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The front dynamics during directional solidification of a dilute binary mixture with noninstan-
taneous interface kinetic attachment is investigated in the weakly and highly nonlinear regimes. In
the linear regime we find that, even for small enough kinetic coefficient, the most unstable mode is
appreciably modified. With the help of multiscale analysis, we derive the amplitude equation that
governs the front dynamics close to criticality. It is found that, for the case of a constant miscibility
gap, studied here, the supercritical nature of the bifurcation remains unaltered. However, the com-
putation of the Landau coefficient shows that the interface excursion is reduced by kinetics. More-
over, the analysis of the Mullins-Sekerka spectrum close to the instability threshold indicates that
higher harmonics should be activated by interface kinetics. This is confirmed numerically. We
study the transition from cells to dendrites by adopting a recent code to the present situation. We
find scaling laws that confirm those obtained in the free-growth situation [Brener and Mel’nikov
(unpublished)]. The interface structure is “angular,” and side branches are much less pronounced,
even when the Péclet number exceeds a few unities, than those obtained in the free-kinetics case
[Saito, Misbah, and Miiller-Krumbhaar, Phys. Rev. Lett. 63, 2377 (1989)]. Our findings agree well
with experiments [P. Kurowski, C. Guthmann, and S. de Cheveigné (unpublished)] on impure CBr,.
We speculate that dendrites in this system are selected by kinetic anisotropy rather than by surface-
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tension anisotropy.

I. INTRODUCTION

Directional solidification has received an increasing
amount of both experimental and theoretical interest!
during the past few years, not only because of its poten-
tial technological importance, but also because it consti-
tutes an interesting nonequilibrium pattern-forming sys-
tem that continues to reveal a variety of fascinating new
phenomena. When a dilute binary solid is grown at the
expense of its melt by translating the sample at a constant
speed across a temperature gradient, the planar front
loses its stability at a critical pulling speed to assume a
parallel array of cellular shapes, which upon increasing
speed form needlelike structures, before dendrites appear.
The first studies of periodic cellular pattern were per-
formed in the weakly nonlinear regime.?” ¢ Unfortunate-
ly the range of validity of the amplitude expansion in
directional solidification—unlike the Rayleigh-Bénard
system—is very narrow, the reason being the mixing of
two disparate length scales: the destabilizing material
diffusion length (which is at least of the order of a few mi-
crometers) and the stabilizing capillary length (of the or-
der of the atomic scale). As a consequence higher har-
monics are active even close to threshold, thus causing
finite interface fluctuations that escape, in general, the
standard lowest-order amplitude expansions.

An important step towards the understanding of pat-
tern formation in directional solidification came from nu-
merical simulations.””!! Recently!® we presented a
dynamical numerical code which allows us to explore, in
particular, the dendritic regime. Two major results
emerged from that work. (i) Crystalline anisotropy is
necessary to stabilize the tips of dendrites, as previously
found for the free-growth case. (ii) For large enough ve-
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locities, such that the Péclet number (defined here as
P =A/Il, where [ =2D /v, with D the diffusion constant, v
the pulling speed, and A the interface periodicity) ap-
proaches unity, dendritic growth with a strong side-
branch activity takes place. We find a quantitative agree-
ment with scaling results calculated for the free-growth
situation.

Our results agree well with experiments on
succinonitrile-acetone mixtures'? concerning the mor-
phology and the threshold for the appearance of den-
drites. In those experiments the dendritic regime is ap-
parent when P is close to unity. However, this is not the
case for the CBr,-Br, material.'>!* Indeed the front ex-
hibits an ‘“angular” structure with no noticeable side
branches, even for Péclet numbers of a few units. The
question thus arises of whether such a behavior is a signa-
ture of a fundamental ingredient that is missing in what is
usually called the “minimum version” of crystal growth.
One of the most serious points that is emphasized by the
derivation of the growth equations is that the chemical
boundary condition is an equilibrium condition. This is
the so-called limit of diffusion control because all of the
reaction rates take place in the diffusion field. It has
often been argued in the literature that the interface dissi-
pation can legitimately be neglected provided that the
growth velocity is not too large ( <1 cm/s). This is likely
an overestimation. Of course the absence of a complete
microscopic description constitutes a major handicap for
a precise estimation on the importance of kinetics. Here
we will include the kinetic effect. A result to emerge in
this paper is that the overall dendritic shape selected by
kinetic anisotropy is similar to that observed on impure

CBry. Our results, when compared with experiments,
give indications on the magnitude of the Kkinetic
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coefficient. We will assume a linear law. This means that
we assume a rather fast kinetics in a phenomenological
picture a la Onsager. All kinds of two-dimensional (2D)
nucleation or screw dislocation growth processes are not
accounted for in the present work.

The scheme of this paper is as follows. In Sec. IT we
write down the growth equations. In Sec. III we study
the linear stability of the planar front. Section IV deals
with the weakly nonlinear regime. By means of multi-
scale analysis we derive the amplitude equation which
governs the interface dynamics close to the instability
threshold. We study the nature of the bifurcation and
discuss the limit of validity of the amplitude equation.
Section V contains discussions of the results in that re-
gime. Section VI is devoted to the highly nonlinear re-
gime. We pay special attention to the dendritic regime.
We compare the present results with the previous ones
where kinetics were disregarded.!® Our scaling results
are confronted with those obtained in the free-growth sit-
uation.!> Some long formulas have been relegated to the
Appendix.

II. BASIC EQUATIONS

We consider the following situation: a dilute binary
mixture with a solute concentration C (C is the mass frac-
tion) is pulled in the ( —Z) direction at constant velocity v.
The concentration far ahead of the front is fixed at a
value C_,. As usual, we neglect mass diffusion in the
solid, since the corresponding diffusion coefficient
D,~10"11—1071° cm?/s, while in the liquid D~10"°
cm?/s. The temperature fields in both phases are as-
sumed to be in a steady state and to satisfy Laplace’s
equation. This assumption is justified by the fact that
thermal diffusivities are several orders of magnitude
larger than chemical diffusivities so that the temperature
fields relax very quickly to their steady-state values.
Moreover we assume that heat diffusion takes place
symmetrically in both phases and that the latent heat
that evolves during solidification plays essentially no role.
The first situation can be realized by using highly con-
ducting plates so that the heat diffusion occurs mainly
along the plates. Neglecting the latent heat simply means
that we assume that it diffuses much faster than the
solute produced at the interface. With these assumptions
the concentration and temperature fields decouple com-
pletely. We are then left with only one field variable,
namely, the concentration one, the temperature being
fixed by the external thermal contacts. We consider one-
dimensional deformations and suppose that the system is
quasi-infinite (on the scale of all wavelengths of interest).
Let u =(C —C)/AC denote the dimensionless concen-
tration, AC=(1—k)C_ /k, where k is the partition
coefficient. The equation governing mass transport reads,
in the laboratory frame,

