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A numericalapproachfor thesolutionof Maxwell’s equationsis presented.Basedonafinite differenceYee latticethe
methodtransformseachof the four Maxwell equationsinto anequivalentmatrix expressionthatcanbesubsequently
treatedby matrix mathematicsandsuitablenumericalmethodsfor solvingmatrix problems.Thealgorithm, although
derivedfrom integralequations,canbeconsideredto beaspecialcaseof finitedifferenceformalisms.A largevarietyof
two- andthree-dimensionalfield problemscan besolvedby computerprogramsbasedon this approach:electrostatics
andmagnetostatics,low-frequencyeddycurrentsin solid andlaminatediron cores,high-frequencymodesin resonators,
waveson dielectric or metallic waveguides,transientfieldsof antennasandwaveguidetransitions,transientfieldsof
free-movingbunchesof chargedparticlesetc.

1. Introduction

Thefield ofacceleratorphysicslargelydealswithcontrolledapplicationofelectromagneticforcesto
chargedparticles.Theseforcesoccurin variouspartsof anacceleratoratdifferentlevelsof complexity:
Magnetostaticandelectrostaticfieldsareusedto steer,focusandaccelerateparticlebeams.RF-fields
in metallicresonatorsarethemostcommontypeofacceleratingdevices.CW-transmittersin theUHF
rangeof morethan1 MW outputpowerareusedin largenumbers,pulsedtubesarebeingbuilt up
to 100 MW in theS-band.Transientfieldsareexcitedby chargedparticleswhenpassingaccelerator
structuresandcausedifficult nonlinearproblems(collectiveeffects).

In the field of elementaryparticlephysicsacceleratorsaslargeas27 kilometersin circumferenceare
commissionedandplansfor machinesbeyond180kilometershavebeenpresented.Thecostof these
front-line acceleratorsis enormous.Thus it is extremelyimportantto ensure,prior to construction,
that sucha devicewill work asplanned.In orderto predictthebehaviourof charged-particlebeamsin
accelerators,onehasto solveavarietyoffield problemsforrealisticstructuressuchasthosementioned
above.This hasoccasionedthedevelopementof algorithmsandprogramsystems,whichhavealready
proveddependableandusefulin manyareasof physicsandengineering.
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2. The method

In orderto avoid specializationsof Maxwell’s equationsprior to numericalsolutionit is advanta-
geousto solveMaxwell’s equationsdirectly, ratherthansolvingapartial differentialequationdenved
therefrom.Using SI units, E andH for the electricandmagneticfield strength,D andB for the flux
densitiesand.1 for thecurrentdensitythe equationsto solveread

y~E.ds=-ff~.dA~ (1)

y~H.ds=ff(~/~+J).dA~ (2)

ffB.dA=O~ (3)

jf(~+J).dA=o~ (4)

with the following relations:

D = iE, B = uH, I = ,cE+ pv. (5,6,7)

A grid G is definedin the orthogonalcoordinatesystemr = r (u,v,w) as

G={(uI,vJ,wk);ul<uI<uJ, i=2,...,I—l;v1<v3<vj,j=2,...,J--l;

Wl<Wk<WK,k=2,...,Kl}. (8)

All nodesof Garenumberedlinearlyby

n = 1 + (i— l)M~ + (I— l)M~ + (k— l)M~, (9)

n = l,..,N = IJK. (10)

Usually oneusesM~= 1, M~= I, M,~,= IJ or anypermutationof thesethreeassignments.Figure
1 showssuchathree-dimensionalgrid.

Thefunctionswhich describethefield distributionin thevolumeunderconsiderationarereplaced
by discretefield valuesin eachcell of thegrid. Thusonehasto allocatecomponentsto grid nodes,
lines,areasor elementaryvolumes.We will not choosethe obviousallocationof calculatingall six
field componentsat thegrid nodes.Suchan allocationwould causeseriousproblemsat surfacesof
materialswheresomeof the field componentsarenot continuous.Instead,the componentsof E are
placedat the mid-pointsof theedgesof the grid cells andthe componentsof B at the centreof each
face,as shownin fig. 2, extendingthe YeeAlgorithm [1] to moregeneralfield problems[2—4].

