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The relative variances in stratospheric observations of longlived trace 

gases, CH
4

, N20, CF 2C1 2, CFC1 3, show large differences. These differences 

are greatly reduced when the local me an standard deviation is normalized 

to the local vertical gradient. This ratio, called "equivalent displacement 

height" exhibits a characteristic vertical profile which is very simi-

lar for all the longlivedtrace gases as well as for 03' With the help 

of this ratio it is demonstrated that the variances are essentially due 

to natural causes, i.e. transport. Using the mixing length hypothesis 

a theoretical expression for the equivalent displacement height is derived. 

From it the meridional slope of the mixing surfaces and the mixing length 

can be calculated as function of the altitude. Additional information 

is obtained on the variance of that slope. The uncertainty of the measured 

mean trace gas profiles is defined. 
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1.Introduction 

Much of our faith in current models of stratospheric chemistry rests upon the 

fact that the model predicted trace gas distributions agree with measured pro­

files. Agreement is not well defined; it usually means that the model predicted 

vertical profile follows approximately the shape outlined by the measurements 

and falls within the range of the data points. Such agreement for a sufficient 

number of trace gases is said to validate a model. Clearly one would prefer 

a more quantitative intercomparison of model prediction with experimental obser­

vation. In the past this was hampered by a lack of experimental data. The ob­

servations were sparse made in different locations and seasons. Consequently 

the data showed a fair amount of scatter. It was difficult to decide how well 

the measurements represented the mean stratospheric trace gas distribution and 

therefore impossible to assign a meaningful uncertainty to the observations. 

In the meantime the data base has somewhat improved. For a few trace gases, 

namely N20, CH4, CF 2C1 2, CFC1 3 there is a sufficient number of measured vertical 

profiles so that mean profiles and the corresponding variances can be derived 

at least for one season and at one location. These gases offer the additional 

advantage that the techniques for their sampling and measurement are well es tab­

lished and accurate, i.e. the experimental contributions to the observed variance 

should be as small as currently possible for any trace gas. Moreover simultaneous 

measurements are available for these gases which shouid help to corroborate 

the findings from an individual species and reduce the possible sources of 

error. Finally their stratospheric life cycle is relatively simple: All these 

gases originate at the earth's surface and have relatively long tropospheric 

lifetimes. Thus they are approximately uniformly distributed in the troposphere 

and the tropopause constitutes a surface of nearly constant mixing ratio. The 
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stratospheric chemistry acts on1y to destroy these gases - at rates which in­

erease with a1titude. This resu1ts in a mean distribution with a monotonie de­

erease in mixing ratio with altitude at all latitudes - a most simple ease. 

In the following we will investigate the stratospherie varianee of these traee 

gases and attempt to identify its eause. At that point we will also investigate 

wh at information may be eontained in the observed variances. Finally we will 

attempt to define the uneertainty of the mean profile of these gases. For com­

parison 03 and the potential temperature, G, will also be treated. 
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2. Evaluation of the variance and its altitude dependence 

For the present analyses we use data from 10 balloon flights over Southern 

France (43 0 
- 44 0 N) during which simultaneous vertical profiles of CH 4, N20, 

CFC1 3 and CF 2C1 2 were obtained. The flights were made at situations of weak 

stratospheric winds mostly in June, on two occasions in September, in the years 

betwen 1977 and 1979. The experiments were a joint effort between the Max-Planck­

Institute for Aeronomy, Lindau, the Max-Planck-Institute for Chemistry in Mainz, 

and the Institute of Atmospheric Chemistry at the KFA JÜlich. To exclude any 

variance resulting from differences in the absolute calibrations between the 

laboratories we will consider our own measurements only. The measurements and 

techniques used were described in severa1 pub1ications (Ehhalt, 1980; Fabian 

et a1., 1979, 1981). The data are also available in tabu1ar form (Vo1z et a1., 

1981). 

The vertical profiles of CH4, N20, CF 2C1 2 and CFC1 3 measured over Southern France 

are summarized in Figure 1. To remove the variance due to the secu1ar increase 

of 7.5 %/yr in CF2C1 2 and 8 %/yr inCFC13 concentrations the CFM data were all 

norma1ized tO,the same date: June 1979. It should be noted that the vertica1 

sca1e is an approximate a1titude. The primary quantity measured during the f1ights 

is the ambient pressure which was converted to the geometric a1titude using 

the US Standard Atmosphere (1976). 

The data exhibit the we11 known decrease with altitude. The vertica1 gradient 

is a function of the stratospheric. 1ifetime of the species and increases sub­

stantia1ly between the 10ngest lived species, CH4 and the shortest 1ived, CFC1 3. 

The main point of interest here is the scatter in the individual measurements. 

Clear1y the relative scatter increases with altitude for each species. Second1y 

the relative scatter is quite different for the various species increasing in 
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the order CH 4, N20, CF 2C1 2, CFC1 3, i.e. increasing with the vertical gradient 

of the species. Thirdly the scatter is much larger than the analytical precision 

given by the authors which ranges from 2 % to 5 % increasing to 50 % at the 

detection limit (Fabian et al., 1979; Volz et al., 1981). 

There are not enough data points to determine the frequency distribution with 

certainty even when the data from all altitudes are normalized to the respective 

standard deviations and superimposed. Both, anormal or a log normal distribu­

tion seem equally likely, although in principle a log normal distribution would 

be more plausible. 

To obtain a more quantitative measure of the scatter we calculated the mean 

and the mean standard deviation as a function of altitude. Because of the li-

mited number of data this was done in form of a running mean using a 5 km inter­

val and a step height of 1 km. To allow for the vertical gradient, an exponen­

tial regression line was fitted to the data of each 5 km interval. The mean 

standard deviation, Gi' in the ith interval was calculated as 

2=_1_1: 
Gi n .-2 

1 j 
(1) 

where ni are the number of data points, M(Zj) are the measured mixingratios, 

mi(Zj) the mixing ratios calculated from the regression line in the ith inter­

val. The Zj are the altitudes of the measurements covered by the ith interval. 