20u_10u
193z Do’
where / =2D /v is the diffusion length. At the liquid-

solid interface [z ={(x,7)] the mass balance equation
takes the form

Viu + (1)

[1+(u —1)(1—K)Jp, = — D% | @
on

where v, is the normal velocity. Equations (1) and (2)
must be supplemented with kinetic equations relating the
mass currents of the two species to the chemical potential
differences across the interace. We shall only consider
situations where the departure from local equilibrium at
the interface is small enough for a linear response theory
to be valid. We indeed expect a linear law to accurately
describe the chemical attachment for a molecularly rough
interface. The first step consists in expanding the chemi-
cal potentials to first order in the deviation from the pure
solvant state, taking the liquid pressure as a reference.
Then writing that the chemical potential differences are,
in an Onsager picture, proportional to the mass currents
across the interface, we obtain the modified Gibbs-
Thomson equation

uzl—dx—liJerm(v—u,,), 3)
T

where d =y T,, /L|m;|AC is the capillary length, with y
the surface tension, 7,, the melting temperature of the
pure substance, m; the liquidus slope, and L the latent
heat of fusion per unit volume; /;=G|m,;|/AC is the
thermal length, where G is the applied thermal gradient.
B,;, denotes a phenomenological kinetic coefficient. In
general both d and B,;, are orientation-dependent quanti-
ties. For a fourfold crystalline anisotropy, considered
here, B,;, and d read

Biin =byin[1 —ayyincos(40)] , (4a)
d=dy[1—a,cos(40)], (4b)

where 6 is the angle between the normal to the interface
and the z axis, by;, and d, are constant factors, and the
a’s represent the strength of the crystalline anisotropy
(we assume that the a’s account for both the force and
torque contributions). Note that in Eq. (3) we have taken
the origin of the z axis such that the planar front sets at

z =0 instead of z = — By;, /vy, which corresponds to the
amount of the planar front recession due to Kinetics.
Equations (1)-(4) with the boundary condition

u(z=ow)=0 completely describe the motion of the
solidification front. These equations admit a planar front
solution characterized by =0 and u =uy(z)=e "%/,

III. LINEAR STABILITY ANALYSIS

We study the regression of small interface fluctuations
by considering solutions of the form

§=6§116iqx + ot , (5a)
u=uy(z)+eu; (z)e+e (5b)

where € is a small parameter, g the wave number of the
perturbation, and o is the amplification (or attenuation)
rate that we wish to determine. Note that since we are
interested in this section with the linear analysis, we only
need to consider one Fourier component. We do not take
crystalline anisotropy into account in this section. Insert-
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ing Eq. (5b) into Eq. (1) we obtain by solving the resulting
equation and imposing u;(z = « )=0,

—mz

, (6)

with m =1/1 +(g*+1/1*+»/D)'"?* and where we have
required that Re(m)>0. By, is an integration constant.
Evaluating Eqgs. (2) and (3) to first order € and using Egs.
(5) and (6) we obtain

uy(z)=pe

B 2 20 , mDBy,
v(l—k)|—— = | to=—"+ R (7a)
STRE l S
LTI P RN P (7b)
S Iy

The compatability condition that emerges from the above
linear set of algebraic equations results in the dispersion
relation sought:
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the second term in the bold parentheses in Eq. (9b) is al-
ways smaller than 1 and the third term (~b,;,) is always
positive. In other words, the factor multiplying w; in Eq.
(9b) is always positive, which entails that the only solu-
tion to Eq. (9b) is the trivial one, namely, w;=0. This
means that the bifurcation from the planar solution to
the deformed one is steady, and when looking for the in-
stability threshold we can simply set =0 in Eq. (8).

The surface of bifurcation in the parameter space is
determined by the parametric equations

w=0 and a—=0. (10)
9q

Using Eq. (8) we obtain at the bifurcation
ml_ 2_, 2 1| 2
5 Ttk | |5 —doa’ = =0,  (lla)
d
—= k S (11b)
I 2(ml—1)ml/2+k—1)
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(k—=1+ml/2) (—dog?—1/1p+2/1)—2k /1

W=V

In the absence of kinetics, by, =0, we recover the
Mullins-Sekerka!® dispersion relation, which has been ex-
tended to non-quasi-steady growth by Wollkind and
Segel. The growth rate given by Eq. (8) may a priori be
complex, at least in a certain domain of wave numbers.
Since we are interested in the onset of the planar front in-
stability, we simply need to study Eq. (8) close to the neu-
tral point(s). We show here that, as in the free-kinetics
situation,? the stability exchange principle is satisfied.
For this purpose let us set

o=Re(w)+iIm(ow)=0, +iw; .

Substituting w into Eq. (8) and assuming w, =0, we find

12 12
+ 144202 ~311‘—]
2bkinw%l
+—= =0  (9a)
V2[(14¢°1+w?1* /D) 2+ 1+ ¢212] 172 a
5a 1172 12
1 ojl
T+ ——= | |1+¢*1*+ +1+4¢%1 =0. (%
255 q D? q (9b)

Equations (11a) and (11b) determine, for a given thermal
length Iy, the critical wave number ¢, and the critical ve-
locity (or diffusion length) v, for the onset of the Mullins-
Sekerka!® instability. Note that Egs. (11a) and (11b) are
kinetics independent, thus indicating that the location of
the bifurcation is not affected by kinetics. Therefore the
analysis of the bifurcation point is exactly the one done
by Mullins-Sekerka!® (see also Ref. 2).