This kind of allocationhasthe distinct advantagethat the transitionfrom one cell to the next
involves only continuouscomponents,tangentialE fields andperpendicularB fields (seefig. 3);
thusMaxwell’s equationsarealwayssatisfied,in thisrespect,evenwhendifferentmaterialfillings are
involved. We now applya first-orderintegrationformula in orderto approximatethe left handside
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Fig. 1. Three-dimensionalgrid in theorthogonalnot necessarilyCartesiansystem(u, v,w).

E~,~ +/ v, n +

/)J /

~bV/

Fig. 2. Allocation of unknownfield componentsin the grid G showingthe indexing.

of eq. (1) andobtainthe following algebraicexpressionreplacingthe integralalongtheborderof an
elementarycell:

E. ds = + (u~+i— ~ + (v~+i— vj)Ev,n+M~— (u1+i — ui)Eu,n+M~

~ (11)
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Fig. 3. Two neighbouringmeshcellsshowingthe allocationof theelectricandmagneticfield componentsin G andG.

For theright handsideof thatequation,we obtain (againby the lowest-orderintegrationformula):

ff ~.dA~W,fl(uj+l_uj)(vj+l_vj)+O([(uj+1_uj)(vj+1_vj)]2). (12)

Equatingthe two expressionsyields adiscretereplacementfor the first Maxwell equationon each
surfaceof the grid cells andthuson everyareacomposedof meshcell surfaces.

In order to describeall theseequationsfor all surfaceswe introduceabasicdiscretizationmatrix
with only two bandsandwith elementstakingonly the values0, +1 or —1:

(—1, p=m,
Pu:(Pu)m,p_~+l, p_m+M~, m,p=1,...,N. (13)

(0, otherwise,

Out of suchsimplematriceswe combinethe matrixC that replacesthe contourintegraloperatorin
eq. (1) for all meshpoints:

0 —P~ P~\
c=( Pw 0 —Pa). (14)

\—P~ Pu 0 J
All unknowncomponentsof the electricfield E areput into a vectorof dimension3N = 3(JfK):

e = ~ . .. ,Ew,N)t (15)

andwe replaceD by d, B by b, H by h andJ by j, respectively.The topologicalpart of thecontour
integral (curl) is representedby the matrix C. The actuallengthof the integrationpathis put into a
diagonalmatrix:

= Diag(Aul,...,AuN,~v1,...,~vN,i~w1,...,z~wN), (16)
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ui+
1

~= {f~Oru~vJ~wk~dU 1~i<I—l,1<j<J,l<k<K (17)

Av~andz~w~aredefinedaccordingly.The surfacesof the grid cells composethe diagonalmatrix:

DA = Diag(AU1,...AU,N,AVI,...,AVN,AWI,...,AWN), (18)

= L~v,4w~,~ = L~w,4u~, ~ = ~ (19,20,21)

Finally we can give a matrix equationusing all thesedefinitions that replacesthe first Maxwell
equationon all cell surfaces:

CD5e = —DAb (22)

The specialallocationof field componentsin the grid generatesa second,dualgrid G in which the
magneticflux densitiesareallocatedas arethe electricfield componentsin the originalgrid G, seefig.
3.

Thedualgrid is definedby

G={(ü~,v~j,w~k):ül<üI<üJ,i=2,...,I—l;~1<~j<~j,j=2,...,J—l;

tO1 <Wk <WK, k = 2,...,K— l}, (23)

üt=(u1~1+u1)/2, l~i�I—l,üj=0, (24)

= (v1÷1+ v~)/
2, 1 <j < J — 1, vY~= 0, (25)

Wk=(Wk+1+Wk)/2, l<k<K—l,ü~K=0. (26)

We canalsodefinematricesthatholdthe meshstepsizesand cell areasas for the original grid G:

= Diag(i~u
1,.~ .. ~ ..,/XWN), (27)

1(~un+~un_M~)/2,2�i~I—l,
= ~ iSu~/2, i = 1, (28)

