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First-principles study of the electronic structure and exchange interactions in bcc europium
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Magnetic properties of the europium metal in a bcc structure are studied from first principles using a
two-step approach. First, the electronic structure of a ferromagnetic state is calculated in the local spin-density
approximation~LSDA! to the density-functional theory whereby the highly localized 4f orbitals are treated as
part of the atomic core. This description leads to an equilibrium lattice constant that compares well with
experiment, in contrast to the standard LSDA which yields a significantly smaller atomic volume. In the second
step, parameters of an effective Heisenberg Hamiltonian are derived from the self-consistent electronic struc-
ture and they are used to determine the magnetic ground state and to estimate the magnetic transition tem-
perature. The calculated pairwise exchange interactions tend to couple the local magnetic moments of the
nearest neighbors ferromagnetically. However, the interaction parameters exhibit a slow oscillatory decay as a
function of the interatomic distance which makes them fully compatible with an observed spin-spiral ground
state. The resulting wave vector of the spiral as well as the Ne´el temperature are in fair agreement with
measured values.

DOI: 10.1103/PhysRevB.68.224431 PACS number~s!: 75.10.Hk, 71.27.1a
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I. INTRODUCTION

Electronic and magnetic properties of rare-earth~RE!
metals and RE-based alloys represent a long-standing c
lenge for first-principles theory of solids. While a gene
exact formalism is provided by the density-function
theory1,2 ~DFT!, standard approximations to the DFT like th
local spin-density approximation3,4 ~LSDA! and the general-
ized gradient approximation5 ~GGA! fail in a reliable treat-
ment of ground-state properties of these systems du
highly localized 4f electrons. A simple tool improving the
situation in a number of cases is an ‘‘open-core’’ approac6

the localized 4f orbitals are not contained in the valen
basis set but are treated as part of the atomiclike core.
idea was often employed in self-consistent spin-polari
calculations of RE-based systems during the last decad7–9

but its origin dates back to non-self-consistent calculation
a paramagnetic state.10,11 More sophisticated methods in
clude a LDA1U scheme12 and the self-interaction correcte
~SIC! LSDA approach.6,13 Ground-state magnetic structure
of 4f electron systems are often noncollinear and incomm
surate with the underlying chemical unit cell14 which pre-
sents another complication forab initio techniques. Conse
quently, most of the existing calculations were performed
collinear spin structures, both for elementary RE meta13

and for their alloys, especially with transition 3d metals,6

whereas noncollinear structures have been calculated
very recently.15,16

Generalizations of the DFT to finite temperatures and
cited states are possible, at least in principle. On a prac
level, however, additional assumptions and approximati
are inevitable for a treatment of finite-temperature proper
and magnetic excitations. A substantial progress in magn
3d transition metals and alloys has been achieved by
0163-1829/2003/68~22!/224431~7!/$20.00 68 2244
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ploying the local magnetic moments as classical degree
freedom relevant for spin dynamics and statistical phys
This concept can be justified by an adiaba
approximation17,18 and it can be applied in different ways
One way is to describe the paramagnetic state in terms o
so-called disordered-local-moment~DLM ! picture and to de-
rive the magnetic transition temperature from a line
response theory.17,19Another possibility is to consider a col
linear magnetic state and to map the total energy chan
accompanying small deviations of the local moment dir
tions onto a classical pairwise Heisenberg Hamiltonian18,20,21

which serves as a starting point for evaluation of magn
spectra, spin-wave stiffness constants, magnetic phase
grams, etc. Both approaches are quite successful for m
with large moments~Fe! whereas difficulties are encountere
for systems with small moments~Ni!. For RE metals a
theory based on intraatomic exchange integrals has been
rived within the LSDA~Ref. 22! which, however, failed to
describe quantitatively the Curie temperature of ferrom
netic gadolinium. For RE-based alloys containing 3d transi-
tion metals, a mapping of the total energies calculated
different spin configurations onto a Heisenberg Hamilton
was considered as well, but systematic studies of the C
temperatures are still missing, see Ref. 6 and referen
therein.

