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Dynamical correlations in the electron gas
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Dynamical correlations in the homogeneous electron gas are a central issue in time-dependent density
functional theory and are investigated here by evaluatixactlythe leading corrections to the RPA proper
polarizability. We obtain Ime(k, ) at arbitraryk and w outside thegsingle particle-hole excitation spectrum.

We calculate the imaginary part of the local field factorGtk,») and compare Ina(k,w) with contributions

arising from band structure effects in Al. These results are applied to Al to discuss their relative importance on
plasmon damping and on the high frequency tail in the dynamical structure factor. Dynamical correlations
mediated by the crystal potential contribute to the optical absorption of alkali metals below the onset of
interband transitions.

[. INTRODUCTION system? Though more refined than the adiabatic local-
density approximation, the double local approximations
based on properties in the limkit—0 may still be questioned
Correlations in electron systems arise from the Coulomlrom a microscopic point of view. Furthermore, there is very
interaction and from the Pauli principle and are essential tdittle information on the microscopic mechanism of dynamic
the development of approximations in density-functionalcorrelations.
theory(DFT). Dynamical correlations, in particular, are cen-  Any attempt to answer these questions faces a compli-
tral to time-dependent density-functional thed®DFT), a  cated many-body problem. In principle, the leading correc-
very active area of researéts in DFT, approximations for  tions to the RPA can be determined by many-body perturba-
dynamical correlation effects are often based on the resultgon theory in the high-density limit. One expands the proper
for the homogeneous electron gas. Here we presgatt polarizability in terms of irreducible diagrams. Bm, Conti,
results for dynamical correlations in the density response odnd Tosi(BCT) (Ref. 8 pointed out in response to the GKI
the homogeneous electron gas in the high-density limit.  interpolation formula that an estimate of the complex
Before the advent of TDFT many approximations weref, (w,n,) could be obtained from the work of Hasegawa and
proposed;, beginning with the pioneering work of Hubbatd. \Watabe(HW)® (see also DuBois and Kivels#h. HW evalu-
Exchange and correlation effects in the homogeneous elegted the leading corrections to the RPA in the srkdimit
tron gas beyond the random phase approximatil®RRA)  from the diagrams shown in Fig. 1. BCT observed consider-

were accounted for by a local-field factGi(k,w). Within a  able deviations from the GKI interpolation formula.
generalized mean-field approximatfdnis defined by

A. Motivation

ptk+q ptq pt+k P p
(k,w)=1+0(K) Tollo) (L1
e(K,w)= v . .
1= 0(K)G (k) mo(K.@) "= e ‘ . }
Here my(k,w) is the well-known independent particle re- q q
sponse function and(k)=4me?/k?. In most applications a p+e\ /p pHK p+k\ Yp

frequency-independent local-field fac®(k) has been used.
The adiabatic local-density approximation is based on such a
G(k) in the limit k—0 and was applied to the calculation of
the photoabsorption cross section by Zangwill and Séven.

an attempt to obtain a more realistic LDA for TDFT, Gross,
Kohn, and IwamotdGKIl) (Ref. 6 focused their attention on
the time-dependent aspect. They designed a time-dependent
local-density approximation(TLDA) from a complex
frequency-dependent interpolation formula, with the
exchange-correlation effects of the homogeneous electron
gas defined by

fe@,ng) = —limy_ov (K)G (K, w). (1.2

G(k,w) (in the smallk limit) satisfies Kramers-Kronig rela-  FIG. 1. Them,, 7, andm diagrams are lowest order correc-
tions, known sum rules, and a high-frequency limity iS  tions to the RPA bubble. The wavy lines signify the dynamically
the ground-state density. It is then necessary to make &creened Coulomb interactiorp,p’,q,k are four-dimensional vec-
double local-density approximation for the inhomogeneousors including frequenciek.
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To avoid the double local-density approximation in thethe evaluation of the diagrams is very complicated, and we
GKI approach, it is important to extend the work of BCT to restrict ourselves here to discussingd(k, ») outside the ph
arbitrary k, because local, i.e., short-range correlations inspectrum where the diagramy(k,») does not contribute.
crease with increasing. The evaluation of the diagrams in Thus
Fig. 1 for arbitraryk andw is therefore of general interest for
the understanding of both static and time-dependent response M e(k,w)=v(K)Im[7a(k, )+ mg(k, ) + mc(k, @)]
prope(ties. Th_is was achieved recently for imaginary fre- =Im expc(k, @) (1.5
quencies by Richardson and Ashctbfh order to determine
the effective electron-electron interaction in the electron lig- In Sec. Il the mathematical expressions corresponding to
uid. This is needed in many calculations, but an extension tthe diagrams of Fig. 1 are presented, and the details of the
real frequencies that can be tested directly by spectroscopivaluation are outlined in the Appendix. The results of our
measurements is lacking. We have been able to reduce tmmerical evaluation of the diagrams are discussed in Sec.
numerical complications analytically to the extent that a nudll. For Al we also evaluate band structure effects for
merical evaluation has become feasible. Im e(k,w) and compare them with dynamical correlation ef-

The 7, and g diagrams of Fig. 1 are of first order in the fects. Consequences of the results on measurable physical
dynamicallyRPA screened Coulomb interactiomavy line). effects are discussed in Sec. IV. Finally a summary and con-
The 7 diagrams of second order in the screened Coulomlglusions follow in Sec. V.
interaction must be included for consistency, as first noticed
by Perel’ and I]-_Tas,hberd2 and confirmed later by Il. MATHEMATICAL EXPRESSIONS OF THE DIAGRAMS
otherst*~28In particular, Geldart and Vosk@GV) (Ref. 14 IN FIG. 1
demonstrated that a consistent set of diagrams generated in a
self-consistent approximatiofSCA) must include themc
diagrams. It will then give the correct dependence of the
compressibility sum rule in the high-density limit, provided , : /
that the Coulomb interaction is screendyghamically 'g;?p%azure Green's functiotfor details, see, for example,

Without screening, ther, and mg diagrams are the ' y
lowest-order Hartree-Fock diagrams that were evaluated d%q 1
many years agd’ Although a substantial modification of the ~ 7a(K,w,)= f 2n° B > Uglam)
particle-hole(ph) excitations is observed, there are no exci- m
tations outside the ph spectrum. As a result, the first-order d®p 1
theory cannot explain well-known experimental observations XZJ @2 B > Gy(€)Gpakl( &1+ wp)
such as the plasmon damping or the high-frequency tail of !
the dynamical structure fact@(k, ), a defect that is over- XGpiq(&+ am)Gpik+gléiT @t am),
come bydynamicallyscreening the Coulomb interaction.

Here we present the mathematical expressions of the dia-
grams of Fig. 1. For calculational convenience the diagrams
are first defined along the imaginary frequency axis using