(I~UflM~/2, I = I,

DA = Diag(A~,1,.. .,Au,N,A~,l,...,Av,N,A~,l,...,Aw,N), (29)

A~,,= z~v~Awn, ~ = i~w~~ ~ = ~ ~ (30,31,32)

Whensolving the secondMaxwell equationin away similar to the first one,wehaveto face thefact
that the magneticfield H is not definedandthushasto becalculatedfrom theflux densitypiecewise
alongthe integrationpath.Also, the integrationover the electric flux density is no longerasimple
productof an areawith a componentbut the sumoverfour partson eachof which the flux hasto be
determinedfrom the definedE andthe materialconstants.Finally we obtain:

CD5D~’b= DA(d + j). (33)

Notethat the contourintegraloperatoron the dualgrid,C, (curl) is relatedto C simplyby
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C = Ct. (34)

The diagonalmatriceswhichtakecareof the piecewisedifferentvaluesfor thematerialconstantsare

given as
(D~)~= 1~Un_M~+ ~~!L), (35)

2

1Uu,fl.M~

2!Lu,n

(D�)2N+n = (AW,flMUEW,fl..MU + AW,n_MVEW,n_MV

+ ~ + AW,nMU_MV~w,nM~M~ ) / (4Aw,n), (36)

(D,c)2N+n = (Aw,n_M~”~w,n_M~+ AW,n_MVKW,n_MV

+ ~ + AW,fl_MU..MVICW,fl_MU_MV)/(4AW,fl), (37)

while ~, � and ic mayhavedifferentpropertiesin the directionsu, v andw. Although not originally
definedin the grid, onemayrelatethe field strength,flux densityandcurrentdensityandformally
define a magneticfield andan electricflux densityby

b = D,~h (B = huH), (38)

d = D~e (D = EE), (39)

j = D~e+ D,,v (I = ,cE + pv). (40)

In orderto completethe transformationof Maxwell’s equationsto the grid space,we approximate
the divergenceequationby integratingB oversurfacesof eachmeshcell of G. We canthenwrite this
equationby definingthe discretediv operatoron G as

S (Pu,Pv,Pw) (41)

andobtain

SDAb = 0. (42)

Thisequationallocatesthe (nonexistent)magneticchargesto nodesof G. Thecorrespondingmatrix
on the dualgridG is simplygivenby

~—‘Pt t t
— “ U, tJ’ W -

So the continuityequationin thegrid spacereads

SDA(d+i)=O (44)

Thuselectricchargesaredefinedon nodesof the original grid G.
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3. Properties of the grid equations

Oneof theoutstandingpropertiesof Maxwell’s grid equationsis thatpropertiesof analyticalsolu-
tionshavetheir exactanaloguesin th~gridspace.Theanalyticalidentitydiv curl 0 readsin the grid
spaceas

div curl 0 ~ SC SC 0. (45)

This identity in grid spacecaneasilybe provedby showingthat:

SC = (0,0,0) = (PVFW ~ ~ —P~P~). (46)

Thustheproofreducesto the equivalenceof interchangedpartialdifferentiation:

ía a a a~
= P~P~~ = ~—~---). (47)

Thismatrix identity caneasilybeverified.The analyticalpropertythat scalarpotentialfieldsarecurl

free is alsofoundin the grid spaceas

curl grad 0 ~ CtSt 0. (48)

The proofof this identity is foundby simply transposingthe identity (divcurl 0) eq. (45). Thus
the source-freenessof the“curly” field is in that senseequivalentto the fact that the scalargradient
field is irrotational.

Thesepropertiesofthe Maxwell grid equationsnot only offer auniquetool to testnumericalresults
for their physical-correctnessbut alsoavoidthe occurrenceof incorrectsolutionsin the calculationof
three-dimensionaleigenmodesin resonators,or atleasttheiridentification [3]. This isquite important
sincenumericalerrorsin the matrix algorithmsmay occurandcannotgenerallybe detected.In the
field of acceleratorphysics,oneoften investigatesunknownphenomenaby usingsuchcodes,so that
an incorrect solutioncouldleadto physicalmisinterpretations.

