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Abstract

Starting from hyperbolic dispersion relations, we derive a closed system of Roy—Steiner equations

for pion—nucleon scattering that respects analyticity, unitarity, and crossing symmetry. We work
out analytically all kernel functions and unitarity relations required for the lowest partial waves.
In order to suppress the dependence on the high-energy regime we also consider once- and twice-
subtracted versions of the equations, where we identify the subtraction constants with subthreshold
parameters. Assuming Mandelstam analyticity we determine the maximal range of validity of these
equations. As a first step towards the solution of the full system we cast the equations for the
7 — NN partial waves into the form of a Muskhelishvili-Omnes problem with finite matching
point, which we solve numerically in the single-channel approximation. We investigate in detail
the role of individual contributions to our solutions and discuss some consequences for the spectral
functions of the nucleon electromagnetic form factors.
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1 Introduction

Pion—nucleon scattering is one of the most basic and fundamental processes in strong-interaction
physics. Even though a large data basis exists and numerous investigations based on a cornucopia
of methods (dispersion relations, quark models, resonance models, chiral perturbation theory, just to
name a few) have been performed for many decades, the pion—nucleon (7N) scattering amplitude is
still not known to sufficient precision in the low-energy region This becomes most obvious in the
scalar-isoscalar sector, which features the so-called pion—nucleon o term oy, i.e. the scalar form factor
of the nucleon at zero momentum transfer. Its value is a measure of the light quark contribution to
the nucleon mass (and it can also be related to its strange quark contribution), see e.g. the classical
paper [5]. The o term has gained renewed interest as it parameterizes the spin-independent cross
section for possible dark matter candidates scattering off nuclei [6,[7] (for a recent review cf. [§]). In
principle, lattice QCD would be the method of choice to pin down the o term—however, a direct
computation of the scalar form factor necessarily involves disconnected diagrams, which is not yet
under sufficient control. Similarly, the indirect extraction of o,y from the derivative of the nucleon
mass is still hampered with systematic uncertainties related to the chiral extrapolations utilized, see
e.g. [9]. Therefore, in this paper we follow a different path, namely setting up the powerful machinery of
Roy—Steiner (RS) equations that will ultimately allow for a precise determination of the pion—nucleon
scattering amplitude at low energies.

More specifically, RS equations are based on hyperbolic dispersion relations (HDRs), a particular
kind of dispersion relations along hyperbolae in the Mandelstam plane. Dispersion relations are a
widely used tool that is built upon very general principles, such as Lorentz invariance, unitarity,
crossing symmetry, and analyticity. There are multiple uses of dispersion relations—they can be used
to stabilize extrapolation of experimental data to threshold and allow for a continuation into unphysical
regions, as it is e.g. required for the extrapolation of the pion—nucleon scattering amplitude to the
so-called Cheng-Dashen point [10], which is crucial for the extraction of the o term. We notice that
unitarity constraints can most conveniently be formulated in terms of partial-wave amplitudes. The
resulting partial-wave dispersion relations (PWDRs) together with unitarity constraints allow to study
processes at low energies with high precision. We just mention a few examples. The most prominent
example is of course pion—pion (77) scattering, which is intimately linked to the spontaneous and
explicit chiral symmetry breaking in QCD. The Roy equations [I1] are the appropriate PWDRs, which
have been extensively studied in the last years [12HI7], leading to a determination of the fundamental
w7 scattering amplitude with unprecedented precision. The pion—pion system, however, is special
as all channels are identical. This is different for the simplest scattering process in QCD involving
strange quarks, namely pion—kaon (7K) scattering, which has been investigated in [I8,19]. As far
as crossing symmetry and isospin quantum numbers are concerned, the pion—kaon system is similar
to the pion—nucleon case considered here. Crossing symmetry relates the s-/u-channel (7N — 7wN)
and the t-channel (7w — NN) amplitudes, with the s-channel amplitudes relevant e.g. for o-term
physics, while the t-channel amplitudes feature prominently in the dispersive analysis of the nucleon
form factors. The final aim of solving the full (subtracted) RS system for 7N scattering is a precise
determination of the lowest partial-wave amplitudes in the low-energy (physical and unphysical) region
as well as the pertinent low-energy parameters, such as the 7N coupling constant and the so-called
subthreshold parameters, and to provide reliable theoretical errors for the fundamental pion—nucleon
scattering amplitude for the first time.

In the low-energy region, the pion—nucleon amplitude is well represented by its S- and P-wave
projections. Due to the spin of the nucleon, one has in total six partial waves in the s- and u-channel,

!The exceptions are the S-wave scattering lengths, which can be extracted with high precision from the beautiful
data on pionic hydrogen and pionic deuterium, see [1H4].



commonly denoted as fofﬁr, f1i+, fli_ , where the superscript I = + refers to the isospin, [ € {0,1} in the
subscript to the orbital angular momentum, and the + to the total angular momentum j = [ £+ 1/2.
Similarly, there are three t-channel S- and P-waves, called ffl, fi, where the superscript refers to
total angular momentum J and the +/— to parallel/antiparallel antinucleon—nucleon helicities, such
that there is one wave with even and two with odd isospin (due to Bose symmetry). It was pointed
out in [20] how to generalize the Roy equations for 7w scattering to the 7N system based on fixed-t
dispersion relations. These amount to coupled integral equations for the nine partial waves, where the
effect of the higher partial waves is encoded in the respective kernels of these integral equations. Here,
we follow a somewhat different path by utilizing hyperbolic dispersion relations as pioneered by Hite
and Steiner a long time ago [2I]. The main advantage of HDRs is that they combine the s- and the
t-channel (i.e. all three) physical regions, which is obviously not true for e.g. usual fixed-¢ dispersion
relations. It is known that a reliable continuation to the subthreshold region in dispersion theory
can only be made by using input information also from the ¢-channel, cf. e.g. [22H25]. Furthermore,
the knowledge of the absorptive parts in the dispersion relations is needed only in regions where the
corresponding partial-wave expansions converge, and HDRs are considered the best choice fulfilling
these requirements that yields still manageable angular kernels [2I]. In addition, the underlying
hyperbolic relation (s — a)(u —a) = b (with a, b real-valued parameters) also respects s <> u crossing
symmetry of the 7N amplitude. Due to the tunable parameters a, b, better convergence properties
can be achieved with HDRs and they are found to be especially powerful for determining the o
term [22]. The derivation of the RS equations for the 7N system is given by a series of steps: first,
one expands the s-/t-channel absorptive parts of the HDRs in s-/t-channel partial waves, respectively.
Second, one projects the full, partial-wave-expanded HDRs onto both s- and ¢-channel partial waves,
resulting in what we will refer to as the s- and ¢-channel part of the RS system in the following. The
resulting system of equations exhibits the following general structure: it features the nucleon-pole-
term contributions, integrals over the imaginary parts of the s-(and u-)channel as well as integrals over
t-channel absorptive parts, both from the corresponding threshold to infinity. The generic properties
of the equations are then determined by the integral kernels. In the equation for each partial wave, the
corresponding kernels consist of the self-coupling, singular Cauchy kernel and an analytic remainder
that in addition involves the coupling to all other partial waves. In particular, these kernel functions
automatically incorporate the analytic properties expected for a given partial wave: the Cauchy kernel
corresponds to the right-hand cut, while the remainder contains all left-hand-cut contributions.

Another important issue is the possibility to subtract dispersion relations. This can be advanta-
geous for various reasons: first, in some cases the asymptotic behavior of the integrand is such that
subtractions have to be performed to ensure convergence of the dispersive integral. Similarly, if the
high-energy behavior is not known, it can be subsumed in subtraction constants, which are a priori
unknown. In some cases, these subtraction constants can be related to phenomenology or the parame-
ters of a low-energy effective field theory like e.g. chiral perturbation theory (ChPT). Second, one can
even introduce subtractions that are not necessarily required by the asymptotic behavior in order to
lessen the dependence on high-energy input, however, at the expense of introducing the corresponding
subtraction polynomials. Third, subtracting the dispersion relations is especially useful in the 7N
case, since subtracting at the so-called subthreshold point allows for a relation to the subthreshold
expansion and is convenient for the continuation to the Cheng—Dashen point. In addition, such sub-
tractions are well suited for the t-channel problem to be discussed later. In what follows, we will
consider unsubtracted as well as subtracted versions of the RS equations.

Next, we will outline the strategy to solve the RS equations, as depicted in Fig. [I} first, one
solves the t-channel part of the RS system, which takes the form of a Muskhelishvili-Omnes (MO)
problem [2627] (using rather well known s-channel partial waves and 77 phase shifts as input). Then,
one uses the t-channel MO solutions to solve the s-channel part, and finally the procedure is repeated
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Figure 1: Flowchart of the solution strategy for the Roy—Steiner system for w/N scattering.

(iterated) until self-consistency of the partial waves and parameters is reached and the results have
converged, cf. Fig.[Il In both the s- and ¢-channel part of the system one actually solves the equations
in the low-energy region and for the lowest partial waves, while the amplitudes in the high-energy region
as well as higher partial waves are needed as input. The separation between both energy regions occurs
at the so-called matching points sy, and ¢, in the s- and ¢-channel, respectively. Due to the complexity
of the full problem, we will not yet solve the whole set of RS equations in this article, but concentrate on
the t-channel part of the system as a first step. The solution of this ¢-channel subproblem is interesting
by itself, as it features in the dispersive analysis of the nucleon electromagnetic form factors as well as
the scalar form factor, which is, in turn, essential for the extraction of the o term. At present, in the
unphysical region only the KH80 solution [28,29] has been used. It is, however, well-known that this
solution does not include more recent and precise data and that the 7N coupling constant used there
differs significantly from more modern determinations. Furthermore, no analysis of the theoretical
uncertainties is performed (apart from an iteration uncertainty, cf. Sect. [5.3.2]), which is an absolute
requirement for any modern theoretical investigation. Therefore, a new t-channel solution is needed
as a first step for solving the full system. Finally, a consistent set of partial-wave amplitudes for all
channels is especially important as far as the o-term extraction is concerned, and it has been pointed
out that the KH80 solution seems to suffer from internal inconsistencies [22,25,[30], which emphasizes
the necessity of a full system of PWDRs.

The original Roy equations for 7wm scattering [11] were solely based on fixed-t dispersion relations.
This approach fails for processes involving non-identical particles, since crossing symmetry intertwines



different physical processes. For this reason, a combination of fixed-t and hyperbolic dispersion re-
lations was used in [I8[19] to construct integral equations for wK scattering for the partial waves of
both s- and t-channel, which are therefore referred to as Roy—Steiner equations. In this work, we
solely consider HDRs, a path that has already proven useful in the construction of RS equations for
vy — w [31]. Our solution strategy for the ¢-channel MO equations follows [19], however, there is a
major difference between 7w — KK and mm — NN as far as inelasticities in the unitarity relation
are concerned, since the pseudophysical region in the 7w /N case is much larger due to the large nucleon
mass. In both cases, the first non-negligible contribution besides m7 intermediate states originate
from KK, which play an important role for the S-wave in view of the occurrence of the f5(980) res-
onance. For 7w — KK the inelasticities can simply be accounted for by using phase-shift solutions
for the corresponding partial waves, while physical input for 77 — NN is only available above the
two-nucleon threshold. Once the t-channel problem is solved, the remaining equations take the form
of the conventional 77w Roy equations, such that known results concerning existence and uniqueness
of solutions [32,[33] may be transferred to the s-channel RS equations as well.

This work is organized as follows: in Sect. 2l we specify our conventions and review HDRs for the
invariant amplitudes of 7N scattering. In Sects. Bl and 4 we derive a closed system of RS equations as
well as a once- and twice-subtracted version, and show how the t-channel equations can be cast into
the form of a MO problem. Sect. [5] is devoted to the explicit solution of the ¢-channel MO problem:
we first review the MO problem with a finite matching point and state the explicit solution for the
wIN t-channel amplitudes. Then we collect the necessary input and discuss the numerical results.
Finally, we briefly discuss the application to nucleon form factors before concluding in Sect. [6l The
explicit derivation of the s- and t-channel RS equations is described in full detail in Appendices [A]
and [Bl respectively. In Appendix [C] we determine the range of convergence of our equations, while
Appendix [D] contains a discussion of the asymptotic regions in the dispersion integrals.

2 Preliminaries

2.1 Kinematics

We take the s-channel reaction of 7N scattering to be m(q) + N(p) — m(¢’) + N(p') and the t-channel
reaction to be 7(q) + 7(—¢') — N(—p) + N(p') with the usual Mandelstam variables

s=(p+q?, t=p-p)?, u=@pm-4q)*, (2.1)

which fulfill
s+t+u=2m?+2M2 =%, (2.2)

where m and M, denote the nucleon and pion mass, respectively. We will use the masses of [34], with
the isospin limit defined by the charged particles, i.e. M; = M, + and m = m;, (later also Mg = M+
for the kaon mass). Unless stated otherwise, u is always to be understood as a function of s and ¢

u(s,t) =X —s—t. (2.3)
We define the generic kinematical Kéallén function
Ar? = Aa, Mp, M) = [z = (Mp = Mo)*] [z — (Mp + Mq)*] , (2.4)
and for the equal-mass case

P

APP / AM?
x = O-(:L'vM%) = :E:c =1/1- TP . (25)

g



Furthermore, we introduce the general deﬁnitionﬂ

s—u 2s+t—%  2(s—sg)+t
dm 4dm a 4dm
s+ u — 2m? t — 2M?2

2 _ - _ — T — y(s = m?
W*=s, vp(t) = . i v(s =m-,t), (2.6)

¥ =2s9, v(s,t) =

)

with W as the total center-of-mass-system (CMS) energy, as well as the abbreviation
Ao = MV = Na,m?, M2) = [z —s_] [z —s4] , sy =W3i=(m+M,)?, (2.7)

where W_ and W denote the (s-channel) pseudothreshold and threshold energies, respectively. Ad-
ditional related useful definitions and relations are

Sy =m?+ M2, Sy =50, S_=W,W_, X% =sys_, S =sy+s_. (28)

The CMS kinematics of the elastic s-channel reaction 7N — mN above threshold (i.e. for s > s)
with CMS momentum ¢ = |q|, nucleon energy E, and scattering angle z; = cos 4 are then given by

As s+X_
q(s) s EW)=+ym?+¢q W) +tE(W),
s+u—X t 5 22
(s)y=1-2T2"= 44 ° AP =s—¥+ 2= 2.9
24(s,1) 2 +2q2 g =s + (2.9)

For the t-channel reaction 77 — NN with CMS momenta ¢; for the pions and p; for the nucleons
and scattering angle z; = cos #;, the CMS kinematics above threshold (i.e. for t > 4m?) read

t
a®) =/t~ vz = Yop — +ig_. Y R

s—u 2s+t—X% mv
Zt(sgt) = = = — s
4pqy 4piqy Dt

(2.10)

where below the corresponding two-particle thresholds ¢, and 5 one has to use the quantities

/ t / t
q_(t) = Mg—zzo Vi<t,=4M2?, p_(t)= m2—120 Vi <ty =4m?, (2.11)

whose phases are constrained in general to p;q; = —p_q_ and fixed here by convention. Relations
valid in all kinematical ranges can be written down by relying on the quantities

B =T =), = =20, (212)

from which roots in the corresponding regimes may be takenﬁ

2For more on ©N kinematics and for 7N conventions in general we refer to [29]. Note that the convention for v
therein and which we have adopted here differs from the choice v = s — u of e.g. [21].

3We use the non-cyclic convention § x§ for a reaction a+b — c+d in order to stick to the usual 7N conventions of [29],
rather than the cyclic convention £ x¢ that leads to symmetric kinematical relations for the s-, t-, and u-channel and is
therefore sometimes used in the literature. While the cyclic convention is especially favorable when all four particles are
identical like e.g. in the case of 77 scattering, it leads to different sign conventions for the CMS scattering angles and also
to different isospin crossing matrices (cf. Sect.[Z2]). The non-cyclic convention, however, is well-suited for s <> u crossing
symmetric situations like e.g. N scattering, with ¢ = 0 corresponding to an undeflected pion (i.e. forward scattering)
in both the s- and u-channel and thus zs(t = 0) = 1 = z,(t = 0) rather than z,(t = 0) = 1 = —z,(¢t = 0) for the cyclic
convention.
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Figure 2: Physical regions for s-, t-, and u-channel reactions of mN scattering (shaded) and the
subthreshold triangle (dot-dashed) enclosing the subthreshold lens.

The physical regions for the s-, ¢-, and u-channel reactions are restricted to kinematical regions
where the Kibble function ® [35] is non-negative. For 7NN scattering we have

d
T =su- Y2 = 4sq*(1 + z5) = 4pPqt (1 — 22) (2.13)

such that the boundaries are given by

&= —sfu— (S5 [u—z‘é_]

=2 [t- (5 -2fem - 52)] [t~ (S +2/m) - 52)] =0, (2.14)

and the corresponding physical regions are shown in Fig. 2

wN scattering in the isospin limit can be described by the four Lorentz-invariant amplitudes
A*(s,t) and B¥(s,t), as well as the related amplitudes D*(s,t) convenient for low-energy theo-
rems (all to be defined in Sect. 2:2]). These amplitudes are real inside the Mandelstam subthreshold
triangle defined by the lines s = s, u = s4, and ¢ = t,, i.e. below the thresholds for the physical s-
and u-channel reactions and below the 7w thresholdE including in particular the small on-shell but
unphysical lens-shaped low-energy region (subthreshold lens) close to (v = 0,¢t = 0) depicted in Fig. 2l

The analytic structure of the invariant amplitudes governs the analytic structure of both the s-
and t-channel partial-wave amplitudes, for details we refer to [29] and references therein. Here, we
only mention the different analytic structures of the s-channel 7N scattering invariant amplitudes (in
the complex s-plane)

4Note that t < 0 is necessary for both the s- and u-channel reaction to be physical.



e right-hand cut (RHC): physical s-channel cut along s > s,
e nucleon pole: at s = m? from the s-channel nucleon-exchange pole term 1/(s — m?),

e crossed cut: along s < s_ as combination of the u-channel cut s < s_ and the ¢-channel cut
s < —=X_,

e left-hand cut (LHC): collective name for all cuts in the unphysical region, i.e. for Re {s} < s4.

In addition, the mapping between the complex s- and ¢?-planes involves a circular cut in the complex
s-plane at |s| = ¥_ = s(4)s(_), where s, (¢?) and 8(_)((]2) are the two solutions

s@)(@®) =2¢° + 4 £20/( + m?)(¢? + M2) (2.15)

for a given ¢? (note the cut for —m? < ¢? < —M2) with 5(4)(0) = s4 and s(_y(0) = s_. This circular
cut becomes relevant once amplitudes are considered as functions of ¢? rather than s, e.g. for the
partial waves. The additional analytic structures of the s-channel partial-wave amplitudes due to the
partial-wave projection are

e kinematical cuts: for s < 0 from terms depending on W = /s in the partial-wave projection
formula,

e short nucleon cutﬁ along »2 /m2 < s <m?+ 2M7% from evaluating the w-channel nucleon-
exchange pole term 1/(u(s, z5) — m?) for z, = +1,

e circular-cut contributions: from ¢-channel exchange of particles with mass m; > 2M,, i.e. eval-
uating 1/(t(s, zs) — m?) for zg = +1 and m? = t,,

e crossed-cut contributions for s < 0 and singularities at s = 0: from partial-wave projection of
the aforementioned u- and t-channel exchanges.

Finally, we mention some kinematical points of specific interest (cf. e.g. [29,[37]): the Cheng—Dashen
point at (s = u = m?,t = 2M2) = (v = 0,vp = 0) is pivotal for 7N o-term physics, since the
Born- term—subtracted amphtude Dt (v=0,t =2M?) = At (v = 0,t = 2M?2) — g? /m is related to the
o term by a low-energy theorem [10120,38-H40] [ The subthreshold point at (s = u = s9,t =0) = (v =
0,vp = —M2/(2m)) serves as expansion point for the subthreshold expansion, while the (s-channel)
threshold point (s = s;,t = 0,u = s_) = (v = My, vg = —M2/(2m)) is relevant for the threshold
expansion/parameters (e.g. scattering lengths).

2.2 Isospin structure

The most general Lorentz-invariant and parity-conserving T-matrix element for the process 7%(q) +
N(p) — 7°(¢') + N(p') with isospin indices a and b is given in terms of Lorentz-invariant amplitudes
A, B, and D according to

Th (5,8) = S 7 T YT (5,0) 5 [P, 7T (5, 0) = DT (5,0) + enae Ty (5,1)

Tfi(s,t) = uf(p'){AI(s,t) + g—;gBI(s,t)}ui(p) = uf(p'){DI(s,t) — %Bj(s,t)}ui(p) )
DI(s,t) = Al(s,t) +v(s,t)Bl(s,t), Ie{+,-}, (2.16)

5Actually, there are two short nucleon cuts as discussed in the appendix of [36]. The second one, however, is situated
on an unphysical sheet.

®Note that since 2P = zs(m?,2M2) = —M2/(4m? — M2) ~ —5.56 x 1072 is close to zero, the amplitudes at the CD
point are dominated by the (s-channel) S-wave.



where we have introduced the isospin index I = +/— for the part that is even/odd under interchange
of a and b. Furthermore, the 7N scattering amplitudes A have definite crossing properties under
interchange of s and w for fixed ¢, i.e. under change of sign of v, such that one can work with
amplitudes

9o JAW) i A t) = +A(-ut)
A t) = {M if A(v,t) = —A(-w,t) (@17)

v

which are even functions of v and thus free of kinematical square root branch cuts in the complex
t-plane originating from p; or ¢;. Explicitly, the above amplitudes fulfill

At (v,t) = £AT(—u 1), BE(v,t) = FBE(—v,t) . (2.18)

The amplitudes of all ten 7V scattering reactions can be written in terms of only two independent
matrix elements with total s-channel isospin index I € {1/2,3/2}. In agreement with [29] (i.e. using
the usual Condon—Shortley phase convention for the Clebsch—Gordan coefficients [34], but the non-
cyclic kinematical convention according to Sect.[2.T]) we assign the isospin-doublets of both the nucleons
and antinucleons according to the fundamental representation of the Lie-algebra of SU(2)

W=l53) W=lz-z). m=|zz). B=lz-z). o)

and the isospin-triplet of the pions according to
7 =111, ) =10, |77)=[1,-1), (2.20)
which leads to the following properties under charge conjugation C
Clpy=1p), Cl)y=—ln), Cl*)=~zT), Clr°)=x"). (2.21)
Thus, the relations between the spherical and the Cartesian components of the pion-multiplet are
)

—Fos(m kil ) = ) (222)

By decomposing the initial and final isospin states of the /N system into linear combinations of
s-channel isospin eigenstates, e.g.

M IR S RS I S

(2.23)

|7

we can readily obtain the relations between the 7N isospin amplitudes
Ay =A(rtposrip)=Ar norn)=AT —A- =432,
A = A p—smp) = Alrtn—atn) = AT 4 A~ = %(2,41/2 LA
Ao =A(m p = 7n) = A(n™n — 7%) = —vV24~ = —?(AW — A3y
A(n% — 7%) = A(xn — n%n) = AT = (A 42477,
At 4247 = AV2 (2.24)
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From these we can infer the so-called isospin triangle relation
A — A- = V24, (2.25)

and the relations for the isospin even/odd amplitudes with I = +4/— and the amplitudes in the
s-channel isospin basis I € {1/2,3/2} can be summarized in matrix notation as

At Al/2 Al/2 At 1 1/1 2
(A_> = Cys <A3/2> 5 <A3/2> = Csy <A_> ) Cz/s = ngy = g <1 _1> . (226)

The s-channel isospin amplitudes with I, € {1/2,3/2} and the corresponding u-channel isospin am-
plitudes with I,, € {1/2 = N,3/2 = A} can be shown to obey the s <+ u crossing isospin relations

Al/2 AN AN Al/? 1 /-1 4
<A3/2> = Csu (AA> ) (.AA> = Cus <./43/2> s Csu = Cus = g ( 9 1> s (2.27)
and combining this with ([2.20)) yields

A+ AN 1/1 2 - 1 -2
(A_> =y <AA> S (_1 1> . Cw=Cpl = <1 : > . (228)

For the t-channel reactions, the [N V) isospin states are superpositions of the states |I; = 1, (I;)3)
and |I; = 0,0)

ap) =[1,1),  |an) = 7(|1 ,0) +10,0)) ,  |pp) = T(I1 ,0) =10,0)) . pn) =1,-1),,
(2.29)
from which we can deduCGEI
1.0) = = () +lpp)) . 10.0) = = (fan) ~ 7). (2:30)

whereas the decomposition of the |w7) isospin states reads

oy _ 1 ey - b 1 1
[ntal) = \/5(|271>+|1,1>)7 | ) \/—|270>+\/—|170>+\/§|070>,
0y = %(|2,—1>—|1,—1>), 17070y — \/7|2 0) |0 0) . (2.31)

By strictly using the non-cyclic kinematical convention together with the properties under charge
conjugation (2.2I]) we can obtain the ¢-channel amplitudes from the s-channel ones via crossing

Ay = —A(pp — nnF) | Ag = A(nTn — 7%) = —A(fp — 77 7%) = A(Ap — »°71), (2.32)

which together with the s-channel isospin relations (2.24)) on the one hand and the t-channel isospin
decompositions above on the other hand yields the following relations for the reactions with a proton

"Note that 229) and [230) are in perfect agreement with the usual Clebsch-Gordan coefficients [34], but differ
from [29] wherein different conventions are used in these and corresponding equations. In particular, the analog of (2.33))
in [29] seems to (exceptionally) follow the cyclic kinematical convention. Nevertheless, all other relations, especially the
crossing matrix (2.34]) and the important relations (2:35]), are identical.
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as target particle

_ _ 1 1
Alpp — 77 ) = —Ay = AT+ A" = A3 :_\/€A°+§A1,
1 1 1

= - At g 1/2 3/2y _ _ o 11
App > 7 nt) = —A_ AT — A 5 (2AY2 4+ A2 —\/EA A

n ) = — = - _ V2 oz g _ 1o
A(ap — nt7%) = — A V2A 3 (A A3/?) \/EA :

1 1 1

Alpp = n°n%) = S(Ay +A) = AT = (A2 424°7) = %AO : (2.33)

Thereby we can easily deduce the s <+ t crossing isospin relations

AL/2 B A0 B % 1 A0 B AL/2 2 % NG
()-ced) eon () () -eeld) o2 ().

(2.34)
and the fact that AT and A~ have well-defined quantum number I; = 0 and I; = 1, respectively,

+ 0 L
(j_> ey <j1> . Cu=CCu= (VOE ) . (2.35)

Glr) = —|r) = G|rm) = |7, (2.36)

[=)

@)

N~

Since

the antinucleon-nucleon initial state in the reaction NN — 7 has to be an eigenstate of G-parity
with eigenvalue 41, i.e. it can only couple to states with an even number of pions. The result for
charge conjugation of an antifermion—fermion or antiboson—boson pair

C|ffy= (=1 5Ff),  Clbb) = (=1)"|bb) (2.37)

yields
GINN) = (-1)'T|NN) , (2.38)

from which we can conclude that for reactions with a two-pion final state (i.e. G = +1) only the
combinations (J even, I; = 0) and (J odd, I; = 1) are allowed. The same combinations arise from
the symmetry properties of the symmetric isosinglet for I; = 0 and the antisymmetric isotriplet for
I; = 1 due to the fact that the exchange of two pions in an orbital state with total angular momentum
J = L yields a factor of (—1)7. According to (235 this leads to the following selection rules for the
partial-wave decomposition of the t-channel amplitudes: the partial-wave expansion of the amplitudes
Al=t/= or A=0/1 contains only partial waves with even/odd J, respectively, and the transition
between the two sets of amplitudes involves the isospin crossing coefficients ¢y with

L ,

cy=qve PO (2.39)
3 if Jis odd .