2.1
B. Aim of this work d3q 1
The aim in the present work is to evaluate corrections to WB(k’wn):j (2m)3 B Em: Ug(am)
the RPA at arbitrary K,w) from the consistent set of dia- 5
grams shown in Fig. 1. We write the dielectric function p 1 P
e(k,») in terms of the proper polarizabilityr,(k,w), i.e., X2 (2m)3 B 2,: {[Gp(£)]"Gp(&1+ @n)
e(k,w)=1+v (k) my(K, ). (1.3 X Gps g &+ am) +[Gpik( &+ wy)]?
mp(K, ) is expanded in terms of irreducible polarizability XGp(&)Gpik+q( €1+ 0nt am)} (2.2
diagrams
and
(K, 0) = mo(K,w) + ma(K, 0) + (K, ©) dq 1
tae(kw)+ .. .. (1.4 mc(K,0p) = f (ZT)SE % Uq(am)uq+k(am+wn)
Here mp(k,w)=my(k,w) defines the RPA, and the other d3p dp’
terms in Eq(1.4) defined by the diagrams in Fig. 1 represent Zf —(277)32 —(277)3 ’[? 2 Gpr(&1r)
the leading corrections to the RPA. We use the notation of L
Geldart and Vosko and adopt their sign convention for the XGpr (&1 + 0n)Gp(§)Gpik(§+ wp)
polarizability.
Our calculation proceeds as follows. When standard XGpigrk(éi+ amt op)
method&!® are applied to evaluate the diagrams one is left
X G ’ /+ + + r_ r— .
with seven-dimensional integrals, whose numerical evalua- {Gproicrgl &1 T @nt am) + Gy (&1~ am)}
tion is a formidable task that has prevented computation at 2.3

reduce all expressions analytically to three-dimensional inte- L
grals, which are then evaluated numerically. Nevertheless, Gp(é)=(&—ep)~ (2.4
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with d°p
_ F3(q1am;kvwn):2f Wf(%)
=im(2l+1)IB+ep; 1=0+1,%2,... (2.5 m
and e,=#2p?/2m,, m, is the electron mass ang 1 1
=(kgT) L. _Uq(z) is the dynamically RPA screened Cou- Wntep—Epik Ont AmtTEp—Epikig
lomb potential at a complex frequenezy 1 1
Ug(2)=v(a)/eL(d,2). (2.6 I ——
The imaginary frequencies,, and w, are defined by 1
am=i27m/B; m=0+1+2 ... 2.7 —(wptam) tep=epikiq
wp=i2mniB; n=123.... 2.9 | 2.13
—amt ey Epiq

The summations ovdrand|’ are performed by converting
the sums into contour integrals. After some algebra we ob:

tain

map(K, 0n)=7aA(K,0p) + 75(K, 0p)

d’qg 1
j(z )3 E Uq(am)

X{Fl(q,am;k,wn)-l-Fz(q,am;k,wn)},

(2.9
and
3
metkon= [ ot S UamUgidon—an
X F3(q,— am;K,op)
X[F3(a, — am;K,@q) +Fa(q,am;K, —on)],
(2.10
where
F1(Q,am Kk, op)
:ZJ' d°p f(ep) !
(2m)3 7P on— amtEp—€pikig
1 1 2
wntEp—Eprk —a’m+8p—8p+q)
1
" _(wn_am)+8p_8p+k+q
1 1 2
(—wn+8p—8p+k+am+8p—8p+q) '
(2.11
Fa(a,am:k, wn)
:Zfd_%gi f(e );
(2m)° dep, Pamte,—epiq
1 1
x wntEp—Epik —wn+8p—sp+k)
(2.12
and

Heref(e,) is the Fermi function. It is important to note that
in the I|m|t T—0 the p integration can be performed by
analytical means, i.ek 4, F,, andF3 can be represented in
terms of elementary functions. Before this is done the
summation over theéinterna) imaginary frequencies is re-
placed by a contour integration and the result is then contin-
ued into the upper complex plane. We have to perform the
internal frequency integration and tlgeintegration numeri-
cally. Using cylindrical coordinates witk as polar axis the
angular integration is immediate and the numerical work is
reduced to three-dimensional integrations. The details of the
evaluation of the diagrams are outlined in the Appendix.

IIl. RESULTS

Here we discuss in detail our numerical results for
Im e(k,w) obtained for arbitrary K, ) outside the ph spec-
trum. To demonstrate their importance we consider the band-
structure contributions to Ie(k, ) for Al which we calcu-
late within the RPA in second order in the weak
pseudopotential. We compare the results withejp(K, )
evaluated at the appropriate electron density of Al. Finally
we calculate the imaginary part of the local-field factor
ImG(K,w).

To gain confidence in our results we first derive an
asymptotic high-frequency limit and make contact with re-
sults in the literature obtained in limiting cases. We use wave
numbers in units of the Fermi wave numigrrelated to the
electron density by10=k§/3772, and frequencies in units of
the Fermi frequencywg=er/h with ep=#2kE2m. w,
= \J4mnye?/m is the plasma frequency, which in our units is
defined byw,=23 az\/— ~0.9405/r s with a=(4/9m)**
~0.5211 and 4r(ra,)%/3=1/ny (a, Bohr radius.

In the limit of high frequencies, i.ew>k2+ 2k, screen-
ing is unimportant, and Inrag(k,w)=Im[mA(K, )

+ mg(k,w)] and Immc(k,w) can be evaluated analytically
after expanding the expression for tmg(k,») to second
order in the Coulomb potential. Thus we use the approxima-
tion

v(Q)

g U@ v(@ T 0"). 3.

Only the second term of E¢3.1) contributes and we find
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T wg 27 k? 0.35 I N e E J
v(KImmagkw)=——| 1+ — —+--- |, i
8\/5 w9/2 4 o 0.3 NP
3.2 0.25 | : \ 4
T wg 43 k? g 0.2 .
viK)imas(kow)=———F5| 1+ ——+--- |. < :
( ) C( ) 8\/5 (1)9/2 20 w . 0.15 _' |
(3.3 01} b -
Equations (3.2) and (3.3) demonstrate once more that 0.05 _': /¢ (HW) i
7c(K, ) must be included to obtain a physically meaningful B o
result because in the sum tkéndependent terms must can- 00 i 4 ; L ’; Z'l é .
cel and we obtain v
| ko) 23w wg 2 3.4 FIG. 2. Comparison o (k,w) at a,k=0.1, and bk=0.2, with
mEABC W)= —— ——; . . c, " — O, .
072 112 Yiw(@)=7"(0,0)

While this result is an important test for our numerical re-!n Fig. 2 we demonstrate that in the limit of sma{
sults for arbitraryk and sufficiently largao, another impor- ¥’ (K,@)— ¥jw(®). At finite k the sudden rise towards small
tant asymptotic limit is the result of Hasegawa and Watabev Signals the onset of ph excitations belaw-k*+2k. (The
quoted above which is valid in the limk—0 andw>0. It  logarithmic singularity atw=k?+ 2k is a well-known arti-

can be written in the form fact of perturbation theory.

In general, the excitation spectrum manifest in
4

@y o, Im eapc(k,w) or y'(k,w) consists of two-particle-hole pair

Im eac(k @) =—7 K*vhw(@), (3.5  (ph-ph excitations, two-plasmon(pl-pl) excitations, and

combined particle-hole pair and plasmg@h-pl) excitations.

where The last two are consequences of dynamical screening of the
L Coulomb interaction. We now discuss these individual con-
" _ * @, 2 tributions by showing how they evolve with increasikg
Yhwl @)= 1077(92@'2)]0 dqquo de {16(“’ ') from the result of HW.
< 1m _—1) Im er(q,0—w') A. Plasmon-plasmon excitations
e(dq,0")

GV pointed out that in the high-density limit the correct
5 -1 -1 r dependence of the compressibility sum rule is guaranteed
+230%Im| = (q,0') Im| = (qo—o)|| only if the Coulomb interaction is screendginamicallyand
s L if the C diagrams are taken into account. Since the C dia-
(3.6) grams are of second order in tdgnamicallyscreened Cou-
€.(q,®) and er(q,w) are the well-known longitudinal and Iom.b iryteractiqn Fhey necessarily (.:on'tain pl'-pl excitations.
transverse Lindhard dielectric functiosThe second term While in the limit k—0 pl-pl excitations give a rather

gives the leading contribution ai>w,. Making use of smooth contribution toy”(0,0) = ¥w(w), for finite k they
develop a peak that is visible as a needlelike structure in
'n'sz) ¥"(k, ) close to 2, in Fig. 2.
Im[ —1/e (g, w)]—Im eL(q,w)—>2—qz§(w—q2) As shown in Fig. 3 the pl-pl peak increases in height and

3.7 width, and shifts to higher frequencies with increadinghe
' sharp onset and the upper limit of pl-pl excitations can be
the integrations can be performed easily, and we find agaiestimated from the plasmon poles of
Eq. (3.4). The w dependence in E43.4) was also found by

