic structure and contributes to the overall OHC. Notably, we observe
an orbital band inversion around the maximum of the valence band and the min-
imum of the conduction band at the K point. This inversion is a key indicator
of the emergence of an orbital Hall insulating phase, where orbital current can be

sustained independently of spin transport.

In Fig. 4.2 (b), we present the orbital Berry curvature fﬂfﬂj along the high-
symmetry paths. The pronounced peak at the K point reflects a substantial orbital
band inversion and signifies a strong contribution to the OHC at the Fermi energy.
Fig. 4.2 (c) shows the distribution of orbital Berry curvature summed over all occu-
pied bands across the Brillouin zone, emphasizing high-curvature magnitude near
the K point. This reinforces the potential of MoSs as an orbital Hall insulator,

capable of robust orbital transport that could be utilized in orbitronic applications.

Spin and Orbital Hall Effects in Bilayer H—Phase MoS,

In the realm of MoSy bilayer physics, the OHC exhibits a plateau with a magnitude
nearly double that observed in the monolayer case, reaching approximately 4.2 5.
Meanwhile, the SHC remains null within the main energy gap, consistent with its
topologically trivial nature. Notably, the quantized-like plateaus of the OHC extend
from the valence band maximum at the K symmetry point to the conduction band
minimum, even as the maximum of the valence band shifts towards the I" point. This
observation is crucial, as the valley Hall effect would typically predict a zero net

OHC due to the cancellation between contributions from the K and K’ valleys [51].
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Fig. 4.2.: (a) Evolution of the out-of-plane orbital polarization, (L), for the occupied
states of monolayer MoS,, with color bars indicating the magnitude in units of
h. This polarization reflects the orbital angular momentum contributions across
the electronic bands, highlighting variations around high-symmetry points in the
Brillouin zone. (b) Orbital Berry curvature distribution along high-symmetry
paths within the Brillouin zone, showcasing the pronounced peaks that contribute
to the orbital Hall conductivity. (c¢) Summed distribution of the orbital Berry
curvature over all occupied bands at each k-point within the Brillouin zone,
evaluated at the Fermi energy. This map emphasizes the concentration of orbital
Berry curvature near specific K-points.

Spin and Orbital Hall Effects in Monolayer and Bi-
layer NbSe,

Our investigation extends to the OHC and SHC in monolayer and bilayer metallic
H-NbSes, chosen for its relevance as a metallic representative among TMDs. The
monolayer NbSey results reveal plateau-like OHC features above the Fermi energy
comparable to those seen in monolayer MoSy, exhibiting a magnitude of 1.7 o-.
These features are particularly prominent within the energy range spanning from
the top of the valence band to the conduction band minimum at the K symmetry
points above the Fermi energy. At the Fermi level, calculated for comparison with
experimental data from our collaboration [162], the SHC displays a negative sign
relative to the OHC. Notably, the OHC is approximately 20 times greater than the
SHC, emphasizing its dominant role in the transport properties of NbSes. Overall,
the OHC also dominates over the SHC across all band fillings.

In Fig. 4.4 (a), the band structure of monolayer NbSey with SOC reveals key elec-

tronic features around high-symmetry points, underscoring the complex interactions
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Fig. 4.3.: Electronic structure and transport properties of bilayer MoSs as a function
of band filling. Panel (a) shows the band structure with spin-orbit coupling
(SOC) included, revealing band splitting due to interlayer interactions at the K-
symmetry points. Panel (b) presents the spin-resolved density of states (DOS)
with contributions from Mo-d (red) and S-p (sky-blue) orbitals, showing hy-
bridization effects near the Fermi level that influence electronic and transport
behavior. Panel (c) displays the calculated orbital Hall conductivity (OHC, blue
line) and spin Hall conductivity (SHC, red line) as functions of band filling.
Despite the anticipated cancellation of valley contributions, the OHC exhibits
prominent features, whereas the SHC remains minimal. These findings under-
score the unique transport properties of bilayer MoSs, where the valley effect
does not contribute directly to the OHC.

that influence its transport properties. The spin-resolved density of states (DOS)
in panel (b) highlights the contributions from Nb-d states and Se-p states, shown
in green and gray, respectively, which illustrate significant hybridization between
these orbitals. This hybridization plays a crucial role in shaping the transport char-
acteristics, particularly the OHC and SHC. Fig. 4.4 (c) shows The SHC and OHC
as functions of band filling. The results present the potential H-NbSey as a matalic

TMDs candidate for orbitronic applications.

The OHC behavior of bilayer H-phase NbSes shows notable similarities to that of bi-
layer H-phase MoSs, particularly with the presence of plateaus. For bilayer NbSes,
the magnitude of these plateaus significantly increases, doubling from 1.7 5= to
3.4 5~ as shown in Fig 4.5. This change in conductance quantization is confined
within the global band gap, situated above the valence band maximum. This out-
come challenges the typical predictions of the valley Hall effect, which would suggest
a net-zero OHC due to opposite contributions from the valleys. At the Fermi energy,

the SHC shows a negative peak, contrasting sharply with the large positive OHC
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Fig. 4.4.: Electronic structure and transport properties of monolayer NbSe, in its metallic
phase, shown as a function of band filling. Panel (a) displays the band structure
with spin-orbit coupling (SOC) included, highlighting metallic characteristics
with bands crossing the Fermi level, indicative of a continuous density of states
that confirms the metallic nature of monolayer NbSey. Panel (b) illustrates
the spin-resolved density of states (DOS), with contributions from Nb-d orbitals
(green) and Se-p orbitals (gray). Notable hybridization between Nb-d and Se-p
states is visible. Panel (c) presents the orbital Hall conductivity (OHC, blue
line) and spin Hall conductivity (SHC, red line) as functions of band filling.
The OHC shows robust values across the Fermi level, demonstrating substantial
orbital contributions in the metallic regime, while the SHC displays smaller peaks,
consistent with the influence of SOC on transport properties.

peak. The pronounced OHC highlights substantial orbital contributions originating
near the K point.

Overall, the results show the complex interaction of orbital dynamics and interlayer
effects in bilayer NbSes, providing deeper insight into its transport properties. The
persistence of quantized OHC from the valence band maximum to the conduction
band minimum indicates potential for orbitronic applications, leveraging orbital
currents for advanced functionalities. The observed interplay between Nb-d and
Se-p states supports the understanding of orbital transport mechanisms in metallic

TMDs, paving the way for engineered quantum transport in layered materials.

Transport Characteristics of MoS,—NbSe, Hetero—Bilayers

After examining the orbital Hall insulator properties in both semiconducting and
metallic monolayers and bilayers, we proceed to explore the transport characteristics

of MoS2-NbSey hetero-bilayers. This direction allows us to integrate the distinct
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Fig. 4.5.: Electronic structure and transport properties of bilayer NbSes as a function of
band filling. Panel (a) presents the band structure including spin-orbit coupling
(SOCQ), revealing key features near high-symmetry points. Panel (b) shows the
spin-resolved density of states (DOS), with contributions from Nb-d and Se-p
states depicted in green and gray, respectively, highlighting the dominant role of
Nb-d states at the Fermi level. In Panel (c), the orbital Hall conductivity (OHC)
and spin Hall conductivity (SHC) are plotted as functions of band filling, with the
bilayer configuration showing an enhanced small peak in the SHC at the Fermi
energy. This enhancement in SHC indicates notable spin-related transport effects
in the bilayer structure, alongside a stable and robust OHC response across the
energy range.

properties of semiconducting MoSs and metallic NbSes, forming a heterostructure
that supports complex interlayer interactions and unique transport behavior. By
constructing and studying this MoS2-NbSey heterostructure, we aim to reveal how
the individual monolayer properties contribute to the combined system’s spin and

orbital Hall conductivities.

The electronic structure of the NbSes-MoSs hetero-bilayer exhibits metallic charac-
teristics with a semimetal structure above the Fermi energy. Analysis of the DOS
reveals that electronic states at the Fermi level are predominantly contributed by
the NbSey layer, while the MoSsy layer contributes states above the Fermi level,
around 0.6 eV. In this energy region, bands come close to crossing or nearly touch
(Fig. 4.6 (a-b)), suggesting that doping or introducing defects could shift the Fermi
level to this band-touching region. Our electronic structure are in excellent agree-
ment with those reported in [176]. The OHC in this heterostructure appears to
be an additive effect, combining contributions from both MoSy and NbSes layers,
resulting in a robust OHC signal. The behavior of the OHC in the NbSep-MoSa

bilayer differs from that observed in either monolayer or bilayer forms of MoSs and
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Fig. 4.6.: Electronic structure and transport properties of the MoSy/NbSey heterobilayer
as a function of band filling. Panel (a) shows the band structure with spin-orbit
coupling (SOC), highlighting metallic characteristics and a near-band-touching
point just above the Fermi level. The gray-shaded region denotes the energy
range around this near-touching point, where significant changes in electronic
behavior are observed. Panel (b) presents the spin-resolved density of states
(DOS), showing contributions from Mo-d (red), Nb-d (green), Se-p (gray), and
S-p (sky-blue) orbitals, with the NbSes layer providing the dominant states at
the Fermi level. In panel (c), the orbital Hall conductivity (OHC) and spin Hall
conductivity (SHC) are plotted as functions of band filling, with the gray-shaded
region indicating where the OHC reaches a quantized plateau of 3.4 5%, signaling
a robust orbital Hall effect within this energy range. Notably, the SHC remains
minimal around the Fermi level, underscoring the dominance of orbital transport
in this heterostructure.

NbSey. Unlike the decay of the OHC signal below the K symmetry point, located
at the maximum of the valence band in monolayer MoSs, the heterostructure con-
figuration stabilizes the OHC, maintaining a high signal without significant decay.
This sustained response is closely tied to the positioning of the K-point peak in
monolayer MoSs, highlighting the distinct orbital transport characteristics arising

in the combined bilayer system.

Notably, the orbital Hall insulator remains robust around the Weyl crossing, indi-
cated by the shaded region in both the electronic structure in Fig. 4.6 (a) and the
orbital Hall conductivity in Fig. 4.6 (c). This region exhibits a quantized OHC

€

of 3.4 &= within the energy range of 0.3 to 0.6 eV above the Fermi level. In con-
trast, the SHC displays two small peaks, reversing in sign from —0.2 5~ at 0.3 €V to
0.3 5~ at 0.6 eV. While the SHC around the Fermi energy is null in individual mono-
layers, the heterostructure configuration enhances the SHC, leading to a noticeable

response as a function of band filling. Exploring alternative stacking configurations,



4.6

Chapter 4 Engineering the Orbital Hall Effect in nonmagnetic TMDs

as demonstrated in studies on MoTes/WSey bilayers, could potentially yield even
greater SHC around the Fermi level [177].

Transport Properties as a Function of the Biaxial Strain
of MoS2,/WSe, Hetero-Bilayers

Motivated by the robustness of the orbital Hall insulator state observed in vari-
ous monolayer and bilayer configurations with different structures, we extend our
investigation to examine its stability under significant biaxial strain. To this end,
we construct a hetero-bilayer structure composed of two distinct H-phase semicon-
ductor monolayers, MoSy and WSey. Hetero-bilayers of TMDs have previously
garnered considerable attention for their ability to engineer bandgaps in semicon-
ductor TMDs, offering new opportunities for advanced applications in electronics
and spintronics [178]. In this study, we specifically aim to evaluate the influence
of heterostructure design on the orbital Hall insulator state, focusing on how biax-
ial strain modulates its properties within the MoS2-WSes hetero-bilayer, providing

insights into strain-tunable orbitronics and spintronics device design.

Starting with the unstrained MoS;-WSey hetero-bilayer, the electronic structure
with SOC is shown in Fig. 4.7. Notably, the MoS2-WSey hetero-bilayer displays a
direct band gap of approximately 0.3 eV, consistent with previous findings reported
in [178]. In this unstrained configuration, both the valence band maximum and con-
duction band minimum are located at the K symmetry point, confirming a direct
band gap structure. Under increasing tensile strain of 2% and 4%, the band gap
decreases to 0.1 eV and 0.02 eV, respectively, indicating a trend toward metallic
behavior at higher strain levels. This semiconducting background provides an ideal
platform to explore the contribution of each layer, as both MoSs and WSey lay-
ers exhibit OHC plateaus within their semiconducting band gaps. This reinforces
the potential of the MoS2-WSes hetero-bilayer as an effective orbital Hall insula-
tor, even under strain, demonstrating its applicability for strain-tunable orbitronic

applications.

The SHC in MoS2-WSey primarily depends on the hybridization between the p-
states of the chalcogenide atoms and the d-states of the metal atoms. This strong
hybridization is a key factor in driving the SHC, as indicated by the pronounced
SHC peaks in regions where this hybridization is significant, as observed in the
DOS. Furthermore, the magnitude of the SHC peaks is directly influenced by the

extent of p-state contributions, with higher p-state densities leading to increased
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SHC values. This finding highlights the critical role of the p-states in generating
the spin Hall conductivity (SHC), as shown in Figs. 4.5 and 4.6. This role will be
further discussed in the context of REDs in Chapters 6 and 7.

Focusing on the OHC in the unstrained case, we observe that the orbital Hall
insulator is maintained within the main band gap, gives rise to magnitude of almost
3.7 5= with zero SHC in the background. Interestingly, the configuration here differs
significantly, with the maximum of the valence band originating from the W d-states
and the minimum of the conduction band stemming from the Mo d-states. The
magnitude of the OHC is effectively the combined contributions from both MoSs
and WSes, reinforcing the hetero-bilayers robust orbital Hall response. Outside the
main gap, up to the relative position of the K symmetry point of Mo, the orbital
Hall insulator remains relatively stable. In the strained cases of 2% and 4% tensile
strain, the orbital Hall insulator remains stable within the narrow band gap. The
OHC increases with decreasing the band gap. Demonstrating that the orbital Hall
insulator in TMDs is resilient across different heterostructure configurations and

strain conditions.
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Fig. 4.7.: Electronic structure and transport properties of WSes-MoS, hetero-bilayers un-
der biaxial strain: This figure showcases the impact of biaxial strain on the
electronic structure and Hall conductivities of WSes-MoSs hetero-bilayers. Pan-
els (a)-(c) present the unstrained configuration: (a) illustrates the band structure
with spin-orbit coupling (SOC), (b) displays the density of states (DOS) with
W-d and W-p orbitals in black and gray, and Mo-d and Mo-p in red and sky
blue, respectively. Panel (c) shows the spin Hall conductivity (SHC) and orbital
Hall conductivity (OHC) as functions of band filling, offering insight into the
transport behavior in the absence of strain. Panels (d)-(f) examine the effects of
a 2% biaxial strain, while panels (g)-(i) show the impact of a 4% biaxial strain
on the band structure, DOS, and Hall conductivities.

Spin and Orbital Hall Effects in Bulk H—Phase MoS,

While monolayer and bilayer MoSs have been extensively studied for their spin
and orbital transport properties [51, 54, 94, 173], the bulk phase of MoSy remains
equally significant due to its widespread use in electronics and spintronics applica-
tions [14, 179]. A key motivation behind our interest in understanding spin and
orbital transport in bulk H-phase MoS, is that the bulk system provides unique

insights into the role of interlayer coupling and the robustness of orbital transport
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mechanisms beyond the 2D limit. Additionally, bulk systems are more experimen-
tally accessible [180], making it essential to establish theoretical predictions that

can be directly validated through experiments.

