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Synopsis

The understanding of yielding and flow of a colloidal glass under large amplitude oscillatory shear
�LAOS� represents a motivating challenge. Monitoring the higher harmonics in the stress signal by
Fourier-transform �FT� rheology may provide useful insight on the progressive transition from
linear to nonlinear viscoelastic response. However, the physical interpretation of FT-rheology data
is still not obvious. Here we study the process of yielding in a colloidal glass formed by star-like
block copolymer micelles with LAOS experiments and interrogate the nonlinear intracycle stress
response by FT analysis and decomposition to an orthogonal set of Chebyshev polynomials
�Ewoldt, R. H., et al. J. Rheol. 52�6�, 1427–1458 �2008��. Such approach provides a robust
framework enabling us to map out a rich phenomenology of intracylce nonlinearities that may
relate to distinct physical mechanisms. We find that the nonlinearities during yielding are
represented by intracylce shear thickening/thinning and strain hardening/softening of the viscous
and elastic response of the system, respectively. We suggest that the underlying mechanisms are
related to cage breaking and reformation as well as stress storing and relaxation within the period
of oscillatory shear which are affected by an interplay between shear and Brownian motions and
thus relate to Péclet number variation with strain and frequency. © 2010 The Society of
Rheology. �DOI: 10.1122/1.3483610�

I. INTRODUCTION

Colloids at high volume fractions may form metastable states where particles are
kinetically trapped either due to excluded volume, entropic effects, or attractive interac-
tions with the former usually characterized as colloidal glasses while the latter as colloi-
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dal gels �Pusey and Van Megen �1986�; Pusey and Van Megen �1987�; Zaccarelli �2007��.
When both effects contribute to the dynamic arrest, the system considered an attractive
glass �Pham et al. �2002��. Due to such interactions particle diffusion over a long distance
is increasingly slowed down as the volume fraction or attraction gets higher, and a two
step diffusion process appears with a fast relaxation time corresponding to the diffusion
on the interparticle distance or within the cage and a slow one related to diffusion over
longer distances �Pusey �1991��.

The mechanical response of such glassy states is that of a viscoelastic yield stress
material �Mason et al. �1996�; Cloitre et al. �2003�; Petekidis et al. �2003�; Helgeson
et al. �2007�; Pham et al. �2008�� with low elastic modulus and yield stress due to the
micrometric size of the constituents �thus the term soft glasses�. A shear induced solid- to
liquid-like transition �yielding� has been studied in a variety of such soft matter systems
both under steady and oscillatory shear �Mason et al. �1996�; Petekidis et al. �2002�;
Petekidis et al. �2003�; Helgeson et al. �2007�; Pham et al. �2006, 2008�; Carrier and
Petekidis 2009�. The goal to identify the underlying structural changes responsible for
such transitions is partly achieved for model systems such as repulsive �hard sphere� and
attractive glasses, where yielding is related to breaking of entropic cages �Petekidis et al.
�2002, 2003, 2004�� or interparticle bonds and attractive cages �Pham et al. �2006,
2008��, respectively. In these cases, the associated yield strains are to a large extent
dictated by the structural details of the system.

At high volume fraction soft colloids such as polymeric micelles �Hamley �1998�;
Yamazaki et al. �2002�; van Ruymbeke et al. �2010��, core-shell and simple microgels
�Deike et al. �2001�; Le Grand and Petekidis �2008�; Carrier and Petekidis �2009�; Sie-
benbürger et al. �2009�; Purnomo et al. �2008�� and star polymers �Kapnistos et al.
�2000�; Loppinet et al. �2001�; Christopoulou et al. �2009�� exhibit liquid to solid tran-
sition. The effective volume fraction of these soft colloids may be tuned by either in-
creasing the number density or by varying the temperature �Kapnistos et al. �2000�;
Renou et al. �2007�; Deike et al., 2001; Carrier and Petekidis �2009��, although these two
ways are not necessarily equivalent �Le Grand and Petekidis �2008�; van Ruymbeke et al.
�2010��. In systems with soft repulsive interactions such as migrogels �Cloitre et al.
�2003��, multiarm stars �Helgeson et al. �2007�; Christopoulou et al. �2009��, core-shell
particles �Le Grand and Petekidis �2008��, emulsions �Mason et al. �1996��, or foams
�Rouyer et al. �2008��, yielding is also affected by particle �or outer shell� elasticity,
especially for volume fractions around and above close packing �Mason et al. �1996�;
Seth et al. �2006�; Le Grand and Petekidis �2008�; Carrier and Petekidis �2009��.

Since soft particles exhibit certain similarities with regard to their dynamics and rhe-
ology �Likos �2006�; Watanabe et al. �1997�; Watanabe et al. �2001�; Mortensen et al.
�2002��, hard-sphere simple models for the latter are often employed �Senff et al. �1999�;
Siebenbürger et al. �2009��. Nevertheless, such an approach fails at high volume fractions
when interactions become important and affect the macroscopic properties �Le Grand and
Petekidis �2008�� or for particles with long grafted chains �van Ruymbeke et al. �2010��.

On the theoretical side, there are simple phenomenological models �Derec et al.
�2003�; Craciun et al. �2003�; Carrier and Petekidis �2009�� and mesoscopic theories
�Sollich �1998�; Fielding et al. �2000�� that capture main features of non-linear rheologi-
cal tests. On the other hand, much more rigorous approaches such as mode coupling
theory were extended to describe steady �Fuchs and Cates �2003, 2009�� and oscillatory
shear non-linear tests �Miyazaki et al. �2006�� Still, however, the detailed physical
mechanisms responsible for yielding in colloidal systems and the way this is affected by
interparticle interactions is not fully disclosed.
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One aspect of the yielding processes is the appearance of significant non-linearities as
demonstrated by a distorted stress response under oscillatory shear strain �Gadala-Maria
and Acrivos �1980�; Kallus et al. �2001�; Derec et al. �2003�; Craciun et al. �2003�; Le
Grand and Petekidis �2008�; Carrier and Petekidis �2009��. Thus a significant number of
yielding studies on soft matter glasses has utilized large amplitude oscillatory shear
�LAOS� experiments �Wilhelm et al. �1998�; Nicolai and Benyahia �2005�; Hyun et al.
�2006�; Le Grand and Petekidis �2008�; Rouyer et al. �2008�; Lonetti et al. �2008��. The
stress distortion observed within an oscillation cycle can be analyzed via a Fourier trans-
form analysis �FT� calculating the higher odd harmonics contribution as a first measure
for the progressive transition from linear to nonlinear behavior �Wilhelm et al. �1998�;
Neidhöfer et al. �2003��.

