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An analytical model for heat losses along a magnetic surface to its small region cooled down

abruptly to a very low temperature is deduced by applying a principle of minimum entropy

production and verified by comparing with the results obtained by solving non-stationary

two-dimensional heat conduction equation numerically. The model is elaborated further by taking

into account heat flux limit and the plasma density modification due to the particle convection along

the magnetic surface, triggered by the plasma pressure imbalance arising by the local cooling.

[http://dx.doi.org/10.1063/1.4823995]

I. INTRODUCTION

An abrupt cooling of small regions takes place under

diverse conditions in plasmas of different types. This can

happen, in particular, when impurity particles spread from

intense localized sources in the edge plasma of fusion devi-

ces. As it was demonstrated in modeling, see Refs. 1 and 2,

if the density of injected impurity neutrals exceeds a critical

level of 1019–1020 m�3, a thermal instability develops due to

cooling of electrons and background hydrogen ions in inelas-

tic excitation processes and in elastic coulomb collisions

with impurity. As a result, the temperatures of plasma com-

ponents drop abruptly, during a time in the micro-second

range, from a value comparable with that before injection to

a level of 1 eV.

As an example, we consider phenomena at the initial

stage of massive gas injection (MGI) performed in tokamak

devices to mitigate plasma disruptions.3–5 Observations show

that the radiating impurity cloud spreads from the injection

port in the toroidal direction with a velocity of 500 ms�1

being close to the sound speed of neutrals injected at the

room temperature, see Fig. 15 in Ref. 5. On the one hand, this

contradicts the assumption that radiating impurity ions pro-

duced by ionization of neutrals are heated to the temperature

of the ambient plasma of 100 eV and move away with a

sound velocity of 20 kms�1. On the other hand, the observed

behavior can be explained by assuming a very low plasma

temperature in the radiating impurity cloud cooled down as a

consequence of a local thermal instability. Such an instability

can indeed develop because by a typical MGI, the critical

neutral density is achieved already during first 10 ls after the

moment when neutrals hit the plasma. Moreover, impurity

ions generated in the neutral cloud and heated to a local tem-

perature of 1 eV cannot freely escape from the cloud with the

corresponding sound speed because they are confined there

by the friction force owing to elastic collisions with impurity

neutrals and background ions. The latter are moving in

the opposite direction to the cold impurity cloud, being accel-

erated by the pressure gradient arising with the plasma cool-

ing in the cloud.1,2 Although direct measurements of local

plasma parameters under MGI conditions are still absent, the

formation of cold plasma in the neutral cloud has been experi-

mentally demonstrated by a strong enough puffing of the

working gas into tokamak TEXTOR.6 A very low plasma

temperature in the radiating impurity cloud near the injection

position allows also to interpret the rapid, during a time of

0.5–1 ms after the arrival of neutrals into the plasma, cooling

of the whole plasma edge, see Fig. 2 in Ref. 3, Fig. 1 in Refs.

7 and 8. This edge cooling, occurring in spite of the radiation

localization and low level of global radiation losses, can be

caused by the electron heat conduction along magnetic field

to the cold impurity cloud.9

In the present paper, we consider the evolution of

plasma parameters in the region of magnetic surfaces beyond

the cold plasma cloud on the stage of edge cooling. The

extent of the cloud along the magnetic field increases during

this event significantly less than by 1 m and is negligibly

small compared with a characteristic field line length of

100 m. Therefore, the heat conduction along the magnetic

field towards the radiating impurity cloud plays the dominant

role for the edge cooling. This phenomenon is of importance

both for the later phases of thermal and current quenches

during the plasma shutdown by MGI, being out of the scope

of this study, as well as for other applications of impurity

injection, e.g., for purposes of plasma diagnostics and con-

finement manipulation.10–13 Even such a limited task is chal-

lenging because the problem in question is non-stationary,

multi-dimensional, and non-linear since heat conductions of

plasma components are functions of the temperatures and

their gradients. Recently, such a modeling has been done by

solving numerically non-stationary two-dimensional heat

conduction equations on a particular magnetic surface.9 Due

to the non-linearity, essentially exaggerated through the very

large temperature variation inside the calculation domain,

the problem has to be treated with relatively small steps in

time and space. This leads to very large CPU time expendi-

tures, which will be again tremendously increased when,

instead of, an isolated surface the whole plasma volume will

be involved into consideration. Therefore, it is very desirable

to find some appropriate description that would allow to

reduce computation time significantly without any noticeable
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loss of the calculation accuracy. Furthermore, such a descrip-

tion has to be flexible enough to be extended by including

phenomena, being too demanding for a direct numerical

treatment, such as a heat flux limit (HFL) and the reaction of

the plasma density on the local cooling. To develop an

approach satisfying these requirements is the main task of

the present study.