Glick and Long’ but their prefactor was half as large. We Im[Ug(x+i€)]ImUq(y+id)]
shall comment on this later.
We now turn to the case of arbitrark,w) above and =v(a)o(|a+k)Im[—1/e (q.x)]
below the ph excitations. Comparison of the formula of HW X Im[ —1/e, (|k+q|,y)] (3.9

with our derivation for arbitrary K, w) outlined in the Ap-

pendiX shows that the calculation for finikeis much more appearing in one of the expressions for mk,w) (See

complicated, and a comparison of our numerical results witthppendix, with y=w —x. Explicitly, the plasmon poles are
the results from the HW formula provides an important testgjven by

of our calculation. For the discussion of these results it is
convenient to define a functiop’(k,w) by Im[ — /e, (0,X) 1= 6(x— wp(q))[ﬁq(q,X)/ﬁx];:lwp(q)

4 (3.10

w
Im eppc(k, )= w_zkz)’"(k,w). (3.9 and
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v (k, “J)plwpl
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FIG. 3. Contribution from two-plasmon excitation§, _(k, ») FIG. 5. Contribution from combined particle-hole pair plasmon
for various k<2q., a: k=0 (HW); b: k=0.3; c: k=0.5; d: k excitationSy’F’,h,m(k,w) for variousk, a: k=0 (HW); b: k=0.1, c:
=0.7; e:k=0.85; f: k=1.0. k=0.2; d:k=0.3; e:k=0.5; f: k=0.7.
Im[ — e, (|g+k[,y) T For smallkw (k) = w,+ 2ak? with the smallk plasmon dis-

. persion constant= 0.6/, (in our unitg, and we have
=ma(y— wp(|a+kDLdec(|a+kl,y)/ayly=, (q+x)-

(3.1
where x=w,(q) and y=wp(|q+k|) are the solutions of The upper limit for pl-pl e;<citations at any allowddis de-
€.(q,X)=0 and e, (|g+k|,y)=0. On performing the inte- termined by 2,(dc)=2(gc+2qc). Forrs=2 the plasmon

gration over the internal frequenay the product of the two  CUtoff wave numben~0.73 and 2,,(qc)~4.
5 functions gives The position of the maximum is a combined effect of the

Coulomb potential factors and thi#functions from the plas-
Slo—wy(q)— wp(|q+ kD1. (3.12 mon poles. At smalk it can be estimated from the maximum
of the integral

wphi(K) = 2w, + ak?, (3.19

Since plasmons can exist only for<q, and |q+k|<q,
where ¢, is the RPA plasmon cutoff wave number with

wp(qc)=q§+ 2q., it follows that pl-pl excitations are pos- I—f 30— 7 = 0(w— pr—Za[q2+|q+ k|?])
sible for la+ k|
2
ngSch, (313 _ T n a+kva—k/4
and we find that the onset of pl-pl excitations is determined 4aka  |a—kya—k/4
by (see Fig. 4 wherea=[w—2w,]/4a and we find
onset
2w,(k/2 3.1
@pi=pl) =20,(K/2). (314 I (1)~ 20y + 2ak?. (3.16
s ] i - Although in principle pl-pl excitations are possible for any
a’ k=2q., above a certail; they fall partly into the ph spec-
4 I bi re=2 A trum as is demonstrated in Fig. K, is determined fromk?
o i / +2k=2w,(k/2)~2w,+ak? For rg=2 one obtainsk,
3 2w e J ~1.03 from the approximate equation, very close to the ex-
3 7 of act value. Abovek, determined fromk?+2k=2w,(qc)
ok /] —2(qc+2qc) all pl-pl excitations lie inside the ph spectrum.
W/ // (Forrg=2, k,~1.23.)
1rF ’ : /'/‘ . . . o
“ 2 / B. Particle-hole pair-plasmon excitations
. c c /
pb— 1 L ¥ . L L While pl-pl excitations are restricted th<<2q., ph-pl
o1 2 3 4 5 excitations are possible at aky They arise again frondy-
k namical screening of the Coulomb interaction but now in

FIG. 4. Excitation spectrum of the homogeneous electron gas: &0th Immag(k,w) and Immc(k,w). Their contributions at
upper bound of the ph spectrua=k2+ 2k; b: lower bound of the variousk as a function of frequency are illustrated in Fig. 5.
ph spectrumw =k?— 2k; c: lower bound of the ph-ph spectrum These excitations begin at= w, for k<ky, wherek, is
=k?/2—2k. w, denotes the onset of the RPA plasmon dispersiondetermined fromw,= =k2+ 2k, while fork=k, they partly lie
wp(k) with the cutoff wave numbeq, . The line 2w,(k/2) marks  inside the ph spectrum Their maximum frequency is deter-
the onset of pl-pl excitations. mined by the highest frequency of the plasmon and the high-
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FIG. 6. Contribution from two-particle-hole pair excitations FIG. 8. Imeppc(k,w) for k=0.7 as a function ofw, a: ph-pl
ygh_ph(k,w) for variousk, a: k=0 (HW); b: k=0.1; c:k=0.3; d: contribution; b: ph-ph contribution; c: pl-pl contribution; d: total
k=0.5; e:k=0.7; f: k=0.85; g:k=1.0. sum.

D. Im eppc(k, @) and comparison with crystal

est frequency of ph excitation related and to
q 4 P =0 potential effects

|g+k|=q.+k. Since both are located on the upper boundary
of the ph spectrum we find The relative importance of the three contributions de-

pends strongly onk|w). This is illustrated in Fig. 8, where
for k=0.7 the individual contributions to | k,w) and
0phE5I(K) = (k+00)?+2(k+do) +c+2dc. (31D peir sum are shown. hecllce)
Above the ph spectrum, ph-ph excitations give rise to a
structureless background. They are possible forkamph-pl
o ) excitations are also possible for akybut limited to a finite
These excitations are possible for arkyd«) above the ph  frequency interval, and the magnitude of their contribution is
spectrum. The variation ofy,_,n(k,®) as a function ol mostly smaller than that of the ph-ph excitation but of the
with increasingk is shown in Fig. 6. same order. The phase space of pl-pl excitations is rather
For o<, ph-ph excitations are the only excitations, i.e., limited, but these excitations cause a prominent structure of
Y'(K, @)= vpn—pn(K,w). There is no upper frequency limit Im exgc(k,w), whereas little structure from the ph-pl contri-
as is clear from the asymptotic limit Eq43.4), but ph-ph  bution survives in the total surisee Fig. 9.
excitations occur below the ph spectrum ke 2, provided We now discuss the relative importance of dynamical cor-
relation effects consisting of multiple excitations. In simple
(3.18 metals such as Al which are nature’s closest realization of
' the model of a homogeneous electron gas, there is an addi-
. _ . tional contribution to Ime(k,w). The crystal potential gives
as predicted on general grpunds in Ref. 19. Results n MSse to interband transitions and local-field effects due to the
of Im eapc(k, @) as a function ofw for values of k,w) in -y omogeneity(outside the ph excitation spectrum of the
the releyant regime are shown in Fig. 7. A monotonic 'n'homogeneous electron gasn nearly free electrofNFE)
crease is observed frozz 0 to the lower bound of the ph  nse,dopotential theory the band struct(g contribution to
spectrum given byw = (k“—2k)®(k—2) (where again an |, (k) can be calculated within the RPA by perturbation

C. Particle-hole pair—particle-hole pair excitations

w>(k?/2—2k)0(k—4),

unphysical logarithmic singularity occurs theory° to second order in the screened pseudopotential:
0.002 — Im epo(K, @)
. K e(k,k+G,w)e(k+G,k,w)
~0.0015 . =i etkko)= 2, eL(|k+Gl,0)
3
< ; (3.19
2 0.001 ¢/ , . .
= ; Here e(k+G,k+G',w) are elements of the dielectric
Ei 2 matrix2! The diagonal element is evaluated in second order
0.0005 ] and the off-diagonal elements to first order in the pseudopo-
tential.
Al is an ideal candidate because it has a rather high den-
0 — ; ' sity (r¢=2.075) and its pseudopotential is known to be
0 05 1 15 2 25 3 rather weak. In the following we compare effects of the

pseudopotential and dynamical correlations one(k ),
FIG. 7. Imepgc(k, @) below the ph spectrumké2), a: k using an Ashcroft empty core potential. Band-structure ef-
=2.5; b:k=2.75, ¢:k=3.00. fects are dominant at smatk<1), but with increasing
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FIG. 9. Upper part: Inepgc(k,w) for variousk#0 as a func- 0.025

tion of » abovew=k2+ 2k (denoted by arrows a: k=0.3; b: k
=0.5; c:k=0.7; d:k=0.85; eck=1.0; f: k= 1.15. Lower part: pl-pl
contribution to Imeagc(k, ) for the samek values. Fork=1.15 0.02
part of the pl-pl contribution lies inside the ph spectrum.