LAOS data may also be represented by the so called Lissajous plot, where the total
stress is plotted versus the applied strain within a cycle �Philippoff �1966�; Tee and Dealy
�1975��. Nonlinearity in the stress response results in distortion of the elliptical shape of
the Lissajous plot and appearance of higher harmonics in the Fourier spectrum. Although
FT rheology is widely employed, it still lacks clear physical interpretation that may relate
the macroscopic rheological response during yielding with microscopic physical mecha-
nisms. More recently, the method of stress decomposition �Cho et al. �2005��, which uses
symmetry arguments to decompose the total nonlinear stress into a superposition of an
elastic and a viscous contribution, was extended by Ewoldt et al. �2008� with the use of
a unique set of orthogonal, first kind Chebyshev polynomials. This method provides a
basis for a physically meaningful interpretation of different kinds of nonlinearities in-
volved in yielding such as temporary strain hardening �or softening� and shear thickening
�or thinning� within a cycle of a LAOS experiment.

Here, we study suspensions of soft colloidal micelles obtained by dissolving the am-
phiphilic diblock copolymer poly�ethylene-alt-propylene�-poly�ethylene oxide� �PEP-
PEO� in heavy water �D2O�. Highly asymmetric PEP-PEO may form spherical star-like
micelles in aqueous media �Lund et al. �2004��, which recently have been introduced as
tunable analogs of regular star polymers �Laurati et al. �2005, 2007��. We investigate
yielding and flow of such soft colloidal glass as a function of strain and frequency using
both the FT analysis and the orthogonal stress decomposition. In particular, the latter
leads to a physical interpretation of the intracycle nonlinearities enabling us to show that
the yielding process dwells on a wide range of strain �5%–50%� and involves a combi-
nation of intracycle shear-thickening/thinning and/or strain hardening/softening phenom-
ena that depend on both the strain amplitude and frequency and may be attributed to
microscopic mechanisms such cage breaking, relaxation, and reformation.

II. EXPERIMENT

A. Materials and methods

PEP-PEO copolymers were prepared by a two step anionic polymerization �Poppe
et al. �1997��. The number-average molar masses �Mn� determined by size exclusion
chromatography in THF/DMA at 40 °C were 1300 g/mol for the PEP block and 20300
g/mol for the PEO block corresponding to an overall Mn=21600 g /mol for the block
copolymer. Their polydispersity indices �Mw /Mn� were 1.04 and 1.08, respectively. Clear
solutions of PEP-PEO were obtained in deuterated water �D2O 99.8%, purchased by
Armar Chemicals� after stirring at room temperature for at least 3 h. The solutions were
left at measurement temperature for 1 day to equilibrate before measuring. A previous
study �Willner et al. �2001�; Lund et al. �2006�� has demonstrated that, in aqueous
solution, PEP-PEO forms micelles where no kinetic exchange of block copolymers be-
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tween different micelles is possible due to the high interfacial tension between PEP and
water �46 mN m−1�. Moreover, the micelles remain stable under shear as evidenced by
Rheo-SANS measurements �Stellbrink et al. �2008��. Such micelles are called “frozen”
micelles in contrast with “living” micelles where the functionality �i.e., number of block
copolymers or “arms” per micelle� may vary with concentration �Renou et al. �2008��
and/or temperature �Sommer and Pederson �2004��. Thus, for the system studied here, the
absence of kinetic exchange ensures that the functionality remains constant with varying
concentration and temperature.

Since D2O is a marginal solvent for PEO, the solvation of the corona changes with
temperature making the micelles shrinking with increasing temperature. The inset of Fig.
1�a� shows the temperature dependence of the hydrodynamic radius �RH� of the micelles
determined by dynamic light scattering in very dilute regime. RH was about 36 nm at
20 °C, slightly bigger than in previous small angle neutron scattering measurements
�SANS� in water with similar block copolymer �Lund et al. �2006��. The RH decreases
linearly with increasing temperature in the range of temperature investigated here �inset
of Fig. 1�a��. The functionality, f �i.e., number of block copolymers or “arms” per mi-
celle�. determined by SANS was found to be around 120 and independent of temperature
in agreement with �Lund et al. �2006��. Using the values of RH at 20 °C and f , we found
that the overlap concentration, c�=3fMw / �4�RH

3Na� �where Na is the Avogadro number�
is c�=21.7 g / l.

B. Dynamic light scattering

Conventional dynamic light scattering �DLS� and multi-speckle dynamic light scatter-
ing �MSDLS� experiments were performed to characterize the particles and measure their
dynamics in dilute and concentrated, glassy suspensions, respectively. The samples were
thermostated at the desired temperature ��0.1 °C�, using a home-made temperature con-
trolled bath. DLS and MSDLS measurements were performed with a home-made goni-
ometer comprising of a charge-couple device �CCD� based detection for the slow dynam-
ics and a single-mode fiber detection unit for the fast part. The laser source was a
Nd:YAG solid state laser ��0=532.5 nm� and maximum power of 150 mW with a col-
limated incident beam of 0.8 mm diameter. The collection optics images a cylindrical
portion of the scattering volume �0.8�2 mm2� onto the CCD detector; all data shown
here were measured at �=90°, corresponding to q=0.0251 nm−1 �qRH�0.9�. We process
the CCD data using the time resolved correlation method �Cipelletti et al. �2003��, which
allows us to follow both stationary and time-varying dynamics through the instantaneous
degree of correlation, cI, between pairs of images of the speckle pattern scattered by the
sample at time tw and tw+�, cI�tw,��= ��Ip�tw�Ip�tw+���p / �Ip�tw��p�Ip�tw+���p�−1. Here Ip

is the intensity at pixel p and the average is over all the CCD pixels. Data are corrected
for the uneven illumination as in �Duri et al. �2005��. For non-stationary dynamics �e.g.,
during sample aging�, the two-time intensity correlation function, g2�tw, tw+��−1, is
obtained by averaging cI�tw,�� over tw, choosing a time window short enough for the
dynamics not to evolve significantly. For stationary dynamics �e.g., when equilibrium is
reached�, time invariance is fulfilled and g2�tw, tw+��−1 reduces to the usual intensity
correlation function g2���−1. The intensity correlation function measured by the CCD
was multiplied by some constant number to rescale with the one obtained by point-like
�PMT detector� which measures the fast dynamics ���10 s�, averaged over a large
number of speckles through a slow rotation of the sample cell.
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(a)