The resulting me an mixing ratios and standard deviations are also shown in Fi-

gure 1. Obviously only every 5th such point is obtained in a statistically indepen-

dent manner. We observe that, the relative standard deviation of CH4 increases 

from about + 5 % at 15 km to about ! 20 % at 30 km, those of N20 and CF 2C1 2 
from ! 5 % to ! 40 %, and that of CFC1 3 from! 12 % to a factor of !.2.5 at 

30 km. Only, in the latter case the mixing ratios found at 30 km are close to 

the limit of detection. 
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Figure 1 Vertical profiles of CH 4, N20, CF 2C1 2, and CFC1 3 over Southern 
France (43 0 

- 44 0 N latitude), The crosses represent the individual 
measurements, the full dots a 5 km running average, The bars in­
dicate the mean standard deviation of the running average, 
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C1ear1y for all these trace gases the observed relative mean standard deviation 

increases strong1y, a factor 3 to 10 between 15 km and 30 km a1titude. At the 

higher a1titude where the respective gradients differ more wide1y the mean stan­

dard deviations of the various trace gases differ by one order of magnitude; 

at the lower altitude where the gradients are small and more comparable, the 

relative me an standard variations differ only by a factor of 2. But even there 

the observed mean standard deviation exceeds great1y the precision of the analy-

tical procedure as determined by independent tests in the laboratory (Volz et 

a1., 1981). 

2.1. The eguivalent displacement height 

There are several sources of noise and error, both experimental and natural, 

which could contribute to the Dbserved variances. Some of them can be excluded 

by adopting a treatment of the variance which is suggested by the data them-

selves: It has been observed in the foregbing that the size of mean standard 

deviation appears to be correlated to the strength of the vertical gradient. 

This, incidentally, would be the case for natural fluctuations (see below). 

'~e will therefore normalize the loca1 mean standard deviation to the loca1 gradient: 

t::. = a(z)/~M 
bZ 

(2 ) 

In this way the variance in concentration is expressed as variance in a1titude. 

The resu1ting entity t::., which represents the corresponding mean vertical de­

viation, will be ca11ed "equiva1ent displacement height" for reasons which will 

become clearer be1ow. There are severa1 ways in which t::. can be derived. We chose 

the fo11owing. First, to obtain a smooth, average vertical gradient of the mix-
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ing ratio, ~M/oz, we fitted a smooth curve of the type M = Mo exp(_az_bz2) to 

the data above the tropopause. This exponentia1 function a110ws enough curvature 

to represent the data quite we11. The resu1ting functions were: 

CH4: 19 M(z) = -5.78 - 1.31xl0-2(z-12) 3.90xl0-4(z_12)2 (3a) 

N2O: 19 M(z) = -6.52 + 1.17x10-4(z-12) 1.88x10-3(z_12)2 (3b) 

CF 2C1 2: 19 M(z) = -9.57 1.47x10-2(z-12) 2;33x10-3(z_12)2 (3c) 

CFC1 3: 19 M(z) = -9.79 1.93x10-2(z-11) 5.69xl0-3(z_11)2. (3d) 

Be10w the tropopause the data are fitted by a straight 1ine. As Figure 2 i11u­

strates, ~i is then determined as the difference between the a1titude zi' at 

which the curves (3a) - (3d) assume the mean va1ues H(zi)' and the a1titudes, 

at which they assume H(z.) + 0 .. In princip1e one obtains two different va1ues 
1 - 1 

for the equiva1ent displacement height, ~+ and ~_, because of the curvature 

of the mixing ratio profiles. The difference between ~+ and ~_, however, is 

usua11y sma11 except around the tropopause where the vertica1 9radients become 

very sha110w and the two different1y fitted sections meet. The ~ given in the 

fo110wing is the average between ~ and ~+. In this way ~(z) approximates o(z)/ 

~M(Z)/DZ most c10se1y. The uncertainty of ~ such derived can also be estimated. 

In the stratosphere it is dominated by the uncertainty in the mean standard 

deviation, 0; in most cases the error in the slope gives on1y-a minor contri-

bution. With the assumption that the data points show a gaussian distribution 

which is reasonab1y we11 fu1fi11ed as indicated above, the estimated error of 

0i is 1/12(n i -1)'. ni is the number of data points in the 5 km interval of the 

running average. Thus the accuracy with which 0i and therefore ~i can be deter­

mined is essentia11y a function of the number of avai1ab1e measurements, 

The ~-va1ues for CH4, N20, CF 2C1 2 and CFC1 3 are intercompared in Figure 3. Since 

they are based on the o-va1ues from Figure I, the ~ va1ues also represent a 

running average and on1y every 5th point is statistica11y independent. The pre-
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sentation in Figure 3 is limited to the altitude range between about 15 and 

30 km. Above 30 km the data become sparse. Moreover not all profiles reach those 

altitudes which could have led to apparent reduction in the observed variance. 

Below 15 km altitude ~ and ~+ are increasingly separated by a wide margin and 

~ is not as well defined as in the altitudesabove. However ~+ and ~_ continue 

to increase towards lower stratospheric altitudes. 

Considering the vast differences between the a-values of the different trace 

gases, the profiles of the ~-values are astonishingly close. They all show a 

similar pattern: Slightly higher ~-values of 1 to 1.5 km at 15 km altitudes; 

a decrease with altitude to ~-values between 0.5 and 1 km at a minimum around 

24 km; an increase above 25 km altitude to a ~-value of 2 to 3 km at 30 km alti­

tude. At any given altitude the ~-values from the different trace gases agree 

within the uncertainty ranges. On the other hand the uncertainties in the ~-values 

are sufficiently large, such that this pattern is just barely significant for 

some of the trace gases. 

To convince ourselves that this agreement is not coincidental or an artifact 

of the present measurements, we briefly investigate the ~-values derived from 

other data sets available from the literature. As a first example we consider 

13 profiles of the N20 and CF2C1 2 mixing ratio measured by Goldan et al. (1980) 

over Laramie, Wyoming, USA, at 41° N latitude. The latter, although collected 

in the years 1976 and 1978 are also normalized to June 1979. These profiles 

are comparable in latitude to our data which were obtained at 43° N latitude. 