2.3 Hyperbolic dispersion relations

In [21] it was shown how to construct HDRs for the 7N scattering amplitudes, using hyperbolae in
the Mandelstam plane of the form
(s—a)(u—a)=0b, (2.40)
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with hyperbola parameter b and asymptotes s = a and u = a. They obey the relation

t—— v _s_a, (2.41)
s—a
and
1
s(t;a,b) = 5(2 —t+4mv(t;a,b)) , 4mu(t;a,b) = \/(t — L + 2a)? — 4b ,
1
u(t;a,b) = 5(2 —t—4mv(t;a,b)) , ty(v5a,0) =¥ —2a £ 2/ (2mv)% 4 b . (2.42)

In the following b is considered as a function of s and ¢ for a given value of a,
b(s,t;a) =(s—a)(X—s—t—a), (2.43)

and hence for given s and a one considers a family of hyperbolae wherein all members are uniquely
defined by ¢t. Under the assumption that no subtractions are necessary (cf. Appendix [D]), the HDRs
for the mIV scattering Lorentz-invariant amplitudes can be written as

17 17 Im A" (s, 1)
At (s,t;a) = ;/ds/ L, — + T —u T a} Im AT (s, ) + = /dt/ — (2.44)

A” (s, t;a) = /d[ 1}1]&114 (s',t") /dt/VImA ),

S—S s'—u

(o] o0
1 1 1 v Im BT (s, 1)
) — N +
B+(s,t7a) —N (S,t)—i—;/dsl |:3/—3 — 3/—u:| ImB (S/,t/) ﬂ_/dt/ ﬁ s
S+ t7r
17 | 1 1 T ImB(s,t)
_ _ _ m st
B~ (s,t;a) = N (s,t;a)—i—;/ds' [s’—s+s’—u_ s’—a} Im B~ (s',t') + 7T/dt —
S4 t7r
where we have defined the abbreviation
28’ +t' — %
"' t)=v(s )= ——— 2.45
V() = ol ) = A (2.45)
and under the integrals one has to use
b(s,t; 1
t'(s', s, t;a) = — (f’ ’a)—i—E—s'—a, s'(t',s,t;a)zz[ —t +\/ — 3+ 2a)? —4b(s,t;a)| ,
s'—a
(2.46)
since the external kinematics (s,t,u) and the internal kinematics (s',t',u') are related by
(s—a)(u—a)=b= (s —a)(u —a), s+ttu=Y=s§+t+u. (2.47)

Only the amplitudes B* contain the Born-term contributions N* due to the nucleon poles given by
(cf. [29] for N7T)

Nt (s,t) = NT(s,t) N*t(s,t) = g° ! ! ¢
— s S = — =
5 LR ’ I\ m2—s m2—u muvy —v?’
2 2
_ _ g _ 9 1 1 g VB
N t:a) =N t) — N t) = =—— 2.48
(5,8;.a) (5,1) m2—a’ (s,t) =9 [m2—s+m2—u] muv —v? (2:48)
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where the usual pseudoscalar TN coupling constant g and the pseudovector 7N coupling constant f
are given b

2 2 £2
g~ _Amf
— = ~ 13.7. 2.49
47 M? (249)
In order to express the integrands in terms of the corresponding CMS scattering angles according to
X(s',2) = X(s,t) . Xt z) = X(5,1) . X e{AE, BT}, (250
t'=t'(s',z{) s'=s'(t',z)
we define
28 t) = 25(s', ) =1+ . '(s") = q(s")
S 9 — ~s ) - 2q,2 9 q - q ]
Pol oy //_mV/ N N A PN N gl
Zt(Svt)_Zt(svt)_W ; pi(t) = pe(t) = ip_(t') q(t) = (') = ig_(t') , (2.51)
14t
which leads to the relations
1 b(s,t;a)
t'(s,2) = =2¢%(1 - 2}) (8,8, t0) =1 — e S =Btat ===
1 1
S/(t/, Zé) = 5(2 —t + 4p£q£z£) ) Zg(t/7 s, 1; CL) = M\/(t/ -+ 2(1)2 - 4b(8, t; a) . (252)

Note that b is linearly related to z’ for the s-channel, but only to z? for the ¢-channel, which will have
important consequences in Appendix [Cl where it will be shown that the HDRs (2.44]) incorporate
contributions from the direct as well as from the crossed channels, but not from double-spectral
regions, provided the parameters are chosen appropriately. Furthermore, one can check explicitly that
At and B~ are indeed functions of v2, while A~ and BY are proportional to v. Since moreover
dmy' = 4plq;z; = s’ — ' is always real, one may also write the above HDRs (2.44)) in terms of reduced
amplitudes A~ /v and B™ /v, respectively. This fact will be used in Sect. 4 and Appendix [D.3
In contrast, for usual fixed-t dispersion relations external and internal kinematics are related by

t=t", s+ttu=N=5+t'+u . (2.53)

It is remarkable that the HDRs have the simple form of (244)) and (2.48)), which by neglecting the
terms depending on a (or equivalently for |a| — oo0) reduce to fixed-t dispersion relations, provided,
however, that the t-channel integrals are discarded. Moreover, the hyperbolae then reduce to fixed-t
lines, and thus we will refer to the limit |a| — oo as “fixed-t limit” in the following@

3 Roy—Steiner system for pion—nucleon scattering

In this section, we first collect the results for the partial-wave hyperbolic dispersion relations (PWH-
DRs) that follow from the HDRs (2.44]) via partial-wave expansion in and projection onto both s-
and t-channel partial waves as explained in detail in Appendices[Al and [B] in order to state the closed
system of RS equations for mIN scattering. Then, we elaborate on the corresponding partial-wave
unitarity relations for the s- and especially the ¢t-channel. Finally, we use the threshold behavior of
the t-channel partial waves f{(t) in order to cast the t-channel part of the RS system in the form of
a MO problem, whose solution will be the subject of Sect. Bl

8Note that [29] quotes a value of 14.28 based on [41]. For more information on conventions as well as the current
value see [3L[4L42[43].
9As explained in Appendix [C.2 only the limit ¢ — —oo is compatible with range-of-convergence considerations.
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3.1 Partial-wave hyperbolic dispersion relations

The s-channel partial-wave amplitudes are conventionally denoted by flIlL(W) with isospin (i.e. cross-
ing) index I € {4, —} and total angular momentum j = [ £+ 1/2 = [+, where the orbital angular
momentum can take the values [ > 0 for j =4 and [ > 1 for j = [—. Using a shorthand notation for
the zs;-projections of the invariant amplitudes

1
I(o) — I
X (s) = /dzs P(zs)X (s,t)‘t:t(&zs):_w(l_zs) for X € {A, B}, (3.1)
-1
the well-known s-channel partial-wave projection formula reads [44]
N\ pe— Al W —m)B/ E—m)[— A W +m)Bf.
Jx(W) = 6o (E +m)[A](s) + ( m) By (s)] + (E —m)[ — A1 (s) + (W +m) Bz (s)] ¢ -

(3.2)
By construction, the flIi(W) obey the MacDowell symmetry relation [45] in the complex W-plane
flyw) = —f(Il+1)_(_W) VIi>0, (3.3)

due to which only half of the complex W-plane is actually needed. Alternatively, this relation can
be used the other way around to derive the partial waves with j = [— from the ones with j =
l4+. Expanding the absorptive parts of the HDRs (244]) into s-channel and ¢-channel partial waves,
respectively, and subsequently projecting the full HDRs onto the s-channel partial waves flIlL(W) yields
the s-channel PWHDRs of [21]

(e}

1 o
Jie (W) = NL (W) + — / aw’ >y {K{l/(W, W) T fi (W) + Ky (W, = W) T - (W)}
W I'=0

1 o
+— / dt' Z]j {GU(W, t')Im f{(t') + Hyy (W, t') Im ff(t’)}
tr

= —flpy_(-W)  Vix0, (3.4)

which constitutes the s-channel part of the full RS system. Here, N/, (W) represent the contributions
due to the nucleon pole terms in the amplitudes B* as given in (244). Each s-channel partial
wave flIlL(W) is coupled to the absorptive parts of all other s-channel partial waves via the kernels
K lIl,(W, W), which contain the usual Cauchy kernel responsible for the physical cut and an analytically
known remainder (denoted by dots below) containing only left-hand cut contributions
Kﬁ(VV,W’)z%—I—... Vi,l'>0, (3.5)
as well as to the absorptive parts of the t-channel partial waves f{(t) via the kernels G;;(W,#') and
H;;(W,t"), where the lower index + denotes parallel(+) or antiparallel(—) antinucleon—nucleon helic-
ities and the total (¢-channel) angular momentum J can take the values J > 0 or J > 1, respectively.
Due to Bose statistics (i.e. crossing symmetry), the summations over J in (34) run over even/odd
values of J for the crossing even/odd partial waves (upper index I = +/—), respectively, as explained
in Sect. For the sake of completeness and convenience, in Appendix [A] the different contribu-
tions to ([3.4) will be discussed along the lines of [21,[46-H48] (correcting several typographical errors,
adjusting the conventions, and partially extending the presentation therein at the same time).
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For the t-channel partial-wave projection, by virtue of s «» u crossing symmetry it is possible to
use only half the interval in the cosine of the t-channel CMS scattering angle and thus the projection
can be written as [49]

1

1 p? }

J t I I
t)=—— | dz Py(z A’ (s,t — ———— B (s,t vJ>0,

Pt = - 0/ , P a{wV O R = S|

BNVAIOES) i
Ty L + / I S
0 = 45T Gray | 2 [Pz )= Proa(a)| B0 V21, (36)

0

where again I =+/— if J is even/odd, such that the integrands are always functions of the squared
angle z2. These formulae are valid literally only for t > ¢y, but can actually be used for all kinematical
cases, cf. the discussion following ([A.73]). For a closed system of RS equations we need to derive the
analog of (3.4)) for the t-channel partial waves f{(t), cf. [I1,19,31]. The result takes the form

Fi(8) = N{(t) + % / AW~ { Gt W) T L (W) + G, =W T f oy (W) }

17 . , . ,
+ - /dt’Z {K},J,(t,t’) Im 7' (¢') + K3, (t,t) Im 7/ (t’)} VJ>0,

£ = N (1) + % / AW’ S {Hon(t, W) T S (W) + Bt =Wy T f oy (W) ]
W, =0
7T/ohtZKJJ,zmt)Ime() vJ>1, (3.7)

tr

where again I = +/— if J is even/odd and the sum over J' runs over even/odd values of J" if J is
even/odd (cf. Sect. 2:2)). As for the s-channel case, the kernels for the corresponding ¢-channel partial
waves can be split into the Cauchy kernel and well-defined remainders

Kb (1) = t(f“’t f... VJJI >0,  K3(tt)= t(f“’t F... VLI =1, (38)
but, in contrast to the s-channel case, only higher ¢t-channel partial waves can couple to lower ones,
since K};,?’(t t') = 0 for all J' < J, which will be a key ingredient in reducing the ¢-channel part (3.7)
of the RS system to a MO problem in Sect.[3.3l The technical details of the derivation of the different
contributions to (3.7 are relegated to Appendix Bl

There are three aspects of convergence in the RS system of PWHDRs constructed in Appendices[A]
and Bl first, the question of convergence of the integrals in the high-energy regime is linked to the num-
ber of necessary subtractions of the dispersion relations, which will be discussed in Sect. [d. Moreover,
for the full system of RS equations to be valid, the convergence of both the partial-wave expansion of
the imaginary parts inside the integrals and the s- and ¢-channel partial-wave projection of the full
HDR equations needs to be shown. Analyzing these two constraints yields the ranges of convergence
in s and ¢ for (3.4) and (B.7), respectively. As explained in detail in Appendix [C, the hyperbola
parameter a can actually be tuned in order to obtain the largest possible domain of validity. For the
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s-channel part ([34) of the RS system the combined analysis of s- and ¢-channel constraints leads to
an optimal value of a and a corresponding range of convergence in s of (cf. Appendix [C.3))

a=-2319M? = sé€[s;=(m+M;)?9730M2] < W e[W.=108GeV,1.38GeV],
(3.9)
where sy = 59.64 Mz, while for the t-channel part [B.7) we find (cf. Appendix [C.4)

a=—-271M? = tc|t,y=4M?,20545M?] < V't [Vi; =028GeV,2.00GeV]. (3.10)

Note that different choices of a for the s- and t-channel partial-wave projections are perfectly justified,
as we may start from different sets of HDRs. However, the choice of a is not only crucial for the ranges
of convergence, but also influences the high-energy behavior of the imaginary parts, whose estimation
via Regge asymptotics is discussed in Appendix [Dl For this purpose one splits the corresponding
integration ranges s, < s’ < oo and t; < t' < oo of the HDRs (2.44]) at some appropriate values
s, = W2 and t,, respectively, in order to describe the asymptotic s- and t-channel contributions
to the invariant amplitudes in terms of Regge amplitudes. The remaining non-asymptotic parts are
then given by the corresponding integrals over s, < s’ < s, and t; < t' < t,, respectively, plus the
nucleon pole terms N'(s,t) for the amplitudes B! (s,t). However, eventually the high-energy region
is of only little practical relevance, in particular if subtractions are performed in order to suppress the
dependence on higher energies (cf. Sect. M.

In order to use partial-wave unitarity relations that are diagonal in the s-channel partial waves, we
have to work in the s-channel isospin basis I € {1/2,3/2} rather than in the isospin even/odd basis
I = +/— (as will be explained in Sect. B.2]), and therefore in analogy to (2.26]) we define

X1/2 X+ Xt x1/2
<X3/2> = Co (X—> ’ (X—> = Cus <X3/2> ;o for X o€ {fix, N, K} (3.11)

and the abbreviation
KPP, Wy = KNP0, W) + KPP (W, W) = 2K5(W, W) + K, (W, W) . (3.12)
The full closed RS system of PWDRs for both s- and #-channel partial waves in the corresponding
isospin bases I € {1/2,3/2} and I, € {0,1} that follows from rewriting ([B.4]) and (3.7)) read
Sy = N / dW’ {R2 0,07 o 320 4 2632 (0, W) T £3/207)
1/2 1/2 3/2 3/2
+ K (W,=W') Im fl,/+1 (W) + 2K/ 2 (W, =W Im f2 (W/)}
1 / = 3 - (_1) ) / J / J (4t
+ %/dt ;f{(}u(ﬂ/,t)lmﬁr(ﬂ+H1J(W,t)1mf_(t)} ,

FPw) = NP w /dW’ 3/2(WW)1 P2 W) KPP (W, W) Tm £ (W)

+ K32 (W, ~W') Im fl/il W)+ K 2w, —wh 72 (W’)}

10 All sums run over both even and odd values, and the formulae for the f(Il +1)— are given explicitly for convenience.
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+ % /dt’Z(—l)J{GU(W, ) Im £ (') + Hy (W, #)Im fi(t’)} ,
2 =0

1/2 1/2
f(l+1 W) = N(l+1 (W)

__/dW' {2 W) Im /207 + 2652 (-W, W) T £ 2 (W)

+K5/2< W, =W/ Im fi/3 ) (W) + 2G5 (W, =W Im £33, (W)}

1 i / 3‘_(_1y] / / / /
- ;/dt ;%{GU(—WJ )Im fI(#') + Hip (=W, t )Imff(t)} ;

3/2 3/2
£ ) = N2 o)

oo

_l/dW'iE{Kf}/z( W, W) Tm £l 2 (W) + K2 (W, W) Tm f772 (W)

T 3

W, I'=0

KGR (W =W T 2 W)+ K2 w7 () )
——/dt GzJ( W,t’)Imfi(t’)+HU(—W,t’)Imff(t’)}, (3.13)

together with
i 17 > 1~ 1+3(-1
70 =820+ L [ awr S G, wh [ govh + L gz )
W+ IZO

+ Gl —W) [ f(l/fl )+ A gz ]}
/dt Z L+ ()7 {K’}J, (t,¢")Im £ (t") + K25 (t,¢') Im f‘_"(t’)} VJ>0,
o= § / dW, > g{ate ) im0 + L o)

+ ot W >[ f(l/fl o)+ B o ]

)J—i-J 5 ,
/dt K3, )Imfl () VJI>1. (3.14)

Note that in the above t-channel part (3.I14]) the sums over J' are limited to J’ > J due to (B.40).
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3.2 Partial-wave unitarity relations

From the unitarity of the S-matrix S = 1 + 47T one can easily obtain the general unitarity relation by
taking matrix elements and inserting a complete set of intermediate states

(T = 1T =i 3 [ Ang TG (315)

{7}
where ngij) denotes the nj-particle Lorentz-invariant phase space (LIPS) for intermediate state j,
which in the case of n; identical intermediate particles implicitly includes an additional symmetry
factor 1/ Sy(fj) = 1/n;! in order to avoid multiple counting in the phase space integral. Imposing overall

4-momentum conservation §*) (XZp;—¥p;) and using time-reversal invariance of the strong interactions
immediately yields the generalized optical theorem for the dimensionless invariant amplitudes T';

1 ; *
Im Ty = - > / ) (2m)* 6™ (Sp; — Spi)TF, Ty - (3.16)
{5}
Under the additional assumption of hermitian analyticity of the S-matrix (i.e. the amplitudes T'; obey
the Schwarz reflection principle T7;(s) = T';(s*) and are real on part of the real axis) it follows

Disc T;(s) = ll_H)El) [Ti(s +i€) — Thi(s — ie)| = 2i !1_1% Im T (s + ie) , (3.17)

for the physical limit corresponding to the s-channel process, and hence (B.16]) may also be proven in
the framework of perturbation theory to all orders. By normalizing the 4-momentum states according
to ('|p) = 2E,(2m)35®) (p’ — p) for both bosons and fermions, for generic two-by-two scattering
ab — cd with one particular intermediate 2-particle state j = j1jo (with CMS 3-momentum modulus
p;) and after partial integration of the 2-particle LIPS the optical theorem (B.16) takes the form

1 1 2p; [d9 A2

Im7T; = — — =289 T* T.. p— 3.18
m 1y Séj) 167 /s dn lita pj ds ( )
leading to the usual form of the differential cross section (with ps and p; in analogy to p;)
doyi _ppidoyi _ pr| Ty ’ (3.19)
dQ T dt pi |8m/5| '

A partial-wave decomposition of the invariant amplitudes T'; allows for a reduction of the unitarity
constraint ([B.I8]) to unitarity relations for each partial wave separately. In the presence of spin the
T operator for two-by-two scattering can be diagonalized by using the eigenstates of total angular
momentum J as basis, which can be achieved most easily in the CMS via the helicity formalism [50].
With Ap denoting the helicity of the corresponding particle, one can take the T-matrix elements in the
basis of single particle momenta and helicities and by applying the respective phase space integration
in the CMS, the corresponding invariant helicity amplitudes T o @22 can be written in terms of
states of relative motion for both incoming and outgoing particle pairs. Thereby, the differential cross
section for a reaction with a given set of helicities can be derived in full analogy to ([319). With the
usual angular conventions of [29/[50] and the azimuthal angle ¢ set to zero, the partial-wave expansion
of these helicity amplitudes in the helicity basis then reads

A, Ad;Aa A
Tfl d b(S,t) = v/ stzlﬁﬂ' Z(2J + 1)T5\]‘:7>\d§)\a7>\b(S)dia—)\b,)\c—)\d(e) s (320)
J
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where dzn . (0) are the Wigner d-functiond] and the sum runs over integer /half-integer values of J for
an even/odd number of half-integer spins present in the initial or final state. In the case of spinless
particles with d,(8) = Ps(cos) and J = I the expansion simplifies to

Tyi(s,t) = /SyS;16m i(lf + 1)TJ2]Z-(S)PJ(COS 6) . (3.21)

J=0

Note that we have added here explicit symmetry factors S; and Sy to the partial-wave expansion of [50]
in order to take care of identical particles in the initial and final state in a symmetric fashion. This
normalization reproduces the standard normalizations for spinless processes as well as for 71N — 7N,
and furthermore ensures that no symmetry factors occur in the elastic unitarity relations for the
partial waves, since they always cancel with the symmetry factor implicitly included in the LIPS
(cf. BI8)). We will explicitly demonstrate the effect of this convention for the symmetry factors on
the extended unitarity relation for 7 — NN partial waves by considering 77 — 77 with KK and
NN intermediate states below.

Due to the invariance of strong interactions under time reversal and parity, the helicity partial
waves obey the symmetry properties

J J J

T)\m)\b;)\c,)\d(s) = T)\m)\d;)\av)\b(s) = T—)\m—)\d;—)\m—)\b(s) : (3.22)
If the particles are spinless or if the matrix 77 (s) in helicity space is diagonal in some appropriate basis
(as it is e.g. for TN — 7N in the s-channel isospin basis Iy € {1/2,3/2}), the unitarity relation (3.I8])
for partial waves of generic elastic scattering ab — ab (i.e. f = j = i) reads

2p 2
J J
which is solved by a parameterization of T J;]Z(S) via the real phase shift 5;1-(8)
\/g . 67 (s
T]‘c]i(s) = %Sméﬁ(s)e 7ils) (3.24)

where ([B:23]) and (3:24]) are valid for each diagonal element T]z]i(s) of T7(s). For s above the lowest
inelastic threshold sj,e these equations have to be modified by introducing real inelasticities 0 <
77%2-(8) < 1 according to

J 2i67_(s)
J (g = VEISE T Jis) = Z2Ard () + Vo1 - (0] (6))?
This) = 5 TR = TGP - [ 0Re)] . 629)

with nfi(s) < 1 for s > $jpe due to additional intermediate states contributing in (3.I5]). These partial
waves are then related to the diagonal elements of the corresponding S-matrix via

; 4

After these general remarks, we now turn to /N scattering: the reduced s-channel partial-wave am-
plitudes f{ (W) in the s-channel isospin basis I, € {1/2,3/2} are conventionally normalized according

to (cf. (B:25) and e.g. [20L29])

L T .
) = 1 [S{i(W)]WN—)T(N -1 lnllgsc(W)eméli(W) — 1 wawina M i85 (W) (3.27)

1A comprehensive review on Wigner functions, in particular a comparison of different angular conventions used in
the literature, is given in [51].
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where for the elastic form we have used the fact that the lowest inelastic intermediate state is 7wV
and thus nleE(W) = 1 below the inelastic threshold Wi, = W4 4+ M. The s-channel partial-wave
unitarity relation corresponding to the normalization given above reads

1— (s (W)

I fi2 (W) = g fr W) 6(W = W) + ——

H(W - VVinel) ) (328)
leading to the branch cut for W > W,.

For the (necessarily inelastic) t-channel partial-wave unitarity relations one needs the dimensionless
partial-wave amplitudes tgt(t) of elastic wm scattering. They are conventionally defined from the

dimensionless isospin amplitudes of 77 — 77 via (with ¢-channel isospin I; € {0,1,2}, total angular
momentum J = [, and symmetry factors /S;S; = 2 for identical pions, cf. ([B.21]) and [12120])

o
TH(s,t) = 32m > (2 + 1)t} (£)Py(cos 077) , (3.29)
J=0
that are normalized according to
2
ol er _[T(5.0 550
dQ2 871'\/1_5
The corresponding elastic unitarity relation then takes the form
2 T 2% tr
Imt’(t) =0T [th @) 0t —tz), o == -, (3.31)
and hence the partial waves can be parameterized as
oI
Ly b [SF )] rsrn =1 iﬁ? ()e07 ™ — 1yl =1 sin o} (1) 0] 339
tht) == 5 = — : = e : (3.32)
of { of 21 o}

The reduced t-channel N partial-wave amplitudes fj{(t) are related to N helicity amplitudes
F5,(s,t) and dimensionless partial waves F(t) via (cf. [29,49])

Fiyp(s,t)= F__(s,t) = 472/5 Jz%(zj +1)FY (£)Ps(cosby) | Fl(t) = %(tht)J%fi(t) :
= — S 47T\/_ 2J + ! SlIl COS J = ﬂ Jgd
Fy (s,t) = —F_{(s,1) Z \/J7+1 0:Pj(cos0;) , F-(t) = o (pear)” f2(1)

(3.33)

and they are normalized according to

F+— (8, t)
8T/t

8T/t qt

dwn—)NN_ptZ‘F)\)\St %{
8T/t

Fii(s,) ‘2

2 92 1-
dp; dogn_,
= L Ao 3.34
} qt2 dQ ( )

The general formulae (8:33]) and (3.34)) are also valid for isospin even/odd parts F{A(s, t) with crossing
index I = +/— and J even/odd, accordingly. Note that when referring to the ¢-channel isospin basis
I; € {0,1} as in the following, the isospin crossing coefficients c¢; of (2.39) need to be included. In
general, the t-channel partial waves may be parameterized as

= |1{@®)|e’® = Re f{(t) + iTm f{(t) . (3.35)
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By considering only w7 intermediate states in the region t < (4M,)? (which is elastic with respect to
7w scattering, but unphysical with respect to the 7N t-channel) in the general unitarity relation (3.15])
for NN — 7, the f{(t) can be shown to obey the “elastic” t-channel unitarity relation

Im f{(t) = of (t4 (&))" fL(t)0(t —tz) Vi€ [tr, 16M2) (3.36)

(where the coefficients ¢ cancel), which leads to the branch cut for ¢ > t,. Since the imaginary part
Im f{(t) itself must be real, from (336) together with (332) and (B335 one can immediately infer

AL = [H @] ie [ty 16M2), (3.37)

i.e. the phases of the ¢t-channel partial waves f(¢) are given by the phases of the 77 partial waves t? (t)
modulo 7 (by convention we choose the phases to coincide exactly), which is also known as Watson’s
final state interaction theorem [52]. It is common practice to assume that the contributions due to
4m and other intermediate states can safely be ignored for ¢ < 40M2 ~ 0.78 GeV? (see e.g. [29,[40]).
However, as demonstrated in [53] in the context of the scalar pion form factor, this is certainly only
true in the S-wave below the threshold tx = 4MI2< ~ 0.97 GeV? for the production of K K intermediate
states, while in the P-wave inelasticities effectively start to set in around the mw threshold at 0.85 GeV?2.
It is crucial to note that (3.36]) is invariant under rescaling of f{(t) with real factors, whereas elastic
unitarity relations as [B28) (for W < Wipa) and (B31)) are always nonlinear in the corresponding
partial wave. Hence, fixing the normalization of all different partial waves that are needed in extended
t-channel unitarity relations (i.e. allowing for additional intermediate states) in a consistent manner
can only be done resorting to the corresponding elastic reactions, as we will now demonstrate for a
system of coupled-channel equations with 7w, K, and N degrees of freedom. Writing 111 = Trr—smn,
T2 = Tig—nm 113 = Ty n_.r €tc. for the T-matrix elements and using the invariance of strong
interactions under time reversal, the general unitarity relation reads in terms of matrix elements

S;ZJ-S]',' = 5fi , Sfi = (5f2' + ini = 0;f + iTU = Sif . (3.38)

In particular, one can read off the extended elastic unitarity relation for 7w — 7w and the extended
unitarity relation for NN — ww with 77, KK, and NN intermediate states

611 =1=[S11]* +|S12)® +|S13/?*, 013 = 0 = ST, 513 + S19523 + S13533 , (3.39)

and thus, by dropping the N N intermediate states in the second relation (since we are finally interested
in the extended t-channel unitarity relation of 7NV scattering in the region below the NN threshold),
we obtain

2ImTy = ’T11‘2 + ‘T12’2 + ’T13‘2 , 2Im T3 = T1*1T13 + T1*2T23 . (3.40)

Introducing now the reduced t-channel partial waves g{f (t) of mK scattering (with isospin I; = 0/1
corresponding to J = [ even/odd due to Bose symmetry in 7w, symmetry factors |/S;S; = V2 and
the partial waves defined from dimensionless isospin amplitudes, cf. (B:21]) and [19])
t t
Vi oK

Gl (s,t) = 1672 Z(ZJ + 1)(kt(]t)Jg§t(t)PJ(COS 07Ky | ky = i Mz = 50t (3.41)
J=0

the first relation of (8.40) may be decomposed into partial waves, and performing the angular inte-
grations of the phase space integrals leads to the partial-wave unitarity relation for w7 scattering with
nw, KK, and NN intermediate states

2 2
It} (t) = o |t (¢)| |

O(t—tx) —I—(k:tqt)z‘]af{‘g(lf (t) Q(t—tK)—l-Lﬂ{‘F-q{(t)r—l-‘F‘_](t)r}e(t—tN) .

16¢? c?, (3.42)
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For t < tg (or if I; + J equals an odd number) this reproduces the elastic unitarity relation for 7
scattering (B.31), which corresponds to the relation (cf. (8:32)))

Sh)] =1+ 4—\/#:%( V0 (t— t,) . (3.43)

Comparing ([3.42]) with the elastic unitarity relation for the partial waves (cf. (3.39)))

8 O]+ 18 O] +2{ 8200 #8201 f =1 349

for the cases t < ty and t > tn successively then allows to fix the normalization of the partial-wave
S-matrix elements of the inelastic channels (both in the natural ¢-channel isospin basis I; € {0,1})

td?