(b)

FIG. 1. �a� Intensity correlation function of a solution of PEP-PEO micelles with concentration 54.25 g/l
measured by MS-DLS at �=90° at 15 and 20 °C �2.5c��. The inset represents the temperature dependence of
the hydrodynamic radius �RH� from dilute solution �c=4.4.10−3 g / l�. �b� Dynamic frequency sweeps at �0

=0.5% for a solution of PEP-PEO with 54.25 g/l for different temperatures as indicated. G� are indicated with
closed and G� with open symbols.
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III. RHEOLOGY

The oscillatory measurements were performed in a strain-controlled rheometer ARES
�Rheometric Scientific� with a force rebalance transducer 100FRTN1 in cone plate ge-
ometry �25 mm diameter and cone angle of 0.048 rad�. Dynamic strain sweep experi-
ments were performed at different frequencies to determine the elastic and viscous
moduli G� and G� as a function of strain amplitudes varying from 0.1% to 100%. Dy-
namic time sweeps were performed at specific strains and frequencies in the range of
0.1% to 500% and 0.1–20 rad/s, respectively. Before each rheological test, the sample
was rejuvenated by a dynamic time sweep with 1000% strain at 0.1 rad/s for 600 s and
then left to rest for 120 s. A solvent trap was used to create a closed saturated atmosphere
around the sample and thus minimize evaporation. In addition, for longer measurements
�typically 1 day long�, we have also used a ring of silicone oil, immiscible with water,
sealing off the sample, and eliminating evaporation throughout the duration of the ex-
periments.

IV. LAOS ANALYSIS

In the linear regime, the Lissajous loop �stress versus strain within a period of oscil-
lation� forms an ellipse where the major axis corresponds to the complex modulus, G�,
and the area of the loop is proportional to viscous modulus, G�. With increasing strain
amplitude in the nonlinear regime, the stress response is no longer sinusoidal leading to
a distortion of the Lissajous curves. The stress distortion was analyzed both by Fourier-
transform analysis as well as the method of stress decomposition in an orthogonal set of
Chebyshev polynomials �Ewoldt et al. �2008��. The former determines the amplitude and
phase difference of higher harmonics relative to the fundamental �Wilhelm et al. �1998��,
while the latter uses symmetry arguments to decompose the total nonlinear stress re-
sponse into a superposition of an elastic stress, 	��x�, where x=� /�0=sin 
t, and a
viscous stress, 	��y�, where y= �̇ / �̇0=cos 
t. The total oscillatory stress is the sum of the
two contributions, 	�t�=	��t�+	��t�=�0�n:odd�Gn� sin n
t+Gn� cos n
t�. This decompo-
sition is based on the idea that 	� should be an odd function of x and even of y, whereas
	� should be even in x and odd in y. Such procedure results in single-valued 	� and 	�
functions of strain and strain rate, respectively, in contrast to the closed loops �see Fig. 6�
obtained with the total stress versus strain �elastic Lissajous representation� and rate
�viscous Lissajous representation�. The elastic and viscous stresses may be directly re-
lated with the higher harmonics of a FT analysis �Cho et al. �2005�; Ewoldt et al. �2008��.
The intracycle elastic and viscous nonlinearities may be quantified with the use of a set of
orthogonal polynomials for describing 	��t� and 	��t�. Out of many, Chebyshev polyno-
mials of the first kind were chosen �Ewoldt et al. �2008�� as the most appropriate, in
terms of symmetry constrictions, that can also be easily related to the FT coefficients.
Using this basis set, elastic and the viscous contributions to the stress can be written as

	��x� = �0 �
n:odd

en�
,�0�Tn�x� , �1a�

	��x� = �̇0 �
n:odd

�n�
,�0�Tn�y� , �1b�

where Tn�x� and Tn�y� are the nth-order Chebyshev polynomial of the first kind with
en�
 ,�0� and �n�
 ,�0�, the corresponding amplitudes �Ewoldt et al. �2008��.

In the linear regime, only the first harmonic contributes to 	��t� and 	��t�; hence Eq.
1 recovers the linear viscoelastic results with e1=G� and �1=G� /
=��. In this limit, the
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elastic and viscous stresses are represented in the Lissajous plot by straight lines �see
Figs. 6�a� and 6�b��. When higher order Chebyshev coefficients are nonzero, the elastic
and/or viscous stress contributions 	��t� and 	��t� plotted against strain and rate, respec-
tively, deviate from straight lines. In the nonlinear regime, a positive contribution of the
third order polynomial results in an increased elastic stress at the maximum strain, x
→1, as compared to the first-order contribution alone. Thus, e3
0 corresponds to an
intracycle strain hardening, while e3�0, resulting from a lower 	��x� at x→1, indicates
an intracycle strain softening. Similarly, for �3
0, an increased �compared to a pure
first-order contribution� viscous stress at y→1 corresponds to an intracycle shear thick-
ening, whereas �3�0 reflects an intracycle shear thinning. Equivalent information can be
deduced from the minimum-strain amplitude elastic modulus, GM� 	d	 /d� 
x=0=e1−3e3

+¯, and the large-strain elastic modulus, GL�		 /� 
x=1=e1+e3+¯, or their viscous
counterparts which similarly are linear superpositions of �n �Ewoldt et al. �2008��.

In this way, the great advantage of such orthogonal decomposition compared to FT
analysis is that the Chebyshev coefficients provide a clear physical classification of non-
linearities at large-strain amplitudes.