Europium is a RE metal with half-filled 4f level. Its equi-
librium crystal structure is body-centered-cubic~bcc! with a
lattice constant ranging froma54.582 Å at room tempera
ture to a54.555 Å for temperatures below 100 K.23 The
magnetic ground state is a spin spiral and the Ne´el tempera-
ture amounts to 91 K.23,24Eu in the bcc structure exhibits a
anomalously large atomic volume13,14 related directly to its
divalent state and it is thus well suited for testing variousab
initio schemes. The aim of this article is to apply a simp
©2003 The American Physical Society31-1
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TUREK et al. PHYSICAL REVIEW B 68, 224431 ~2003!
two-step procedure to selected properties of bcc Eu. First
zero-temperature electronic structure of Eu in a ferrom
netic ~FM! state is calculated in the standard DFT~LSDA,
GGA! as well as in the open-core treatment. The latter yie
an equilibrium lattice constant in good agreement with
periment. In the second step, an effective Heisenberg Ha
tonian is constructed and used in searching the magn
ground state and calculating the transition temperature. It
be expected that this approach is appropriate for Eu with
local magnetic moments due to the half-filled 4f level. We
find that the experimentally observed spin spiral arises du
a long-range character of the exchange interactions whic
caused by the Ruderman-Kittel-Kasuya-Yoshida~RKKY !
mechanism analogous to that encountered in 3d transition
metals21 and that the measured Ne´el temperature can b
roughly reproduced within the present scheme.

II. FORMALISM AND COMPUTATIONAL DETAILS

Most of the results reported here are based on s
consistent LSDA calculations using the all-electron sca
relativistic tight-binding linear muffin-tin orbital ~TB-
LMTO! method in the atomic-sphere approximati
~ASA!.25,26 The exchange-correlation potential was para
etrized according to Ref. 27 and the Brillouin-zone~BZ! in-
tegrals were replaced by sums over 1938k points in the
irreducible wedge of the BZ. As the position of the~occu-
pied! majority 4f orbitals is very close to the Fermi energ
their description as true core states, necessary in the o
core treatment, is impossible and a modified boundary c
dition to the single-site eigenvalue problem has to be s
plied. We decided to take it asD,(E)52,21, where,
53 andD,(E) denotes the logarithmic derivative of the s
lution to the radial Schro¨dinger equation at the atomic-sphe
boundary. The eigenvalue coincides then with the center
pure~unhybridized! , band of the LMTO-ASA method28 and
its contribution to the total energy is thus consistent w
neglected hybridization of the 4f orbitals with the rest of the
valence basis. The same boundary condition has rece
been used in a systematic study of the heavy RE’s
through Tm.9

For the sake of comparison, the Kohn-Sham equation
the LSDA and GGA were also solved using the full potent
linearized augmented plane-wave~FLAPW! method29 as
implemented in theWIEN30 and FLEUR31 codes. The latter
implementation enables us to perform also LDA1U and
GGA1U calculations, including optionally noncollinear sp
structures as well. A detailed account of the results will
published elsewhere.16

The effective Heisenberg Hamiltonian constructed in t
paper is given by

Heff52(
RR8

JRR8eR•eR8 , ~1!

where the subscriptR labels the lattice sites, the vectorseR
are unit vectors pointing in the direction of the individu
local moments, and the pair exchange interactionsJRR8 sat-
22443
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isfy JRR85JR8R and JRR50. They can be calculated usin
the magnetic force theorem20,32 applied within the TB-
LMTO-ASA method:21

JRR852
1

8p i EC
trL@DR~z!gRR8

↑
~z!DR8~z!gR8R

↓
~z!#dz.

~2!