To gain insight into the bulk calculations, we focus on the H-phase MoSy as shown
in Fig. 4.8. The electronic band structure reveals an indirect bandgap of 0.88 eV,
which is consistent with the reported result in [181]. To address the experimental
scenario of measuring conductivity, we calculate the SHC and OHC ¢¥, for the
spin/orbital current in the z-direction, polarized along y, under an electric field
applied in the z-direction. Our results show that the OHC dominates, particularly
within the main indirect bandgap region. At the Fermi energy, the OHC magnitude
reaches 903 @) (2 -cm) ™!, while the SHC is negligible, indicating that the orbital
Hall insulator state still appears in the gap.
e h

It is important to note that we have converted the units from 5= to (;) (Q-cm)t

using this formula 27 - Gy - 108 (ﬁ), where Gy = <%) 26—9 /7748 x 1070 QL
This unit conversion ensures that the calculated SHC and OHC are dimensionally

consistent with respect to the material’s physical volume.
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Fig. 4.8.: Electronic structure and transport properties of bulk H-phase MoSs. (a) the
electronic band structure along high-symmetry points in the Brillouin zone. The
band structure shows H-phase indirect band gap of 0.88 €V. (b) shows the spin
Hall conductivity (SHC) and orbital Hall conductivity (OHC) as functions of
band filling the red line corresponds to the SHC ¢¥,,, indicating the spin current in
the z-direction polarized along y under an electric field applied in the z-direction.
The region near the Fermi energy (Ep) is highlighted, with the values of SHC
and OHC marked as (0, 0) for SHC and (903, 0) for OHC.
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Spin and Orbital Hall Effects in Bulk H-phase NbSe,

Here we perform similar calculations for the metallic H-phase NbSey. At the Fermi
energy, the material exhibits a negative SHC of approximately 40 (Z) (- cm)L,
while the OHC is much larger, reaching 801 (g) (2-cm)~!. This indicates that the
material retains its orbital Hall insulating behavior, as shown in Fig.4.9. Further-
more, the negative SHC observed at the Fermi energy is consistent with the metallic
nature of the H-phase of NbSey and the high density of states around the Fermi
level. Experimental measurements, such as those reported in [162], have shown that
the primary spin-charge conversion occurs in the bulk of NbSeq, with a negative
spin Hall angle. This aligns well with the calculated negative values of the SHC
at the Fermi energy, further validating the theoretical predictions. These results
highlight the interplay between spin and orbital transport phenomena in H-phase

NbSeq, emphasizing its unique electronic and transport properties.
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Electronic structure and transport properties of H-phase bulk NbSes. (a) shows
the atomic structure of the H-phase NbSes, the left presents the top view, while
the right side displays the side view of the structure with the layered arrangement
of Nb (green) and Se (yellow) atoms. (b) presents the electronic band structure
along high symmetry points. (c) shows the spin Hall conductivity (SHC) and
orbital Hall conductivity (OHC) as functions of band filling. The red line corre-
sponds to the SHC ¢¥,, indicating the spin current in the z-direction polarized
along y under an electric field applied in the z-direction. The blue line represents
the OHC. The inset zooms into the region of Fermi energy (E = 0), showing the
values of SHC and OHC, marked as (—40, 0) for SHC and (801, 0) for OHC.
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Conclusion

In this chapter we provide a comprehensive investigation into the spin and orbital
Hall conductivities across various nonmagnetic TMD configurations. The robust-
ness of the orbital Hall insulator is consistently observed in monolayers, bilayers, and
hetero-bilayers, with notable resilience under biaxial strain in MoSy/WSey systems
with all quantized orbital Hall conductivities appearing on the background of van-
ishing SHC. Our findings underscore the additive nature of the OHC contributions
in hetero-bilayers. The detailed analysis of band structures, density of states, and
transport properties across these TMDs emphasizes the strong potential for orbi-
tronic applications. These results not only enhance the fundamental understanding
of the OHE in TMDs but also pave the way for tailored device designs that leverage

strain and structural modifications to optimize transport characteristics.
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Spin and Orbital Transport in
Rare-Rarth Dichalcogenides:
The Case of EuS,

In this chapter, we extend our exploration of transition metal dichalcogenides
(TMDs) by investigating promising materials that may exhibit intrinsic magnetic
properties. For this purpose, we conducted first-principles calculations to investi-
gate the structural, electronic, magnetic, and transport properties of the H-phase
monolayer of the 4 f rare-earth dichalcogenide EuS,. Using EuSs as a representative
case, the goal is to explore the potential of 4f rare-earth dichalcogenides as promis-
ing candidates for generating pronounced charge, spin, and orbital currents. Given
the significant role of electron correlation effects in f-electron systems, a range of
Coulomb interaction strengths, characterized by the parameter U, was considered.
The results reveal that EuSy exhibits both a large magnetic moment and a sizable
band gap across a broad range of correlation strengths. Notably, an increased p-d- f
hybridization between Eu and S atoms is observed with increasing U, which exerts

a substantial impact on the transport properties of the material.

The results presented in this chapter have already been published in Zeer et al., Phys.
Rev. Mater. 6, 074004 (2022) [182].

Introduction

TMDs exhibit a rich variety of exotic phenomena driven by the interplay between
their crystal symmetry and spin-orbit coupling (SOC) [183]. This interplay gives
rise to numerous Hall effects, including the anomalous Hall effect (AHE) [184],
valley Hall effect [185, 186], spin Hall effect (SHE) [171, 172], and the more recently
discovered orbital Hall effect (OHE) [41, 42, 48, 51, 88, 94, 101, 173, 187-189].
Among these, the SHE and OHE are particularly promising for next-generation
spintronic applications. While the SHE has been extensively studied, the OHE

remains relatively underexplored, despite its potential to revolutionize information
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transfer through the orbital degree of freedom, giving rise to the emerging field of

orbitronics.

A particularly promising avenue is the exploration of 2D magnetic materials based
on 4 f-elements, especially rare-earth dichalcogenides. The strong magnetism, signif-
icant spin-orbit coupling, and orbital complexity of 4 f-electrons make these materi-
als ideal candidates for studying spin and orbital transport phenomena. Rare-earth
dichalcogenides, with their unique electronic and magnetic properties, could serve
as a platform for realizing robust orbital currents, opening new possibilities for

orbitronic applications.

In this work, we focus on 4f rare-earth metal dichalcogenides, using the H-phase
monolayer EuSy as a representative system. By employing first-principles calcula-
tions with a Hubbard U parameter to account for strong electron correlations, we
investigate the electronic, magnetic, and transport properties of EuSs. Our results
reveal that in the strongly correlated limit, the electronic bands of EuSy exhibit
non-trivial topology, leading to sizable and nearly quantized values of the anoma-
lous Hall conductivity (AHC) associated with the f-states. Interestingly, the SHE
in this system closely follows the behavior of the AHE due to the dominant ma-
jority character of the occupied f-states. In contrast, the OHE displays a highly
non-trivial dependence on band filling, reaching magnitudes more than six times
larger than those of the SHE.

Our detailed analysis of the electronic structure and Hall effects in EuSy provides
fundamental insights into the mechanisms governing spin and orbital transport in
rare-earth dichalcogenides. These findings suggest that rare-earth dichalcogenides,
with their strong magnetic tendencies and robust orbital currents, could occupy a
unique niche among 2D magnetic materials, offering significant potential for appli-

cations in spintronics and orbitronics.

Specifically, we predict that the H-phase monolayer of EuSy exhibits half-metallic
behavior with a large magnetic moment when doped. The electronic structure is
highly sensitive to the Hubbard U parameter, which modulates the hybridization
between Eu-f and S-p states. This hybridization plays a critical role in determining
the transport properties, leading to pronounced anomalous and orbital Hall effects.
These results highlight the potential of rare-earth dichalcogenides as efficient sources
of charge, spin, and orbital currents, making them promising candidates for next-

generation spintronic and orbitronic devices
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Computational Details

Our first-principles calculations were performed using the film version of full-potential
linearized augmented plane wave method [152], as implemented in the Jiilich density
functional theory (DFT) code FLEUR [190]. We used the Perdew-Burke-Ernzerhof
approximation to the exchange-correlation potential [139]. The structure of the
monolayer was relaxed so that residual forces are well below 0.001 eV/A. For self-
consistent calculations we used a 16x 16 Monkhorst-Pack grid in the first Brillouin
zone and a plane-wave cutoff of 4.1 a; ! where aq is the Bohr radius. We set the
angular momentum expansion of 10 and 8 for Eu and S atoms, respectively. The
muffin-tin radii of Eu and S atoms were set to 2.8 ag and 1.94 ag, respectively.
Spin-orbit coupling (SOC) was included self-consistently within the second varia-

tion scheme for all calculations.

To treat the effect of strongly correlated electrons in the 4 f-shell of Eu we ap-
plied the GGA+U method within the self-consistent DFT cycle [191]. The on-site
Coulomb interaction strength U applied to the Eu 4f states was varied from 0 eV
to 6.7 eV, and the intra-atomic exchange interaction strength J was chosen to be
0.7 eV [191].

The optimized structure of H-EuSs is shown in Fig. 5.1, along with the definition
of the coordinate axes. Initial structural relaxations were performed without in-
cluding U, yielding a lattice constant of 4.616 A and an interplanar distance of
1.1 A between the Eu and S layers along the z-axis. Introducing a Coulomb repul-
sion strength of U = 6.7 éV modified these values to 4.744 A and 1.08 A, respectively.

All calculations were performed for the latter values of structural constants.

Transport calculations were performed for two values of U: 2.5 eV and 6.7 €V.
The calculations of the anomalous Hall conductivity (AHC), spin Hall conductivity
(SHC), and orbital Hall conductivity (OHC) were performed using the expressions
discussed below, employing the technique of Wannier interpolation [161, 192]. To
achieve this, 36 maximally localized Wannier functions (see Sec. 3.8.1) were con-
structed from the ab initio electronic structure by projecting the Bloch states onto
the p-states of S and the f, d-states of Eu atoms. This approach ensures the repro-
duction of the electronic structure within an energy window that includes all states
below the Fermi energy and a sufficient number of states above it. Throughout
this work, we treat the system as a perpendicularly magnetized ferromagnet. For
U = 6.7 eV, the magnetic anisotropy energy was estimated to be on the order of

30 peV, favoring the out-of-plane direction of magnetization, while the ferromag-
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Fig. 5.1.: Top and side view of the H-phase monolayer EuS;. The dark blue balls and
yellow balls represent Eu and S atoms, respectively. The definition of the axes
is shown with arrows.

netic state was found to be 0.3 meV lower in energy than the row-wise antiferromag-
netic state. It is important to note that these values may change with variations in

the Fermi energy due to doping, which constitutes the primary focus of this study.

Electronic Structure of EuS,

We begin by discussing the electronic structure of EuS;. Consistent with Hund’s
first rule, the intra-atomic exchange interaction arranges the half-filled Eu 4 f shell
into the 47 configuration, resulting in a large magnetic moment of 6.95 . This
value remains robust across varying correlation strengths and is significantly larger
than the spin moments observed in other TMDs, as seen in Refs. [20, 24, 25].
In Fig. 5.2, we present the computed band structure (a-d) and density of states
(DOS) (e-h) for EuSy at different values of the Hubbard U parameter: U of 0 eV
(a,e), 2.5 €V (b,f), 4.5 eV (c,g) and 6.7 eV (d,h). The quantitative features of the
electronic structure of EuSy are similar irrespective of U: The highest occupied

states are formed by the Eu 4f majority electrons. The position of the minority



Chapter 5 Spin and Orbital Transport in Rare-Rarth Dichalcogenides: The
Case of EuS,

U=0eVv U=25eV U=45eVv U=6.7eVv
at = b o 1 d) —
s il - /\ /\
2 — =
- /\
3
W 0 - e ——
1
W P e P
— . |
Tl — T |
_ |
. < —_—
- [ [ K M K M K
4
e) fl ¢) h)|
3 / -
2 =
==
g e
e e i ——
1 —
W
-2 < <
. g
- <
o 5 -5 -10 10 5 -5 -10 10 5 0 -5 -10 10 5 0 - -10
DOS [1/eV] DOS [1/eV] DOS [1/eV] DOS [1/eV]
—— Eu f up/down Eu d up/down —— S p up/down

Fig. 5.2.: Electronic structure of H-phase EuS; monolayer as a function of Coulomb repul-
sion strength U. In (a)-(d) the band structures are shown for U = 0, 2.5, 4.5 and
6.7 eV, respectively. In (e)-(h) the corresponding evolution of the spin-resolved
density of states is shown. In (e)-(h) left and right parts of the figures correspond
to the majority and minority spins, respectively, while the density of states of
Eu-f, Eu-d and S-p states is shown with dark red, orange and blue thin lines,
respectively. While the dominance of the majority Eu-f states at the Fermi level
is evident, increasing U drives the hybridization of Eu-f-states with S-p states.
This has drastic influence on the transport properties of the system, as discussed
in the main text.

f-states varies from about +4 eV for U = 0 €V to about +10 eV for U = 6.7 eV
is shown in Appendix A (Fig. A.1), and we do not discuss these states further.
The valence band maximum is positioned at the I" point. We find p states of the
chalcogen S atoms well separated and lying above and below the majority f states.
Together with Eu f and d states the p states of S form bonding and antibonding
states that have an energy separation of about 3.5 eV irrespective of the spin-channel.
The lowest conduction band is relatively flat and it is formed by the states with

primarily S-p character.

The conduction band minimum is also positioned at the I' point and EuSs mono-
layer exhibits a direct band gap of f-p transition. The higher conduction bands
following the S-p band are formed by highly dispersing Eu 6s and 5d states. The
localized occupied 4f states act as a repulsive scattering potential to the S-p elec-
trons which moves bonding and antibonding S-p states in the majority and minority

spin-channel to lower and higher energy, respectively. This introduces a small ex-
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change splitting, visible in Fig. 5.2(a)-(d), and a magnetic moment of —0.28 up
on S-atoms. The values of the orbital moments of Eu and S atoms are practically
negligible. Focusing on the 4 f states, in the ground state, at U = 0 eV, the majority
f-states are separated from the conduction S p-states by about 1 eV (direct band
gap of 0.59 eV at I'), see Fig. 2(a,e). Increasing U leads to an increase of the f-p
gap without a change of dispersion, and the 4f states move down in energy closer
to the occupied S p-valence states (or, alternatively, since the Fermi energy is fixed
by the band edge of the majority 4f states, the S p-states move up in energy with
respect to the f-states). At U = 6.7 €V this results in a p-f energy separation of
about 3 eV at the Fermi energy (direct band gap of 2.27 ¢V at I'), Fig. 5.2(d,h).
This puts EuSe among the large band gap TMD semiconductors [193, 194]. On
the other hand, increasing U drives the lower p-states into the region of majority
f-states. In turn, this drives a strong hybridization between the p-, d- and f-states,
which result in the orbital complexity and strong modifications that U brings to
transport properties of the doped system which we discuss below. We conclude
that the EuSs monolayer is a ferromagnetic semiconductor with a direct band gap,
whose value depends on the choice of U. The studied system can be transformed
into a half-metal by substituting Eu with, for example, Gd, forming an Eu;_,Gd;Ss

layer (see also the next chapter 6).

Anomalous Hall Effect in EuS,

Next, we proceed to investigate the AHE in the system. Here, we focus on the
intrinsic Berry curvature contribution to the AHC tensor [195]. To compute the
Berry curvature from maximally localized Wannier functions (MLWFs), we first
construct a tight-binding Hamiltonian based on the MLWFs. Using the Wannier
interpolation technique, we efficiently evaluate the xy-component of the anomalous
Hall conductivity (AHC) as a Brillouin zone integral over a dense 300 x 300 mesh
of k-points. This calculation is performed according to the expressions provided
in Egs. 2.24 and 2.25. The results of our AHC calculations are summarized in
Fig. 5.3(a) for U = 2.5 eV and U = 6.7 eV. We begin by discussing the case of
U = 2.5 eV. The energy dependence of the AHC for this value of U is shown
as a dashed line in Fig. 5.3(a). The AHC is non-zero only in two narrow energy
windows: between —0.6 eV and 0 eV, corresponding to the upper region of majority
[f-states, and between —3 eV and —2 eV, corresponding to the region of occupied
S p-states. The out-of-plane spin and orbital polarization of these states is shown
in Figs. 5.4(a,b). We observe that the low lying p-states are slightly exchange split
(by 50—100 meV), perfectly spin-polarized, and they display very strong orbital
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Fig. 5.3.: Transport properties of monolayer EuSs as a function of band filling. (a) Anoma-
lous Hall conductivity (AHC) oap, (b) spin Hall conductivity (SHC) osp, and
(c) orbital Hall conductivity (OHC) oo, computed as a function of band filling
in EuS, for U = 2.5 €V (red dashed line) and 6.7 €V (blue solid line). Vertical
dashed lines in (c¢) are guides to the eye marking the position of energy at —1.2,
—0.9, —0.6 and —0.4 e¢V. The influence of S-Eu hybridization at U = 6.7 eV is
clearly visible in the plot: while in the case of weak hybridization at U = 2.5 eV
the AHE and SHE in the system are suppressed, the combined effect of interact-
ing S-p and Eu-f states on the overall magnitude and complex behavior of the
AHE, SHE and OHE at U = 6.7 ¢V just below the Fermi energy is drastic.

polarization, especially at the top and bottom of the group. This is consistent with
the process of p, + p, orbital polarization, confirmed by the DOS analysis (not
shown), giving rise to non-trivial Chern numbers and a non-vanishing AHC in the

region of these states [196].