. . : . 0.015
correlation effects increase and fhe=1 prevail (see Fig.

10). The directional dependence of band structure effects is
mostly rather small.

A simple addition of the two contributions is, however,
inconclusive, because mixed terms that are first order in the 0.005
screened pseudopotential and in the dynamically screened
Coulomb potential must be included for consistency and
completeness. These terms have not been considered so far
and are beyond the scope of the present investigation.

Im e(k, w)

0.01

0
0 02 04 06 08 1 12
k

FIG. 10. Comparison of correlation and band-structure effects:
E. Results for different densities Im e(k,w) as a function ofk at =15, 0=3, and w=4; a:

The diagrams in Fig. 1 represent the leading corrections " €apc(k,@); b: Im ep(k, ) along principal symmetry directions.
the RPA in a high-density expansion. From the investigation _
of the compressibility sum rule GV concluded that this low F. Local field factor G(k, )
order perturbation expansion af,(k,w) is not adequate for As pointed out in the introduction dynamical correlations
re=3. are at the center of time-dependent density-functional theory,
In the spirit of perturbation theory higher-order multiple in which the general form of the exchange-correlation func-
excitations are probably the source of additional sizeable dytional is unknown. Approximations are usually constructed
namical effects at lower density. Nevertheless, it is interestfrom results for the homogeneous electron gas, but even for
ing to investigate trends within the present approximationthis model exact results are difficult to obtain in the case of
For this purpose we have calculated éggc for r<=4 and  TDFT.
r<=6 as well asrg=2. We have selected la regime that It is common practice to account for dynamical exchange
includes the effects arising from plasmons. Since the plassorrelation effects in the dielectric function by introducing a
mon cutoff wave numbeq, depends orrg we determined local-field factorG(k,w) [see Eq.1.1) defined in the spirit
the k value in such a way thak/q.=const, here const of a generalized mean-field thegANery often phenomeno-
~1.17. Figure 11 shows a substantial increase of dynamicadbgical forms are adopted which are constructed by fitting
correlation effects with decreasing density even within theparameters using sum rules, the fluctuation-dissipation theo-
present approximation. Note thab is in units of the rem and asymptotic limits. In many cases the frequency de-
r-dependent free-electron Fermi frequenay. pendence of5(k,w) is neglected altogether.
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_|6erer|2_ 1e£1§| Ielf’. ar;— ’ ¢ B t ’/ 'LS_ ’ ¢ L Gl eg, a: due to multiple excitations; b: due to interband transitions
=6, k=128, kis chosen to satisfk/q.~const. and local-field effects fok||(421) (to mimic polycrystalline A),

S symbols are experimental data on polycrystalline Al.
A formally exact definition in terms of the proper polar- Y P polyery

izability ,(k, ) follows from Egs.(1.3) and (1.1): In the context of TDFT, GKI introduced the so-called
exchange-correlation kerné}.(k, ) related toG(k,w) by

1 1 1
(3.20

GO =50 o)~ mp(kw)) fre(kw)= =0 (K)G(k,0). 3.23

Obviously the introduction 06(k,») does not lead to any For lack of a microscopic theory GKI constructed a Pade

new physics, it is a different way to represent corrections tgapproximation forf,.(k— 0,w) with parameters fitted by us-

the RPA. Here we present I8(k, ) that can be useful for jng the compressibility and third frequency moment sum rule

comparison with phenomenological forms that are obtainegind the high-frequency limit for Ina(k,») of Ref. 7.

by first constructing the imaginary part such as the Hage

interpolation formula of GKI. Since outside the ph spectrum V. APPLICATIONS

Im y(k, w) vanishes, it follows that '

Now we discuss some consequences ot lg(k, ) on

B 1 observable properties of simple metals such as the plasmon

ImG(k,w)=— v(K) Im (K, )]’ (3.2 damping, the high-frequency tail of the dynamic structure
factor and the optical absorption.
From our results we obtain in the spirit of perturbation

theory A. Plasmon damping

' (K, o) While in the RPA the plasmon of the homogeneous elec-
tron gas is undamped, dynamical correlations such as mul-
tiple excitations considered here provide a decay mechanism
(322 of the plasmon for &k=q. In real systems such as simple

Figure 12 demonstrates that B{k,w) increases with in- Metals the plasmon can also decay via interband transitions
creasingk, as expected on general grounds. and local-field effects as a consequence of the periodic crys-
tal potential.

Treating correlation effects or band-structure effects as a

_Imeppclk,w) ‘”g 2
M G0 [ e TP~ o [etk) 1T

0.4
' o] ‘ i small correction to the RPA of the homogeneous electron
0.35 - v gas, the full width at half maximuntFWHM) AE, (k) of
03F rs=2.075 AN the energy-loss function Im-1/e(k,w)] is determined by
3025 (Al PR .
2 (A) oo de (k)| 71
\6 0.2 K ‘L,,;/ — AEl,z(k)=2 Im e(k,w) §—(1) , (41)
HE 015 // ',,’lll/ B w=wp(k)
01k C i where Ime(k,w) is either Ime, (K, ) or Im eagc(k, o).
In Fig. 13,AE5(k) due to the decay by ph-ph and ph-pl
0.05 |- A - . . X :
,;/ excitations is compared with experimental data for Al and
0 ‘0‘2 o : : : with AE, (k) calculated within the nearly free-electron
‘ ’ ]36 08 1 pseudopotential approximation in the RP&ince pl-pl ex-

citations occur only forw>2w(k/2) their frequency is too

FIG. 12. ImG(k,») as a function ok at fixed frequencies: a; high to contribute to the decayObviously the decay via
w=1.5;b:w=3; c:w=5. interband transitions dominates. Only close{as the decay
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by ph-ph and ph-pl excitations sizeable. If we tentatively addm e,(k,») does not show any structure and the pl-pl peak
the correlation contribution to the band-structure contribushould be experimentally observable in a simple metal such
tion it improves the agreement with experimént. as Al. Indeed, in Fig. 2 of Ref. 23 in the plot of S(k, ») at
k=0.66 (=0.61 a.u.) there is a structure of the right order
B. High-frequency tail of S(k, w) of magnitude when compared with the theoretical prediction

The band-structure and dynamical correlation effects thaghown in Fig. 14. While theoretically the maximum occurs at
cause plasmon damping are also responsible for a highibout 35 eV, experimentally it is observed at about 31 eV. A
frequency tail of the dynamical structure fact&k,w) downward shift of about 3 eV can be estimated from the
which is observed experimentally at largén materials such  experimentally lowew,~15 eV and lower plasmon disper-
as Al. By high frequency we mean frequencies above theion a~0.3. An additional example is provided by Ref. 24.
upper bound of ph spectrum=k?+2k. S(k,w) is related  There the authors point out a shoulder on the high frequency
to the energy-loss function [m1/e(k,w)] by the side ofS(k,w) for k=1.1 atw~3.44[see Fig. 1b) of their
fluctuation-dissipation theorem, i.e., work] that might be associated with pl-pl excitations. At this
largek the pl-pl peak merges with the main peakSfk, »).
Further experimental work with particular attention to the
high-frequency tail oS(k, ) should help to clarify the situ-