In Eq. ~2!, the symbol trL denotes the trace over the angul
momentum indexL5(,m) and energy integration is per
formed in the complex energy plane along a closed cont
C starting and ending at the Fermi energy~with the occupied
part of the valence band lying insideC). The quantities
gRR8

s (z) (s being a spin index,s5↑,↓) denote site-off-
diagonal blocks of the so-called auxiliary Green-functi
matrices with elementsgRL,R8L8

s (z) while DR(z)5PR
↑ (z)

2PR
↓ (z) are diagonal matrices related to the potential fun

tions PR
s,(z) of the TB-LMTO-ASA method.26 The param-

etersJRR8 determined by Eq.~2! do not contain contributions
due to constraining magnetic fields necessary to keep a
zen noncollinear spin structure a stationary state of
Kohn-Sham equation. We believe that due to the large m
netic moment of Eu and the small dependence of the mom
magnitude upon rotations~see below!, these contributions
can be neglected. Reliable evaluation of the exchange in
actionsJRR8 for distancesd5uR2R8u up to ten lattice con-
stants was achieved by using 43106 k points in the full BZ
averages defining the site-off-diagonal blocksgRR8

s (z).26

More details can be found in Ref. 21.

III. RESULTS

A. Electronic structure and cohesive properties

Let us discuss first the results of standard LSDA~or
GGA! calculations focused on the equilibrium lattice co
stant in the FM state of bcc Eu. The total energy as a fu
tion of the Wigner-Seitz radiuss is shown in Fig. 1 for the
FLAPW30 and the ASA techniques. One can see that b
LSDA calculations yield an equilibrium Wigner-Seitz radiu
that is about 11% smaller than the low-temperature exp

FIG. 1. Total energy of bcc Eu in the FM state as a function
the Wigner-Seitz radiuss for different schemes and technique
LSDA/TB-LMTO-ASA ~full circles!, LSDA/FLAPW ~full squares!,
and GGA/FLAPW~open squares!. The data were shifted to a com
mon reference energy.
1-2
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FIRST-PRINCIPLES STUDY OF THE ELECTRONIC . . . PHYSICAL REVIEW B68, 224431 ~2003!
mental one,sexpt54.238 a.u. (1 a.u.50.529 Å). The GGA
leads to an expansion of the lattice to an equilibrium radius
about 5% smaller thansexpt.

The origin of the ‘‘overbinding’’ is clearly identified look-
ing at the spin-polarized density of states~DOS! decomposed
into spd and f contributions, see Fig. 2. The majority 4f
orbitals are nearly fully occupied but they are close to
Fermi energy so that a non-negligible tail of thef-projected
DOS contributes to the bonding and to a strong reduction
the atomic volume. It should be noted that a similar tail
encountered in the minorityf states in LSDA results o
gadolinium.31 Its influence on the equilibrium atomic volum
in the Gd case is less pronounced as compared to Eu b
affects simultaneously the stability of the FM Gd state
favor of an antiferromagnetic~AFM! spin structure.31,33,34

The calculated numbers of Eu 4f electrons fors54.0 a.u.
amount to N4 f

↑ 56.801, N4 f
↓ 50.011 in the LMTO-ASA

method, and toN4 f
↑ 56.692, N4 f

↓ 50.002 in the FLAPW
method30 ~the latter numbers refer to a smaller radius of t
muffin-tin sphere used,r MT52.65 a.u.). These values do n
change substantially over the interval of lattice consta
studied.

The effect of 4f electrons on the Eu equilibrium lattic
parameter should not be confused with the well-kno
LSDA overbinding,35 which would already have been~at
least partially! reduced by using the GGA. But even a GG
calculation yields a lattice parameter that is 5% too sm
i.e., far outside the typical GGA errors. A more detail
analysis for an analogous case of 5f electrons in the ac-
tinides was given in Ref. 36.