1

SIt _ '4(ktqt)J+§ I 0 S i o+
[ J (t)]m—»f{K - ZTQJ (1) (t_tK) [ i( )]M—WN CJ\/— Fi( ) ( tN) :
(3.45)
These S-matrix elements indeed reproduce the correctly normalized differential cross sections
I
dorir _ ke G(s,1) D’ (3.46)
dQ qt 877\/_

and (B.34]), respectively. Furthermore, from the unitarity bound of the t-channel partial-wave S matrix
of N scattering only (cf. (8:44])) together with its explicit form ([B.45) and the relations ([B.33]) to the
corresponding partial waves f{ we can deduce that the partial waves fall off asymptotically at least
as fast as (cf. [29])

oy ~t7 2, fo~t7, for t— oo, (3.47)

i.e. f{(t) — 0 for t — oo by unitarity at least for all J > 0 ; this asymptotic vanishing is usually
assumed to hold for the S-wave as well. By virtue of similar considerations, the normalization of the
remaining partial waves in the second relation of (3.40]) can be fixed. We may introduce the reduced
t-channel partial waves hi(t) of KN scattering in analogy to the 7N case via dimensionless helicity
amplitudes (cf. (3.33) and [54])

A/t > k

Hii(s,t) = == > (2] + DH(#)Py(cos ™), HiL(t) =~ (pike)” ﬁhi@),
tJ=o Dt
4 2 1

Hy(s MZ J%HJusmef‘NP;(cosefN), HY (1) = ’;§<tkt>JhJ<>, (3.48)

where it is important to note that, in contrast to /N scattering, also the combinations I; = 0 with

odd J and I; = 1 with even J are allowed due to lack of Bose symmetry in K K. In order not to bloat

the notation, we refrain from using an additional index for [;, and in the following e.g. h‘] even/odd

is always to be understood as h(‘] even/odd,;=0/1) , respectively, and not h(i‘] odd/even, [;=0/1)

the former can couple to the ¢-channel process mm — N N. The normalization is fixed by

, since only

ki

iy _ Py [Hials 0 ‘2 _ 2 { Hea(s,t) [P [He(s,1) ‘2} _ A douvakk (340
8/t 8/t 8/t k? dQ ’ '

dQ2 ok 4
A
12Note that our symmetric normalization of the helicity partial waves (B20) together with ([B33) and B34) leads
to an additional factor of 1/v/2 to [S’i( )]

[Si( )}7‘.7‘.*}1\71\7 =< [Si( )]7\—7\—~>NN

o i 1D comparison with [29,[49], where one should read in addition
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so that the dimensionless partial-wave amplitudes H{(t) are related to the diagonal elements of the
corresponding S-matrix according to

1 P 1
(SO g wn = ey k—iHi(t)H(t—tN), =5 VI (3.50)
€j

Plugging the partial-wave matrix elements into the partial-wave projection of the second relation
of ([3.40) for either parallel or antiparallel antinucleon-nucleon helicities yields the extended ¢-channel
unitarity relation for the t-channel partial waves f{(t) (extending (3.36) for K K intermediate states)

Im f1(t) = of (t5 () fL() 0(t — tx) + 2c)V2 ko (g% (8)) " RL (1) O(t — tic) - (3.51)

Finally, we can use ([3:44)) to derive the inelasticities 77? (t) of the mm scattering amplitude that are
consistent with ([3.51]). Below the NN threshold, inserting (3.32)) and (8.45)) into (3.44]) leads to

nh(t \/1—40t0t (kege)? | g (0))20(t — te) - (3.52)

3.3 From Roy—Steiner equations to the Muskhelishvili-Omneés problem
3.3.1 Threshold behavior of the t-channel partial waves

The asymptotic behavior of f{(t) for p; — 0 and ¢; — 0 (which is equivalent to t — ty = 4m?
and t — t, = 4M?2, respectively) can be derived directly from the partial-wave projection (3.6]). Since
Al(t, z) and BI(t, z;) have definite symmetry properties under s «+ v and since s —u = 4mv = 4p;q; 2,
we can write down the expansions

Al(t,z) = Z(PtQt)J/PJ’(Zt)aJ' (t), B'(t,z) = Z(PtQt)J/PJ'(Zt)bJ' (), (3.53)

J’ J’

where only even/odd values of J' contribute according to the symmetry properties of A7 and B’ (i.e.
even J' for AT, B~ and odd J' for A=, B™"). Let us first consider the limit p; — 0, i.e. the behavior
of f{(t) at the t-channel threshold ¢y. As far as the leading asymptotic behavior is concerned,
the functions ay/(t) and by (t) can be evaluated at ¢ = tx and will thus be considered as constant
coefficients in the following. Inserting these expansions into (B.6]) (where J even/odd corresponds to
I =+/-), we find for J = 0 that

FU(t = ty) = OD) (3.54)

at the physical threshold, while for J > 1 we obtain

mby_1 J 2 )
8T 2J+12J—1 + O(p}) (3.55)

b
Lt —ty) = I /dZtPJ 2)zPr_1(z) + O(p}) =

bj-1v/J(J+1) bj-1/J(J+1) 2 2
Fe = 1) = PR /dthJ WP (z) + O0) = 2T 2 0t

such that
flt—ty)=001), flt—=ty)=01), VJI>1. (3.56)

However, the linear combination
7 () — J J (4 VJ>1 '
(t) i 1f() fi(t) J 2 (3.57)
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vanishes at threshold (cf. [29//55.56])
It —ty)=00p}) VJ>1. (3.58)

The same reasoning may be applied to the limit ¢, — 0 as well, but as A’ contributes at the same
order as B! in the expansion of f i(t), no relation between the threshold values of different amplitudes
may be inferred for g, — 0

flt—t)=01) VYJI>0, flt—ot)=001) VJI>1. (3.59)

In fact, the properties of fj{(t) at the ¢t-channel threshold are crucial to ensure convergence in the
RS equations. From the partial-wave expansion ([A.73]) we can easily derive the leading contributions
to the invariant amplitudes (given explicitly for J < 2)

At(ut) 1) 15 4 ST 5 5, A= (v,t) I'l(t)
Brwt) 15 oyt Bt -3 nmy . (360

4 V6 4 V2

demonstrating how the threshold behavior (8.54]) and (B.58]) ensures that the partial-wave expansion
does not introduce spurious kinematical poles at p; — 0 into the expansion of the invariant amplitudes
and thereby into the HDRs (2.44]). To illustrate the consequences of this point, we briefly comment
on the several places in our RS system (3:4) and (B.7)) where the threshold behavior of f{(t) features:

1. Although Gy;(W,t') and Hy;(W,t') diverge as p,~2 for t' — ty according to (A.92), the relation

Res |:HIJ(VV, t,),t, = tN} = —my/ Ji-i-l Res |:G1J(VV, t,),t/ = tN] (361)

together with (3.54]) and (3.58]) ensures that the corresponding integrals in (3.4]) are well defined.
We have checked that the explicit expressions in (A.89) fulfill this equation.

2. The p;? divergence (B.51) of K, (¢, ') and K2,,(t,t') for ' — tx cancels in (B.7) provided

that
Res [KﬁJ,(t,t’),t’ = —m,/ Res KJJ, (t,t),t' =tn| . (3.62)

This relation can easily be verified for the kernels given in (B.48) and (B.50), cf. (B.49).

3. Based on the asymptotic forms (B.8) of the pole-term projections Ni (t), one may check their
threshold behavior to be analogous to ([8.54]) and (B.58]). Note that in this special case the
relations hold for ¢, — 0 as well, since A’ does not contribute to the pole terms:

i T
N (pegr — 0) = O(piq;), m T 1NJ(tht —0) — Nl (mqr — 0) = O(p?q?) VJI>1.
(3.63)

3.3.2 Muskhelishvili-Omnés problem for the t-channel partial waves

Using the properties of the kernel functions for ¢-channel exchange as given in Appendix [B.3] together
with the threshold behavior of the partial waves as discussed in Sect. B3Il we can rewrite the t-channel
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part (3.7) of the (unsubtracted) RS system as

R = AL — %/dt’w +l/dt’w

t—ty o ow t—t

I J t/ -1 /
f_{(t):A ® /d,m\/JJrl m f2 mf+( ) /d,Imf+t Vi1,
t—tn
Ty — AJ i m f7(#)
f—(t)—A—(t)‘F;/dtﬁ VJ=>1, (3.64)

tr

where we have defined the abbreviations

AL(t) = NL(t) + AL(1)

o0

Aﬂwzi/&VzﬂdmmvmwﬁMﬂ+@mcwmmmmJW%
W, =0

[e.9] 00

+ 1 [ar > M{Kl () I fL () + K25 (t, 1) Ime’(t’)} VJ>0
g J'=J+2 2 T ! T B -
tr =

_ 1 r S -
A (t) = - / aw’> " {HJl(t W) Im L (W') + Hp(t, W) Im f(fl+1)_(W’)}
=0
OO ( 1)J+J/ 3 / J
J+2

for the inhomogeneities A7 (t), which besides the t-channel projections N7 (t) of the nucleon pole terms
contain the coupling to all s-channel partial waves as well as to the higher t-channel partial waves.
Note that AZ(¢) only contains the left-hand cut and therefore is real for all t > ¢ . By virtue of (3.57)

and the analogous definition
N Y J
=m\/ 7 1A_(t) — Ay (t), (3.66)

the equations (3.64) can be cast into the form of a MO problem for f{(¢), f7(¢), and the linear
combinations T'”(t)

t—tx [, Imft)
£ = AL (1) + /“w—m%uw’

tr
7 (t) = AL(t) + ! _ﬂtN / dt’ @ fr;;; ((:)_ ) VJ>1,
J (4!
£ () = /dt Imf B yysa, (3.67)
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where for ffl (t) and T'/(t) combining the integrals effectively yields one subtraction at the threshold
ty and the additional roots at ' = ¢t in the denominators are canceled by the threshold behavior of
the numerators. The solution for f{(¢) can then easily be recovered via ([3.57).

How these equations (or their subtracted analogs derived in Sect. 4.4 can be used to determine
f2(t), fL(t), and f3(t) with the help of MO techniques will be described in the following sections. Note
that such an easy rewriting scheme is not possible for the s-channel part (3.4]) of the RS PWHDRs,
since in the corresponding s-channel integrals also 0 < I’ <[ contribute.

4 Subtracted Roy—Steiner system for pion—nucleon scattering

The Froissart-Martin bound [57,58] limits the number of subtractions necessary for the convergence
of the integrals in the high-energy regime to 2, since the total cross section does not increase faster
than log? s for s — oo The influence of the high-energy contributions to dispersion integrals may be
reduced by means of suitable subtractions for the trade-off of introducing corresponding subtraction
polynomials with subtraction constants that are a priori unknown. For the MO integrals in (3.67)
subtracting in ¢ at subtraction points below t, with the additional constraint s = w in order to
preserve crossing symmetry is favorable. A particularly useful choice is the subthreshold expansion,
which amounts to subtracting in ¢ at zero: first, it is very convenient for extrapolation to the Cheng—
Dashen point in order to elaborate on the 7N ¢ term (cf. Sect. 21I); second, subtracting at the
subthreshold point facilitates matching to chiral perturbation theory, which is expected to work best
in the subthreshold region To this end, we first briefly review the subthreshold expansion of the
scattering amplitudes and then discuss its application in order to write down both the once- and
twice-subtracted form of the HDRs (2.44]).

4.1 Subthreshold expansion

The subthreshold expansion refers to the expansion of Born-subtracted amplitudes around the sub-
threshold point (s = u = sp,t = 0) = (v = 0,t = 0) (cf. Sect. [21]), where the nucleon pole terms
are subtracted since they are rapidly varying in this kinematical region. Subtracting the pseudovector
Born terms (indicated by bars) yields

2
_ q _ 1 1
At(s,t) = At (s,t) — . B*(s,t) = B*(s,t) — ¢° [m2 S u} ’

- _ - _ 1 1 g9
A™(s,t) = A (s,1) , B~ (s,t) = B~ (s,t) — ¢* [m2—s+m2—u}+2m2’ (4.1)

while for the pseudoscalar Born-subtracted (indicated by tildes) amplitudes A* and B* the terms
—g?/m and +¢?/2m? need to be dropped (cf. Z48). Due to the crossing symmetry of the ampli-
tudes (2.I8)) (similarly for HDRs (2.44])) one can write the subthreshold expansion generically for

13While the original Froissart bound assumes validity of the Mandelstam representation for the scattering amplitude,
the result by Martin is based on somewhat less restrictive assumptions.

MFor the application of heavy-baryon ChPT to wN scattering in the subthreshold region see [59]. Conversely, analyt-
icity and unitarity are used in [60] to stabilize the extrapolation of 7N partial waves derived from ChPT amplitudes in
the subthreshold region into the physical region, thus enabling the determination of the chiral parameters by matching
to experimental information in terms of s-channel phase shifts.
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crossing-even amplitudes as (cf. [29])

— G- Bt Pt - A
X0 =Y o (). X {A+,A+,A_,A_,B_,B_,B—,B—,D+,b+,D_,D_} |
— v v v v v'ov
(4.2)
and thus explicitly for the pseudovector Born-subtracted amplitudes as
o o
At (v, t) = Z ab v Bt (v,t) = Z bi L
m,n=0 m,n=0
o [o¢]
A~ (vt) = > ap B~ (vt)= Y bymt", (4.3)
m,n=0 m,n=0

where the corresponding subthreshold parameters of the amplitudes D* = A* + vB* are related by

dr—;n = a;ri_v,n + b;;—l,n ’ d;%n = a;v,n + bgv,n . (44)
Note that due to b*_’lm = 0 in particular
ds, =ag, . (4.5)
From the expansions
1 1 4dmuy 1 1 2 t
- = oW vt) , = - O(v?, v, %),
s—s s —u (S/—80)2+ (V V) 8’—s+s’—u s — sg (S/—80)2+ (V v )

(4.6)
one then can read off the subthreshold expansions of the Born-unsubtracted amplitudes up to and
including first order

2
AT (v, t) = ‘% +ddy + dfit + O (V2 V2, 1)

_ _ dmv
A~ (v,t) = vagy + O (v, vt) | BT (v,t) = gQW +vbly + OV, vt) |
B~ (v,t) = ¢ 2 ! _ g + by + bt + O (V2 V%, 12) (4.7)
’ m? — sy (m2 — sg)2 om2 00 T Po1 VL) .

4.2 Sum rules for subthreshold parameters

Subtracting simultaneously at sp = X/2 < s; and tg = 0 < t, corresponds to the subthreshold
expansion around (v = 0,¢ = 0) and thus allows for the determination of sum rules for the subthreshold
parameters. Matching the expansions (4.7 to the corresponding expansions of the HDRs (2.44]) by
equating the coefficients (where it is crucial to keep track of all implicit dependencies in the expansions)
together with introducing the abbreviation

ho(s) = —— — 1 (4.8)

s'—syg s —a

then yields the following sum rules for the lowest subthreshold parameters

+ 92 1 r / / L0 1 oodt/ N
ddy = - + = ds’ ho(s') [Im AT (s, 2,)] ©00) T ) T [Im A™ (¢, z})] 00)
S4 tr
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oo

2 2 /
_ g g 1 _ 1 dt
bOO = W — m + ; /dS, hO(S/) [ImB (S/, Zé)] (0,0) + ;/ p [ImB (t,, Z;)] (0,0) °
S4 t7r
17 [Tm A™(s', 2)] 0,0)
+ _ - / / Tm A* (s .+ . )
d01 - /ds {ho(s ) [at m (S 7Zs)] (0,0) (8/ . 80)2
+
dt/ + 1 J,- ! /
+ — t/ [@ImA (t zt)] (0,0) + P [ImA (t ’Zt)] (0,0) ’
tw
- 1 ® , , _ / ’ [ImB_(Sl,Z;)](O70)
bo; = — /ds {ho(s) [(%ImB (s ,28)] 00) ~ (5 — 50)2
S+
dt/ / 1 —y
+ ; - [0:Im B~ (¥, z;)] 00 T 7 [Im B~ (t', 2;)] 00) (
tr
ag, 1 Vi ,[Im A~ (3/72{;)](0,0) Tt [Tm A (', z;)
— =— [ ds + T J
dm w (s —s0)? m) t Apiq;2y (0,0)
S+ tTr ’
+ 7 Im BT (s, 2. Far Tt 2
b l/ds’[ (5", 20)) 0.0 +1/d_’5 mBAE )| (4.9)
dm T (8" — s0)? t 4 Apiaiz 100
S+ ™

The subscript (0,0) indicates that z. and z; in the s- and t-channel integrals, respectively, are to be
evaluated at (v =0, t = 0), which according to (2.52)) and (2.43) amounts to using

(s — s0)? s5—a
oo =1~ sp—ay 900 = 57— ay
't —4(so — a)) t'da — tnt, s0—a
2
[Zz{, ](0,0) = 16p/2 2 =1+ 16p/2 2 [atz ](0 0 = 4]9/2 5 (4.10)

where again we have used the fact that the ¢-channel integrands depend on the squared angle 22 only.
Note that these sum rules as such are valid independent of the choice of a, but in practice one will incur
an a-dependence once approximations are made (such as truncation of the partial-wave expansion,
approximation of the high-energy region by Regge theory, etc.).

4.3 Subtracted hyperbolic dispersion relations

A single subtraction at (v = 0,¢t = 0) only affects A" (v,t) and B~ (v,t), since both A~ (v,t) and
BT (v,t) are proportional to v. Based on the unsubtracted HDRs (2.44]), the explicit subthreshold
expansions (A7), and the corresponding sum rules (£9]), we obtain the once-subtracted HDRs

2 o0 ) [Im AT, 2]
g 1 Im AT (¢, 2) | »2)l0,0)
At (s, t;a) = s dgo + - /dt’{ e i (4.11)
tr
1 Ood , 1 1 1 I A+ / / h / I A+ / /
+% y s/_8+3/_u_3/_a mA(s z) — 0(8)[m (S’ZS)](QO) ’
S+
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B (s,t;a) =

o _
e 1 N 1 B g° b 4 ImB~(t,2) [Im B~ (t', 24)] 0,0
m2—s m?2—u 2m?2 00 t—t t

t7r

1 T 1 1 1 _ _
+ - /ds’{ [s/ — a]lmB (s',24) = ho(s") [Im B™(s',20)] (9 ) } ,
sy

together with the unaltered equations (2.44]) for A~ and B*. Note that the dependence on a of the
Born-term contribution N~ is canceled by the sum rule (4.9) for by,, which is why the subtraction
constants are formally included in the subtracted nucleon pole terms in the following for convenience
(i.e. preserving the generic form of the HDRs (2.44])).

Similarly, a second subtraction at (v = 0,t = 0) yields the twice-subtracted HDRs

¢
At (s,t;a) = +d +dg;
17 Im At (¥, 2) 1t t
o dt/{Tﬁ - <§ ¥ t’2> [ AT 20)] o) = 7 (A AT, 20 o) }
tr
1 OOd ) 1 1 1 I A+ 7 h / 8]: A—‘,— A
+; s 3’_s+3’_u_3/_a m (8728)_ O(S)t[tm (8725)](070)
54
t
(1)~ ) I A% |
_ 1 1 g° _ _
N2
B™(s,t;a) =g [m2 . m2—u] 5 5 + 0o + b1t
1 ImB t’ 2 1t t _
+ — - /dt/{ t — <P + t/2> [ImB (t ,Zé)] (0,0) P [8tImB (t,’zli»)] (0,0)}

™

—u s —-a

_ <h0(s’) _ ﬁ) [ImB_(Ssz;)] 0,0) } ,

7 (¢ Im A= (¥, ) /v
A‘(s7t;a)=a60u+5/dt’{1m‘4 (=) | (', 2)/ ](0,0)}
e

1 (o] 1 _ —
n 7T/ /{ _ ]ImB (s, 2;) — ho(s") t [0 Im B~ (s, 2})] (0,0)

V(' —t) t’
17, 1 1 o, Amv[Im AT (S, 20)] 0.0
- - Im A - ’
+7T/d8{[s’—s s’—u}m (s, 25) (5 = s0)? )
sS4
1 1 ImB*(t',2) [ImB*({,2)/v"] )
2 ’ <t )
BT (s,t;a) =g [mQ—s_mz— ]—Fbool/—i— /dt'{ =t 7
[ oy Amy[Im B 2)) o)
—i—ﬂ/ds {[s’—s S,_U}ImB (s',2%) 5 —so)? ) (4.12)

54+
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where A~ and Bt can also be written as

[e.e]
A= (s,t;a)  ag n 1 /dt/ Im A= (¥, z}) Im A= (¥, 2
dmy  4m T Ap,qiz, (t —t) t’ 4piq;z; 0,0)
(

]
/d ImA 2 [Tm A~ (s, 25)] 0,09
(s —u) (s' — s0)?

o0
B (s,t;a) g° N bgo L1 1 /d Im BT (t',z) 1 [ImBJr(t’,z{)]
dmy (m?2—s)(m2—u) 4m 7 gz (t —t)  t Apraiz 100

tr

/d { ImB*(s',25) [ImB+(3/7zg)](o,0)} ‘ (4.13)

(s —s S—u) (s’ — s0)?

These subtractions require a modification of the nucleon-pole-term projections and the kernel func-
tions for both the s- and t-channel contributions calculated in Appendices [Al and [Bl as well as the
asymptotic contributions given in Appendix [Dl The differences on the right-hand side of the once-
/twice-subtracted HDRs (4.I1])/(£12) compared to the unsubtracted HDRs (2.44]) are the sources
for the necessary modifications which are derived in Appendices [A.5] and for the s-channel
kernels and pole terms, their t-channel analogs, and the asymptotic contributions, respectively.

4.4 Subtracted t-channel Muskhelishvili-Omnés problem

Using the subtracted kernels and pole terms as derived in Appendix[B.5lleads to the subtracted analogs
of the unsubtracted t-channel MO problem (B.64]), which we will state explicitly in the following for
J < 2 (the equations for J > 3 are unaltered for up to two subtractions). For one subtraction we may
write

su T Tm fO(¢ T Im O
£ot) = A —%/dt’imh( ) +i/dt’7mf+()

't —ty) t'(t —t)’
t7r s
/ /
+U + t (t —tN) t’ t—t) "’
tTr

su T Jm fL (¢
FL) = Al b(t)+%/dtt,(t{7_(i)),

I 2 (4 I / /
£2(t) = A2 ) /d’m\fmf (#) ~ Im f38) +—/d pm L2 )
iy p

t t—t
tr

1-sub T Imf2( )
£ =82+ - [ar =0 (4.14)
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while two subtractions yield

su 2Oo ,I Ot/ 2 I Ot/
f.?_() A3_|2 b) %/dt mf—i—() t /dt Hlf+()

J t2(t —t ) mJ t2(t —t)’
N L
tr tr
L) = AL ) + g ?dt’% ,
tr
2t = 2y [ MO A 1 f i),
F2(t) = A2 () + % 7dt’% : (4.15)
tr

It is important to note that S- and D-waves are coupled, as A(}r contains contributions from J = 2
according to (3:65]). While the integrands containing the Cauchy kernel in (£14) and (£I5]) for J =0
and J = 1 clearly show the corresponding number of subtractions at ¢ty = 0, for J = 2 there is always
one subtraction less or no subtraction at all. Note that the integrands containing linear combinations
of the partial waves are proportional to ty/t' (if affected by the subtractions at all), which results
in a suppressed internal high-energy dependence inside the integral due to division by ¢ without an
increased external high-energy dependence due to multiplication with ¢ rather than ¢ as for a usual
subtraction at zero.

The un- ([B.64]), once- [4.14]), and twice-subtracted ([AI5]) equations are of the original form of the
(subtracted) MO problem with integrals of the absorptive parts times the Cauchy kernel, if the re-
maining t-independent integrals (which may, however, come with t-dependent prefactors) are absorbed
into a redefinition of the inhomogeneities A7 (¢). This problem is well defined due to the threshold
behavior of the partial waves at t = t)y. However, the price for taking advantage of the convergence
properties of the integrals this way is that reasonable approximations for the starting values for the
partial waves are needed as input, since the solutions can only be found iteratively.

Therefore, we prefer to utilize the threshold behavior of the partial waves and use the linear
combinations T'/(¢) in order to rewrite the equations in analogy to ([B.67), i.e. to modify the original
form of the (subtracted) MO problem in a well-defined manner. The general n-times subtracted (with
n € {0,1,2}) versions of the MO equations (3.67) for all J then read

n-su "t — T / I O
£2t) = Ay + L) [ 7 e

w t—tn)(t =)
tr
(n=D)0(n—J) (4 _ i o
) = Ap[7 ) + m dt t/(n=D0(m=J)(t/ — t ) (' — t) vizl,
tr

FL) = AL ) +

(n—J+1)0(n—J) F Im £ (¢
t—/dt’ : m /(1) VI>1, (4.16)

T t(n—=J+1)0(n—J) (t/ _ t)
tr
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where the Heaviside step function is to be understood in its right-continuous form, i.e. 8(0) = 1. Again,
the equations for f{(¢) and I'/(¢) exhibit one additional subtraction at ¢y, such that the combined
number of subtractions for all J > 0 can be given as (n—.J+1)8(n—J). For convenience, we explicitly
show the terms in AY (¢) that couple the D- to the S-waves

[e.e]

0 |0-sub . _it_tN/ / / N Imrz(t/) m 2 (4!
ALT(@) = T at's [t +¢ (tN+tﬂ)+6a]7t/_tN + \/(_jlmf_(t) +..., (417)
tr
0 (l-sub,,\ _it —iN /Ood_t/ / INlr Imrz(t/) m 2 /4
AL = T Al i —i—tﬂ\/(_jlmf_(t) +...,
A0|2'S“b(t): 0 t_tN/dt, (' + t)tnte — tt(tn + tr )]ﬂ—i-ttﬂﬁlmfz(t/) +...
+ 16 2] 2 v —tn V6 T ’

tr

which converge for ¢ — ¢y due to the threshold behavior of I'? and vanish for ¢t — ¢y due to the
exceptional behavior of the (n-times subtracted) kernel K3, (cf. (B:52) and (B.68))); the respective
remainder denoted by dots above is then given by

oo

~g\”'“b(tH% / AW’ S~ { Gol " W) I S (W) + G W) T £y (W)

W, 1=0

1 T = 1 -1 I [ n-su 4 o n-su 4
+— / ar' ) %{K&p! Pt ) I () + K3 " (¢, ) Im f <t’)}- (4.18)

Note that this D- to S-wave coupling becomes independent of a by subtracting once or twice, while
the corresponding F- to P-wave coupling also depends on a in the once-subtracted case (cf. (B.G7)).

5 Solving the t-channel Muskhelishvili-Omneés problem

In this section the solution of the MO problem for the lowest t-channel partial waves f{(¢) with
J € {0,1,2} will be discussed. First, the explicit analytical solutions will be stated. Then, the
numerical input needed will be collected. Finally, the numerical results will be discussed.

5.1 Muskhelishvili-Omneés problem with finite matching point

We assume to know the imaginary part of the ¢-channel partial waves f{(t) above the finite matching
point ¢, as well as the scattering phases 5{} (t) of the 77 partial waves tlt( t) for 4M?2 =t, <t <ty
which in the elastic region are also the phases of the f{(t) due to Watson’s final state theorem,
cf. (337). All inelastic contributions will be neglected. Under these assumptions, we have to solve
equations of the MO type [26],27]

tm

for f(t) in the range t, < t < t,, with finite ¢,, [19], where the physical values of the integrals are
obtained in the limit ¢ — ¢ + e and the discontinuity of f(¢) across the right-hand cut is given by
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unitarity (cf. hermitian analyticity (3.I7) and the elastic t-channel unitarity relation (3.30]))
Disc f(t)
29
where the inhomogeneity A(t) contains potential left-hand cut contributions to f(t) (i.e. it is real for
tr <t) and the elastic amplitude T'(¢) is given by

T(t) = sin 6(t)e™® . (5.3)

=Im f(t) =Tt)" f)0(t —tr) , (5.2)

We briefly review the result of [19.27] in the following sections.

5.1.1 General solution

To begin with, we consider the homogeneous problem for a function fy(¢) with non-vanishing imaginary
part only for t; <t < t,,. The solution can then be written as

fo(t) = Q)30 (t) , (5.4)
with the Omnes functio

Q@%:wp{ /‘?j“l}:4Qaﬂwp&awﬂt—HW@m—ﬂ}, 0(0) =1,

b
tm
_ t[dr ) | _q z(t) _ @)
|Q(t)|—exp{;][7t/_t} = Q)] [t — ¢, 513@)-7 ;
b

Q)| =

tm
— (-t
(= t)

—=(t) Tt o) — ot
em{!/ai%?}%= (5:5)
tr

where we have analytically separated the endpoint singularities of the principal value integral. By
assuming the reasonable asymptotic behavior fo(t) — 0 for ¢ — oo (cf. (B.41)), the only analytic
structures of Xg(t) allowed by fo(t) and Q(¢) are poles at the endpoints t = ¢, and ¢t = t,,. Since Q(t)
is regular at ¢, due to 6(t) = 0, the regularity of fo(t) excludes poles at t = ¢, and restricts the order

of the poles at t = t,, to
6(tm)

(|z] denotes the largest integer < x). In this way, we find
Pr-1(t)
Yo(t) = ———= .

where P,,_1(t) is an arbitrary real polynomial of degree n — 1 that introduces n free parameters to the
Omnes problem. For n = 0 the homogeneous solution vanishes according to P_1(t) = 0 and no free
parameter enters the problem.

The general solution reads

f@zA@+ﬂw{ oty /Hklsfit /&mﬂ J7 (5.8)

5Note that for a finite matching point it is not mandatory to work with a subtracted Omnes function. However,
subtracting once at ¢ = 0 ensures the usual normalization Q(0) = 1.
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which may also be written in terms of a principal value integral as

A(t)cosa(t)+|sz(t)|{ (f))n ][dt o Slzllé_t; / - t/ )}]eié(t),(ag)

in accordance with [27] for ¢,, — oco. Note that due to Watson’s theorem (8:37)) the prefactor in square
brackets can be identified with the modulus |f(¢)|, and since the phase 6(t) is known, we only need to
solve the MO problem for this modulus for ¢, <t < t,.

ft) =

5.1.2 Subtractions

If z > 1, suitable subtractions need to be performed in (53] to ensure integrability for ¢ — ¢,,. Let
us begin with the case 1 < x < 2, i.e. n = 1. We may write

o, Imf)y 1 [T f(t) [ dt te —t Im f(¥)
/ﬁﬁmwwu%y‘m—t&ﬂ/ﬂ mwn*ﬁ/ﬂrmm\ﬂ—t}’ 10

where the second integral is now convergent. The first integral is still divergent, of course, but it does
not depend on ¢ any more and can thus be absorbed into a redefinition of the (constant) polynomial
Po in (B3) due to the common prefactor (t, — t)~!. For higher values of z this subtraction and
redefinition prescription needs to be iterated, whereby all n parameters contained in the polynomial
receive corresponding contributions. Applying this reasoning to both integrals of (5.9]) for general x
and using the highest number of subtractions allowed by the degree of the polynomial, the result is
given by

|f(t)] = A(t)cosd(t) + % {Pn—l(t) i g][ (ti/_?i: (t,’?);t/t)”)n A(t/t)/si_nté(t/)

tr

T dt! (b — )" Tm f£(¢)
+?/t'_n Q) -t } (5:11)

tm

In order to reduce the influence of the high-energy contributions on the Omnes integrals, subtrac-
tions may also be introduced already right from the beginning (5.1]). With [ such subtractions, the
analog of (5.I1]) becomes

Uﬁﬂ:Aﬁkw&w+lE&l{Pwuo+gf(w(%‘fwﬁwﬁmaw

(tm _ t)n t/n+l |Q(t/)| t — ¢t

tr

Tt (tm — /)™ Im f(¢)
+?/t'"+l Q)] ' —t } (5:12)

tm

This constitutes the final general result, which for { = 1 and n € {0, 1} reduces to the results quoted
n [19].
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5.1.3 Numerical treatment

The asymptotic behavior of the Omnes function |Q(¢)| for ¢ — ¢, requires some care in the numerical
evaluation of the integrals in (5.I12]). Although by construction the singularities for ¢ — t,, are
integrable, the corresponding cusps generate large contributions to the integral and a fully numerical
treatment would require a very careful distribution of mesh points in order to catch the effect. In
the following, we will demonstrate how these endpoint singularities can be separated analytically (cf.
the appendix of [19]). For the sake of simplicity, we discuss here the case of n = | = 0, which
already displays all relevant features; the generalization is then straightforward. To this end, we split
the integrals close to the matching point ¢, and approximate |Q2(t)| by its asymptotic form in the
proximity of ¢y,

Q1 ~ )| ~ [Qtw)| [tm — 1" - (5.13)

For 7 — 0%, we may thus rewrite the integrals above the matching point as

) o0 tm+T7T
CImf) ] e W) Imf() a
/ Tamie—0 - / D e | T

o0

T mg) I £ ()
= / Y —0 T 0 (tm 0

1L (1), (5.14)
tm+T7T

and similarly below the matching point either for t; <t <ty — 7

F AW sms) Tt (A@)sn()  A)sind(®)\ | Alt)siné(t) tweTot
]Zdt Q)| —t) / t —t< |2(t)] 12(2)] ) " 12(2)] - tr
A(ty)sind(ty) I, (5.15)

Q)| (tm — 1)

or for ty, — 7 <t <ty

ToOA@sins() T df AW)sing(t)  Altm)sind(tn) -
][ Wmwos = | To e e O (316

The substitution v(t') = (¢ — t)/(tm — t) leads to the integrals (with z € (0,1))

7(t) 7(t)

_ dv _ T vl N T
Ii(t)_/vw(lzlzv)_ -z :F/dvlzlzv’ T(t)_tm—t’
0 0
(t) 7t
i) ][ W egrey -1+ 2D /d G (5.17)
R A o817 11—z R T '
0 0

Separating the singularities as shown above, the remaining integrals can be solved by using standard
integration routines. For sufficiently small 7 (i.e. if 7 is of the same order of magnitude as the
discretization error of the integration routine), the above approximations are well justified and this
procedure allows for a stable numerical evaluation of the Omnes integrals.
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5.1.4 Continuity at the matching point

The continuity of the Omnes solution f(¢) at the matching point ¢, is analytically ensured by the
asymptotic form of the corresponding integrals of (5I7) (with 0 < z < 1, cf. the appendix of [19])

r dv ~ T dv
[-i-(tm) = / m = T cosecTI , I_(tm) —]Zm = —mcotx . (518)
0 0

Taking equation (5.9]) in the limit ¢t — ¢,, from below, plugging in these asymptotic expressions for
the integrals, and using (5.6) indeed reduces the square bracket to |f(ty)|. This analytical equality
may also be used as a check of the numerical evaluation.

