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Experimental determination of bending rigidity and
saddle splay modulus in bicontinuous microemulsions

Olaf Holderer,*a Henrich Frielinghaus,a Michael Monkenbusch,b

Michael Klostermann,c Thomas Sottmannc and Dieter Richterab

Elastic properties of surfactant membranes can be described in terms of the bending rigidity k and the

saddle splay modulus �k. Phase diagram measurements and neutron scattering experiments allowed the

determination of these parameters. Recent simulations showed that the bending rigidity, which is

deduced from the characteristic length scales in the microemulsion, is a mixture of �k and k. By

combining neutron spin echo (NSE) spectroscopy, small angle neutron scattering (SANS) and phase

diagram measurements, we show that also experimentally the different contributions can be separated.

For supercritical CO2 microemulsions and bicontinuous microemulsions with additives, the prefactors of

the �k and k contributions are determined and compared to those from simulations.
1 Introduction

Microemulsions are thermodynamically stable mixtures of oil,
water and a surfactant and can self-assemble into a variety of
local structures, depending on temperature and composition.
Droplets, lamellar, hexagonal, cubic or bicontinuous structures
are some examples. In bicontinuous microemulsions, oil and
water channels interpenetrate each other in a sponge-like
structure, separated from a surfactant layer. They are theoreti-
cally oen described in terms of the Gaussian random eld
model (GRFM), where an order parameter describes local
water–oil concentration differences.1 The free energy functional
leads to the well-known Teubner–Strey expression for the scat-
tering intensity of a bicontinuous microemulsion.2 It allows the
determination of the characteristic length scales of the micro-
structure, i.e. the periodicity dTS and the correlation length
xTS.3,4 The microemulsion structure is governed by the elastic
constants, the bending rigidity k and the saddle splay modulus
�k of the surfactant membrane.5 Structural investigation with
scattering methods on a nanometer length scale and phase
diagrams on macroscopic length scales reveals many aspects of
the elastic properties of the membrane. The properties of
microemulsions can be modied by addition of co-surfactants,
e.g. diblock co-polymers, which increase the surfactant effi-
ciency signicantly and allow the emulsication of more water
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and oil with the same amount of surfactant.6–8 The contrary
effect is observed with the addition of homopolymers into the
oil and water phase, and thus the efficiency of the surfactant is
decreased.3 Neutron spin echo spectroscopy accesses the
membrane uctuations on a local scale.9,19 The elastic constants
of droplet phases were investigated successfully by a combina-
tion of SANS and NSE experiments.10 Polydispersity and droplet
uctuations are measured, which are both sums of k and �k and
allow the separation of both constants in droplet micro-
emulsions. Recently, bicontinuous microemulsions with
supercritical CO2 as the oil phase, water and a uorosurfactant
have been investigated with scattering methods and phase
diagram investigation.11,12,21,22 This type of systems allows us to
access different points in the phase diagram simply by changing
the pressure of the system at a constant volume fraction of the
surfactant and without additional co-surfactants. In this paper,
we combine SANS, NSE and phase diagram measurements (as
schematically depicted in Fig. 1). A combination of the different
information from structural and dynamic investigation gives a
detailed insight into the interplay between bending rigidity and
saddle splay modulus. We will show that it is experimentally
possible to separate different contributions from k and �k0.

2 The different bending rigidities
2.1 Gaussian random eld model

According to the Gaussian random eld model (GRFM), the
renormalized bending rigidity in units of kBT is related to the
structural length scale dTS ¼ 2p/q0 and the correlation length
xTS as follows:13

q0xTS ¼
64

5
ffiffiffi
3

p kR;SANS (1)
This journal is ª The Royal Society of Chemistry 2013
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Fig. 1 SANS-curve (bulk contrast, recorded at X) gives structural parameters, the
intermediate scattering function S(q,t) measured by NSE represents local
membrane fluctuations and allows the determination of the bending rigidity, and
phase diagram data providing the saddle splay modulus with the position of the X
point where the 1-phase region and the 3-phase region meet.
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The index “SANS” is used since this bending rigidity is
determined from small angle neutron scattering (SANS) exper-
iments by tting the Teubner–Strey formula2 to the correlation
peak in the scattering curve.The bending rigidity is renormal-
ized due to the presence of uctuations on length scales smaller
than the experimental length scale dTS.14,15The pure bending
rigidity is linked to the renormalized one by:

kR;SANS ¼ k0;SANS þ 1

4p
a ln

�
2a

dTS

�
(2)

