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An Eulerian Vlasov code is used to study the physics of a collisionless sheath with grazing angles

of incidence of the magnetic field. The electrons are treated with a parallel-B kinetic equation. In the

case where the ion gyroradius is large compared to the Debye length, the electrons, frozen by the

magnetic field line, have to move rapidly along the magnetic field B in their attempt to follow the

ions gyrating perpendicular to B. Below a critical angle of incidence of the magnetic field, the large

gyroradius ions can be scraped off at the plasma-wall interface of the sheath. The electrons now

determine the characteristic time for information propagation, with low frequency oscillations

appearing in the system. In the case where the ion gyroradius is reduced to the same order as the

Debye length, the results evolve closer to those of the classical sheath, and the amplitude of the low

frequency oscillations is reduced. © 2009 American Institute of Physics. �doi:10.1063/1.3250290�

I. INTRODUCTION

A study of the plasma-wall transition problem in a con-

figuration where the external magnetic field is at grazing in-

cidence to the wall is important in many physical situations.

In such a configuration the particles and heat flow to the

material surface are critically dependent on the sheath char-

acteristics. Understanding the physical processes that are at

play in this situation is important to understand probe char-

acteristics �see, for instance, the work in Ref. 1�. In fusion

devices, this problem is important to determine the heat load

on the limiter or divertor in many plasma-limited or diverted

transitions in tokamaks. Also, the scrape-off layer, which is

in contact with the wall, can erode the surface and release

high-Z impurities which migrate toward the confined toka-

mak plasma �see, for example, Ref. 2�. In low pressure plas-

mas, the problem of understanding the physics of the

plasma-wall transition for treating material surfaces is at the

heart of an industrial revolution whose theme is the design of

matter on the molecular scale.

It is well known in the case of a nonmagnetized plasma

that the condition for the sheath formation demands that the

ions enter the sheath region at the sheath entrance after being

accelerated to the sound velocity in a collisional presheath

region. This is known as the Bohm criterion. This problem

has been investigated in several publications �see, for in-

stance, Refs. 3–7�. When a magnetic field is applied, the ion

Larmor radius �i governs the physical phenomena related to

the magnetic field, as discussed, for instance, in Refs. 8 and

9. The case where �i��De, where �De is the Debye length,

has been considered in several publications �see, for instance,

Refs. 9–11�. It was shown in this case that a new intermedi-

ate region exists between the sheath �also called the Debye

sheath� and the collisional presheath in order to redirect the

ionic flow guided by the magnetic field toward the wall. This

region is the magnetic presheath, whose spatial extension

depends on the gyroradius �i and is determined by a compe-

tition between the magnetic field, which tends to keep the

gyrating ions guided along the field lines, and the sheath

electric field, which tends to reorient them along the direc-

tion normal to the wall. In Ref. 11, the authors did a careful

study to distinguish between these three different regions,

i.e., the Debye sheath, the magnetic presheath region, and the

collisional presheath. Their conclusion was that for strong

magnetic field cases, the thickness of the magnetic presheath

is of the same order as the Debye sheath, the parallel and

perpendicular velocities are of the same order of magnitude,

and thus the plasma-wall transition can no longer be clearly

divided into three separate regions, especially at grazing in-

cidence of the magnetic field. Also, the Bohm’s criterion at

the entrance of the Debye sheath cannot be satisfied when the

magnetic field is large and the incidence is at grazing angle

�see also the results in Ref. 12�.
The simulations presented in Refs. 9 and 11 were done

using an adiabatic equation for the electrons. This model

resulted in steady-state equilibrium solutions for the sheath

problem, at angles of incidence of the magnetic field that are

not very small. However, it has recently been shown in Ref.

13 that for strong magnetic fields and small grazing angles of

incidence, steady-state oscillations can take place at the

plasma-wall transition, and that a kinetic equation has to be

used for the electrons to accurately and properly study these

oscillations. It is the purpose of the present work to present

kinetic simulations of the sheath problem for the case of a

strong magnetic field and small grazing angles of incidence

when the ion gyroradius is much larger than the Debye

length. The kinetic response of the electrons in their motion

along the magnetic field lines, responding to the gyrating

ions, is important and requires a parallel-B kinetic equation

for the electrons, which are frozen along the magnetic field

lines. For the case of a large ratio of the ion gyroradius to the

Debye length, there is a mechanism other than transport that

brings the ions into contact with the wall at small grazing

angles of incidence of the magnetic field, namely, the ions

gyrating around the magnetic field can be scraped off by the
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wall, as discussed in Ref. 13. The electrons, frozen by the

magnetic field, run along the magnetic field in their attempt

to catch the ions gyrating across the magnetic field. Below a

critical angle of incidence of the magnetic field, the electrons

then determine the characteristic times for information

propagation. This results in low frequency steady-state oscil-

lations appearing in the sheath, which are not related to edge

turbulence. We are far in this case from the picture of an

equilibrium solution for the sheath with an adiabatic law for

the electrons. The charge separation at a sheath-wall transi-

tion is very sensitive to the effect of the finite ion gyroradius

or, more precisely, to the ratio of the ion gyroradius to the

Debye length. The entire domain will be called the sheath

domain since in this case it is not possible to distinguish

between different regions, as we previously mentioned, and

the ions guided by the magnetic field have an important mo-

tion along the magnetic field in addition to the gyration

across the magnetic field.