The rest of this paper is organized as follows. In Sec. II,

we deduce from three-dimensional heat conduction equation,

a one-dimensional one for the time evolution of the radial

profile of the temperature averaged over the magnetic sur-

face region beyond the radiating cloud of cold plasma near

the injection port. An analytical model for the heat losses

from this hot region to the cloud with the heat conduction

along the magnetic field is elaborated in Sec. III. This model

is verified in Sec. IV by comparing with the results of direct

numerical solution for two-dimensional heat conduction

equation obtained in the previous study in Ref. 9. The model

is extended in Sec. V to include HFL and the reaction of the

plasma particle density out of the cloud during the edge cool-

ing phase. Finally, the results are discussed and conclusions

are drawn in Sec. VI.

II. BASIC EQUATIONS

The time evolution of the temperature T of a plasma

component can be described by a non-stationary three

dimensional heat transport equation

1:5@tðnTÞ þ rrqr þ @sqs þ @lql ¼ Q� K; (1)

where n is the particle density of the plasma component in

question; qr, qs, and ql are the components of the heat flux

density in the radial direction r across the magnetic surfaces,

and on the magnetic surface perpendicular, s, and parallel, l,
to field lines, respectively; Q is the density of the volume

heat sources and K—of the losses.

Consider the initial phase of a massive gas injection,

where a significant edge cooling takes place. Since the

injected impurity particles are still well localized near the

injection position, the loss term K can be neglected in the

main region of magnetic surfaces beyond this localization

area. The heat conduction coefficient, depending non-

linearly on the temperature and its gradient, varies extremely

sharply by approaching to the cold impurity cloud, where the

power is dissipated by impurity radiation. Therefore, very

fine temporal and spatial resolution is required to get a con-

verged solution of Eq. (1). Even with modern computers, a

direct solving of this non-stationary three-dimensional equa-

tion with a reasonable accuracy is an extremely CPU time

consuming task. One can, however, tremendously diminish

computational efforts by reducing Eq. (1) to one-

dimensional equation describing the radial profile of the tem-

perature averaged over the surface region in question,

beyond the cold cloud. The cloud itself has been investigated

in Refs. 1 and 2, where it was demonstrated that if the impu-

rity neutral density exceeds a critical level, the plasma com-

ponent temperatures drop very fast, during microseconds,

from a value comparable with that before injection to

1–2 eV. In the present paper, we consider the reaction of the

plasma rest to such a prompt cooling near the injection posi-

tion. By integrating Eq. (1) over the “hot” fraction of the

magnetic surface, out of the cold cloud of radiating impurity,

one gets

1:5@tðAhhnTihÞ þ Ahrrhqrih ¼ AhhQih �Wc; (2)

where Ah is the area of the “hot” magnetic surface region

beyond the cross-section of the cold cloud, h� � �ih means the

averaging over this area; during the edge cooling phase the

cold cloud cross-section remains small compared with the

whole magnetic surface and Ah � 4p2rR with R being the

surface major radius. In Sec. III, an analytical model for the

density per unit length in the radial direction of the heat loss

along the magnetic surface to the cold cloud, Wc, is pre-

sented. In Sec. IV, this model is verified by comparing the

results of numerical solution for the original heat transport

Eq. (1) from Ref. 9 and the surface averaged one (2).

