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Abstract

Stop-and-go waves in vehicular traffic are commonly explained as a linear collective instability induced by, eg response
delays. We explore an alternative mechanism that more faithfully mirrors oscillation formation in dense single-file
traffic. The fluctuating drivers’ responses, modeled by noise, play a key role in this model; as noise is increased, the
base (uniform) flow abruptly switches to stop-and-go dynamics despite its unconditional linear stability. The stop-and-
go motion persists only as long as noise is present. We rationalize the instability mechanism in quantitative terms by
breaking down the noise into oscillatory driving terms that can be studied separately. Finally, we hint at an analogy

with Kapitza’s inverted pendulum.

Keywords vehicular traffic, stochastic instabilities, statistical physics

Significance statement

Phantom jams in dense car traffic are a problem of both fundamental and practical relevance. We contribute to the elucidation of
their emergence by quantitatively rationalizing a noise-induced instability mechanism that faithfully reproduces empirical obser-
vations of oscillations in single-file traffic. This instability is stochastic in essence, nonperturbative, and nonlocal. Moreover, the
conventional methods of thermodynamics are of little avail because the system is out-of-equilibrium, with nonreciprocal inter-
actions. Instead, we introduce and build on an analogy with the stability switch in a (Kapitza) pendulum under vibrations, which

may be relevant for a broader class of systems.

Introduction

Analyzing the stability of many-body systems (N>3) is often a
prickly issue, as illustrated by the longstanding debate over the
stability of the solar system. Further complications arise when
the system’s dynamics cannot be described by deterministic
equations of motion (1). Vehicular traffic perfectly illustrates
this difficulty, and we will use this illustration, even though our
findings have bearing on a broader class of traffic-like systems.
Although every driver is familiar with stop-and-go waves on

highways (where traffic jams, sometimes called phantom jams,
emerge for no apparent reason, forcing drivers to slow down
and speed up again), the underlying physical origin is still a mat-
ter of debate, even for single-file traffic. The debate has practical
implications for safety and congestion, recently reignited by the
instabilities observed in platooning experiments with vehicles
equipped with adaptive cruise control (ACC) systems (2-4).

A plethora of factors can destabilize single-file traffic flow, as
vehicle control and environmental perception are subject to re-
action times, delays (5), and inaccuracies in perception or
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response (6, 7). Several of these factors can be handled determin-
istically. In particular, finite response times and latency in vehicle
control (5, 8-12) can be modeled by inertial ordinary differential
equations (13) and delayed linear equations (5). Both theoretical
(9, 13-18) and numerical studies (19, 20) have traditionally iden-
tified the foregoing factors as causes of (linear) instabilities that
give rise to stop-and-go dynamics that ensue when the response
becomes too slow (21), in line with experimental results on
ACC-equipped vehicles (3, 4), notably for the fine-tuned non-
linear models (22-25).

However, for cars without ACC, these delay-induced instabil-
ities arguably fail to capture prominent observations in natural-
istic (26, 27) or purely experimental (26, 28-31 ) conditions. In
experimental “ring” scenarios (30, 31), around 20 drivers fol-
lowed each other in single file along a large loop. Above a critical
density, stop-and-go waves emerged. However, rather than
arising from the gradual amplification of an initial perturbation,
they appeared after stochastic incubation periods ranging
from one to several minutes (2, 30). Such irregular emergence
of stop-and-go waves is incompatible with linear instability.
Instead, it points to a metastable (and not linearly unstable) state
(32) (33, Chapter 6.3-5). Moreover, linearly unstable systems that
directly relate speed and spacing cannot account for the fact that
speed oscillations are not strongly amplified along a platoon of
cars following a leader driving at constant speed, but follow a
concave curve (26, 29, 34). In contrast, concave growth can be al-
most quantitatively reproduced by car-following models featur-
ing (deterministic) action points, ie in which a response is
triggered only if the stimulus exceeds a finite threshold (34).