They are, however, more or less uniformly distributed throughout the year, whereas 

our flights clustered in the month of June. Nevertheless the mean profiles of 

the mixing ratio over Laramie compare very favorably with those shown in Figure 1 

(cf. Ehhalt, 1980). The ~-profiles derived from these data are shown in Figure 4. 
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They show the features found in Figure 3 even more pronounced. The increase 

above 25 km altitude is steeper leading to ß-values of around 3 km at 30 km 

altitude. The minimum is deeper. It is alse eroadeE extendlngebetween 16 km 

and 23 km altitude and reaches its lowest values at 16 km altitude whereas the 

ß-values for CH4 and N20 over Southern France reached their lowest values at 

23 km. However when superimposed, these and our ß-values agree within the error 

bars (cf. Figure 8). 

2.2. The eguivalent displacement height for ozone 

The second example is 03' Its stratospheric distribution has been studied in 

much more detail than those of the longlived trace gases. At the same time its 

stratospheric chemistry is much more intricate. It is both produced and destroyed 

within the stratosphere. Thus its source and sink distribution is completely 

different from that of the longlived trace gases resulting ;n a more complicated 

concentration distribution. In particular the vertical profile of 03 mixing 

ratio shows a strong increase between the tropopause and 30 km altitude where 

it reaches a maximum of about 10 ppm (cf. Figure 5). In addition it is measured 

by a completely different technique. Apriori there appears to be little reason, 

analytical or chemieal, that the variance in 03 concentrations should be related 

to that of the longlived trace gases. Yet this is the case. 

Figure 5 displays two sets of five 03 profiles measured by Attmannspacher (1980, 

1981) in July 1979 and June 1980 over Hohenpeissenberg, Southern Germany (48 0 N). 

The data are therefore comparable in latitude and season with the measurements 

of the longlived trace gases. As before variance and average 03 profiles were 

calculated using a running mean with a 5 km height interval. The results are 

also shown in Figure 5. In the case of 03 the relative variance is largest 

around and above the tropopause, a fact which had already been noted by Dütsch 
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(1969). In the height interval between the tropopause and 25 km the varianee 

deereases markedly with altitude quite in eontrast to the varianee for the long­

lived traee gases. The eorresponding ß-profiles for 03 are shown in Figure 6. 

They are smoother and have smaller error bars beeause the balloon borne eleetro­

ehemieal sondes whieh were used for 03 analysis provided a nearly eontinuous 

readout and many more data points were available for 03 than for the long lived 

traee gases. Also, sinee the gradient of the 03 mixing ratio profile is steep 

around the tropopause, the ß-values around the tropopause 'are well eharaeterized. 

Most important, however, the profiles of the equivalent displaeement height 

'for 03 are in exeellent agreement with the ones for longlived traee gases in 

Figures 3 and 4. 

During the 03 flights the temperature was also measured. Thus the geometrie 

altitude and the potential temperature for these flights ean be determined, 

and it is possible to ealeulate the ß-values for 03 with respeet to true alti­

tude or eonstant potential temperature, rat her than eonstant pressure (appro­

ximate altitude) as has been done in Figures 3 to 6. Doing that reveals only 

minimal differenees to Figure 6 whieh are well within the error range of the 

ß-values. 

We have also examined a number of 03 eoneentration and varianee profiles from 

other seasons. The resulting ß-profiles, all, showed the same pattern below 

30 km altitude. In a few instanees a somewhat different pattern is suggested 

for altitudes above 30 km. They show a deerease in ß-value with altitude above 

that level. 

2.3. The equivalent displaeement height for the potential temperature 

Sinee the temperature was also measured during the 03 flights (Attmannspaeher, 

1980, 1981) it is possible to extend tlle eoneept of equivalent displaeement 
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height to the variance in the measured temperature profiles. This was done in 

terms of the potential temperature, Q = T.(Po/P)K, because the latter is con­

served during vertical displacements. T is the temperature, p, Po is the pres­

sure at altitude and at the earth's surface respectively, ~ = 0.286. The profile 

of the average temperature and its mean standard deviation for July 1979 is 

shown in Figure 7. 

As before,the vertical scale is the approximate altitude derived from the measured 

ambient pressure. From these data, the mean standard deviation, aQ, and the 

gradient, ~~, of the potential temperature were calculated. The right hand panel 

in Figure 7 presents the profile of the equivalent displacement height for the 

potential temperature, ~Q = aQ/~~. We note that this profile has the same shape 

as those of the trace gases. However the absolute values of the equivalent dis-

placement heights are about a factor of 10 lower. 

2.4. The contribution of the experimental uncertainties to the equivalent dis­

placement height of the long lived trace gases 

Expressing the variance of the mixing ratio profiles in terms of equivalent 

displacement height results in a significant simplification: The vertical pro­

fi 1 es of that parameter exh i bit a cons i stent p'attern for all trace gases i n­

vestigated. This is once more verified by superimposing the equivalent displace-

ment heights for CH4, N20, CF 2C1 2, CFC1 3 and 03 from Figures 3, 4, 6 in one 

graph, Figure 8. Figure 8 demonstrates that the ~-profiles of all these trace 

species not only have the same pattern, a C-shape, but that within the error 

bars the ~ agree in absolute value at each altitude - with the possible ex­

ception of the ~-values for 03 at 20 and 25 km altitude which seem to fall sig­

nificantly below the others. This common behavior strongly suggests a common 

cause for the variance of the various species. Such a suggestion does not by 



l, 0 f-

- 30 f­
E 

.,.:,:: 

Q) 

"D 
:::J 

-- 20 --« 

----.-- , 

Temperature 
July 1979 

~ -;,;: 

I 
11< 

+1 
! 

, , , 

Potential 
Temperatu re 
July 1979 

>-----ä== 0 

~ 
>-Q; 
H:H e 

I!)< 
I!)< 

10 

S 
I!)< 

10
0 

>0<>-0-< 
>-Q; 

t--O--< t-{]----t 

, 

-

+~+ 
~++ ........-+ 

.... :::$=-+ 
~ 

10 +++ + .... 
......... 

f- ~ 
+~ 

~ 
- + -++++ + 

I --'-
200 250 300 0,1 0,2 0,3 O,l, 0,5 

Temperature (K) Equivalent Displacement Height (km) 

Figure 7 Vertical profiles of the temperature and the resulting equivalent displacement 
height of the potential temperature, ßg, over Hohenpeißenberg, 48° N (Attmanns­
pacher, 1980). The crosses represent the individual measurements from 5 flights, 

the full dots a 5 km running average. The bars indicate the mean standard deviation 
of the running average and the uncertainty in the ß-value respectively. 