III. MODEL FOR HEAT LOSSES TO THE COOLED
AREA

As it was already stressed above, we consider henceforth

the regions on magnetic surfaces beyond the radiating cloud

near the injection port, where the plasma is cooled down by

direct interaction of electrons and main ions with the impu-

rity. As experimental observations5 and calculations1 show,

this cloud widens with the sound velocity of the injected im-

purity neutrals. During the edge cooling phase with a dura-

tion of 0.5–1 ms, the cloud extend along the magnetic field,

2lc, see Figure 1, increases insignificantly and remains small

compared with the characteristic length L of field lines on

magnetic surfaces. Therefore, one can neglect the change of

lc, as well as of the cloud half-width dc during the whole pro-

cess in question. The cross-section of the cold cloud by a

magnetic surface, assumed as rectangle with the sides 2lc
and 2dc in the l and s directions, respectively, remains a

small fraction of the whole magnetic surface. For the major-

ity of non-resonant magnetic surfaces, the stripe along the

magnetic field connected to the cloud, see Figure 1(a), makes

many turns in the toroidal and poloidal directions x and y,

respectively, before it intersects the cold area again. Rather

than this happens, the temperature of the plasma component

in question approaches its maximum value on the surface,

Th. The same temperature level is sustained on the middle

dashed-dotted lines between the neighboring footprints of

the stripe. The whole magnetic surface can be unfolded as a

band between two middle lines, see Figure 1(b). At the outer

boundary of this band, the temperature is equal Th and at the

border of the cold area, Tc � Th.

The task of this section is to interrelate the heat outflow

along the magnetic surface to the cold cloud with the temper-

atures Tc and Th. To accomplish this, we use a method from

Ref. 14 to find approximate solutions of partial differential

equations of a parabolic type, such as heat conduction equa-

tions. This approach is based on the fact that such equations

do allow neither periodic sign-changing solutions, nor a sim-

ilar behavior of individual terms in the equation. Consider
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the l-stripe in Figure 1(b) inside which the transport is domi-

nated by the heat conduction along the magnetic field, jl, but

convection losses can be neglected, see Ref. 9. The heat con-

duction Eq. (1) is written here in the form

@lðjl@lTÞ ¼ Q; (3)

where the source term Ql on the right hand side combines all

other terms, i.e., time derivative, transport in other direc-

tions, and so on. For the parallel heat conduction, we assume

here the Spitzer-H€arm approximation,15 jl ¼ AT5=2, with A
dependent as 1=

ffiffiffiffi
m
p

on the particle mass m of the plasma

component in question. At the ends of the l-stripe, the tem-

perature is fixed: T¼ Tc and T¼ Th for l¼ lc and l¼L,

respectively. Moreover, @lT ¼ 0 at l¼L since Th is the maxi-

mum temperature on the magnetic surface. By assuming Q
weakly varying with the coordinate l, one can straightfor-

wardly find an approximate analytical solution of Eq. (3).

With the boundary conditions above Q can be excluded, and

for the temperature profile along the l-stripe, we get

Tl ¼ T7=2
c þ ðT7=2

h � T7=2
c Þ 1� L� l

L� lc

� �2
" #( )2=7

: (4)

For the total heat loss with the parallel heat conduction to the

cold area, one obtains

Wc ¼
4A

7
ðT7=2

h � T7=2
c Þ

4dc

L� lc
:

The transport on magnetic surfaces perpendicular to field

lines, the direction s, is normally much weaker than the par-

allel one and is neglected henceforth.

To calculate Wc one has to know the band length L. We

estimate this by employing a principle of minimum entropy

production.16 By neglecting viscous and friction forces, the

volume density of the entropy production rate is given as

follows:17

h � jlð@lTÞ2=T2:

To evaluate the total entropy production rate H on the part of

the magnetic surface in question, beyond the cold area cross-

section, we take into account that the parallel temperature

gradient is the most intensive in the l-stripe. This results in

H � 16

7
Adc

T
7=2
h � T7=2

c

p2rR=D� lc

1

Tc
� 1

Th

� �
;

where the band length L was expressed through its width D,

by taking into account that the band covers the whole mag-

netic surface, i.e., DL ¼ p2rR. Obviously, H is decreasing

with diminishing D and approaches its minimum for D ¼ dc,

22

FIG. 1. A magnetic surface with the cross-section of the cold cloud, the grey area, and stripes connected to the area along the magnetic field (a); the surface

unfolded as a band formed by lines running in-between two neighboring footprints of the parallel stripe.
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i.e., when the l-stripe covers tightly the whole magnetic sur-

face. In this case, lc � L and we have

Wc �
16

7

d2
c

p2rR
AðT7=2

h � T7=2
c Þ: (5)