Alternatively, this concave growth of fluctuations is equally
well reproduced by complementing the equation of motion
with a stochastic term (26, 34), viz.

dvi (t) = F(AX,(t), Va(t), Vpea () dt + o dW(2). (1)

The stochastic forcing o dW, describes the combined effect of hu-
man error and of the many degrees of freedom left out of the de-
terministic response F, which here depends on the gap
AXp = Xp11 — X — £ (X, is the position of the nth car, x,,,; the pos-
ition of the predecessor, and ¢ > 0 the car length) and the speeds
Vn = Xp and Vpi1 = Xnp41. For systems exhibiting linear instability
over some range of parameters, a pronounced effect of the noise
is expected. Indeed, even in strictly physical systems (35), “noisy
precursors” arise near dynamical instabilities in the form of eg
sustained oscillations. These oscillations are also seen in stable
linear car-following models, in which noise is added to account
for human error or idiosyncrasies (7, 26). But they should not
be mistaken for a genuine instability: additive noise cannot mod-
ify the stability of a linearized stochastic differential equation (1).
Instead of additive noise, a multiplicative noise was employed in
Ref. (36), which grows with the relative speeds. Crucially, in these
models, the noise acts perturbatively, which makes analytical ad-
vances possible. By contrast, qualitative reports of a sudden nu-
cleation of stop-and-go waves amid stationary flow, triggered by
random fluctuations (37-40), remain theoretically opaque.

In this Letter, we shed quantitative light on this alternative de-
stabilization mechanism. By injecting simple additive noise into a
car-following model that is unconditionally linearly stable in the
deterministic limit, we ascertain the idea that noise per se can
induce inherently nonperturbative stop-and-go-waves. We eluci-
date the nonlinear instability mechanism by drawing on an

analogy with the Kapitza pendulum. This finding calls into ques-
tion the widespread tendency in the literature to focus primarily
on the local properties of the deterministic response function
F (34, 36).

Results

Traffic problems have given rise to models galore. Insight into
metastable states was gained in part using cellular automata
and interacting particle systems (41-44), (33, Chapter 8.1).
Instead, here we target continuous (in time and space) car-
following models of the generic structure of Eq. 1, which can
be either deterministic (dWW, = 0) or stochastic. We have studied
a number of models in this broad class, including the stochastic
full velocity difference (SFVD) model (45-48), the inertial car-
following model of Tomer et al. (24), and the stochastic intelli-
gent driver (SID) model (34), detailed in the Materials and meth-
ods section. Our focus will be put here on the stochastic adaptive
time gap (SATG) model, whose basic dynamics are given by

1
dvy = = @AY, = Tup) + Avy) dt + o AWy, 2)
n

where T > 0 denotes the desired time gap and 4 > 0 is a sensitiv-
ity parameter. The deterministic part of the model follows from
the relaxation dynamics of the time-gap variable T,, = Ax, /v,, de-
fined as the ratio between the gap and the speed, and governed
by T, =A(T — T,). Similarly to classical linear optimal velocity
(OV) and Helly-type models (19, 23, 49), the resulting ATG model
(2), written in Newtonian form, involves two relaxation mecha-
nisms: one adjusting the speed according to the gap, and an-
other relaxing the speed difference with respect to the
preceding vehicle. However, in the ATG model the relaxation
time is itself given by the time-gap variable, which makes the dy-
namics nonlinear. Although this modeling feature may appear
minor, it plays a crucial role in the stability of the flow under sto-
chastic perturbations. To regularize the equation near collisions
(Ax, — 0) and complete stops (v, — 0), we bound T, using a
smooth maximum (respectively, minimum) function. Other regu-
larizations are possible; they affect the way stop-and-go waves
unfurl after they have emerged, but not the process of their for-
mation. Details are given in Appendix A (SI). These models are
used to simulate a single file of cars (no overtaking) on a periodic
circuit mimicking the experimental settings of Refs. (30, 31) (see
Materials and methods section for details).

Linear stability analysis predicts that the regime of uniform,
time-independent flow is stable at low car densities (for vanishing
noise ¢) but gives way to an instability (resulting in stop-and-go
waves) at higher density in almost all models, at least for some
range of parameters (8, 34). The SATG model stands out in this re-
spect, being unconditionally linearly stable around the uniform
flow state (see Appendix B (SI) and Refs. (50, 51)).