However, the continuity of the first and higher derivatives is not ensured in a similar manner. Since
the solution must not depend on the value of the matching point, an unphysical cusp or non-smooth
behavior of the modulus of the solution at the matching point only indicates that the input in terms
of the absorptive part is not precise enough; moreover, the physical condition of a smooth behavior at
the matching point ensures the uniqueness of the solution [32]. Physically consistent input given, this
smoothness constraint may actually be used in order to tune/estimate/fit the subtraction constants

(cf. [19]).

5.2 Explicit solution of the t-channel Muskhelishvili-Omnes problem

Here, we will give the explicit solutions for the n-times subtracted t-channel MO problem (4.16])
using the general results of Sect. 5.1l The crucial ingredient for the following discussion is Watson’s
theorem (B:37)), which states that below the onset of inelasticities the phases ¢ (t) of the ¢-channel

partial waves f{(t) are given by the corresponding 77 scattering phases 5? (t) with I € {0,1}, i.e.
explicitly for J € {0, 1,2}

PLt)=80(t) =0do(t),  @L(t) =01(t) =ai(t),  @i(t) =85(t) = ba(t) . (5.19)

These identities enter the solutions at two places: first, in this kinematical region we can use the same
Omnes function Q2 for both f{ and thus also for the linear combination I'/. Second, in this range of
t the linear relation (3.57)) is also valid for the moduli such that after solving for ‘FJ ‘ Wwe can recover

J

T @ =[] (5.20)

)] =m

Using once-subtracted Omnes functions in the convention (cf. (5.5])),

tIIl

Q(t) = exp {E / a 5J(t/)} = Qs exp {0,060t~ tr)0(tm — D)}, Q0 =1,

)] tt—t
tr

x5 (t) t

— 1
125

1— —

|Q(t)| = -

—z(t) bt N
' ! exp{%/d—t—&](” 5J(t>}, o) =20 5o

t t—t

tr
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the general n-times subtracted (n € {0, 1,2}) solutions of ([AI6) for t € [tr,tm] and [0s(tm)/7| =0
read

0 Ao nesub e —tn) [ o A sin s ()
fo®) = A0 + Qo) —— {/}hﬂWﬂ—ﬁN”QMﬂN@h_ﬂ

/d 4 Imf+(t/)
P )| @ 1) [

t
en (n=D)0(n—J) (4 _ » AL Sub 5
D7() = AL () + ()" ( tN){y/dﬂﬁm . Pl (#) sin by (t)

™ ~DO=D(t — )| Qs ()| (' — 1)
tr
T Im T (¢')
dt’ vVJ>1,
i/ P D0 (7 — )| ()] —1) } =

t
n-su (n—J+1)8(n—J) m AJ n-sub ) sin 1 (¢
F2(t) = A b(t)—l-QJ(t)t—{/dt/ TP () sin 65 (¢)

T #(n—J+1)0(n—J) |QJ(t/)|(t/ _ t)
tr
i Im f7(t)
dt’ VJ>1. 5.22
+t/ H(n—=J+1)0(n—J) ‘Qj(t/)‘(t, _ t) — ( )

Now, we can use the spectral representations of the inverse of the Omnes functions in the un-, once-,
and twice-subtracted form

tm
,ImQ 1/ ,  sindy(t)
S v I
/d = Y@
tm
B t y sindg(t') . t2/ ,  sindy(t)
=1 w/dt%hwwﬂ—ﬂ_l A - D R

tr ™

with the derivative of the Omnes function@

. d
Q2,(0) = EQJ

/ dt t’2 , (5.24)
t=

in order to explicitly perform the integrals over terms that are either constant or come with appropriate
factors of ¢’ or p?, i.e. all terms involving the subthreshold parameters as well as the term proportional
to 01/ (m? — a) for the unsubtracted case. For this purpose we define A7 (t) via removing all constant
or subthreshold-parameter contributions from the inhomogeneities A7 (t) (cf. (3.:65) and (B.61)

Ai‘n—sub(t) _ Ai|n—sub( ) ANi‘n sub N:t( +A:|:|n sub (525)

)

5Note that for t,, — oo (and neglecting inelasticities in the single-channel approximation) this quantity is closely

related to the pion vector radius for J = 1: lim¢,, oo O = %(7"2),‘: .
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and thereby we obtain

72 = B9 (1) + Qg 6) { @

ALy sindo(t) [ Im f0(¢')
/ G */ RG]
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DY () = AL ) 4 ) {x% a0

tIIl
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T /dt' A (t'")sind(t")
Hn=T00=D) (' — t5) | ()| (¢ — )
tr
n ImI7(t)
T V1,
t/ {n=D00n=0) (1 — ) |0y (8)] (¢ t>]}

P = A7) + m(t)%{xﬂ”'“b(t)

tm

X J |n-sub .
L =460y | [ qp AL sin gy (1)
t’("_J+1)9("_J)]Qj(t’)](t’ _ t)

tr
N J (4!
+t / dt’t/(n_JH)e(InIil f;]g)( R } V1, (5.26)
with

X ) = 116{ [92 + df, b;;] (1—tQ0(0)) + [dﬁ{l - bliﬂt} Loup —% [%2 + dg;o] el
XL () = 112 2005 Lsup () Osub )
X£|2_Sub(t) = g{ [ - ZQ—T; + bao] (1 —tQ1(0)) + byt }5J1 + \1/—562 02

bsu g[ 2?;;2 + boo] o 20 (5.27)

Note that also in the unsubtracted case the explicit dependence on a cancels

17 Actually, this has to be the case: e.g. the constant term proportional to (m2 —a)~ ! in the nucleon pole terms (Z48),
which was introduced to the dispersion relations via the hyperbolic kinematical relations and which can be thought of
as a contribution of the contour integral from the circle with infinite radius, leads to constant pole-term contributions
to the partial waves (cf. (B.6) and (B.62)). These (unphysical) contributions do not vanish asymptotically, generate
an unphysical behav10r on a, and thus they must cancel in any (physical) solution. Hence, the dispersion integrals for
the unsubtracted case both for the Omnes solution and the spectral representation of the Omnes function are strictly
speaking not correct: there should be contributions from the contour at infinity. However, this problem can be solved

most easily by removing all “dangerous” parts of the inhomogeneities via (5:23]), which ensures that all these potential
contributions from the contour at infinity cancel.
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Finally, due to Watson’s theorem (3.37)) we can separate the unknown moduli from the known 7w
phases and solve the MO problem for the moduli directly

|12(8)] = A% "™ (t) cos do (1) + (t - tN)‘Q(;ﬂ{sz‘n—sub(t)

;AL sindo(t) ., Im £ (t')
e e R e t>] } |

™ m

D7 (1) = AL (t) cos 65(£) + (¢ — tn) \Qﬁt)! {Xﬁmub "

nsub .
- ][dt A sind (1)
(n=N6n=D) (¢ — )| ()] (' — 1)

¥ Im T (t)
* / t/n=D)0n=I) (" — )| (t)| (¢ — t)] } T

tm

+t"

£20)] = A7 (1) cos 3y (1) + 22 {XJ b

tm n-sub
4 =T+ 1)6(n—1) ][ A (t')sind,(t)
I(n— J+1 (n— J’QJ(t,)’( —t)

Imf‘_](t/)
/dt I(n—J+1)0(n— J)|QJ(t/)|(t/—t)

On the one hand, the subtraction-independent pole terms Ni are real for t > t; — (M2/m)? and
grow rapidly with J for ¢ in the vicinity of ¢, as discussed in Appendix [B.Il On the other hand,
in the elastic region the phases §; are given by the corresponding 77 scattering phases such that
§7(tx) = 0 and thus Im f{(¢,) = 0. Since furthermore phenomenologically the 77 phases grow slower
for higher .J, we thus expect the partial waves f{ (and thereby also their moduli | f{|) to be increasingly
dominated by the pole terms for increasing J and ¢t — t,. However, we do not solve for f ;{ directly

} VJI>1. (5.28)

but for the linear combination I'/, for which, in turn, the pole-term contributions Ni cancel at t,
cf. Appendix [B.Al The pole-term domination of | fi | enters when calculating these parallel helicity
moduli from the solutions for the |I'/| and the (pole-term dominated) antiparallel helicity moduli | f”|
via (B.20]), where in addition the relative importance of the latter increases with J due to the factor
V/J/(J +1). Both the pole-term domination and the dependence of |f/| on |f/| will be explicitly
demonstrated in Sect. 5.4

5.3 Input

In this section we will discuss all input that is needed to solve the (elastic) t-channel MO problem (5.28))
as given in Sect.
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Figure 3: Moduli [Q2;| of the lowest once-subtracted finite-matching-point Omnes functions for \/t,, =
0.98 GeV.

5.3.1 Pion—pion phases and Omneés functions

We use 77 scattering phase shifts 5? (t) of [I516] for J € {0,1,2} with I; € {0,1} (I; even/odd for J
even/odd) which are constructed for v/t € [2M,,1.15 GeV] [ Schenk-like parameterizations [12,/62]

I
tr — 1}

tan 0% (t) = agquJ{Agt + B2+ Cligh+ ... } t TI{ , (5.29)
—'J

where the parameter r{f denotes the point where the corresponding phase shift passes through /2
and the Schenk parameters A{f etc. may be related to the coefficients of the threshold expansion,
ensure both the vanishing at threshold 5? (tr) = 0 as well as the correct square-root-power behavior
above threshold. Thus, 8] is linear, d; cubic, and 69 quintic in oF.

In Fig. Bl we show the moduli || of the resulting once-subtracted finite-matching-point Omnes
functions according to (5.21)) for J € {0, 1,2}, where the choice v/t,, = 0.98 GeV ensures that x;(t) €
(0,1) and hence ny = |z j(tm)] = 0 for t € [tr,tm]. Therefore, all functions are normalized to unity
at t = 0, finite for all ¢, and vanish at ¢t = ¢, due to the finite-matching-point prefactor |t,, — ¢|*/ @,
Furthermore, for J = 0 the Omnes function exhibits a cusp (i.e. a discontinuity of the derivative) at
the physical 77 threshold ¢, and decreases approximately linearly over a wide range in ¢, for J =1 it
is fully dominated by the p(770) peak, and for J = 2 it is almost flat (equaling one again roughly at
the end of the KH80 energy range at 0.88 GeV and dropping rapidly above).

Using instead the parameterization of the 77 phases as given in [I4] for the numerical evaluations
leads to deviations in these Omnes functions, and thereby the solutions of the MO problem (5.28]),

8For 7 scattering the validity of the Roy equations can be shown rigorously for ¢, < t < 60M2 based on axiomatic
field theory [II]. Assuming Mandelstam analyticity, this range can be extended to t» <t < 68M 2 [61], which corresponds
to 2M, < v/t < 1.15 GeV, by reasoning along the lines of Appendix [C] for w7 scattering.
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that, however, are much smaller than the effects of the alterations described in Sect. EEI@

5.3.2 General remarks on existing pion—nucleon partial-wave analyses

Before summarizing the input from 7N partial-wave analyses that will be used in the following, some
general remarks are in order: first of all, we will use the Karlsruhe-Helsinki dispersive partial-wave
analysis KH80 [2829] both as input for s-channel partial waves as well as subthreshold parameters and
as reference for our MO t-channel partial-wave solutions, since KHS80 is still the only consistent analysis
for all the partial waves and parameters entailed in our RS framework. KHS80 is based on 7N —
mN data only (and isospin invariance) and uses Pietarinen’s expansion method [64] in combination
with conformal mapping techniques, aided in particular by fixed-t analyticity. Its solutions for both
channels are given as tables in [29]@ Moreover, an iteration uncertainty of about 3 % for the iterative
KHS80 procedure is stated, which, however, cannot replace a thorough analysis of the systematic
uncertainties. The subsequent Karlsruhe analysis KA84 [65] improves on KH80 especially for higher
partial waves by using a modified PWDR framework and thereby smoothing KH80, but no consistent
subthreshold parameters are derived in this framework 2 The same holds true for the continuously
updated VPI/GWU(SAID) s-channel analyses, see e.g. [43.67H69], for which at most the 7N coupling
constant and some of the necessary subthreshold parameters are determined. For the ¢-channel partial
waves in the unphysical region ¢ € [t,,tx], there also exists an unpublished solution [56] extending
the KH80 energy range v/t € [2M,,/40M, = 0.88 GeV] to roughly 1GeV. While this solution is
compatible with KH80 within the aforementioned range, it seems to suffer from internal inconsistencies
for higher energies For the t-channel partial waves in the physical region t > ¢y, however, there
exists a partial-wave analysis [70], which at least in principle could be used as input. Finally, a partial
update of the KH80 analysis including new data and using more computational power was reported
n [71], but so far only results for forward 7N scattering have been published [72].

5.3.3 s-channel partial waves

We use the KH80 solution for the s-channel partial waves from [29] for W, < W < W, = 2.5GeV. On
the one hand, this is roughly the same energy range as for the continuously updated GWU “current
solution” [69] such that we are able to compare between KH80 and GWU solutions as input. However,
the effect of taking the GWU solution (or the “smoothed” KH80 solution [69]) instead as input for
the t-channel Omnes problem (i.e. the corresponding inhomogeneities A‘_fc) turns out to be much
smaller than the effects discussed in Sect. 5.4l On the other hand, at W, = 2.5GeV a reasonable
transition from the truncated sum of partial waves below W, to the Regge model for the full invariant
amplitudes above W, can be achieved as we will demonstrate now. Summing up all partial waves with
[ <5 would encompass all 4-star resonances of [34], but of both [ = 5 4-star resonances, N(2220) as
Hi g and A(2420) as Hj 11, especially the latter is mostly out of this energy range due to its broad
width of roughly 700 MeV. Hence we expect the best agreement with the Regge model [73], which is
based on differential cross section and polarization data for 7N backward scattering with W > 3 GeV

19As stated in [29], the Karlsruhe-Helsinki dispersive partial-wave analyses KH78 and KH80 (see Sect. for more
details) use as input the wm phase shifts of [63], which are based on Roy-equation fits. In principle, the differences
between these phase shifts and the recent results [I4H16] are sources of discrepancies between the KH80 results and the
solutions of the MO problem. However, this point is of minor importance for the results discussed in Sect. 5.4

20Tn [29] the results for the t-channel partial waves are quoted as KHT78 solution, but according to [23] these tables are
actually calculated from the KH80 s-channel solutions. Thus we will speak of the ¢-channel partial waves in [29] as KH80
solution as well. In general, KH80 is an update of KH78 including more recent data and improved fixed-t analyticity
constraints.

Z¥or a comparison of KH80 with KA84 and also an improvement of the formalism outlined in [46], see [66].

22There are e.g. rather obvious outliers (corresponding to unphysical jumps) in the phases.
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Figure 4: Matching of the s-channel absorptive parts between KH80 partial-wave contributions for
1<3,1<4,and [ <5 and the 7N backward scattering Regge model [73].

as discussed in Appendix [D.1], for [ < 4 and a scattering angle of z;, = —1 corresponding to backward
scattering. Since deviations between summing up contributions for [ < 3, [ < 4, and [ < 5 start to
show up around 1.5 GeV and we are interested in the matching to the Regge model at the end of the
GWU range of validity around 2.5 GeV, only this region is shown in Fig. [ (in the spirit of [19]). Note
that only [ < 4 yields the correct sign compared to the Regge contribution in all four cases. Moreover,
it turns out that for [ < 5 the agreement is even worse than for [ < 3. Hence, in the following all

higher partial waves with { > 5 will be neglected below W,.

5.3.4 t-channel partial waves

The assumption of elastic unitarity breaks down in the S-wave as soon as the KK channel opens,
which manifests itself in the appearance of the f,(980) resonance. In principle, there are several ways
how this phenomenon may be accommodated in a single-channel description.

First, inelastic contributions could be included directly in the solution of the MO equations along
the lines discussed in [741[75] provided that the inelasticities are well known. However, in the case of
f?r this would in particular require knowledge of the KK — NN S-wave, but it is unclear how reliable
input for this partial wave could be obtained independently from the present approach.

Second, one could retain a rather low matching point t,,, but try to model the energy region above
tm by means of a resonance description in order to establish a more meaningful matching condition.
This strategy proved quite successful in vy — 77 [31], where the input above the matching point is
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KHS0  St(KAS84) St(SP98)  Oa(KHS80)  Oa(SP98) Fe(KA84)

dio [M;7'] —1.46+£0.10 —1.39+0.02 —1.3240.02 —1.46+0.04 —1.2940.02 —1.58
diy [M;3]  114£0.02 1.14+0.01  1.1540.02 1.15+0.11  1.234+0.04 1.36
agy [M;% —883+0.10 —8.82+0.04 —897+0.01 -9.26+0.17 —8.92=+0.07 —8.47
biy [M;3] —3.54+£0.06 —3.4940.03 —3.48+0.02 —3.56+0.10 —3.42+0.04 ~17.90
boo [M7?] 1036 +£0.10 10.35+0.02 10.45+0.01 10.84 £0.18 10.37 £ 0.08 10.34
by [M7%]  024+0.01 0224001 024+0.01 026+0.22  0.26+£0.10 0.14

Table 1: Subthreshold parameter values as given by KH80/Hohler [29], Stahov [24], Oades [83]/84],
and Fettes (heavy-baryon ChPT) [85]. See main text for details.

dominated by the f2(1270). However, in the case of the fp(980) this strategy is subject to several diffi-
culties: its pole position is very close to the two-kaon threshold, such that the subtle interplay between
the 7w and K K channels can certainly not be approximated by a simple Breit-Wigner description. To
circumvent this problem, one would be compelled to further decrease the matching point and include
the fp(980) dynamics by hand using a Flatté-like parameterization [76], which is a modified relativistic
version of the Breit—Wigner differential mass distribution. However, while the fowm coupling constant
has been thoroughly investigated [77] based on the recent dispersive analysis [14] (which yields phases
that are basically consistent with the phases of [I5,[16]), the foNN coupling constant is only very
poorly known, with different meson-exchange models disagreeing significantly on the strength of the
coupling and the continuation to the physical pole [78-81]. We conclude that including the f,(980) in
our approach reliably as well as extending the energy range of our representation for fﬂ beyond the
two-kaon threshold will require a full solution of the underlying two-channel Omnes problem [82]. In
this work we will content ourselves with the single-channel approximation.

Since therefore we can solve the single-channel MO problem in the elastic region only and further-
more iteration with the s-channel RS solutions (for which, in turn, accurate MO solutions are needed
as input) as well as a consistent determination of the 7N coupling and the subthreshold parameters
is necessary to finally arrive at precise quantitative results for the partial waves of both channels, here
we will only give qualitative results for the ¢-channel partial waves by comparing with KHS80.

Hence, in the following all t-channel absorptive parts above t,, are set to zero. Consequently, all ¢-
channel Regge contributions are omitted (since ¢, < t,; cf. the discussion of the ¢-channel asymptotics
in Appendix [D.2]). Note that otherwise one would have to avoid double counting of the asymptotic
regions of the t-channel partial waves in the MO problem. Finally, also all higher partial waves with
J > 3 are neglected.

5.3.5 Subthreshold parameters

To precisely determine the subthreshold parameters is not an easy task, since there simply is no ex-
perimental data available to analyze the t-dependence of the amplitudes close to t = 0 and thus means
of analytic continuation or extrapolation are needed. Accordingly, in the literature there are only few
determinations of all parameters that enter the subtracted RS system. The KHS80 results (cf. [29],
wherein the error estimates are quoted to be “based on deviations from the internal consistency” and
the total uncertainty to be “somewhat larger”) and all more recent dispersion theoretical analyses that
we are aware of are collected in Table [ (cf. [20]). Note that there are several determinations of only
some of these parameters, which are therefore not listed in Table[[l In [24] the subthreshold parame-
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ters are determined by means of interior dispersion relations together with fixed-¢ dispersion relations,
and by using as input the s-channel partial waves of both KA84 and VPI/SP98 [67.86] as well as
the ¢-channel partial waves of KH80 (and those of [56] in the consistent energy range) In contrast,
finite-contour dispersion relations are used in [83] to derive subthreshold parameter values—again for
both KH80 and VPI/SP98 input (amongst others)

The subthreshold parameters are the standard expansion parameters for the Lorentz-invariant
amplitudes, but neither these amplitudes nor the kinematical variables v and t are natural for heavy-
baryon ChPT, and hence values obtained in analyses using this framework are not very satisfactory,
cf. [84]. However, for comparison we also state the corresponding values for a third-order calcula-
tion [85,188] as given in [85] (Fit 1 therein corresponding to KA84); note that according to [85,89)
some of the parameter values even deteriorate when calculated up to fourth order.

As can be seen already from the deviations between the different determinations of subthreshold
parameters in Table [T}, the errors on the central values are in general unrealistically small (i.e. only
statistical fit errors for specific input in a given framework, thus neglecting systematic errors). Hence
we can conclude that there is no precise and consistent determination of the subthreshold parameters
including realistic errors. Since we want to compare our MO results with the KH80 solutions, for
consistency we use the KH80 subthreshold parameters as given in Table [I] as well as the outdated
KHS80 7w N pseudoscalar coupling value of 14.28 instead of the new value of 13.7 as given in (Iml)

5.4 Results

The numerical results that will be presented in this section are to be understood as a qualitative “KH80
consistency check” in order to show that the ¢t-channel RS—-MO machinery works, and as a first step
towards a numerical analysis of the full RS system. In particular, by variation of either the coupling
or the subthreshold parameters we can alter the results significantly, since these variations produce
the most sizable effects on the MO solutions compared to the other variation that will be discussed
in the following. However, it is by no means clear a priori what the parameter values or their errors
are, and only a self-consistent determination of all parameters and partial waves in a second step will
allow for reliable quantitative results. Therefore, the necessary first task in this program is to check
our method and the internal consistency of the KH80 results by using KH80 input as described in
Sect. 53] and comparing our ¢-channel MO results with those of KH80. Moreover, we will investigate
different systematic effects on the (subtracted) MO solutions ||, which should prove valuable for the
solution of the full system: after discussing exemplarily the importance of the different contributions
to the MO inhomogeneities Ai(t), we will also discuss both the connection to the “fixed-¢ limit"29
a — —oo and the effect of changing the matching point ¢,,. Except for the a — —oo results, we will
always use the optimal hyperbola parameter value of a = —2.71 M? as obtained in Appendix

ZThese are most probably the “new subthreshold parameters” mentioned in [87], where no explicit reference is given.

24Note that some of the results of [83] are corrected in [84], where also a modified version of the finite-contour dispersion
relations together with conformal mapping techniques is applied (it is mentioned therein that the subthreshold parameters
do not change substantially). Since the applied fitting procedure does not respect the exact analytic equality of the
parameters d. and ag, , however, the (corrected) values agree only within the given errors, but not exactly.

ZNote that the 7N coupling and the subthreshold parameters are related, as the difference doo — g%/(2m) is given by
an integral over a total cross section, cf. [20].

26 Accordingly, the s-channel integral of the HDRs reduces to the fixed-t result, cf. Sect. 231 However, even in this
limit the HDRs contain additional information as compared to fixed-t dispersion relations, since those do not provide
equations for the t-channel partial waves in the first place.
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Figure 5: Contributions to the unsubtracted S-wave MO inhomogeneity Ag_ See text for details.

5.4.1 Contributions to Muskhelishvili-Omneés inhomogeneities

In Figs. Bl 6] and [[ we show the different contributions to the MO inhomogeneities Ai(t) exemplarily
for Ag_ for the un-, once-, and twice-subtracted case, respectively, from the w7 threshold ¢, up to
1.15GeV, also indicating the upper limit of the KH80 solution as well as the KK threshold tx as
the uppermost limit of approximate elasticity for J = 0. We choose the S-wave for the following
reasons: for J = 0 the nucleon pole term is zero at ¢, and does not dominate all other contributions
as it does for the higher partial waves; in addition, for the S-wave we can also show the coupling of
the D-wave as the leading example for the coupling of higher partial waves. The pole term NR is
independent of both the number of subtractions and a and thus serves as reference in all three plots
(double-dashed). The s-channel contributions are shown separately for the sum of all partial waves
with | < 4 in the range W € [W,,W,] (dashed) and the Regge contributions of the full invariant
amplitudes for W > W, (dot-dashed). Even in the unsubtracted case both the s-channel Regge as
well as the t-channel D-wave contributions (dotted) are very small and almost negligible in comparison
to the other parts. From this it is also clear that the coupling of higher ¢-channel partial waves (e.g.
F-wave contributions to P-waves) can be completely omitted. The solid line denotes the sum of all
these contributions and we have checked for J € {0,1,2} and n € {0, 1,2} that the expected threshold
behavior according to ([B.54]) and (B.58) (as for the corresponding partial waves) is indeed fulfilled.
While all results are given for the optimal value of a unless stated otherwise, for comparison we also
show the non-Regge s-channel contributions in the “fixed-t limit” a — —oco. Since this is a very drastic
alteration (the RS system is not strictly valid in this case as will be explained below), the difference
of this contributions for the two a values gives a very ample bound on the dependence on a. While
the Regge contributions vanish for a — —oo as discussed in Appendix [D.I] the D-wave coupling is
not even well defined for ¢ — —oo in this framework as can be seen from the explicit a-dependence in
the unsubtracted case leading to an infinite contribution, cf. (£I7)). By comparing the three plots it
is clearly seen that in the once-subtracted case all contributions except the pole term are suppressed,
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while in the twice-subtracted case an additional t-dependence is introduced such that they are strongly
suppressed at £, but at least the s-channel partial-wave contributions are comparable to the pole term

around 0.75GeV. For small ¢, the differences between the two a values are also suppressed by each
subtraction as expected.
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Figure 8: MO solutions for the S-wave.

5.4.2 Muskhelishvili-Omneés solutions: comparison with KH80

We will compare our un-, once-, and twice subtracted MO solutions for |f{(t)| with J € {0,1,2} for
t € [tr,tm] with the KH80 results given as tables in [29]. Note that for J > 2 the un- and once-
subtracted solutions coincide. The a-dependence (which is fully contained in Ai) can be used as a
crude measure for the systematic uncertainties due to neglecting t-channel input above ¢, (i.e. “non-
analytic” input), since the physical result must be independent of a. Thus, for the five lowest ¢-channel
partial waves we show our “KHS80 consistency MO solution” for the un-, once-, and twice-subtracted
case, each for both the optimal value of @ and a — —oc in Figs. Bl [0 and [I0l Here, we have chosen
to use the same value of \/t;;, = 0.98 GeV for all considered partial waves, which in principle is not
necessary (the effect of varying t,, will be considered explicitly below). As discussed in Sects. [5.3.1]
and [5.3.4] this choice is mainly motivated by the S-wave phase, which is just below 7 at this energy
(reaching 7 around the K K threshold \/fxx = 2Mg = 0.987 GeV) such that no additional subtractions
are necessary in the MO scheme. In general, neglecting any input above the matching point enforces
|f{(tm)| = 0 on the MO solutions. Nevertheless, even for the S-wave we expect reasonable agreement
with KH80 for this choice of ty, since both KH80 and [56] suggest that the modulus |f{| has a
minimum or even an approximate zero between 0.9 GeV and /tx.