>-' 

" 



- 18 -

itself exclude experimental errors as cause of the variance, but it strongly 

limits the number of possible error sourees. It excludes errors in the analy­

tical procedures. because the different longlived trace gases are measured by 

different gaschromatographie techniques using different instruments with de­

tection limits which are at least one order of magnitude below the lowest con­

centration observed - with the exception of CFC1 3. It excludes fractionation 

during sampling or sample transfer because the molecular mass and boiling points 

of these gases span a wide range. Thus, if fractionation occurred some gases 

would be affected little others strongly. It excludes contamination by walls 

or the leakage of tropospheric air, because the concentrations of the measured 

species differ greatly and the concentration differences between stratospheric 

air and tropospheric air varies widely among them. All these and some other 

sources of experimental error, though certainly real, would influence the va­

rious -trace gases to greatly different degrees. They cannot cause the similar 

and systematic variation of the variance of the trace gases as expressed by 

the profiles of the ß-values. This is in keeping with the above mentioned fact 

that the laboratory tests of instrumental reproducibility of sampling, storage 

and analysis gave a much smaller variance than observed for the actual strato­

spheric samples. 

In fact the only experimental factor which could influence the ß-values of the 

different species in the observed uniform way would be a large error in the 

measurement of the ambient pressure and thus of the sampling altitude. Such 

large errors in the press ure measurements seem unlikely even for the highest 

altitudes reached here. The ambient pressure measurements during our flights 

were provided by the "CNES" balloon launch facility. It employed two Penny and 

Giles pressure transducers (type TP 71 A/200) with ranges from 1034 mb to 10 mb 

and from 69 mb to 0 mb. The lower range transducer had an uncertainty of + 0.7 mb. 
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80th transducers are calibrated before every second to third flight (A. Valette, 

1982, private communication). On the other hand to mimic a mean displacement 

height of 3 km at 30 km altitude the pressure readings had to be off by ~~ mb, 

about a factor 10 above the stated uncertainty. Moreover, by implication the 

pressure measurements by 2 other groups had to be equally bad (Attmannspacher, 

1980. 1981; Goldan et al., 1980). This seems unlikely, since these authors claim 

even lower uncertainties in the pressure measurement than those given here. 

Thus we can also exclude errors in the measurement of ambient pressure as re-

spon~ible for the observed similarity in the 6-profiles of CH4, N20, CF 2C1 2, 

CFC1 3 and 03 and we conclude that most of variance observed in stratospheric 

mixing ratios of these trace gases is not experimental but due to natural causes. 

This can be corroborated and even quantified to some extent. If there is a common 

cause for the variance in the stratospheric measurements, the individual devia­

tions of the different species from tne respective mean profiles should be cor-

related. For CH4, N20, CF 2C1 2, and CFC1 3 this can be tested, because in our 

flights these gases were measured simultaneously; i.e. on the same samples. 

That correlation is indeed observed. As example, Figure 9 shows the correlation 

between the individual deviations from the mean for the N20 and CH4 data over 

Southern France. To be comparable the individual deviatlons are also expressed 

as vertical displacements. For N20 and CH4 the correlation is quite good. The 

corresponding correlation coefficient is shown in Table 1 which also summarizes 

the coefficients for the other trace gases. Also included is a correlation with 

the deviation from the mean temperature. The temperature used for that corre­

lation is the average of the temperature measurementsfrom radio sondes launched 

at or close to the dates of our balloon flights. There were no reliable mea­

surements of ambient temperature aboard our balloons. The correlation coeffi­

cient between 03 and T was 0.45~g:~ for the profiles in July 1979 and 10 to 
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30 km altitude. It should be noted that the correlation coefficients, r, pre­

sented in Table 1 are averages over the altitude range 15 - 35 km. It is con­

ceivable that r might change somewhat with altitude. Indeed the data between 

25 unto 35 km altitude give higher correlation coefficients - most likely be-

cause of the larger displacement heights encountered there. 

From the correlation coefficients we can estimate wh at fraction of the observed 

variance, a2 , was caused by a common mechanism. This fraction is given by"r2~ 

From ~he correlation with CH 4 the trace gas measured with the highest precision 

and the smallest variance we find that at least 81 % of the variance in the 

stratospheric concentrations of CH
4 

and N20, 62 % of the variance of CF 2C1 2 
and 56 % of the variance of CFC1 3 are explained by that common mechanism. Like 

r, these upper limits represent averages over the altitude range from 15 to 

35 km. 

The uncorrelated fraction of the variance, 1 - r 2, contains the instrumental 

uncertainties except that of the ambient pressure measurement. We can there­

fore use 1 - r 2 to derive an upper limit for·the other instrumental uncertain­

ties. This requires a few additional assumptions. When estimating the instru­

mental error of CH 4 we assume that the unexplained fraction of the variance 

is caused to equal parts by the instrumental error in the CH4 and N20 measure­

ment. This is certainly an overestimate of the CH4 error because the precision 

of our CH4 measurement is higher than that of N20 (and the other trace gases) 

and because there might be natural contributions to the non-correlated 

variance as well. When estimating the instrumental error of N20, CF 2C1 2, and 

CFC1 3 from the correlation with CH4, we assign all of the unexplained variance 

to the instrumental errors in the measurement of N20, CF 2C1 2 and CFC1 3, again 

an overestimate for the reasons just ~iven. With these arguments the fraction 



Table 1: Correlation coefficients between the deviations of CH4, N20, CF
2

C1
2

, CFC1
3 

from the mean concentra­

tion profiles expressed as vertical displacement (km), and between these and the temperature devia-

tion, 6T (OK). The errors indicate the Irr confidence range. The data are from our balloon flights 

over Southern France (Figure 1) 