V. RESULTS AND DISCUSSION

Star-like micelles are soft particles with long polymeric arms which can strongly
interpenetrate at high concentration reaching values much larger than overlap, c�. Figure
1�a� shows the intensity auto-correlation function, g2�t�, for a solution with 54.25 g/l
measured by MSDLS at �=90° at 15 and 20 °C �2.5c��. An ultraslow relaxation of
multimode character is observed in both cases. The elucidation of the origin of the
ultraslow relaxation requires detailed q-dependent study which is beyond the scope of the
present work and will be performed in the future. Briefly we note that the two steps
observed �Fig. 1�a�� probably reflect heterogeneous slow dynamics similar to those ob-
served in concentrated colloidal systems �El Masri et al. �2009��. The observation that the
ultraslow relaxation slows down strongly from 20 to 15 °C is naturally attributed to the
increasing RH of the micelles with decreasing temperature leading to higher effective
volume fraction and stronger arm interpenetration. Note that a g2�t=0��1 indicates the
existence of a process with characteristic relaxation faster than 0.1 s due to the arm
cooperative relaxation �Seghrouchni et al. �1998�; Loppinet et al. �2005��.

The temperature dependence of RH affects also the linear viscoelastic properties of the
system, as shown in Fig. 1�b�. At 10 °C, corresponding to an effective concentration c
=2.64c� �as calculated from RH�T��, G� is larger than G� in the whole frequency range
and both moduli are almost frequency independent a typical feature of colloidal glasses
�Mason et al. �1997�; Stiakakis et al. �2002�; Koumakis et al. �2008�; Carrier and Peteki-
dis �2009��. At 20 °C while G�
G� at high frequencies, it decreases with decreasing
frequency until a terminal relaxation time is reached �about 0.4 rad/s� below which G�

G�. At 25 °C �c=2.42c�� the system flows, however, not exhibiting a clear Maxwell-
like �G��
2 and G��
1� behavior reminiscent of approaching a critical gelation �Winter
and Mours �1997��. For the solution with 54.25 g/l, Fig. 1�b� indicates a liquid-solid
transition between 10 and 20 °C, while a temperature sweep at 0.1 rad/s determines the
transition at Tc=17 °C. Here, most of the measurements are performed at 10 °C. Figures
2�a� and 2�b� show the dynamic strain sweeps from the 54.25 g/l solution �c=2.5c� at
T=20 °C� at different frequencies �Fig. 2�a�� and temperatures �Fig. 2�b��. In all cases,
the samples display the typical shear melting transition for colloidal glasses �Mason et al.
�1997�; Pham et al. �2006�; Carrier and Petekidis �2009��. At low strains, the sample
exhibits a solid-like behavior; then as the strain amplitude is increased, the sample starts
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(a)

(b)

FIG. 2. �a� Dynamic strain sweeps for a solution of PEP-PEO with 54.25 g/l versus frequency at 20 °C �c
=2.5c��. G� are indicated with closed and G� with open symbols. �b� Dynamic strain sweeps for a solution of
PEP-PEO with 54.25 g/l versus temperature at 
=10 rad /s as indicated: T=10 °C �c=2.64c��, T=15 °C �c
=2.57c��, T=20 °C �c=2.5c��. G� are indicated with closed and G� with open symbols. Regions from I to IV
are discussed in the text.
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yielding with G� decreasing while G� first passes through a maximum before decreasing
as well. Above the overlap of G� and G�, which almost coincides with the peak of G�,
both moduli decrease with G�
G� indicative of a shear melted sample. The yield strain
��y�, determined at the G�−G� crossover �or at the maximum of G��, increases weakly
�from 5 to 10%� with increasing frequency in accordance with previous findings in hard
and soft spheres �Petekidis et al. �2003�; Helgeson et al. �2007�; Le Grand and Petekidis
�2008�; Derec et al. �2003�; Pham et al. �2008��.

The temperature dependence for 54.25 g/l �c=2.5c� at T=20 °C� �Fig. 2�b�� shows an
increasing G� and a decreasing G� with decreasing temperature due to the accompanied
effective volume fraction increase and the resulting stronger arm interpenetration. On the
other hand, �y remains virtually the same due to the constant number concentration and
thus the unchanged distance between centers of particles that determine the size of the
cage. Such behavior also suggests that decreasing temperature is not quantitatively
equivalent to increasing number concentration. Thus, decreasing temperature leads to
particle swelling but does not affect the aggregation number, which means that the par-
ticles become bigger but their repulsive interaction become weaker in agreement with
recent experimental findings in other soft particles �Le Grand and Petekidis �2008�;
Renou et al. �2009�; van Ruymbeke et al. �2010��. The strain regimes �I–IV� denoted in
Fig. 2�b� indicates different mechanical responses discussed below.

VI. FT-ANALYSIS

Dynamic strain sweeps monitor the average viscoelastic properties over few periods of
oscillation, whereas the stress response within a cycle may provide more detailed infor-
mation especially in the non-linear regime. Figure 3 shows the stress response as a
function of time �panel a�, applied strain �panel b�, and strain rate �panel c� within a
period of oscillation for two applied strain amplitudes. The upper part of Fig. 3 shows the
response under 1% strain �linear regime� where the stress remains sinusoidal and no
distortion is observed. In this case, the elastic Lissajous plot �Fig. 3�b�� is an ellipsoid
where the slope of the main axis corresponds to G�, the tangent slope at zero strain yields
the linear elastic modulus G�, and the area is proportional to G�. The non-deformed
ellipsoidal shape is the signature of the linear regime. The linear regime is clearly con-

FIG. 3. �a� Shape of the stress response �full lines� and strain �dotted lines� as a function of time, �b� Lissajous
plot of the stress as a function of strain �elastic representation� and �c� strain rates �viscous representation�, and
�d� Fourier spectra. The data were collected by LAOS experiments from a solution of PEP-PEO with 54.25 g/l
and T=10 °C �c=2.64c�� for �0=1% �top panel� and �0=15% �bottom panel�.
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firmed by the FT analysis �see Fig. 3�d�� which shows only a contribution from the
fundamental frequency in the stress response. On the other hand, the lower part of Fig. 3
shows the stress response for applied strain amplitude of 15%, i.e., in the non-linear
regime. The stress signal is strongly deformed producing a much more open, square-like
Lissajous loop in the elastic representation. The non-linearity can be quantified through
the FT analysis which reveals strong contribution from higher odd harmonics, as seen in
Fig. 3�d� �bottom�. Note that even harmonics were virtually zero suggesting the absence
of transient wall slip �Graham �1995�; Wilhelm et al. �1998�� or secondary flows �Atalık
and Keunings �2004�� that may break the symmetry of the Lissajous curves. Such sym-
metry also �see also Figs. 6 and 9 below� indicates that steady state was reached and no
preferred direction of flow exists in contrast with observations by Rogers and Vlassopou-
los �2010� in multiarm stars.