By inspecting the region of f-states in Fig. 5.4(a,b) closer, we observe a formation
of relatively large gaps among the groups of f-states, separated by the combined
effect of crystal field and spin-orbit interaction. The topological nature of these
gaps is predominantly trivial, i.e. the quantized value of the AHC within these

gaps is topologically trivial, except for the case of the gap at about —0.4 eV, where
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the AHC is quantized to a value of —1 % (é.e. having a Chern number of —1).
From the analysis of the orbital character of contributing states it is clear that
this is the region where the overall change in the sign of orbital polarization of the
states around the gap takes place. This change in the orbital polarization across the
gap mediated by the spin-conserving part of spin-orbit interaction can be closely
associated with the non-trivial AHC in this region [196]. At this point we would like
to comment on the logic behind energy-resolved orbital polarization of the system
for U = 2.5 eV. For this correlation strength, the Eu-f states are separated from
the p-states of S atoms. The 4f electrons are localized, and experience a non-
spherical potential exhibiting the point group symmetry of the Eu atom embedded
into EuSe monolayer. Therefore, the development of the orbital moments is a result
of a competition between Coulomb interaction, summarized under Hunds second
rule, and the crystal field. We notice that our results still resemble Hunds second
and third rule, Fig. 5.4(a,b). In the lower half of the 4 f-majority states, the orbital
moment is opposite to the spin moment, while for the upper half of the 4 f states the
orbital moment is parallel to the spin moment, which results in a neglibile orbital
moment when summed over all majority 4f states. For S-4p states the situation is
very different since the p-states are subject to a large band dispersion where crystal
field effects dominate. For states along I'-M the dispersion of the S p-states is
rather small and Hunds third rule is obeyed since the orbital moments of the lower
(upper) half of the bands is antiparallel (parallel) to the spin moments, but the
strong crystal field associated with the band dispersion along the high-symmetry
lines M-K-I" makes Hunds third rule inapplicable. This violation becomes even

more prominent for larger values of the correlation strength.

The direct interaction between the p-states of S and the f-states of Eu, which occurs
when the correlation strength is increased to U = 6.7 eV, has a profound impact
on the anomalous Hall effect (AHE). From the analysis of the DOS and the spin
polarization of the states shown in Fig. 5.4(c), we observe that minority p-states
are easily identifiable, as they do not hybridize at all with the f-states of opposite
spin. In contrast, the hybridization of the majority p- and f-states is significant,
as evidenced by strong changes in the position and dispersion of the bands, as well
as the increased spread of Eu and S states over an energy range of nearly 1.5 eV
in this spin channel. The resulting orbital complexity of hybridized states, visible
in Fig. 5.4(c), has an amplifying effect on the overall magnitude of the anomalous
Hall conductivity (AHC). In particular, values close to quantization are achieved
for the lower bands around —1.2 eV, which are related to a global gap present at
that energy (crossed by minority-S states). Additionally, a wide plateau appears

around —0.6 eV, corresponding to the nontrivial gap between three upper and five
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lower majority bands, separated by an "inactive" band at —0.55 eV. Furthermore,

a peak is observed at —0.4 eV.

Spin Hall Effect in EuS,

We now move on to the study of SHE and OHE in the system. While the SHE
has been explicitly studied in group-VI dichalcogenides [171, 172], very recently,
Canonico and co-workers investigated the orbital Hall effect in nonmagnetic H-phase
2D TMDs MoS; and WS, [94, 173], addressing especially a question of quantization
of the OHC within the electronic energy gaps, and corresponding emergence of the
quantum orbital Hall insulating phase. The study of the OHE is a subject of
general interest since the magnitude of the OHC can be often dominant over that
of the SHC, which suggests systems with large OHE as potential platform for novel

concepts in orbitronics [62, 197].

Motivated by these considerations, we explore the possibility that EuSs can host
the spin Hall effect (SHE) and orbital Hall effect (OHE). Following the established
methodology [42, 198], we calculate the SHC and OHC, which describe the gen-
eration of a transverse in-plane current of out-of-plane spin and orbital angular
momentum, respectively, in response to an applied electric field. The SHC and
OHC are computed using the Kubo formula, as given by Egs. 2.26 and 2.27. While
the results for the SHC are discussed in this section, the findings for the OHC will

be presented in the next section.

We first look at the SHE, presenting the results of the calculations in Fig. 5.3(b).
For the case of U = 2.5 eV we find that for the f-states the SHC precisely follows
the AHC as the band filling in varied. This is consistent with the picture of the spin
angular momentum carried by the anomalous Hall current of fully spin-polarized f-
bands in that energy region. The behavior of the SHC of S p-states at lower energies
is more complicated, however, the consistently negative sign of the SHC can be
understood from the sign reversal both in net spin-polarization as well as in the
AHC at the top and at the bottom of the S-states. Remarkably, an almost perfect
one-to-one correspondence between the energy dependence of the SHC and AHC
still persists for a more complex case of U = 6.7 eV. This can be again understood
taking into account pure spin character of f-states. The presence in that energy
region of minority S-states, see Fig. 5.4(c-d), is the reason for a discrepancy in the
shape of the SHC and AHC between —1.0 and —0.6eV, which can be explained
by taking into account a small negative spin Hall signal that the minority S-states

bring with them into that energy region.
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Finally, we analyze the OHC in the system, which is calculated using Eq. 2.28 and
Eq. 2.29. We present the results of our calculations of the OHC in Fig. 5.3(c).
We first observe that in the “unhybridized" case of U = 2.5 eV, the OHC of f-
states is minimal, reaching in magnitude the SHC in the region around —0.4 eV,
where the AHE and SHE are present as well. Most remarkable is the gigantic OHE
carried by the p-states of S atoms, positioned between —3 and —2 €V, Fig. 5.4(b).
The OHC in this region is almost one order of magnitude larger than the SHC or
OHC of the f-states for this value of U. By inspecting the correlation between
the electronic structure, orbital polarization and orbital Hall conductivity, we can
identify a region of energy between —2.4 and —2.1 eV as the dominant source of the
OHE due to contributions coming from crossings among bands of different orbital
character, clearly visible close to the M-point and the I'-point in Fig. 5.4(b), as well
as larger parts of the Brillouin zone where there is strong k-dependent exchange of
orbital angular momentum among the oppositely-polarized bands, which is a direct

consequence of k-dependent hybridization strength.

The fact that s, p-electron systems in lower dimensions such as in thin films or
at surfaces can give rise to strong orbital polarization and orbital Hall effect has
been one of the most interesting developments in the field of orbitronics. In this
context, it is known that even oxygen-based electronic structure can host prominent
orbital polarization and current-induced orbital response, see e.g. Go et al. [199].
The large orbital Hall effect magnetism: The most remarkable thing here is that
such sp-orbital magnetism in principle does not require strong spin-orbit interaction.
The drawback of this comes with the fact that low spin-orbit interaction suppresses

the anomalous and spin Hall effects, as it is clearly visible in Fig. 5.3(c).

Upon increasing the value of U to 6.7 eV the complicated p — d — f hybridization
taking place among S and Eu atoms exerts a striking influence on the properties of
the OHE of the p—f group of states below the Fermi energy. This is reflected in a
three to four times larger magnitude of the OHC as compared to the SHC observed
in the region of majority f-states, Fig. 5.3(c), and, in contrast to expectations
from oversimplifying band-filling arguments applied in the past to nonmagnetic
materials [41], a very non-trivial dependence of the OHC on the Fermi energy. At
first, it is tempting to attribute the large computed OHC to S p-states, which
promote a strong OHE already for smaller values of U without any need for aid
from the side of f-orbitals. However, a closer analysis shows that this is not the

case.
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First, we take a look at the region of energy around —1.2 eV, where the lowest of
the peaks in the OHC appears [this energy value is indicated with dashed lines in
Fig. 5.3(c) and Fig. 5.4(c-d)]. Here, the large peak in the OHC originates from an
anticrossing among two strongly Eu-S hybridized bands [see also the corresponding
DOS in Fig. 5.2(h)], positioned at that energy, where an exchange of the orbital
polarization is particularly visible around the M-point. A very similar situation is
encountered next to and directly at the M-point around Er = —0.9 eV, where the
crucial role of the orbital angular momentum exchange and large values of the OHC

displayed by the majority p-states become very apparent.

The key message of Fig. 5.3 is the illustration of the strong effect that the hybridiza-
tion between p and f states has on transport properties of the system. For weaker
correlation, while the AHE and SHE are quantized in a narrow region of energies
which signifies the complexity and potential of f-states in driving non-trivial AHE
and SHE, it is only upon infusing the f-states with the p-states for stronger corre-
lation that makes the AHE and SHE in this region prominent. On the other hand,
while the S-states exhibit a prominent OHE even at weaker correlation, this strong
but uniform in sign effect acquires an energetic structure of so far unreported com-
plexity while retaining its large magnitude in the region of f-states upon enhanced
hybridization. On the other hand, this evolution cannot be understood based on
the argument of DOS alone (as is the case with the intrinsic Berry curvature-driven
Hall effects discussed in the next section): take a look for instance at the energy of
0.6 eV where the DOS varies quite strongly and where the AHC and SHC exhibit

a wide plateau while the OHC vanishes.

Orbital Berry Curvature in EuS,

The distribution of the orbital Berry curvature of occupied states up to the cor-
responding Fermi energy, shown in Fig. 5.4(g-h), confirms this picture. From the
k-space distribution of the orbital Berry curvature, we observe that large OHE at
these energies originates from sharp circular features centered around K’ points in

the Brillouin zone.

Despite a sizable magnitude of the AHC and SHC in the region of energy between
—0.7 and —0.5 eV [the value of —0.6 ¢V is marked with dashed lines in Fig. 5.3(c)
and Fig. 5.4(c-d)], the OHC is suppressed there, which is quite unexpected. The
reason for this is the absence of the k-dependent exchange of the orbital polarization
among pairs of bands, which appear in this energy window. And although there is

a crossing of positively and negatively orbitally polarized bands around —0.55 eV in
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the vicinity of the K-point, no hybridization or exchange of orbital angular momen-
tum takes place there. The corresponding orbital Berry curvature for this Fermi
energy, shown in Fig. 5.4(f), is overall more than one order of magnitude smaller
than for the previously considered cases. This solidifies the k-dependent orbital
polarization exchange as a driving force behind large OHE observed in the studied

system at lower energies.

The mechanism behind the large orbital Hall OHC near —0.4 €V is distinct. In
this case, the orbital exchange occurs around the M and K points, involving pairs
of bands that are well-separated in energyspecifically, the second and third bands
when counted from zero energy. This indicates that the exchange between different
bands, rather than within the same band (as would occur at —0.5 €V), is responsible

for the significant orbital Hall effect in the system.

While this orbital exchange leads to moderate negative values of the orbital Berry
curvature over large regions of reciprocal space near the K point, smaller regions
around the M point, and particularly M’ contribute substantially to the overall
large OHC, as shown in Fig. 5.4(e). The negative sign of the OHC, which cannot
be achieved by p or f-states alone (at lower U values), highlights the critical role
of pf hybridization in driving the orbital Hall effect in EuSs, and in rare earth

dichalcogenides in general.

Conclusion

In this chapter, we made first steps in exploring the prospects of rare earth dichalco-
genides as a source of transverse topological currents of charge, spin and orbital
angular momenta. We chose EuSs as a representative of this class of materials,
and computed its structural, electronic, magnetic and transport properties from
first principles. One of the strongest points of this type of system, besides the very
prominent magnetism that f electrons exhibit, is the strong spin-orbit interaction
mediated by the f states. This is a very robust and unique feature which is very
difficult to achieve with other types of TMDs, where magnetism is much more frag-
ile and the influence of the structure on the nature of exchange-split bands is much

stronger.

We also found that this f-material gives rise to very strong Hall responses and
hosts topologically non-trivial bands, despite strong correlation among electrons
in the f-shell. We identified that the reason for this is a strong degree of pdf

hybridization among the Eu and S atoms, enhanced by stronger correlation effects
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owing to peculiar electronic structure of EuSsy. Effectively, S-originated p-states and
Eu f-states unite their efforts in enhancing each other’s anomalous and spin Hall
response. As a result of complex orbital hybridization among the latter states, the
composite p — f group of states also exhibits a very large orbital Hall effect, which
is dominant over the SHE by about a factor of three. We identify k-dependent
orbital exchange among pairs of hybridized bands as the major source of the large
orbital Hall effect. Our results not only promote rare-earth dichalcogenides as an
exciting platform for spin and orbital physics, but also advance our understanding
of complex orbital transport manifestations of correlated magnetic two-dimensional

materials.

Concerning the feasibility of experimental observation of the studied system, we
have to remark that several compounds of Eu with chalcogenides are experimentally
known in bulk, at interfaces and in thin films e.g. based on EuS [30-34], EuSes [35]
and EuTey [36]. We thus believe that thin two-dimensional layers of EuSy can be
naturally produced using for example exfoliation or molecular beam epitaxy. On
the other hand, the general conclusions of our work are valid for the entire class of
two-dimensional rare-earth dichalcogenides, marking them as an exciting platform
for spin and orbital physics, and advancing our understanding of complex orbital

transport manifestations of correlated magnetic two-dimensional materials.

Fig. 5.4.: Evolution of the out-of-plane spin, (S.)nk (left panel: a,c), and orbital polariza-
tion, (L,)nk (right panel: b,d), of occupied states in EuSs. (a) The occupied
spin-up f-states of Eu above —0.8 €V (upper part), and S p-states in the region
between —3 and —1.5 €V (lower part) for the case of U = 2.5 eV. Note that both
groups of displayed states are isolated in energy from other states. (c¢) shows the
hybridized group of occupied f and p-states for the case of U = 6.7 eV which
reside above —1.5 €V. (b,d): Analogous to (a,c). The value scales are indicated
by the color bars at the bottom in units of . Horizontal dashed lines in (c-d) are
guides to the eye marking the position of energy at —1.2, —0.9, —0.6 and —0.4 eV.
(e-f) Distribution of the orbital Berry curvature along high symmetry lines for
the indicated position of the Fermi energy, shown together with the distribution
of the corresponding orbital Berry curvature in the Brillouin zone.
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Promoting p-based Hall
effects by pd f hybridization
and strain in rare-earth
dichalcogenides

To build upon the intriguing results observed in EuSsy, we extend our investigation
to a broader range of rare-earth dichalcogenides, aiming to explore further the role
of hybridizations and the impact of strain on their transport properties. Specifi-
cally, we conduct a comprehensive first-principles study of Hall effects in rare-earth
dichalcogenides, focusing on monolayers of the H-phase EuXy and GdXs, where X
=S, Se, and Te. Our results reveal that all EuXy and GdXs systems exhibit high
magnetic moments and wide bandgaps, positioning them as promising candidates
for spintronic and orbitronic applications. We find that in EuXs, the p and f states
hybridize directly below the Fermi energy, while in GdXs, the absence of f and d
states at the Fermi level leads to a p-like spin-polarized electronic structure. This
structure mediates p-based magnetotransport in the GdXy systems. Notably, both
EuXs and GdXjy exhibit significant anomalous, spin, and orbital Hall conductivities.
Furthermore, in GdXs, we observe that the strength of electron correlations gov-
erns the relative positioning of the p, d, and f states, as well as their hybridization.
This has a profound impact on p-state polarization and the anomalous Hall effect,
although it does not significantly influence the spin and orbital Hall effects. More-
over, we find that the application of strain can significantly modify the electronic
structure of the monolayers, resulting in quantized charge, spin and orbital trans-
port in GdTe; via a strain-mediated orbital inversion mechanism taking place at the
Fermi energy. Our findings suggest that rare-earth dichalcogenides hold promise as

a platform for topological spintronics and orbitronics.