Direct numerical simulations of the models for N = 22 cars con-
firm the expected stability for low noise ¢. This is shown in

Figure 1 using the disorder parameter @(t) = \/Ax2(t) — X, (t),

where the overline denotes an average over the N cars. The grad-
ual increase of the time average (¢); with ¢ in the SFVD and
Tomer models reflects the increasing fluctuations in intervehicu-
lar gaps induced by noise. In the SID model, disorder rises more

markedly (but still fairly smoothly) around o= 0.5 m/s%/?,

920Z J8qWBAON (] UO Jasn ¥ayloljqigienusz Hqws yolane wnauazsbunyosio Aq 66/8/58/1016eb6d//g/e101ue/snxsuseud/woo dno-oiwspese WwoJj papeojumoq


http://academic.oup.com/pnasnexus/article-lookup/doi/10.1093/pnasnexus/pgag101#supplementary-data
http://academic.oup.com/pnasnexus/article-lookup/doi/10.1093/pnasnexus/pgag101#supplementary-data

PNAS Nexus, 2026, Volume 5, Issue 4

© ] e = ATG init jam

. — ATG -
El SID e
- SFVD |
o Tomer et al. |
=1

g |
= |
S |
<+ !
'U '
= |
<
g |
=]

s |
7 o :
[N

= [
|}

o4

0.0 0.2 0.4 0.6 0.8 1.0

Noise volatility o [m/s%/2]

Figure 1 SD (¢); (where (-); denotes a time average) of the gaps in the
stationary state as a function of the noise volatility o, for N =22 cars in the
experimental settings of (30) (see Materials and methods section for details).
The overlays indicate the min/max range. The thick dashed line represents
SATG simulations starting from a jammed initial condition, pointing to
significant hysteresis.

mirroring the excitation of waves in the vicinity of a deterministic
instability. In contrast, simulations of SATG reveal an unexpect-
ed, abrupt transition to traffic oscillations (high ¢ values) when
o crosses a threshold o* (o* decreases with increasing system
size, at constant density, but rapidly converges to a finite thresh-
old). For o > o*, once developed, the stop-and-go wave is similar
in shape to those found in experiments (see Figure 2 in the
Materials and methods section; also see Figure S1 (SI) for fine-
tuned model parameters) and in other models.

The SATG route to instability also stands apart in that stop-
and-go waves emerge erratically after a typically long but broad-
ly varying transient time (Figure 3 in the Materials and methods
section), unlike the waves originating from a linear instability.
Such a transient is consistent with the empirical data of
Ref. (30, 31), where stop-and-go waves do not occur systematic-
ally for a given car density. It points to a first-order transition to-
ward traffic instability and to metastability of both the jammed
and unjammed states, in accordance with the empirical conclu-
sions of Ref. (32) and the numerical finding of a bimodal distribu-
tion of ¢ at the transition, in Figure S3 (Sl). This also entails that
the out-of-equilibrium SATG instability will not be tractable with
common approaches such as continuation methods (52) or per-
turbative stochastic stability analysis (1), for want of a bifurca-
tion in the deterministic limit.

As a corollary of metastability, hysteresis—a common observa-
tion in highway traffic (6, 53)—is observed when the system starts
from the stop-and-go regime and the noise volatility (or the car
density) is gradually reduced, as shown in Figure 1: stop-and-go
waves subsist below the noise level required to destabilize the
homogeneous flow. But they eventually subside and vanish before
reaching o = 0. This implies that noise does not simply trigger the
instability, as in a subcritical hydrodynamic instability but is re-
quired to sustain the stop-and-go dynamics, in the same way as
temperature is needed to stabilize the gas phase past the boiling
transition.

We hypothesize that the (finite) noise operates as an external
driving force whose continuous actions push some system

variables (in particular, the gaps Ax, here) beyond their stable
range and ultimately stabilize stop-and-go dynamics. To make
the idea more concrete, let us consider a realization of the noise
(odW,) over a large time interval and split it into its Fourier
modes. Separately, each mode {C,cos(wt+ ¢,)}, with car-
dependent amplitudes C, > 0 and phases ¢, exerts an oscilla-
tory driving on the deterministic system, viz.,

Vn(t) = Fp(t) + C, cos (wt + @,,), (3)

where F,(t) = : F(Axp(t), va(t), vpra(t)). In Appendix D (SI), we
show that, at the linear level, high-frequency modes have virtu-
ally no influence on the gaps (because of the finite response
time), whereas low-frequency vibrations (w — 0) all have an
equal impact on the mean-square gap fluctuations (proportional
to Y, C2); the crossover regime is narrow, extending over barely
a decade with our reference parameters. Accordingly, it makes
sense to try to reduce the effect of the noise to one suitably
weighted, low-frequency oscillatory mode (of amplitude C > 0),
supplemented with a residual signal that will be handled as per-

turbative white noise Ede, ie to approximate (2) with

dv,(t) = Fy(t) dt + C cos (wt + @,) dt + & i, (t). (4)

The numerical simulations presented in Figure 4, left panel, con-
firm that oscillatory driving facilitates the emergence of
stop-and-go waves: the larger the driving amplitude C, the small-
er the perturbative noise to trigger the instability. For strong
enough driving C=C* (with C* = 0.55m/s? on Figure 4), the sys-
tem becomes unstable under vanishing noise.