A systematic FT analysis is shown in Fig. 4�a� where the higher harmonic contribu-
tions relative to the fundamental, In / I1, are plotted versus the applied strain. In the linear
regime, below �0=2%, only the fundamental frequency contributes to the stress response.
At higher strains, the contribution of higher odd harmonics becomes more pronounced
due to the increased stress nonlinearity. As the strain is increased, first, the third harmon-
ics contribution sets in and then the fifth and seventh. I3 / I1 increases with increasing
strain amplitude up to about �0=100% and then reaches a constant value of I3 / I1

�24%. The fifth and the seventh harmonics also increase with strain but are weaker than
the third one while they do not seem to reach a plateau, at least in the strains accessible
here. Moreover, for all frequencies studied, In / I1 is always less than 1/n as expected for
simple shear thinning models �Wilhelm et al. �2000��. Note, however, that for more
complicated nonlinear response, with strong elastic contribution such scaling does not
necessarily hold. In addition, the scaling I3 / I1��0

2 proposed for the weakly nonlinear
regime �Neidhöfer et al. �2003�� does not seem to describe accurately intermediate strains
here; a scaling exponent of about 1.5 is found instead for strains between 2% and 10%.
We further observe that the onset of stress nonlinearity is where G� starts to increase in
the conventional dynamics strain sweep �Fig. 2�b��. The FT analysis at different frequen-
cies �from 1 to 20 rad/s� is summarized in Fig. 4�b�. Although I3 / I1 exhibits essentially
the same shape for all frequencies, the strain at which I3 / I1 starts to increase shifts to
higher strains with increasing frequency, consistently with the increase of the yield strain
determined at the peak of G� or the G�−G� crossover.

Figure 5�a� shows the viscoelastic data in a dynamic strain sweep at 10 rad/s together
with values acquired at steady state during successive dynamic time sweeps at specific
strain amplitudes. The latter where used for the measurement of the stress response
within a cycle and the determination of the higher harmonics �Figs. 4 and 5�b��. Figure 5
demonstrates that both measurements lead to almost identical values; hence the data from
dynamic strain sweeps are steady state values.

In Fig. 5�b� we show the behavior of the third harmonic at different number concen-
trations �at T=10 °C�. Although the onset of the I3 / I1 increase is observed at lower
strains with increasing concentration, almost the same maximum value is reached in all
samples. At higher number concentrations the star-like micelles interpenetrate each other
more and their repulsive interactions increases �Roovers et al. �1995�; Renou et al.
�2007�� leading to higher viscoelastic moduli similarly with the response at constant
number concentration and decreasing temperature �Fig. 2�b��. However, the yield strain
decreases with increasing number concentration �inset of Fig. 5� in contrast to what was
observed with increasing effective volume fraction via decreasing temperature. This find-
ing is indicative of the non-equivalence of T and c dependence of the effective volume
fraction as mentioned earlier. When the data from different concentrations �Fig. 5�b�� are
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(a)

(b)

FIG. 4. Normalized amplitude In / I1 for the third ���, the fifth ��� and the seventh ��� harmonics as a function
of the applied strain for a solution of PEP-PEO for 54.25 g/l at T=10 °C �c=2.64c�� and 
=10 rad /s. �b�
Normalized amplitude I3 / I1 as a function of the applied strain for a solution of PEP-PEO for 54.25 g/l at T
=10 °C �c=2.64c�� for different frequencies.
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(a)

(b)

FIG. 5. �a� G� �filled symbols� and G� �open symbols� as a function of strain amplitude from a dynamic strain
sweep �triangles� and at steady state from time sweep at a specific strain �circles� for a solution of PEP-PEO at
T=10 °C �c=2.64c��. �b� Normalized amplitude I3 / I1 as a function of the applied strain at 
=10 rad /s for a
solution of PEP-PEO at T=10 °C at different concentrations as indicated. Inset: In / I1 as a function of the
reduced strain, � /�y, for the same concentrations.
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renormalized by the corresponding yield strain, they superimpose quite well for all higher
harmonics �inset of Fig. 5�b��. This demonstrates explicitly that the magnitude of the
nonlinearities is determined by the distance from the yield strain and thus all concentra-
tions in the regime studied here behave similarly.

VII. LISSAJOUS PLOTS

Examples of Lissajous curves are presented in Fig. 6 for various imposed strain am-
plitudes ��0� at a representative frequency of 
=10 rad /s. Both the elastic �	�t� vs ��t��
and the viscous representation �	�t� versus �̇�t�� are shown together with corresponding
stress waveforms. At 1% strain, i.e., in the linear regime, the elastic Lissajous loop is an
ellipse as expected and the elastic contribution to the stress �dotted line in left column of
Fig. 6� is a straight line where the slope is equal to G� and its value is in accordance with
the one obtained by the dynamic strain sweeps or the frequency sweeps in the linear

FIG. 6. �a� �left column� Elastic Lissajous curves map for different strains at 10 rad/s for a solution of
PEP-PEO at T=10 °C �c=2.64c��. The solid lines are the normalized total stress �	� response and the dotted
lines are the elastic stress response �	�� as a function of the normalized strain ���. The maximum stresses are
indicated above each curve. �b� �central column� Viscous Lissajous curves map corresponding to the same
strains as in �a�. The solid lines are the normalized total stress �	� response and the dotted lines are the viscous
stress response �	�� as a function of the normalized strain rate ��̇�. �c� �right column� The corresponding stress
response within a cycle.