A similar equation holds for �k with a different prefactor �a.
The bending constants can also be determined by simulations
with triangulated surfaces.16 Recent simulations on triangu-
lated surfaces17 indicate that kR,SANS determined in this way is
not purely the bending rigidity k, but a mixture of the bending
rigidity and the saddle splay modulus �k rather than k alone. The
simplest ansatz, as used in ref. 17, assumes that the bending
rigidity measured by SANS is a linear combination of the two
with prefactors a1 and a2. One can then write for k0,SANS:

k0;SANS ¼
�
a1k0 þ a2jk0j

�
(3)

Also the renormalization then needs to take into account this
mixture with the same prefactors a1 and a2 and the known
factors and from ref. 13.

The de-renormalization of the measured SANS bending
rigidity then reads:

kR;SANS ¼ k0;SANS þ 1

4p
ðaa1 þ aa2Þln

�
2a

dTS

�
(4)

2.2 Phase diagrams

The saddle splay modulus can be obtained from the phase
diagram, as has been described in ref. 13. At the X-point, i.e. the
instability of the bicontinuous phase, the renormalized saddle
splay modulus is zero,
This journal is ª The Royal Society of Chemistry 2013
kR ¼ 0 / k0 ¼ �a

4p
lnðJÞ (5)

where the logarithmic term in the renormalization factor
contains the membrane volume fraction J ¼ 2a/dTS.
2.3 NSE measurements

Neutron spin echo (NSE) spectroscopy, on the other hand,
probes the membrane uctuations on a local scale. From the
intermediate scattering function one can deduce the bending
rigidity by applying the Zilman–Granek formalism of a uctu-
ating membrane patch in a viscous medium.18

Since the NSE experiments probe themembrane uctuations
and on a local scale, one measures in this case the pure bending
rigidity, without the renormalization term and without contri-
butions from the saddle splay modulus:19,20

kNSE ¼ k0 (6)
2.4 SANS measurements: mixture of different modules

Using k0 from the NSE-experiment, kR,SANS from SANS experi-
ments and �k0 from the phase diagram, one can plug eqn (3), (5)
and (6) into eqn (4) and then has

jk0j ¼ 1

a2
ðk0;SANS � a1k0Þ

¼ 1

a2

 
kR;SANS � a1k0 � 1

4p
ðaa1 þ aa2Þln

�
2a

dTS

�!
(7)

Eqn (7) contains the measured quantities kR,SANS, k0 (from NSE)
on the right, the resulting saddle splay modulus can be set
equal to the values of �k0 from the phase diagram. The factors a1
and a2 are then tted as the only free parameters simulta-
neously for a set of microemulsions. These two factors describe
the mixing of the bending rigidity and the saddle splay modulus
in the renormalized bending rigidity determined by applying
the GRFM to the SANS scattering curves.
2.5 Classical microemulsions

The determination of the factors a1 and a2 has been done with
two types of microemulsions, “classical” oil–water–surfactant
systems and supercritical CO2-microemulsions. First, eqn (7) is
applied to data for bicontinuous microemulsions containing
C10E4, decane and water (with the volume fraction decane–
water ¼ 1) and homopolymers in the oil and water phase,
namely PEP5 (polyethylene propylene, 5 kg mol�1) and PEO5
(polyethylene oxide, 5 kg mol�1) respectively. The homopolymer
contents have been used to vary the bending rigidity as
described in ref. 3 and 20. The phase diagram as well as SANS
and NSE data have been presented in ref. 3 and 20. A set of two
surfactant concentrations with two homopolymer concentra-
tions has been taken for determining a1 and a2. The surfactant
concentration has been 16% and 18.5%. Homopolymer
concentrations of 0.25% and 0.5% for both surfactant concen-
trations have been included in the analysis. The values of
�k0 from the phase diagram, k0 from NSE experiments and
Soft Matter, 2013, 9, 2308–2313 | 2309
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kR,SANS from the Teubner–Strey analysis of the SANS intensities
are fed into eqn (7) for all available experimental points and the
two parameters a1 and a2 are tted simultaneously to all
experimental data points (both surfactant concentrations, both
homopolymer concentrations for each surfactant concentra-
tion). Table 1 compiles the relevant values.