. 4.2

. hk? | ( -1
) 47%e’n, M ek,w)
) . . ation.
Treating again correlation effects and band-structure effects a¢ =0 66 the correlation contribution is of the same
as small corrections to the RPA_of t_he homogeneous ele_ctrogrder as the band structure contribution. When1, how-
gas, we compare the two contributions to the loss function ever, the contribution from multiple excitations prevaiee
Fig. 14. At large k therefore the high-frequency tail of
(4.3 S(k,w) or Im[ —1/e(k,w)], respectively, is caused essen-
tially by multiple excitations. Comparison with experiments
shows that bs effects alone are definitely too small to account
and for the observed magnitude of the tail. Correlation effects are
much closer in magnitude as is shown by the experimental
data fork=1.57 taken from Fig. 1 of Ref. 23 and fdr
=1.1 andk=1.4 taken from Fig. 1 of Ref. 24.
Note that errors of the magnitude 8(k,w) caused by
Since 1¢, (k,w) is real and rather structureless above thenormalization and smoothing of experimental curves affect
plasmon pole, the pl-pl peak in lepg(k, w) also appearsin the magnitude of the tails in particular. For example, we
the loss function. Apart from a negligibly small anisotropy, notice an unexpectedly large difference in the magnitude of

Im eapc(K, )
|EL(k!w)|2

Im Ebs(k,a))

. (4.4
|eL(k,w)|?
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the tails of S(k,w) atk=1.34 (1.24 a.u.) fok|/[100] and . N
k[[110] in Figs. 2 and 3 of Ref. 23, whereas the authors of
Ref. 24 did not observe any directional dependencekfor = 08 s K i
=1.4. '§ +
) ) L"O 06F N+ .
C. Optical absorption = Nt
A homogeneous electron gas cannot absorb light, but the 5 04 \6\\:“+»-.9__+.__x'—
periodic potential in crystals makes the electronic system ® Tl
inhomogeneous and optical absorption is possible. The opti- 0.2+ e
cal absorption is usually presented in terms of the optical a
conductivityo(w) and is related to the imaginary part of the oL—— 1 1 L
transverse dielectric function I () via 0.3 0.35 0.4 0.45 0.5 0.55 0.6
w
o(w)=(wl4m)ime, (o). (4.9 N T T T T 1
Ignoring for the moment intraband absorption due to phonon -
assisted transitions and following Hopfiéflim e, (w) due = L2y Rb A
to the crystal potential can be written as 2 1k Nt -
vw \\\ \‘-!'
4re? - - S 08 NOE +
IMme, (0)=——7 2 (7G)(G'nV_oVen'(G,G',w). = osk 1
m~w GG’ /é\ 0.6 b \\\ ~(.:.._.
(4.6) S 04 \\\\\ _
The Fourier coefficients of theinscreenedcrystal potential 0.2 |- a -
are denoted bW, whereG and G’ are reciprocal lattice T L 4
vectors,;; is the polarization vector of the electromagnetic 0 0.3 0.35 0.4 0.45 0.5 0.55 0.6
field strength, andr"(G,G’, w) is the dissipative part of the w

electronic density-density response function. For the mono- .

valent bcc alkali metals we use the NFE pseudopotentiaéorFlghlz;' ‘2‘6’)62”; daSg E)b a?lzwetfgt:t?jr?; ?Il:;t;zgng at?w-e

approximation and obtain to second order ptio w=> R ph-pt - y
periodic potential; b: Drude absorption; c: sum of a and b, symbols

4 V.|2G4 1 are the experimental data of Smitsee text
Ime, (0)== > Vel Im
+ 3G o (G, w) 4 _, |vZ?G*
Ime, (0)== > ——5—IMexpc(G,0)
4 2 |Vé|ZG4 3 G w
~= ——F—Ime(G,w). 4.7
3% o |V<S§.110|ZGL1110

~16—————Ime Gi0,w). (4.9
e(G,w) is now the dielectric function of the homo- »* rec(Guow). (4.9
geneous electron gas. For S|mpIS|C|2ty we zhave asszume@ontributions associated with larger reciprocal-lattice vec-
a |OC<’§| pseudozpc_)tenual, whergVg|“=[V|*/| (G, )| tors are negligibly small or zero because of E818. Al-
~|Vg|“|/|e(G,0)|* includes screening by(G.,0). In the  though Imenpge(Gyio @) is rather small, the prefactor

RPA2 Ime(G,w)=Im e (G,w), which is nonzero fore ;=4 enhances the effect fas<0.64. The formula is valid
=G“—2G, whenG=2. Since the modulus of the smallest o, (yr>1.
reciprocal-lattice vector of the bcc alkali metals @9 We observe that close to the onset of interband transitions

=2.28 thesdlinterband transitions begin aty~0.64. They  the contribution from ph-ph excitations is of the same order
augment the phonon assisted transitions usually accounte§ magnitude as from the Drude term, if we use the same

for in a Drude relaxation time approximation by values for the pseudopotential coefficient that were used by
5 Smitt?® to fit the interband absorption. This is demonstrated
IM €pruad @)= “p 4.9 in Fig. 15 for K and Rb. Of course its exact value depends

Drud moptmﬁ’ ' crucially on the magnitude df , . Moreover, the use of a

local pseudopotential is questionablend a microscopic
mated from the dc conductivity. The optical mass,, in derivation of phonon assisted transitions close to the onset of
units of the free-electron mass is slightly larger than (e }gﬁbg‘g [I]r:n;l?hoer;zs;n%y rdggt%ztgzwothse thsgtnglioarulgfe
Smitt?"). heory o the optical absorption of the alkali metals. mi
This picture is qualitatively correct, but the observed op-}nelorg % tnem?pt:ca r?blsgrp;]tlon of the alkall metals must
tical absorption prior to the onset of interband transitions is clude dynamical correlations.
considerably larger than predicted by the simple Drude for-
mula (see SmitR®). For w=<0.64, ph-ph excitations offer an
additional absorption mechanism mediated by the crystal Within the model of the homogeneous electron gas we

(pseudogpotential. Their effect can be estimated by have calculated the leading corrections to the RPA bubble as

valid for w7>1, where the relaxation time can be esti-

V. SUMMARY AND CONCLUSIONS
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defined by the diagrams in Fig. 1 and obtainedeltk, ») for tions on the optical properties of the alkali metals. Below the
arbitrary (,w) outside the ph spectrum. In this way we haveonset of interband transitions a strong deviation from the

generalized the asymptoti&-0) result of HW, which was €xpected Drude behavior is observed. Multiple excitations
used by BCT to evaluatg, (k=0,0). mediated by the crystal potential could be responsible for

Dynamical correlations that constitute ktk, o) outside this observation, as we have demonstrated for K and Rb. The

the ph spectrum consist of multiple excitations such as phg,ame effect is present in Na, but an unexpectedly large pseu-

ph, ph-pl, and pl-pl excitations. ph-ph excitations are pOS_dopotential coefficien¥ | is required as for the magnitude

sible for any k, ») above the ph spectrum. Flr2 they are  ©f the interband transitions. _ _

the only mechanism for Ira(k, ) below the ph spectrum. '!'hese appllcz_mons sh_ow _that dynamical C(_)rrelgtlons as
There is, however, a lower bound defined for ph-ph excita-def'ned by the dlagr_ams in Fig. 1 can _substannally mfluenpe
tions defined byw= (k22— 2k)®(k—4). pl-pl excitations mea;uraple properties, and the mag_nltude of the correlatlon
are confined to Bk=2q, and 2v,<w=2w,(qy), and contribution is physically reasonable in all cases considered.

o . A final judgment of the quality of the approximation de-
ph-pl excitations are possible for ary and wp<w<(k o4 by the diagrams in Fig. 1 will be possible when their