Let us turn to the open-core treatment. On the basis of
previous LSDA calculations, one can fix the occupation
the majority atomiclike 4f level at seven electrons leavin
the minority counterpart empty. The calculated ener
volume dependence is shown in Fig. 3 for three differ
spin structures: the FM state, the DLM state and an AF
state. The DLM state with moments pointing in random
rections was handled in the coherent-poten
approximation17,26 ~CPA! while the AFM state on the bcc
lattice was assumed in the CsCl arrangement. The BZ i
gration for the AFM state employed 2024k points in the

FIG. 2. Spin-polarized DOS for bcc Eu in FM state~LSDA, s
54.19 a.u., TB-LMTO-ASA!: total ~full lines!, spd projected
~dashed!, andf projected~dotted!.
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irreducible BZ of the CsCl structure. We note that the isot
pic DLM state treated within the CPA reduces to a comp
sated collinear random binary alloy containing 50% posit
and 50% negative moments.17 The marked improvement re
garding the equilibrium lattice constant due to the open-c
description is clearly seen: the relative deviation of the c
culated equilibrium atomic-sphere radiuss (s'4.19 a.u.)
with respect to experiment (sexpt54.238 a.u.) is merely
21.1%, irrespective of the spin structure.

It should be noted that the equilibrium lattice constant
quite sensitive to the choice of the single-site boundary c
dition: the 4f eigenvalue satisfying the condition modifie
e.g., toD,(E)52,523, leads to an equilibrium Wigner
Seitz radiuss'4.12 a.u., i.e., 2.7% below the experimen
This value is still substantially closer to the experiment th
the original LSDA value, but the non-negligible sensitivity
the equilibrium atomic volume to the logarithmic derivativ
at the sphere boundary represents an unpleasant featu
the open-core treatment.

The calculated energy differences among the three s
arrangements are rather small being of the correct orde
magnitude ('1 mRy/atom) as compared to the experimen
Néel temperature~91 K, 1 mRy[158 K). Interestingly, the
FM state is stable with respect to the simple AFM state
both collinear spin structures lie higher in energy than
DLM state. With a neglect of additional inaccuracy due
the CPA employed in the DLM calculations, Fig. 3 indicat
a tendency to a more complicated magnetic ground state

In view of the small calculated energy differences~Fig.
3!, the convergence behavior of the ground-state proper
with respect to the number ofk points has to be checke
carefully. We have repeated the calculations using the C
unit cell for each of the three spin structures~FM, AFM,
DLM !, eliminating thus any possible source of error due
different BZ. The irreducible part of the BZ has bee
sampled with a finer mesh of 5984k points. The resulting
equilibrium Wigner-Seitz radii deviate from the previou
ones less than 0.001 a.u. while the equilibrium total energ
as well as their differences deviate less than 0.01 mRy/at
This proves reliability of our ground-state calculations.

FIG. 3. Total energy of bcc Eu for different spin structures
functions of the Wigner-Seitz radiuss in the open-core treatmen
~TB-LMTO-ASA!. The zero on the energy scale was set to
minimum for the FM state.
1-3
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TUREK et al. PHYSICAL REVIEW B 68, 224431 ~2003!
The DOS for the theoretical equilibrium lattice parame
is shown in Fig. 4. A comparison of the profiles in Fig. 4 a
thespdcontributions in Fig. 2 reveal a little sensitivity of th
spd-projected DOS’s with respect to treatment of 4f orbitals.
The DOS’s obtained in the FLAPW technique30 are very
similar to the TB-LMTO-ASA ones, both in the standa
LSDA and in the open-core treatment.

The resulting position of the majority core 4f level
slightly above the Fermi energy~Fig. 4! illustrates a well-
known internal inconsistency of the open-core treatmen6,8

fixing the 4f occupation number to an integer value oft
violates the Kohn-Sham rule to occupy the lowest o
electron states in constructing the charge and spin den
Since a qualitatively similar situation was encountered us
both FLAPW techniques,30,31 we have not tried to remed
this failure by changing the single-site boundary conditio

It should be mentioned that switching from the LSDA a
GGA ~with 4 f orbitals in the valence basis! to LDA1U and
GGA1U within the FLAPW technique31 expands the lattice
constant, respectively, to25.3% and10.2% ~relative devia-
tions from the room-temperature experimental value!.16 The
underlying mechanism is essentially the same, namely a
moval of the 4f orbitals from the vicinity of the Fermi en
ergy. It has been shown for gadolinium that both LDA1U
and an open-core treatment represent from this point of v
equivalent modifications of the LSDA.31 But while in Gd the
minority 4f states are completely unoccupied, both in t
open-core and the LDA1U treatment, in the Eu case th
majority 4f electrons are still in the valence-band regio
Their presence accounts for the rather large difference in
calculated lattice parameters~5.3% too small in LDA1U,
while a FLAPW open-core calculation gives only a 2.5% t
small value!.