The results presented in this chapter have already been published in Zeer et al., Phys.
Rev. Research 6, 013095 (2024) [200].
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6.1 Introduction

Introduction

In the previous chapter, we theoretically demonstrated that monolayer EuSs ex-
hibits intriguing electronic and magnetic properties, alongside large anomalous spin
and orbital Hall effects [182]. These findings have motivated further investigation
into the electronic structure and transport behavior of two-dimensional 4f rare-
earth dichalcogenides (REDs). In this chapter, we specifically focus on the physics
of H-phase monolayers of EuSes, EuTes, GdSy, GdSes, and GdTey, utilizing first-
principles calculations. The primary objective is to explore the potential of these
materials as sources of significant charge, spin, and orbital currents, while also

considering the impact of correlation effects.

Our results reveal that all of the considered REDs exhibit large magnetic moments
and band gaps across a wide range of correlation strengths. For Eu-based REDs, we
find that their properties are primarily governed by the direct interaction between
p- and f-states below the Fermi energy. In contrast, for Gd-based REDs, the p-
states, although well-separated from the f- and d-states, are spin-polarized by these
states and play a crucial role in determining the electronic structure and transport
properties. We demonstrate that significant charge, spin, and orbital responses
occur in these materials when an electric field is applied, highlighting the tunability
of their transport and electronic properties through correlations. Additionally, we
identify strain as a powerful tool for inducing a topological Hall response in GdTes,
which can transition into a Chern and quantum spin Hall insulator via an orbital
Hall insulator phase at the Fermi energy. This demonstrates that the complex pd f
hybridization in REDs can lead to purely p-based topological transport in time-
reversal symmetry-broken f-based 2D phases. Our findings suggest that REDs

hold significant potential for spintronics and magnetotransport applications.

For convenience, in the following discussion, we will refer to the monolayers of
EuSs, EuSes, and EuTey collectively as EuXy (X = S, Se, Te), and the monolayers
of GdSa, GdSez, and GdTey as GdXy (X = S, Se, Te).

Computational Details

We conducted our first-principles calculations using the density functional theory
(DFT) code FLEUR [154], which implements the full-potential linearized augmented
plane wave method [152]. The Perdew-Burke-Ernzerhof approximation [139] was

used to account for exchange and correlation effects. The monolayer systems were
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relaxed to obtain their optimal structures, both with and without the inclusion of
the Coulomb interaction strength U, as shown in Table 7.1. The SOC effect was
considered using the second-variation scheme in all calculations. We performed self-
consistent calculations using a 16x16x1 Monkhorst-Pack grid in the first Brillouin
zone. We found that all compounds favor ferromagnetic ground state by 13.3,
8.2, and 5.7 meV for GdSy, GdSes, and GdTey, respectively, and by 0.3, 0.62,
and 2.5 meV for EuSy, EuSes, and EuTes, respectively. To construct maximally
localized Wannier functions (MLWFs) from the Bloch wave functions obtained from
the self-consistent DFT calculation, we utilized the Wannier90 package [161]. For
the EuXsy systems, the MLWFs were constructed from the f and d orbitals of the
Eu atom, and the p orbitals of the X atom. For the GdXy systems, the MLWFs
were constructed from the d orbitals of Gd and the p orbitals of the X atom, as the
f state of Gd is located far away from the Fermi energy (see below). The maximum
frozen window was set to be 2 €V higher than the Fermi energy for each system. A
mesh of 8x8x1 k-points was employed to obtain 36 and 22 MLWFs for Eu and Gd
systems, respectively. The matrix elements of spin and orbital angular momentum
operators were first evaluated in the Bloch basis and then transformed into the

MLWPF basis.

To account for the effect of electronic correlations, we utilized the GGA+U method
within the self-consistent DFT iteration. The Hubbard U correction was employed
to address the strong on-site Coulomb repulsion between the electrons in the 4f-
shell of Eu and Gd. We selected the on-site Coulomb interaction strength U to be 0,
2.5, and 6.7 eV [191, 201], and the intra-atomic exchange interaction strength J to
be 0.7 eV [191, 201, 202]. It is worth noting that a more accurate description of our
systems could be achieved by using the widely accepted value of 6.7 eV for Eu/Gd.
Nevertheless, we also performed calculations with a smaller value of U=2.5 eV to
gain a general understanding of the interplay between bonding and correlations in

these systems.

Electronic Structure of the EuX, Monolayers

The computed structural and magnetic properties of EuXs (X = S, Se, Te) are
presented in Table 7.1. We find that the local Eu magnetic moment in these systems
is around 6.95 up, being quite independent of the correlation strength and chemical
composition. The local magnetic moment of chalcogen atoms was found to be small.
When going from S to Te, we notice an expansion of the lattice, and an increase

in the distance between the planes of Eu and X atoms, Table 7.1, which can be
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Tab. 6.1.: Relaxed atomic positions and magnetic properties of Eu/GdXs compounds. Lat-
tice constant (a), distance between M and X atomic planes A(M —X), magnetic
moments of M and X atoms, and band gap values are shown. The value of U
is taken to be 6.7 eV.

Materials Lattice Magnetic Magnetic Band Gap

Constant Moment (M) Moment (X) (eV)
() (1B) (1B)

EuS, 4.616 1.103 6.82 —0.010 0.59
EuS,+U 4.744 1.080 6.95 —0.028 2.27
EuSe, 4.824 1.209 6.81 —0.005 0.31
EuSe,+U 4.907 1.237 6.95 —0.024 1.81
EuTe, 5.036 1.440 6.83 —0.009 0.39
EuTe,+U 5.177 1.417 6.91 —0.026 1.45
GdS, 4.138 1.388 6.86 —0.35 0.82
GdS,+U 4.192 1.400 7.05 +0.32 0.74
GdSes 4.301 1.492 6.83 —0.37 0.62
GdSes+U 4.265 1.521 7.05 +0.33 0.53
GdTe, 4.571 1.654 6.84 —0.32 0.37
GdTex+U 4.550 1.693 7.11 +0.27 0.34

explained by an increasing spread of the chalcogen p-states with increasing the

atomic number.

The computed band structures of EuXs (X = S, Se, Te) are shown in Fig. 6.1
(a)-(i), exhibiting a band gap at the Fermi energy for all systems. For U = 0 eV
the valence band maximum originates from the majority 4 states of the Eu atom,
while the conduction band bottom consists of the p states of chalcogenide atoms.
Increasing the value of U from 0 to 6.7 eV leads to an increase in the band gap
without a radical change in dispersion. For instance, the band gap increased from
0.59, 0.31 and 0.39 to 2.27, 1.81 and 1.45 eV for EuSs, EuSe; and EuTe, respectively,
while the valence band maximum of EuTes acquires predominantly Te-p character.
Additionally, increasing U brings the majority of 4fT-states down in energy which
results in strong direct hybridization between the 4fT Eu and the X p states. This
hybridization has a strong impact on the transport properties, as discussed further.
Overall, the basic ingredients of the electronic structure of EuXsy have been analyzed

on the case of EuSy in the section 5.3.

When comparing the three compounds with each other, several key differences can
be observed. First of all, the relative distance between the valence f- and lower
p-states decreases with increasing the atomic number when going from S to Te via

Se. And while with increasing U the p- and f-states are ultimately brought into the
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Fig. 6.1.: Electronic structure of the H-phase EuXs monolayers as a function of Coulomb
repulsion strength U of 0 (left column), 2.5 (middle column) and 6.7 €V (right
column), as shown in (a)-(c), (d)-(f), and (g)-(i) for EuSs, EuSey, and EuTe,,
respectively. Left and right parts of each figure correspond to the band structure
and spin-resolved density of states (DOS). The DOS of Eu-f, Eu-d, and X-p
states is shown in dark red, pink, and blue, respectively.

same region of energy, in case of EuTes the p-states “overshoot" the f-states, get
promoted to the Fermi energy, and push Eu f-bands down in energy significantly.

This can be explained by the overall reduction in repulsive interaction between

87



6.4

88

6.4 Electronic Structure of the GdX, Monolayers

the lowest conduction and highest valence p-bands. In turn, this results in the
reduction of the band gap when going from EuSs to EuTesq, see Table 7.1. Secondly,
the small exchange splitting of chalcogen p-states, visible in the DOS, increases with
increasing the atomic number. Since the p-magnetism in our systems arises due to
pdf hybridization, larger spread of p-orbitals of Te as compared to that of S p-bands
leads to stronger hybridization and correspondingly larger spin splitting of p-states.
The variation in spin splitting has direct impact on the transport properties of

p-states, as discussed further.

Electronic Structure of the GdX, Monolayers

We next discuss the electronic structure of GdXy compounds, shown in Fig. 6.2. We
find that the maximum of the valence band of GdXs is located along the I' —K path,
while the minimum of the conduction band is positioned at the K point, resulting
in an indirect, small band gap formed by the occupied and unoccupied p,-states of
X atom with opposite spin. Thus, all GdX2 compounds exhibit a typical bipolar
magnetic semiconducting feature as shown in Fig. 6.3, where the highest valence
band and the lowest conduction band have an opposite spin orientation [203]. Such a
feature is believed to offer significant advantages for the development of spintronics
nanodevices [204]. We also investigate the effect of on-site Coulomb interaction U
on the band gap of GdXs. At U = 0 eV, the magnitude of the indirect band gaps of
GdXy systems is 0.82, 0.62, and 0.37 eV for GdSy, GdSes, and GdTes, respectively.
We observe that with increasing U the band gap changes only slightly, see Table 7.1.
In contrast to Eu-based REDs considered above, the Gd majority (fully occupied)
and minority (empty) f-states are positioned quite far away from the Fermi energy,
and thus the properties around the Fermi energy are determined by the X p-states.
The hybridization between these p-states and the d, f-states of Gd is evident from
the DOS in the energy range from —4 eV to —1 e€V. This hybridization is particularly
strong near the Fermi level, where the p-orbitals of X atoms are strongly coupled
with the d-orbitals of Gd. and it is largely responsible for the observed transport
properties, as we shall see below. Key for magnetotransport properties of GdXs
is the induced spin-splitting of the p-states. Around the Fermi energy, a sizeable
spin splitting and spin-dependent occupation of the p, states is largely responsible
for an overall much larger moment of the X atom in GdXsy as compared to the
case of EuXy, see Table 7.1. Let us analyze in detail the evolution of the electronic
structure and p-magnetism as we increase the effect of correlations. By increasing
the value of U from 0 to 2.5 and then further to 6.7 eV, we observe a clear trend
in the hybridization between the Gd-f,d states and X-p states, which is reflected
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Electronic structure of the H-phase GdXs monolayers as a function of Coulomb
repulsion strength U of 0 (left column), 2.5 (middle column) and 6.7 €V (right
column), as shown in (a)-(c), (d)-(f), and (g)-(i) for GdSs, GdSes, and GdTey,
respectively. Left and right parts of each figure correspond to the band structure
and spin-resolved DOS. The DOS of Gd-f, Gd-d, and X-p states is shown in
dark red, pink, and blue, respectively. Upon increasing U the minority /majority
Gd-f states shift up/down in energy and the minority /majority X p-states shift
down/up. The pdf hybridization between the Gd and X atoms below the Fermi
energy transforms the separate group of p-states into a transport-active group of
states.
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in their energetic position. Specifically, we find that the majority(1)/minority({)
DOS of the Gd-f states moves down/up as we increase the U, and the p-states
follow the same trend, Fig. 6.2(c,f,i). For smaller values of U, the p-states are spin-
polarized with a moment opposite to that of Gd atom. This is the consequence of
the p-states being positioned in the gap between strongly exchange-split f-states,
which is best understood by looking at the p,-states positioned right at the Fermi
energy: starting from initially spin-degenerate p-states here, we realize that as a
result of hybridization of majority p'-states with the low fT-states the former will
move up in energy, while the minority p*-states will move down in energy as a
result of hybridization with high-lying f-states. This result in the occupation of
the p*-states at the Fermi energy, which also explains the opposite p-moment of X

atoms. Moreover, upon increasing U, the ft-sates move higher in energy, and the
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Fig. 6.3.: Illustration of the bipolar magnetic semiconducting nature of GdXy monolayers,
where the highest valence band and the lowest conduction band display opposite
spin orientations. Panels (a), (b), and (c¢) correspond to GdSz, GdSes, and
GdTey, respectively, highlighting the unique spin-polarized electronic structures
of these materials.

energetic position of the p states starts to be effected by the unoccupied exchange-
split Gd d-states, lying higher than the p-states. This results in an increased pd-
hybridization as visible also from the partial DOS in Fig. 6.2. Here, as a result
of this hybridization, d'-states push p'-states much lower in energy than the d‘-
states push down p'-states, owing to the fact that d* are situated further from
the p-states than d'-states. As a result, the polarization of p-states follows that of
the Gd d-states. This promotes the occupation of p' states and the corresponding
X-moment switches its sign as U is increased. This behavior is reflected by deeper
lying occupied p-states, as can be seen in the DOS. Our calculations thus underline
a crucial influence of the subtle details of pdf-hybridization for the p-magnetism
of GdXy compounds. While it is beyond the scope of the current work, a relevant
challenge for future studies would be a detailed microscopic understanding of the
effect that the pdf-hybridization has on orbitally- and atomically-resolved exchange

interactions and their behavior with the correlation strength.
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Fig. 6.4.: Transport properties of EuX, as a function of band filling. Each row corresponds
to a different system, with the first column representing the anomalous Hall
conductivity (AHC, oan), the second column the spin Hall conductivity (SHC,
osu), and the third column the orbital Hall conductivity (OHC, oon), computed
for two values of U: 2.5 €V (red dashed line) and 6.7 €V (blue solid line). For
EuSes blue dashed line shows the values for the case of in-plane magnetization
along y (for U = 6.7 eV).

Transport Properties of EuX,

We investigate the transport properties of EuXs and GdXs compounds by comput-
ing the intrinsic Berry curvature contribution to the AHC, SHC, and OHC from
the MLWF description. To do so, we construct a MLWF Hamiltonian and use the
Wannier interpolation technique to calculate the zy-component of the AHC, SHC,
and OHC as a Brillouin zone integral on a 300 x 300 mesh of k-points. For the
AHC, SHC, and OHC, we use the following equations: 2.24, 2.26, and 2.28. We
present the results of our conductivity calculations in Fig. 6.4. We divide the figure
into three columns: the first column presents AHC values, the second — SHC, and
the third column — the values of the OHC. Within each panel, the band filling de-
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pendence is shown for two values of U: 2.5 eV and 6.7 eV. Overall, all compounds
exhibit significant values of the conductivities, and below we present a comparative
analysis of the transport characteristics in relation to electronic structure features

for each material.

For the transport properties of EuXsy the p- f-hybridization plays a crucial role, as
discussed in previous work [182]. In both EuS; and EuSes the increase in U drives
the shift of the occupied p-states up in energy thus fostering a direct overlap and
hybridization between p- and f-states right below the Fermi energy. This leads to a
drastic enhancement of AHC, SHC and OHE in the region of energies above —1.5 eV
upon changing U from 2.5 to 6.7 eV, Fig. 6.4(a-f). Below —2 eV the transport in
EuS; and EuSe; is dominated by the spin-polarized p-states of X atoms, which carry
significant AHC, SHC and OHC, and which move up in energy with increasing U.