IV. MODEL VERIFICATION

The outlined above analytical model for the heat losses

to the cold area is verified here by comparing the results of

numerical solutions for Eqs. (1) and (2) for the conditions of

massive gas injection in JET H-mode.5,8 In Ref. 9, Eq. (1)

has been solved on the stage of edge cooling in the region

beyond the radiating impurity cloud, where the heat loss

term K is still small. The combination of the radial transport

term on the left hand side and of the heat source term on the

right hand side, P ¼ Q�rrqr , was approximated analyti-

cally to diminish CPU time. This approximation was moti-

vated by the fact that in the initial steady state, the radial

transport and heating are in balance, i.e., P¼ 0. As the impu-

rity injection is initiated and the cold cloud with radiating

impurity arises near the injection valve, the radial tempera-

ture profile changes because the radial transport tries to cope

with the parallel heat conduction to the cloud. Eventually, on

a magnetic surface at the edge such a modification can be

considered as an additional heat source, increasing with the

deviation of the temperature from its initial level T0. In the

first approximation, P � �nðT0 � TÞ is assumed, with some

frequency � > 0. The study in Ref. 9 has demonstrated that

the characteristic time for the temperature decay due to par-

allel heat losses depends very weakly on � and, therefore,

the exact form of P is not of very importance. Finally,

according to Ref. 9, for the conditions in question of hot

enough edge plasma in JET, the coupling between electron

and ion temperatures through coulomb collisions is very

weak and can be neglected.

As one can see from Sec. III, in the toroidal geometry of

a tokamak no exact boundary conditions can be posed to

transport equations written in the coordinate system (l,s).

Therefore, we proceed to the toroidal and poloidal coordi-

nates x and y with respect to which all physical quantities are

periodic with periods 2pR and 2pr, respectively. The trans-

formation between two coordinate systems is straightfor-

ward, l ¼ x cos wþ y sin w; s ¼ �x sin wþ y cos w, where

the pitch-angle w between the magnetic field and the toroidal

direction is assumed, henceforth, independent of x and y. In

such a case, if the convective heat flow is neglected, Eq. (1)

results in the following one:

1:5@tðnTÞ � cos2 w@xðjl@xTÞ � sin2 w@yðjl@yTÞ
�sin w cos w½@yðjl@xTÞ þ @xðjl@yTÞ� ¼ �nðT0 � TÞ: (6)

Although the behavior of plasma density was not explicitly

considered in Ref. 9, two limit cases were analyzed there: (i)

the particle motion is so slow that n remains unaffected and

(ii) the particle fluxes are intensive enough to maintain the

plasma pressure very close to a constant value on the mag-

netic surface. Computations have shown that the electron

temperature evolution is actually insensitive to the assump-

tions on the density behavior and only the former situation,

with the constant density n � hni, is treated in this section.

With the approximations above, Eq. (2) is reduced to an ordi-

nary differential equation for the time evolution of the maxi-

mum temperature on the magnetic surface, Th

1:5dTh=dt ¼ �ðT0=hh � ThÞ �Wc=ðAhhhnÞ: (7)

Here, hh interrelates Th and the temperature averaged over

the hot area of the magnetic surface, hTih

hh ¼
hTih
Th
�

ðL

lc

Tdl

ThðL� lcÞ
: (8)

By using the temperature profile from Eq. (4) under the con-

ditions Tc=Th; lc=L� 1 in question, one gets hh � 0:95.

Calculations are done for the conditions of experiments

with MGI performed on the tokamak JET.5,8 The time evolu-

tion of the temperature near the separatrix with R¼ 3 m,

r¼ 1 m, and w¼ 0.056 is modeled; the initial electron tem-

perature and density are assumed as in JET shot 77808 with

MGI into the H-mode plasma, see the red curves in Figure 2

of Ref. 5, n0 ¼ 1019m�3 and T0 ¼ 250 eV. The dimensions

of the impurity neutral jet cross-section by the magnetic sur-

face are of 0:1 pr in the poloidal and toroidal directions.5

The plasma component temperatures in the cloud, Tc, are

assumed, according to Refs. 1 and 2, equal to 1.5 eV.