In general, the solutions are fixed on both ends of the solution interval [t,,¢y]: on the left due
to the pole term and on the right due to the input above t,,. In our case the solutions are forced to
go to zero at the matching point since the input above t,, is set to zero. With increasing J the pole
term becomes larger and thus more dominating. Therefore, the differences between the n-subtracted
solutions and also the different a values decrease close to t,. As they furthermore agree very well with
the KHS8O0 solution in the respective pole-term-dominated regions, we only show the remaining regions.
Since the D-wave coupling for the unsubtracted case depends on a, this contribution is omitted for
the a — —oo limit (and thus the solutions for the two a values do not coincide at t;). Obviously, the
occurrence of a negative modulus (i.e. the unsubtracted | f{| for optimal a and the once-subtracted | f1 |
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Figure 9: MO solutions for the P-waves.

for a — —o0) only indicates that too much input information is missing in this particular case in order
to yield a reasonable solution—a problem that can be cured by subtractions. The general pattern is
as expected: the effect of varying a is suppressed by both the subtraction procedure and higher J.
Furthermore, the agreement with the KH80 solution is strongly aided by subtracting. This is clear
since each subtraction power on the one hand suppresses the lacking input above ¢, and on the other
hand introduces additional consistent information via the subthreshold parameters as subtraction
constants. Hence, the twice-subtracted solution for optimal a is our central “consistency result”. The
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Figure 10: MO solutions for the D-waves. For J > 2 one subtraction has no effect.

S-wave shows a nice convergence behavior in n, but around 0.8 GeV it starts to deviate from KHS0,
which is not surprising as the f3(980) is expected to have an important impact (cf. Sect. 5.3.4]). As
far as the P-waves are concerned, the numerical results confirm the analytic expectation that |f1| is
much less well determined or constrained than |f!|: basically, the MO equations for |f1| effectively
contain one low-energy subtraction less. Moreover, in the necessary intermediate step of solving the
MO problem for |T'!| the pole-term contributions Ny cancel at ¢, (as discussed in Appendix B3 as
for the S-wave, and thus the solution for |f1] is less pole-term dominated and hence more sensitive to
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the values of the subthreshold parameters. Furthermore, the uncertainties of | f1| propagate into |f1|
when calculating the latter from |I'!| via (5.20). All this leads to a rather slow convergence behavior
in n for fixed a as well as the loss of the expected convergence pattern in n of the differences between
the two a values (note especially the crossing of the unsubtracted solutions for different a values and
the negative once-subtracted modulus). However, our central twice-subtracted result for | f}r| agrees
rather well with KHS80 especially in the p(770) peak, even though our result for | f!| (which enters | f1)
seems to be systematically smaller than KH80. Since this underestimation might be due to forcing
the solution to go to zero at t,, we will investigate the effect of using a higher value for ¢,, below.
Nevertheless, the a — —oo variant of the twice-subtracted solution for |f!| agrees well with KHS80
in the p peak (though the agreement with KH80 becomes worse for |f1| in this limit). The D-wave
results are systematically smaller than KH80. The change from one (or equivalently zero) to two
subtractions towards KHS80 is roughly one third of this discrepancy and furthermore approximately of
the same absolute size for both partial waves, which is probably due to calculating | fi| by using the
result for | f2| together with the fact that x{. = 0 for all J # 1. For both |f2| and |f2| the accordance
with KH80 (which is based on fixed-¢ dispersion relations) in the “fixed-t limit” a — —oo is striking,
the effect of varying a being much larger than the effect of subtractions.

5.4.3 Muskhelishvili-Omnés solutions: variation of the matching point

Up to now we have used the S-wave-motivated value /t,, = 0.98 GeV for all considered partial waves.
The effect of changing /f;, to e.g. 1.1 GeV is shown in Figs. [I] and 2] for the un-, once-, and twice-
subtracted solutions for J € {1,2}. Again, for J > 2 the un- and once-subtracted solutions coincide.
For J =1 it is generally assumed that 47 contributions can safely be neglected up to the mw threshold
around 0.92 GeV; however, the w7 scattering P-wave inelasticity is small even above that energy and
hence the impact of neglecting it (for both values of ¢,,) should be smaller than the effect of changing
tm. For J = 2 we do not expect sizable deviations from elasticity, since the wm D-wave is essentially
elastic in this energy range. The P-wave solutions exhibit the expected behavior: the differences
between the two matching-point values become smaller with each subtraction, but the convergence
behavior in n is again less good for | f}r|, where a higher value of t,,, does not lead to a better agreement
with KH80, while for | f!| already one subtraction in combination with the higher matching point yields
a description of the KH80 solution that is even better than the twice-subtracted version for a — —oo
discussed before. Therefore we conclude that on the one hand the KH80 solution for |f1| can be
reproduced well with a higher matching point already in the once-subtracted case, but on the other
hand the KH80 solution for | f}| calls for a second subtraction and is hard to be accommodated in our
MO scheme for energies above roughly 0.8 GeV. The D-wave solutions, however, are hardly affected
at all in the KH80 energy range by changing ¢,,. As discussed in Sect. [5.2] they are expected to be
dominated by the pole terms Ni, which for comparison are also shown in Fig. While for |f2| the
KHS80 solution indeed agrees rather well with the pole term itself throughout the whole KH80 energy
range, for |f2| there are sizable (with respect to the scale) deviations between KH80 and the pole
term in this region, which again fits the picture that the partial wave with parallel helicity is both
analytically and numerically less well constrained. Together with Fig. [I0l we can conclude that in the
limit @ — —oo for |f?| the net effect of adding the dispersive integrals to the pole term is very small,
while for |f2| the corresponding dispersive contributions (which thus are not mainly induced by |f?|
in this limit) are crucial for the agreement with KH80. For optimal a (and independent from the
choice of t,,), though, these contributions deteriorate the agreement with KH80 (with respect to the
pole term) for |f2|, whereas improving the agreement for | f2|; in this case the corrections to |f2| are
effectively due to |f2].
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Figure 11: MO solutions for the P-waves with /t,, = 1.1 GeV.

5.4.4 Application to nucleon form factors

The t-channel partial waves considered in the previous sections are not only an integral part of any
closed system of dispersion relations for 7NV scattering fully consistent with crossing symmetry, but
also an essential ingredient to dispersive analyses of nucleon form factors. The contributions to the
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Figure 12: MO solutions for the D-waves with +/t,, = 1.1 GeV. For J > 2 one subtraction has no
effect.

isovector spectral functions by two-pion intermediate state in the case of the electromagnetic Sachs
form factors read [55] (cf. [29,90] for precise definitions and [91] for a recent application)

3 3
I GE(D) = o (FY (0) P 00— =) . InGiy(r) = T (Y () 20 0(— 1) (530

*7G-parity dictates that intermediate states of an even (odd) number of pions only contribute to the isovector (isoscalar)
spectral functions; cf. Sect.
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Figure 13: Two-pion-continuum contribution to Im G (t) and Im G} (t).

while the imaginary part of the scalar form factor is determined by [92]

. 3qt
Ap3/t

with the scalar and vector pion form factor F2(t) and FY (t), respectively. In the case of the scalar form
factors the approximation by m7 intermediate states breaks down as soon as the two-kaon threshold
opens, and effects from K K intermediate states are known to be important for a dispersive description

Imo(t) = (EZ@) A1) 0(t — ta) (5.31)
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of F2(t) [53,93]. In contrast, the two-pion contribution dominates in the vector channel, where
inelasticities set in more smoothly. It is thus instructive to investigate the impact of our results for
|f1(#)| on the spectral functions of the Sachs form factors. To illustrate the corresponding effects we
approximate the vector pion form factor by a simple twice-subtracted Omnes representation@ (cf. [95]

and references therein)
Y2 Tt e
tr

using (r2)Y = 0.435fm?. The results for the once- and twice-subtracted versions of |f1| together with
the comparison to KH80 are depicted in Fig. I3l As expected from the discussion in Sects. [.4.2]
and [0.4.3] the relative uncertainty in Im Gy is much larger than in Im G}, which is a result of the
effectively lower number of subtractions in the calculation of |f1| and its enhanced subthreshold-
parameter dependence. However, since Im G,; is much larger than Im Gz, the absolute deviations
between the individual curves are actually of comparable size in both cases. We conclude that a
new determination of the subthreshold parameters from a full solution of our RS system should lead
to improved central values and associated uncertainties for the two-pion contribution to the spectral
functions of both form factors.

6 Conclusion

In this article we have derived a closed system of Roy—Steiner equations for 7N scattering and ana-
lytically calculated the kernel functions for the lowest s- and t-channel partial waves. Furthermore,
we have constructed the corresponding unitarity relations in detail, including inelastic contributions
from KK intermediate states in the t-channel reaction. To pin down the optimal value of the free
hyperbola parameter a, we have analyzed the domain of validity of the full system (assuming Man-
delstam analyticity) and determined a for both the s- and t-channel equations such that the range
of convergence is maximized. We have introduced subtractions at the subthreshold point in order to
suppress the dependence on the high-energy region and derived the corresponding once- and twice-
subtracted versions of our Roy—Steiner system as well as sum rules for the subtraction constants and
the necessary corrections to the kernel functions.

Casting the t-channel equations into the form of a Muskhelishvili-Omnes problem with finite
matching point, we have then solved the equations for the ¢-channel numerically in the single-channel
approximation. We have assessed the numerical importance of different input contributions for the
Muskhelishvili-Omnes problem and its solutions and examined the behavior of the Muskhelishvili—
Omnes solutions for the lowest ¢-channel partial waves (J € {0,1,2}) with respect to varying both
the input and/or the framework in many ways, including their sensitivity to the 77 phase shifts, the
number of subtractions (n € {0, 1,2}), variation of the matching point t,,, and taking the hyperbola
parameter a to —oo. In general, we find consistency with the KH80 solutions. However, our analysis
shows that the structure of the equations renders the ¢-channel partial waves f ;{ systematically less
well determined than their counterparts f’ both due to an enhanced sensitivity to the subtraction
constants and an effectively lower number of subtractions. Finally, we have briefly discussed some

Z8This representation ensures that FY fulfills Watson’s theorem, such that the phases in (B330) cancel. Strictly speaking,
using any representation that goes beyond the two-pion approximation would be inconsistent unless the corresponding
inelasticities are accounted for in the determination of f1 and the unitarity relation (B30) as well, as exemplified by
the breakdown of Watson’s theorem and the spectral functions’ becoming complex. Moreover, the precise value of <r2>7‘f
is immaterial in the present context, since we merely wish to convey how the uncertainties in |fj1:| propagate into the

spectral functions. The present choice ensures a decent description of form-factor data, cf. [94].
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consequences for nucleon form factors, in particular our analysis gives a first indication where the
largest uncertainties in the spectral functions are to be expected.

The next step in the solution of our system of Roy—Steiner equations will be the incorporation
of KK intermediate states in a full two-channel Muskhelishvili-Omnes treatment of the ¢-channel
S-wave, which will have immediate consequences for the extraction of the 7NV ¢ term via the scalar
form factor of the nucleon [82]. Having then solved the ¢-channel part of the system, the s-channel
equations are solvable with techniques similar to those employed in the context of 77w Roy equations,
and finally the iteration of the full system should determine the lowest partial waves as well as the
subtraction parameters. We are confident that the framework proposed in this article will allow for a
reliable extrapolation to the Cheng—Dashen point and thus for an accurate determination of the 7N
o term.
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A Partial-wave projection for the s-channel amplitudes
In this Appendix, the different contributions to the s-channel part ([B.4])of the RS system are discussed.

A.1 Nucleon exchange

The useful general definitions

7 €r =41, . 1+€ R 1, R 0, I =+ orJeven,
€ = €L = , €y = E_ = for
e =-1, 2 0, 1, I=—orJodd,
(A1)
can be identified with ;
1+ (-1
d= (-1, E= 14 (=07 (A.2)

2 )
for the cases where the crossing-symmetry constraint applies (i.e. J even/odd for I = +/—). Projecting
the HDR, Born terms N (s,t) of ([248) onto s-channel partial waves via (3.2)) leads to MacDowell-

symmetric nucleon pole contributions

N9y = s e [ D g (L =]

4 (E = m)(W +m) |:61Ql+12(y):| }

q
=Ny (-W) Vvizo0, (A-3)
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which, by defining the abbreviation?]

2
.y g 1Quy) | 260 1Qix1(y) | 201110
N(W) = 167TW{(E+m)(W—m) € 7 +m2—s +(E—m)(W +m) e " +m2—s
(A.4)
for later convenience, can also be written in the form
2
G - o g (E+m)(W —m) o
Nli(W):ler, Nl+(W):Nl+—E T R Vi>0,
= = 2 (B - m)(W +m) 6
N (W) = N;f N-w) = N — L L Vi>1 A.
L) =NE Ny =N - LT 21, (A5)
and where we have defined
2
- X
o) = 1= S ot u = ) = (s = ) (4.6)

(zs(s,s") will be introduced in (A.21))). @;(z) denotes the Legendre functions of the second kind.
The Q;(z) obey a recursion relation similar to the one for the usual Legendre polynomials P;(z)
(for [ > 0)

(I +1)Psa(2) +1P-1(2) = 2L+ 1)2P(2)
(I+1D)Qiy1(2) +1Qi-1(2) = (2L +1)2Qi(2) — G0 (A7)

which, together with @Q; = P, = 0 for [ < 0, leads in particular to (cf. (A.56]) for the general formula)

QO =PEQE -1, Qo) = PG — 52, Qae) = P&~ 2+ 2. (A
From the Neumann integral representation for general complex argument z [96]
1
@) =5 [ar T i), (A9
-1
one can read off the lowest function for general real argument y
1
Qo<yiz‘e>=§/%zébg'%'wgeu—y%- (A.10)

-1

We also need the analytic continuation for purely imaginary argument z = iy, e.g. for y > 1

1 ) 1 1 141
Qo(iy) = 5 log Zz i_ 1= 5 log . i_ zz - zg =1 <arctany - g) = —Qo(—1iy) . (A.11)

Functions with [ > 1 may then be obtained via either the recursion relation ([A.7) or the reduction

formula (A56).

20f course, also this form of the nucleon pole terms obeys the MacDowell symmetry relation B3), since the term
proportional to d;41,0/0;0 vanishes for Nlli as a consequence of [ starting at 0/1, respectively.
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A.2 s- and u-channel exchange

By introducing a convenient matrix notation via

1 (A I
v e-(f)

the crossing properties of the even and odd invariant amplitude combinations (2.I8]) read

A t) = oy Al(—u,1) 03:@ _01> (A.13)

While the s-channel partial-wave projection ([B.2]) can be rewritten as

1
£ (W) = / dz, RA(W, zS)AI(s,t)L_t( g (A.14)
kA =t(s,zs
where the projection kernel matrix is given by
R} R?
Rl W, 25) = < 1,14+1 l,l+l>7 A15
( ) Rll-i-l,l Rl2+1,l ( )
1 _ _ _ —_ _pl (_
Ry (W.2,) = 7 { (B4 m)Pi(z) = (B =m)Pa(z) } = —Rip (- Wi )
2 _ _ _ — _p2 (_
B (W.20) = 1= { (B4 m)(W = m)Py(z) + (B = m)(W +m)Pa() } = —R2(~ W, z,)

the s-channel partial-wave expansion, i.e. the inversion of (A.14)), takes the form [97]

Al(s,t ‘ (W, 25)E ( Al
(s, b=t(s,25) ; z) (W), (A.16)
with the expansion kernel matrix
S} -5t
SI(VV, 28) — < 1+1,0 l,l+1> 7
Slz—irl,l _Sl2,l+1
W +m W —m
Sha(W20) = Am{ T Bl + G A b = k(Wi
S2a(W0) = 4rd G P — o Pale) f =~ S, (A1)

In accordance with the matrix form of the MacDowell symmetry relation (B.3)

H V) = ot () | ““:G Q, (A1)

these kernels obey the symmetry relations

R'(W,z) = —o R (=W, 2,), S (W,z) = —S(-W,z)o1 . (A.19)
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With the definitions (2.51]) the s- and u-channel terms of the HDRs (2.44]) thus can be cast into the

matrix form

o
s+u 1
Al(s,t =~ [ ds’ hl[s,s’; 2] Im AL(s', ' A2

(s, )t:t(s,zs):—2q2(1—zs) 77/ s by[s, 5 2] Tm A7(s )t':t'(s',zg):_gqaa—zg) ’ (A.20)

54+
where the HDR kernel matrix h! is given by
10 s+s —%
hi(s,s'; 25) = oo — €' hyos | oo=1y= (0 1) ; zs5(s,8") =1~ T
1 1 1 1 1 1 1
hi(s,s') = ha(s,s';25) = , (A.21)

s—s 2s —a’ 202w, — 25 28 —a

and [s, s'; z5] indicates that the whole integrand is to be understood as a function of these variables,

which can be achieved using

2 ! !
/ /. _ n_ 949 s—a N = g —ssts — %
2g(8,5'525) = azs + B, a(s,s)—ps s 5(8’8)_1_a_3’—a 2q"?

(A.22)

By expanding the absorptive part of the s- and u-channel HDR terms given in ([A.20]) into s-channel
partial waves via (A-I6) and projecting out s-channel partial waves again by means of (A4, we
arrive at the partial-wave dispersion relations

s

+u ra s ,
g o) = % / aw’ SR (W, W I g (W) (A.23)

W, I'=0

where the s- and u-channel kernel matrix is defined by

1
KU (W, W) = 2w / dz RUW, 2 bl [W, W'; 2]S" (W', 21) (A.24)
-1
Due to the symmetry relations
— o K (—w, Wy = K L(w, w') = KY (W, —W oy (A.25)

which follow from the relations (A9]), the s- and u-channel kernel matrix can be written with only
one kernel function according to

Klll’I(VV, W/) — ( K[G'(VV, W/) KlIl’(W _W,) > ,

—KL (=W, W) —KL(-w,-w")

)

1
KL (W, W) = 2w / az (RO, 2 )WL, W 208" (0, )} (A.26)
21

where the subscript denotes the 1,1-th element of the matrix in the brackets. The PWDRs (A.23))
then take the form already stated in (3.4))

o0

s+u 1 7
fm| = - / aw’ - {K{l/(vv, W) Im fi (W) + Kjp (W, =W') Im fé,+1)_<W’>}
W, I'=0

s+u

= [l (=W) (A.27)
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Defining the structure

/

w
@ [akn | DV, W] = T {BOV. =W i + B(W, W a1
+u—wywwmm&n+m—wnvmwﬂmﬂ}, (A.28)

where ag,(s,s’) is to be understood as a function invariant under sign changes in W and W', and
introducing the kinematical abbreviations

E E
EW)=EW), §WW)= E/+ LW+ w], oW, W) = E/+ W - Wt 2m]
1 E
W) = S50, + € oW, W) = E+mPAWWmﬂ+&mﬁﬂmy (A.29)
as well as the angular kernels
P(zs)P),
Ui (5. /dzs PP . Vie(s.s) /d PEIAE) - s
-1
the general s- and u-channel kernel function can be written as
el [V Uy
K (W, W') = hyp U [5(W, W")] — ?o[ pel e LU W’)}
o|Un |6(W, W] B 6190[‘/21' o(W, W")] B o[Uw | (W, W")] (A.31)

s —s 2q> s’ —a

Since @[ag,|b(W, W')] encodes the MacDowell symmetry ([B.3) for both pairs (k, W) and (n, W'), we

can decompose it in two ways

@l apn|b(W, W) = o1 [arn|b(W, W)] — @1 [ars 1,0 |b(=W, W] ,
= 2 [agn| bW, W) — 2 akpsr [B(W, =W")] ,

1 [arn bWV, W)] = WM///{I)(W W )ag + bW, W')ay n+1}

Wl
e [ (W, W)] = 7 {b(W W) + b(—W, —W’)akﬂm} , (A.32)
and with the definitions
: O |s(W, W’ i [V oW, W’ i[O |5 (W, W7
KLww'y =2 UuloW. W] geilVirloV, W] iU o< (W, W) ie{1,2), (A.33)
s —s 2q? s’ —a

the kernels exhibit the following interrelations

Ky (W, W') = K (W, W) = K[ (W, W) = K2(W, W) — K37 (W, W) (A.34)

that may be used to write down explicit expressions of the kernels in a compact form. However,
for numerical evaluations a different prescription is preferable. The part of (A.31]) that contains the
s-channel cut can be decomposed according to

4 [Ull’ (W, W’)] (W, W') 1 W' (E+m E—m
/ = !/ / 17 / Ull, - / Ul+1 U'+1 )
s’ —s w'—w W+WW |E —m E +
W' (E+m E—-m
Y (W, W' = T7a {7E’ +mUl,lr+1 — Y } (A.35)
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Using the identity

1
26,1 =1
-1
we can easily calculate its residue at the pole W' = W (where o = 1, 8 = 0, and thus 2} = z;)
(W, W'
Res [%, W/ = W:| = ’Yll’(Wv W) = Ul,l/“(s, S) — UH-LI’(S? S) = (5”/ s (A37)

which together with the decompositions

Uy (W, W') = Up(W,W) + (W' = W)Uy (W, W',

W' E+m , N (W4 W)E_ £2mWW/
WEEm T W, cx(WW)= oW/ (E' £ m)s ’

(A.38)

leads us to the alternative form of the kernels K}, (W, W’)

I _
KlIl’(VV’ w') = ﬁ + KlIl’(I/Va w'),
% 7 = 1 W' (E+m
KL(W, W) = Uy a (W, W) = Uppr o (W, W) + e Upprsg — e Uiy + W W{ Uu'
E—m 1oV leW, WH] - o[Une |5 (W, )]
o mUl+1,l/+1} —€ o — p— , (A.39)

where the first term is the usual Cauchy kernel for the s-channel cut (contributing only for I =1’) and
the kernels K}, (W, W') contain only the left-hand cut. In order to derive explicit expressions for the
angular kernels Uy (W = /s, W' = /s') from (A.30) and subsequently their regular parts Uy (W, W')
from ([A.3]]), we use the following expansion [96]

l
(=D M1+ N)! 1— 2z
Pi(zs) = Zal/\x)‘ ) al,\ = m ) T = 5 (A.40)
and hence
-1
1 / / 1—2 1-—

Pi(2h) = —3 Z (N + 1)ah 2™, 7 = 2Z8 =w+ax, w(s,s') = M , (A.41)

N=0

together with the binomial theorem and the Saalschiitz identity [96]

l l

ay (u)?
é/ﬂr;—%l_(_1)l(u—l)!(u+l+l)! (nz1), (A.42)

to arrive at the general expression for the angular kernel Uy

l/
N (_1)l+1 ’ )\/ (:“!)2 N—
Ull,(&s)_T}, l)\ +1) a/\,+1 E (M‘f‘l‘i‘l)w Bat . (A.43)

These kernels show the following asymptotic behavior:

1—21"+2

Up ~¢ for ¢q—0, Uy ~q for ¢ =0, Up ~q¢~ % for ¢ = o0, (A.44)
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and, in particular, the lowest kernels are given by (note that U;g = 0 and Uj; = dy)

Uy =0 for 4 <1, Ul,l+1 =al , Ul,l+2 = (2l + 3)ﬁal ,
l
Upiss = %{(21 +5)[a? + (20 +3)82] — (21 + 3)} . (A.45)

From (A43) and (A30]) we can easily deduce for W/ = W

-1
/ 0 forl <lorl —1even
Upr(W,aW) =Y up)y = - ’
w (W, W) él u {1 for ' — 1 odd |
) )N+ N +1)!
up)y = ()@ + XN+ , (A.46)
oIV + (I — N — DIV — DI+ N + 1)
which again yields Uj y41 (W, W) — Upyq (W, W) = . By defining
2 ' 2
q Wi+ W[ X2
qT2:1+(W,—W)d1, dl(VV,W,):W[Q—l},
— W'+ W
ST LW =Wy, de(WW) = (A.47)
s’ —a s —a

we can rewrite the powers of o according to (note that by = 0)

p—1 H
_ _ K k) jk+1 [ S—Q k41
ol =1+ (W' —W)b,, b (W, W') = g—:(] (k; ; 1> (W' — W) {dl <8/ — a> + ds } , (A.48)

which together with the definitions

W+Ws+s -3

w= W -W)x, (W, W' =

4q/2 s’ —a )
I'—1 N -1
¥ AN (_1)l+1 / 4 N (:u')2 N=1—p
Uy (W, W") = 5 E (A —|—1)a/\,+1 E P (,u—l)!(,u—i—l—l—l)!w a” (A.49)

M=l u=l
allows us to give the explicit form of the regular part Uy of the angular kernel Uy as

I'—1
Ull/(W, W/) = Z ui}lrbx + (D[juf , (A.50)
N =l

from which we can easily obtain the lowest Uy (note that Uy = 0 = Upy)

Ull’ =0 fOI' l, S l s Ul,l+1 = bl 5 Ul,l+2 = —(2l + 3){bl+1 — bl + 2(:)051} ,
Upes = 2L+ 5)(2L+3)2 (1 +2) bz | By —wal(l—a+p8)}. (A.51)
’ 2043 21+5

The angular kernels Vj;; can be expressed by the kernels Uy as follows: from the integral representation
of Uy (A30) we can deduce that

-1

n=0
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and inserting this into the integral representation of Vj; (A30]) yields

-1 1
B 1 Py (z5)P(zs)
‘/ll’ = Z(Qn + 1)Unl/ 5 /dZS ﬁ . (A53)
n=0 ]
By using the identity
1 P,(x)P
— /dx Po(@) Pi(z) = Po.(2)Qi(2) for n <1, (A.54)
2 zZ—
-1
we can write
I'—1
Wl’ = Ql(xs)PlI/(x;) - Z (277/ + ]‘)Unl’{PTL(':US)Ql(xS) - B(;US)QH(;US)} ’
n=I[+1
s+s—2
zi(s,8') = axs + =1~ o zs(s, ) (A.55)

(note that the sum vanishes for I’ < [+ 1), and with the aid of W;_1(z), which is a polynomial of
degree | — 1 in z defined by [96]

Qi(z) = Qo(2)Pi(2) — Wi_1(2) , W_1=0, (A.56)

leading to the integral representation

1
1 P(z) — P(x)
_ == _ A.
Wina(s) = [ o A1 (A57
—1
the angular kernels Vj; take the general form
Vi (s, s') = Qu(zs) Pl (x) — Vi
~ -1
Virls,s') = S @0+ DU { e Wi (2) = Palw) Wi () } (A.58)
n=[+1
The Vi only contribute for I’ > [ + 2
V=0 for ' <l+1, (A.59)
and we can immediately read off
-1
Vio=0, Va=Qizs), Vor=Qol@)Ph(al) = > 2n+ )UuWaoi(zs),  (A.60)
n=1

where the second equation can also be seen directly by comparing (A.30) with (A.9). Furthermore,
one easily obtains the asymptotic behavior

Vir ~ %2 for ¢ —0, Vi ~ ¢~ *2 for ¢ >0, Vie ~¢7272 for ¢ > o00. (A.61)
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From (A5T) or from Christoffel’s formula for [ > 1 [96]

le

1
E !
—(2X2+1) -1 —1 forl>2even,
1% E P_ — | = A.62
- < 2)\+1) ) () { 2 J { S feriz1odd, 0

both yielding (also in agreement with (A.8)) and (A56)) besides W_1 =0

3 5) 2
Wo=1, Wi(z) =z, Wy(z) =222~ (A.63)
2 2 3
where it is useful to note that Wj(z) like Fj(z) contains only even/odd powers of z for [ even/odd,

respectively, we can immediately deduce the non-vanishing angular kernels Uy, Uy, and Vjy for I/ < 3

1
Un =0 » Uz = ad;1 + 380 , Uiz = a?dj2 + 5a B0 + 5{5[042 +36%] — 3}
Uiy = b161 — 3{b1 + 2@)}510 ,
Uiz = badia + 5{by — by — 2wa} &1 — 5{3by — 2by + 3w(1 — a + j3) }510 , (A.64)
Vii = Qi(zs) , Viz = 32,Qi(xs) — 3ady , Vis = P3(x)Qu(xs) — —02511 - —04{04965 + 28} 60

that are needed for the kernels K7, (W, W’) for all combinations (I > 0,1’ < 2) according to (A.39)

1 W' sl (W, W'
Kio(W. W) = {m e W%}‘”O
LW W W Qi) + oW W) Qi ()
2q2 W Q bl l ‘TS Q 9 l+1 Z’S 5
_ 1 W' ([ E+m
E—-—m el W , , , ,
Y +m> }5lo - Z—QQW{ — 3ao(W, W")do + [3wSQ(W,W )+ oW, -W )} Qi(xs)
# [sel e W)+ oW Quia o)}
!
L s (W W)+ [385 (W W) ! (W, =W ase! (W) 30}
s —aW
_ « W'/ E+m
REWW) = { gy + s e faa {300 b =020~ 0] + i (5
E—m 1 9
_am> }5” + { —2(8b1 —5b2) — 15w(1 —Oé-i—ﬁ) 2( [Oé —1—35 ] —3)

N B8 W/ E+m . E—-—m 5
T wrww \CE—m B m)

~ 20, )00 + [Pha)o(W, W) + 32Lo(1W; ~ W) @i(x)

[P W) + 30t W @)

64



1w
s'—aW

{a2%1(W, W)o + a [w%f(w, W) + 5! (W, W) + s (=W, W) |61
+ [%(5[a2 + 382 — 3)x! (W, W) + 385 (W, -W)
+ 5a Bl (=W, W) + asd (=W, —W’)} 5;0} . (A.65)

From K} (W, W’) in the form according to (A.31))

1w 26, Qi(zs)
I A / 10 I ! I\+Ls
K y(W,W') = 2WE’+m{(E+m) [(W+W)—s’—s +e(W-W 2771)7(]2 (A.66)
s - - 20,
+ e (E—m)(W +W' + 2m)@%2(x) —(E+m) [e+(W’ +m) +é_ (W — m)] = _’(’a} :
we can deduce that the nucleon pole terms (A.3)) are reproduced by
NL(W) = =fPKf(W,=W' =m) = =Nj, ;) (-W)  VI>0. (A.67)