The resulting Eu magnetic moments depend slightly
the particular scheme employed. For the FM state and
Wigner-Seitz radiuss54.19 a.u., the standard LSDA~with
4 f orbitals in the valence basis! leads toM57.30mB while
the open-core treatment yieldsM57.25mB ~both values in
the TB-LMTO-ASA method!. The dependence of the loca
moment magnitude on the spin structure was studied wi
the open-core scheme. For the same Wigner-Seitz radius

FIG. 4. Spin-polarized DOS for bcc Eu in FM state~open core,
s54.19 a.u., TB-LMTO-ASA!. The dashed vertical line marks th
position of the occupied 4f level.
22443
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local moments in the AFM and DLM states amount toM
57.11mB and M57.21mB , respectively. These value
prove the changes inspdvalence bands due to different sp
arrangements. However, the relative differences are ra
small with respect to the big magnitude of the moment its
which is a necessary prerequisite for reliable applicability
the classical Heisenberg Hamiltonian.

B. Exchange interactions

The parametersJRR8 of the Heisenberg Hamiltonian, ca
culated in the FM state with the theoretical equilibriu
Wigner-Seitz radiuss54.19 a.u., are shown in the top pan
of Fig. 5. The first nearest-neighbor interactions domin
while the magnitude of the interactions of more distant pa
decays rapidly with increasing distanced5uR2R8u. A de-
tailed theoretical analysis21 of the asymptotic behavior o
JRR8 along a fixed direction of the vectorR2R8 reveals an
RKKY-like oscillatory dependence containing terms the a
plitude of which decays proportionally tod23. The calcu-
lated data—though probably in a preasymptotic region—
roughly consistent with this picture, as illustrated by the b
tom panel of Fig. 5: interactions of both positive and neg
tive signs are present with an envelope decaying liked23.

The RKKY asymptotics has profound influence on tho
properties that are expressed as real-space sums invo
the parametersJRR8 . This refers, e.g., to the lattice Fourie
transform of the exchange interactions defined by

J~q!5(
R

J0Rexp~ iq•R!, ~3!

whereq denotes a vector in the BZ. The convergence pr
erty of Eq.~3! for a parameterJ0[J(0) is shown in Fig. 6.
An alternative expression forJ0 can be formulated in terms
of the site-diagonal blocks of the Green functionsgRR

s (z)
which represents a sum rule to the quantitiesJRR8 and which
serves as an independent check of accuracy.20,21Note that for
systems with a ferromagnetic ground state, the parameteJ0
is proportional to a mean-field estimate of the Cu

FIG. 5. Exchange interactionsJRR8 for bcc Eu as a function of
the interatomic distanced5uR2R8u: without ~top panel! and with
~bottom panel! a prefactord3.
1-4
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FIRST-PRINCIPLES STUDY OF THE ELECTRONIC . . . PHYSICAL REVIEW B68, 224431 ~2003!
temperature.20,21 It is seen that the initial positive contribu
tion to J0 due to the first two neighboring shells is counte
acted by the contribution of more distant sites, leading t
to a negligible resulting valueJ0520.0360.02 mRy fully
consistent with that from the sum rule,J0

sr520.024
60.001 mRy~the small error of the latter is due to a nume
cal BZ average20,21!. Such a situation indicates again an i
stability of the FM state with respect to a more complica
spin structure.