Figure 2 demonstrates the time evolution of the maxi-

mum electron temperature Teh on the magnetic surface in

question calculated with the Spitzer-H€arm approximation15

to the parallel heat conduction, jl ¼ AT5=2, for the nominal

FIG. 2. The time evolution of the maximum electron temperature on the

magnetic surface with the initial value T0 ¼ 250 eV, computed for �
¼ 1000 s�1 with different assumptions on the parallel heat conduction, by

using the elaborated analytical model for heat losses to the cold area (solid

curves) and by solving two-dimensional heat transport equation numerically,

see Ref. 9 (dashed curves).
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for electrons A � 1018m�1 s�1 eV�2:5, and A reduced by the

factors 0.3 and 0.1. One can see that the two-dimensional

partial differential Eq. (6) and ordinary differential Eq. (7)

provide very close time evolution of Teh. This fact is very

promising because the integration of Eq. (7) with the analyti-

cal model for heat losses to the cold cloud requires by a fac-

tor of 104 smaller CPU time than the solution of Eq. (6) with

a reasonable accuracy. We expect that also by calculations

of the total radial profile evolution, caused by a local cooling

at the plasma edge, the one-dimensional Eq. (2) can be used

instead of the three dimensional one (1) without a significant

loss of accuracy but with a similar relative reduction of the

CPU time.

V. FURTHER DEVELOPMENT OF THE MODEL

A. Introduction of heat flux limit

The results above show that with the Spitzer-H€arm

approximation to the parallel heat conduction, jSH
l , the char-

acteristic decay time for the electron temperature is of 100

ls, i.e., much smaller than that of 0.5–1 ms found in the

experiments. As it was demonstrated in Ref. 9, a possible

reason for this discrepancy is the violation of the condition

for the applicability of jSH
l , requiring the characteristic scale

for the change of the temperature T along field lines,

LT ¼ T=j@lTj, much larger than the mean free path length

between coulomb collisions, kc � 1016T2=n; ½m; eV; m�3�.
Such a violation can happen in the region near the cold cloud

with the extremely sharp temperature gradient and small LT.

In such a case due to the so called HFL phenomenon, one

expects for electrons a heat flux density, being a small frac-

tion n of the free-streaming one, nT3=2=
ffiffiffiffiffiffi
me
p

. The fact that

n� 1 is explained by (i) non-local effects in collisionless

plasma, reducing the perturbation in the distribution function

caused by a temperature gradient,18 and (ii) braking of elec-

trons by ambipolar electric field.19 By following an approxi-

mate formula in Ref. 20, describing smoothly the transition

between collisional and collisionless limits, we obtain,

instead of, the relation (5) the following one:

Wc ¼
7p2rR

16d2
cAðT7=2

h � T
7=2
c Þ
þ

ffiffiffiffiffiffi
me
p

dcnncT
3=2
c

" #�1

: (9)

B. Plasma density response to local cooling

The drop of the temperatures of plasma components in

the impurity cloud near the injection position caused by ther-

mal instability due to radiation and coulomb collisions with

impurity results in a large pressure gradient. This drives

flows of the main plasma particles along magnetic field lines

toward the cold cloud. As a result, the density of the main

hydrogen ions in the cloud, nc, increases and that in the “hot”

region of magnetic surfaces, nh, decreases. The plasma

streams to the cold impurity cloud with a sound velocity of

the main hydrogen ions, corresponding to the temperature in

the “hot” surface area, which is much larger than the spread-

ing velocity of the cold impurity cloud. Therefore, the cloud

dimensions remain much smaller than the field line length L

during the whole process of the plasma density redistribution.