The explicit formulae for the additional non-vanishing angular kernels Uy, Uy, and Vjy for (1 < 2,4 <
I! < 6) needed for calculating the additional higher kernels K}, for (I < 1,3 <1’ < 5) via (A39)
are displayed in Appendix [A.4l Furthermore, we give the asymptotic behavior of the general kernel
function K}, (W, W’), which can be inferred from the asymptotic behavior of the angular kernels (A.44))

and (A.61)),

for q— 0 KlIl’(W W/) ~ q2l ) Kﬁ’(_m W/) ~ q2l+2 9
for ¢ —0 KhL(W, W' ~ ¢~ Kh(W,-W') ~ g2
for ¢ — o0 KL (W, W'y ~ g8 (A.68)

in agreement with the MacDowell symmetry relation (3.3]). From (A.67) we can then read off the
asymptotic behavior of the nucleon pole terms

NL (W) ~ Njyy (W) ~¢* forg—0. (A.69)

A.3 t-channel exchange

With definitions (2.51]) and relations (2.52]) the ¢-channel terms of the HDRs (2:44)) can be written as

t 1 i
Al(s,t)‘t_t( -3 / At hlfs. i AT (A.70)
=t(s,zs s'=s(t',z]
tr

where the HDR kernel matrix h/ is given by

1 1 Moo t
I /. _ 1 AN _ /
ht(S,tazs)—z—qQH<o )\£>, xt(S,t)—1+@—Zs(8,t)a
y 14(—1)"ed
M (s, t': 25) = (7) ’ (with 2°=1 Vz), (A.71)
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and the integrand is to be understood as a function of [s,t'; z5] by using

/ 2
/ t/‘s:myz S t/:(Z(s_a)
Zt(s7 32 ) pgqé K2 + ) /7(57 ) 2p/2 2 9
(t' =X +2a)?—4(s—a)2¢* + ¥ — s —a)
5(s, ) = 67 . (AT2)

The t-channel partial-wave expansions of the invariant amplitudes, i.e. the inversion of (3.6)), read [49]

47r m
AIS/,t, — 2J +1 p/q/J P Jt,—izlplzl zt/ :
0oy = 5 T+ D) | PG = st P )
2J+1
B, Z T e T P ) (A.73)
where it is crucial that the sums only run over even J for I = 4+ and odd J for I = — due to Bose

symmetry. Taken literally, the form (A.73)) of the partial-wave expansions is only valid for ¢ > ty,
since below the two-particle thresholds ¢y and ¢, the CMS momenta p} of the nucleons and ¢; of the
pions become purely imaginary and one has to use p’_ and ¢ instead, respectively (cf. (ZI1]) and [29]).
In particular, in the unphysical range t' € [t,,tx) that we are interested in as the low-energy part of
the integration range t' € [t;,0), we have ¢; € R but p}, z; € iR. However, the Squares p? and qf
are always real (albeit not necessarily positive, cf. (212])) and since the combination p,q,z; = mv/
m(2s' +t' — X)) is always real as well, so is z/2. Due to the fact that the Legendre polynomials and thelr
derivatives have definite parity P;(—z) = (—1)/P;(z) and Pj(—z) = (=1)’71P}(2), a closer look at
the expansions (A.73]) shows that in all cases only powers of the real combinations p}q;z; and additional
factors of powers of the likewise real squares p}? and ¢, appear. Therefore, we can symbolically use
these formulae for all kinematical ranges and factor out powers of the real squared momenta whenever
necessary in order to form explicitly real quantities.
By introducing the t-channel partial-wave amplitudes into the matrix notation Vla@

£l — (ﬁ) , (A.74)

the expansions (A73) can be rewritten as

AL(s 1)

/—ZT‘] caNE () (A.75)

s'=s'(

where the expansion kernel matrix is given by

uy v _
= (0 ) = ame D (A7)
/
1
uy(t,z)) = _dtp oy , vyt 2 n (1 2 P (2 wy(t', z) = ————P%(z}) .
J( t) p; J( t) J( t) m % J( ) J( t) J(J—|—1) J( t)
As the sum only runs over even J for I = + and odd J for I = — and thus the full information on

the crossing properties is already contained in the index J, we can redefine

1+(71)7L+J

Mo, b 26) = M (s, 15 25) = <Z> ? (with 2° =1 Vz), (A.77)

I//

30Tn order to accommodate the fact that there is no f° to the matrix notation, we define f© = 0 and in the following
all corresponding quantities (e.g. integral kernels) are also understood to vanish.
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and omit the index [ in favor of J in the following. If we expand the imaginary part of the ¢-channel
HDR terms in (A.70) into ¢-channel partial waves via (A.75]) and project out s-channel partial waves
again by use of (A.14)), we can obtain the following PWDRs

t 1 7

WWﬂz—/MEZQWMﬂMVW% (A.78)

0

tr J
where the t-channel kernel matrix is defined by

1
d%mwz/}%RwM@mhﬁ%H%&@. (A.79)

1

Due to the symmetry relation
GY(-w,t") = -G (W, 1) , (A.80)

which follows from (A.19) and is in accordance with the MacDowell symmetry (A18]), the ¢-channel
kernel matrix can be expressed by two kernel functions

GlJ(W, t/) — < GlJ(VVv t/) HlJ(VVa t/) >7

LG (-Wit) —Hiy(~W.) (A.81)

where in accordance with 0 = 0 for the matrix notation we set Hjo = 0, and the PWDRs (A.78)) take
the form already given in (3.4

| == [t S {Gu vy m f1(¢) + Hu (W) I )}
b J

t
= —~fy- (W) (A.82)
With the definitions
2J +1 (piqr)”
B arnldV)] = AW )apn + A~ W)agsnn,  ns(W,#) = 22 LRy o)
4Wq 2
and by introducing the angular kernels
L[ RGP 1T RGP
AN Z\mS/7 ST N — = ZWA\ES/T JA\TE)
AlJ(37t)_2/dZS )‘1 T — 2 ) BlJ(37t) 2/d25 )‘2 T — 2 5
—1 —1
| Py(2) L P (2])
ClJ(S,t/) = - /dzs )\‘{M =JA;; + Bl’J_l , (A.84)
2 Ty — Zs
-1
we can write the kernel functions as
Gry(W,t') = —nsp[ Ay | E 4+ m] VJ>0,
/
HUMH@:——H——{QM&AMﬁww@+mﬂ+mMQﬂE+M} VJ>1. (A.85)
VIJ+1) g
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If we use the decomposition

v 1 o po 1 , 7> N 284+t =X
I/, Tt — Zg zé Zé Ty — Zs Y /1‘1(37 ) 2p2q£ Y /1‘2(37 ) 4ptqt ) ( )
we find for the angular kernels for even J
Pi(zs) Py (
Aus(s,t) / dz, Pz Ps(2)
Tt — Zg
1 Py() Pi(z) Py (:1) /4
1 2 M2 \2s) g2 ) [ 2
B t') == [ dzs P(zs = [ dzs , A.
ulst) = [ as P2 4 B2 [ s, B (A7)
-1 -1
and for odd J
! P / ! P P !/ /
Apy(s,t) = &/dzs P(z) 7(21) + &/dzs 1(25) Pr(21) /21 7
2 zt 2 Ty — Zs
—1 —1
1 i P
Buy(s,t) 5/ l;:_zzt), (A.88)
-1

from which we can infer that only even powers of z; occur and hence a square-root dependence on
zs is avoided. We now can work out the kernel functions explicitly, here given for all combinations
(1>0,J<2)

Gio(W. ) = — {(B+m)Qua) = (B = m)Qu()] .

1
4Wq2p;2

3 FE+
Gu(W,t') = Z{@S +t' = B)Gp(W,t') + W 5lo}

n_ 1 J3 N /
Hll(W,t) = \/5{4Zl(mt) mGll(VV,t)} N
G(W,t') = 3{ [65(8 S -5+ 222_}G10(W,t’) +3lE +m)(,§ - “)5l0} :
16 Wi

Hyp(W,t') = %\5/6{(28 YD) Z (W) — m[4s(s F N+ (- 2)2} Gio(W, )

-2

EV+Vm [m(s; a) +W_m} 510}, (A.89)

by

where we have defined
2W.t) = gz { (B +m)W = m)@u(en) + (B = m)(W +m)Qualen} . (A.90)

From the expansion

B 2q2 I+1 2q2 142 1 B 2q2
Ql(xt) = <7> + 0O <?> for 7y — 1 = ? —0 s (Agl)
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we can finally deduce the asymptotic behavior of the non-vanishing general kernel functions (A-85])

for ¢ —0 Gry(Wt') ~ Hy (W,t') ~¢* Gy(=W,t') ~ Hyy(-W,t') ~ g2,

for ¢; — 0 GyW,t')y ~ Hy(W,t') ~ 1,

for py =0 Gu(Wt') ~ Hy(W,t') ~ pi %,

for t' — o0  Gu(W,t') ~ Hy(W,t') ~ 77172 (A.92)

in accordance with the MacDowell symmetry relation (3.3)).

A.4 Higher kernel functions

Here, we display the explicit form of the additional angular kernels Uy, Uy, and Vyy for (I < 2,4 <
I < 6) that are required for calculating the additional higher kernels KlIl, for (1 < 1,3 <1 <5)
via (A.39) needed to incorporate higher resonances in the s-channel integrals. From (A43)) we obtain

5 1

Uos = 55{7042 +78% - 3} ; Uy = §a{7a2 + 3582 — 5} ; Uy = T3, (A.93)
Ugs = é{w —70(a® +38%) + 63(a + 581 + 10a2/32)} , U= ;aﬂ{%z +158° - 5} =

Uns = 50*{90> 1635 ~ 7}, Uy = 27:1/3{5 ~30(a? + #%) + 11(3a* + 38" + 100242 } ,

Ut = %a{35 —126(a® +56%) +33(3a" + 358" + 42028%) } | U = ga25{33a2 + 778 - 21},
and (A.50Q) yields

O = —5{7by — 14by + 961 + &[4 — 1a(1 — a) + TB(1 — o + 5)]} :
Urs = 21bs — 35by + 156, — 350a(l —a+ B),  Uss = —7{53 by 2@a2} ,
Uos = 7{18b4 — 5(9bs — 8by + 3b1) — 1745@(1 —a+B)[(1-3a)%+ 3/32]} ,
U1 = —7{12by — 27by + 206 — 5by +@a[2(5 — 150 + 120%) + 155(1 — a+ §)] } |
Uss = 36by — 63b3 + 28by — 63wa?(1 — a + f) ,
Ugs = —21{22(b5 — 3by) + 5(15b3 — 8bs + 2b;) + @[2(1 — 9o + 31a® — 220%(2 — a))
+ g(l —a+ B)(3 — 11a(6 — 13a) + 335%)] } ,

Uie = 66(5b5 — 14by) + 35(27bs — 12by + 2b1) — %(Da(l —a+ B)[(5—11a)* +5557] ,

o = —3{11(5b5 — 12by) + 7(15bs — 4by) + @02 [56 — 220(7 — 5a) + T78(1 — & + B)] } . (A94)
From (A58) it follows that
Voa = ga{21(aazs)2 + 63B(ax,) + 7a® + 635% — 9} : Vig = %cﬁ{(a%) + 35} , Vay = gag ,
Vos = %a{i%(aazs)?’ +128(axs)? + (o + 188% — 2) (azs) + 48 (a® + 357 — 1)} ,

_ 7 _ 21
Vis = §a2{15(axs)2 +6083(axs) + 9a? + 908% — 10} , Vos = Za?’{(axs) + 45} ,
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_ 21
Vos = Ea{lﬁf)(m;s)‘* +8258(ars)? + 5(1102 + 3308 — 30) ()’
+258(11a® + 665 — 18) (az) + 25 — 50a% + 33a* 4 50(11a? — 9) 82 + 82554} :

_ 2
Vig = Ea2{55((sz)3 +2758(az;s)® + (33a* 4 55087 — 50) (azs) + 53(33a* + 1108% — 30)} ,

Vg = %a?’{??(axs)z + 3858(aws) + 2(330% + 38582 — 35)} : (A.95)

We refrain from explicitly spelling out the form of b, (W, W’) for higher values of p, as these functions
follow directly from their definition (A.4S)).

A.5 Subtracted kernel functions

Finally, we summarize the changes that are necessary if the subtracted versions of the HDRs are used
for the s-channel projection.
The modified pole terms are given by

n-sub = = n-sub n-sub
NE [P (W) = NE W) + ANL™P (W) = =Ny [ (W)

2-sub 010 g° + 2 14 2\ bo
(W) = (E+m)|2 E+doo_2qd01 +(W_m)(3—30—Q)E

167w

— (B - )q—2 Ad — (W + )bio 4o (E + )q—2 Adg, + (W — )bio
g Mo ™ T AR Gt ™

1sub 010 92 4
— 871W<E+m)<m —|—d00> ,

o — [2-sub 1) Anp 2 _ B
AN W) = o {(E +m) [(s 50— ") =% + 2(W —m) ( - ;W + by — 2q2b01>]
¢ (agy _ on @ [ agy _
lsup O, 92 _

where for convenience we have defined non-vanishing corrections also for the unsubtracted case ac-

cording to (cf. (A.5)

i (E+m)(W —m)
A7 2w m?2 —a

. 0-sub ~ o 0-sub
AN/ [P W) = —&- = — ANy [TV (W) (A.97)

The additional contributions to the s-channel kernels that fulfill the MacDowell symmetry rela-
tion ([B.3) in both (W,1) and (W’,1’) can be written for all (I > 0,I’ > 0) in the symmetric form

T T — T — 7
AKp (W, W') = AK (W, W') = AKy (W, =W') + AKy (W, W) = AKy (W, =W')
1(—1 7T
+ g{AKu'(—Wa W) = AKy (=W, -W)

—AK;_ y(W,W') + AK;_y (W, —W/)} ;
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E{IIN |2_Sub(VV, W/) _ _%, {%I(W W/)ho(sl) (W w )ﬁ }P)l//-l—l( [Z;} (0,0) >6l(]

- _E’{é(W,W’)(s’—i—s—%o)—i—elp(VV,W)(s —5)
W (s' — s0)?

(W, W'
_ %}P{,_ﬂ < [z;] 0,0) )510

S a

1-sup w’
s (W W o) P [24] ) ) 0

S vaw) =~ e { L (1] 0
— 3 (W, W ho(s) [812L] 0, P,H( %] 00 ) }510 bsub (A.98)

where we have used that et/ = +¢/. Note that for I’ = 0 the term proportional to (s’ — a)™!
cancels against the corresponding term in K (W, W) of (A.65) as for the nucleon pole terms (cf. the

relation (AL67)).

The additional contributions to G;; and H;; may be written as

AG(W,t') = AG(W,t') — AG s (-W,t)) Y (1>0,J>0),
AH (W, t') = AH ;(W,t') — AHpq s (-W,t') YV (1>0,J>1), (A.99)

where for even J

2 sub E+m v,q,)’
AG[ ‘ W t ) oW (2J + 1) t/p? [PJ(Z;)] (0,0) 510

— 242 (t—l, [PrG0] 0,0y + 9P (2] 0,0 > <5l0 551) }

1sub B+ m (pffqg)J
ik T (2J + 1) t'p? [PJ(Z;)] (0,0) o0 ,

— /o INT _ i
AT, ‘2sub(Wt) E4+m 2J+1  (pigt) {<W m(s—so) [PJ(zt)

2W \JI(J+1) tp? 2q)?

W - m P/ Z/
+m (2P} (z)] (0,0) )5“) N 2q2< 4q? [ JZ(Q t)} (0,0)

+m [tl’ (=225 ()] .0y 9=t P3 ()] (0.0 D <5lo - %> }

b E4m 2741 (pjg))’

2W I +1) t'pf

m [21P)(21)] g.0) 00 (A.100)
and for odd J

N su E+ (p q )J ! 1 PJ(Z/) 5[1 1-sub
AG "Wt L2 1)L t e VS o2
G ‘ ( ) 2W ( J + ) t/p/Q 2 Zé (0 0) (S S0 q ) 10 + q 3 0 I

E+m 2J+1 (pg)’™!

57 N ES T { <p;2(W —m) + %(s — so)> [Pj(z1)] (0.0 10
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-2 (207 )|

n % [P5(2)] (0.0 > <5zo - %) }

@_E—Fm 2J+1  (piq))’ !
2woIJ+1)

Note that again only even powers of momenta and z; occur.

(W —m) [P1(2))] o o 010 - (A.101)

(0,0)

B Partial-wave projection for the t-channel amplitudes

In the following, we will discuss the different contributions to the ¢-channel part ([3.7)) of the RS system.

B.1 Nucleon exchange

In order to carry out the projection integrals (B.6]) we rewrite s and u as functions of t and z; via

1 1
s(tyz) = 5(2 —t+4piqize) u(t,z¢) = 5(2 —t —Aprqizt) (B.1)

which allows us to cast the nucleon pole terms of the HDRs (2.44]) into the form

{ 1 n 1 1+1 } 1 { 1 - 1 } 1+1 (B.2)
m?—s  m?—u 2m?—a)f|,., 2p@ly-—2 (-9 -= 2(m2 —a)’ ’
where the upper/lower sign corresponds to even/odd J (i.e. to I = +/—) and we have defined, in
analogy to (A6,
t—2M2  mug
y(t) = T = = z(s =m2 t) = &y(t, s’ =m? B.3
y(t) v " at ) = T4( ) (B.3)

(Z4(t,s") will be defined in (B.13))). By noting that the orthonormality of the Legendre polynomials
yields

1 1
/dz Pj(2)P—gp(2) = 25” = /dz Py(2)Pgni1(2) YV Jl(mneNy), (BA)
0 0

the nucleon pole terms of the PWDRs (B.7)) can be written as (in analogy to (A.3]))

~ 2 77 77

N(t) = i]_ﬂm{zé;iét()yj) —djo — émf‘f a} VJ2>0,

T P AIT+1) [ Qr1(F) — Qry1(D) 971

Nt = dr 27 +1 { (pear)’ Com? - a} vt (B5)

which for later convenience may be expressed as (in analogy to (A4))

2 2 ~ ~
< S g m ¢ g 9Q(y
N_i(t) = N_{(t) - 47T§m2jia bl NJ( ) 47Tm{ (ptét()J) _5J0} bl \V/J 2 07
2
ST T 9V2 dn o 9 VIUT+1)Qy1(9) — Qri1(9) S
NZ(t) = NZ(t) P S NZ(t) = Y (tht) , VJ>1. (B.6)
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Note that for ¢ € (tr,tn) due to p; € iR also § € iR and hence we need the analytic continuations of
Qi(z) as discussed in Appendix[A.Il However, the pole-term projections (B.5]), (B.6]) are real for all ¢
above the logarithmic branch point singularity at t, — (M2/m)? ~ 3.98 M2 of the nucleon cut (which is
the left-hand cut for 7(¢)? < 1 along the real axis due to the z-projection of the nucleon pole terms),
since §/(pq:) and the squares p? and §? are always real, and thus we can rewrite the projections solely
in terms of real quantities due to the defined parity (A.9) of the @;(y). Finally, we comment on the
asymptotic behavior for p;qs — 0, particularly including the vicinity of the aforementioned logarithmic
singularity. The ostensible poles in (B.) are canceled by the asymptotics of @ () for § — co. In
this limit, we may abort the series representation of (Q;(z) valid for |z| > 1 [90]

20 [ ey, (+DA+2) _gpsy  (+DE+2)(+3)A+4) 45
Q=) =G {Z T @ 0 T @) a@es o T } (B1)
after the first term and obtain the leading contributions
2 | J
T 9 J! 4 B B o1 2 9 >
N+(t)_47r(2j+1)!!m{ <t—2M7%> 050 m2—a}+0(ptqt) vJz0,

Q

- 2 [T+1 AN )
Jiy— 2 __91 2 2 >
N = arronV g { (t—2M7%> m2 —a} +Oiq)  vVJ=1. (B2

In particular, it follows that the leading contribution to N (¢) vanishes, such that N (¢) even involves
zeros for prgr — 0. However, higher orders need to be taken into account in the approximations (B.S))
in order to obtain precise numerical results in particular for ¢ — 0, since the pole terms vary rapidly
in the vicinity of ¢,. Note that (B.E) and (B.8]) reduce to the results given in [29] and [56] if the terms
containing the hyperbola parameter a (that only contribute for J = 1 anyway) are dropped.

B.2 s- and w-channel exchange
We may rewrite the ¢-channel partial-wave projection (B.0]) in matrix form as

1
£7(t) = / dz T (t, ) Al (s, 1) , (B.9)
0

s=s(t,zt)

where the projection kernel is given by

~ ~ (1 v ~ 1
T (t,20) = <qu 1%3) ) )= Tr(pg)’ 1 (B.10)

) ) ) T +1
uJ(t7 Zt) = —%PJ(Zt)7 'UJ(t, Zt) - mZtPJ(Zt)7 wJ(t7 Zt) = ﬁ

For the following, we need the matrix form of both s- and u-channel HDR terms (2.44]) according to

{PJ—l(Zt) - PJ+1(Zt)]'

1 o
o —/ds’ hlft,s": 2] Im AL(s' 1))
s=s(t,zt ™
st

s+u
Al(s 1)

(B.11)

v=t(s2,)

where the kernel matrix h! is given in (A2I)), and [t, s'; 2] indicates that the whole integrand is to be
understood as a function of these variables, which can be done by using (B]) and thereby

1 1 1+1
I F h | = + -
{ LT 2} [t,s;2¢] {s’ —s s—u 2(s - a)}

_ 1 { 1 o1 } BRES
[t,8;24] 2peqr (T — 2 (—;ﬁt) — 2 2(8/ _ a) ’
(B.12)
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The upper /lower sign corresponds to even/odd J and we have defined in analogy to (A.2])

t+2s =%
T(t,s') = ——— = z(s',t) . B.13
it s) vty 1(s', 1) (B.13)
According to (AT2)), the relation between z. and z; in (B:I1) is given by
2 S /2(8/ o a)
Altsz) =T A s) = T e = ()
’ 3 2piqf
< t—Y+2a)? —4(s' —a)(2¢? + X — 5 —
S(t,5y = (2B H207 ZAE —O)@TEE S ma) sy (B
16p7 q;

Expanding the absorptive parts of (B.11)) into s-channel partial waves via (A.16]) and projecting onto
t-channel partial waves by means of (B.9]) leads us to the PWDRs for the ¢-channel partial waves

stu 1 7 >
e[ L / aw’ 3 &, W) T () (B.15)
7-‘-1/‘/+ lZO
with the kernel matrix
1
G, W' = 2w’ / dz; T/ (t, z)nl[t, W', 2L )SH (W', 2L) . (B.16)
0

As a remnant of the MacDowell symmetry, (A.19) induces the symmetry property
Gl (t,—w") = G, Weo , (B.17)
such that the parameterization with two kernel functions

Gu(t, W) Gult, —W')>

~Jl n o _ 7
GLW) = <Hﬂ<t, WY ot —W)

(B.18)

is justified, where again according to f© = 0 we set Hg = 0 for the matrix notation. This reproduces
the s- and u-channel part of (B.7)

stu 1 7 s ~ ~
T =2 / aw’'y {Gjl(t, WY I f1, (W) + Gy (t, = W) Im féﬂ)_(w')} V>0,
7TW+ =0
s+u 1 7 > ~ ~
rol == / aw'y” {Hﬂ(t, W) Im L (W) + Hp(t,—W') Im f(fl+1)_(w’)} vJ>1. (B.19)
W, =0

If we introduce the abbreviations (cf. (A.83]))

~ - oW’
w[alm‘d(W/)] = d(W,)ak,n—i-l + d(_W/)akn ) nJ(ta W,) = W ) (BQO)
we find for the kernel functions
~ / ~ pe =[5 |[W+m 75 1
_ b - >
Gu(t, W) TIJ{ th[AJl E,+m}+m¢[3ﬂ E,er}} vJ>0,
~ VI +1) -]~ 1
H Nep, X7 77 >1 B.21
Jl(tvw) nJ o + 1 ¢|:CJI El+m:| VJ2> ’ ( )
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where the angular kernels are given by

At s) = / Q2 Py(z){hn % o} ()

)
[t75/§zt]

Byt s) = /dzt PJ(Zt)Zt{hl + h2}P/(Z;)

)
[t75,§zt]

1
Cult,s) = /dzt |:PJ—1(Zt) - PJ+1(Zt)} {hl + h2}Pz/(Z§) ] Aj_1g— Az (B.22)
s 1o <t
Decomposing these kernels according to
- 1 ~ _ - 1 _ ~ _
Ap(t,s') = —P/(2:)Qu (%) — An(t,s'),  Bu(t,s') = —P/(Z:)2:Qs(Z:) — Bnlt, ),
tht Piqe
Cult,s') = ]thpl/(gs) Qu-1(Z¢) — Qui1(Z)| — Cult,s') (B.23)
with the real quantity B
B P el S S (B.24)
s\t - 5 = 2q,2 = %s\5, .

and polynomial parts defined by

1
1 1 P/(z5) — P/(2)) 1+1
=— [ dx P l 1\~s P
2 /1 s {ptqt Ty — 2 * 2(s’ —a) 1(2) ¢
1 | 5P —2P(2) 1%l
£t 1 Zs) — &t l + Y
B(t, — [ dz Py( P
st s) 2/1 2 Py(z {ptqt 2 +2(S/_a)2t l(zs)} ,
B | Pl(Z)-P()  1%1
Zs) — P/ (z F
(t, —[d P -P — ! L7 P/(z
Calt, ) = /1 st [Proaen) = Praae)] { - B SF |
=Aj10— Ay (B.25)
the kernels G; and H; may be written in a recursive fashion
Gut,W')=Gut, W) = G (t,-W'), Gj-1=0, vJ>0,
Hy(t, W) = Hy(t, W) — Hyy_1(t, W), Hj_1=0, VJ>1,
7J Pl’+1(25) Dbt / ~ ~ bt / 1 5
t —= —(W A —mB
GJl( w' ) Fon m{ D o (W + m) + maxy Qj(xt) + Qt( + TTl) Ji+1—mByii1 e,
nJ J(J + 1) Pl/+1(28) ~ - =
Hy(t _ — — B.2
at,Ww') = Fam 2711 vl [QJ 1(Zt) QJ+1(33t)] Critiyp s (B.26)

keeping C 7.1 just for convenience. Note that since Z;/(p:q;) and the squares p? and 7? are always real,
Ay is real /imaginary for J even/odd and the other way around for By and Cj;. Therefore, we can
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conclude that the functions Gj;, Hj; and hence the kernels G j;, Hj; are real for t > ¢, — (M2/m)?,
cf. the discussion following (B.6). The kernels for all combinations (J > 0,1 < 2) explicitly read

i . o )
Gt W'y = =1 {_({_%(W,m)+mjt}QJ(jt)_m5J0>+zﬁ tmy M on }

E' +m | pia: @ s'—a 3s—a
nJ JJ+1) [ 1 - 5 01

Ho(t — Q- - -

50t W) = g o o Qo) — Qua)| -

~ N A R7 74 ﬁJ 3Zs _I& ’ - N

G0, W') = Gl W)+—E,+m{p—tqt<[ (W4 )+ ) Qs (1) — i |

N W’;rmz; |:ptqt{5Jl +3wt5Jo} ia{géﬂ + (1 - 35)&10}}
— % [pthﬁ{ 0g2 + Ted1 + 5J0} {g‘i’?’ T @ N 5)5‘”}] }

=Gn(t, W) —Glt,-W'),

Hji(t,W') = —H o(t, —W') + 1 ST+ 1) { 5% [QJ—l(!it) - QJ+1(3~3t)}

E+m 2J+1 Diqy
17 1 1 2 1 -
AL o vsnan} + o (E-d)on)] }
= ﬁJl(t7W ) - ﬁJO(tJ _W/) )
P3(%s)

E +m

Wi+mp [ 1 (3 5/3
Pri 2 )25 5.5 _(_

¥ g lpear |7 8 J2+2 5
52

1 {ﬁ5J4+2(%—5>5J2+1—25( 5 §5+52>5J0H

_ %L%qt{%ajﬁ S + (g 472 —25)@#%(% + 2 —25) (@5]1+5J0)}

1 20 3,10 - 5/3 62 = 7
— (= - S(Z—Z6+62—-1)6
s’—a{2316j5+7(9 25>5=’3+2<7 50T 5) JlH}

= GJQ(t7 W/) - GJl(tv _W/) )

Grt, W) =—-Gnt,-W')+ N7 {
Ptqe

<[— %(W’ +m) +mazt]QJ(gzt) _ m5JO>

+

+ &7 — 25) o1+ 1—25:%(% + i — 25)&10}

Hyp(t, W) = —Hp(t,-W') + 1 ST +1) {Pé(%s) [QJ—l(fCt) - QJ—i-l(it)}

El+m 2J+1 Ptqt
1 1 (3 - 9/3 o ~ 15_ /1 <
— ? [IT%{?(XM + T4 53 + §<? +x; — 25)5J2 + gwt(g + T 25>5J1}
—l- 1 {—5J5+2(——5)5J3+3<§—25‘1‘552—’72)5]1}
21 2\7
= H at, W/) — Hp(t,-W'). (B.27)

The explicit formulae for the polynomial parts Ay, By, and C /g for (J < 2,1 < 6) needed for
calculating these kernels and furthermore the additional kernels G, and Hy; for (J <2,3<1<5)
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via (B.26) are given in Appendix BABY As a check of our calculation we can reproduce the nucleon

pole terms (B.5) by (cf. (A.67))
NIty = —f2Gpt,~W' =m) YJ>0, NI(t)=—f*Hylt,~-W =m) VJ>1. (B.28)
The asymptotic behavior of the general kernel functions (B.21]) can be deduced to be
for prg — 0 C~{]l(tv W/) ~ IjIJl(t W/) ~1,
for ¢ —0 Gn(t,W') ~ Hy(t, W) ~ ¢~ 2 | Gr(t,—W') ~ Hy(t,-W') ~ ¢ =272
for ¢' — oo Gut, W)~ Hyt,W') ~q"% . (B.29)
In particular, these kernels are finite for p;q; — 0 and their precise form in this limit may be worked

out in close analogy to the discussion of the pole terms in Appendix [B.I] based on (B.26]). Note that
both (B:28) and (B.29) obey the MacDowell symmetry relation (3.3]), as they should.