We use an Eulerian Vlasov code in one spatial dimen-

sion in which the electrons, assumed to move only along the

magnetic field lines, are described by a parallel-B kinetic

equation, whereas the ions are described by a kinetic equa-

tion in the full velocity space, which integrates exactly the

ion orbits in the four-dimensional phase-space considered. A

deuterium plasma is considered. The equations are solved

numerically using a method of fractional step, which has

been previously discussed in literature �see, for instance,

Ref. 14�.

II. THE KINETIC MODEL FOR THE SHEATH

The relevant equations are those presented in Ref. 13.

We present these equations in order to fix the notation. We

consider a one-dimensional �1D� slab geometry in which the

inhomogeneous direction is in the x-direction normal to the

wall. The y-and z-directions are assumed homogeneous. The

constant magnetic field is located in the �x ,y�-plane and

makes a small angle � with the y axis. The magnetized elec-

trons are restricted to move with a velocity �� along the mag-

netic field and are described using a kinetic equation in the

direction along the magnetic field, with a distribution func-

tion fe�x ,�� , t� obeying the following Vlasov equation:

�fe

�t
+ �� sin �

�fe

�x
−

mi

me

Ex sin �
�fe

���

= 0. �1�

Time is normalized to the ion plasma frequency �pi
−1, velocity

is normalized to the acoustic velocity cs=�Te /mi, and length

is normalized to Debye length �D=cs /�pi. The potential is

normalized to Te /e and the density is normalized to the peak

initial central density n0. The ions are treated with a kinetic

Vlasov equation in one spatial dimension, which is written

for the distribution function f i�x ,�x ,�y ,�z , t� as

FIG. 1. Potential profile at �a� t=350, �b� t=375, �c� t=400, �d� t=425, and

�e� t=450.

FIG. 2. Electric field at �a� t=400 and �b� t=450.

FIG. 3. Electric field at t=375 �full curve�, �Pi /ni �dotted curve�,
0.1��z� /cos � �dash-dot curve�, and �Pi /ni+0.1��z� /cos � �dash curve�.
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�f i

�t
+ �x

�f i

�x
+ �Ex − �z�ci cos ��

�f i

��x

+ �z�ci sin �
�f i

��y

+ �ci��x cos � − �y sin ��
�f i

��z

= 0, �2�

where �ci is the ions gyrofrequency �normalized to �pi�.
The electric field is calculated from the following Poisson

equation:

�2�

�x2
= − �ni − ne�, Ex = −

��

�x
, �3�

where

ni�x� =	 f i�x,���d�� ,

ne�x� =	 fe�x,���d�� .

In the present work, we assume a completely absorbing wall

at x=0. We consider that the right boundary at x=L is a

sheath edge or sheath entrance, where ions are in-streaming

from a similar plasma that extends beyond x=L. We study

how the kinetic electrons and ions adjust accordingly in the

sheath domain, starting from the following initial conditions.

At the sheath entrance x=L, the in-streaming ions have ini-

tially a parallel to B shifted Maxwellian distribution of the

form �see Refs. 9 and 13 for more details�

f i�L,��� 

g����

�2�/tei�
3/2

e−tei��� − �0�2
/2e−tei���

2
+�z

2�/2, �4�

with tei=Te /Ti. �� is the velocity component parallel to the

magnetic field and �� is the velocity component normal to

the magnetic field. The shift �0 is chosen initially to be the

FIG. 4. Density profiles �full curve electrons, broken curve ions� at �a�
t=400 and �b� t=450.

FIG. 5. Current normal to plate �full curve electrons, dotted curve ions� at

�a� t=375 and �b� t=425 �the dash-dot curve is the total current, essentially

zero�.

FIG. 6. Charge �ni−ne� at �a� t=400 and �b� t=450.

FIG. 7. Energy flux normal to plate �Qe full curves, Qi dash curves� at �a�
t=375 and �b� t=425.
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negative sound velocity �1+1 / tei. The velocity of the in-

streaming ions is left to evolve during the simulation by

assuming that a similar plasma extends beyond x=L. The

smoothing factor g����= �1−exp�−2tei��
2�� is chosen to pro-

vide initially a smooth transition to f i=0 for �� 	0. The elec-

tron distribution function fe�x=L ,�� , t=0� at x=L is initially

taken as a Maxwellian,

fe�x = L,��,t = 0� = Ne exp�− me��
2
/�2mi�� �5�

normalized and truncated at a velocity Vc such that its den-

sity and its current are equal to the density and current ob-

tained from Eq. �4�. Vc is determined as follows. We assume

that initially at the right boundary the injected ions have a

density ni�x=L�=�−

0 f i����d��. The initial density of the elec-

trons at the right boundary should be equal to the density ni.