To model properly this process one has to take into account

particle and parallel momentum balance equations. At the

plasma edge in the “hot” region of magnetic surfaces beyond

the impurity cloud, they are taken in the following form:

@tnþrrCr þ @sCs þ @lCl ¼ S; (10)

@tCl þrrðCrCl=nÞ þ @sðCsCl=nÞ
þ @l½C2

l =nþ nðTe þ TiÞ=mi � gl@lCl� ¼ F; (11)

where S is the plasma source density due to recycling of

main neutrals since the contribution due to ionization of the

injected impurity gas is small in the region in question; Te

and Ti are electron and ion temperatures, respectively, mi is

the mass of the hydrogen isotope ions, gl their parallel vis-

cosity and F is the sum of other forces such as friction with

recycling neutrals.

The integration of Eq. (10) over the hot region of the

magnetic surface provides:

@tðAhhnihÞ þ AhrrhCrih ¼ AhhSih � Gc; (12)

where Gc is the density, per unite length in the radial direc-

tion, of the loss of charged particles caused by the flow to

the cold cloud. To find Gc, we neglect the contribution due

to perpendicular transport on magnetic surfaces, which is

normally much less intensive than that along the magnetic

field. To estimate the latter, we write Eq. (10) as follows:

@lCl ¼ Sl;

where Sl combines all other terms in Eq. (10). With the

boundary conditions ClðlcÞ ¼ �Cc; ClðLÞ ¼ 0 and assuming

a constant Sl, we get:

Cl ¼ �CcðL� lÞ=ðL� lcÞ; Gc ¼ 4dcCc:

An equation for the density of the parallel outflow to the

cold cloud, Cc, we obtain by integrating Eq. (11) over the

hot region of the magnetic surface. For lc � L and the linear

profile of ClðlÞ found above, one gets:

@tðAhCcÞ þ Ahrr
CrCc

n

� �

� 2dc
nhðTeh þ TihÞ � 2ncTc

mi
� C2

c

nc
� glCc

L

" #
: (13)

Finally, we need an equation for the density of the main ions

at the boundary of the cold impurity cloud, nc. Roughly, this

is governed by the balance of the main ions in the cloud

@tðdclcncÞ þ dclcrrCr ¼ dclcSþ Gc: (14)

Note, due to the plasma quasi-neutrality nc can be significantly

smaller than the electron density in the impurity cloud.1,2 This

fact may be also of importance for nc itself because the elec-

tron density is involved into the source density S.
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To relate the densities hnih, nh, and nc, we take into

account that in any point beyond the impurity cloud, for

lc � l � L, the plasma density is between the minimum level

nh far from the cloud and the maximum local value, which is

approached in the equilibrium state with a constant pressure,

nmðlÞ ¼ gðlÞnh, where g ¼ ðTeh þ TihÞ=ðTel þ TilÞ and Tel, Til

are given by Eq. (4) for electrons and main ions, respec-

tively. In the first approximation, we assume that nðlÞ is a

linear combination of nh and nmðlÞ, with the individual

weights defined from the conditions nðl ¼ lcÞ ¼ nc and

nðl ¼ LÞ ¼ nh:

nðlÞ ¼ nh
gðlcÞ � gðlÞ
gðlcÞ � 1

þ nc
gðlÞ � 1

gðlcÞ � 1
: (15)

With a definition of hnih similar to that for hTih, see Eq. (8),

one gets for Tc � Teh;ih

hnih � nh þ 0:16ncTc=ðTeh þ TihÞ:

Thus, even if nc is approaching its maximum level

2nhTc=ðTeh þ TihÞ, corresponding to the pressure balance,

the deviation of hnih from nh is less than 10%. Therefore, an

error made by prescribing nðlÞ in the form of Eq. (15) is,

probably, insignificant. For the averaged pressures of plasma

components, involved into Eq. (2), we have obtained

hnTih � ½0:95nh þ 0:12ncTc=ðTeh þ TihÞ�Th:

C. Results of calculations

The functioning of the full system of Eqs. (2) and

(12)–(14) is demonstrated in the same approximation for the

combination of the radial transport and source terms as in

Ref. 9, by assuming these proportional to the deviation of the

parameters Teh, Tih, nh, Cc, and nc from their initial values T0,

T0, n0, 0, and n0, respectively, we obtain from Eqs. (12)–(14):