IV. THE WEAKLY NONLINEAR REGIME

The linear stability analysis is the first step in any sta-
bility problem. Moreover it is a natural starting point for
the definition of the nonlinear problem. In this section
we are interested in the front dynamics in the weakly
nonlinear regime. This means that we concentrate on the
situation near the bifurcation point. This will allow us to
extract from the full growth equations the only part that
is relevant to the dynamics close to criticality. To deal
with this question we will make use of a multiscale
analysis analogous to that performed by Newell, White-
head,!” and Segel'® in the context of the Rayleigh-Bénard
problem. To do so we must first specify the characteristic
time and space scales. Equations (11a) and (11b) deter-
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mine the critical conditions for the onset of the Mullins-
Sekerka!® instability and the wave number g, of the bifur-
cating state. Let v, denote the critical velocity at a given
thermal gradient (i.e., a given thermal length). If v is in-
creased slightly above v,, the growth rate o as a function
of g has the shape sketched in Fig. 1. As shown in this
figure there is a band Ag of wave numbers which corre-
sponds to exponentially growing modes. This means that
the linear approximation will cease to be valid and we
should no longer ignore nonlinear effects. Close to the
threshold w(v,q) given by Eq. (8), can be written to lead-
ing order as

w
dq? ’

where derivatives are understood to be evaluated at the
critical point (g,,v.). If v —v, is of order €2, this means
that the band of active modes that can be used to con-
struct the wave packet is Ag~O (€). This implies that
the characteristic length Ax for the modulation of the
wave packet in real space is of order Ax ~1/Ag~¢e™ .
The strategy of the multiscale analysis is to separate the
fast interface modulation, whose dynamics is dominated
by the critical mode (~6'q”x), from these slow ones that
characterize the large-scale distortion of the pattern. We
then introduce a slow variable X =ex. On the other
hand, because w~ O (€?) [since (v —v,)~€?], we may ex-
pect that the characteristic time scale for the motion of
interest is of order € 2. Accordingly we introduce a slow
time 7=€%. We then write each quantity (e.g., u,&) for-
mally as if it depended separately on (x,X,7). Therefore
we are to understand that we should make the substitu-
tions

o(0,9)=(0 —0) 32+ 1(g =g, (12)

3 9 B

ax ox €ax (132)
9 20

Y € 3, (13b)

whenever we differentiate ¥ and §. The last step consists
of expanding u and & in power series of € around the pla-

! Aq ] q
V>V,

FIG. 1. Schematic plot of the dispersion relation above the
Mullins-Sekerka threshold. Ag designates the band of unstable
modes.
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nar front solution
u=uy(z)+eu(x,X,z,7)+ -, (14a)
E=0+¢€S(x, X,7)+ - . (14b)

Now the scheme is to insert Egs. (13) together with (14)
into the basic equations (1)—(3) and use the resulting
equations to deduce successively higher-order contribu-
tions in an expansion in powers of €. The small parame-
ter € is defined as the square root of the growth rate, re-
sulting from the linear analysis, evaluated at the critical
wave number and at the actual velocity (v=v,),
e=[w(q,,v)]""%. It then follows from Eq. (12) that

S

3 (15)

e=(v—v,)

7=9q,

which constitutes the appropriate small parameter [in-
stead of (v —v,)/v,; see below].

(i) Order €. By using Egs. (13) and (14), Eq. (1) pro-
vides to this order

9’ 2 29 _

Lyu,= ﬁ g 7% u;=0. (16)
This equation is solved by

u =1 AX,7)e" uy () +c.c. , 17
where

u11(2)=/311€hmcz (18)
with

172
=1yl g2 (19
m,= 1 12 qc

B1; is a real constant and 4 (X, ) is a complex amplitude,
which is an integration factor depending on the slow vari-
ables X,7. This amplitude is unknown at this order. In
Eq. (17) we have deliberately, in a multiscale spirit,
separated the fast variation ¢"* from the slow modula-
tions absorbed in the complex amplitude 4 (X, 7). Note
that expression (17), where u,, is given by Eq. (18), is
nothing but the linear deviation about the planar front
solution expressed by the second term on the right-hand
side of Eq. (5b) in which we set ¢ =g,.. The difference be-
tween that expression and the one given in Eq. (17) is that
here the prefactor A4 is a space- and time-dependent
quantity, which will be determined at order €. The
dependence on X and 7 expresses the fact that the inter-
face dynamics are not only governed by the critical mode
¢"<* but also by the active modes with wave numbers ly-
ing inside the linearly unstable band Ag (see Fig. 1).

At this order, the interface fluctuation can be written
as

Ei=1,4(X, 1" +e.c. | (20)

where §;; is a constant factor. Inserting this expression
into the Gibbs-Thomson condition (3), using Eq. (17), and
collecting the terms proportional to € we obtain
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2 1 (ii) Order €. To this order, and after makin f
/En=F————dyq? . 21 ", ’ g use o
Bu/tu I Iy ode @b the results obtained in the previous order, the bulk equa-

tion (1) reads

Imposing mass conservation [Eq. (2)] we obtain another _ . ig,x d
expression for this ratio. Equating the two expressions Louy=—2uy; Re |ig.e EX_A . (22)
we obtain a solvability condition which is simply the
dispersion relation (8) evaluated at the critical point. The interface equation (2) takes the form
]
2vck§2 9 kvc k/I 2 2i
o _ _ R /E _ 2 4g.x
] +D azuz-i—vc(l Ku,= 2 + lmc/2+k—l( 2Dm;+2v.m,—v.km_,) |Re( A% )
kv k/1
+ | == —v km,———— ||| A|?
[ 2 vkme k= (141 23)
while the Gibbs-Thomson condition (3) provides
26, 3? & 1 m.k /1 2ig x
Uyt 2t dy——ly— = | |[Re( A2 )+ 2
2t o T T T T vk — (R T T4
. iaex_0 2ig,
—2d, Re |ig,e" XﬁA +1byav.g2[Re( A% ") — | 4]7] . (24)
The right-hand sides of Eqs. (22)-(24) contain the inho- Uy =Phoe 2/, (27a)
mogeneous part. There appear three types of terms, '
whiczh are proportional to || 4]|? e“*3/3X) A, and up=PRBpe °, (27b)
A% " This structure suggests that one should seek B Bi1q _
the second-order contribution in the following form: Uy =PBye ¢ — 1/%5—-ze e (27¢)
4.