1231YIELDING OF A SOFT COLLOIDAL GLASS UNDER LAOS



regime. In the same way in the central column of Fig. 6, the dotted lines representing the
intracycle viscous stress are also straight lines at low strain amplitudes with their slopes
equal to ��=G� /
. As the strain is increased, the onset of nonlinearity in the material
response is evident by a visual inspection of distorted Lissajous loops, which appear more
open in the elastic and self-intersecting in the viscous representations, respectively. At the
same time, the concurrent elastic and viscous stresses progressively depart from linearity
with increasing strain or rate revealing a rather rich material response with softening/
hardening and thinning/thickening contributions depending on the frequency as will be
discussed below. An intriguing observation is that in the nonlinear regime the minimum-
strain modulus, GM� , may even become negative due to strong nonlinear strain hardening
contribution �e1�3e3�. A similar finding was reported by Ewoldt et al. �2008� in worm-
like micelle solutions, and will be discussed further below.

VIII. CHEBYSHEV POLYNOMIAL ANALYSIS

As mentioned above, the use of Chebyshev polynomials allows decomposition of the
stress response into purely elastic and viscous components, represented by en and �n.
Here we are focusing at e3 and �3 since they are significantly larger than higher order
contributions in all cases. When the applied strain amplitude approaches or exceeds the
yield strain the elastic and viscous stresses depart from straight lines indicating a signifi-
cant contribution from, at least, the third order Chebyshev coefficients �e3 and �3�, as seen
in Fig. 6. The results for the elastic and viscous responses at 1 and 10 rad/s are very
similar. By decomposing the elastic and the viscous stress signal to the orthogonal set of
Chebyshev polynomial, we may determine quantitatively the intracycle strain hardening/
softening and shear thinning/thickening response of the material.

Figure 7 depicts e3 /e1 �=−G3� /G1�� and �3 /�1 �=G3� /G1�� as a function of the applied
strain at 10 rad/s. In the linear regime, no contribution from higher order intracycle elastic
or viscous stresses is detected. With increasing strain above about 3% �coinciding with
the increase of G� in the strain sweep�, �3 /�1 starts to increase revealing a shear thick-
ening contribution while no elastic contribution in the nonlinearity is recorded �see arrow
1 in Fig. 7�. This suggests that for these strains the nonlinearity has a purely viscous
origin. The fact that it is accompanied by an increase of the total G� suggests a regime of
increased energy dissipation and thus viscosity of both linear and non-linear character.
Increasing the strain amplitude above 5%–6% e3 /e1 starts to increase indicating an ad-
ditional strain hardening non-linear contribution while at the same time �3 /�1 drops and
becomes negative above about 15% strain �see arrow 2 in Fig. 7�. At this particular strain
regime �5% to 15%�, the sample exhibits nonlinearities in both the elastic and viscous
responses attributed to strain hardening and shear thickening, respectively. Above 15%
strain, �3 becomes negative, revealing a shear thinning nonlinear viscous response, while
e3 keeps increasing strongly probing a pronounced strain hardening type of nonlinear
elastic behavior.

At even higher strains, both the elastic and viscous contributions of the third order
Chebyshev coefficients seems to reach a plateau similarly with the higher harmonics from
the FT analysis �Figs. 4 and 5�b��. Note that the latter relate to Chebyshev coefficients
through I3 / I1=�e3

2+ ��3
�2 /�e1
2+ ��1
�2 �Ewoldt et al. �2008��. Hence I3 / I1 is in general

less sensitive to intracycle non-linearities than e3 /e1 and �3 /�1 since a strong elastic or
viscous non-linearity represented by the latter may be covered in the former by a strong
linear contribution. The elastic stress exhibits a maximum strain hardening response with
G3� reaching about 1.2G1� while the viscous stress shows a shear thinning contribution
with �3�=−0.3�1�. However, since in this regime �region IV in the inset of Fig. 7� G� is
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larger than G�, one has to consider the absolute values of e3 and �3 in order to determine
the dominant strain hardening/shear thinning contributions of the third harmonics. The
absolute values of e3 and �3
 are shown in the inset of Fig. 7 in a log-log representation
where the negative values of e3 and �3 �i.e. strain softening and shear thinning respec-
tively� are also indicated �open symbols�. At high strains, −�3
 is much larger than e3

suggesting that the effective shear thinning contribution is much stronger than the strain
hardening one. This representation clearly shows the smooth transition from shear thick-
ening to strain hardening to shear thinning contribution of the third harmonics with
increasing strain �from region II to region IV�. Note, however, that these characterizations
signify only the predominant contribution in intracycle nonlinearities. The individual
elastic and viscous contributions �for example, strain hardening and shear thinning, re-
spectively� coexist with each other showing a complicated yielding response. As �0

increases �in the regime where G�
G��, the relative amplitude between the elastic and
viscous contributions decreases. Thus, at a strain of about 70%, the intra-cycle strain
hardening response �e3� is equal to the intra-cycle shear thinning response ��3
� indicat-
ing a transition from an elastic-modulated viscous response to a viscous modulated vis-
cous response. This means that while the average �over the period�, mechanical response
is that of a viscous shear melted glass with G�
G�, since the strain amplitude exceeds
the yield strain, the nonlinearities within the oscillation cycle indicate a temporary in-

FIG. 7. Relative third order elastic, e3 /e1, �black circles� and viscous, �3 /�1 �open triangles� Chebyshev
coefficients as a function of �0 at 
=10 rad /s for a solution of PEP-PEO at T=10 °C �c=2.64c��. The inset
represents the absolute values of the strain hardening �e3 ,��, strain softening �−e3 ,��, shear thickening
��3
 ,��, and the shear thinning �−�3
 ,�� contribution as a function of �0. The regions from I to IV are
described in the text.
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crease of the elasticity �strain hardening� and finally at the highest strains reached a
temporary decrease of the viscosity below its average values �shear thinning�.