4. The Maxwell grid equations

Without specifyinganythingaboutthe shapeof materialsnorthe timedependenceof thefields, we
haveobtainedasetof matrix equationsthatapproximateMaxwell’s equationson adoublegridG, G
(R3 and~ representthe physicalspacesandIFL~. the time):

RealspaceEJ~3® ~ Grid spaceR3N ®

jE. ds = j7~.dA ~ CDe = -DAb, (49)

~H.th=ff(~+I).dA ~ CD
5h=DAd+j, (50)
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ffB.dA=0 ~ SDAb=0, (51)

(52)

D=�E ~‘ d=D~e, (53)

B=uH ~* b=D,~h, (54)

J=KE+pV ~ j=D,e+D~,v, (55)

div curl 0 ~ SC = SC = 0, (56)

curl grad 0 ~. C~S~= CtSt = 0. (57)

5. Specialcasesof Maxwell equations

In orderto solvetheseequationsonehasonly to performmatrix manipulationsandthensolvethe
establishedmatrixproblemnumerically.

5.1. Staticfields

In the caseof staticfields it is in generalnot necessaryto describetheproblemby vectors.Gradients

of a scalarpotentialareusedto derivethe Poissonequation:
E = —grad~E, (58)

div(Egrad~E)= —p. (59)

Insteadof numericallysolvingMaxwell’s equationwedefinetheelectricpotentialson nodesof G as

= (~E,1,~E,2,Q
5E,3,. - . ~ (60)

andderivethe correspondingequationsonly by matrix manipulation:

e = StD~løe, (61)

SD�DADs1St~e= —q. (62)

ThelatterequationisoftheorderN andisthe“Grid PotentialEquation”.Therighthandsidecontains
all chargeson the nodesin thevectorq of dimensionN.

Forthemagnetostaticfield theprocedureissimilarexceptthat the“curly” partofthemagneticfield
hasto be takenout in orderto allow theuseof ascalarpotential:

H = H~— gradq~H, (63)

curlH~= I, (64)

div(
1ugradq~H)= div(itH~). (65)
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Herethe right handside is given by “magneticcharges”which result from the curly field but have
otherwiseno physicalmeaning.Equation (65) is equivalentto (59) where~u,H anddiv (~uH~)corre-
spondto e, E andp. Oneobtainsthe samematrix equationsby allocatingH componentson the grid
andcalculatingD~similarly to DC:

h = — StDl~h (66)

CDShC = D~,j, (67)

SD,~DAD~’St~h= SD~DAhc. (68)

Thisallows the useof the sameiterativealgorithmfor solvingelectro-andmagnetostaticproblems.

5.2. Time harmonic and resonant fields

The electric fields simultaneouslyhaveto obey the following two equations,that canbe directly

derivedfrom Maxwell’s equations

curl -~-curiE = w2e E — ioncE— iwl, (69)

div�E= -1-(div,cE+divj). (70)

Thenumericalformulationcan be derivedagainby matrix manipulation:

(CD
5D~’D~CD5+ ~WDAD,C- W

2DADC )e = -iWDADPV, (71)

SDADCe = (SDADKe + ~IiADPv). (72)

Equation(71) representsa 3N x 3N equationsystem,which canusuallybe solvedunlessthe stimu-
lation frequencyw correspondsto a systemresonancefrequency.Theresultingmatrix, however,has
a multiply vanishingeigenvaiuefor w = 0 as the existenceof staticsolutionscannotbe excluded
by curl operationsonly. Positivefrequenciesyield eigenvalueswith anegativereal part,which create
problemsfor manyalgorithmsfor thesolutionof equationsystems.Thatis why the combinationof
eq. (71) with derivationsof eq. (72) seemsto beadvantageousso thatabetterdistributionof eigen-
valuescanbeachieved.A varietyofcombinationsispossible;e.g.with anydiagonalmatrix D~which
vanishesfor everypointwhereeq. (72) doesnot, the following 3N x 3N systemcanbederived:

D~DVSDADCe= 0. (73)