_ 2 . ig.x O
= 24
§=8x0ll 4]I°+ &5 Re |ie X
+EpRe( A% %), (252)
. ig.x O
Uy =uyy(2)|| Al +uy (2)Re |ie aXA
15 (2)Re( A2 (25b)

Inserting these expressions into Egs. (22)—(24) and equat-
ing the coefficients of 1, e'qcx, and ezlq‘x on both sides, we
obtain inhomogeneous equations for the unknowns &;
and u;;(z). The bulk equation (22) gives rise to the fol-
lowing equations:

92 2 9

22 Tz |20 2o
3?2 2 9 2 _

22 T M |r2T0 2o
32 2 3

27 ez 4 umT T 2nE 26e

These equations are solved by

where m/ is defined in the same ways as m, from Eq. (19)
in which g, should be replaced by 2¢q, and B;; are integra-
tion factors undetermined for the moment. Inserting
(26a)—(26¢) into the boundary conditions (23) and (24) we
obtain six equations for the coefficients {;;,;;. These
equations split into three independent sets of algebraic
equations for (£50,820)> (§22:822), (51,8,1). the solution
of the first two sets is listed in the Appendix. In contrast
to these two sets, the set of equations for (§,;,B,;) is
singular in the sense that its determinant vanishes. To
see this we simply need to realize that §,; and 3,; (via
u,,) multiply the fundamental harmonic in Eq. (25), ex-
actly as do fB;; and &, in the linear stability problem
[Egs. (52) and (5b)]. We know from this problem that the
determinant of the associated set of equations [Egs. (7a)
and (7b)] precisely vanishes at the bifurcation. The
difference here is that the set of equations for (£,;,[3;;) is
inhomogeneous, as signaled by the presence on the right-
hand sides of Egs. (22)-(24) of the fundamental harmonic.
Therefore to make this system solvable we should impose
a solvability condition, which, after some simple algebra-
ic manipulations, takes the form
dy k

= ) (28)
I 20m—1)Im./2+k —1)?

This expression is exactly the one given by Eq. (11b) eval-
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uated at the bifurcation. We should point out that the uy ix d gz 9
two solvability conditions obtained at the previous and at Lyuy= ~D—Re e’ a3 A|—u;;Rele™ ;A4
this order are nothing but the bifurcation equations [Eq. T ax
(10)]. In other words, the present solvability condition ax 9
does not contain additional information. The really in- +2q.u,; Re (e ¢ 3
teresting result appears in the next order. The solvability X
condition becomes a constraint for 4 (X,7) which consti- rgx B
tutes the amphtude equation we wish to determine —8q.u, Re lie Aan A (29)
(iii) Order €°. Expandmg the basic equations (1)—(3) up
to third order and using the results obtained at previous
orders we find that the bulk equations satisfy and the Gibbs-Thomson condition (3) becomes
2 9’ 4520 mBy 2 2By | mBrn 1
uzt+ — by doy 7637 { T T“ﬁ““bkinchz bpt—pt——* 3
2 82 8 iq . x
—3m Bll+3d0qc ||A” tatdo(1—29.851) > ax2 “byin - ar Re(de ")+ -+,
(30

where the ellipsis represents other harmonics and a=[(38/3w)(2/]1 —1/1;)],=o- Its explicit form is listed in the Appen-
dix. Note that we have omitted in Eq. (30) the other harmonics since they are not “secular’ in the sense that they do

not break the uniformity of the € expansion. Stated in another way, the other harmonics are not resonant and therefore
do not give rise to any nontrivial solvability condition.

Finally the third-order contribution to the continuity equation (2) can be written as

1l 9 4 l
_k§3 > oz —ouzt(1—kuz= Fk—;mcz[:’“—i-(l—k)mcﬁu &2
I , 1 5 k +a
+ 12k+7qc—zmcﬁll+ ym B |Ent 73 3 m2By;
1 2k I I, (—Km
) cqcﬁn He k)mczﬁu"—l“ﬁzo"" 3‘13“;”%2"‘ ) B
X || 4|? Re( Ae'%™)— laaTR (Ae)+ -, 31
[
where the ellipsis represents other harmonics. The gen- whose solution consists of a sum of a homogeneous and a
eral form of the solution of the third-order problem is particular solution
§3:Re(i§3le'qcx)+ e (32a) 8 “mez ze
; Uy =pB;e —_—
uy=Re[ius (2)F (X,7)e "+ - - - (32b) o 2F(1/1—q,)
where the ellipses represent other harmonics and F is a 3 92
function of the slow variables, unknown at this order. B “55;— ax?
We have disregarded the other harmonics for the reasons
we mentioned above. Inserting (32) into (29)-(31) and Bi.1q2
iq,x . 119¢
equating the coefficients of e ° on both sides we obtain 298+ (1/1—q, )
inhomogeneous equations for u;; and §3;. The bulk ¢
equation (29) produces 32
2 X ax? A (34)
—8—2 %ai—qz Re(Fu;;) .
0z B3, is an integration constant. Since uj; and {3, multiply

1 8 92 32 the fundamental harmonic [Egs. (32a) and (32b)] the asso-
=Re| Uy |55~ T | T29cun 55 | 4 ciated boundary conditions [Egs. (30) and (31)] will pro-
Doar oax X duce a system of algebraic equations for the unknowns

(33)  (FfBs;,63,) whose determinant vanishes rigorously at the
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bifurcation. This situation was met in the previous order
when we dealt with the system relative to the coefficients
(B51,651)- We should therefore, as discussed before, im-
pose a solvability condition which results here in the
complex amplitude equation of the Landau-Ginzburg

typ67
2 2

A=7-2,-22 % F_LdPT. G

a(g%)* ax?
This equation is written in a dimensionless form, where
length and time are reduced by / and /2/D, respectively.
We have expressed the coefficient of 34 /3X? as a func-
tion of the growth rate @. This coefficient is evaluated at
the bifurcation; it is positive since it measures the curva-
ture of the growth rate at the bifurcation point. This is a
general result which is met in any stability problem
where an initially translationally invariant solution (the
planar front in the present case) undergoes a bifurcation
at a finite wave number. The Landau coefficient o,
whose expression is listed in the appendix may be positive
or negative. We will discuss the nature (subcritical or su-
percritical) of the bifurcation, which is determined by the
sign of w,, in the next section.

V. DISCUSSIONS OF THE RESULTS
IN THE LINEAR
AND WEAKLY NONLINEAR REGIMES

In this section we would like to discuss the effect of ki-
netics in the linear and weakly nonlinear regimes. We
have seen from Egs. (11a) and (11b) that the location of
the bifurcation point in the parameter space and the wave
number g, of the bifurcatiing state are not altered by the
kinetic effect. Equation (11b) can be rewritten as follows:

= k

dy= , (36
® 201+ [k — L+ (1/4+g2/4) 2]

where
- d
d0=7", 7.=q.l (37)

are the dimensionless capillary length and the dimension-
less critical wave number, respectively. In standard ex-
periments the growth velocity ¥ ~1-100um/s. The
diffusion constant D~107° cm?/s. This amounts to
I~10*—10° um, while the capillary length is typically
dy~10"2 pum. This implies that in general

dy=d,/1<<1. We then obtain from Eq. (36) that
g. >>1. Equation (36) provides to leading order
1/3
= |2k (38)
do

which relates the bifurcation wave number to the reduced
capillary length (which is proportional to the growth ve-
locity). The second parametric equation (11b) yields in
this regime (d << 1; small v)