+q?)2fr2(k+qc)+q§+2qc. There are no ph-pl and pl-pl gffect inside the ph spectrum is evaluated, and we plan to
excitations below the ph spectrum. Forw>k?  gxtend the calculation to Im(k,®) to this case. Since thee
+2k Im e(k,0) falls off as @ *"% The pl-pl excitations sum rule is satisfied in the RPA, additional excitations out-
cause the dominant structure fer>2wy(k/2) and O<k  side the ph spectrum must be accompanied by a reduction of
<k;. Above this regime, Ine(k,») falls off monotonically  the oscillator strength inside the ph spectrum. The third fre-
at a givenk with increasing frequency. At the boundaries of quency moment sum rule depends explicitly on correlations
the ph excitations there is a logarithmic singularity that is aand provides an additional way to check the quality of the

well known artifact of perturbation theory. approximation defined by the diagrams in Fig. 1. Kramers-
As expected on general grounds, dynamical correlation&ronig relations can then be applied to evaluatecRew).
and their importance increase with increaskngnd for de- The diagrams considered in this paper are a consistent

creasing density, i.e., increasimg. The present calculation subset in the sense that they lead to the coregépendence
provides gquantitative results based on a fully microscopicf the compressibility sum rule in the high-density linsee
theory valid at high densities {<3), while for lower den- discussion in Ref. 14 There are additional second-order ex-
sities the present results provide a lower bound of dynamicathange diagrams, which foro>k?+2k can reduce
correlations on In(k, ) outside the ph spectrum. Im e(k, ) by 50%/*°but they do not contribute to the com-
Simple metals provide the closest realizations of the jelpressibility sum rule. These diagrams are considerably more
lium model in nature. Dynamical correlations as correctiondifficult to evaluate exactly at arbitraryk(w), but it would
to the RPA of the jellium model compete with band-structurebe interesting to obtain some estimate. Higher-order Hartree-
effects in the RPA due to the weak pseudopotential, so thafock diagrams could be included approximately in a form
band-structure effects provide a natural measure for the relgproposed by Geldart and Taylbt Their result for the large-
tive importance of dynamical correlations. For Al we havek behavior of the static screening function was recently con-
evaluated band-structure contributions to dfk,») in  firmed in part by Monte Carlo simulatiods.
second-order perturbation theory using an Ashcroft empty

core potential. While for smak band-structure effects are ACKNOWLEDGMENTS
dominant, correlation effects increase with increasini
importance and finally prevail fdk=1. We are grateful to A. Bringer, E. Eisenriegler, R. O.

We have applied the results to discuss various experiJones, A. Liebsch, and H. Lustfeld for useful discussions and

ments. Plasmon damping at smilis essentially caused by comments.
interband transitions and local-field effects, but closeyto
the decay via ph-ph and ph-pl excitations makes an impor-  APPENDIX: EVALUATION OF THE DIAGRAMS

tant contribution as we demonstrated for Al. ) . ,
In recent years inelastic x-ray scattering has become a Here we outline the technical details used to evaluate the

powerful tool to investigate the dynamical structure factor agiagrams of Fig. 1, whose formal representation was given in

largek (k>q.), and our results are applicable to the high- Sec.
frequency tail, i.e., foro>k?+ 2k. Here we have demon-
strated that at largk (k=1) dynamical correlation effects 1. Im exsc(k, @) outside the particle-hole excitation spectrum

in terms of multiple excitations are more important than  The m summation inmag(k, ;) and mc(k,w,) (see Sec.
band-structure effects. Single particle-hole excitation®r- ) js performed by again converting the sum into a contour
band transitions are insufficient to explain the observed jnegral(see Refs. 9 and 13Finally the functions defined on
magnitude of the tail, while multiple excitations give the e imaginary frequency axis are continued analytically into
right order of magnitude. A particularly interesting aspect isypq upper complexw plane in the limit T—0. Then,
the existence of the pl-pl peak. We found in one of the X a(k,w)=map(k,0+i18) and me(k,w)=mc(k,w+id)
perimental spectrak(=0.66) of Ref. 23 a small structure of 4nsist of terms of the following form:
roughly the appropriate position and magnitude. Further ex-
perimental investigations of the high-frequency tail would be H(w+id)l(w+id) (A1)
very valuable.

Finally we investigated the effect of dynamical correla- with



PRB 62 DYNAMICAL CORRELATIONS IN THE ELECTRON GAS 16 485

—1 (o In the approximation defined by the above diagrams we have
[(w+id)= 7J dxIm[f(x+ie)]g(w—Xx+i0)

Im eagc(k,w)=v (k) IM[ mag(k,w)+ 7c(k,w)]. (Ad)

1 (o . )
+ ;ledx f(x+ie) Imlg(o—x+id)], We apply the relationship

(A2) v(q) mo(d,X)

where we have suppressed any wave vector dependency for Vax)= e (a.x) X) v@)-vi(@) €.(q,x)
the time being, ands and € are positive infinitesimals.
H(w+i6) depends on denominators of the forit (@  in the expression ofrag(k,w) and observe that only the
+id)+ep—epyi] In zero, first, or second order. Thus term ~v?(q) contributes to Ineagc(k, @) outside the ph
H(w+i6)=H(w) is real outside the ph spectrum, and thespectrum. The term~uv(q) represents the lowest order
imaginary parts Imrag(k,») and Immc(k,0) consist of Hartree-Fock approximatiohand its imagimary part van-
terms of the form ishes there. Furthermore, the teFmin 75 [Eq. (2.9)] does
not contribute, because it is independent«of x and thus

H(w)ifwdxm[f(xﬂe)] Im[g(o—x+i8)]. (A3) 'Mlg(e—x+i5)]=0. Following the rules indicated above
7Jo we finally have to evaluate

(A5)

d3p

X+ie€)
7ol < (277)2f(8p)5(y+3p_8p+k+q)

e (g,Xx+ie)

od
Im mag(k, @) = J(—gvm)zf —X[Im

m

1 2]

[mo(q,x+ie) d®p
+Re 2 : f(zw)zf(sp)‘s(y+8p_8p+k+q)

< Re | eL(Q,x+ie€)

I w+ep—8p+k w+|5+8p+q €ptktq

d®p

| w+sp—8p+k w+|5+sp+q Eptktq | e.(Q,x+ie€)

2] - . 3
mo(q,X+i€) d®p
—RG_ €.(g,x+ie) f (277)2f(6p)5(y_8p+8p+k+q)

[ -1
ool
| w—ep+8p+k w+id— 8p+q+8p+k+q

)

1 )2 [7mo(q,x+i€)
|
]

! ( -1
X1im
| w—8p+8p+k w+id— 8p+q+8p+k+q

] (A6)

with y=w—X. In obtaining this result we made use of the twtey—epik#0 (A7)
y-dependent functions to rewrite the denominators that de-

pend on the internal frequency variable and all the p integrals that one must solve to obtain
Thep integrals can be represented in terms of elementarym maa(k, ) and Imme(k,) can be related to eight inte-
functions. In the remaining integrals the integrand is inde- grals which we list below:

pendent of azimuthal angle whdnis used as polar axis.
Thus we are left to perform three integrations, (qj,x)
numerically. Immc(k,w) has a similar structure, as will be h
shown below.

dp 1

(277)3f(8p)

(q,y+|5;k,w)=2f PE——

1
>< H L
y+tiote,—epiksq

(A8)
2. p integrals

Before we consider the expression for 4ra(k,w) out-
side the ph spectrum it is convenient to list ghentegrals Do _ J
that occur in Immag(k,w) and Immc(k,w). We show that ha(@xtie k) =2
they have a similar structure and can be represented in terms 1
of elementary functions. % :

Outside the ph spectrum —(x+ie)tey,—epgq

dp
(2,”_)31:(8[))

—wtep—epik

. (A9)
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: : d®
hg(q,Xile/;k,wiI6)=2f Wf(sp)
1
_(wii€)+8p+q_8p+k+q
! Al0
X*ie'+e,—epiq’ (AL0)
o _ d°p
h4(q,yi|5,k,wi|e)=—2f Wf(sp)
1
—(o*ie)tepq—epikiq
1
X - .
_(yi|5)+8p_8p+k+q
(A11)

The functionshg, hg, h7, andhg follow from hq, h,, hs,
and h, by replacingw by —w, w*ie by —(w*ie), X
+ie’ by —(xxie'), andy=xié by —(y=id). While all the
functions h;, i=1,...,8 enter the expression for
Im 7c(k,w), thep mtegrals in Immpag(k,w) are related to
h,, h,, hs, andhg, and their first derivatives with respect to
w keepingy fixed.