Using Eq. �5�,

ni = 	
−


Vc

fe����d��

= Ne��mi

2me

�erf
Vc��2mi

me

� + 1� , �6�

where

erf�y� =
2

��
	

0

y

e−y2

dy

is the error function. Equation �6� gives a first relation be-

tween Ne and Vc. The ion current density at x=L penetrating

the plasma in the direction parallel to B: ji=�−

0 ��f i����d��

�which is negative, the ions are injected at x=L toward

the left in the plasma�, must be equal to the electron cur-

rent density along the magnetic field B at x=L:

je=�−

Vc ��fe����d��. Substituting for fe from Eq. �5�, we arrive

after some straightforward algebra at the following transcen-

dental equation for Vc:

FIG. 8. Electron distribution functions at t=370. FIG. 9. Electron distribution functions at t=420.
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ji

ni

= −� 2mi

�me

e−meVc
2
/2mi

erf
Vc� me

2mi

� + 1

, �7�

which is solved numerically for Vc. This allows the electron

density and current along the magnetic field at the sheath

entrance x=L to be equal to the ion density and current

along the magnetic field at x=L �see for more details Refs. 9

and 13�. The initial condition in the domain is taken to

be spatially uniform with f i,e�x ,���= f i,e�L ,���. mei=me /mi

=0.5 /1836 for deuterium. We assume a completely absorb-

ing wall at x=0, and that at the sheath entrance at the right

boundary at x=L, the plasma extends to an identical plasma

so that the point next to the last grid point is identical to the

last grid point. At the left boundary at x=0, particles hitting

the wall are lost from the system and collected through the

current delivered at the plate,

� �Ex

�t
�

x=0

=� − Jx�x=0 =� − �Jxi − Jxe��x=0, �8�

from which

�Ex�x=0 = − 	
0

t

�Jx�x=0dt �� −
��

�x
�

x=0

, �9�

where

J�i =	 d���� f i�x,��� ,

Je� =	 d����fe�x,���

and Jxe=Je� sin �. We integrate over the domain the equation

�Ex /�x= �ni−ne� and we get

FIG. 10. Ion distribution functions Fi�x ,�x� at t=370. FIG. 11. Ion distribution functions Fi�x ,�x� at t=420.
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�Ex�x=L − �Ex�x=0 = 	
0

L

�ni − ne�dx = � . �10�

The system is initially neutral ni=ne. The boundary condition

on Ex in Eq. �9� is used to solve for the potential at x=0 in

Eq. �3�. The resulting electric field at x=L, obtained from the

solution of Eq. �3�, is related to the electric field at x=0 and

to the charge � appearing in the system through Eq. �10�. We

verify that this equation is satisfied at every time step.

Equations �1�–�3� are solved using a method of frac-

tional step, discussed, for instance, in Ref. 14. We run the

code and let the initially neutral plasma evolve to a steady

state. The motion of the ions is advanced with a time step of

�t=0.04, and the motion of the electrons is advanced with

�t=0.005 �ions are advanced by one time step for every

eight time steps for the electrons�. We use 200 grid points in

space in a domain L=100 Debye lengths, and 80 grid points

in each velocity space direction for the ions, with velocity

extrema for the ions equal to 
4 ion thermal velocities

�
4�Ti /Te the acoustic velocity cs�, and for the electrons,

the velocity extrema vary between +0.8�4 electron thermal

velocities and −1.2�4 electron thermal velocities �in order

to center the grid in the region where the electron distribu-

tion is dominant� with 250 grid points in velocity space. For

an arbitrary plasma profile, we have the following relations

for the ion temperatures:

Tix,y,z�x� =
1

ni�x�
	 d����x,y,z − ��x,y,z��

2f i�x,��� , �11�

��x,y,z� =
1

ni�x�
	 d���x,y,zf i�x,��� . �12�

III. RESULTS

The ratio of the ion gyroradius to the Debye length is

given by

�i

�De

=�2Ti

Te

1

�ci/�pi

. �13�

If we assume initially the ion distribution with Tix=Tiz=Ti,

then the factor 2Ti in the calculation of the gyroradius in Eq.

FIG. 12. Ion distribution functions Fi�x ,�z� at t=420. FIG. 13. Ion distribution functions Fi�x ,�y� at t=420.
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�13� takes into account that the perpendicular temperature of

the ions ��x
2�+ ��z

2�=2Ti /mi. The results we present are ob-

tained for a small grazing angle of incidence of the magnetic

field �=0.75°. The total length L of the system is taken to be

100 Debye lengths. Three cases will be studied for the ratio

of �i /�De.