Ir

_I_ETTZ% , (39
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which is the well-known constitutional supercooling cri-
terion. Equations (38) and (39) define the critical wave
number and the condition for the onset of instability in
the small velocity regime. As stated above, these expres-
sions are kinetics independent. However, above the bi-
furcation we expect the front dynamics to be altered by
kinetics. Slightly above the bifurcation (I =1+, v be-
ing a small positive parameter) there is a band Ag (see
Fig. 1) which corresponds to active modes. The fastest
growing mode (which is likely the most active one, at
least close to the threshold) corresponds to the maximum
growth rate. Since g, >>1 in the regime of interest, we
can rewrite expression (8) to leading order as
_ T g =2
1+gby, /2

where @=wl?/D and b,;, =2Db,;, /I are dimensionless

quantities. At the fastest rate (d@/dg =0) we obtain
from Eq. (40)
2—I;'=3dyg *—dyby;,,g *=0 . (41)

In the absence of kinetics (b,;, =0), the wave number
T max Of the fastest growing mode is given by

2T 172

3d,

(42)

Dmax =

Note that above the bifurcation /7 ' >2. In the presence
of kinetics Eq. (41) can be solved exactly. We prefer,
however, to avoid heavy formulas, to solve this equation
perturbatively, by assuming a small b,,,. We should ob-
serve that b,;, plays the role of a singular perturbation in
Eq. (41) since it multiplies the term with the highest
power (g°). It is easy to show that the singular solution
is given to leading order by —3/b,;,, which is negative.
The solution of interest is the regular one, where 7,,,, is
shifted linearly by kinetics. The shifted solution is easily
found to be

biinTmax.

1— +0,(b,;,) . (43)

— =
9 max — 9max

The effect of kinetics has a tendency to reduce the wave
number of the fastest growing mode. We see from Eq.
(43) that the condition under which the kinetic effect can
be considered as perturbative is that

by, << (44)

q max

If the distance from threshold is small, say, for example,
Ir=5+0.05, and if we choose a typical value for the

capillary length, d,= 104, we obtain

Qe max~ 10 . (45)
This implies according to Eq. (44) that the effect of kinet-
ics can be treated perturbatively only if b;, is restricted

to

by, <<0.1 . (46)
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The reason for the importance of kinetic effect, albeit
when b, is as small as 0.1, can be understood by notic-
ing that b,;,, multiplies g, in Eq. (8) which is larger com-
pared to unity. The reason that g, is large is that in
directional solidification the two competing lengths (the
diffusion length and capillary length) have completely
different orders of magnitudes. As a consequence, the
growth rate of the linearly most unstable mode is
significantly reduced by kinetics. On the other hand, be-
cause the neutral modes (@=0) are not affected by kinet-
ics, Eq. (46) implies necessarily that the curvature of the
Mullins-Sekerka!® spectrum in the presence of kinetics is
smaller than that for the kinetics free case

ko)

o
=2 | _ - ro=
aq 7= T maxr byin =0

(47)
dg>

q=qmax’bkin#:0

In other words, kinetics makes @ flatter close to thresh-
old. As a result higher harmonics should be activated.
We will see in the next section that this is confirmed by
our simulation.

Another result found here is that kinetics do not alter
the nature of the bifurcation in the case of a constant
miscibility gap we are interested in here, for reasons that
will become clear later. Specifically, in standard experi-
ments where g, >>1, an expansion of the Landau con-
stant w; (listed in the Appendix) shows that the leading
order (d, << 1) reads

e L [26 )77 | K24k —2
'o16 | d, 4k
5/3
B |2+ (48)
0

For b;, =0 we recover the expression derived by Woll-
kind and Segel,? which indicates, as pointed out by Caro-
li, Caroli, and Roulet,’ that the bifurcation is supercriti-
cal when k >0.4. As the factor multiplying b, is posi-
tive, and if the bifurcation is supercritical in the absence
of kinetics, its nature remains unchanged. In particular
for k =1 the bifurcation remains normal. We should
note that the term multiplying b,;, in Eq. (48) is much
more dominant than the one obtained in the free-kinetics
case, unless b, is extremely small (b, <1073). If we
are interested in the situation with k =1 then kinetics
simply cause the Landau constant to be appreciably
larger (for b,;,~0.1). By computing the full Landau
coefficient for k=1 we have found that a kinetic
coefficient b;, ~0. 1 induces an increase of », by a factor
of about 2. The interface amplitude is 4 ~(& /)"
On the other hand, @ decreases with kinetics [Eq. (47)],
while w; increases. These two facts induce a reduction of
the interface amplitude of the bifurcating state. In other
words kinetics cause a reduction of interface excursion.
This is confirmed numerically (see next section).

Before closing this section we would like to discuss the
validity of the amplitude theory in directional
solidification. One special feature of this system lies in
the flatness of the Mullins-Sekerka!® spectrum. If time
and length are measured in units of /2/D and I, respec-
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tively, the curvature of the growth rate [Eq. (8)] yields
close to criticality, and in the domain of interest (g >>1)

1 3% 202k)13d 373
23g2 1+by,(2k/dy)'?

Since, as mentioned before, Eio is small
(dy~10"%=107?), —13%%/3g?* is small compared to
unity. In the absence of kinetics, for example,
—13’%/9g*~10"*—10"!. This value is to be compared
to that found in the Rayleigh-Bénard system,'® which is
of about 10. The flatness of @(g) implies that even if the
actual velocity is close to the critical one, the dynamics of
higher harmonics (essentially the second and third ones)
are slow enough to efficiently contribute to the interface
evolution. In other words, the band Ag of linearly active
modes is wide enough. To be more precise, we expect the
amplitude theory to accurately describe the interface dy-
namics when Ag /g is small in comparison to unity. Us-
ing Eq. (12) together with Eq. (12) we obtain (b,;, =0 and

q.>>1)
2
_A:Z k23 513 v
q Ve
where we have set /=1 (which corresponds to the

threshold). For the ratio Ag/q to be small the reduced
value of the distance from threshold, (v —v.)/v., should
satisfy

—v, -

— <<k?3d 3.

vC
Since d,<<1, the range of validity of the amplitude
theory is drastically restricted. For example, if kK =1 and
d,=1073 (which is a typical value) we get

v —U,

<1071,

vl,‘
We should mention that the range of validity is even
smaller in the presence of kinetics. Note also that the
fact that the amplitude theory applies in an extremely
narrow interval was demonstrated before in the study of
phase dynamics.?’