In case of EuSep for U = 6.7 €V, Fig. 6.4(d-f), at the energy of —2.3 eV the p,, p,-
states form a global gap which can be characterized with a zero Chern number (i.e.
vanishing AHC), but which exhibits quantized values of the SHC and OHC. This
manifests the emergence of a combined time-reversal broken spin Hall insulating
and orbital Hall insulating phase. Remarkably, the character of this topological gap
can be tuned by bringing the magnetization to lie in the plane of the monolayer: in
this case the AHC vanishes from symmetry, with the quantized value of the OHC
remaining intact, but with the spin Chern number changing its sign, Fig. 6.4(d-f).
At the same time the overall band filling dependence of SHC and OHC in EuSes
changes drastically upon changing the magnetization direction. Notably, among
the compounds studied, EuSes is the only system that exhibits a magnetization-

direction tunable sharp peak in OHC precisely at the Fermi energy.

The case of EuTeq, Fig. 6.4(g-i), stands out quite distinctly when compared to
EuS(Se)s. Indeed, upon changing the magnitude of U from 2.5 to 6.7 eV, the
change in the band-filling dependence of the conductivities, at first sight, can be
understood as a simple shift in energy. Upon inspection of the correlation between
the peaks in the conducitivities with evolution of the DOS discussed above, we
realize that, as in the case of EuS(Se)a, at smaller value of U the overall behavior
can be decomposed into two separate regimes: below —1 eV, determined by p-states,
and between —1 eV and the Fermi energy, governed by the f-states. However, when
the U in increased to 6.7 eV, the highest occupied p-states overshoot the f-states
in EuTey, with the latter moving down in energy into the region of [—1.5; —1.0] eV,

keeping the direct hybridization with the p-states to a minimum.
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As a result of this, qualitatively, the contribution of the p-states simply shifts in
energy with increasing U, and the peak due to f-states shifts down in energy,
getting modified in the process by the interaction with a small fraction of p-states
remaining below —1 eV. For example, the f-peak in the AHC at —0.3 eV [U =
2.5 eV, Fig. 6.4(g)] moves to —1.25 €V, the corresponding negative peak in the SHC
[U = 2.5 eV, Fig. 6.4(h)] is recognizable as a small positive peak at —1.25 eV for
U = 6.7 ¢V, and a small positive OHC f-peak at —0.3 eV [U = 2.5 eV, Fig. 6.4(i)]
moves to —1.25 eV while keeping sign and magnitude. Overall, the p-contributions

to transport remain by far dominant in magnitude.

Transport Properties of GdX,

The transport properties of GdXs, presented in Fig. 6.5(a-1), are distinctly different
from EuXs, but qualitatively similar among each other. Let us first look at the
AHC, Fig. 6.5(a, d and g). A prominent AHC signal is observed in a wide range
below the Fermi energy, and it can be associated with the p-states of X, considering
that the occupied majority f-states are positioned very deep in energy, as discussed
above. Not only for the AHC, but also for the SHC and OHC this range of “Hall-
active" energies corresponds to the width of the p-band, with an exclusion of the
p.-states, spin-split across the Fermi energy, which do not contribute to the Hall
effects. The fine structure of the AHC within the p-band differs among the members
of the GdX5 family, however, the influence of U on the AHC can be understood from
the changes in the spin-resolved character of the p-states discussed above. Indeed,
increasing the U from 2.5 to 6.7 ¢V interchanges the position of p! and p' states,
which results in the reversal of the p spin-polarization. In a simple picture, this
should result in a change in the sign of the AHC at a given energy — the qualitative

validity of this prediction can be indeed checked in Fig. 6.5(a, d and g).

The effect of U is much weaker on the SHC, Fig. 6.5(b, e and h). Unlike for the case
of EuXy, the increase in U does not result in significant changes of energy positions
of the p-states below the Fermi energy, while the slight rearrangements of the states
within the p-band influence the fine structure of the SHC, with an overall SHC
magnitude increasing and the distribution becoming more uniform with increasing
the atomic number of the X atom. This may be attributed to two factors: (i) a
slighly increasing p-band width and correspondingly stronger spin-orbit splittings of
the states with increasing the atomic number, which drive a stronger SHC; (ii) the
two separate groups of p-states which separately provide contributions to the SHC
and OHC at different energies of EuXy are coming together within the same energy

region for GdXy, contributing by a wide plateau of the conductivities. Unlike the
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Fig. 6.5.: Transport properties of GdX5 as a function of band filling. Each row corresponds
to a different system, with the first column representing the anomalous Hall
conductivity (AHC, oan), the second column the spin Hall conductivity (SHC,
osu), and the third column the orbital Hall conductivity (OHC, oon), computed
for two values of U: 2.5 ¢V (red dashed line) and 6.7 €V (blue solid line). For
the case of GeTes thick green lines show the values computed without spin-orbit
coupling (for U = 6.7 V).

AHC, the overall sign of the SHC stays predominantly negative as a function of
band filling and U.

This is even more pronounced in the case of OHC for all GdXy materials: within the
considered range of energies we predict only a negative sign of the OHC, Fig. 6.5(c, f
and i). In comparison to the SHC behavior, and even more so when compared to the
AHC, the shape of the OHC dependence on band filling seems almost universal. One
reason for such universality is certainly the fact that the position of the p-states and
their orbital composition remains frozen when varying the X element — the effect is
further enhanced by the fact that the primary OHC roots in the electronic structure

of the p-states already without spin-orbit interaction, which demolishes the effect
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of atomic-number dependent band splittings via SOC, on the orbital Hall effect.
To demonstrate this clearly, for the case of GdTes, we compute the conductivities
without spin-orbit, finding that while the AHC and SHC expectedly turn to zero,
the OHC remains influenced very little by such a drastic change in the electronic
structure. Of course, X-dependent variation in the OHC can be also observed —
note for example the double peak structure of the OHC for GdSsy and its evolution
with U which can be attributed to the energy shift of the anticrossing at K from
—2¢V [Fig. 6.2(b)] to —2.5 eV [Fig. 6.2(c)] — but this occurs on a much smaller scale
than that of the characteristic peak OHC magnitude of the order of 2 to 4 €2/h.

Tuning Electronic Structure by Strain

Next, in our calculations we apply a bi-axial tensile and compressive strain of +5%,
relax the atomic positions and compute the electronic structure of EuXs and GdXa,
presenting the evolution of band structures with strain along K-I" in Fig. 6.6. We
observe that despite the influence of strain on the exact values of the magnetic
anisotropy energy, the magnetic moment for all systems remains basically unaffected

in size and orientation.

In EuXg, Fig. 6.6(a-1), strain exerts a strong influence on the relative energetic
positions of the p- and f-states: with increasing tensile strain the p-states generally
become less dispersive and move higher in energy, while at the same time the
occupied f-states move down in energy. This reduces the hybridization and overlap
of lowest valence p-states with the f-bands, has a strong impact on the dominant
orbital character of the states around the Fermi energy as the lattice is expanded,
and increases the bandgap from 2.27, 1.81 and 1.45 eV at equilibrium to 2.52,
2.13 and 1.65 eV at +5% tensile strain for EuSs, EuSes and EuTes, respectively.
Such behavior might be desirable for optoelectronic applications where spin- and
orbitally-resolved details of coupling of optical pulse to electronic states may be

tuned by strain.

In case of GdXy, Fig. 6.6(j-r), the key features of the electronic structure remain
intact in the considered strain range: for the majority of the cases, the central
group of half-filled exchange-split p,-states positioned right at the Fermi energy
remains well-separated from the unoccupied d-states and occupied p, ,-bands. This
is despite the fact that with increasing tensile strain the d-states approach the p,-
group, while the p, ,-bands come close to the Fermi energy under compressive strain.
This means that the profoundly metallic behavior with tunable orbital character

at the Fermi energy may be achieved GdSs and GdSes under very large strain. It
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is only for the case of GdTey that at —5% strain the p, ,-states reach the Fermi
energy which leads to an intricate hybridization with the p,-states and significant

modifications in the electronic structure. We consider this case in detail below.
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Fig. 6.6.: Evolution of the band structure of EuXs (a-i) and GdXs (j-r) under +5% tensile
strain (right panel) and —5% compressive strain (left panel) in comparison to
the case in equilibrium, shown in the middle in faded blue.
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The closing of the bandgap in GdTes upon —5% strain with simultaneous presence
of magnetization opens the possibility to implement a quantum anomalous Hall
phase after a band inversion which opens a global band gap at the Fermi energy
for a slightly larger compression of —5.5%, see Fig. 6.7(a,b). Our results show that
compressive strain shifts the occupied states towards the Fermi energy and induces
changes in their spectral shape. At —5.5% strain we observe quantized and plateau-

e? OHNIE
~ 15,

like Hall conductivities with values of o4 ~ < oSH —1% and o
within the global band gap at the Fermi level, see Fig. 6.7(g,i,k). The quantization
of the Hall conductance comes with the associated edge states upon strain with a
single chiral edge mode visible at I', while the unstrained spectrum stays gapped.
The computation of edge states for a zigzag terminated monolayer was conducted

using the Green function method as implemented in WannierTools [205, 206].

To scrutinize the nature of Hall transport properties, we take a closer look at the
behavior and correlation between the three types of Hall conductivity, shown in
relation to the state-dependent out-of-plane spin polarization, Sy, orbital out-
of-plane polarization L,,, and spin-orbit polarization, defined as an average of
the spin-orbit part of the Kohn-Sham Hamiltonian, (LS,x), shown respectively
in Fig. 6.7(f), (h) and (j). From inspecting the spin-polarization of the states,
Fig. 6.7(f), we observe that despite the presence of spin-orbit coupling, the states
remain purely spin-polarized almost everywhere, which leads us to a conclusion
that the effect of spin-flip part of spin-orbit interaction on Hall effects is negligible,
and that it is primarily the orbital intermixing and hybridization which drive the
Hall response. Indeed, the distribution of orbital polarization and its interchange
among the bands appears to be much more complex, Fig. 6.7(h). Correspondingly,
following the mechanism of orbital inversion, present already without SOC, a strong
orbital Hall effect in the vicinity of the Fermi energy of strained GdTes arises,
Fig. 6.7(1). In turn, upon including spin-orbit into consideration, this gives rise to
the SHC, shown in Fig. 6.7(g).

According to an early model-based theory [189], the SHC and OHC at a given
energy are related to each other by the averaged spin-orbit polarization at that
energy. And while it is clear that such a relation cannot be true in general, it seems
to qualitatively hold in considered case. Indeed, from looking at the OHC and
SHC plotted together in Fig. 6.7(i), we conclude that while the general features in

both quantities agree very well, a drop in SHC magnitude at lower energies can
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be attributed to a suppression of the spin-orbit polarization by the bands with
negative (LS,x) below —0.3 ¢V, Fig. 6.7(j), with this quantity being predominantly
positive above this energy. In turn, given the suppression of spin-flip spin-orbit, the
two-channel model of spin Hall and anomalous Hall effect, implying that the two
types of conductivities are related by the spin-polarization of the states, also clearly
works in our case. When plotted together in Fig. 6.7(j), the AHC and SHC exhibit
a clear correlation in magnitude and features, and the changes in sign of the AHC
can be understood from the changes in the spin-polarization of the states (shown

in Fig. 6.7(f)), which carry the corresponding Berry curvatures.

Our Berry curvature analysis in k-space is shown in Appendix B (Fig. B.1) indicates
that the origin of the topological properties around the Fermi energy comes from
interaction among the bands around the I'-point, and thus we look closer at the band
evolution taking place around T in response to strain, Fig. 6.7(c-e). At equilibrium,
Fig. 6.7(c), we see two weakly dispersing around the Fermi energy bands, A and B,
with two lower bands C and D separated from band B by a couple of hundreds of
meV. Given the predominantly spin-conserving nature of spin-orbit interaction at
the Fermi energy, among these four participating bands, the pairs of bands of the
same spin, A and C (majority), and B and D (minority), are allowed to hybridize,
and the degree of their hybridization increases upon compression of the lattice, as it
is already visible for the case of —3% strain (Fig. 6.7(d)), as the bands C and D move
up in energy. At the latter strain the hybridization is not strong enough to cause
an orbital inversion at I'; and the Chern number in the gap remains zero. However,
as the bands are brought closer to each other for larger strain, the orbital exchange
among bands takes place, Fig. 6.7(e): the reversal in sign of orbital polarization at
T" among the bands A and C is clearly visible, while the orbital polarization of band
B is increased at the expense of band D loosing it. This orbital inversion process
not only explains the rise and quantization of Hall effects in the gap at the Fermi

energy, but also can be named responsible for enhanced conductivities in the energy

range in between the band edges of B and D bands at the I-point around —0.2 V.

The fact that the AHC would be quantized in that gap given the absence of other
“contaminating” metallic bands is supported by the observation of a distinct edge
state around I" between —0.3 and —0.2 €V, Fig. 6.7(b).
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Fig. 6.7.: Electronic structure and transport properties of GdTes. Band structure is shown
for the monolayer and for the ribbon without (a) and with (b) compressive strain
of —5.5%. The color range from blue to red represents increasing value of local
DOS at one edge of the ribbon. Topological edge states are clearly visible in
the strained case around the I point. (c-e) Shown is the evolution of the bands
around the Fermi energy with strain. A, B, C and D mark the bands of interest,
colored by the value of the orbital polarization, mediating band inversion and
quantum anomalous Hall effect. (f)-(g) show the spin expectation values and
spin Hall conductivity, (e)-(f) show the orbital expectation value and orbital
Hall conductivity, and (g)-(h) show the spin-orbit polarization with anomalous
Hall conductivity, as a function of energy. In (i) and (k) dashed line stands for
the distribution of the SHC.
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Conclusion

Driven by the intricate interplay of pdf hybridization, chemical composition, cor-
relation effects, and strain, we have identified two promising candidatesEuSes and
GdTegawhere the electronic structure may give rise to quantization phenomena and
exotic edge states. In GdTey, strain induces hybridization between the p,, and p,
states at the Fermi energy, facilitating an orbital inversion and exchange process.
This leads to the quantization of anomalous, spin, and orbital Hall conductivities.
Transport measurements on strained GdTesfor example, after deposition on a suit-

able insulating substratecould directly confirm the topological nature of the gap.

In contrast, EuSes presents a topologically non-trivial gap well below the Fermi
energy, which can be probed using spectroscopy techniques such as ARPES [207]
to confirm the gap’s presence and its influence on edge-state physics [208]. Interest-
ingly, while the anomalous Hall effect (AHE) within the gap vanishes regardless of
the magnetization direction, the quantized spin Hall conductivity (SHC) and orbital
Hall conductivity (OHC) remain sensitive to magnetization changes. This behavior
is highly unusual. Previous studies have attributed variations in the Chern number
in 2D magnets to the formation of "mixed Weyl points" in the combined space of
magnetization direction and the k-vector, which also contribute to enhanced spin-
orbit torques [209, 210]. Our findings suggest the potential to extend this "mixed"
viewpoint to encompass the intertwined spin and orbital channels with k-space
geometry in 2D magnets, opening a pathway for exploring Berry-phase-driven spin-
orbit and orbital torques. These torques could either be hidden [59] or enhanced
by the breaking of inversion symmetry in structures such as Janus monolayers [56,

211-214).
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7.1

Orbital topology, orbital
torques, and orbital pumping
in two-dimensional rare-earth
dichalcogenides

The design of spin-orbit torque properties in two-dimensional (2D) materials presents
one of the challenges of modern spintronics. In this context, 2D layers involving
rare-earth ions — which give rise to robust magnetism, exhibit pronounced orbital
polarization of the states, and carry strong spin-orbit interaction — hold particular
promise. Here, we investigate ferromagnetic Janus H-phase monolayers of 4f-Eu
rare-earth dichalcogenides EuSP, EuSSe, and EuSCI using first-principles calcula-
tions. We demonstrate that all compounds exhibit significant spin-orbit torques
which originate predominantly in the colossal orbital response to current of the Eu
f-electrons. Moreover, we demonstrate that the corresponding orbital torques can
be used to drive strong in-plane currents of orbital angular momentum with non-
trivial direction of polarization. Our findings promote f-based 2D materials as a
promising platform for spin-orbit torque applications, and motivate further research

on educated design of orbital properties for orbitronics in two dimensions.