A. Case 1: Ti /Te=2 and �ci /�pi=0.1

In this case, �i /�De=20 and the length of the system is

about 5 gyroradii �we recovered the same results by chang-

ing the length L to 150 Debye lengths and using 250 grid

points in space�. Preliminary results for this case were pre-

sented in Ref. 15. There exists a critical angle �c where the

transport of the ions perpendicular to the magnetic field is

equal to the transport of the electrons parallel to the magnetic

field �the x-components of the ion and electron velocities are

equal to each other�. Ions need half of a gyroperiod �i to

travel twice the gyroradius �i. In the time �i /2, electrons will

travel along the magnetic field a distance �Te /me�i /2.

Hence, we have when we project in the x-direction

tan �c =
2�i

�Te/me�i/2
=

2�2Ti/mi�i/�2��
�Te/me�i/2

= 0.9
�Time

�Temi

.

At this critical angle, the electrons moving along the mag-

netic field can still adjust to the gyration of the ions perpen-

dicular to the magnetic field in their attempt to compen-

sate for a charge separation. For the present set of param-

eters, there is a critical angle tan �c=0.9�Time /Temi�
1/2

=0.9 /42.85 or, equivalently, �c=1.2°. There are other effects

such as gyrocooling, which reduces Ti and �i in front of the

wall, as discussed in Ref. 9, and polarization drift �toward

the wall� from the accelerating electric field, which possibly

do not exactly compensate so that the factor 0.9 might be

approximate. In the present case, we have fixed �=0.75°,

therefore, ���c. Figure 1 shows the potential profile during

a period of the evolution of the oscillation �at t=350,

t=375, t=400, t=425, and t=450�. The period of this oscil-

lation for the present set of parameters is about 100, calcu-

lated from the numerical code. The electric field at the sheath

entrance �the slope of the potential at x=L� oscillates be-

tween positive and negative values. We present in Fig. 2 the

electric field profiles at t=400 and t=450. We present in

Fig. 3 the electric field at the intermediate time t=375

�full curve�, at a time where the slope of the potential at the

sheath entrance is close to zero �see Fig. 1�. The dotted curve

in Fig. 3 plots the quantity �Pi /ni, where the pressure

Pi=0.5�niTix+niTiz�. The dash-dot curve in Fig. 3 represents

the Lorentz force in the x-direction for the ions, which in our

units is written as 0.1��z� /cos � �with �ci /�pi=0.1�. The bro-

ken curve in Fig. 3 represents the combined force term

�Pi /ni+0.1��z� /cos �. The broken curve appears to follow

the electric field curve, deviating only in front of the plate.

�This deviation is due to the fact that ni is small in front of

the plate, so the division by ni might cause some inaccuracy.�
The results in Fig. 3 indicate that the observed oscillations

take place around an equilibrium where the electric field bal-

FIG. 14. Tix�x� �full curve�, Tiy�x� �dash curve�, and Tiz�x� �dash-dot curve�
at t=420.

FIG. 15. Electron temperature Te�x� at �a� t=370 and �b� t=420.

FIG. 16. Velocity ��x� at �a� t=370 and �b� t=420 �ions full curves, electrons

broken curves ����sin ��.
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ances the pressure force and the Lorentz force term. Figure 4

shows the density profiles �full curve electrons, broken curve

ions� at t=400 and at t=450. The close agreement between

the electron and ion density curves indicates that there is

almost quasineutrality during this oscillation. The oscillation

of the density curves reflects the fact that particles are al-

lowed to move in and out at the right boundary of the do-

main during an oscillation period, maintaining quasineutral-

ity during the oscillation and a total current of zero normal to

the plate in the sheath domain. The currents normal to the

plate are presented in Fig. 5 �full curve Jxe=Je� sin � for the

electrons, dotted curve Jxi for the ions, and the dash-dot

curve for the difference �Jxi−Je� sin ��, which is essentially

zero�. These curves are taken at t=375 and at t=425. The

steady-state oscillation resulting from the ions motion and

from the electrons running along the magnetic field takes

place in such a way that the total current normal to the plate

is zero from the sheath entrance at x=L to the wall at x=0

and quasineutrality in the sheath is maintained �see Fig. 4�.
Since during steady-state oscillations the total current normal

to the plate is zero, then Eq. �9� demands that �Ex�x=0 be

constant at the wall, as observed in Fig. 2. On the other hand,

we have �Ex�x=L− �Ex�x=0=� �see Eq. �10��; therefore, the

variation in the total charge � in the sheath domain has to be

followed by the same and equal variation in the electric

field �Ex�x=L at x=L. This is exactly what is observed in Fig.

2. Equation �10� is verified at every time step by the numeri-

cal code. Figure 6 represents the charge �ni−ne� at t=400

and t=450 �the two curves are close in the figure, but due to

the large ratio of �i /�De, a small variation in the charge sepa-

ration translates into an effective large difference in the cor-

responding potential and electric field�. There is a positive

charge in front of the plate over a length of about 20 Debye

lengths, i.e., over about 1 gyroradius. There is a tendency for

the positive charge in front of the plate to decrease for small

angles � and large �i /�De, the electrons running along the

magnetic field can reach closer to the wall, as discussed in

Ref. 13. The energy fluxes Qi�x� and Qe�x� normal to the

FIG. 17. Velocity ��y� at �a� t=370 and �b� t=420.