CH
4 

CH 4 

N20 .90 + .04 

CFC1
3 

.75 + .08 
- .11 

CF 2C1 2 .79 ~ :~b 

Temp. + .11 
.64 _ .15 

N20 

.90 + .04 

.57 + .12 
- .16 

.79 + .07 
- .09 

+ .14 
.53 _ .17 

CFC1
3 

.75 + .08 
- .11 

.57 + .12 
.16 

.67 + .10 
- .13 

+ .17 
.35 _ .20 

CF 2C1 2 

+ .07 
.79 _ .10 

.79 + .07 
.09 

.67 + .10 
- .13 

+ .15 
.46 _ .18 

Temperature 

+ .11 
.64 _ .15 

.53 + .14 
.17 

+ .17 
.35 _ .20 

+ .15 
.46 _ .18 

N 
W 



- ?4 - ) 

;, 2' 1 r of the me an standard deviations shown in Figure 1 gives the upper limit 

of the instrumental uncertainties for N20, CF 2C1 2 and CFC1 3. For CH4 the frac­

tion is /(1 - r2)/2~ Thus, at 20 km, an altitu.de in the middle of the covued 

height range, for which the averaged correlation coefficients in table 1 should 

be reasonably representative, we obtain the following upper limits for the relative 

instrumental error: ~ 1.6 % for CH 4; ~ 3.2 % for N20; ~ 7.4 % for CF 2C1 2; ~ 14 % 

for CFC1 3. For CH 2, N20 and CF 2C1 2 these estimates are close to the errors quoted 

by Volz et al. (1981) and Fabian et al. (1979) for the instrumental precision. 

For CFC1 3 the upper limit is about 3 times higher than the quoted precision 

which may point to unidentified instrumental problems for that gas. 

Altogether we conclude that the various experimental uncertainties contribute 

only a minor fraction to the observed variance in the stratospheric mixing ratios 

of the long lived trace gases. Thus the absolute values of the corresponding 

equivalent displacement heights, as well as the characteristic vertical profile 

of ß in the stratosphere must be dominated by natural causes. 

3. Discussion 

3.1 Theoretical expression for the eguivalent displacement height 

In the previous chapter it was shown that experimental uncertainties contribute 

little to the variance observed in the stratospheric mixing ratios of CH4, N20, 

CF 2C1 2 and CFC1 3. The observed variations in concentration must mainly be due 

to natural causes. Such natural variations can be generated by chemical reac­

tions, by transport or by the action of both. In the case of transport it is 

the long range displacement by large scale eddies with typical time scales of 

a few days which is responsible for the fluctuations. Compared to this time 
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sea1e the gases CH4, N20, CF 2C1 2 and CFC1 3 are 10ng 1ived. Be10w 30 km a1titude 

CH4, N20, CF2C1 2 have ehemiea1 1ifetimes of 10nger than one year, CFC1 3 of 10nger 

than one month. Henee these gases are quasi eonservative in the eonsidered a1ti­

tude range, their ehemistry does not eontribute to the f1uctuations. To a 1esser 

approximation this ho1ds also for 03 and the potential temperature, Q • At 45° N 

the chemica1 1ifetime of 03 becomes shorter than one month above 28 km a1ti­

tude (NAS, 1975), and the temperature re1axes to its environmenta1 va1ue in 

about 10 days at all stratospheric a1titudes due to Newtonian eoo1ing (Dickinson, 

1973). A1though these times are still longer than the transport times we have 

to expect a certain dampening of the transport caused f1uctuations due to che­

mica1 relaxation at the higher a1titudes in the case of 03' due to radiative 

relaxation at all a1titudes in the case of Q. In the fo11owing we consider all 

the trace gases as conservative, i.e. 1arge sca1e transport is the on1y source 

of the observed f1uctuations. Then, the momentary deviation from the 10ca1 me an 

mixing ratio, M' = M - M, is in first approximation given by the Tay10r expansion: 

M' = 1 .17M (4 ) 

+ 

where 1 is the displacement vector of the air parce1 and gM is the gradient 

of the mean mixing ratio (cf. Reed and German, 1965). This approximation corres­

ponds to the mixing 1ength hypothesis. It assumes that an air parce1 started 

as an average samp1e of its environment and conserved its properties as it 

moved a10ng a trajectory described by the vector 1 to the observation point. 

Figure 10 depicts the geometry in the 2 dimensions in which we will treat the 

problem. Equation (4) can be rewritten: 

M' = 111 • IgM 1 cosy (5) 

where y is the angle between 1 and gl~. 



Cl) 

"0 
::J ....... 

. -....... -« 

flf;j 

-M+ 4M 

Latitude 
+ 

Figure 10 Geometry of mixing path, 1, and vertica1 gradient, VM, used to derive a theoretica1 
expression for the equivalent displacement height. 

N 
0"> 



- 27 -

Since the transport is quasi horizontal, and the angle of the momentary mixing 

surface, CI, and the mean angle of constant mixing ratio surface, ß, are very 

sma 11 (cf. Reed and German, 1965), the angle y is c10se to 90· and in good 

approximation 

COSy = CI - ß (6) 

For the same reason the horizontal component of VM is sma11 and thus 

Inserting (6), and (7) in (5) we obtain 

M' = 11 I . I dM I (CI - ß) aZ 

(7) 

( 8) 

The loca1 temporal variance 01 of the mixing ratio for the gas j is then given 

by the time average 

CJM. 2 
o~ = M ,. 2 - 12 ( J) 

J J - Tz )(9) 

where the time averaging is denoted by the bar. 

L ike Reed and German (1965) we assume that the mixing 1ength, 111 and the slope 

of the mixing path, CI, are not corre1ated. Equation (9) can then be simp1ified to 

- 2 dM. 
o~ = ]2' ( 2>i) [(ß j 

_ ~)2+~) (10 ) 
J 
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where a' is the deviation from the mean slope, a' = a - ä, and a,2 is the va-

riance of the slope of the mixing surface. Finally, inserting eq. (2), we obtain 

the desired expression for the equivalent displacement height. 

(11) 

Apart from the slope of the surface of constant mixing ratio, ßj , ~j depends 

only on parameters describing the common transport. For the longlived trace 

gases the individual ß. are expected to differ only slightly. Consequently 
J 

eq. (11) predicts similar values for the respective equivalent displacement 

heights, as has been observed (cf. Figure 8). 