Equation(72) vanishesfor all grid-pointswhicharenot on asurfacewherematerialpropertieschange
andfor which the currentdensityis sourcefree. In orderto convertthe algorithm to asymmetric
form we mustperform adiagonaltransformation,which physically replacesthe field strengthby the
rootof thelocal energydensity(exceptfrom a scalarfactor):

e’ = (DCDADS)”2e, (74)

((DCD)(DCD)t + icoD,~D~’- co2I)e~= -1WDDADPV, (75)
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D~D~DvSD’e’= 0, (76)

with the matrices

D = (D~’D5D~’)
112, (77)

D = (D;’D~D~)”2. (78)

Solvingacombinationoftheselinearsystemsfor agivendriving currentdistributionyieldsthefield
atall locationsin G.Furtherspecialisationto e.g.low-frequencyeddycurrentsinvokesmixingofscalar
fields andvectorfields. For a loss free mediumwith no driving currentoneobtainsan eigenvaiue
equation,the eigenvaluesof which arethe resonantfrequenciessquared[3]:

(DCD)(DCD)te’ = w2e’. (79)

Theabovementionedmultipleeigenvalueatzerocanbeavoidedby combiningeq. (79) with (76).As
thetotalnumberof eigenvaluesremainsat 3N, unphysicaleigenvaluesappear,whichcanbeidentified
easilyby resubstitutingthe eigenvectorsin eqs. (79) and (76).

The analytical analogueto this combinationof eqs. (75) or (79) with (76) is the equation
curlcurlE = graddivE — V ~EanddivE = 0 thussolving V 2E.

5.3. Fields in the time domain

For transientfieldswith a centraltime differenceformula,stepsize öt, no currentsandno losses,
oneobtainsthe Yee-algorithm [1]. In the presenceof free moving chargesthe algorithmhasmore
constraintsto ensurechargeconservation[5]. The upper index n denotesthe time in units of ôt.
Theserecursiveformulaeallow the easycalculationof transientfields of antennas,particlebeamsin
accelerators[51or wavepropagationproblemsevenin the lossycase:

= b~—z~tD~’CD
5e”~°

5, (80)

= + (I — Da)D;’D~’CDsD~’b”~’ — (I — Da) ~ (81)

with

Da = exp(—D~’DK1~t). (82)

The detailedsettingup of thefinal matrix problemto be solveddependstoo much on the specific
problemto be explainedherefor all possiblecases.We refer to refs. [3,4] andwill demonstratethe
wideapplicability of this methodby meansof afew examples.

6. Descriptionof theMAFIA programs

TheMAFIA programsareasetoftwo- andthree-dimensionalcomputercodesbasedon theMaxwell
Grid Equations.They weredevelopedfor usein the computer-aideddesignof particleaccelerators
andarenow finding wider applicationsin otherfields suchas tomography,filters, integratedcircuits
andresonators.Seetable 1.
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Table 1
Descriptionof the MAFIA programs.

Module Description Specialfeatures Geometry

M mesh generator, translatesthe manypredefinedshapes,interactiveremeshing (x,y, z), (x, y),
physicalproblem into meshdata (r, z)

S staticsolver,electro-andmagne- open boundary,nonlinearmagneticmaterial (x,y,z), (r, z)
tostaticproblems properties,advancedmultigrid solverfor very

largemeshes

R, E matrix generator,eigenvaluesol- periodic boundaryconditions, resonancefre- (x,y,z), (x,y),
ver for resonatorandwaveguide quencies(severalhundredmodes),waveguide (r, z)
problems modesandpropagationparameters

T2, T3 time domain solver losses,open boundary,stimulation by: initial (r, z), (x,y,z)
field, current,waveguide,incidentwaves;wake
potentials

TS2, TS3 particle in cell code, calculates losses,stimulation by initial field, calculation (x,y,z), (r, z)
equationofmotionfor freemov- of trajectories,velocities,chargedensities,etc.
ing charges

W3 eddy current solver, frequency losses,currentstimulation (x,y,z)
domain

P post processor, displays results 1, 2 and3D graphicsof scalarandvectorfields, (x,y,z), (x, y),
and calculatessecondary field powerloss integrals,field energy,far field pat- (r, z)
quantities tern, shunt impedance

I _____ I _____ _____ _____ I

S R W3 T2 T3 TS2L TS3

Hi~ _
Fig. 4. The MAFIA systemwith its interrelationships.