B.3 t-channel exchange

We need the t-channel HDR terms (A.70) in the form

1
o = w /dt’ hlft, ' ] Im AL (s 1))
s=s(t,2t T

28

t

Al(s 1) (B.30)

s'=s'(t',2])

where the kernel matrix h{ is given in (ATI]), and the integrand can be written as a function of the
variables [t,t'; z;] by noting that

1 1 1
502 o e R =2, (B.31)
2q% xp — 24 iz 1 Viligtrz)  Pedt %t
and that z; and z; are related by (cf. (A.22))
2 2
/ ~ 5 - prq
Zz{/(tvt/;zt) = 042:? +8, a(tvt/) = /fé ?2 )

Dy 4y

B(t,t") = -t (t +t' — 2% + 4a) (B.32)
C 16 ' '

If we expand the absorptive part of (B.30) into t-channel partial waves by using (A.75) and project
onto t-channel partial waves again via (B.9)), we obtain the following PWDRs for the ¢-channel partial
waves

t 1 7 -~ ! !
) =1 / at SR (1, ) Im £ (1) (B.33)
tr J!

where the summation runs over even/odd values of J’ for even/odd values of J, accordingly, and the
kernel matrix is defined by

1
K77 (t,t) = / dz T/ (t, z)h! [t ¢ 2T (¢, 2)) (B.34)
0

31Note that for |a| — oo, of all polynomial parts only By, does not vanish completely and hence ffl receives polynomial
contributions from the kernels Gg;. These remaining contributions, however, are just those that cancel with the leading
terms of the S-wave pole terms (B.A]), cf. the discussion following (B.8]) as well as the explicit kernels (B27).
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Calculating this kernel matrix shows that it can be written with three kernel functions as

K77 (4,) = Kjp(t,t) K5,t)\ _ S (upp(tt) vpp(t,t)
’ 0 KJJ,(tt) t—t 0 wJJ/(t,t/) ’

1

/ !
(1) = 2J’+1M, B.35
<JJ ( ) ( ) (tht)J_l ( )
where we have defined different angular kernels for even J and J’
1 1 P

Pqy Pt 2 2| L
u/:— dz; Pj(z4)Pjy (2 vy = /dsz{z— z} ,

JJ (]tpt / t J( t) J( t) JJ J’ n 1 (]tptqt t J( t) qr 2t — 4 24 Zé

1 J(J+1) tht / P, (2)
' F P B.
Wi = 55 T 1) p dZt 7—1(2t) — J+1(Zt)}zt a (B.36)

and for odd J and J’

1 1
2
p Py m
UJJ/:p: /dZtPJ(Zt) %7 vy = —YY——— J(J/+1 { }O/d PJZtZtPJ/(Zt)
1 J(J+1)
W = 55\ T 1) /dZt Py1(z) — PJ-i—l(Zt)}PJ’(Zt) (B.37)

In this way, we recover the form of the ¢-channel part given in (3.7

ol = /dtZ{KU/mImm O+ Kt m () vz,

tr

[ = % / ar' S Kt T (1) vJ>1,  (B38)
¢ J!

and according to f° = 0 we set Kg’J, =0= I~(30 .
From the projection integrals (B.36]) and (B.37) together with the definitions (B.32)) and

p% t'—t 2.2 2.2 t'— 1 /
_p_’f: 4p’2 , qizi — 4 7" = ™ ,2 4qtzt 4(t—|—t —2¥ +4a) ¢, (B.39)

one can see that the off-diagonal term v/ is proportional to ' —t, as it should be. Note also that only
even powers of z; and z; occur in the projection integrals. Therefore, the kernel functions K} T K2 0
and K3 7, are always real, since the prefactors contain only even powers of momenta. The integrals
can be performed with the help of [96]

3 =
2) = Z aj2?, B(z) =) a3 (B.40)
for even and odd values of [, respectively, where

(—D)M2@A+1—1)! Lo
_ ) ) ) Al
9l 1<§ —A>!<A+§—1)!(2)\)!

ev __
ay =
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which also follow from reordering the expansion

(20 =2\ ;o l L forevenl,
—| = B.42
ZIZAIZ— —2n” 2 5L forodd . (B.42)

In this way, the required non-vanishing integrals may be written for even J and J' as

1 J /
2 A /
/dzt Pj(z) Py (z) = aly Z (2) arpy “*a%, ,
0 N=4% p=%
P/, Z/
/dzt PJ(Zt){qt z; — qézzf} Jz(’ ) = Z 2XN a5,
0 ¢ X:max{%,l}

N—1 V1 Xy
X {%2 E ( > at N TS, o — g E ( )Oé“ﬁ’\ “tag, }
1 <\
=3

p=max{ % —1,0}

1
P// Z/
0

t

£ = vt
Z 2)\/CL)\/J/ Z < [ > ﬂ/@A - uaJ 1Lp+1
X:max{%,l} u—max{%—l,O}
J
S =N -1 AN —1-p~od
-3 e 3 (Y ) @d vt (B.43)
N=Z41 p=1%
and for odd J and J’ as
P 2w
J’ - -
/dZt Py(zt)2 a)JJ’ Z < > T
N= J— J—1 M
2 2
i = AN
/d PJ Zt ZtPJ’(Zt) (2)\, + 1)@?\(/1(]/ Z < > d”ﬂ)‘ _Magjiu-l,—l s
o - ez N
JECR RIS O A
J’271 ) \ )\/ i
/ /
(2)\ + 1)61())\/J/ Z (/,L) Oé'uﬁ 'LLCZJ 1,0
V=t =t
1’51 N \
= D @ +Dasl D ( )a“ﬁA “HAS (B.44)
- ez N
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with the definitions (for even and odd values of J, respectively

VIV Vol L C D L (21)! <M2%>7

~eV

aJ;U'

o

= 02(,&4-/\)4—1 (n—4)2u+J+1) Cu—N2u+ 1+ )N
J-1
al =3 a3y :2Au+%ﬂwm—1> (2 — 1)! (M>J‘1).
Tn 20+ A +1 (n—ZENEu+J) Cu—1-D)I2u+ J)! = 2
(B.45)
We can conclude that the following kernels vanish:
K7t t)=0 VJ <J, (B.46)
and by using the identities
(2J + 1)aeJVJ~eJVJ =1, Jae}’JNgd 2= 1, for even J ,
(2J+1)CLJ 1J5LJ]+1—1 JCL] 1J~J1J :1, foroddj, (B47)
it follows that the non-vanishing kernels for J' = J take the form
p? 1 1 1 t 1 tny 1
Ko (4t = — — - — vVJ>0
16 1) = PR — t—tN Wt —t ¢ —iy =
m
K2 (t, t —_— VJ>1
7.( \/J+14p J+1t’—tN =
K3,(t,t") = : vVJ>1, (B.48)
from which one can immediately read off the relation (valid for all .J)
R3,68) = my |5 (B0 6) K1)} (8.49)

This together with

- 5p ~ 5m p

KLt 1) = t{t—l—t—22+6a}, K2,(t,¢) = t{ 3t+t—22+4a},

~ 7p ~ 7m 1

KL (et t{t—i—t —2E+10a}, K2 (1,1 :——{8 202 4 (t' — ¢t t+t’—22+5a},
le.t) = L it ) = i {sstal + (0~ 0 )

N 7

Kt :—{t+t’—22+5a}, B.50
)= - (8.50)

completes the calculation of the ¢-channel kernels with (J < 3,J < 3). Finally, from (B.43) and
B.44]) we may infer the asymptotic behavior of the non-vanishing kernels

for py =0 Kjp(t,t') ~pi, K3 p(t,t") ~ Kjp(t,t) ~ 1,

for g =0 Kjp(t,t) ~K7p(t,t") ~ Kjp(t,t) ~1,

for t o0 Kb (t,t) ~ K2, (t,t) ~t7 7 K3, () ~ /=771

for py =0 Kjp(t,t') ~ Kj,(t,t) ~pi 2, K5 p(t,t) ~1,

for g; =0  Kjp(t,t') ~ Kip(t,t') ~ Kjp(t,t) ~ 1,

for t' — o0 Kb, (t,t) ~t7"772, K2, (t,t) ~ K3 ,,(t,t") ~ "7 =771 . (B.51)

32These identities are similar to the Saalschiitz formula (A42) employed in [46]. Note that (—1)!! = 0!l = 1.
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Note that the kernel f(gQ (t,t') exceptionally has better convergence properties

K3 (t,t') ~p? for py — 0, K& (t,t')~1 for t' — oco. (B.52)

B.4 Higher kernel functions

The explicit form of the polynomial parts Ay, B Ji, and Cy, from for (J < 2,1 < 6) that are
needed in order to calculate the kernels G ;; and H j; for (J < 2,1 <5) via (B.26]) explicitly read

S,ia, AOQZ%L%jLS,ia{%—SH, (B.53)
ﬁ{ih%—%}jts,l_ {1_512—25%2}] ,
1%{&%@3(%—35) +
+s’1—a{;_i72<1_35>_
b (e L eS8

3

o 3465[ & (& /1 AP S\ o1 A1\ 6P o

Agg = | L9 L — -4 S - 1l e
06 = 453 [ptqt{10+$t 50 11 6% )T 70" 11\3 03

AOl =

52

o
w
)
=)

6 0
~6 =2 <2 2 3 4
Tl S\ L (L s a0 0 0 o
Ty (15 5) T T (5 g Ot¥ 14 5 3 2
1 1 32/1 /(1 = s 3 R RE S S S
+s’—a{110 11(7 6\3 ° 0407 =0 18 7 5 6 10f]’
_ - 11 _ 1 5 3 <
A1 =0, Ag=——, Ajg=—— :f2—|———25}, B.54
H Pear 7 13 ptqt272{t 5 (B:54)

_ 1 35{
U= —===9 o
Deqr 27

1 41 6\ 6 345 &
D A e [T
"3 3(10 3> 7100 T3
. 1 3465 (&} 1 3 5 1 32/1 N\ o6 2 &
A= — 202t g4 — L — P2 — - L (Z-§) - =4+ — =
1 tht4’~}’5{30+xt<70 33 10+3>+$t<90 11<5 153

~6 N ~2 ~2 < 2 <3 <4
z (1 0N 1 (L 3 35 o) 6 07 6% &
+5 (25 3> + < o+9 + + ;
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_ _ 2 1 - 1|z 1 6 ~
A =0, Agg = — 7 , Aoz = ) ﬁ—l- 7 = —20 s (B55)
5ys —a pqr S —a |7
2 - 1 5 A% 6:
+?‘5}+8/_a{ﬁ‘7‘? o H

~ 3 < 5 ;}4/2 6"‘ 3’“’
2 2
t<14 > 2806 7T 2 }

- 231 & (3¢ (3 6 of 1 A 3 o 2 A6 - 5~
il L 22 L ) S (2 g5) - 25
Az = 335 [ptqt{10+xt<35 o)\ ) T\ ) 1

6 = 1 (15 #*(5 A% 18. _- 10- 5% 6 o
—6% - 53 — (- - 5432 ) - =04 =0 - =+ =,
7 }+s’—a{286 11<7 6 T°7" 33077 70 T3

_ 1 _ 1 3 (. 1 -
Dtqy Peae Y 3
_ 1 15 (., o1 _= 1-3% 2 -
Byg = ——<{ it 22925 — 25402},

Bo4=]%%23—;{if+5zf<é—35> +i§<%—§ﬁz—5+352> +;_’Y_72<1_35> _§5+52_53},
BQGZZ%%?ZL%{%+Q?<5—1()—?—§—§+S2> +£§<%—?—i<%—35> —%+i—2—53>

6
~8 ~2 ~2 N 52 53 54
:I:t 1 = ~2 1 ’7 /y = "‘2 5 6 6 6
2 S N (S AN S ¥ - N T
+2<15 5>+xt<90 11< ¢ °F? > uts 3ty

110 11\7 6 \3 18 7 5 6 10
_ 11 1T & 1 (3 -
B Bio=—-|— —) B.57
W= "u3" 12 ’N}’[tht—i_S'—a{E’ }]7 ( :
6

5 jt ~92 3 < 1 3 ’3/2 ~ 2
By = — | =% S5y 4 — 2L~ b+6
13 212[ptqt{$t+5 }+8’—a{7 5 507 ’
o 3 [ @ [T o1 \ 1-3 3. =
By = — |23t S S
14 2573 [ptqt{3 + i 5 + 7 5 +
PR
s'—a
_ 105 & (38 (3 <\ -9 72 3. 34, 1 (1 &
Biy = — | L2t 25 2L 254525 — 7= - =
15 2’}/4[ptqt{4+$t 20 T T 750 )T 107
{ ;

+352—53}+ !




_ 3465 [ & (28 (1 A6 B\ o1 A1 N b 2 8
Byg= 2|22 el = T 9 2 SO (s
167 435 [ptqt{30+xt 0 33 10 3) 7 " \o0 1I\5 15 3

~6 N ~2 ~2 N T2 <3 V!

(1 6 1 ¥ (1 7 3~ = o 0 6 0

bt (e S A D A Sy 42 2 7

+2<25 3>+110 11(7 B8 57 BT 5%

SRS O S 6 W N AW U5 S WA S MO S
s—al130 11\9 6\5 3) 7°'5 ~3) 279 7 10 30/’

_ _ 1 2 _ 1 1 (. 6 ~
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B.5 Subtracted kernel functions

Here, we give the modifications of the nucleon-pole-term projections and the kernel functions for the
t-channel projection, that are required by the subtractions performed in Sect. [£.3]
To start with, the n-times subtracted nucleon-pole-term projections may be written as

o J |n-sub S (7.J |n-sub
NY| (t)—Ni()JrANi\ (t)

)

2 2
sub
AN (1) = i’;( +dgy + diy b&%)éjo-i‘E( ST + by + bt — Ay >5J1
bgo
200 5
+30 J2
2
-sub m
o (5 oo+ g~ g i )
V2 g9’ by V6
AN 75y = X2 b= bt )6, + -0 Y25
| 1271'( 22+00+01>‘”+302 720
1—sub\/_ 92
HE( 2m2+b00>5J1, (B.61)

where in analogy to the s-channel projection we have defined unsubtracted corrections (cf. (B.6))

2 ) ~0- 2V2 6
ANJ|OSub __gm_on 7 ANL]‘Osub(t):_g_i J1
A1 3 m?2—a A1 3 m?2—a

, (B.62)

which are constant and non-zero only for J = 1, in order to split off all terms that are either constant
or contain subthreshold parameters. Note that for both one and two subtractions the full nucleon-pole-
term projections fulfill the threshold relations ([B.63)) for p, — 0, but no longer for ¢; — 0. However,
the subtraction-independent parts of the pole terms Ni still fulfill the relations (B.63]) for p;q — 0.
The necessary update of the s-channel kernels G 2(t, W) and H J1(t, W) may be achieved by adding

AAJ1‘2 Sub /) = { <h0(3/) - m)ﬂl( [Zg] (0,0) ) + hO(SI) t [atzl]( 0) P ( [ ](0 0) ) }6‘]0
+ 3 (Elon )

lﬂ? hO( )P)l/< [Z;] (0,0 )5J0 ’
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BB ) = {(h0<s’> : ﬁ)ﬂ’( )+t 0 7 (120 ) } 5.
;

00 ) (850 + 00)
MG (45 = {<h°(sl) - ﬁ)ﬂ/( [ 00 ) +ho (32 00y P[] 00 }5‘”

— ho(s') P, ([Zé] (0’0))5J1, (B.63)

respectively, to Ay, By, and Cj; at the pertinent places in (B.26]), leading to corresponding AG
and AH ;. Note that also in both the once- and twice-subtracted case AC;; = AA Jo11— AAjigis
still valid (for J > 1, here actually AC;; = AAJ_Ll).

The additional contributions to the t-channel kernels K77 /(t, t') amount, for even J and J', to

by 2-sub p 1 t
AKS |75 (1) = =27 + 1) (vid,)” p}; t,{<1 + —,) [PJ,(zg)](Ovo) +t [0, Py (2)] ©0.0) }5J0

1 sub p
—(2J + 1)(p}ap)” p/tg m [PJ’(Zt)](O 0) 070

o 2-sub 2J +1 ’ p t
AK?,H (t,t) = m(pgq{ty p/t2 t’ { [<1 + P) (2P} (21)] 00 T1 [0(2( P (2))] 0.0) ] 30

S 1)
3 q22 Zé (070) 5

lsup  2J'+1 s pim
= ———(p}41) thgg [21P5:(21)] (g ) 070 -
t

J'(J'+1)
a2 2J' +1 V61 [P),(2) Lsub
AK3 2-sub t,t/ =" - _(phg)) 2= [Jit} 59 0, B.64
5 (t,t) T . 1)(tht) 57 e 00 J2 ( )

while for odd J and J’ one finds

AR} [0 ) = 0 + )l B [P B
petl & ©00) 3
ARG [0 1) = —%(1)@%)‘]’_1%{ <1 ﬁ,’; + > [P ()] 00y + £ [0:P5 (2] 001 }%
I Gl [P D
ARG (1) = — %( Q)J"I[{<1+t,> [PJ’(Zt)](070)+t[8tPL/]/(Z£)](0,0)}%
11u}f—%(x)qr"‘lf [P (2D)] 0.0 5;1 : (B.65)

Furthermore, AK””" = 0 for J > 2 or J' < J, the latter being in agreement with (B:406). In all cases
only even powers of z; and the primed momenta occur, and hence the additional kernel terms are
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always real. Here, we refrain from explicitly expanding the Legendre polynomials using (B.40]) as in
Appendix [B.3] but only give one example to demonstrate this point (for even J and J')

K‘\

A1
(0,0)

Pﬂw

[at(zgp(/]/(,z2))j| (0,0) =2 [atZ£2j| (0,0) a)\J/A2 [ ] (B66)

A=1

For later convenience, we explicitly state all those subtracted kernels with 0 < J’ < 3 that differ from
their unsubtracted form

Koo‘z s (t,t') = ;ngf((%o(t,t) s tKoo(t t, K11|2 Sub ) = _Kll(t t') b Ky (1),
K02‘2sub Py = gzi)_/;{<1+§>tztt,n B 530} L-sub 1562% {t+ tgrtt,n} 7

K7, 1) = 478 P {t+ 3752]\:”} B KLt

K11‘2 (1) = ttNKll(t t') = tNKll(t t'), K22|2 "t t) = tt—],vffzg(tat) = RS (1),
K02‘2sub )_45\T;L_p;gt t;y l—sub_%%{t_i_%r}’

= A1 (o)l
Eﬂ?ﬁg%{féﬁmf—(t+ﬂ—ﬂ@0+aﬁ]+—P+tlﬁ}},

RR [P0t = Ku<t O) = RN, BT = R0 Y R

B3>, 1) = #{ <1 + %) S %so} Lsub #{t + t;ft'f,“} , (B.67)

still obeying the threshold-behavior relation (3.62]). Note that at the level of two subtractions all these
kernels are independent of a (which is, however, not true for only one subtraction and J > 3 or without
subtracting), and that the exceptionally safe behavior of K3 (t,t') at ty is preserved (cf. (B.52)):

n-sub

K| Vn>0.

(t = tn, ') = O(p?) (B.68)

C

Ranges of convergence

In this Appendix, we will analyze both the convergence of the partial-wave expansion of the imaginary
parts inside the integrals and the convergence of the partial-wave projection of the full HDR equations.
For the rest of this section we may work as if no subtractions were necessary.

C.1 Boundaries of the double spectral regions

The following analysis is performed in the spirit of [19]29] 31] The basic assumption is that the
T-matrix element (and hence the scattering amplitudes {A(s,t), B(s,t)} o< T'(s,t)/(167)) fulfills Man-
delstam analyticity [99], i.e. that it can be written in terms of double spectral density functions pg,,

%3 Note that the authors of [I9] corrected their discussion of the boundaries of the double spectral regions in [98].
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Figure 14: Box graphs constraining the boundaries of the double spectral regions. Solid lines denote
nucleons and dashed lines denote pions.

Py, and pg according t

// ds'du’ psusu —|——//dtd/ ptu , // /dt PstSt)
(s"—s)(u —u) (u—u s —s)(t' —t)
(C.1)
The integration ranges are determined by those regions in the Mandelstam plane where the corre-
sponding double spectral densities have support. The boundaries of these so-called double spectral
regions will be the central objects of the following discussion.

The three double spectral densities can be derived by studying the consequences of unitarity in
the 2-intermediate-particle approximation. We consider the corresponding lowest-lying intermediate
states as depicted in Fig. [[4] (as unitarity diagrams, i.e. with on-shell intermediate particles), where
the inelastic (referring to the intermediate state of the s-channel process) diagram (I) and the elastic
diagram (IT) yield the boundary of the support of pg (from which, due to s <+ u crossing symmetry,
the result for p,; directly follows), while (IIT) and (IV) are relevant for calculating the boundary of
the support of pg,. This leads to boundary functions (cf. [29])

bi(s,t) = (t — AMZ)\(s,m? 4M2) — 16M2 (s + 3%_) ,
bi(s,t) = (t — 16M2)\s — 64M s (C.2)

for the boundary of pg and thus by(u,t) and byj(u,t) for the boundary of py, as well as
bini(s,u) = AuA(s,m? 4M?2) — 16M72 {mzsu — %% (m? - t(s,u))} ,
brv(s,u) = AsA(u, m?, 4M7%) — 16M?> [mzsu -2 (m2 — t(s, u))] (C.3)

for the boundary of pg,, where we only need to consider byyi(s, u) = bry(u, s) due to s <> u symmetry.
The whole support of all three double spectral densities is then given by the union of the regions
allowed by the non-trivial constraints that the corresponding boundary functions be non-negative.
Furthermore, trivial constraints arise from the lower kinematical bounds of the corresponding physical
regions that are given by the asymptotes of the boundary functions in question, e.g. for the inelastic
diagram (I) we find the asymptotes s = (m +2M,)? and t = (2M,)? = t,, and for the elastic diagram
(IT) we obtain s = (m+ My)? = s, and t = (4M;,)?. Therefore, by defining the following abbreviations
for the solutions of the implicit equations

b (s, t) =0 = t="Tyu(s), s=3Syult), (C.4)

34Mandelstam analyticity can at any rate be justified in the framework of perturbation theory [99HIOT]. While for 7
scattering the validity of the Mandelstam representation can even be shown rigorously in a finite region [1021[103], for
mN scattering (involving unequal masses and spin) at least the uniqueness of amplitudes satisfying this representation
is ensured by the MacDowell symmetry [1041[105].
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Figure 15: Double spectral regions for 7N scattering (shaded) and boundaries of ps; and p,,; reflected
in the corresponding scattering angle (dot-dashed).

the boundary of the support of e.g. pg is described by

) Tii(s for s, < s < (m+2M;)?,
T(s) = min{Ty(s), T (s)} = { %) ro s On i) (€.5)
min{7i(s), Tii(s)} for (m +2M )" < s,
with the functions
4M2(s —m?— 2M2)2
Ti(s) = —= > AM? Vs> M, )?
I(S) )\(s,m2,4M7%) ™ S (m+ )
16M2(s — ¥_)?
Tu(s) = ”(i ). 16M2  Vs>s,, (C.6)

again limited by the physical constraints, such that by definition Ty (s) > 4M2 for s > s,. The
boundaries of all three double spectral regions are shown in Fig. The asymptotes of pg are s = s
and t = t; and hence those of p,; are © = s, and t = t,, while the symmetric asymptotes of p,, are
s=s4 and u = Sy.

C.2 Lehmann ellipse constraints

The boundaries of the double spectral regions limit the range of validity of the HDRs in two ways:

1. The partial-wave expansions of the imaginary parts inside the HDR integrals (internal/primed
kinematics) in the unphysical regions for both s- and ¢-channel partial waves converge only for
CMS scattering angle cosines 2z’ within the corresponding large Lehmann ellipses [106]. These
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ellipses are the largest ellipses in the complex 2’ plane, centered at the origin with foci at 2/ = +1,
that do not reach into any double spectral region.

2. For a given value of the parameter a, the hyperbolae (s — a)(u — a) = b with asymptotes s = a
and © = a must not enter any double spectral region for all values of the parameter b that
are necessary for the partial-wave projections of the full HDR equations (external/unprimed
kinematics) in given kinematical ranges. Trivial geometrical constraints on a arise already from
the asymptotes of the double spectral regions.

In this section we will show how the (large) Lehmann ellipse constraint can be translated for a given
a into a constraint on b, each for both the expansions in s- and t-channel partial waves. For any
allowed fixed a, the allowed values of b are those fulfilling both of the above requirements, and the
(limited) freedom in the choice of a in the construction of the HDRs can be used in order to optimize the
convergence properties of the PWHDRs. In the two subsequent sections we will investigate numerically
how these limits on b (for given a) yield the ranges of convergence of the full RS system via the
restrictions that are necessary for both the projections onto s- and ¢-channel partial waves to converge.
For the partial-wave expansion of the s-channel contributions, the Lehmann ellipse constraint
states that the expansion converges for angles z.(s',t') = 1+ 2s't' /Ay (cf. (251])) inside the ellipse

(Rez)?  (Imz))?
2 TR

=1, (C.7)

with foci at 2, = +1 (corresponding to the physical constraint —1 < 2, < 1), i.e. semimajor and
semiminor axis As; and By are related by

A2-B?=1. (C.8)

Since for given t' the angle 2, is always real in the integration range s’ > s, the maximal value of 2/
for given s’ not entering the support of pg follows from the corresponding maximally allowed value of
t' (according to (CH) for the internal (primed) variables) and thus reads

2s’
bW

() =1+ T Ta(s) = As Y > sy (C-9)

s

From the geometrical condition —As < 2. < A, then follows

— 2 <l < Vs >sy, (C.10)
and the lower bound due to this reflection in 2/ is actually stronger than the restrictions imposed by
psu as shown by the dot-dashed line in Fig. [[5 where the z.-reflected boundary of the support of pg
for v > 0 is given by

u(s,t(s, —2z5(s,t = Tst(s))>> = ?_ + T (s) (C.11)

with the asymptote u = 4M? for s — 0o due to Ty (s). Furthermore, due to s <> u symmetry py
yields exactly the same constraints as pg (including the z! -reflected boundary for v < 0), and hence
we only need to consider the latter The possible values of ¢ for given s’ are then restricted by
(cf. [29])

Ag/

s/

— Ty (s') <t/ < Ty(s) Vs >s, . (C.12)

35Note that both the s- and u-channel physical regions fit well in between pst, put, and their reflected boundaries.

89



Via the linear relation (2.43)) for the internal kinematics this range for ¢ can be translated into a range
of allowed values of b(s',t';a) for given a according to (cf. (C.IIJ))

b, (s',a) <b< bl (s a) Vs >sy>a,

by (s',a) = (s — a)(E — 5 —Tyu(s) — a) ,

4+ / / Ayt / / 22— /

b (s',a) = (s —a)(Z—s +?+T5t(s)—a) =(s'—a) ?—FTst(s)—a , (C.13)

where we have used that from the asymptotes s = s; and u = s4 of the double spectral regions it
is geometrically clear from Fig. that the allowed values of the hyperbola’s asymptotic parameter
a are trivially limited to a < s; (independent of b), and hence we have s’ > a for all s’ > s,. By
invoking the asymptotes s = t; and u = ¢, of the z/-reflected boundaries of ps; and py: (cf. (CI1))
we can deduce that the allowed range of a is actually geometrically limited by a < t,, which is the
reason why the “fixed-t limit” |a| — oo actually reduces to a — —oo. Now, we may define the highest
lower and the lowest upper bound

b; (a) = max b, (s',a), bf(a) = min bl (s a), (C.14)
s'>s4 s'>s4

as the maximum /minimum value of by *(s', a) within the integration range s’ > s, which then finally
determines the allowed values of b for given a by

b7 (a) <b<bf(a) Vs >sy>a, (C.15)

for the s-channel parts of the HDRs.

The Lehmann ellipse constraint for the partial-wave expansion of the t-channel contributions limits
the convergence of the expansion to angles z;(s',t") = mv'/(plq;) (cf. (2E51])) inside an ellipse similar
to (C) centered at the origin with foci at z; = +1

(Rez})?  (Imz})?