VI. THE FULLY NONLINEAR REGIME

To deal with the fully nonlinear regime we adapt the
numerical code, developed previously,'® to the present
situation. This numerical method is the extension of the
version first developed for the free dendrite problem.?!
We shall repeat here the main lines and emphasize the
difference with the kinetics-free problem. The first step
consists in converting the basic equations (1)—(3) into an
integral equation which relates the concentration field u
to its normal derivative du /dn at the liquid-solid inter-
face. This can be accomplished by means of Green’s-
function techniques. The result is?!

[arge,e) 2= [arh(e,ru ), 49)
on
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where the integration is performed along the liquid-solid
boundary and where g (r,r’) is the Green’s function

Yy — 1 - Z‘Z‘ ’
glrr)=——c =2V (|le—1'|| /1) (50a)

and

h(r,r')=§f—:~—2l“ln;g—c(r')6(r—r') , (50b)
where K, is the modified Bessel function. Expression
(50a) represents the stationary propagator associated with
the stationary version of Eq. (1). This is the so-called
quasistationary limit, which is justified as long as the in-
terface motion is slow as compared to the relaxation of
the diffusion field. Finally the coefficient ¢ (r’) that enters
Eq. (50b) originates, as explained previously,?! from the
fact that the volume integral f dr’ of the & function is
not unity since r’ lies on the boundary I'. If, for example,
the boundary curve has a corner at r’ with an angle ¢(r’),
then c(r')=¢(r')2w. We shall see below that ¢ (r’) does
not, in fact, need to be evaluated explicitly. As will be
shown later this is because we shall make use of a global
property of h:

Jdrhrr=—1. (51)

This is a sum rule which expresses a general property of
Green’s functions.?!

For k =1 (constant miscibility gap), and after making
use of Egs. (2) and (3), Eq. (4) can be written as

[arge,m2L = [arnemar), (52)
on
where
glr,r')=g(r,r')—B,h(1,1'), (53a)
ﬁ=1—dox——l§—+Bkinv . (53b)
T

We are now in a position to describe the strategy of the
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numerics. For a given pulling speed v and external
thermal gradient we fix an initial morphology of the
liquid-solid interace, {y(x,?), at time ¢. For this interface
configuration g, 4, and # can be calculated. Then by us-
ing Eq. (52) the normal gradient du /dn’ at the interace
will be obtained. This operation includes essentially an
inversion of the matrix associated with the kernel g.
From the continuity equation (2) the normal velocity v,
will be determined. In order to obtain the new interface
configuration at time ¢ +&¢ each point on the previous
position §y(x,t) will be displaced by the amount v,8¢n in
normal direction. We then repeat the same procedure on
the new configuration and so on until the interface
reaches a permanent regime (if any).

We should mention that in contrast to the case without
kinetics!® the constant miscibility gap assumption greatly
simplifies the numerical procedure since Eq. (52) is linear
in du /0n. Had we let k be arbitrary, Eq. (49), combined
with Eqgs. (2) and (3), would have yielded a nonlinear
equation for du /dn, which would have required an itera-
tive scheme of Newton-Raphson type. We have chosen
k =1 here to avoid this additional difficulty. Since in the
absence of kinetics the value of the partition coefficient
did not seem to significantly alter the main conclusions in
the developed nonlinear regime, we continue to believe
here that the constant miscibility gap model captures the
essential features of pattern formation. We should, of
course, keep in mind that, in the vicinity of the planar
front transition, the value of k may be decisive regarding
the nature of the bifurcation. We hope to extend our cal-
culation to the general case in the near future.

We shall now deal with the numerical technique. Since
the solidification front shows various periodic structures
above the critical velocity, we shall assume that it takes a
structure with a fixed primary spacing or wavelength A.
This means that we do not address the question of wave-
length selection. Moreover, we assume axisymmetric
growth. This allows us to restrict our integration to a
half period only. Equation (52) can then be written as

VD S (gLl mA, g+l —x m A
_fo)»/ZdF, [h (x,§|x'+mk,§')+h(X,§|—x'+m}w§')+]'7 . (54)

In standard experiments the Péclet number P =1/l is
of the order of unity. Since the Green’s function g as well
as h decay exponentially fast, summation over Im| <5
periods is sufficient for most numerical simulations. To
solve the one-dimensional integral equation (54) we use,
as in the free dendrite problem,?! the boundary element
method. The boundary curve is discretized into a po-
lygon symmetric to the z axis, whose corner points
{rj;j=—N, ...,0,1,... N} (N is the number of grid
points) satisfy the relation x_;= —x; and {_;=¢;. The
function # and the normal derivative of the diffusion field

w =0u /3n at a corner point r; are symmetric; # _; =,

w_;=w;. A point r on the polygon edge between the

corners 1; and r; ;| is parameterized by a parameter £ be-

tween —1 and +1 as

r=<I>1(§)rj+(I>2(§)rj+1=rj+<1>2(§)sj ) (55)
where

<1>1(§>=%5, <1>1<§>=%5, (56)
and
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$; =111, 5;=|s;|| . (57)

The integration along the segment (r;,

f ]+1
]

The curvature of r; is determined as the inverse of the ra-
dius of the circle which passes three consecutive points
Ij_,T;,T; 4, and the normal n is a unit vector pointing
from the center of the circle to the point r;. To complete
the discretization scheme, the functions & and w are ap-

proximated on each boundary element by the linear inter-

r; 1) is written as

3 [ lag (58)
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polation of their values at the end points r; and r; ;. ; as
a(8)=®,(8)u; +P,(E)ir; 4 » (59)
w(E)=,(w; +Py(EHw; 4y - (60)

The integral equation (54) can then be written as a matrix
equation

S
H,.jz—zf-z JdEn(x;, &i1x;@1(6)+x; 4 | PoE)+mA,E;P(E)+E; 1 PAE)D(E))

fd§h<x,,g,| (&)~

and

Gqu,](h —*g)_Bka, (62b)
Integrals in Egs. (62a) and (62b) are performed by a four
point Gaussian integration. At the end points of the in-
tegrals, the logarithmic singularity?? of the Green’s func-
tion g needs a special treatment. Close to an end point
where ||r—r’|| becomes small

g~e 79[ —In(|r—r'||/2D)—7], (63)

where y is the Euler constant ¥y =0.5772. ... To evalu-
ate the resulting integrals we make use of Gaussian in-
tegration for integrands with a logarithmic singularity.??