We now indicate the evaluation of thwe,

i=1,...,8.

If we write the integrals in cylindrical coordinates choosing

k as polar axis, the structures of theare identical. With a

common prefactoA=k2/¢2 all variables and parameters are

dimensionless and, except for the minus sigrhjnand hg,
the integrals have the same form, namely

1 f\/l—_pf

e d
yiie—pH 0 P.P.

+1
hZZAJ de
-1

2w 1
« j do . (AL12)
o " g(p)io—2p,q,cose

— A[hrr +hii Fihri Fihir]. (A13)

The ¢ andp, integrations are easily performed and we have
(x=py)

T +1 dx
hrr=—m77 _1ﬁ¢(x)
~POOUPX Il (0]}, (AL4)
2
hii—quf dx8(x— ) V=P (x) [ — P(x)]
T TRIOL-P(NIOA-),  (A19
a.

B ——
hri = 2kquf_1x—y P(X)ﬂ[ P(X)]! (A16)
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. w2 [+l
hir= Mffl dx8(x—y){d(x)

—VP x) 6[ P(x)]sgri ¢(x) [}
qu2{¢ ¥)—VP(y)O[P(y)1sgri ¢(») 1} (1~ ¥?)
(A17)
where
d(X)=t—ux, (A18)

t andu are real and
P(X)=¢(x)2—4g?(1—x?)=ax’+2bx+c (A19)

is a quadratic polynomiafy (x) is the unit step function, and

‘P denotes the principal value. The principal value integrals
can also be represented in terms of elementary functions. We
define

o
hrr= m‘[\ll‘lﬂjz], (AZO)
with
_ it o X
Ji= Pf_ld y—2u+(t yu)ln _1‘ (A21)
and
+1 dx
JzszlIH VPGP Jsgri d(X)].  (A22)
To perform thex integration we use the identity
VP(X) [P'(X)+P'(y)] P(y) 1
= (A23)

+ :
2VP(X) VP(x) (X=7)

where P’ (x) =dP(x)/dx. Thus we have to solve three dif-
Sterent principal value integrals:

X—’y_

‘]2:‘]21+ J22+J23. (A24)

To evaluatel, several cases must be considered depending
on the roots ofP(x).

Case A:

b?—ac<0 (A25)

Then P(x) has no real rootsP(x)>0, 6[P(x)]=1, and
¢(x) does not change sign on-(L,1) and we obtain

P’(x)

VP(x)

+1
321=59f{¢(1)]f_1dx =¢(1)—é(-1),

(A26)
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+1 dx

LVP(X)

()
S saaL} |
P'(y)
2\a

P'(1)+2Val$(1)] |
~1)+2vale(- 1|’

=sgr ¢(1)]

(A27)

+1 dx 1
JP(x) X— 7
1- 7\ f(1,7) ]
+9] f( 1y)|
(A28)

Jos=sgf (1) P(7)P f

=sgi ¢(1)]VP(y) {ln

with
f(X,y)=0.5x—y)P'(y)+P(y)+VP(X)P(y).
(A29)
Case B:

b2—ac>0. (A30)

Then P(x) has two real rootsx;,=—b/a* Jb%Z—ac/
ae[ —1,1], sincea>0 and because of the form &f(x) [see
Eqg. (A19)] we find

w1

ng[¢(X)] d(1)—p(—1),

(A31)
P (y){ sgr ¢(x) ]
f f P(x
- w){ln LT
2 | |pr(-n+2vale-)|
P'(x2) ‘
—In sgrie(1)];. (A32)
P'(1)+2val (1)
To calculatel,; we distinguish two cases:
(i) P(»)>0;
st—P(v)P“ J P X—Sgr[d)(X)]
X
_J/p (I X1_7‘_| f(le')’)‘) 1
= VPO | I | i e | sere -1
+(In - 7‘ fLy) )s r{¢(1)]} (A33)
X2+7" f( X2, 7)‘ ? .
(i) P(y)<0;
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ses=p (7] [+ [ lox = 2 sat o
=—V—=P(y)sgi ¢(—1)]({arcsifig(xy, )]
—arcsing(—1,)]}+{arcsiig(1,y)]
—arcsiig(xz,y) 1sgri¢(1)]), (A34)
with
o(.7) 0.5x=y)P'(y)+P(y) (AT
Y= :
V(b*—ac)[x—1l
Case C:
b?—ac=0. (A36)
Then x, ,=Xo=—b/a with a>0, P(x)=a(x—Xe)? with

X0l <1,
tain

¢(x) does not change sign [n-1,1] and we ob-

3, J’d ng[¢(X)]VP(X

2

—\/_((7 Xo)m( )2

2Xo]59f{ $(D)].

(A37)

This completes the integrations hrr and we now turn to
hri. Similar manipulations result in

2
nri= gz (P (92 + P(y)d(7)}0 (b~ a0),
L
(A38)
where
dn=1, y<x,,
=0, ve[x1,%;]
=—1, y>X,. (A39)

It is now straightforward to obtain the derivatives of the ap-
propriate h functions required for the evaluation of
Im 7TAB(k, (l)) .

3. Im @rpg(k, @) in terms of the h; functions

Here we show that thp integrals in Imm,g(k, ) can be
expressed in terms of the functiohs, i=1,4,5,8 and their
derivatives with respect t@ with y fixed.
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| k —j d*q fwdx ml—— ) M ) imphyy+is
m 7ag(K, w) = (277)3U(q) s A m T £+ﬁ2k-q mlhy(y+i8,w)]
———1H 'k Re 1 S | DAL
+ g_ﬁqu S(q!yl 1(1)) + _eL(q,x+i5) %‘i‘ﬁqu
X G 'k I _ J Me Imrh i
8(q,y;k,w)—Im waxtio) || 7w e mlhg(y+id,w)]
’ H 'k P | B PPV A40
e a2 alayikoe) Ce(qxtie) 0_w_ﬁ2|(.q A@yk o), (Ad0)

where
H,(a,y; K, 0)=(1/4){hy(y+id,w+ie)—hy(y—idw+ie)
+hy(y+id,w—ie)—hy(y—id,w—ie)},
(A41)
Hg(a,y;K,0)=(1/4i){hg(y+id,m+ie)—hg(y—id,o+ie)
+hg(y+id,w—ie)—hg(y—id,w—ie)},
(A42)
Gu(q,y;k,@)=(=14{hy(y+id,w+ie)
—hy(y—i6,w+ie)—hy(y+id,w—ie)
+hyy—isw—ie)}, (A43)
Gg(Q,y;k, @) =(—1/4){hg(y+id,0+ie)
—hg(y—id,w+ie)—hg(y+id,w—ie)

FS(_ wp vam):hS(wn_amawn)+h6(amvwn)
+2§ f(ep)as(wn— am,wn,P)bs(@m,p),

(A48)

whereh,, h,, hs, andhg are the functions defined above,
with the replacement ob» by w,, x+i€e' by «,, andy
+ié by w,—apn, and

a(wp—an,p)= 1/[_(wn_am)+8p_£p+k+q]v
A49)

(o~ ay,p)= 1/[wn_am+8p_8p+k+q]a (A50)