Another illustration of the intracycle response is represented in Fig. 8 where the phase
difference of the third harmonics ��3=arctan�−�3�
 /e3�� is plotted versus the strain
amplitude for two of the frequencies investigated. It should be noted that �3 differs from
the phase difference between the third harmonic and the fundamental which has been
commonly used in other studies �Neidhöfer et al. �2003�; Le Grand and Petekidis �2008��.
Similar to tan � �=G� /G�� representing in the linear regime, the ratio of the viscous and
the elastic contribution in the average mechanical response, �3, denotes the relative
strength of the viscous ��3
� to the elastic �e3� nonlinearity within an oscillation cycle.
Thus the range where −e3 is greater than 
�3

 corresponds to a strain softening dominant
contribution; this corresponds to −45° ��3�45°. Similarly, when 
�3

 is larger, the
dominant mechanism is that of shear thickening with 45° ��3�135°. The same reason-
ing is applied to determine the strain hardening and shear thinning dominated regimes
where 135° ��3�225° and 225° ��3�−315°, respectively. As seen in Fig. 8, the re-
sults at 1 and 10 rad/s are very similar as was already obvious from the Lissajous curves.
In both frequencies, we observe a smooth transition from a shear thickening dominant
non-linear response to a strain hardening and finally a shear thinning dominant one. The
initial intracycle shear thickening behavior of the third harmonics coincides with the
increase of G� in the dynamic strain sweep. Such average and intracycle increase in
energy dissipation maybe related with additional, to the Brownian contribution: shear

FIG. 8. Phase of the third harmonics ��3=arctan�−�3�
 /e3�� as a function of �0 for a solution of PEP-PEO at
T=10 °C �c=2.64c�� at 1 and 10 rad/s. The dash lines delimit the different strain hardening/softening shear
thickening/thinning dominant regions.
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induced in-cage diffusion. Then as the strain amplitude get higher the sample yields and
both G� and G� start to drop leading eventually to a G� much bigger than G�. Neverthe-
less, the intracycle analysis following the third order Chebyshev coefficient reveals tran-
sitions from a strain hardening to a shear thinning mechanisms, while the conventional
average rheological response shows only a generic shear melting behavior. The intracycle
strain hardening reflects increase of the maximum strain elasticity of the system for strain
amplitudes around the yield strain. On the other hand, the shear thinning intracycle
behavior observed at higher strains might be related to pronounced post-yield out-of-cage
shear induced particle rearrangements �Petekidis et al. �2002��. This succession of events
points out that the yielding and flow in such systems is a combination of different
nonlinear intracycle physical mechanisms

IX. FREQUENCY DEPENDENCE/RELATION WITH STEADY SHEAR

As seen in Figs. 6 and 8, the nonlinear behavior seems similar at 1 and 10 rad/s. In this
section, we look in more detail the frequency dependence of the stress response in the
post-yield regime at a constant strain amplitude. Figure 9 shows the elastic and the
viscous Lissajous curves for different frequencies �from 0.5 to 20 rad/s� at �0=100%
together with the corresponding stress curves. The total stress exhibits a clear stress
overshoot at the beginning and reversing of a strain cycle, which is then followed by a
broad bump and a final decrease at the very end of the half period. As the frequency is
increased, the first stress overshoot becomes a bit more pronounced and finally at the
highest frequency of 20 rad/s, a second peak or oscillation in the stress response �right
column of Fig. 9� is observed. Such feature is also reflected in both the elastic and
viscous Lissajous representations �left and central columns of Fig. 9�. The study of the
frequency dependence of the elastic and viscous contribution to the stress may add
further insight in the understanding of physical mechanisms involved in nonlinear re-
sponse at different strain regimes, as observed in Figs. 6 and 8. Unfortunately, however,
the determination of intracycle stress distortion and the quantitative analysis of higher
harmonics at frequencies larger than 20 rad/s are significantly affected by instrumental
effects of the ARES strain-controlled rheometer related to the natural frequency of the
transducer. Nonlinearities at higher frequencies are under investigation and will be pre-
sented elsewhere �Poulos et al. �2010��.

A variety of colloidal glasses and concentrated suspensions exhibit stress overshoots
during a steady step rate experiments around a strain of 10%, which is attributed to cage
breaking �Gadala-Maria and Acrivos �1980�; Liddel and Boger �1996�; Derec et al.
�2003�; Stokes and Telfor �2004�; Carrier and Petekidis �2009��. Such overshoot in a step
rate experiment at �̇=0.5 s−1 is shown in Fig. 10 �inset� for the 54.25 g/l �c=2.68c� at
T=10 °C� together with the oscillatory stress response within one period. The behavior
in oscillatory and steady shear may be viewed as the result of the same underlying
phenomenon, i.e., shear induced particle rearrangements at the microscopic to mesos-
copic level of the cage. The initial stress increase corresponds to the elastic deformation
of the cage and the build up of stress until the cage breaks dissipating the stored stress
through irreversible particle rearrangements �gray region in the inset of Fig. 10�. This
relaxation is followed by a stress plateau corresponding to a steady state viscous flow of
the sample at constant strain rate. In a LAOS experiment, the total stress response in the
positive half period of the stress �Fig. 10� looks very similar to the stress response during
a step rate experiment �inset of Fig. 10� even though the rate during this part of the
oscillation is not constant. This comparison allows us to qualitatively relate the steady
rate measurements to the nonlinear oscillatory experiments where the elastic and viscous
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dominated regions over half a period may be determined �Fig. 10�, in accordance with
what has been previously suggested in the literature �for example, Gadala-Maria and
Acrivos �1980�; Carrier and Petekidis �2009�; Rogers and Vlassopoulos �2010��. We see
that, in analogy to steady shear, when the strain amplitude in an oscillatory experiment
exceeds the yield strain, initially the stress increases elastically due to cage deformation
that results in a stress overshoot at the yield point where the cage starts breaking. This is
followed by a stress relaxation and subsequently by viscous flow of the shear melted
glass. Then at the middle of half the period �or at maximum rate� and beyond, when the
strain still increases, the stress starts to drop due to cage reformation under weak and then
reverse shear rate �Fig. 10�. Thus, for low frequencies the total stress response is pre-
dominantly viscous. This explains the narrow first stress peak followed by a broad bump
in the stress response as a function of time �Fig. 9�c�� or strain in the elastic Lissajous
representation �Fig. 9�a�� from 0.5 to 10 rad/s. Similarly in step rate tests, the stress
overshoot is weakening with decreasing rate �or Péclet number� due to the increased

FIG. 9. Elastic �a� and viscous �b� Lissajous curves map for different frequencies at �0=100% for a solution of
PEP-PEO at T=10 °C �c=2.64c��. The solid lines are the normalized total stress �	� response and the dotted
lines are the elastic stress response �	�� �a� as a function of the normalized strain ��� and the viscous stress
response �	�� �b� as a function of the normalized strain rate ��̇�. The maximum stresses are indicated above
each curve. The corresponding shape of the stress response as a function of time is shown in panel c.
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contribution from Brownian motion that may relax shear induced stresses faster than
stored. The decay of stress beyond the maximum strain corresponds to the cage reforma-
tion since when the strain reaches its maximum the strain rate is minimized.