A theoretical prediction of the relation between C* and ¢* is
obtained in Appendix D (SI) by equating the mean-square gap
fluctuations (|Ax,|?) expected for oscillatory driving and for
white noise, after linearizing the equations. We arrive at
C* =A(4, T)o*, with a coefficient A(1, T) of order 1s~%/2 that
may depend on model parameters A and T. In practice, the ex-
pression satisfactorily captures the insensitivity of A(4, T) to car
density and frequency, and its variations with model parameters,
but only roughly approximates its numerical value.

With the oscillatory driving parallel in mind, the instability is now
amenable to quantitative rationalization. At w = 0, the driving is
equivalent to acceleration offsets b, = Ccos (p,) applied to each
car. It turns out that these heterogeneous offsets can make the sys-
tem linearly unstable for a range of offsets b,, and implicit analytical
expressions can be derived for the growth rates, as we show in
Appendix C (SI). Let v({b,}) be the largest nontrivial growth rate (ie
the real part of the eigenvalue). If the oscillatory frequency w was
chosen small but nonzero, the driving can be treated as
quasistationary. Under this approximation, at each time t, the
peak perturbation grows exponentially as exp (v¢t), where
ve =v({Ccos (wt' + @,)}). To go further, since the peak growth
mode mostly spans the system size, we overlook the fact that it
may change with time t’, so that the effective growth rate overa cycle
is

Veif(C) = (Vo)
~ (V({C cos (6,)}))e,

where the angular brackets denote averages over time t’ or over uni-
formly distributed {6,}. In the last approximation, we replaced the
actual phases wt’ + ¢, with random ones 8, drawn from a uniform
distribution over ] — 7, 7]. This yields an excellent agreement after

(5)
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Figure 2 Trajectories, featuring stop-and-go waves for a selected simulation of the SATG model (10)-(11) with o = 0.6 m/s>? (left panel), and in the experiment
of Sugiyama et al. (30) (right panel). A more realistic reproduction of the experiment using a fine-tuned ATG model is presented in Appendix A and Figure S1 of

the Supplementary Information.

averaging over the random phases ¢,,, as observed numerically in
Figure S4 (SI). The thresholds C* at which v(C) becomes positive
are determined by numerically computing the eigenvalues of Eq.
5. Remarkably, Figure 4, right panel, proves that the values of C* pre-
dicted by the present extended stability analysis accurately repro-
duce the instability thresholds measured in direct simulations of
(4) under oscillatory driving, even at finite frequencies (deviations
are observed for small T at low density). It follows that these calcu-
lations succeed in inferring the noise threshold o* = C* /A, with
A=1.0s-1/2, at which the genuine SATG model (Eq. 2) undergoes
a transition (Figure 1).

Discussion

Taking a step back, we notice that the mechanism by which the
instability unfolds in the SATG model is analogous to the switch
of stable positions in a Kapitza pendulum. Indeed, while the bot-
tom equilibrium of a rigid pendulum is unconditionally stable at

rest, strong enough vertical vibrations may destabilize it and sta-
bilize the “inverted” state (here amalgamated with the state of
stop-and-go waves).

Despite the singularity of this destabilizing mechanism, from a
broader perspective, we find that the general picture of a first-order
phase transition established for traffic instabilities (54, 55) originat-
ing from other processes, eg reaction delay (56), pinch and nucle-
ation effects in the three-phase flow theory (57, 58), slow-to-start
effects (41), or cellular automata simulated in continuous space
(38), still holds. To clarify the picture, let us map the transition to
traffic oscillations onto a liquid-gas transition (59) by assimilating
the noise volatility o to the temperature and the inverse headway
(local density p) between cars to the density. In Figure 5, we plot
the “phase” diagram of the disorder parameter ¢ as a function of
o and p. A line of discontinuous transitions is clearly observed at
intermediate densities for all “temperatures” o above a critical val-
ue, while the homogeneous state remains stable at both low (gas-
like) and high (liquid-like) densities. Amusingly, in this liquid-gas
analogy, the gas phase begins to “boil” as the temperature o
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Figure 3 Histograms of the time for a stop-and-go wave to appear (TTJ) for a system with random initial conditions for noise volatilities ranging from 0.55 to

0.95m/s%2. The more volatile the noise, the faster the waves appear.
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increases—a counterintuitive phenomenon reminiscent of a para-
dox found in simple crowd models (60).