The results presented in this chapter have already been published in Zeer et al., npj
Computational Materials volume 11, 305 (2025) [215].

Introduction

Spin-orbit torque design in two-dimensional materials represents one of the actively
developing areas of 2D magnetism [216]. Following the continuity equations for
the redistribution of angular momentum, it has been suggested that in purely 2D
systems the spin-orbit torque should be entirely attributed to the orbital contribu-
tion [106], while it was found that in 2D layers of finite thickness the spin and orbital
nature of the torque can be controlled by the magnetization direction [59]. One par-

ticular class of 2D materials — Janus H-phase — has attracted significant attention

103



7.2

104

7.2 Computational Details

recently [217, 218]. The latter structure has been predicted and experimentally re-
alized in nonmagnetic TMDs MoSSe and WSSe [219-221]. Low symmetry of these
materials promotes such phenomena as the spin Hall effect [222] and topological in-
sulators [223, 224]. The Janus layers were found to possess a high level of electrical
conductivity, mechanical strength [225, 226], and thermal stability [227], making
them a promising material class for applications in electronics, energy storage, and
catalysis [228, 229]. The Janus structure has also attracted significant research in

the context of spin-orbit torque switching [230].

In this work, taking as an example low-symmetry rare-earth dichacolgenides of
Janus type, which combine strong magnetism with large SOC and orbital polar-
ization, we explore the role of orbital magnetism in mediating spin-orbit torque
and orbital pumping in 2D magnets based on f-electrons. First of all, we demon-
strate that the current-induced torque acting on the f-states can reach an order of
magnitude observed in most optimal representatives of the 2D magnets [231, 232].
We find that the f-torque is purely orbital in nature, that is, it is directly propor-
tional to the current-induced local orbital moment of rare-earth atoms, Fig. 7.1(b).
Second, we predict that igniting magnetization dynamics by external means will
result in the effect of two-dimensional orbital pumping, with the pumped in-plane
currents of angular momentum dominated by the orbital contribution, Fig. 7.1(c).
Moreover, our prediction is that, due to the low symmetry of the structure, the
response of pumped current is non-trivial in terms of direction and polarization,
which may find direct applications in spintronic architectures based on an in-plane
spin and OAM injection. Finally, we uncover the origin of the orbital pumping
in the effect of orbital-to-orbital-current conversion mechanism, Fig. 7.1(d), where
a perturbation of the Hamiltonian by the time-dependent orbital field can fully
replace the dynamical term in predicting the response, thus postulating an equiv-
alence between the torque and OAM operators within the subspace of f-electrons.
At the end of the manuscript, we discuss the implications of our findings in the
discipline of 2D magnetism and spintronics research and experimental methods to

confirm our predictions.

Computational Details

We performed our density functional theory (DFT) calculations of Janus H-phase
monolayers of EuSX (X = P, Se, Cl) using the full-potential linearized augmented
plane wave method (FLAPW), as implemented in the Jiilich DFT code FLEUR [190],
with the Perdew-Burke-Ernzerhof [139] parametrization of the exchange-correlation

potential. The structural optimization was carried out using the FLEUR code with
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Orbital torque and orbital pumping in 2D Janus dichalcogenides. (a) In 2D
magnetic dichalcogenides (magnetization out of the plane along z, indicated with
a black arrow), application of an electric field E, along x (red arrow) leads to
generation of a current of orbital angular momentum QF along y, polarized
along z (small red arrows and yellow circular arrows) via the mechanism of
the orbital Hall effect (OHE). (b) At the same time, due to broken z-reflection
symmetry in Janus geometry, the electric field will give rise to a current-induced
orbital polarization L, (green arrow, as well as small red arrows and yellow
circular arrows), which mediates an orbital torque on the magnetization along
y (depicted with fading arrows). (c) In a reciprocal process, perturbing the
magnetization with a torque T}, along y (grey arrow) will result in a generation
of an orbital current along  polarized along y and z (shown with small yellow
and red arrows), which constitutes the effect of in-plane orbital pumping. (d)
For rare-earth dichalcogenides, the effect of orbital pumping is equivalent to the
effect of orbital-to-orbital-current conversion, where the orbital current arises in
response to an increasing linearly in time orbital field By, (t) applied along = (pink
arrow). While the OHE can be used to generate orbital currents in 2D materials,
the effect of orbital pumping mediated by orbital torque can be used to achieve
orbital current generation by magnetization dynamics in 2D geometry.

DFT+U method. For the self-consistent calculations, a 16x16 k-point mesh was

used to sample the first Brillouin zone. All calculations included spin-orbit cou-

pling (SOC) self-consistently within the second variation scheme. To account for

the effect of strongly correlated electrons of the highly localized 4 f-electrons of Eu,
the GGA+U method was applied within a self-consistent DFT cycle. The on-site

Coulomb

and Hund exchange parameters were set to U = 6.7 ¢V and J = 0.7 eV,

which are values commonly used for the treatment of f electrons in chemical el-
ements with half-filled 4f shells such as Eu and Gd [191, 233]. We varied the
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quantization axis of the Janus H-phase monolayer EuSX and associated spin-orbit
interaction of the Kohn-Sham wavefunctions within the self-consistently iterations.
The electric field F was defined along the z-axis, and the quantization axis varied
from out-of-plane to in-plane. Table 7.1 summarizes the relaxed structure lattice
parameters, magnetic moments of Eu, S, and X atoms, and the band gaps calcu-
lated using the GGA+U method. Regarding the computational parameters, we set
the muffin-tin radii to 2.80 a¢ for Eu and 1.69, 1.84 and 2.35 ag for S, and 2.16,
2.35 and 2.95 ag for X, where aq is the Bohr radius. The cut-off for the plane-wave
basis functions was chosen as Kpyax = 3.7, 4.3 and 3.9 ag ! for the wave functions
and Guax = 11.1, 12.9 and 11.7 aal for the charge density and potential for EuSP,
EuSSe and EuSCl, respectively. The upper limit of angular momentum inside of
the muffin-tin sphere was set to Imax = 10 for Eu and [, = 6, 8 and 10 for S and
8, 8 and 10 for X. The magnetic anisotropy energy of EuSP, EuSSe and EuSCl was
estimated to be 0.73, 0.047 and 2.341 meV, respectively, favoring an out-of-plane

direction of magnetization.

To assess the stability and synthesizability of the studied materials, we performed
phonon-based dynamical stability analyses. The calculated phonon dispersions,
presented in Appendix C (Fig. C.1), show no imaginary frequencies and therefore

confirm the structural stability of these systems.

From DFT calculations, we extracted 36 maximally localized Wannier functions
(MLWFs) by using Eu-d, Eu-f and S,X-p orbitals as initial projections, as these
orbitals dominate the band structure in a wide energy window around the Fermi
energy, with the frozen window maximum set to 2 eV above the Fermi energy. The
electronic band structure was compared to the band structure obtained by construct-
ing MLWFs in the FLAPW formalism [192] and the open-source wannier90 [234].
Based on the tight-binding Wannier Hamiltonian constructed from the Wannier
functions, we computed the transport properties on a 500x500 interpolation k-
mesh. The anomalous Hall conductivity (AHC), spin Hall conductivity (SHC),
and orbital Hall conductivity (OHC) were calculated using the Kubo formula and

Wannier interpolation technique.

Electronic and Magnetic Properties of EuSX

We start by analyzing evolution of the electronic structure and magnetic properties
when increasing the number of electrons in the systems by going from EuSP, to
EuSSe, and EuSCl. The bandstructures and spin-resolved density of states (DOS)
for EuSX monolayers computed with SOC are shown in Fig. 7.3. Starting with the



Chapter 7 Orbital topology, orbital torques, and orbital pumping in two-
dimensional rare-earth dichalcogenides

case of EuSP, Fig. 7.3(a-b) we find that the system is a metal with states at the
Fermi energy dominated by p-orbitals of P, and Eu-f states located much lower in
energy. While the bandstructures look very similar for the cases with magnetization
along = (M, not shown) and y (M, ), the bandstructure for magnetized along z (M)
EuSP is noticeably different, especially in the region of f-states of heavy Eu atoms,
where significant gaps among the f-bands are visible. Remarkably, the f-state of
Eu and the p-state of S or P atoms are always separated in energy irrespective of
the magnetization direction. In contrast, the p-states of S and P atoms exhibit a
strong hybridization, particularly between —3 eV and —4 eV. On the other hand,
the system exhibits a large magnetic moment irrespective of the magnetization
directions. For instance, when the magnetization is out-of-plane, Eu atom carries
about 6.83 up, while P and S atoms exhibit small magnetic moments of —0.34 and
—0.12 pp, respectively. Remarkably, in M, case EuSP possesses an orbital moment

on Eu of —0.047 up, which is the largest among all considered materials.

Turning to EuSSe, Fig. 7.3(c-d), we observe that it is a semiconductor with a large
band gap of 1.84 eV, with the valence band maximum (VBM) and the conduction
band minimum (CBM) both located at the I point. The VBM is dominated by
the 4f majority states of the Eu atom, while the CBM originates from the p states
of S/P atoms. Additionally, EuSSe has the highest magnetic moment of 6.95 up
among all EuSX layers, and strong hybridization between the majority f-state of
Eu and p states of S and Se atoms near the Fermi energy. Most remarkably, by
altering the magnetization from M. to M, or M,, the 4 p-bands in the region
from —3.5 to —2.5 eV become degenerate, Fig. 7.3(d), creating a nodal line around
I, while forming a global bandgap of 125 meV for M,, as shown in Fig. 7.3(c).
This non-trivial gap between the two upper and two lower majority p-bands leads
to quantized spin and orbital Hall conductivity, as will be discussed later in next

section.

Finally, we discuss the the electronic structure of the EuSCl monolayer, shown in
Fig. 7.3(e-f). This system has a direct semmiconducting band gap of 0.534 €V at
T", which is generated by the flat band of majority 4 f-state of the Eu atom and the
minority 3p of the Cl atom. It also exhibits a large magnetic moment of 6.88 up,
and the largest magnetic moment of the S atom among all layers of —0.64 up,
which can be explained by the partial occupation of spin-split p-bands. On the
other hand, this system shows strong hybridization between the 4 f-state of Eu and
the p-state of Cl atoms as compared to S atoms, and a weak hybridization between
p-states of S and Cl, which can be confirmed by inspecting the DOS in Fig. 7.3(e-

f). In addition, the band structure near Fermi energy shows no (avoided) crossing
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Fig. 7.2.: Top and side views of the Janus H-phase monolayer EuSX (X = P, Se, and Cl)
are shown. The dark blue balls represent Eu atoms, and the yellow/red balls
represent S and X atoms, respectively, with the axes shown with black arrows.
The first Brillouin zone is shown on the right.

between the f-state of Eu and p state of Cl or S. In contrast, in the case of EuSSe,
the 4 f-state and 3p-state of S and Se strongly hybridize and the bands cross each
other. We demonstrated that the addition of electrons to EuSX will increase the
degree of hybridization between the different configurations of EuSX, resulting in
a more stable hybridized state. This is due to the increased number of electrons
available for hybridization, which makes the hybridized state more energetically
favourable. We have found that the 4f-state of Eu in EuSP does not hybridize
with the p-state of S and P atoms, but it does strongly hybridize with the p-state
of both S and Se atoms in EuSSe, and with the p-state of the Cl atom in EuSCI.

To conclude this point, we have shown that Janus H-phase monolayer EuSX is a
promising candidate for spintronics applications due to their large magnetic mo-
ments and tunable hybridization between the f-state of Eu and the p-states of S
and X atoms. For instance, EuSP has a large magnetic moment and lacks hybridiza-
tion between the f-state of Eu and the p-state of S or P atoms. Furthermore, the
system exhibits a metallic phase with a band structure that is sensitive to the di-
rection of the magnetization axis, which could be used to control spin-dependent
transport properties. Additionally, EuSSe and EuSCI have large band gaps, high
magnetic moments, and strong hybridization between the majority f-state of Eu
and p-states of S and Se atoms near the Fermi energy. Their large band gaps and

high magnetic moments make them suitable for use in spin-filtering devices, while
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Fig. 7.3.: Electronic structure of H-phase EuSX (X=P, Se and Cl) for the direction of the
magnetization along y and z, denoted as M,, and M., respectively. In (a)-(b), (c)-
(d) and (e)-(f) the band structures and the corresponding spin-resolved density of
states (DOS) are shown. The left and right parts of the DOS correspond to the
majority and minority spin, respectively. The DOS of Eu-f, Eu-d, S-p and X-p
states is shown with dark red, green, blue and pink, respectively. While in case
of EuSP the p states dominate the Fermi energy, the strongest p- f hybridization
around the Fermi energy is achieved for EuSSe, with p-states going further down
in energy in E.
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Tab. 7.1.: Optimal lattice parameters and magnetic properties of EuSX for out-of-plane
magnetization: lattice constant (a), buckling height between Eu-S/X atomic
planes A(Eu — S/X), spin magnetic moments (S) of Eu and S/X atoms, orbital
magnetic moment (L) of Eu, and the band gap.

Materials Lattice A(Eu-S) A(Eu-X) SEu

(A) (A) (€.9) (1B)
EuSP+U 4.789 1.136 1.008 6.829 | —0.337 | —0.120 | —0.047 | 0.002
EuSSe+U 4.785 1.029 1.307 6.951 | —0.022 | —0.024 | —0.007 | 1.847
EuSCl+U 4.479 1.315 1.571 6.875 | —0.638 | —0.192 | —0.035 | 0.534

their strong hybridization near the Fermi energy makes them suitable for use in
spin-polarized transport applications. Moreover, the EuSX Janus structure makes
them ideal candidates for use in van der Waals heterostructures, allowing for further

exploration of their potential applications.

Transport Properties of EuSX

We present the results of the effect of additional electrons on the transport prop-
erties as we progress from EuSP to EuSSe and EuSCl, as illustrated in Fig. 7.4,
while considering the impact of changing the magnetization axis. Each row in the
figure corresponds to data for a specific system as a function of band filling, with
different quantization axes (M, M,, and M.) represented by red, blue, and gray
areas, respectively. The AHC, SHC, and OHC are displayed in the first, second,
and third columns, respectively. While these systems exhibit several remarkable
findings, we focus on key points in this discussion, as the primary objective of this

chapter is to highlight the spin-orbit torque in these materials.

In the case of the EuSP system, the electronic states are categorized into three
distinct energy regions: the hybridized p, £p, states of S and P atoms, occurring at
~ (=3.7to —2.8 eV); the 4f states of Eu, situated at &~ (—1.8 to —1.1 €V); and the
py states of S and P atoms, appearing at ~ (—1 to 0.3 eV). These regions are shown
in Fig.7.3(a) and (b), with their respective AHC, SHC, and OHC conductivities
shown in Fig.7.4(a), (b), and (c).

The hybridized p-states of S and P atoms in the energy range of —3.7 to —2.8 eV, for
the out-of-plane magnetization axis (M, gray area), exhibit an AHC conductivity
of approximately :I:l%. For Quantum Hall-based conductivity, the band structure
of EuSP is effectively gapped in the intervals —3.317 to —3.259 eV and —3.177 to
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Fig. 7.4.: Transport properties of monolayer EuSP, EuSSe, and EuSCl as a function of band
filling. Panels (a-c) show the anomalous Hall conductivity (AHC, oa), spin Hall
conductivity (SHC, osn), and orbital Hall conductivity (OHC, oon) for EuSP;
panels (d-f) show the same for EuSSe; and panels (g-i) for EuSCl. These plots
highlight the differences between in-plane magnetization ((M,) red and (M,)
blue lines) and out-of-plane magnetization (M., shaded grey areas). Panels (k-
m) present the corresponding band structures for each system under out-of-plane
magnetization (solid black lines) and in-plane magnetization (dashed blue lines),
illustrating the influence of magnetization orientation on the electronic structure
for (k) EuSP, (1) EuSSe, and (m) EuSCl.