The acronymMAFIA standsfor the solution of MAxwell’s equationsby the Finite Integration
Algorithm.Figure4 showstheinterconnectionsbetweenthevariousprogramsot thethird release[6].
ThesecondreleaseoftheMAFIA Programs,comprisingM3, R3,E31, E32andP3,hasbeendistributed
to over 120 installationsworldwide including mostcountriesof Europe,USA, USSR,China,Japan,
IndiaandBrazil. Theprogramshavealreadyprovedtheirworththroughcomparisonwith theoretical
calculationsandby the successfuldesignof acceleratorcomponents.The MAFIA codesarewritten
in standardFORTRAN77andcurrentlyrun on IBM, CRAY, VAX, APOLLO, HP, SUN, CONVEX,
AMDAHL, FUJITSU, HITACHI andSTELLAR computers,amongothers.The distributioncenter
for codesanduserguidesis theTechnischeHochschuleDarmstadt,for informationcontactProf. Dr.-
Ing. ThomasWeiland.
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Fig. 5. Netplot of thefield dependant~ in thesymmetryplaneof therelay.

Fig. 6. Theleft of this figure showsa 3D perspectiveof theendregionof the RFQ. Only one quarter of this structure needs
to becalculated,dueto existing symmetries.For this structurethe powerloss in a cutplaneat theandof the structureis

displayed.
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7. Applications

Theapplicability of thismethodandof the computercodesbasedon it is almostunlimited. In this
short presentationwecanonly give afew typical applicationsfrom the areaof electricalengineering
andacceleratorphysics.

/T’7T~1Tj~
• I : : , -

,t ~ -

, ~ ~Ittl’fti ~ .

~ - ‘ ~4~~4~I’ ‘‘1
~1

Fig. 7. Arrowplot of theelectric field of theE
01-modein acircular waveguidewith anasymmetricallyplaceddielectricrod.

(Geometry:R = 1 m, r/R = 0.5, ofI’set/R = 0.1, e11 = 1, ~r = 8, f = 119.36MHz).

\

Fig. 8. Nondestructivetestingof atubeby inducinganazimuthaleddycurrentby meansof asinglecoil at thepositionz = 0.
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The first exampleis an applicationof the MAFIA magneto-andelectrostaticmoduleS [8,9]. Re-
lays areelectricswitchingdevices.Thedesigngoalfor suchadevicemightbeto reduceits weight, the
neededdrivingcurrentor tominimize theforceatthemovingarmature.Thisnonlinearmagnetostatic
problemhasbeencalculatedwith ourstaticmoduleandalsocomputedwith the well knownPROFI.
The comparisonhasbeenperformedfor the achievableaccuracyandthe computationaleffort. The
agreementin the resultswas reasonable.S hastheadvantagethat the useof openboundarycondi-
tionsallows a descriptionof this structurewith lessunknownsthanis necessarywhenusingstandard
Dirichlet or Neumannboundaryconditions.Hereapossiblereductionin the numberof unknownsof
10% reducedthe neededCPU timeby about20%.Figure5 displaysthe relayandthe 1u-distribution
insideacut throughthe centralplaneofthe relay.Onecan clearlyseethe saturationeffectat thebot-
tomofthe structureandinsidethetop armature,thatindicatethe necesityof redesigningthe relayin
orderto obtainreasonablebehaviour.

Thenextexampleis aradiofrequencyquadrupole(RFQ)thathasbeencalculatedwith the MAFIA
frequencydomainmoduleR/E [10]. Thedevicemightbetunedfor acertainminimumeigenmodeor
in orderto minimize the losses.Three-dimensionalcalculationsareimportantespeciallyfor theend
region of suchaRFQ. A carefuldesignusingtheMAFIA meshgenaratorhasbeencarriedout, using
about75000unknowns.The lowesteigenmodecalculated,344.78MHz is in good agreementwith
measurementsandothercalculations.Figure6 displaysthe powerloss. This loss is strongeston the

Table 2

Comparison of fi (1 /m) of ref. [7] with ourmethod.