+he(y—id,w—ie)} (A44) bi(am.p)=Uamtey=epiql (A51)
and we made use of the relations
and
R L ) + ! A45
x+ie| 2\x+ie x—ie (A45)
and ba(@m,p) =11~ amtep—epiql- (A52)
1 1 1 1 .
= — — We write
M el 2i | xTie x—ie)' (A46)
4. Im mc(k,®) in terms of the h; functions 8
To evaluate Imr¢(k,w) according to the rules indicated WC(k’w”):; mei(k,on), (A53)
above we need to order the products appropriately. This will
be done in several steps. Suppressing the wave-vector depen-
dencies as far as possible we write where
Fa(on,—am)=hy(wy—am, o) +h(an, o)
K, wp) = A > u U
#23 f(epason-anonpbilanp) ko= ] s 2 UdanUg-donan)
(A47) Xhy(wy=am,0n)[Fclon, —an)
and +F3(—wn,am], (A54)
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d*g 1
mealkon) = [ 535 S UalamUgsidon amhalam,on)[Folon, ~ @)+ F(~on.am] (A9

and

realcn)= [ oy 5 S UlamUaeon-an2 f(epay

X(wn—am,p)bi(am,P)[Fa(w,, —am) +Fs(—w,,amn)]. (A56)

When theqa,, summation has been performed by contour integration and the result is continued into the upper complex
frequency plane, we have/ € o —X)

_ o dx [ d3q
Im7-rCl(k,w+|5)=J’0 = @p 3 IM[Ug(x+ie)JIm{Ug (y+id)hi(y+id,w)[hi(y+id,w)+hs(y+id,w)]}

FIM[U g (yF+i0)hi(y+id,0)] Im{Uy(x+ie)[hy(X+ie w)+hg(Xx+ie,w)]}

+22 f(ep) MU, (y+id)hi(y+id,w)a(y+id)Im[Uy(x+ie)by(x+ie)]
P

+23, f(ep)IM[Uqy i (y+i8)hy(y+is,w)ax(y+id)JIm[Ug(x+ie)by(x+ie)], (A57)
p

Im 7eo(K,0+i8)= fw Xf 2m (Im{Uq+k(y+|5)]Im[Uq(x+|e)h2(x+|e w)[hy(x+ie,w)+hg(x+ie )]}
+Im[Uy(x+ie)hy(x+ie,)]Im{Uq.(y+id)[hy(y+id,w)+hs(y+idw)l}
+2> f(ep)Im[Uq(x+ie)hy(x+ie,w)by(x+ie)[Im[Uq(y+iday(y+is,p)]
P

+22 f(ep)IM[Ug(x+ie)hy(x+ie,w)by(x+ie)[Im[Uq(y+id,)a(y+is,p)ll, (A58)
P

and

dx
Im mes(k,w+i6)= f J(z ) (22 flep)IM{Ug i (y+id)a(y+id,p)hi(y+id,w)+hs(y+id,w)l}
><Im[Uq(x+ie)bl(x+ie,p)]+22 f(ep) IM{Ug(x+ie)b(x+ie,p)[hy(x+ie,w)
p

+h6(x+ie,w)]}lm[Uq+k(y+i5)a1(y+i6,p)]+42, f(ep)f(ep)
p.p

XIMUg(y+ida(y+id,p)ay(y+id,p)JImUy(x+ie)bi(x+ie,p)bi(x+ie,p’)]

+4 f(ep)f(ep)IM[Uqg  (y+id)a(y+id,play+is,p’)]
p.p’

X IM[Uq(x+i€)by(x+ie,p)by(x+ie,p)]| (A59)
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In the expressions for Imci(k,w) the remainingo and p’
integrals involving the functiona;, a,, by, andb, can be
expressed in terms of the functiohsg, h,, h;, andhg as is
shown below:

2% f(ep)Imlag(y+id,p)limlby(x+i€’,p)]

=Gg(q.y;k, ). (AB7)

2Ep f(ep)Reas(y+id,p)]Imby(x+ie’,p)]

=(1/4i){hg(x+ie" ,w+ie)—hz(x—ie ,w+ie)
+hy(x+ie' ,w—ie)—hsz(x—ie' ,w—ie)},
(A60)

2§p‘, f(ep)RE a(y+id,p)lImlby(x+i€’,p)]

=(1/4i){hg(x+i€" ,w+ie)—hs(x—i€' ,o+ie)
+hg(Xx+ie',w—ie)—hs(x—i€e ,w—ie)},
(A61)

2% f(ep)Reas(y+id,p)IREby(x+ie’,p)]

= (L4 {ha(x+i€" ,w+ie)+hs(x—i€ ,w+ie)
+ha(x+ie ,w—i€)+hs(x—i€ ,w—ie)
+hy(y+ido+ie)+h(y—idw+ie)
+ha(y+i8,0—ie)+hyy—idw—ie)l,
(A62)

ZEp f(ep)Reay(y+id,p)IREby(x+i€’,p)]

=(UH{hs(x+ie" , o+ie)+hy(x—ie ,w+ie)
+hy(x+ie , w—ie)+h(x—ie ,w—ie)
+hg(y+id,w+ie)+hg(y—id,w+ie)
+hg(y+is,w—ie)+hg(y—idw—ie)},
(AB3)

2% f(ep)imlay(y+id,p)IREby(x+ie’,p)]

=H4(q,y:k,w), (A64)

2% f(ep)imlax(y+id,p)IREby(x+ie’,p)]

=Hg(q,y:K,w), (ABS5)

2% f(ep)imlay(y+id,p)lim[by(x+ie’,p)]

=G4(q,y:k, ), (A66)

In conclusion, the entire set pfandp’ integrals appear-
ing in Imap(k,w) and Immrc(k,w) is related to the eight
functionsh; and can be represented in terms of elementary
functions.

5. q integration limits

Before the numerical integration can be performed we
must determine the integration limits. While the integration
over the internal frequency extends from O tow, the g
integration limits can be determined precisélyr a givenw
andx) in the following way. As is clear from EqA3), each
term in Im{ mpg(K,w) + 7c(k,w)] contains a product of two
imaginary parts of complex functions, one dependingxon
and the other ony=w—X. These are Iin—1/e (q,x)],

Im[ —1/e (|g+Kk]|,y)] or imaginary parts of one of thh;
defined above. Apart from the plasmon poles, which are de-
termined frome (q,x)=0, and €, (|]q+k|,y)=0, the loss
functions are nonzero inside the particle-hole pair excitation
spectrum, i.e.(in our unitg for

—1+1+x<ygf+qgi=<1+1+x

(A68)

and

—1+1+y<(q+k?+a?<1+V1+y, (A69)

respectively. To demonstrate this for tihe functions we
consider, e.g.,

Imhy(q,y+idK, )

NJ dspf(gp)a(y+8p_8p+k+q)' e

~ [ ap, [ ap? o1-pt—p2 06—

~6[(1-po)(1+pg)]--- (A70)

with po=(y—|k+q|?/(2|k+qg|). This means that Inm,
#0 provided — 1+ V1+y<y(q+k)?+gi<1+1+y as

a consequence of th® function and thes function. Analo-
gous manipulations can be performed for the othehjro
obtain theq integration limits. The actual integration limits
follow from the cross section of the twq integration re-
gimes related to the product of two imaginary parts.

The integrals with the above integration limits yield the
contribution to Imeagc arising from ph-ph excitations. In
addition, the poles frore, (q,x) ande (|q+k|,y) yield con-
tributions due to ph-pl excitation and pl-pl excitations.
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For the contribution arising from pl-pl excitations tige  This section is empty fok>2q., i.e., pl-pl excitations are
integration limits are defined by the section of the two semipossible fork<2q..

circles: The g-integration limits for the contribution arising from
0< \/EiJr_qHquC, (A71)  ph-pl excitations are defined by the section of one of the
> 5 conditions related to ph-ph excitations and one related to the
0<vai+(q+k“=q. (A72)  pl-pl excitations.
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