The mechanical response of the present soft colloid glass under LAOS can be attrib-
uted to three distinct microscopic mechanisms within half a period of oscillation, which
is then replicated at the subsequent half when strain is reversed: �i� initially the cage is
distorted elastically for strains below the yield strain allowing a stress build up �elastic
response�; �ii� then at strains around the yield strain �about 10%�, several cages break
leading to stress relaxation; �iii� when the yield strain is exceeded the glass is shear
melted with continuous breaking and reformation of cages �viscous response�. Finally,
after the rate is minimized and the strain is reversed, cages have reformed and the reverse
procedure starts. Note that the cage breaking picture during yielding of a colloidal glass
has been evidenced by light scattering and microscopy measurements both under oscil-
latory and steady shear �Petekidis et al. �2002, 2003, 2004�; Besseling et al. �2007��.

The interplay of shear with Brownian motion is represented at high volume fractions
by the “dressed” Péclet number, Pe= �̇R2 /Ds���, where Ds���=D0f��� is the concentra-
tion dependent short-time diffusion coefficient and D0=kT /6��R is the Stokes–Einstein–
Sutherland diffusivity of a particle with radius R in a medium with viscosity �. In

FIG. 10. Shape of the stress response �solid blue line� for 100% strain �dash line� and 
=10 rad /s over one
period for a solution of PEP-PEO at T=10 °C �c=2.64c��. The gray region represents the elastic dominant
region and corresponds to the same accumulated strain ��12%� as that in the step rate test of the inset. The
white regions represent the viscous dominant stress response over the positive stress half period. The inset
depicts a step rate experiment for the same system at a rate of 0.5 s−1. The gray and the white regions have the
same meaning as in the main plot.
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oscillatory shear, a measure of the average shear rate is �̇=�0
. At low strain rates, i.e.,
at low frequencies for a given imposed strain above the yield strain, Pe may still be small
enough that Brownian motion prevails over shear in a way that cage escape is enhanced
by particle diffusion under shear. At higher frequencies, shear effects become more pro-
nounced and at Pe�1 are equally important with Brownian motion with the former
pulling the particles out of their cage, while the latter relaxes stresses and reforms cages.
Similarly during start-up flow at Pe�1 or larger, stress overshoots are observed since
shear can distort cages before Brownian motion relaxes them back. Moreover, for the
present soft hairy micelles, arm interpenetration, absent in hard spheres, may cause arm
stretching in a maximally distorted cage. Both these effects would increase the elasticity
of the cages yielding an intracycle strain hardening. The latter could be clarified by a
quantitative comparison with similar studies in hard sphere glasses.

In summary, using an appropriate decomposition of the stress, we have determined the
relative and absolute strain hardening/softening and shear thickening/thinning contribu-
tions, suggesting that specific intracycle processes at a length-scale of the cage size
dictate the nonlinear rheology of the present soft colloidal glass. Besides the simplistic
classification of the response in a dynamic strain sweep in two regions, below and above
the G�−G� crossover, here we clearly demonstrate that during such tests four different
regimes exist with regard to the character of the dominant nonlinear response, as noted in
Figs. 2�b�, 7, and 8. In this context, the terms elastoviscous �or viscoelastic solid� when
G�
G� �regions I and II� and viscoelastic �or viscoelastic liquid� when G�
G� �regions
III and IV� may be used. In region I, the sample exhibits a linear elastoviscous behavior
since G�
G� and nonlinearities are essentially absent. In region II, G� is still larger than
G� but nonlinearities set in revealing an intracycle shear thickening contribution. This
region corresponds to a viscous modulated elastoviscous behavior. This shear thickening
intracycle contribution appears prior to and around the macroscopic yield strain of the
glass, where G� and thus energy dissipation are maximized. It corresponds to the strain
where the cage confinement starts to be important; i.e., particles start to feel their con-
stricting cage under shear. Note that in this region the average mechanical behavior is still
mainly elastic, whereas the nonlinear properties are dominated by a viscous stress re-
sponse.

Then above the G�−G� crossover �about 7% strain� and up to about 50% strain
�region III�, the nonlinear contribution starts to be strain hardening with the sample
showing an elastically modulated viscoelastic behavior due to the cage breaking and
stress relaxation. Thus, the nonlinearity is elastically modulated although the average
macroscopic rheology is viscous-like. Finally, in region IV, a viscous modulated vis-
coelastic behavior is observed where the soft glass exhibits on average the mechanical
response of a shear thinning fluid with intracycle nonlinearities of the same character. In
regions III and IV, the system on average has been shear melted with G�
G� but the
determination of the nonlinearities allows a more detailed investigation of intracylce
yielding.

X. CONCLUSIONS

We investigated the nonlinear mechanical response of soft particle glasses under
LAOS. Lissajous plots allow for a visual overall inspection of the nonlinear behavior at
different strains and frequencies. FT analysis and decomposition in orthogonal Cheby-
shev polynomials of the stress response suggest the existence of distinct physical mecha-
nisms within the oscillatory cycle responsible for such nonlinearities. The phenomenol-
ogy of such intracycle response is classified according to the predominant Chebyshev
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polynomial coefficients into strain hardening/softening and shear-thickening/thinning
when the elastic or viscous component, respectively, prevails. More specifically we ob-
served that the intracycle character of nonlinearities exhibits a smooth transition from
shear thickening to strain hardening to shear thinning with increasing strain. We should
stress, however, that although the above phenomenological classification of nonlinear
intracycle response during LAOS seems quite robust, the underlying physical mecha-
nisms are only now starting to be explored. In this sense, the intracycle nonlinearity is
expected to involve processes such as cage breaking and relaxation, viscous flow, and
cage reformation due to Brownian motion. In conclusion, we note that in order to directly
relate such phenomenology of the nonlinear rheology to detailed microscopic mecha-
nisms and particle rearrangements, simultaneous rheometry and microscopy or scattering,
on the one hand, and computer simulations, on the other hand, would be necessary.
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