Finally, we use the image of a liquid-gas transition to shed a
different light on the hysteresis observed in Figure 1. When ¢ is

varied at a fixed density, as considered in Figure 1, the system
moves along a vertical line in Figure 5: it does not transit between
two pure states, but rather from a pure phase into a coexistence
region. Starting from the uniform regime, the system may avoid
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noise volatility; the heat map represents the gap SD (¢). The side panels show kymographs of trajectories in different regions of parameter space.

developing an instability until it hits the spinodal. In contrast,
starting from the coexistence region, stop-and-go waves may
persist up to a different neutral stability line, known as the bi-
nodal line. Interestingly, unlike in a liquid-gas mixture below
the binodal line, there is no static coexistence between the
jammed and freely flowing phases in a steady state; instead,
the jam moves continuously. Similar transitions (61) into circu-
lating states were recently identified in systems with nonreci-
procal interactions (62); this is easily rationalized by
considering that each car is tied by a spring to the predecessor,
but not to its follower, so that the in and out currents cannot
compensate at an interface.

In conclusion, we have shown that the SATG model can undergo
an abrupt transition into a state characterized by stop-and-go
waves similar to experiments (31). Interestingly, the model is uncon-
ditionally stable and the transition is not the result of a linear in-
stability but rather the consequence of the continuous action of
the noise, which (i) destabilizes the homogeneous state, (ii) stabil-
izes the heterogeneous state, and (i) pushes the system between
states. This mechanism is akin to the stability switch in a Kapitza
pendulum. Thus, we surmise that the idea of substituting a simple
oscillatory driving for stochastic forces with nonperturbative effects
has broader applicability than that demonstrated here for SATG.

From an even broader perspective, the SATG stability diagram
resembles that of a liquid-gas phase transition (albeit with an
unsteady phase coexistence), as qualitatively discussed for previ-
ously evidenced instabilities, notably in deterministic car-
following models with a reaction time (5) (where the reaction
time plays the role of the temperature) or in the Nagel-
Schreckenberg cellular automaton (63) and its continuous time-
limit (37, 38), where at each time step cars may brake by a
random amount (relative to the desired acceleration). In these

scenarios as well as in SATG, the variables that elude a determin-
istic description (in particular, the “human error” (7), ie the in-
accurate drivers’ perceptions or responses, their variability)
play a central role. Macroscopic observations are insufficient to
discriminate between the foregoing microscopic mechanisms,
but virtual reality experiments could prove instrumental to dis-
entangle these physical ingredients.

As a closing remark, note that the first-order transition picture
need not be universal across all forms of traffic; for instance, ped-
estrian single-file traffic displays stop-and-go waves that are rather
evanescent, considerably smaller than in highway traffic (64, 65),
and not interspersed with freely flowing phases, unlike road traffic.

Materials and methods

Simulation settings

We simulate N cars on a single lane of length L with periodic
boundary conditions. By default, we set N=22 and L =231m
to mimic the experiments of (30, 31) at the onset of traffic oscil-
lations. Cars are ordered from n=1ton=N (n =1 is the prede-
cessor of n = N because of the periodic boundaries); overtaking is
precluded. At time t, car n is at position x,(t) and moves at speed
Vp(t) = Xp(t). The intervehicular spatial gap Ax,(t) and the speed
difference Av,(t) are given by

{AX,,(t) =Xp41(t) = xp(t) — ¢, nefl, ...,N-1},

Axn(t) =L+ x1(t) — xu(t) = £,
where £ =5m is the car length, and

{ AV(t) = Vg (t) — vi(t),
Avp(t) = va(t) — vp(t),

nefl, ...,N—1},
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respectively. The time dependencies will be dropped in the
following.