FIG. 18. Velocity ��y� at �a� t=370 and �b� t=420.

FIG. 19. Potential profile at �a� t=290 and �b� t=340.

FIG. 20. Electric field at �a� t=290 and �b� t=340.
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wall for the ions and electrons are given in Fig. 7 and are

defined by

Qi�x� =
1

2
	 d���x�

2f i�x,���,

�14�

Qe�x� =
me

mi

1

2
sin �	 d����

3fe�x,���

�full curves for the electrons and broken curves for the ions

at t=375 and t=425�. Usually, at such a small grazing inci-

dence of the magnetic field, the frozen electrons along the

magnetic field will have tendency to prevent the transport of

the ions across the magnetic field. However, we note during

the oscillations of the ion energy flux �the broken curve in

Fig. 7� that the ions maintain a contribution at the plate,

reflecting the fact that a small population of ions are being

scraped off in front of the wall. We can say that the oscilla-

tions act like a periodic pump for particles and energy, en-

forcing the necessary transport to the wall. A similar result

was also reported in the experimental results presented in

Ref. 16, which showed that the flux energy collected at the

wall decreases with the angle of incidence of the magnetic

field according to a sine law, goes through a minimum value

at a critical angle of incidence, and below that critical angle

of incidence, the flux energy collected at the wall was in-

creasing again. However, the ratio of the ion gyroradius to

the Debye length in the results reported in Ref. 16 was 200,

so a comparison can be only qualitative. Figures 8 and 9

present the distribution function of the electrons for a half

period interval at t=370 and t=420, showing the strong os-

cillation of the running electrons throughout the domain, es-

pecially at the sheath entrance at the right boundary and at

the sheath wall at the left boundary in order to catch the ions

FIG. 21. Electric field at t=315 �full curve�, �Pi /ni �dotted curve�,
0.1��z� /cos � �dash-dot curve�, and �Pi /ni+0.1��z� /cos � �dash curve�.

FIG. 22. Current normal to the plate �full curve electrons, dotted curve ions�
at �a� t=265 and �b� t=315 �the dash-dot curve is the total current, essen-

tially zero�.

FIG. 23. Energy flux normal to the plate �Qe full curves, Qi dash curves� at

�a� t=375 and �b� t=425.

FIG. 24. Density profiles �full curve electrons, broken curve ions� at �a�
t=290 and �b� t=340.

103506-9 Oscillations of the collisionless sheath… Phys. Plasmas 16, 103506 �2009�



and maintain quasineutrality and zero total current in the

direction normal to the wall. Note also the marked and con-

tinuous deviations of the distribution functions from a sym-

metric Maxwellian �with a cutoff at the right edge�, which

can only be followed with the kinetic model for the elec-

trons, showing that the adiabatic approximation is no longer

applicable. The same oscillation is observed in the gyrating

ion population in the x-direction in Figs. 10 and 11, where

the 1D distribution function Fi�x ,�x� is plotted

Fi�x,�x� =	 d�yd�zf i�x,��� . �15�

The oscillating population of electrons and ions maintain

quasineutrality and the equality of the ion and electron cur-

rents normal to the plate. Figures 12 and 13 represent

Fi�x ,�z� and Fi�x ,�y� given by

Fi�x,�z,y� =	 d�xd�y,zf i�x,��� . �16�

The distribution functions at the lower part of Figs. 8–13 are

cuts obtained �from bottom to top� at x=0, x=L /16, x=L /8,

x=L /4, and x=L from the contour plots. When approaching

the wall the width of the distribution function Fi�x ,�z� in Fig.

12 shrinks �for the z-direction�E� �B� drift�. This gyrocooling

effect described in Ref. 9 is due to the thermal energy gradu-

ally converted into kinetic energy of the wall-tangential drift

motion. Note in Fig. 13 that the ions entering the sheath in

the direction y �essentially parallel to the magnetic field since

�=0.75°� have a peak in the distribution function around the

initial sound speed, �1+Ti /Te=1.732 �see the bottom of Fig.

13�. However, the distribution is not the initial Maxwellian

distribution as in Eq. �4� �see again the bottom of Fig. 13,

showing the distribution functions elongated in the negative

direction�. Figure 14 presents the ion temperature Tix�x� �full

curve�, Tiy�x� �broken curve�, and Tiz�x� �dash-dot curve�

FIG. 25. Velocity ��x� at �a� t=265 and �b� t=315 �ions full curves, electrons

broken curves ����sin ��.

FIG. 26. Velocity ��y� at �a� t=265 and �b� t=315.

FIG. 27. Velocity ��z� at �a� t=265 and �b� t=315.

FIG. 28. Potential profile at �a� t=212 and �b� t=214.
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�see Eq. �12�� at t=420. It is Tiz�x� �dash-dot curve� which

shows the most important variation during the oscillation.