—3.120 €V, resulting in quantized SHC and OHC with plateau-like conductivity
within these "insulating" regions. In the intermediate region, where the bands ap-
proach each other, the AHC inverts and vanishes precisely at the avoided crossings
as shown in Fig.7.4(a). In the same energy region, the SHC exhibits a dip, deviat-
ing from its (half)-quantized values above and below the crossing points. The OHC
also decreases slightly but remains the only surviving component at these energies
(—3.2 eV). For in-plane magnetizations (M, and M), the AHC shows small peaks
near the energy at which it vanishes, while the SHC exhibits a sharp peak, with
a value of oy ~ +2 5, accompanied by a sign change. Similarly, the OHC for
M, and M, follows a comparable trend, displaying two peaks on either side of the
avoided crossing region. The most remarkable finding for EuSP is the significant

OHC at the Fermi energy (cog ~ —1 g5-), which remains consistent across all
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quantization axes, while the AHC and SHC are comparatively small. While for the
Eu 4f states, spanning the range —1.8 to —1.1 eV and energetically separated from
the p-states, produce quantized and plateau-like conductivities for the AHC, SHC,
and OHC. These features are particularly evident between the second and third

f-bands from the Fermi energy, as shown in Fig. 7.4(a), (d), and (g).

We now turn our attention to the results for the EuSSe monolayer as shown in
Fig.7.4(d), (e), and (f). In this system, the AHC, SHC, and OHC can be divided
into two distinct regions: the first, spanning —3.2 to —2.2 eV, where the p-states
of S and Se exhibit strong hybridization (see Fig.7.3(c) and (d)); and the second,
below the Fermi energy, involving the hybridization of Eu f-states with the p-states
of S and Se atoms. For the AHC under out-of-plane magnetization (M) within the
energy interval of —3.2 to —2.2 eV, the behavior resembles that of EuSs and EuSes,
as shown in Fig. 6.4. However, the global gap between the four bands is narrower
than in EuSey but wider than in EuSs. This topological gap is characterized by a
zero AHC, while the SHC and OHC exhibit quantized, plateau-like behavior. When
the magnetization axis is changed to an in-plane orientation, thereby altering the
quantization axis, a global energy gap of 120 meV is formed. Within this gap, both
SHC and OHC maintain quantized plateaus with a plateau-like behavior, whereas
the AHC remains entirely suppressed. A notable observation within this gap is that
the SHC changes sign, consistent with the behavior shown in Fig.6.4(e). Meanwhile,
the OHC plateau increases from ~ —2.6 to —3.4 5, as indicated by the horizontal
dashed red lines in Fig.6.4(h). This behavior is confirmed by the spin and orbital
Berry curvatures, as illustrated in Fig. 6.4. This enhancement occurs precisely in
the energy range where the AHC is entirely suppressed across the four bands under

in-plane magnetization.

On the other hand, a sharp peak in the OHC is observed for in-plane magnetizations
M, and M,, as shown by the dashed line in Fig.7.4(h). This peak corresponds to the
last two bands near the Fermi energy. Upon changing the magnetization from out-
of-plane (M,) to in-plane, these two bands move together from the M-point to the
I-point, exhibiting band degeneracy, as illustrated in Fig.7.3(c) and (d). Notably,
at this energy (— 1.1 eV), the OHC is zero for out-of-plane (M) magnetization.

Finally, we discuss the EuSCI system, focusing on the energy region dominated
by the p-states of S and Cl atoms. Changing the magnetization axis results in
only a slight upward shift of the band structure in energy, without forming band
crossings as shown in Fig.7.3(e) and (f). This behavior indicates that the SHC

and OHC conductivities are relatively similar for both in-plane and out-of-plane
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magnetization, although the SHC changes sign. Notably, when the SHC drops to
zero, the OHC transitions to a larger magnitude. For out-of-plane magnetization,
the AHC transitions from negative to positive across this energy range. In the re-
gion of hybridization between Eu f-states and the p-states of S and Cl, the system
exhibits nearly quantized values of AHC, SHC, and OHC near the Fermi energy for
out-of-plane magnetization, centered around —0.2 eV. These quantized conductiv-
ities, oapg ~ +1 ‘}1—2 and oog ~ +1 5, correspond to the valence band maximum

associated with a global gap present in this region.

General Features of Transport Properties in EuSX

The AHC, SHC, and OHC in these materials exhibit several common characteristics

which can be categorized as follows:

o The SHC and OHC of EuSX for in-plane magnetization directions (M, and
M,) are similar at low energy due to their origin in purely p-states but exhibit

slight differences near the Fermi energy as the result of Eu-f state.

e Adding more electrons in the progression from EuSP to EuSSe and EuSCl
enhances the strong hybridization among pdf states, leading to particularly
striking behavior of AHC, SHC, and OHC near the Fermi energy. Notably,
the OHC shows a larger magnitude as compared to the SHC as a function of
band filling.

e The SHC reverses sign when comparing out-of-plane and in-plane configura-

tions, whereas the OHC maintains a consistent sign in both cases.

o Changing the magnetization axis from out-of-plane to in-plane induces band

degeneracy, which results in a pronounced peak in the OHC.

e The AHC in the in-plane configuration within the region of p-states is rel-
atively trivial, whereas this region displays significant signals for SHC and
OHC.

Overall the band structures reveal how in-plane and out-of-plane magnetizations
impact electronic topology. In-plane magnetization enhances band crossings, while
out-of-plane magnetization stabilizes gaps, reflecting distinct anisotropies. These

insights are crucial for designing devices that exploit Hall conductivities for data
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storage and processing. The tunability of these properties through magnetization

orientation, strain, or external fields offers pathways to enhance functionality.

Orbital Torque in EuSX

The geometry of EuSX is of Janus type, where the structural inversion symmetry
and the reflection symmety with respect to z (M,) are naturally broken, which
allows for the effect of spin-orbit torque for the out of plane magnetization. We
present the results of our calculations for the only non-vanishing y-component of the
overall exchange torque (i.e., the non-vanishing ¢,, component of the torkance ten-
sor) and the orbital torque in Fig. 7.5(ac) for the case of out-of-plane magnetization,
as a function of band filling, using Eq. (2.37). We set the temperature 7' = 300 K.
The broadening parameter 7 is effectively describes the degree of disorder, which
also help numerical convergence. We set 7 = 25 meV in all the calculations shown
below. In the following, for brevity, we skip the explicit reference to the distibution
function in the summation, referring thus to the zero temperature limit expressions

for computed quantities.

First, we find that the overall magnitude of the exchange torque is very large, almost
reaching —2 eA, far exceeding that in transition metal heterostructures [235]. This
is comparable to the magnitude exhibited by some representative 2D materials [22,
210, 236-238]. For EuSCl, large values of the torque can be achieved in direct
proximity of the Fermi level, which underlines the promise of this particular material
for spin-orbit torque applications. Expectedly, the total summed over all atoms
exchange torque in these systems is equivalent to the orbital torque, which is also
apparent from the fact that it is very difficult to distinguish the curves for the

orbital and exchange torques in the whole interval of energies, Fig. 7.5(a-c).

By relating the regions in energy, where the exchange torque is non-zero, to the
band-resolved contributions shown in Fig. 7.6(a-c), we identify the largest torque
with the region of 4 f-states, observing that a much smaller torque also arises in the
region of p-states below the f-region (for EuSP). Correspondingly, we identify Eu
atoms as contributing predominantly to the orbital “f"-torque, although at some
energies within the f-band of EuSCI the contributions of S and Cl atoms are also
non-zero (not shown), owing to the pdf hybridization taking place in that region
of energy. The origin of the torque in near band degeneracies becomes apparent
after a careful analysis of band-resolved contributions: for example, while the two
flat p-bands positioned at about —3.2 eV in EuSP contribute only at the points

where they cross the more dispersive bands, the latter provide a contribution over
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Fig. 7.5.: Orbital torque and orbital pumping in EuSX. (a-c) Band-filling depen-
dence of the y-component of spin-orbital ((T5,)) and exchange ((T£¢)) torque
normalized to the strength of an electric field E, applied along x. The band-
filling of the x-component of the normalized current-induced OAM ((L,), d-e)
and spin ((S;), g-h), resolved into Eu and SX contributions, is shown for com-
parison. In (j-1), the distribution of orbital currents arising in response to the
exchange torque along y, as given by tensor components tﬁ; and tﬁ{j defined by
Eq. 2.42, is shown. In (m-o), the respective tensors are shown for the case of
spin current. The band filling dependence of the orbital-to-orbital-current con-
version strength, as given by tensors 7% and 7Y defined by Eq. 2.43, is shown
for comparison in (p-r). The case of EuSP, EuSSe, and EuSCl corresponds to
the left, middle, and right columns, respectively.
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a larger part of the k-path as they are nearly degenerate around —3 eV. The roles
of these two groups of p-states are interchanged in EuSSe, with flat bands being
nearly degenerate resulting in a small but finite torque, while the more dispersive
bands are split off from each other almost everywhere giving a vanishing torque

signal.

Secondly, we clearly identify the orbital torque as by far the main source of the
exchange torque in studied systems. This is apparent from that fact that it is close
to impossible to distinguish the curves for the orbital and exchange torques for the
energies within the f-band, Fig. 7.5(a-c). The only exclusion can be seen around
—3.4 and —0.5 eV for EuSP, below —3.0 €V for EuSSe and around —3.0 and —1.2 eV
for EuSCl, i.e. within the p-band of S and X atoms. Correspondingly, we identify
Eu atoms as contributing predominantly to the orbital “ f"-torque, although at some
energies within the f-band of EuSCI the contributions of S and Cl atoms are also
non-zero (not shown), owing to the pdf hybridization taking place in that region
of energy. On the other hand, the small exchange “p"-torque on small moments
developed by S and X atoms has strong flux contributions, and thus can be to a
large extent attributed to the spin current across the layer, arising as the electric

field is applied.

Non-equilibrium Spin and Orbital Accumulation Induced by an
External Electric Field

Next, to gain further insight into the origins of the torque, we analyze the non-
equilibrium spin and orbital accumulation induced by an external electric field and

calculated according to

J m%EFI <Unk|j|llmk> (Ul |V | Unke) (71)
= m - , .
ehE, Ni(enk — Emk + i1)?

where J stands either for the operator of spin or orbital angular momentum, S or
L. The results are presented in Fig. 7.5(d-i) for the only non-vanishing components
L, and S,, decomposed into Eu and SX contributions. The exchange f-torque
observed in the monolayers of EuSX systems, as shown in Fig. 7.5, can be primarily
attributed to orbital physics, which clearly manifests in a remarkable one-to-one
correspondence in the band filling behavior of L, on Eu atoms and Tx¢ in the region
of f-states. This observation highlights the key role played by nonequilibrium OAM
generation in mediating the overall torque in 2D limit. Note, that the L, of SX

atoms is non-vanishing only for the case of EuSCl, where it is still an order of
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magnitude smaller than that on Eu atoms. In particular, for EuSCl, the non-
equilibrium orbital magnetism is of purely p-origin in the p-region of states below
—3 eV, see also Fig. 7.6(f). The impact of the p-states in the f-region on the Eu-L,
is also significant for EuSCl, as the behavior of L, and the torque for this material is
distinctly different from the other two materials — something, which can be clearly
observed also in Fig. 7.6(d-f).

The analysis of current-induced spin polarization, S;, in Fig. 7.5(g-1) confirms the
origin of the non-equilibrium spin density on Eu atoms in the current-induced or-
bital magnetization by spin-orbit coupling: although the magnitude of Eu S, is
about two orders of magnitude smaller than that of L,, the close correlation be-
tween the two quantities in the f-region is obvious. At the end, it is the L,-induced
S, which is responsible for non-vanishing Tx¢ by the virtue of the matrix elements
of the exchange torque Txc = %[é,HXC] = —upS x Vxc (see section 2.8.1),
which are expressed in terms of the operator of spin and exchange field [235]. It
is important to realize, however, that although the operator of OAM does not par-
ticipate in the exchange torque directly, its correlation with Tx¢ is much stronger:
note for example that the response of S, on Eu atoms is driven predominantly by
the hybridization with the SX atoms at the energies indicated by small black arrows
(marked as A, B, C and D) in Fig. 7.5(h-i). The corresponding features in Eu-S,
are not reflected in Txc — an observation that can be attributed to the fact that
the overlap of the SX-induced spin density Si(r) with strongly localized Vxc(r)
is small, with the former being inconsistent in symmetry with the angular expan-
sion of the f-electron driven exchange field. On the other hand, the local orbital
response L, on Eu atoms is very localized as well, and it stems predominantly from
the f-states which ensures the locality and suitable symmetry of the SOC-induced
spin density. Our findings thus establish the local current-induced orbital angular

momentum as the key factor in mediating spin-orbit torques in f-systems.

Remarkably, the latter points do not contribute to the exchange torque via TEC =
(=2 up/h)S x Vxc, which is expressed in terms of the operator of spin and exchange
field [235]. This effectively results in an observation that the current-induced or-
bital magnetization correlates with the exchange torque much stronger than the
non-equilibrium spin density, despite the fact that the operator of OAM does not
participate in T)%C explicitly. This can be attributed to the fact that the overlap of
the induced spin density S, (r) at chalcogen atoms S and X with strongly localized
Vxc(r) is small, with the former being inconsistent in symmetry with the angular
expansion of the f-electron driven exchange field. On the other hand, the local

orbital response (L,) on Eu atoms is very localized as well, and it stems predomi-
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nantly from the f-states which ensures the locality and suitable symmetry of the
SOC-induced spin density. Our findings thus establish the local current-induced
OAM as the key factor in mediating spin-orbit torques in f-systems.

7.6 Orbital Pumping in EuSX

Next, we focus on the spin and orbital current generation by magnetization dy-
namics using eq 2.42. In this context, one can also ask a question whether the
time-dependent magnetization can give rise to the non-vanishing spin and orbital
currents, arising in addition to the currents of charge. In the past, Kubo linear
response formalism has been used to compute the effect of spin pumping — i.e.
spin current driven by magnetization dynamics — into the substrate by a deposited
thin ferromagnet, e.g. [111], with the effect being extensively studied experimen-
tally [239]. In a similar geometry the twin effect of orbital pumping has been also
recently observed [240]. In contrast to the previous works where the currents of
spin and OAM propagate into the bulk of the film, here, we consider a situation
where the corresponding currents are lying in the plane of our EuSX systems, see

Fig. 7.1(c), constituting thereby the effect of in-plane orbital pumping.

For our compounds, the symmetry dictates that for the case of the torque along y

(8 = y) the only non-vanishing components are ¢,z t';flj, and t;; = t';flj, while for the

Ty’
torque along x (8 = z) the non-vanishing components are t;;: = *tiiv t;; = ftif{“
and t;ggc = —t;%. In other words, when a torque is applied on the magnetization,

this results in a generation of two types of currents of angular momentum:

(i) A current which is polarized along the direction of the magnetization and prop-

agates together with the pumped flow of charge;

(ii) An in-plane current of angular momentum with an in-plane propagation-direction-
dependent polarization, whose properties can be controlled by the direction of the

applied torque.

It is important to realize that were our atoms arranged in a square lattice with

both mirror symmetries M, and M, present, only one, conventional, component

ti; would survive, driving the current of type (i). The complexity of the pumped

currents of angular momentum is thus a direct consequence of the complex struc-

tural symmetry of considered Janus rare-earth dichacogenides.

The tensor components tf; and ti%} for the case of spin, and t%ﬁ and tg{;‘ for the case of
orbital channel are shown for EuSX in Fig. 7.5(j-1) and Fig. 7.5(m-0), respectively,
as a function of band filling. By first looking at the pumped spin currents, we

immediately realize that for all compounds, in case of the z-polarization, the spin
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current in the f-region is directly proportional to the generated by E, distribution
of (T8.) and (L), and not to the corresponding values of (S,), Fig. 7.5(a-i). This
is rooted in the fact that in the ground state the localized f-states, on which the
torque predominantly operates, are almost pure eigenstates of (S;), which results in
proportionality of Q@3 to (TEC). On the other hand, for similar reasons, the ng is
vanishing almost everywhere except for the spin-flip points where the spin-up and
spin-down bands of SX and Eu atoms meet (observe for example vanishing tf{j for

EuSP where f-states are well-separated from SP-states).