Finally the sum rule (50) reads, in the discretized ver-
sion,

N
2 H;=-—1 (64)

j==N
from which the diagonal element H;; is determined as

- 3 H;—1. (65)

JFED)

Since the coefficient c¢(r’) entering expression (49a) will
contribute only to the diagonal elements of the matrix H,
it need not be evaluated explicitly, since it is absorbed in
the H;; determined from the sum rule.

The linear equation (61) is solved to give the gradient

w; =9du; i /on; ; at a corner 1, which then determines the
local normal velocity u, ; through Eq. (2) (recall that
k=1). Then each point r; moves by the amount
—ijn ;6t in a short mterval time 8z. The time incre-
ment is chosen small enough to avoid numerical instabili-
ties. As the distance between two neighboring points on
the interface changes after each time iteration, the grid
spacings s; are dynamically adjusted at each time step to

fall in an interval

S max /2 <sj <Smax

N N
> Gw;= > Hja; , (61)
j=—N j=—N
where
()8 11D, (8)D,(E)) (62a)

which means that a corner is added on the polygon (in
the middle of an averaged arc between r; and r; ;) or el-
iminated according to whether s; exceeds s, Or is small-
er than s, /2.

To be definite, the material parameters for steel with
Cr-Ni ingredients®® are used. This allows us to make
comparisons with previous results.!® The units hereafter
are chosen so that the thermal length I and diffusion
constant D are equal to unity. In these units the capillary
length d,=2.9510"% The partition coefficient k1.
The critical velocity and wavelength computed from Eq.
(11) are v,=1.14 and A, =0.5. First of all we deal with
the linear and weakly nonlinear regimes. Starting from
an initial sinusoidal perturbation we have found that,
within 1% uncertainty, the interface develops a cellular
structure or rather decays into a planar form according
to whether v is below or above the Mullins-Sekerka'®
threshold defined by Eq. (11).

Figure 2 shows a typical morphology of the
solidification front slightly above threshold
[(v—v.)/v,~5%, A=A_] for b,;;=0.1. Two remarks
are in order. (i) The interface structure shows a strong
deviation from a sinusoidal morphology, even close to

max

1.26F T ! ' T ]
. b=0.1
UOW
116 - 1 1 1 1 [
-04 -0.2 0 02 04

FIG. 2. A typical interface morphology close to the thresh-
old [(v —v.) /v, ~a few percent].
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threshold. (ii) The departure from a sinusoidal form is
more pronounced than in the absence of kinetics. This
means, as predicted from the analysis of the dispersion
relation (see last section), that kinetics reinforces the ac-
tivation of higher harmonics. Shown in Fig. 3 are the
Fourier amplitudes for b,;, =0.1, compared to those ob-
tained for b,;, =0. In both cases one observes that higher
harmonics are excited. For the kinetics-free case the am-
plitude of the second harmonic, for example, is about
15% that of the fundamental harmonic (n =1), while in
the presence of kinetics it is 25%. On the other hand, the
amplitude of the fundamental harmonic for b,;, =0 is
larger than the corresponding one when b,;, =0.1. This
result agrees with our expectations based on the ampli-
tude theory, presented in the last section, which indicated
that kinetics should reduce interface excursions.

Experiments tell us that when v increases the interface
deformation becomes more and more pronounced, and on
further increase of v, it evolves into a dendritic regime.
Recently,!® we dealt with the problem of dendritic
growth without interface kinetics. We found that crystal-
line anisotropy is necessary to stabilize the tip of dendrite
against splitting modes, exactly as found for the free-
growth situation. The axial anisotropy due to the applied
thermal gradient is not sufficient—at least in the range of
parameters explored so far—to stabilize the tip. More-
over the scaling law for the tip radius follows the one
found in the free-growth problem. The emission of side
branches is apparent as soon as the Péclet number
P=A/l =AV /2D approaches unity. In the presence of
kinetics, it is legitimate to think of pattern selection
occurring on the basis of anisotropy of the kinetic
coefficient. This plausibility was discussed by Brener and
Mel’nikov!® in the free-growth situation. It emerged
from that analysis that for fourfold symmetry the growth
velocity has the form

_ 2Db kin 2 F 1 /zaZl/(izn
v= (66)
dg ¥ 1Dkin

with a constant prefactor y;=0.2, and where
P=vR /2D (67)

with R the tip radius of dendrite.

To test the selection due to kinetics anisotropy, we
have made a systematic calculation in dendritic regime.
The anisotropy factor a,y;, is taken to be equal to 0.1. If
surface tension is isotropic, we find that anisotropic ki-
netics are sufficient to stabilize the pattern. Figure 4

0.2+ q

Fourier Amplitude
2

1
0 10 20
n Mode

n Mode
FIG. 3. The Fourier amplitudes close to the threshold.
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FIG. 4. The interface structure at v =20. Top: No kinetics
(Ref. 10). Middle and bottom: Isotropic surface tension and
byin =107 and 1072, respectively.

shows the pattern obtained at v =20 (recall that
v.=1.14) and A=0.36 (as in our previous simulation'?).
Figure 4(a) corresponds to the kinetics-free case with an-
isotropic surface tension. Figures 4(b) and 4(c) corre-
spond to by, =103 and 1072, respectively. There the
surface tension is isotropic, while allowance is made for
anisotropic kinetics. For higher values of b,;, the tip of
dendrite becomes more and more angular, thus requiring
higher numerical resolutions, which thereby considerably
increases the computing time. Two remarks are in order.
(i) The overall shape of dendrites selected by kinetic an-
isotropy is significantly different from that selected by
surface-tension anisotropy [Fig. 4(a)]. The tip of the den-
drite still remains parabolic, but slightly behind it the
front develops quasiplanar sections [Fig. 4(c)]. (i) The
Péclet number for the present set of parameters is
P =3.6, but even so the sidebranch activity is not
efficient [or nonexistent in Fig. 4(c)]. This is to be con-
trasted with the selection based on surface-tension anisot-
ropy [Fig. 4(a)]. In a WKB picture, where perturbations
on the interface have a much smaller scale than the
diffusion length, the interface can be considered as locally
planar. Therefore the dispersion relation (40) for regres-
sion of fluctuations holds locally with v —v cos(8), 0 be-
ing the angle between the growth axis and the normal to
the interface. We have seen in the preceding section that
kinetics reduce interface excursions around a planar
front. This means here that it should diminish the linear
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development of side branches as b,;, increases. A more
accurate treatment consists of specifying the basic state (a
modified Ivanstov parabola including far sections) and
studying the evolution of fluctuations on that state by
writing down the evolution equation in real space, in-
spired by the dispersion relation (40). This is, however,
beyond the scope of the present paper.