Note the cooling observed when approaching the wall for

Tix�x� and Tiz�x�. Figure 15 presents the electron temperature

Te�x� defined by

Te�x� =
1

ne�x�
	 d����� − �����2fe�x,��� �17�

�at t=370 and at t=420�. It shows an oscillation that reflects

the important oscillation of the electrons, and it also shows a

cooling in front of the plate. Again, we see that an adiabatic

approximation with a Te constant in space and time is not

possible.

Figures 16–18 present the ion velocities as calculated

from Eq. �12�. Also, we present in Fig. 16 the electron ve-

locity in the x-direction ����sin � �broken curve�, which, for

the present small grazing angle of incidence, follow the

variation in the ion velocity in the x-direction ��x�, thus

maintaining quasineutrality and a zero total current normal to

the plate in the x-direction during the steady-state oscilla-

tions. We note in Fig. 16, when we get close to the wall at

x=0, that the oscillation of the ion velocity ��x� normal to the

wall tends to be replaced by a constant shape of the velocity

��x� normal to the wall, as in a classical sheath. In Fig. 17 we

see ��y�, which is essentially the velocity parallel to B since

the angle � is very small, increasing slowly toward the wall.

Although at the bottom curves in Fig. 13 the peak of the

distribution functions Fi�x ,�y� has the tendency to be located

around the sound speed �1+Ti /Te=1.732, the elongation of

the distribution functions toward negative velocities in Fig.

13 results in a value of ��y� at x=L around 2.36 in Fig. 17. So

the ions enter the sheath domain during the oscillation with

an average velocity along the magnetic field at x=L, showing

a very small oscillation around 2.36, which is not the sound

velocity in this case. Finally, Fig. 18 shows the important

increase in ��z� parallel to the wall.

FIG. 29. Electric field at �a� t=212 and �b� t=214.

FIG. 30. Electric field at t=213 �full curve�, �Pi /ni �dotted curve�,
0.1��z� /cos � �dash-dot curve�, and �Pi /ni+0.1��z� /cos � �dash curve�.

FIG. 31. Charge �ni−ne� at t=213.

FIG. 32. Density profiles �full curve electrons, broken curve ions� at

t=213.
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B. Case 2: Ti /Te=1 and �ci /�pi=0.1

In this case, �i /�De=14 and the length of the system is

about 7 gyroradii. We still keep �=0.75°. The critical angle

for the present set of parameters is �c=0.85°. The angle � is

close to �c, with ���c. Figures 19–27 summarize the re-

sults in this case. Oscillations are still present, but the ampli-

tude of the oscillations has decreased �see Fig. 19 for the

potential during a half period�. The period of oscillation is

still close to about 100. Note in Fig. 20 the electric field right

next to the wall remaining essentially constant. However, the

picture of a sheath with an electric field fading away as we

move toward the right boundary is now modified by the ap-

pearance of small oscillations around the zero value of the

electric field at the right boundary due to the kinetic treat-

ment of the electrons, which are running to follow the ions,

and maintaining zero total current in the direction normal to

the wall and quasineutrality �see Figs. 22 and 24�. We

present in Fig. 21 the electric field at the intermediate time

t=315 �full curve�, at a time where the slope of the potential

at the sheath entrance x=L is close to zero �see Fig. 19�. The

dotted curve in Fig. 21 plots the quantity �Pi /ni, where the

pressure Pi=0.5�niTix+niTiz�. The dash-dot curve in Fig. 21

represents the Lorentz force in the x-direction for the ions,

which in our units is written as 0.1��z� /cos �. The broken

curve in Fig. 21 represents the combined force term �Pi /ni

+0.1��z� /cos �. The broken curve appears to follow the elec-

tric field curve. The results in Fig. 21 indicate that the ob-

served oscillations take place around an equilibrium where

the electric field balances the pressure force term and the

Lorentz force term. In Fig. 22 electron and ion currents

normal to the wall are equal so that the total current

�Jxi−Je� sin �� is zero. We note in Fig. 23 that the energy flux

normal to the wall at the left boundary is slightly more nega-

tive with respect to Fig. 7. Note the density profiles in Fig.

24 being steeper close to the wall with respect to those pre-

sented in Fig. 4.

FIG. 33. Tix�x� �full curve�, Tiy�x� �dash curve�, and Tiz�x� �dash-dot curve�
at t=213.

FIG. 34. Electron temperature Te�x� at t=213.

FIG. 35. Velocity ��x� at t=213 �ions full curve, electrons broken curve

����sin ��.