The result is shown in Fig. 2. Both �k0 and k0 contribute to
kR,SANS. The tted factors a1 ¼ 0.19 and a2 ¼ �0.84 agree well
with the simulation results of Gompper et al. (a1 ¼ 0.148 and
a2 ¼ �0.849). The logarithmic term accounting for renormali-
zation effects contains the membrane volume fraction J ¼ 2a/
dTS with the membrane thickness a and the periodicity dTS. For
real microemulsions, it was found in ref. 3 that dTS ¼ 37 Å/J.
This value of J has been rst used for the tting of the exper-
imental data.

It turned out that the prefactor (a1a + a2�a) of the logarithmic
term, which has to be close to 3 to be in agreement with the
experimental data of ref. 13 is then much higher. The renorm-
alization term in ref. 17 is written as ln(dS/V) with the cutoff
length for short wavelength uctuations d which is set to be
approximately the membrane thickness (to arrive at the volume
fractionJ inside the ln). It has to be pointed out that this is not
a strict choice. In the current evaluation, a three times higher
cutoff, i.e. 3d, is needed for the renormalization term (i.e.
ln(3J)) to result in the prefactor (a1a + a2�a) of the logarithm
term of 3.37, which is then consistent with the older data.
Table 1 Data from NSE-, SANS-, and phase diagram measurements for bicon-
tinuous microemulsions with homopolymers in the oil- and water-phase with
homopolymer contents Fp, see ref. 20

Surf. conc. g Fp/% kNSE/kBT kR,SANS/kBT �k0/kBT dTS/nm

0.160 0.25 0.9 0.42 �0.52 24.9
0.160 0.5 0.8 0.40 �0.50 25.0
0.185 0.25 0.8 0.45 �0.52 20.6
0.185 0.5 0.7 0.42 �0.50 20.6

Fig. 2 Homopolymer microemulsions with two different surfactant concentra-
tions: fitting the calculated values of the saddle splay modulus from NSE and
SANS experiments according to eqn (7) to the saddle splay modulus determined
from the phase diagram yielding the values of a1 and a2.

2310 | Soft Matter, 2013, 9, 2308–2313
Additionally, the error of the t is minimized with a larger value
of the cutoff than d, the minimum lies, depending on the
system, between 3d and 6d. The following data treatment uses
throughout the cutoff value of 3d.
2.6 Supercritical microemulsions

Recently, rst NSE experiments on bicontinuous micro-
emulsions containing supercritical CO2 as the oil phase and a
uorosurfactant have allowed us to obtain the bare bending
rigidity of these systems.21,22 These systems allow us to access
different points in the phase diagram simply by changing the
applied pressure. Similar to the addition of homopolymers or
diblock copolymers, the X-point shis towards a lower surfac-
tant concentration with increasing pressure. The set of obtained
SANS (measured at D11 at the ILL23) and NSE data (from J-NSE
at the FRM II research reactor24) allows us to then measure the
bending rigidity of the same sample at different pressures, i.e. at
different distances to the pressure dependent X-point.

First, the parameters a1 and a2 obtained above were simply
applied to the data on supercritical microemulsions from ref.
22, see Table 2, without retting. The result of this evaluation is
shown in Fig. 3 with the tted prefactors in the inset and the
value of �k0 determined from SANS and NSE experiments
according to eqn (7). The �k0-values from the phase diagram
Table 2 Data from NSE-, SANS-, and phase diagram measurements for bicon-
tinuous supercritical CO2-microemulsions at pressure P, see ref. 22

Surf. conc. g P/bar kNSE/kBT kR,SANS/kBT �k0/kBT dTS/nm

0.262 200 0.57 0.35 �0.49 27.9
0.262 250 0.74 0.38 �0.55 29.0
0.262 300 0.82 0.39 �0.58 29.2
0.350 160 0.53 0.45 �0.40 17.6
0.350 200 0.63 0.47 �0.49 18.3
0.350 250 0.70 0.49 �0.55 18.4
0.350 300 0.68 0.48 �0.58 18.8

Fig. 3 Supercritical CO2-microemulsions with two different surfactant concen-
trations: calculated �k with parameters a1 and a2 taken from the fit with the
homopolymer sample, compared with the saddle splay modulus from phase
diagram measurements.