C. Magnetic ground state

Determination of the ground state for the effecti
Heisenberg Hamiltonian, Eq.~1!, is a difficult task in view of
the highly dimensional manifold ofa priori possible states a
well as a number of qualitatively different spin structur
encountered in RE-based systems.14 Here we consider only
spin spirals specified by a singleq vector as

ēR5@sin~q•R!,0,cos~q•R!#, ~4!

since the spin structure observed for bcc Eu at low temp
tures belongs to this class.23,24 The minimum of the Hamil-
tonian Heff corresponds then to the maximum of the latti
Fourier transformJ(q), Eq. ~3!.

A scan over the whole BZ reveals that the absolute ma
mum of J(q) ~for the theoretical equilibrium Wigner-Seit
radiuss54.19 a.u.) is obtained for a vectorq5Q inside the
G-H line, namely atQ5(1.69,0,0)a21; see Fig. 7. The mag
nitude of Q determines the anglev between magnetic mo
ments in the neighboring~100! atomic layers. In the presen
case, it is equal tov548°. Similar values were obtained fo
the experimental value of the Wigner-Seitz radiussexpt
54.238 a.u., namelyQ5(1.63,0,0)a21, v547° ~see Fig.
7!. Both data sets are in surprising agreement with exp
mental results which report the spin-spiralq vector inside the

FIG. 6. The parameterJ0[J(0) for bcc Eu as a function of the
cutoff distancedmax used in the real-space summation in Eq.~3!: the
entire data set~upper panel! and the data fordmax.4a ~bottom
panel!. The dotted horizontal lines mark the exact value ofJ0 ob-
tained from a sum rule~Ref. 20!.
22443
s
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G-H line and the angle per layer equal tovexpt549° ~Ref.
23! andvexpt547.661.2° ~Ref. 24!.

D. The Néel temperature

The simplest estimate of the Ne´el temperatureTN of a
spin spiral with a vectorQ is based on a mean-field approx
mation ~MFA! which leads to14

kBTN
MFA5

2

3
J~Q!, ~5!

wherekB is the Boltzmann constant, whereas an improv
formula is provided by a random-phase approximatio37

~RPA!

~kBTN
RPA!215

3

4

1

N (
q

$@J~Q!2J~q!#211@W~q,Q!#21%,

~6!

whereN denotes the number of primitive cells in the sol
and

W~q,Q!5J~Q!2
1

2
J~q1Q!2

1

2
J~q2Q!. ~7!

A derivation of Eq.~6! is sketched in the Appendix. It can b
shown thatTN

RPA,TN
MFA in analogy to a relation for the ap

proximative Curie temperatures of a ferromagnet.21 The
evaluation of TN

RPA was based on the magnon Gre
functions21 corresponding to the two terms in Eq.~6! and on
a numerical procedure for analytic continuation of functio
of a complex variable.38

The calculated values equal toTN
MFA5147 K andTN

RPA

5110 K for the theoretical Wigner-Seitz radius (s
54.19 a.u.), while for the experimental lattice (sexpt

54.238 a.u.) values ofTN
MFA5151 K and TN

RPA5111 K
were obtained. Having in mind the approximative charac
of the electronic structure calculations as well as of Eq.~6!,
the RPA values are in reasonable agreement with the exp
mental valueTN

expt590.560.5 K.23,24

The overestimation of the calculated Ne´el temperature
with respect to the experiment can be partly assigned to
sumed rigidity of the moment magnitudes. A recent theor

FIG. 7. The lattice Fourier transformJ(q) of the exchange in-
teractions in bcc Eu along high-symmetry lines in the Brillou
zone calculated for a theoretical equilibrium lattice constant~full
line! and for an experimental low-temperature lattice const
~dashed line!.
1-5
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TUREK et al. PHYSICAL REVIEW B 68, 224431 ~2003!
ical study of the magnon spectra of late RE metals~Gd
through Tm! proves that a possible noncollinearity betwe
the localized (4f ) and itinerant~predominantly 5d) mo-
ments leads to a softening of the magnon energies.9 In the
case of Gd, the restriction to collinear arrangements
hances the magnon energies by a factor of 1.5 in the up
part of the spectrum. However, the lower part of the sp
trum, which is more important for a RPA estimation of th
Curie temperature,21 is less influenced. It can be expecte
that a similar mechanism applies for Eu, but its quantitat
assessment remains beyond the scope of the present pa