FIG. 36. Velocity at t=213 �dash curve ��y�, full curve ��z��.
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Figures 25–27 present the ion velocities as calculated

from Eq. �12�. We present also in Fig. 25 the electron veloc-

ity in the x-direction ����sin � �broken curve�, which, for the

present small grazing angle of incidence, follow the variation

in the ion velocity in the x-direction ��x�, thus maintaining

quasineutrality and a zero total current normal to the plate in

the x-direction during the steady-state oscillations. In Fig. 25

the magnitude of the oscillation appears smaller than the

equivalent one in Fig. 16. We note in Fig. 25, when we get

close to the wall at x=0, that the oscillation of the ion ve-

locity ��x� normal to the wall tends to be replaced by a con-

stant profile of the velocity ��x� normal to the wall, as in a

classical sheath. In Fig. 26 we see ��y�, which is essentially

the velocity parallel to B since the angle � is very small,

increasing slowly toward the wall. The velocity ��y� at the

entrance of the sheath at x=L is essentially constant at −1.76,

showing a negligible oscillation, while the sound speed in

this case is −�1+Ti /Te=−1.414. So the ions enter the sheath

domain during the oscillation with an average velocity along

the magnetic field at x=L at −1.76, slightly lower than the

sound velocity in the present case. Finally, Fig. 27 shows the

important increase in ��z� as ions accelerate toward the wall.

C. Case 3: Ti /Te=0.2 and �ci /�pi=0.1

In this case, �i /�De=6.32 and the length of the system

is about 15 gyroradii. The critical angle in this case is

�c=0.38°, below and not very close to the value �=0.75°. In

the present results, we are closer to a more familiar sheath

behavior, as discussed, for instance, in Ref. 9. The results are

presented in Figs. 28–40. Figure 28 shows the potential

profiles and Fig. 29 shows the electric field at t=212 and

t=214. A stable electric field profile appears in front of the

wall, fades away as it penetrates the plasma region, and

maintains a small oscillation around x=L. The period of the

oscillation we see in this case is about 6 so at t=214 we have

been through more than 30 periods of oscillation, yet the

electric field profile in front of the wall is very stable. As in

the previous cases, Eq. �10� is verified at every time step.

For instance, in Fig. 30 the electric field at the sheath

entrance �Ex�x=L is close to zero at the intermediate time

t=213. Then, from Eq. �10�, we have �Ex�x=0�−�, i.e., the

charge collected on the wall is essentially equal and opposite

to the charge appearing in the system. In Fig. 30 the electric

field at the wall is −0.1730, and the integration over space of

the charge in Fig. 31 �using a simple summation rule� is

FIG. 37. Ion distribution functions Fi�x ,�x� at t=213. FIG. 38. Ion distribution functions Fi�x ,�z� at t=213.
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0.171. The agreement is good. The electric field in Fig. 30 at

the intermediate time t=213 �when the potential in Fig. 28 is

in between curves �a� and �b�� follows nicely the broken

curve �Pi /ni+0.1��z� /cos �, especially in front of the wall

where the profile of the electric field is constant. We note that

the term �Pi /ni �dotted curve� appears small in the present

case so that the electric field essentially balances the Lorentz

force term �the dash-dot curve�. A small oscillation remains

in the system, which is the result of the kinetic treatment of

the electrons. The charge �ni−ne� is given in Fig. 31 and

shows an accumulation of a positive charge in front of the

wall more important than what was obtained in the first two

cases and a deeper penetration of the charge separation in the

plasma �in the first two cases the negative electrons can reach

closer to the wall�. The electron density �full curve� and ion

density �broken curve� are given in Fig. 32.

The ion temperatures Ti,x,y,z, as defined in Eq. �9�, are

plotted in Fig. 33, and the electron temperature Te is given in

Fig. 34. Figures 35 and 36 show the ion velocities. In Fig. 35

the velocity ��x� normal to the wall is negligibly small until

close to the wall where ��x� increases, directing the ions to-

ward the wall as in a classical sheath. Also in Fig. 35 we see

����sin � for the electrons �dash curves�. We see in Fig. 37

for the contour plot of Fi�x ,�x� that the ions accelerate to-

ward the wall in the x-direction. In Fig. 36 the ��y� velocity

�dash curve�, essentially parallel to the magnetic field since �
is very small, remains constant, and is equal to the initial

sound speed �1+Ti /Te=1.095, showing a very small in-

crease closer to the plate. The distribution function Fi�x ,�y�
appears in Fig. 39 to remain close to its initial Maxwellian

shape in the region toward the sheath entrance. In Fig. 36,

��z� �full curve� shows an increase toward the plate, which is

associated with a cooling in Fi�x ,�z� toward the plate �see

Fig. 38�, which is termed gyrocooling in Ref. 9. Finally,

Fig. 40 shows the electron distribution function Fe�x ,��� at

t=213. We note the accurate calculation of the distribution

functions, especially close to the wall.

We have reached, with the present set of parameters, a

solution where the ions penetrate along the magnetic field at

the sound speed in what we can define as a magnetic

presheath, maintain along the magnetic field a distribution

very close to a Maxwellian distribution, and then are accel-

erated in front of the wall in the direction normal to the wall,

FIG. 39. Ion distribution functions Fi�x ,�y� at t=213.
FIG. 40. Electron distribution functions Fe�x ,��� at t=213.
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in what can be defined as the Debye sheath �see Fig. 35�.
These results are similar to what has been reported in Refs.