There is another approach to derive a theoretical expression for the equivalent 

displacement height. Since it does provide additional insight in the transport 

processes responsible for the variances, it will briefly be discussed here too. 

It is based on the work of Matsuno (1980) who investigated the air parcel tra-

jectories caused by planetary waves. Projected onto the meridional plane these 

trajectories take the form of a slanted ellipse. In particular Matsuno (1980) 

cansidered the problem where a locally deviating mixing ratio relaxes to the 

zonal me an with a characteristic time, T. This time, T, takes into account, 

both, dissipation by small scale diffusion and photochemical relaxation. Com­

bining the trajectory of an air parcel swept around the globe in a planetary 

wave with concurrent adjustment of the mixing ratio in this air parcel to the 

new environment with the relaxation time 4 he was able to derive an expression 

far the deviation of the local mixing from the zonal mean at a given latitude 

and altitude (his equation 4. 6). This expression can be used instead of our 

equation (8) to define the local deviation, M'. In our terminology it reads: 
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M' (<jl) = -l y . ~~ (~1 COS<jl + ~2 sin<jl) az · ;~ (-~2 COS<jl +~1 sin<jl) + 

1z ~~ (~1 COS<jl + ~2 sin<jl) (8a) 

Here 1y and 1z are the y- and z- components of the displacement vector 1; az 

corresponds to the minor (vertica1) axis of the ellipse; <jl describes the longi­

tude, and 

~1 = 
w, 

1 +w2,2 

~2 = 
w2,2 

1 + w2,2 

where , is the relaxation time defined above and w is the intrinsic frequency 

of the planetary wave. Matsuno (1980) used the examp1e of a planetary wave num­

ber 1 in a westerly flow of 30 m sec-1 at 60° latitude. The resu1ting w = 10-
5 

sec-1 will also be adopted below. 

Forming 
;)M~M lz_ 

noting that --/-- = rr· -- = a and re-oy ~z '1 y 

for the equivalent displacement height: 

M,2(<jl), integrating over <jl and 
2 a 2 

1 - 12 ,. 1_""-) --;-z bt· _ '" = a we 0 . a ln 
y ly 

p1acing 

2 12 - - 2 -2 2 2 
6 = ~ [ra - ß) + a' ($1 + ~2) (11 a) 

in close analogy to expression (11). Eq. (lla) presents a zonal average for 

62. Owing to phase shifts in the planetary waves, it should be equiva1ent to 

the temporal average given byeq. (11). 

Because Matsuno (1980) treated e1liptical po1arized waves whereas the present 

approach using the mixing length hypothesis recognizes only 1inearly polarized 

waves, the meaning of the .symbols has changed slightly; a is now the inclina-
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ti on of the ma in ax i s of the e 11 i pse; .~ corresponds to the square of the rat i 0 

of minor to major axis (cf. Danie1sen, 1981). Moreover there is now a factor, 

(~i + ~~) which accounts for relaxation or damping. However the 1atter modifi­

cation does not change much the numerica1 va1ue of ~. For the trace substances 

considered here, for near1y a11 of which relaxation is dominated by mixing, 

, is on the order to 10 days (Mahlmann, private communication). With that and 

an intrinsic frequency W of 10-5 (~i + ~~) is very c10se to unity. Such that 

apart from the factor of 1/2 which seems to come main1y from the reinterpreta­

tion of 1, as 1ength of the main axis of the ellipse, 1y, corrections appear 

minor. The simple approach of the mixing 1ength and the more sophisticated ap­

proach based on Matsuno's (1980) formu1ation lead to near1y identica1 resu1ts 

for the trace substances considered here. The 1atter approach, however, is more 

instructive. It presents a strong indication that the quasi horizontal transport 

responsib1e for the observed variance may we11 be due to p1anetary waves - at 

least in the lov;er stratosphere. It presents a more precise interpretation of 

the transport parameters Ci, a,2 and 12 in terms of e11iptica11y po1arized waves. 

And it a110ws to ca1cu1ate the dampening inf1uence of sma11 scale mixing and 

chemica1 relaxation on the variance and equiva1ent displacement height in a 

quantitative way. (For the trace substances considered here dampening apperas 

sma 11 . ) 

Neverthe1ess, since it contains fewer parameters, expression (11) based on the 

simple mixing 1engths hypothesis will be preferred in the ca1cu1ations of the 

equiva1ent displacement height fo11owing be1ow. 

3.2 Ca1cu1ation of the transport parameters 

To ca1cu1ate the equiva1ent displacement height, ~i' information on the trans­

port parameters 12, Ci and a,2 is required. In addition the me an meridional slope 

of the surface of constant mixing ratio, ß. has to be known. On the other hand 
1 
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eq. (11) can be used to derive the transport parameters, i.e. mixing length 
= 

;12, mean meridional slope of the mixing surface, CI, and the variance of this 

slope, CI,2, provided ßi and ~i are known for at least three trace gases or other 

independent conservative quantities like the potential temperature. Denoting 

those 3 trace quantities by the indices 1, 2, 3 we obtain the following expressions: 

(ß~ M ß2) Cl M) - (S~ ~f S2) Cl M) 
1 iIT - I - 7'Z" irr - I -iIT ~3 

CI = 2" 
~2 ~2 ~2 ~2 

(62 ·rl- SI ) Cl - -d) - (S3 rl - ßtl Cl - rl) 
~3 

(12 ) 

2 - - - 2 
--,--2 %t (S2 - CI)2 - (SI - CI) 
CI = ~------------------- (13 ) 

(14) 

For a few trace quantities 2-dimensional meridional fields are available from 

which the required ßi can be estimated. These are: the potential temperature 

which is derived from the temperature and pressure data listed in the Air Force 

Reference Atmospheres (Cole and Kantor, 1978), the 0.3 mixing ratio (Dütsch, 

1978) and the CH4 mixingratio for which a crude 2 0 field is obtained from 

the present measurements at 43 0 N and the measurements by NCAR at 32 0 N and 

52 0 N (cf. Ehhalt, 1980). The meridional fields of G, 03 and CH4 for the Nor­

thern Hemisphere are shown in Figure 11. They all refer to the month of June, 

or the summer months in the case of CH4. We note that the patterns of the iso­

pleths differ substantially. Whereas the meridional slope of the isentropes 

is gentle everywhere and decreases with increasing altitude, the corresponding 

slope for CH4 is steeper and increases with altitude; in the case of 03 we even 

observe a change in the sign of ·the slope as we go to higher alt itudes. We also 

note that the data base from which the 2 o fields were derived is different 

than that from which the ~ profiles were derived which leads to slight incom-
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(1980). 
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patibilities. For example the mean vertical 03 profile at 48° N latitude shown 

in Figure 5 shows slight deviations from the one prescribed by the contours 

in Figure 11. 