Mode Solution [7] fi (1/rn) Numericsolution fi (l/m)

5.649 5.649
2 5.648 5.641
3 4.204 4.19
4 3.079 3.082

i’4,1

r1r~ryv4c~

7-

Fig. 9. Sametube andsamestimulationasin the abovefigure but the tubehasaradial holeat z = 0.
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..,, _____
~J.. I. ____

Fig. 10. Differenceof the electricfields of the tubewith andwithout the hole.

a A a a a -, .. ., _ - - .- , I 7 ~

.~t ~ Lu I I ~‘—‘-—-.~L
Fig. 11. Electric field of a~%/2-dipolewith an unsymmetriccoating. Sincethe geometricalvariationof the fields is small,

only a meshsized~ x 0.75)~hadto be computed.
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outsidewall. The powerloss canbe calculatedby the MAFIA-postprocessorfrom the field solutions.
Different specialapproachesexistfortheanalysisoftheeigenvaluesandfield componentsofdielec-

trically loadedwaveguides.It is necessaryto knowthesevaluesto be ableto estimatetheinfluenceof
mechanicaltolerancesandto designfilters andresonators.Table2 comparessemianalyticalresultsfor
the phaseconstant48 of acalculationsimilar to [7] with the valuesachievedby ourmethod.Figure
7 showsthe electricvectorcomponentsof thethird mode (E01-mode).

A typicalproblemfor nondestructivetesting(NDT) isthedetectionofcracksandholesby meansof
eddycurrents[11]. Forexampleatubecanbetestedby movingacoil throughthetubeandmeasuring
its impedance.Materialdefectsin theconductingtubearedetectedby thechangein theimpedance.In

Fig. 12. Farfield diagramfor thefield distribution asshownin the last figure. The maximumof thefar field amplitudeis
shiftedtowardshigher0 values.

0

Fig. 13. Humantest body in athree-dimensionalnuclearresonancespectrometer.
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the following examplethe azimuthallyorientedcoil excitesan azimuthalcurrentdensityfield, which
is shownin fig. 8.The z-coordinateaxis is coincidentwith the axisof the tubeandthe coil, thex-
coordinateaxisherecorrespondsto theradial coordinate.In asecondcalculationahole in the tube
wallwas modelled.Theresultingcurrentdensitydistributionin the planenormalto theholeis shown
in fig. 9. The electric fields inducea voltagein the stimulationcoil, the differenceof the fieldswith
andwithout thehole is plottedin fig. 10.

A far field calculationexampleis shownfortheelectromagneticfield generatedbya2/2-dipole.The
left metallic stub is coatedwith a materialwith the parameters~r = 2, Pr = 2. The dipole is excited
by acurrentconnectingbothmetallic stubs.Figure 11 showsan arrowplotof theelectric field. The
far field characteristiccanbe seenin fig. 12.

S

I ~ I? I - ‘~

Fig. 14. Arrow plot of electric field in a cross-sectionof the nuclearresonancespectrometer.(Due to symetry the half
structurewascalculated.)
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Fig. 15. Absorbedpowerdensityin the samecross-sectionasin theabovefigure.
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The lastapplicationexaminedthe influenceof ahumantestbody in athree-dimensionalnuclear
resonancespectrometer,asseenin fig. 13.Theii stimulationstructuresarethetwo striplines,mounted
on dielectric supportsat eachend, on either side of the test person.Figures 14 and 15 show the
calculatedfield (T3 [121) for a 90 MHz driving currentin acut planethroughthe body and the
antennas,first the electricfield as an arrowplot, thenthe absorbedpowerdensityas a contourplot.
The field of a2/2-antennaresonancecanclearlybe recognised.The woak field densitywithin the
bodyis aconsequenceof absorptionandreflectioncausedby theconductivityandhighpermeability
ofbiological tissue.Most ofthe powerisabsorbedat thepart of the bodyclosestto the antennas.The
areaof the neckshowsalocal maximum,whichindicatesbodyresonance.
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