The interface morphology shown in Fig. 4(c) is very
similar to that obtained!® on impure CBr, (with P of a
few unities). That shape appreciably differs from that ob-
tained on succinonitrile, with an overall shape close to
that displayed in Fig 4(a). It is tempting to conjecture
that dendrites observed in this material are selected by ki-
netics anisotropy rather than by surface-tension anisotro-
py. Of course in reality both anisotropies are present. A
natural question thus arises: If both anisotropies are
competing, what would the final state be? More precisely
will that state be essentially determined by one or other
anisotropy or rather would we have a compromise be-
tween the two underlying mechanisms? An answer to
this question is not at present available. It is nevertheless
appealing to speculate that the generic situation would
likely be the following. If the kinetic coefficient is not too
large, the transition from cells to dendrites should be con-
trolled by surface-tension anisotropy. As the growth ve-
locity increases surface kinetics becomes of great impor-
tance and should become decisive. We then expect a
transition to the selection on the basis of kinetic anisotro-
py- Whether such a transition occurs at reasonable
values of the growth velocity depends on the importance
of kinetics. It may even be possible that the first transi-
tion to dendrites is dominated by kinetics. This seems to
be the case for CBr,.

As mentioned above, a value of by, which is appreci-
ably bigger than 10”2 induces much sharper dendritic
tips than those observed on impure CBr,. This result
leads one to expect that the kinetic coefficient in that sys-
tem is not much larger than by, ~1072 Since
byi, =vby;, and dendrites appear for v > 10, the value of
the physical kinetic coefficient is at most by, ~ 1072
Note that a typical thermal length is /=100 um. This
entails that the planar front recession due to kinetics is
AL=vb I+ ~1 pm, when v =1 pm/s (a value for which
the planar front is stable). This recession is small to be
directly detected. For a thermal gradient G ~100 K, the
front recession corresponds to a temperature shift
AT~10"2 K. An experimental access to such a small
difference requires a sophisticated interface temperature
measurement.

Finally to test the scaling law (66) obtained in the free-
growth situation,!® we have carried out calculations for
different growth speeds. Figure 5 shows the results.
There we compare the actual tip radius R with the radius
R ;.. Obtained from the scaling relation (66), and alter-
natively with the Ivantsov radius Ry, =PI, where P is tak-
en as a measure of the supersaturation,

u(tip)=A=V rPelerfc(V'P ), (68)

where A is here the measured tip undercooling.
We can state that the scaling relation holds approxi-
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FIG. 5. Triangles: The ratio of actual tip radius to that ob-
tained from calculations in the free-growth [Eq. (66)] case (Ref.
15) as a function of the pulling speed. Squares: The ratio of the
Ivantsov tip radius to the one obtained from Eq. (66). The ki-
netic coefficient is by;, =0. 1.

mately down to velocities as low as v =~4 where the cells
do not exhibit parabolic tips. At lower velocities the in-
terface undercooling should approach the value 1+by; v
for a planar front. The fact that the scaling law (66) also
holds for small velocities is consistent with the idea ac-
cording to which the selection process is dominated by
the behavior near the tip of the dendrite. The Ivantsov
relation, however, does not hold for small velocities. This
is not surprising as we know that this relation represents
basically a global conservation law for an isolated para-
bolic cell.

In summary, we have analyzed interface structures in
the presence of noninstantaneous interface kinetics. We
have performed the linear stability analysis of the planar
front solution. We found that the effect of kinetics is per-
turbative only if the kinetic coefficient is much smaller
than unity. With the help of a third-order expansion we
have shown that the nature of the bifurcation in the con-
stant miscibility gap is unaffected by kinetics. Our
analysis in the weakly nonlinear regime has allowed us to
expect that higher harmonics should be excited by kinet-
ics and that kinetics reduce interface excursions about
the planar front. These expectations were confirmed by
numerically integrating the original growth equations.
The numerical method used here is the extension of the
version used in free dendritic growth.?! It consists of a
forward time-dependent calculation, with a boundary ele-
ment discretization scheme. In particular, this method
allows us to study the dendritic regime. The interface
structure is found to exhibit an ‘“angular” feature, in con-
trast to the smooth structure based on selection by
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surface-tension anisotropy.!® Another striking feature
found here is that side-branch activity is weak. The fact
that dendrites observed on impure CBr, (Refs. 13 and 14)
exhibit similar features has led us to postulate that den-
drites in that system are selected by kinetic anisotropy.
The scaling law for the selection of tip radius'® by kinet-
ics anisotropy was recovered at values of the speed such
that the diffusion length becomes comparable to the pri-
mary spacing. The same result was found when selection
is based on surface energy anisotropy.'°

One important question which remains open concerns
the competition of the two selection mechanisms (related
to surface-tension and kinetics anisotropies). An interest-
ing case is the one when the directions of the minima of
the surface-tension and kinetic coefficient anisotropies do
not coincide.
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APPENDIX

We list here the various amplitudes that enter the
second-order contribution to the interface position and
concentration field. All these quantities are understood
to be evaluated at the bifurcation. The coefficients 3,,
and &,, that multiply || 4||? in Egs. (25a) and (25b) are

_ 1 mck/l b ZIT
/320— 12 Imc/2_1+k kinVcde ] ’

§20 = %lTbkin Ve qc2 .

The coefficient multiplying the second harmonic term in
Egs. (25a) and (25b) can be written as

kv.q?
m./2—1+k

$n=

and f3,, is related to §,, by

Am 1/2=1)850/1*+ 65,

20k /1 +[v.(1—k)—Dm/|(—4q2dy+2/1 —1/17)

+bkinchc2/4 .

20m.1/2—1) ¢’k

? M

—bkinMchcz

2 2 m.k /1
Brp=2/1=1/11)55—4q;doEpn—1/1"— m.1/2—1+k
The Landau constant that enters the amplitude equation [Eq. (35)] reads
K -1
= . _ 3
N 1/v,+by M (mo1— )Mo, ] 1°/v

+2B,5(1

withM =m_.l/2+k —1.
Finally the a coefficient that enters the third-order

—m 1/2)/1+1Bpllm(m.—m,)/2—q]

2
1 km.q
+l—3(1—mcl/2)-"%ch2d0+ 4;46
I
1 k
a oM k'"UM+1+(2m-1)M]'

contribution [Eq. (30)] has the form
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