IV. CONCLUSIONS

We have shown that the simple open-core treatment of
4 f electrons in bcc Eu improves significantly the calcula
equilibrium lattice constant as compared to the stand
LSDA. This approach can hardly be considered a final so
tion to the problem of electron theory of rare-earth meta
however, it provides a sound basis for quantitative investi
tions of magnetic properties in terms of an effective class
Heisenberg Hamiltonian. We have demonstrated that the
change interactions are long-ranged and oscillatory, wh
leads to a noncollinear magnetic ground state that is form
even in the presence of a dominating ferromagnetic inte
tion between the nearest neighbors on the bcc lattice.
knowledge of the exchange interactions in the real sp
(JRR8) enables an efficient search for a possible magn
ground state by calculating their lattice Fourier transfo
J(q) on a dense mesh ofq vectors inside the Brillouin zone
The resultingq vector of the spin spiral as well as a RP
value of the Ne´el temperature are in good quantitative agre
ment with experimental data.

Similar agreement has been obtained using the pre
scheme also for ferromagnetic gadolinium.39 We believe that
the Heisenberg Hamiltonian with parameters derived from
self-consistent electronic structure20,32 is a framework that
might replace existing approaches to finite-temperat
properties,6,22 not only for elementary rare-earth metals b
also for their alloys with other elements and intermetalli
The above approach represents anab initio description of
truly localized 4f magnetic moments coupled by itinera
spd electrons,14 but it can also be modified in order to in
clude effects of strong electron-electron correlations o
more profound level.40
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APPENDIX: NÉ EL TEMPERATURE IN THE RPA

The RPA for the classical Heisenberg Hamiltonian, E
~1!, with a spin-spiral ground state, Eq.~4!, can be developed
in analogy to the case of a ferromagnet.37,41 First, we apply
local rotations around they axis in order to introduce loca
frames such that the unit vectorsēR of the spin spiral, Eq.
~4!, point along the local z axes. The component
(jR ,hR ,zR) of a general unit vectoreR in the global frame
are then expressed as

jR5cos~Q•R!xR1sin~Q•R!zR ,

hR5yR ,

zR52sin~Q•R!xR1cos~Q•R!zR , ~A1!

whereQ is the spin-spiral wave vector and (xR ,yR ,zR) are
components of the vectoreR in its local frame. The spin-
spiral state below the Ne´el temperature is featured by^xR&
5^yR&50 and^zR&Þ0, where^ . . . & denotes the statistica
~thermodynamic! average. The original isotropic Heisenbe
Hamiltonian with a symmetry-breaking external magne
field b can be written in the new variables as

Heff5H11H2 , ~A2!

whereH1 is an anisotropic Heisenberg Hamiltonian

H152(
RR8

~KRR8xRxR81LRR8yRyR81MRR8zRzR8!

2b(
R

zR , ~A3!

while H2 collects all remaining terms, namely,

H252(
RR8

NRR8xRzR8 . ~A4!

The pair interactions in Eqs.~A3! and ~A4! are given by

KRR85MRR85JRR8cos@Q•~R2R8!#,

LRR85JRR8 ,

NRR85JRR8sin@Q•~R2R8!#. ~A5!

They exhibit full translation invariance provided the origin
interactionsJRR8 possess the same property.

Second, magnons for the resulting Hamiltonian in t
transformed variables are studied.37 Since the termH2 with
parametersNRR8 given by Eq.~A5! does not contribute to
zero-temperature magnons, it is omitted here also for fin
temperatures. Application of the method of equation of m
tion for the two-time retarded Green functions to the ani
tropic Heisenberg HamiltonianH1 and a RPA-decoupling37

lead to a transition temperature
1-6
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3

4

1

N (
q

$@M ~0!2K~q!#21

1@M ~0!2L~q!#21%, ~A6!

whereK(q), L(q), M (q) refer to the lattice Fourier trans
forms, cf. Eq.~3!, of the corresponding pair interactions
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