This journal is ª The Royal Society of Chemistry 2013
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show a pressure dependence, while the ones determined by NSE
and SANS are rather constant with pressure. One has to point
out that the neutron scattering experiments performed to
determine �k0 are done at one surfactant concentration and
different pressures. Starting close to the X-point at low pres-
sures, the X-point moves to lower surfactant (membrane)
concentrations increasing the pressure. However the �k0 deter-
mination from the phase diagram is always done at the X-point,
i.e. at different membrane concentrations. The results indicate
that the saddle splay modulus is constant with pressure at one
surfactant concentration, i.e. at different points in the sh tail
of the phase diagram, but varies slightly with varying surfactant
concentration.

In a second step, the prefactors a1 and a2 have been tted
simultaneously for the lowest pressures for each surfactant
concentration, i.e. for the point closest to the X-point (that is 160
bar for 35% surfactant concentration and 200 bar for 26%
surfactant concentration). The reason of choosing only the
lowest pressure in this tting procedure is that only at the X
point the determination of �k0 from the phase diagrams is
possible. One arrives at the values a1 ¼ 0.15 and a2 ¼ �1.02 and
the resulting saddle splay moduli as shown in Fig. 4. Both cases,
the xed set of parameters a1 and a2 from the “classical”
microemulsions and the set tted to the data of the supercrit-
ical microemulsion, are very close to the simulated parameters
a1 and a2.
2.7 An alternative route

While using NSE as the method to determine the bare bending
rigidity, an alternative route may rely on the phase diagram and
SANS data only, even though the experimental uncertainties
stay a little larger. All experimental database on the experi-
ments4 involve homopolymers and diblock copolymers simul-
taneously as additives. We change the fundamental SANS
equation (eqn (1)) to the following:
Fig. 4 Supercritical CO2-microemulsions with two different surfactant concen-
trations as in Fig. 3: a1 and a2 are now re-determined by fits of the saddle splay
modulus calculated with eqn (7) to the one from phase diagrammeasurements at
the lowest pressure for each surfactant concentration (160 bar for 35% surfactant
conc. and 200 bar for 26% surfactant conc.). The values for higher pressures for
each surfactant concentration are then calculated with these new parameters.

This journal is ª The Royal Society of Chemistry 2013
S

V
xTS ¼ ASANSkR;SANS (8)

The surface per volume ratio of the surfactant lm is simply
given by S/V ¼ J/a with a being the lm thickness (a ¼ 12 Å for
C10E4 from ref. 4). The amplitude is according to the GRFM
theory6 ASANS ¼ 128/15p. Also the simulations from ref. 17
(Fig. 7) lead to a very similar value of ASANSz 3. The inuence of
the added diblock copolymers and homopolymers on the elastic
constants has been described in theory.25,26 For the elastic
moduli we get the following from these theories:4

kR ¼ k0 þ a

4p

�
lnJ� b

fP

VP

�
RhW

3 þ RhO
3
�þ Xs

�
RdW

2 þ RdO
2
��
(9)

kR ¼ k0 þ a

4p

�
lnJ� b

fP

VP

�
RhW

3 þ RhO
3
�þ Xs

�
RdW

2 þ RdO
2
��
(10)

In theory, the coefficients a, b, and X (and corresponding
ones for the saddle splay modulus) are known. For the current
section, it is assumed that a ¼ 3 and �a ¼ �10/3 are known.
Furthermore, it is assumed that the ratios b/�b ¼ 1.253 and
X/�X ¼ 1.428 are known from theory.6 k0 and �k0 are bare
parameters at the extrapolated surfactant concentration J ¼ 1
(limit of no uctuations). Then, the SANS measurements would
nd a mixed state from both k and �k, according to:

kR,SANS ¼ b � kR � (1 � b) � �kR (11)

with the renormalized moduli in analogy to eqn (3). Simulta-
neously, the sh tail points of the different samples are
described by setting the saddle splay modulus to be constant:27