The behavior of the pumped orbital currents is, however, very different. We ob-
serve that, qualitatively, in the f-region the z-polarized orbital current can be
reconstructed from the behavior of the (T9.) and (L) in the lower (negative (L))
and upper (positive (L,)) f-band, qualitatively multiplied with the sign of (L) (not
shown), while being suppressed in the middle of the f-band, where the transition
from positive to negative (L,) occurs. In an effective picture, one can thus pre-
ceive pumped orbital current Q%= as an orbital filtering effect, where the pumped
charge current gets orbitally polarized along z as it is generated by an application
of a torque. This picture has to be taken with caution, however, since it is the
off-diagonal matrix elements of OAM operator which ultimately participate in the
Eq. 2.42, and which do not necessarily reflect the orbital polarization of the states

in the ground state.

When inspecting the in-plane polarized OAM current, we find that it is peaking in
the middle of the f-band, where z-polarized current is suppressed. In contrast to

fy, ny is spread over wider regions of energy, owing to a higher complexity in the
orbital composition of the bands which allows for richer coupling among the states
with different values of OAM. On the other hand, when looking at the k-space
behavior of the two types of orbital currents, shown in Fig. 7.6(g-1), we find two
clear distinctions: first, Qify is originating from narrower regions in the reciprocal
space, and second, QL= exhibits variations in sign when going along a given band,
while Q= is much more uniform when the k-point is varied within the regions of

strong contributions.

To assess the sensitivity of our results to the choice of the Hubbard U and Hund’s
exchange J parameters in our DFT4U calculations. In fact, in previous chapters
5 and 6, we have carefully investigated the impact of the Coulomb repulsion pa-
rameter on the electronic structure and transport properties. Despite the fact that
the value of U of about 7€V is known to provide the best description of Eu-based

materials in terms of their electronic structure [191, 233], we did to ensure the
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Fig. 7.6.: Anatomy of orbital torques and orbital pumping in k-space. For each
compound, the k-resolved distribution is shown for (a-c) exchange torque (T%q)
normalized to the field E,, (d-f) current induced orbital moment (L) normalized
to the field E,, and pumped by the torque along y orbital current density along
z polarized along y (t];;j, g-1), and along z (t];;, j-1). For all cases, the colored

circles represent the expectation value of the plotted quantity with the color code

shown on the left.

robustness of our findings by systematically testing a range of U values. Our key
resultsspecifically the magnitude and qualitative behavior of the orbital torque, as

well as the spin and orbital pumpingremained consistent across this range.
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Orbital to Orbital-Current Conversion

Above, we have observed that for f-electrons the effect of the current-induced torque
on the exchange field is equivalent to the effect of current-induced orbital magne-
tization. Therefore, it seems rewarding to explore whether the same holds true
for the inverse process: i.e., whether the pumping of the OAM currents by the
torque is equivalent to an OAM current arising in response to an induced orbital

magnetization.

The calculations for the 7% and 7Y componentscorresponding to the generation
of y- or z-polarized OAM currents along z in response to the orbital field applied
along xare shown in Fig. 7.5(pr) and are calculated using Eq. (2.43). From this data
we make a remarkable observation: as far as pumped orbital currents in the region
of the f-states are concerned, the effect of the magnetization dynamics represented
by a torque along y is quantitatively completely equivalent to the effect of L, via
the application of a time-dependent orbital field, since the two types of tensors
exhibit an almost identical to each other behavior in the region of corresponding
energies. Conceptually, this is similar to the picture of the origin of the inverse spin
Edelstein effect in a linearly increasing magnetic field acting on spin [112]. The
effect of the OAM current generation by inverse orbital torque that we uncover
here can be correspondingly qualitatively considered as an intrinsic version of the

inverse orbital Rashba effect for the orbital current, see Fig. 7.1.
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Our study provides unique insights into the structural, electronic, magnetic, and
transport properties of Janus H-phase monolayers of 4f-Eu rare-earth dichalco-
genides. The observation of substantial magnetic moments, distinct electronic hy-
bridization channels, and non-trivial response to an applied current highlights the
potential of these materials for spintronic device applications. The understanding
gained from this research opens new avenues for designing and optimizing orbi-
tronics devices based on 4 f-Eu rare-earth dichalcogenides, thus contributing to the
broader knowledge of electronic and transport properties of 2D magnetic materi-

als.

One of our key findings is observation of pronouncedly orbital character of the
response to the electrical current which is mediated by f-electrons. The close
correlation between the orbital magnetism and torques in f-systems suggest that
the orbital torque properties can be engineered by carefully crafting the crystal
field around rare-earth atoms due to surrounding cage of sp-atoms. The latter is
susceptible to strong changes in 2D geometry which signifies a powerful channel
for spin-orbit torque design. The found correlation between the orbital magnetism
and torque within the f-shell is so strong that the torque operator acting on f-
states can be replaced by the local OAM operator within the same sub-shell in
the linear response expressions for the response properties. We attribute this to
the properties of the exchange field of f-atoms, which is closely interlinked to the
strong orbital polarization of the f-states by very large spin-orbit interaction. Since
the properties of the f-states, their orbital polarization and degree of localization
are very sensitive to the degree of correlation of valence electrons, one possible way
to tune the response properties in considered classes of systems lies in alloying with

other rare-earth or transition-metals.

One of the most remarkable properties of our systems that we uncovered is the effect
of in-plane orbital pumping, i.e. pumping of currents of OAM by magnetization dy-
namics. Intuitively, one would expect that this effect can be attributed to the OAM
polarized along the maggnetization direction and carried by the pumped current of
charge. However, we find this picture to be too naive to reflect the complexity that
we observe in the magnitude, direction and polarization of the generated current.
We speculate that this complexity may be exploited for the purpose of orbital cur-
rent injection into a planar adjacent material, with a controllable polarization of
the current. We predict that this is a generic effect which occurs in 2D magnetic

materials of Janus type owing to their lowered crystal symmetry. While we leave
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the exploration of exact microscopic mechanisms for the orbital pumping to future
work, we make the first step in this direction by discovering that orbital pumping
realized by f-electrons can be considered as an effective orbital-to-orbital-current
conversion, where changing in time induced orbital polarization relaxes via a gen-
eration of an orbital current. Our findings open new possibilities for generating
diverse flavors of orbital currents in 2D materials which go beyond the protocol
of the orbital Hall effect. We thus declare that the peculiarities of 2D geometry
combined with the specifics of f-electron magnetism may provide as robust and

efficient platform for orbital current generation.
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8.1

Summary and Outlook

Summary

This thesis investigates spinorbitronic and topological properties of two-dimensional
dichalcogenides, with a particular focus on rare-earth dichalcogenides (REDs). The
study builds on the structural framework of conventional transition-metal dichalco-
genides (TMDs), in which the transition-metal atoms are replaced by rare-earth
elements. The analysis focuses on systems such as EuXy and GdXy (X = S, Se, Te),
as well as Janus H-phase monolayers including EuSP, EuSSe, and EuSCl. It rep-
resents one of the first steps toward understanding how these materials, with their
special electronic, magnetic, and structural properties, can be used for spintronics
and orbitronics applications. We combined first-principles calculations using the
FLEUR Jiilich code, Wannier interpolation methods, and the Kubo formula to cal-
culate key transport properties like anomalous Hall conductivity (AHC), spin Hall
conductivity (SHC), and orbital Hall conductivity (OHC), and to study orbital

torques.

The idea behind this work was to explore how combining f-electrons with chalco-
genide atoms in two-dimensional materials can lead to new magnetic and transport

properties.

In Chapter 5, we extended the well-known advantages of TMDssuch as their exotic
charge, spin, and orbital transport propertiesto the new field of rare-earth dichalco-
genides. First, we focused on the H-phase EuSy monolayer as a starting point and
investigated its structure, electronic properties, magnetism, and transport behavior
using first-principles methods. Our results showed that EuSy becomes a half-metal
under doping, with a large magnetic moment of 6.95 up per unit cell and a large
direct band gap. We also found that H-phase EuSs exhibits a strong AHC, while
the SHC closely follows it. Most importantly, however, the system exhibits a very
large OHC that strongly depends on the strength of electronic correlations, as tuned
by the Hubbard U parameter.
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8.2 Outlook

In Chapter 6, we expanded the study to monolayers of EuXy and GdX,; (X =
S, Se, Te) in the H-phase. We found that these systems have strong magnetism
and Hall transport effects. Interestingly, the OHC still appears even without spin-
orbit coupling, suggesting it is a fundamental feature of these materials. We also
found that in GdXy compounds, electronic correlations control the energy levels and
hybridization of p, d, and f states, which affects the polarization of p-orbitals and
the anomalous Hall effect. Applying strain to these materials leads to important
changes: in GdTeq, it causes orbital inversion near the Fermi energy, which leads
to quantized charge, spin, and orbital transporta clear indication of topological

behavior.

In Chapter 7, we introduced new ideas related to orbital torque and orbital pump-
ing in REDs. We discovered a strong orbital torque caused by f-electrons and
proposed a new mechanism, called orbital-to-orbital current conversion, where a
time-changing orbital angular momentum (OAM) creates an orbital current. This
mechanism is especially important in Janus-type REDs (EuSP, EuSSe, EuSCl),
which have strong spin-orbit effects and broken inversion symmetry. The in-plane
orbital pumping observed in these materials offers a new and efficient way to gener-
ate and control orbital currents, with possible advantages over traditional spintronic

devices.

In conclusion, this thesis makes strong contributions to the growing fields of spin-
orbitronics and orbitronics by showing the important roles of f-electron physics,
pdf hybridization, and strain control in 2D materials. Our results show that REDs
are excellent candidates for studying complex orbital transport and topological

properties in two-dimensional magnetic systems.

Besides the fundamental discoveries, the results point to real applications. REDs
could be used to develop new types of spintronic and orbitronic devices, low-energy
memory storage, and even quantum computing technologies. We hope these results
will encourage more theoretical and experimental work to explore the rich physics

and practical potential of rare-earth-based 2D materials.

Outlook

This thesis opens several exciting directions for future research.

First, the strong spin-orbital interactions we found in H-phase EuSes monolayers

suggest the existence of "mixed Weyl points," where spin and orbital channels are
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intertwined with the k-space geometry and magnetization direction. Studying these
features could bring new advances in spin-orbit torque physics and in understand-
ing topological transport in low-dimensional systems. Another important direction
is building heterostructures that combine REDs with TMDs. These layered struc-
tures offer more ways to control electronic, magnetic, and topological properties,
helping to design flexible and tunable 2D materials for future quantum and spin-
tronic devices. In particular, looking at the magnetic behavior at the interface
could reveal how interfacial effects change magnetization direction, offering new
ways to engineer spin and orbital textures and to control magnetic anisotropy at
the nanoscale. Furthermore, studying how spin, orbital, and orbital quadrupole
currents interact in REDs [241] may uncover new topological phases, special trans-
port behaviors, and new techniques for generating and controlling orbital currents.
Following these paths will deepen our understanding of correlated electrons in two-
dimensional materials and will speed up the development of future orbitronic and

spintronic technologies.

Rare-earth dichalcogenides stand out as a unique and powerful platform for pushing

forward research in orbitronics, spintronics, and quantum information science.
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Fig. A.1.: Band structure of the EuS; over an extended energy range, and DOS of 4 f states
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Appendix Chapter 6

To assess the stability of the strained —5.5% GdTey structure, we computed the
formation energy (Ef), which denotes the released energy during the formation of
compounds from their respective elements. The formation energy of the monolayer
GdTe; under a —5.5% strain is determined by the equation Ef = Epu(Gd) +
2Epuik(Te) — Estrained(GdTe2), where Epyux(Gd) and 2Ep,,(Te) represent the
total energy of the equilibrium states of bulk Gd, bulk Te and Egtrqined(GdTes),
respectively. The calculated formation energy for the monolayer under a —5.5%
strain constitutes a very large value of 2.21 eV, indicating that the system would be
still stable at this strain. In addition, a recent work reports phonon calculations for
GdS; and GdSes [242], suggesting the stability of these monolayers. According to
this work, these monolayers could be synthesized like GdGez monolayers [243].
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Appendix Chapter 7
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Fig. C.1.: Phonon band structures of EuSP, EuSSe, and EuSCl. The absence of imaginary
frequencies confirms the dynamical stability of all EuSX monolayers.

As a concrete example of the sensitivity of our results to the choice of the Hubbard
U and Hunds exchange J parameters in our DFT+U calculation, here we present
additional calculations for EuSSe using a smaller value of U = 3.5eV. While these
results are not included in the main text, they show that the orbital torque and
spin orbital pumping retain their characteristic features, further confirming the
insensitivity of our conclusions to the choice of U. For instance, the magnitude of
the orbital torque exhibits two distinct regions as a function of band filling. One
region, associated with the p-state contributions (shown in the left panel of Fig. C.2),
displays a relatively small torque, with a maximum value around —0.13 e - A. This
behavior is consistent with the corresponding region in Fig. 7.5 of the Chapter 7. In
contrast, the second region, dominated by contributions from the localized f-states,
reveals a torque magnitude that is 10-20 times larger than that of the p-state region,
reaching values comparable to those obtained with U = 6.7¢V (Fig. 7.5 b of the
Chapter 7).
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These observations emphasize the robustness of our findings: the f-state contribu-

tions are central to achieving pronounced orbital torque in this class of materials,

and our conclusions remain valid across a reasonable range of U values.

EuSSe (p-torque) EuSSe (f-torque)

T 007G : ,[®
L o005
x s
E A
= 000 Vi 1
3 ¥
0% — ma, — (Tl
:':/ -0.10 © =(Tsoly O e =(Tsoly \¥J
= 10
() (d)
§ 20
= o5
=
& 002 Al 10
x — —
= -05 x ok x
& — L — L W}
(e) S
< 01
< 1 I
= y=
3 oort e or— ==
< thy 1 tly
Xy Xy
-0.1
0.0 H—= 1ol
T o
L 05
- —_— #5; P
38 -02 ty ty
K=
— ty 0.0 — ty
-03 i i W]
r r—
)
K
M M
r r
40 35 -3.0 25 -20 -15 -10 -10 -08 -06 -04 -02 00
E—Ef[eV] E—Ef[eV]
Fig. C.2.: Calculated orbital torque and spin/orbital pumping for EuSSe using a reduced

Hubbard interaction of U = 3.5¢eV. The results show that both the magnitude
and qualitative behavior of the orbital torque and pumping signals are consistent
with those obtained using the conventional value of U = 6.7¢V. Two distinct
regions are observed in the torque behavior as a function of band filling. In the
low-filling region, where p-state contributions dominate (left panel), the torque
reaches a relatively small maximum of approximately —0.13¢ - A, consistent
with Fig. 7.5b of the Chapter 7. In the high-filling region, strong contributions
from localized f-states lead to a significantly enhanced torque 10-20 times larger
comparable in magnitude to the f-dominated region in Fig. 7.5 b of the Chapter 7
of the main text. These findings confirm the robustness of the orbital torque and
pumping mechanisms with respect to the choice of U, and further emphasize the
central role of f-state physics in driving the observed behavior.
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Some Personal Reflections E

B A simple model is comfortable for understanding, but

it does not contain the full truth.

B The mind is a miniature fabric of the universe, sharing

its greatness and boundlessness.
B Love needs no reason, and hate seeks no fault.

B [n the beginning and in the end, the human being is a

creature of contradictions, most adept at claiming ideals.

B No one has the right to claim a pure past; even snow,

if it remains on the ground long enough, becomes tainted.

B No matter how fierce the flames grow, they cannot

burn a fresh green branch.
B Justice blossoms only in the garden of strength.

B Although life may appear unfair, no one ultimately

receives less than they deserve.

by Mahmoud Zeer
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