Car-following models
The following models have been implemented:

+ the SFVD, as a representative of the class of (linear or near-
linear) OV and full velocity difference models. It is given by
Refs. (45-48)

o= (=0

dt +odW, 6
Tl T2 ) +0 ns ( )

where T; =2.5s and T, =25 are two relaxation times, and
where V: R +— R, is the OV function given by the sigmoid

tanh (s/£y — x) + tanh (x)
1 + tanh (x)

V(s) = vo ) (7)
where ¥ = 0.5 and ¢, = 20 m are the shape and scale param-
eters, and where vy =20 m/s is the desired speed (19, 23, 46).

+ the stochastic (near-linear) model of Tomer et al. (24) given
by

B 2T+ ¢ Z2(=Av,)
dvn_K<1—Axn+£)dt+ 2Ax. dt )

—2Z(vy — Vo) dt + o dWW,,

where Z(x) = (x + |x|)/2 is the positive part of x, K =5m/s? is
a sensitivity parameter, and T = 15 is the desired time gap.
+ the SID model (34), which reads

dvn=a<1— (%)2—(—)‘) dtrodw,

H — _ Av
with  f(v, Av) =s¢ + Tv e

where a = b =2m/s? are the desired acceleration and max-
imal deceleration parameter, s =2 misaminimalgap, T=1
s is the desired time gap and where v, = 20 m/s is the desired
speed.

+ the SATG model, obtained by relaxing the time gap T,(t) =
AXn/Vp as Tp(t) = AT — Tp(t), where A = 0.2 571 is a sensitivity
parameter and T=1s is the desired time gap (25). Using
speed and gap variables, the model reads

AMAx, — Tvp) + Av,
dvy=—F7———
Te(AxXn, Vi)

dt + o dW,. (10)

For practical purposes (namely, to avoid singularities when
the cars are about to collide due to the noise or when their
speed goes to zero), the time gap in the denominator is
bounded between Tmin =0.1s and Tma =4s using the
smooth maximum (respectively, minimum)

TE(A: V) = fz<Tmin; f—5<Tma><: €)>’ (11)

where fe is the LogSumExp function
f.(a, b) = elog (%/¢ + e/%). The function f(a, b) converges to
the maximum of a and b as ¢ — 0" and to the minimum as
€ — 07. In practice, € is set to 0.01.

In all the above expressions, o dW, represents the stochastic
noise, where the W,(t) denote independent Wiener processes

(see below for the actual implementation). The deterministic ver-
sions of the models are obtained by setting the volatility ¢ to 0.

Numerical implementation

We used an implicit/explicit Euler-Maruyama numerical solver
for the simulation with a time step 6t = 0.001 s. for the nth agent,
ne€{l, ..., N}, the numerical scheme reads

{ Xn(t 4 8t) = x,(t) + Stv, (t + St), (12)

Va(t + 6t) = V(1) + StFy(t) + +/Stg (v ()&, (1),

where F,(t) is used as a shorthand for the model-dependent de-
terministic response function F(Ax,(t), va(t), vas1(t), the &(t)’s
(fori=1, ...,N and t € 6tN) are independent normal random
variables, and

_ o
Tl4exp(—alv-v)

g(v) , 020, a=10°,  (13)
is designed to be close to zero when v gets smaller than v, =0.1
m/s to limit the collisions and equal to the volatility constant o
when v > v,.

Distribution of times for the emergence
of stop-and-go waves in SATG

Inthe ring experiment, the time for a stop-and-go wave to emerge is
about 150 sin (30) and 320 sin (32). These times, called time-to-jam
(TTJ), are also variable in the SATG model (10)-(11). Figure 3 shows
the histograms of the TTJ for noise volatilities o ranging from 0.55 to
0.95m/s%2. 10* simulations are repeated for each o. The initial
condition is uniform. We consider that a stop-and-go wave has
emerged when the SD of gaps exceeds 6 m. The more volatile the
noise, the faster the waves appear. The empirically observed vari-
ability seems to correspond to o (m/s%?) € [0.6, 0.7].

Computation of (¢),

In Figure 1, we run warm-up simulations for 5,000 s (to reach sta-
tionarity) before time-averaging the gap SD ¢ over the next 2,000
s. We repeat 100 independent Monte Carlo simulations for
each value of the noise volatility ranging from 0 to 1 in steps of
0.02 and each of the four stochastic car-following models of
Egs. 6-10. In the figure, the curves are the median values of
the Monte Carlo simulations, while the colored areas show the
minimum/maximum range of variation.
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