�kR,SANS(J) ¼ �kphaseb. ¼ 0.28 (12)

The constant value �kphaseb. is neglected in many studies. We
nally chose this value to obtain similar values for the constant
terms k0 z ��k0, but there is no experimental evidence for this
Fig. 5 Evaluation of the SANS data from eqn (8)–(11), simultaneously with the
phase boundary data (Fig. 6). Data points arise from single measurements. For the
fitting lines, only points close to the fish tail point were taken into account. The
common range indicates which points were selected.

Soft Matter, 2013, 9, 2308–2313 | 2311
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Fig. 6 Phase boundary data (fish tail points) as a function of the scaled homo-
polymer amount. The solid lines arise from the simultaneous fitting.

Table 3 Coefficients of the alternative route (note the ratios of the coefficients
are set as well). All bending rigidities are given in units of kBT

Parameters
Theory
for k

Theory
for �k

Experiment
for k

Experiment
for �k

a 3 �10/3 Set Set
b 0.0996 0.0795 0.319 0.254
X 0.897 0.628 1.84 1.29
k0 — — �0.930 �0.839
ASANS 2.716 4.36
b (1.00) 0.166
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exact result. Now all data from homopolymer microemulsions
and diblock-copolymer microemulsions can be tted simulta-
neously (Fig. 5).

The nal result including the phase boundary information is
presented in Table 3. The values for b, �b and �X agree roughly
with the experimental values determined in ref. 3, while X is
larger (experimental Xz 0.4 in ref. 3). The discrepancies appear
due to the simultaneous tting and xing the ratios of the
coefficients.

The nal value b has to be compared with the previous
a1/(a1 � a2) of the NSE evaluations that take values in the range
of 0.13 to 0.18 and with the theoretical13 value of 0.15. With
taking the errors into account (we have ca. 30% error for b) all
values are basically identical.
3 Conclusions

This set of experiments is, to our knowledge, the rst experi-
mental determination of the different moduli determining the
elastic properties of surfactant membranes, �k0 and k0, and the
inuence of the two in the measurement of kR,SANS. The basic
assumption (eqn (3)) that kR,SANS is a linear combination of
�k0 and k0 is inferred from ref. 17 as the simplest ansatz
consistent with the simulations. The combination of phase
diagram measurements together with SANS- and NSE-experi-
ments provided the necessary information to separate the
different contributions and to determine the parameters a1 and
2312 | Soft Matter, 2013, 9, 2308–2313
a2 experimentally. The short wavelength cutoff for the renorm-
alization term, d, has been found to be approximately 3 times
the membrane thickness in order to minimize the tting error
and to give prefactors of the log-term consistent with the
experiments in ref. 13. The statistical variation of the t
parameters k in the different experiments is rather small (�1%
for SANS and �5% NSE experiments), however, the combina-
tion together with the uncertainities in the models (e.g. the
cutoff length d) leads to an overall precision of this approach of
10–20% in our opinion. Different kinds of microemulsions,
namely classical bicontinuous microemulsions containing
C10E4, D-decane and D2O and the homopolymers PEP and PEO
in the oil and water phase respectively, have been analyzed as
well as supercritical microemulsions with CO2 as the oil phase.
Both types of microemulsions showed the same behavior with
almost the same numerical values for a1 and a2. The experi-
mental result that both �k0 and k0 contribute to kR,SANS is a rather
general result valid for different types of microemulsions and
they conrm the mixing parameters a1 and a2 from recent
simulations on triangulated membrane surfaces.17 Two
different paths, a combination of SANS, NSE and phase diagram
measurements on the one hand and a simultaneous t of SANS
and phase diagram data with different additives on the other
hand, result in the same mixing parameters within the accuracy
of the experiments. Supercritical microemulsions offer in this
context a new possibility to vary the point of observation in the
phase diagram in static and dynamic scattering experiments by
changing the pressure with otherwise unchanged molar frac-
tions of the components and without additional co-surfactants.
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