9, 11, and 17 using adiabatic electrons. In the present results,

however, we are able to provide this solution at a high mag-

netic field and a small grazing angle of incidence using a

kinetic equation for the electrons. Also the use of a kinetic

equation for the electrons allows a small amplitude oscilla-

tion to persist, which is not present in the adiabatic electron

approximation used in Refs. 9, 11, and 17.

IV. CONCLUSION

There is an abundant literature associated with plasma

boundary and sheath problems where electrons are treated

using an adiabatic law �see, for instance, Refs. 2, 9, and 11�.
In the results presented in Ref. 11 an accurate study was

presented to distinguish between the collisional presheath,

the magnetic presheath, and the Debye sheath in the plasma

wall transition problem. It was found, however, that this dis-

tinction cannot be done in the case of a strong magnetic field,

with �i /�De�1. In the present work, we have studied this

problem using a kinetic description for the electrons, which

are frozen along the magnetic field lines. We have presented

a study of the physics associated with a collisionless plasma

sheath, in the case of a strong magnetic field and with small

grazing angles of incidence of the magnetic field, when the

ions gyroradius is larger than the Debye length. In this case,

the motion of the ions both along the magnetic field and

normal to the wall is important. We have shown that below

a critical angle of incidence �c, the physics of the sheath

differs from the classical sheath behavior obtained when the

angle of incidence of the magnetic field � is greater than �c.

In the cases we have presented, the ratio of the ion gyrora-

dius to the Debye length was varied from a relatively large

value of 20, to 14, and to 6.32 at a constant angle of inci-

dence of the magnetic field �=0.75°. The electrons, frozen

along the magnetic field lines, have to move rapidly along

the magnetic field to try to catch the gyrating ions. This

results in low frequency steady-state oscillations appearing

in the system, an effect that is particularly important for the

case when �i /�De is large, as, for instance, the case �i /�De

=20 studied in Case 1, where large gyroradii ions can be

scraped off by the wall. In these steady-state oscillations, the

total current across the sheath remains zero. This undamped

steady-state oscillations observed in the sheath with periods

larger than the gyroperiod are due to the combined effect of

the electrons running along the magnetic field lines and the

ions gyrating across the magnetic field lines. These low fre-

quency oscillations will have a tendency to be more complex

in the presence of heavy impurity ions �which have larger

gyroradii and larger gyroperiod� and are not related to edge

turbulence. Note also the finite energy flux normal to the

plate when ���c, as observed in Fig. 7. Usually the plasma

particles are transported along the magnetic field lines. How-

ever, when the angle between the magnetic field and the wall

is very small, the measurements of Langmuir probes in the

boundary regions of fusion devices are enhanced with re-

spect to what is predicted theoretically. The results in Ref.

16, done with �i /�De=200, show that below a critical angle

where the ion transport to the wall reaches a minimum, there

is an increase in the ion transport to the wall. The present

simulation results show how the physics of the sheath under

the condition ���c agrees, at least qualitatively, with these

observations, and how it is difficult to distinguish in this case

between sheath and presheath regions due to the strong os-

cillations in the sheath where we observe an important mo-

tion of the ions both along the magnetic field and normal to

the plate.

The transition to the case with �i /�De=6.32 and �	�c

in Case 3 shows results closer to what one would expect in

the case of a classical sheath: more important positive charge

accumulating in front of the wall and the electric field reach-

ing profiles that have stable negative peaks at the wall and

fading away as we penetrate the plasma. The ions travel

along the magnetic field at the sound speed in what can be

defined as a presheath region, then their velocities are redi-

rected toward the wall, and accelerated toward the wall under

the effect of a constant electric field located in front of the

wall, in what can be defined as a Debye sheath region.

In all the cases treated, the ions penetrate at x=L with an

average velocity along the magnetic field which has essen-

tially a constant value, slightly larger �in absolute value� than

the acoustic speed in the first two cases �see Figs. 17 and 26�
and equal to the acoustic speed in the third case �see Fig. 36�.

The low noise level of the Eulerian Vlasov code allows

accurate calculation of the distribution functions and the as-

sociated charges and currents necessary to calculate the

fields. We note the accurate calculations of the distribution

functions, especially close to the wall. An accurate knowl-

edge of the distribution functions at the wall is crucial to

determine the effect of the ions on the material surface since

sputtering and adsorption by the surface depend on the en-

ergy and angle of incidence of the ions impinging on it, as

discussed, for instance, in Ref. 18.

With the use of a parallel-B kinetic equation for the elec-

trons in the present work, rich physical processes in the

sheath problem have been studied. It is beyond the scope of

the present work to speculate about the importance of a sec-

ond spatial dimension for this problem. The results presented

in Ref. 19 with �i /�De=1 point to the importance of the finite

gyroradius effect in the plasma-wall transition problem. The

results in Ref. 20 show the importance of the Kelvin–

Helmholtz instabilities in the case of a two-dimensional

plasma. The physics of the sheath problem in two spatial

dimensions, with strong magnetic fields and grazing inci-

dence �a problem of great importance in tokamak physics,

for instance� is still to discover.
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