The angles of constant mixing ratio, ßi , at 43° N latitude extracted from the 

2 0 fields are shown in Figure 12. They reflect what has been said above: ßg 

increases monotonically from - 8 x 10-3 (km/km) at 14 km altitude to virtually 

zero at 32 km; ßCH increases from value of -1.7 x 10-3 at 14 km to a maximum 
4 

of -1.2 x 10-3 around 24 km altitude above which it decreases 

-2.5 x 10-3 at 30 km; ßO increases monotonically from -1.3 x 

rapidly to reach 

10-3 at 14 km 
3 

to +2.5 x 10-3 at 30 km crossing the zero line around 22 km altitude. With these 

values for ßi and the ß i from Figures 3, 6, 7 we attempted to solve eq. (12). 

The values of a thus obtained were quite reasonable and close to those shown 

in Figure 13. However when we proceeded to solve eq. (13) for ~ we obtained 

small but negative va lues at nearly all altitudes. This is physically not pos­

sible, the smallest value that ~ can assume is zero. These negative values 

are.probablya result of the slight incompatibilities or uncertainties in the 

ß i and ßi profiles. We therefore tried a more modest approach and assumed ~ 
to be zero. The justification for that will be discussed below. This assumption 

entered into eq. (11) led to following solutions for a: 

ß.ß. + ß.ß. 
= 1 J - J 1 

ß. + ß. 
J - 1 

(15) 

The solutions (15) require the knowledge of ß i and ßi from two trace quantities 

only. They have a simple geometrie interpretation. The "positive" solution for 

aij represents an average of the two ßi values weighted by the ß i values in 

such a way that aij falls between the two ß i values and closer to that with 

the lower ß value. The "negative" solution provides an a .. value which lies 
lJ 

outside the interval defined by the two ßi values: namelyon the outer side 

of that ß i with the lower ß i value. If the two ß i values are about equal the 
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error in the negative solution for ä ij can become large. Having information 

on three trace quantities provides some redundancy with three pairs of solutions 

for ä ij . The values for ä ij calcula:ed from eq (15) show some scatter because 

of uncertainties in the values for ßi and ß i and some judgement has to be exer­

cised to select the proper 3 solutions, a ij , that are eventually averaged to 

obtain a mean value for the mean meridional slope of the mixing surface, ä. 

The selection was guided by the solution of eq. (12) which gave a unique value 

of ä. 

The resulting ä are shown in Figure 13 as function of the altitude. They apply 

for June and 43° N latitude. As expected from the small equivalent displacement 

heights for the potential temperature, ßg, the me an slope of the mixing surface, 

ä, is relatively close to the slope of the isentropic surface, ßg (cf. Figure 12). 

But the angle ä increases more strongly with altitude than ßg and assumes po­

sitive values above about 25 km altitude. This is a consequence of the steep 

positive slope of the 03 isopleths at these altitudes. The scatter among the 

a ij in these altitudes is relatively large. The spread of the 3 values for 

a ij is indicated by the error bars of ä. 

Figure 13 indicates that at lower stratospheric altitudes up to 22 km altitude 

transport takes place along surfaces<sloping downward towards the pole slightly 

more steeply than the isentropes, a fact which is generally accepted. However, 

above 25 km the angle ä obtained here for June and 43° N suggests transport 

surfaces sloping upward towards the pole. The uncertainty in that statement 

is probably large, and depends strongly on the knowledge of the correct me an 

slope of the 03 isopleths, ßO . 3 

The ä derived he re can be compared with values calculated by Reed and German, 

1965, from he at flux considerations. Their values for 40° N and the period July 
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to September are included in Figure 13. They are restricted to the lower stra­

tosphere but also indicate an increase in ä with altitude, though slightly weaker 

than the one found here. 

With ä from Figure 13 and assuming ~ = 0 the mixing length,,(12'can be cal­

culated from eq. (14). The solutions for the different pairs of trace quantities 

differ sometimes substantially. The average~ is also presented in Figure 13. 

It decreases with altitude from about 3000 km at 14 km to about 800 km at 25 km 

altitude. Between 25 and 30 km altitude~remains virtually constant. It is 

noted that the relatively small values of the mixing lengths at high altitudes 

are quite helpful for the present approach, otherwise because of the strong 

curvature in the 03isopleths the first order approximation utilized here (cf. 

eq. (5)) would become poor. 

Although the variance of the slope of the mixing surface ~, cannot be cal­

culated, an upper limit for it can be estimated from eq. (11) assuming (ä - ß) = O. 

If this is done for 6~, which has the smallest values and thus provides tne 

lowest upper limit, we obtain 

Since 6
8 

is smaller than 6CH and 
4 

by a factor of at least 10 at the 

bution of ~ to the observed 66 

(16 ) 

60 by a factor of at least 3 at the lower, 
3 

higher altitudes, it follows that the contri-

must be small indeed at all alti-2 and 6CH 
FigUres\2 and 13). At that altitude a,2 = 

3 
tudes. At about 24 km ä = ß

8 
(cf. 