2 2
e 2 =1, A?-B’=1. (C.16)

The argument for the t-channel contributions is more intricate, since inside the integration range
t'" > t, the angle z; becomes purely imaginary for ¢, < t’ < ty, and hence no relations similar
to (CI0Q) are possible. However, as the relation between z; and b is non-linear anyway (cf. (2.52]))

o (=X +2a)? —4b(s',t;a)
2y = 2 12 )
16pi“q;

(C.17)

where all squares are real but not necessarily positive, we are interested in the resulting Lehmann
ellipse constraint for z2. By squaring equation (C.I6) for general complex z| we arrive at

(Re{} —3)°  (m{zI)” _
22 B

1, (C.18)

which corresponds to an ellipse in the complex 2/ plane shifted to the right by (A? — B?)/2 = 1/2.
Hence, it is centered at (1/2,0) with the semimajor and semiminor axes given by

- A2 4 B? 1 ~
At:%:Ag—a, By = AB; = AjyJAZ -1, (C.19)
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such that the foci are at 1/2 F / A? — B? = 1/2 F 1/2 (corresponding to the physical constraint 0 <
212 <1). Since for t' > t, we have 2> = Re {2/?}, the geometrical condition 1/2 — A; < 22 < 1/2+ A,
leads to the analog of (CI0)

1A= -B? <22 < A?, (C.20)

where it is important to note that on the right-hand side the relation between z; and A; is not fixed
due to the squares, while the reflection bound on the left-hand side is again more restrictive than the
corresponding bound due to pg,, and hence we only have to look at the boundaries of the support
of ps. For the following it turns out to be advantageous to rewrite the boundary functions by 11(s, t)
of (C2) in terms of (v, t), since the quantity v(z,t) = piqi2¢/m is always real

1
br(v.1) = (¢ = 4M2){ 7 (t — dmw + 6M2)” — 16m M2 | + 8M{t —dmv — X —65_} L0,

1
bi(v,t) = (t — 16M2) {Z(t — dmw)® — 4m2M3} + 32M;§{t — dmw — 2} Lo, (C.21)

Solving these implicit quadratic equations for v(t) yields the physical solutions (cf. [29])

t—2M2) (t +4AM2) + 8M \/ty/ (t — AM2)m?2 + M2

Vl(t)z( A ) \/( ) >0 Vit>4M?=t,,
4m(t — 4M32)

(t = 8Mz)? + AMo/E /(£ — 16M2)m? + 16M2

4m(t — 16M32)

vi(t) = >0 Vit>16M2 =4t,, (C.22)

again limited by the physical constraints, where each sign of the root is fixed by z(v,t) = mv/(piq;)
+v and hence z"® = +my™/(p,q;) in the physical t-channel region ¢t > 4m? = ty. Defining the
(positive) combined upper bound on v according to

vi(t) for tr <t <4ty

min{vi(t), vir(t)} for dt, <t (0:23)

Ni(t) = min{wi(t), vu(t)} = {

and resorting to the geometrical constraints of the original ¢-channel Lehmann ellipse (C16) for z},
the maximally allowed value of the real angle z; = Re z; for given ¢’ > ¢y not entering the support of
Pst 18 given by

sy = DN () =4, Vi >ty (C.24)
Di4y
and thus (C20)) in this case leads to
m’ "2 2 m? 2 /
1-— ,QNSt(t) <z < pl2q,2N8t(t) Vi >tn. (C.25)
t t

In contrast, for t, < t' < ¢ty we have p; = ip’_ with real p’_. Accordingly, for the purely imaginary
angle z; = iIm z; it follows from (CI€) that

2

mv' m m
Im 2 (¢ :‘— < —Nu(t)=B, = B’=—-——"Ng4({t)? Vit.<t <ty, (C.26
| t( )‘ p/_qé p'_q,ﬁ S ( ) t p;gq;g S ( ) s ( )
which plugged into (C20) yields
m? "2 2 m? "2 /
by ay Py q
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However, from both (C28) with p}? > 0 for all ¢ > ¢y and ([C27) with p}? < 0 for all t, < t' < ty we
arrive at the same constraints on 2 for given ¢ > t, (cf. [29])

/2 12
Py gy

m2
By virtue of the linear relation (cf. (2.42l))

— Na(t)? <v? < Ng(t')?? Vit >t (C.28)

16m*v? = (t' — ¥ +2a) — 4b, (C.29)
this range for v’ can then be translated into a range for b(v2,#'; a) according to
by (U a) <b<bf(t',a) Vt¢>t:>a,
by (t,a) = i(t’ %4 2a)2 — Am2N, ()2 |
b (', a) = i(t’ — X4 2a)2 —4pPg? + Am2 Ny (t)? = (' — X)a + a® + X2 + 4m2N, ()%,  (C.30)

where we have included the geometrical constraint on a as discussed below equation (C13]). Defining
again the highest lower and the lowest upper bound

b (@) = maxbi (F,a), B (@) = pin b (¢,) (C.31)

as the maximum/minimum value of b, / *(s',a) within the integration range t > tr, we can finally
give the range of allowed values of b for given a by

by(a) <b<bi(a) VYVt >tr>a, (C.32)

for the t-channel parts of the HDRs.

C.3 s-channel partial-wave projection

As mentioned before, it turns out that the constraints due to p,: and pg, are equal to or weaker
than the restrictions due to ps. Therefore, we only need to consider the corresponding constraints
for the s-channel partial-wave projection of both the s-channel partial-wave expanded and the t-
channel partial-wave expanded HDR parts. However, the strategy to find the optimal value of ¢ and
the corresponding range of convergence in s is the same in both cases: from the Lehmann ellipse
constraint it follows that all allowed values of b must obey@

bry(a) < b < bEa), (C.39)

for all s > s, and ¢ > t,, i.e. within the corresponding integration ranges, respectively. The limits
—1 < z; <1 of the scattering angle for the physical s-channel reaction translate into

As
—4q2:—?§t§0 Vs>sy, (C.34)

and hence for given a < s < s the bounds on b due to the s-channel partial-wave projection are given

by (cf. (C.13))

bR (s a) < b < bMX(s, q) Vs>sy >a, (C.35)

s a) = (s~ @) s —a),  BN(s.a)=(s—a)(S s+ —a) = <s—a>{2—2— —a} -

%Note that the lower bounds coincide: b3 (a) = b; (a) for all a < s.
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The maximally allowed value of s for given a, sgi*(a), is then the largest value of s such that for

given a both b™%(s,a) and b™¥*(s,a) lie within the ranges [B;t(a),git(a)], respectively. Equating
the boundary values of b from both the s- and t-channel partial-wave expansions and the s-channel

partial-wave projection yields
b (s, ) L l;;t(a) =  s=s.,(a),

(s, a) = bfy(a) = s=s,(a), (C.36)

)

where s, and s:t denote the corresponding maximal solutions for given a, leads to two equations for
the two wanted unknowns g7 and ag, defined by

Sei = max sy (a) = 537 (a5,) (C.37)

Explicitly, they follow from equating the maximal solutions

— ! — ~ ~
ss,t(a) = s:,t(a) = a= as,t ’ Ss,t(as t) S+t(a§,t) = Srsn?x ’

#8900 = 2[5tz s o o] b ess

(++)

where for s > s4 > 3/2 we have s;;, = s, and for in addition e.g. @ < 0 we have szt = s:é_). The
maximum value of the two other (i.e. minimal) solutions for a; then yields the highest lower bound
on s and thus we can write
521;‘1 = max {s+, ss_é_)(di,t), szgﬂ(d;t)} for s > sy anda<0. (C.39)
For the s-channel parts, solving the equations numerically for all allowed a < s4 leads to the fol-
lowing optimal value of a and corresponding range of convergence in s > s, = 59.64 M2 = (1.08 GeV)?

as = —12830 M2, s, <s< &P =106.09 M2, b, (aS)=26860 M2, bf(al)= 34388 M2,
(C.40)
in agreement with the unpublished Appendix E of [21]
For the t-channel parts, this procedure results in

a; =—2319M?2, s, <s<3FEX=9730M2, b;(aj)=2202M2, bf(a;)=>5212M%. (C.41)

In conclusion, the s-channel constraints are weaker than the t-channel ones, which can also be
deduced from Fig. [[6, where the situation for a; = —23.19 M2 is shown: for this a the range of b
limited by b; (a;) and b (@) for the t-channel partial-wave expansion also lies within the allowed
range of b for the s-channel partial-wave expansion, and hence for the interval of s given in (C.4)
this range of b covers the interval [b1"(s, af), b2 (s, a; )] that is needed for the s-channel partial-wave
projection. By construction, the resulting family of hyperbolae does cross neither any double spectral

37 Appendix E of [21] deals with finding the optimal values for the s-channel partial-wave projection of the s-channel
partlal wave expanded absorptive parts of the HDRs only and follows a similar scheme. The quoted results are 3% 2
105 M2 for ai ~ —117 M2.
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Figure 16: Allowed ranges of b for s-channel partial-wave projection with a = @ = —23.19 M2 for

s-channel (left) and ¢-channel (right) partial-wave expansion. Horizontal lines correspond to b, (a) =
2202 M2 (solid) and b, (a) = 5212 M2 (dashed).

region nor their z’-reflected boundaries as depicted in Fig. [I§|(left), and thus (C.41]) corresponding to
VEmax = /9730 M, = 1.38GeV constitutes the result for the s-channel partial-wave projection, in
agreement with [29]

C.4 t-channel partial-wave projection

The relation between the range of b permitted by the Lehmann ellipse constraint (C.33]) and the
corresponding range of convergence in t for the projection of the HDR equations onto ¢t-channel partial
waves for given a is most easily established on the basis of the squared ¢-channel scattering angle 27,
which must cover the range

— 2 _ _ 2 _
(t—=%X+2a)"—4b (t—X+2a) 4b<1 (C.42)

0<z2(t,a,b) = =
T =t tn)

for both the s-channel and t-channel partial-wave expanded parts, since (as discussed after the t-
channel partial-wave projection formulae ([B.6])) the integrands are always functions of the real square
th even between the thresholds ¢, and ¢y. Furthermore, 0 < zt2 < 1 is not only a necessary condition
for 0 < z < 1 but also equivalent to —1 < z; < 1, which in turn is already sufficient to perform the
partial-wave projections in our case (cf. the discussion in Appendix [B]). Therefore, the range
of 2z} constitutes the necessary and sufficient condition not only for the physical region ¢t > ¢, but
for all kinematical regions. Obviously, for ¢, < t < t; and given a, z7 can only be non-negative for b
non-negative and large enough. Translating (C.42]) into ranges for b while taking care of the signs of

p? and ¢? in the different kinematical regions yields (cf. (C.30))

PNt a) < b < BP(ta)  Vie<t<ty, (C.43)
bR (ta) < b < DR (t, a) Vi>ty (ort <tr),

b (t,a) = Z(t ~¥+2a)? >0, b (t, a) = Z(ze — Y +20) —4p?} = (t —X)a+a>+ 32,

38 As combined result for both s- and t-channel contributions, the numbers §2% = 97 M2 for @® = —23 M2 are quoted

in [29] without further explanation and giving only a vague reference for these numerical values, which is most probably
meant to be [107]. However, roughly the same numbers are also given more recently in [25].
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Figure 17: Ranges of convergence in ¢ for t-channel partial-wave projection from full coverage (shaded
area) of the physical band 0 < 27 <1 for a = aj = —23.19 M2 (left) and a = a%; = —2.71 M? (right).
Vertical lines indicate thresholds ¢, and ¢p.

where the superscripts min/max refer to both the (at least partially) unphysical kinematical range
t >t needed in our RS system as well as the corresponding min/max values 0/1 of z2. Solving these
equations for ¢ yields (cf. t4)(v = 0;a,b) of (ZZ2)

() =2 - 2a /(e =S —a [P o 22], (Caa)

and the range of convergence in t for given a is the kinematical range in which all values between
bin (¢, a) and b3 (t,a) are covered by both intervals [l;;t(a), B;t(a)]. Between the thresholds (i.e. for
tr <t < ty) this amounts to the conditions B;t(a) < bn(t, a) and bPAX(t,a) < l;:t(a), while below or
above the thresholds (i.e. for t < t; or ty < t) we have B;t(a) < bPaX(t, a) and b (¢, a) < th(a)
Equivalently, we can demand that for given a the band 0 < 22(¢,a,b) < 1 must be fully covered by the
area between 27(t, a, l;;t(a)) and z2(t,a, lNJ;",t(a)) in order to determine the range of validity in t. The
situation that results from using the set (C.41]) of optimal parameters for the s-channel partial-wave
projection derived in the previous section is shown in Fig. [[7(left): the ¢-channel projection is then
valid for —5.63 M2 < t < 44.92 M2 (denoted by the shaded area of coverage), and the reason for this
rather low upper bound on ¢ is that the curve for lN)t_ = 2202 M changes sign between the thresholds
and thus enters the critical band 0 < z? < 1, which is hence no longer fully covered by the allowed area.
Indeed, the range of convergence can be significantly improved if 22(t, a, B;t(a)) < 0 (and of course
also 22(t, a, l;:t(a)) > 1) for all ¢ between the thresholds. From (C42)) it is clear that for ¢ € (¢, tn)
we have z2(t,a,b) < 0 if and only if b < (t — X + 2a)?/4, such that the curves for the lower limits
l;;t(a) of b will be tangent to the zero axis provided that B;t(a) = 0. Solving this numerically yields

!

by (a) =b; (a) =0 = a=al,=-271M}, (C.45)

which is unambiguous since it turns out that l;;t(a) > 0 for a < al, as well as l;;t(a) < 0 for
EL;t < a < sy (where we have used the numerical equality of the lower bounds for both s- and ¢-
channel partial-wave expansion). Furthermore, the curves for BIt(a) start to enter the critical band
due to change of sign at ty for a > 2.58 M2 and a > 9.17 M2, respectively (however, the geometrical

39 Accordingly, at the thresholds the respective min/max values are identical: b (t,, a) = b (t,,a) = (a— E,)z >0
and b (ty, a) = b (tn,a) = (a+3-)* > 0.
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Figure 18: Double spectral regions and limiting hyperbolae for s- and ¢-channel partial-wave projection.
Left: for a = aj = —23.19 M2 with b; (a) = 2202 M} (solid) and b/ (a) = 5212 M, (dashed). Right:
for a = al, = —2.71 M? with b_,(a) = 0 (solid) and b{ (a) = 2897 M (dashed).

constraint a < tr is partially tighter anyway). Thus, d’;,t is the smallest value of a such that the
critical band is fully covered between the thresholds, which is shown in Fig. [7(right). From this
figure and equation (C.44) it is clear that in this case we can deduce the corresponding upper and
lower bounds 24" (a) and t2*(a) on t by the intercepts t(()i)(a, BIt(a)) of 22(t,a, l;;t(a)) with the zero
axis below and above the thresholds, respectively. Since moreover both t*(a) = téﬂ(a, th(a)) are

strictly decreasing in the allowed ranges of a, the minimal allowed value a = dts,t is also the optimal

one yielding #2" = t(_)(d’;’t, BIt(EL;t)) and 108 = t(()ﬂ(d’;’t, BIt(EL;t)). This procedure results in

bf(al,) =289T M7 =  —9.84 M2 <t<205.45M7,
bf(al,) = 3509 M7 = —20.67M2<t<216.28 M2, (C.46)

where the s-channel Lehmann ellipse constraint proves slightly more restrictive, and thus the final
result for the t-channel partial-wave projection reads

b, =—2T1M72, t. <t<iP™=20545M7, b, (al,)=0, bf(al,)=2897M;, (CAT)
which corresponds to Vimax = 1/205.45 M, = 2.00 GeV. Again, ascertaining that the resulting family
of hyperbolae does enter neither any double spectral region nor their z’-reflected boundaries, which is
shown in Fig. [[§(right), completes the derivation of the final result (C.47) for the t-channel partial-
wave projection. It is interesting to note that the domain of validity in ¢ is much bigger as the one
in s, which is reflected by the possibility to use only the positive half 0 < z; < 1 of the range of
the scattering angle due to Bose symmetry in the ¢-channel; in particular the range of convergence
connects the physical regions for the s- and w-channel reactions, where ¢ < 0, with the t-channel
physical region t > ty.

The complicated interplay between a, B;‘ft(a), and z7(t,a,b) in the different kinematical regions is
the reason why it is not possible to treat the t-channel projection in analogy to the s-channel projection
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in the previous section: equating again the corresponding boundary values of b from both the s- and t-
channel partial-wave expansions and the t-channel partial-wave projection, and subsequently equating
the corresponding maximal solutions in order to obtain ~§ij as the maximal upper limit on ¢ for ¢t > tn
leads to entering or even crossing the critical band between the thresholds.

D Asymptotic regions and Regge theory

The asymptotic s- and t-channel contributions of the HDRs ([2.44]) to the invariant amplitudes are
defined by splitting the corresponding integration ranges sy < s’ < oo and t, < t' < oo at some
appropriate values s, = W2 and t,, respectively, which yields the following asymptotic contributions

o0 o
1 1 1 1 1 Im At (', 2})
+ _ N 2]
8 |asym(s’t)_;/d8/ S'—S+s’—u_s’—a}ImA (S/’Z;)—F;/dtlﬁ’
Sa - i
1 T 1 1 7 Im A= (¢. 2
(T
A7y (5:8) = = [ ds - ImA~(s,2) 4+ [qr S mATz)
asym T |8 —s s —u T s —u ¢
Sa ta
T [ i I B—',— ! !
1 1 1 ¢
B+| (s,t) == [ ds' - Im BT (s, 2}) + Q2% m (t', =) 7
asym 7T |sf—s s —u T s —u ¢
ta
[l o B (1<)
_ 1 , 1 1 1 m (t Zt
B |asym(s,t):%/ds S,_s+s/_u—s/_a}1m3 /dt (D.1)

and the remaining non-asymptotic parts are given by the corresponding integrals over sy < s’ < s,
and t, < t' < t,, respectively, plus the nucleon pole terms N’(s,t) for the amplitudes B(s,t). The
internal (primed) kinematics are given by (cf. Sect. 23] and especially ([2.42]))

1
s/(t/;a,b):§< —t'+ /(' — X + 2a)? 4b>, t'(s';a,b) = — /b —s —a,

u'(t'sa,b) = %(2 —t' = /(' =% +2a)? - 4b> : (D.2)
where the parameter b is fixed by the external (unprimed) kinematics as
(s—a)(X—s—t—a)=b= (s —a)(u —a), (D.3)
such that

b
u'(s';a,b) =

u —a s'—a

s'(u';a,b) =

+a. (D.4)
Thus (for given a and finite b), for the s-channel integrals we need the asymptotic behavior in the
limit

=00 = t—> -0, u-—a, (D.5)

while in the #-channel integrals the asymptotic behavior is determined by

' 00 = u—-c0, §—a. (D.6)
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From (D.J]) the asymptotic parts of the s- and ¢-channel partial waves may then be deduced by
the projection formulae (A.14]) and (B.9)) as

1
fl+|asym /d Rl l+1 W 25) Al‘asym (VV? 28) + Rl2,l+1(W7 ZS) Bl‘asym (VV7 28)} )
-1
1
fé+1)— asym /dzs{Rsz (W, 25) Al‘asym (W, 25) + R7y (W, 2) Bl‘asym W, Zs)} ,
—1
1
f—i‘asym /dzt U’J t 2t AI‘asym (ta Zt) + ﬂJ(ta Zt) Bl‘asym (ta Zt)} )
0
g = E1(0) / Az 050, 2) B |y (6:20) 0.7

where for the t-channel partial waves we have again I = +/— for even/odd J. Note that for these
asymptotic contributions we do not expand the absorptive parts inside the integrals in order to take
into account the high-energy behavior of the full invariant amplitudes as given by Regge theory [108].
Therefore, also for the so-called driving terms (i.e. the sums of all higher partial waves that are not
taken into account explicitly [12}[19] as well as the asymptotic contributions of the lower partial waves
treated dynamically) the integration ranges are limited by s, and ¢, in order to avoid double counting
of the asymptotic regions. This procedure follows [1219], motivated by the observations that, first,
for higher and higher energies one would be forced to explicitly use higher and higher partial waves as
well in order to ensure the validity of the partial-wave expansion, and second, no available information
in the asymptotic regime is lost without need. In Sect. [5.3] we explicitly demonstrate the matching of
the Regge model to truncated sums of the lowest partial waves with [ < .y for lnax € {3,4,5}.

In the following, the contributions from the asymptotic regions in both channels will be examined
in the framework of Regge theory. For a general introduction see e.g. [109].

D.1 s-channel asymptotics

First of all, contributions from ¢-channel Regge trajectories, i.e. the leading Pomeron (I; = 0)

trajectory ap(t’) = aﬁ?’ = 1 (roughly independent of ¢ but with exponential residue function

Bp(t') = opexp bPTt/, where op represents the asymptotic total-cross-section value for 7w scatter-
ing and bp is the width of the diffraction peak, cf. [12,[19]) as well as the p (Iy = 1) and f (I; = 0)
trajectories a,(t') = (0) + ag y
will behave as

(and a(t') in analogy) should be negligible, since due to (D.3)) they

bpt/

/ / / (0) | yr ( )
Im A(S/,t/) -~ ﬁp(t/)slap(t) ~e s e ’ Im A(S/,t,) -~ 5p(t,)8,ap(t) ~ S/apo +t'all ~ 58
(D.8)

!

for s’ — 0o, leading to an exponential suppression.

Let us briefly review the u-channel-exchange contributions to the s-channel reactions of backward
mN scattering as discussed in [73]. The invariant amplitudes can be parameterized according to (cf.
also [29)])

1

S () i S (o

1 ) -1
2 2

N
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where both sums run over the four trajectories i € {Nq, Ny, As, Ag}, and the Regge propagators (;(u)
are given by

148 exp (~ infas(a) ~ 3))
B sin (7 [a;(w/) — 1])

Besides the scaling factor sp = 1 GeV?, the following Regge residues ﬂZA / B(u’ ) and Regge trajectories
a;(u') are employed:

G(u') (D.10)

BAW) = a; + b | BE (W) = ¢; +dind a;(u') = ago) +a'u’ (D.11)

i.e. both the residues and the trajectories are linearly parameterized, and for the latter an identical
1

slope al(-l) = o is used for all i. The signature S; = (—1)7i"2 of the trajectory i is positive for N, and
Ap and negative for N, and As. Since Im(;(v') = —S;, we may conclude that the imaginary parts of

the invariant amplitudes in the u-channel isospin basis I,, € {1/2 = N,3/2 = A} can be written as

. PANCACHES . PANCACHES
Im AN (5", /) = E ﬁf(u') <—> , Im A2 (s',u') = E ﬁf(u') <—> ,
. SR ) SR
i€{Nqa,Ny} i€{As,A3}
(D.12)
with the abbreviations

Sif (u')
M) = 1)
and analogously for the B amplitudes. Using now the isospin crossing relations (2.28]), we finally
obtain the absorptive parts

Bi) =~ (D.13)

AT =y Y A (S) T e X sw(S)
SR 3, SR

i€{Na,Ny} ie{As,A5}

Im A= (s v (s.¢)) = 1 QA1 s ai(UI)_% 1 DA 1 s’ ai(UI)_%

mA( () = 5 30 B S 3 2 B :
i€{Nqa,Ny} i€{As,A3}

B ) = s S A (S R > (2 e

m shu'(s, =+3 i (W)l S 3 i (U S )
i€{Nqa,Ny} i€{As,A3}

B (s ( ) = —2 S A (S R > AR (S R (D.14)

3 ) - 3 ) SR 3 i SR ) .

iG{Na,Nq} iG{A(g,AB}

where the dependence on (s',t) can be translated into dependencies on (s',z2%) for the s-channel
integrals and (¢, z;) for the t-channel integrals via ([2.52). For convenience we also give the numerical
values of [73] for the 21 real parameters in Table 2

As a byproduct, we can use these relations to infer the high-energy behavior of the HDR s-channel
integrals: from the trajectory parameters given in Table 2] it follows that the high-energy tail of the
integrals will be governed by the Aj trajectory. Explicitly, the integrands for AT and B~ will behave
as

S/_IS/aAts(a)_% _ S/a’a—1.47 — {S/—1.88 for a = —23.19 ME ’ (D15)

s'7152 for a = —2.71 M2,

for v/ — a, whereas the integrands for A~ and B™ fall off faster by one power in s’ (cf. (D). We
thus conclude that the s-channel part of the (unsubtracted) HDRs (2.44]) converges in principle for
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N, N, As Ag

[ ] —60.68 4722 —75.15 1419.99
b [GeV™®] 32652 —215.84 —138.75 3052.84
[ ]
[ ]

¢ [GeV™2]  546.40 —101.11 64.16 —192.64
d[GeV™ 307.42 —128.04 86.77 —695.81

a0 —0.36 —0.62 0.03 —2.65
o [GeV~? 0.908

Table 2: Regge-model parameter values for backward wN scattering as given in [73].

a < 26.57T M2. Note that in order to investigate the behavior of these asymptotic contributions in
the “fixed-t limit” a — —oo (as discussed in Appendix [C.2) it is important to take the limits in
the correct order, since u’ — a only after s’ — oo. Since «;(u’) — % < —1 for sufficiently large and
negative a, the s-channel Regge contributions vanish in the limit s’ — oo for such values of a. As
shown in Sect. 5.4l these asymptotic contributions are numerically small for the optimal value of a
(and a reasonable choice of s,), and thus they can be safely neglected for a — —oo, regardless of the
pathological behavior of the Regge model due to the Gamma function in this case.

D.2 t-channel asymptotics

Similarly to the previous section one could use Regge theory to describe the ¢-channel asymptotic
region. However, the significance of these contributions in view of the corresponding low-energy
region differs strongly from the s-channel: while contributing crucially to the dispersive integrals,
the pseudophysical region ¢, < t < ty cannot be constrained from experiment, but requires an
analytic continuation. Within our system of RS equations this task naturally takes the form of a MO
problem, as explained in Sects. Bland Bl The solution of these equations becomes rather involved once
intermediate states other than 77 are energetically allowed, which happens around 1 GeV (especially
KK above 2My ). In view of the ensuing uncertainty of the t-channel partial waves even below the
NN threshold it is clear that the inclusion of phase-shift solutions above ¢y [70], and even more so the
modeling of the high-energy region, will be of little practical relevance. Moreover, as shown explicitly
in Sect. (4] already the s-channel Regge contributions are numerically immaterial, in particular if
subtractions are performed, which provides evidence that also the high-energy region in the ¢-channel
can be safely ignored. For these reasons, we will not consider the t-channel asymptotic region any
further.

D.3 Subtracted asymptotics

Here, we show how to incorporate the effects due to subtractions into the Regge description of the
asymptotic parts of the corresponding subtracted HDRs (411 and (£I2]). However, according to
Appendix [D.2] all asymptotic t-channel contributions will be neglected.

For the high-energy tail s’ > s, of the s-channel integrals, according to Appendix[D.Ilthe absorptive
parts may generically be written as sums of Regge-trajectory contributions

/)_%

B 7N\ aiu
Im XTe(s' 4/ (s',t)) = Z:ﬁ;x(u,) (5_R> for X € {A, B}, (D.16)
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with summands of the generic form (i.e. dropping the indices X and i for the time being)
SB(u)
I'(a(w) - %) ’

While the evaluation of the Regge contributions is straightforward in the un- and once-subtracted
case, for two subtractions one furthermore needs the derivative

Bu') = — By = O 4 My | o) =al® +ou . (D.17)

1

_geln-h , s g a(ws) -1
lat {B(u) <§> H - = [0t'] 5.0, r<a( ) _) <§> (D.18)

2 (0,0)

!/

x [5(1) +a/B(u/(s,1)) {log e I CICICRDEE) H .

where U(z) denotes the digamma function defined as the logarithmic derivative of the gamma function

d (2
¥() = - gT() = o (D.19)
To this end, one may use u/(s',¢') =X — s’ — ' and (cf. [EI0))
(3/ — 30)2 So— a
[tl] 00~ T g _q ° [8tt/] 00~ g _q° (D.20)

After utilizing the crossing relations in order to rewrite the Regge contributions in the I € {+,—}
isospin basis and expressing t' as well as the corresponding kernel functions in terms of (s, 2.), we can
perform the partial-wave projections of the s-channel contributions onto both s- and ¢-channel partial
waves according to (D7), where again the implicit kinematical dependencies have to be taken into
account accordingly.

Finally, we demonstrate the projection onto the lowest ¢-channel partial waves with J < 2 explicitly.
The n-times subtracted versions of (D.7)) immediately lead to

B+’n—sub (t P )
n sub +|n-sub asym \"» “t
f+‘asym /dzt pt{ A ‘as m t “t +4mqtzt ADeqr 2y )
A ’n sub (t 5 )
n sub 4 lasym \b> <t) _ |n-sub
f+‘asym /dZt 2 { t 4thtZt +mB |asym (t,Zt) )
1 1
1 n—sub o n-sub
f— ‘asym E / ‘asym (ta Zt) ’
0
1 n-sub
n sub - 1 152 4 |n-sub B+|asym (t’ Zt)
f+‘asym = 1r O/dzt 207 { -A ‘asym (t, 2¢) + 4ma; = g [

+n-sub
B sy (t,20) (D.21)
asym

Apiqi 2

n-su 1
fz‘ b(t):E/dth\/EZt(l_Zf)
0
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again written in terms of quantities that are always real since 4p:q;z: = 4mv. Here, the asymptotic
s-channel contributions to the invariant amplitudes for e.g. the twice-subtracted case read (i.e. as

functions of (¢, z¢), cf. (B.14]) for z.(¢,s'; z;))

o
: 1 2(s’ — t 1
A+‘2 S ) =— [ ds (s~ s0) + — Im A* (s, 2%)
s-asym T (s —s0+ %)2 —4p?giz2 s —a s

Sa

t
— <ho(8/) — 7(3’ — 30)2> [Im A+(s',zg)] 00) ~ ho(s')t [(‘Mm A+(s',z;)](070) } ,
_ |2-sub 00 _
A ‘s_asym(ta z) 1 , Im A= (s, 2%) [Mm A™(s", 24)] 0,0
=_[ds 72 2 2.2 / 2 , (D.22)
Apeqizt T (8" —s0+ 5) — 4Apia; 7 (s" = s0)

Sa

and analogously for B~ (t, 2;) and BT (¢, 2)/(4piqiz:). Note that again only real squares of momenta
and z; occur and hence these formulae are valid in all kinematical regions. Furthermore, by rewriting
the general ¢t-channel partial-wave projections (B.6]) for both even and odd J in terms of real quantities
(i.e. v-even amplitudes and squares of momenta as well as squares of z;) as above, the partial waves
exhibit ostensible poles at t; for all J > 2 and in addition at ¢ty for all J > 3, while from the
discussion of their threshold behavior in Sect. B.3.1] we know that these poles are immaterial. The
reason for this behavior can be understood by first noting that for p;q; — 0 the asymptotic (s-channel)
contributions (D.22)) no longer depend on z;. The orthogonality of the Legendre polynomials Pj(z;) for
even J > 2 and odd J > 3 then balances the poles and leads to the expected finite (but non-vanishing)
values of the partial waves at both the pseudothreshold ¢, and the threshold ¢y (cf. the explicit case

for f2(t) in (D20))).
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