6 2 

~. Inserting the values for 6
8 

and 12 (from Figures 7 and 13) we obtain ~ = 
j2 

1.1 x 10-8. Strictly speaking this is still an upper limit, because we are neg-

lecting the contributions by experimental errors to 6
8

, 
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Yet a,2 is probably different fr om zero, and the aij derived by eq. (15) have to 

be modified. However that modification is small for the following reason. We 

M 2
= 

1 
could include the contribution of ~ to the observed ~. value by writing 

. . 1 

~~ - 17 .? (cf. eq. (11)), and inserting it into eq. (15). Since ~i*2 is 

smaller than ~~, all this does, is to pull the solutions for ä ij even closer 
.-

to the ßi with the lowest ~i value. Since ~9 is already so much smaller than 

~CH4 or ~03' and thus ä ij cl ase to ße the expected corrections to the äij cal­

culated via eq. (15) are small, certainly much smaller than the other uncer­

tainties already mentioned. We therefore can safely neglect a,2 in the evaluation 

of the mean slope of the mixing surfaces, ä. A nonzero variance of the mixing 

slope, a,2, will, however, change the calculated mixing length,~ (cf. eq. (14)), 

part'icularly that calculated from ~e' 

As a final check theoretical curves of ~. are calculated from eq. (11) and the 
1 

transport parameters presented in Figure 13 and ßi in Figure 12. a,2 is assumed 

to be zero. They are compared with the observed values of the equivalent dis­

placement height in Figure 14. For clarity the observed ~ values from Figures 3, 

6, 7 are shown only every two to three kilometers. The agreement is quite rea­

sanable. Not only is the shape of the observed ~-profiles well reproduced, but 

also the absolute values. This is all the more gratifying since ~e is about 

an order of magnitude smaller than ~CH and ~O Despite the fact that the sources 
4 3 

and thus the 2 D meridional concentration fields of Q, 03 and CH4 are quite 

different, the variances of the three trace quantities are well explained by 

the same transport parameters ä and 17. Obviously the agreement between the 

calculated and the empirical ~ profiles would improve significantly, if we allowed 

a,2 > O. For example using the value derived above ~ = l.l.x 10-8, and assum-

ing it to be constant with altitude, would remave the zero value for ~ at 22 km 

altitude and the rather angular approach towards it from the profiles of ~e 

and ~O . Correcting also for the concurrent change in ]2 would give quite good 
3 



1.0 

30 

-E 
~ -
(l) 20 

"'0 
::J ..-
..-
« 

10 

o 

• 

'T ~ . - .' 
ße tJ. O 3 

f1 CH4 

0,1 0,2 0,3 1 2 1 2 

Equivalent Displacement Height (km) 

Figure 14 Cornparison of the displacernent heights calculated frorn eq. (11) 

and the ernpirical values frorn Figures 3, 6, anti 8. For clarity 
not all data points are shown. 

W 
<0 



- 40 -

agreement for da' We might take this as a strong indication that ~ > O. Since 

we do not know the actual profile of a,2, we refrain from this correction at pre­

sent. Even without correction for a,2 > ° the simple model of the mixing length 

in the meridional plane seems to explain the main features of all observed equi­

valent displacement heights, d .. This lends also more credence to our contention 
1 

that the variances are produced by transport and can thus be used to derive 

information about it. It further shows that despite their inherentshortcomings 

the profiles of ~. and [utilized here are not too far from actuality. 
1 1 

The good agreement appears also to leave little room for additional contribu­

tions to the variance including those by zonal transport. Thus we conclude that 

the mean zonal gradients in the mixing ratios of longlived trace gases must 

be small, and that a mean concentration profile measured at a single longitude 

is reasonably representative of the zonal average. This observation is also 

corroborated by the good agreement in the mean concentration profiles of N20, 

CF2C1 2 and CFC'3 over Laramie (Goldan et al., 1980) and Southern France (Fabian 

et al., 1979, Ehhalt, 1980). 

4. Conclusion 

Finally we return to the question which started this investigation: What are 

the uncertainties which should be assigned to the average measured trace gas 

profile? It has been demonstrated above that in the case of careful measurements 

most of the observed variance for the long lived trace gases is caused by trans­

port. In that case the main source of the uncertainty has been identified. More­

over the frequency distribution of the deviations from the mean is reasonably 

narrow (see Figure 1) and allows an estimate of the mean standard deviation a· 

Thus the uncertainty of the respective mean profile is given by the standard 

deviation of the mean: a/~, where ni is the number of data points in the height 

interval considered. 



- 41 _ 

The uncertainties in the mean profiles of longlived trace gases are thus a fac­

tor 3 to 4 smaller than the error bars given in Figure l'which indicate o. Con­

sequently the uncertainty is 2 % or less for CH4, N20 and CF 2C1 2 in the lower 

stratosphere and 5 % for CH 4, 10 % for N20 and CF 2C1 2 around 30 km altitude. 

It should be no ted that the uncertainty such defined is aprecision; it does 

not include a possible systematic deviation due to absolute calibration. As 

far as a comparison to modelled profiles is concerned this is no drawback, since 

those profiles are generally calculated using the measured mixing ratio at the 

earth's surface as boundary value which would be subject to the same shift in 

calibration. Thus to claim agreement a theoretical profile would have to lie 

within o/!n7 of the mean measured profile. This places quite narrow constraints 

on the model predicteq vertical profiles. 

Mean profiles of longlived trace gases of comparable quality are available at 

a number of locations and several seasons (cf. Ehhalt, 1980). As has been argued 

above, a mean profile at one location should be reasonably representative of 

the zonally averaged profile at that latitude. Thus some of the suggested quan­

titative testing is possible for 2 0 models. Paradoxically 1 0 models cannot 

be tested more rigorously because very few data are available in the tropics 

and those only in one season so that the required globally averaged vertical 

profiles and their uncertainty are not yet available for long lived trace gases. 

Not all stratospheric trace species have been or can be measured with sufficient 

precision to exc~ude a significant contribution to the observed variance by 

instrumental uncertainties. Even worse, sometimes the uncertainties, which beset 

the stratospheric measurements, are difficult to identify by laboratory simula­

tions alone. 
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For thosecases, the present analysis, which also provides a base for indepen-

dently estimating the natural variance, might prove a usefu1 tool to identify 

or test experimental uncertainties. Some of the sate11ite observations or mea-

surements of total NOy or C10y are a point in case. 

It is hoped that sate11ite data will expand the da ta base presently avai1ab1e. 

This wou1d a1low both, to obtain the globa1ly averaged vertica1 concentration 

profiles and their uncertainties to test 1 0 models and to obtain 2 D fie1ds 

to test 2 0 models more extensive1y. Moreover it wou1d provide 2 0 fie1ds of 

the equiva1ent displacement height from which meridional fie1ds of the transport 

parameters including a,2 cou1d be derived for all seasons. 
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