1:5dhnTih=dt ¼ �ðhnihT0 � hnTihÞ � ðWc þ 10CcdcTcÞ=Ah

(16)

for both plasma components,

dhnih=dt ¼ �ðn0 � hnihÞ � 4dcCc=Ah; (17)

dCc=dt ¼ 2

L

nhðTeh þ TihÞ � 2ncTc

mi
� C2

c

nc
� glCc

L

" #
� �Cc;

(18)

and

dnc=dt ¼ �ðn0 � ncÞ þ Cc=lc; (19)

where convection is also included into the heat losses to the

cold cloud. To integrate Eqs. (16) and (17) straightforwardly,

as equations for the variables hnTih and hnih, one needs rela-

tionships between them and Teh, Tih, nh involved into the

right hand sides

nh ¼ hnih � gcnc; Te;ih ¼
0:162Tc=gc

1þ hnTi;eih=hnTe;iih
;

where gc ¼
0:152hnihTc

hnTeihþhnTiihþ0:032ncTc
:

Figure 3 shows the time evolution of the parameters Teh,

Tih, nh, nc, and Cc, computed for the MGI conditions pre-

sented in Sec. IV with the Spitzer-H€arm approximation for

the electron and ion parallel heat conductions; Figure 4

shows the results obtained with the HFL at n ¼ 0:08 for elec-

trons. One can see that in the former case, the time evolution

of Teh is very close to that found above without consideration

of the particle convection and density modification induced

by the local cooling. With the HFL taken into account, the

decay time for the electron temperature is a much longer and

in good agreement with the experimental findings, see Refs.

5 and 8. The saturation of Teh at a level of 100 eV, being

noticeably higher than that of 50 eV observed in the experi-

ment, is probably due to the crudeness of the used approxi-

mation for the term P modeling the radial heat transport. A

better agreement is achieved with � decreasing in time.

Thus, our present results confirm the conclusion of Ref. 9,

where a numerical solution of two-dimensional heat balance

equations has been found numerically, although with a much

1

FIG. 3. The time evolution of the electron and ion temperatures (a) and plasma

density (b) far away from the cold impurity cloud and at its border, and

the density of the parallel particle flux into the cloud (c), computed with �
¼ 1000 s�1 and Spitzer-H€arm approximation to the parallel heat conductions.
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worse convergence in the case with the HFL. Thus, both

approaches, the present one with the analytical model for the

losses to the cold cloud, and the pure numerical one in Ref.

9, indicate that the heat flux limit indeed plays an important

role for the parameter evolution induced by a strong local

cooling.

Another feature, reproducing the experimental findings,

is the significant reduction of the plasma density nh far from

the cold impurity cloud, see Figures 3(b) and 4(b). A similar

behavior has been seen in the edge plasma region by MGI in

Alcator C-Mod, see Figure 4 in Ref. 4. This is explained by

the pressure equilibration along the magnetic field leading to

the condensation of the main plasma particles in the cold im-

purity cloud.

VI. CONCLUSION

A simple analytical model for the heat conduction losses

along a magnetic surface to the cold impurity cloud near the

injection position is elaborated. The model is verified by

comparing the results of calculations for the time evolution

of the maximum electron temperature on the surface with

those obtained by direct numerical solution of non-stationary

two-dimensional heat conduction equation, see Ref. 9. The

model is extended by including the heat flux limit and a

description for the reaction of the plasma density beyond the

cold impurity cloud. In agreement with the modeling in Ref.

9 present calculations indicate the importance of HFL for the

time evolution of the electron temperature at the plasma

edge far from the injection position. The decrease of the

edge plasma density found in calculations is caused by the

condensation of the main plasma particles in the cold impu-

rity cloud and agrees with observations on Alcator C-Mod

tokamak during MGI of argon.

With the present numerically verified analytical approxi-

mation for the heat and charged particle losses along mag-

netic surfaces to the cold impurity cloud, a three-

dimensional transport equations can be firmly reduced to

one-dimensional ones describing the time evolution for the

radial profiles of the surface averaged plasma density and

temperatures of plasma components. By combining these

equations with the “shell” approximation for the impurity

spreading from localized sources21 and models for the heat

balances of the plasma components in the cold cloud,1,2 a

coherent quasi-three-dimensional approach for modeling of

the coherent plasma reaction on a local cooling at the edge is

being elaborated now.

Finally, we want to stress the following. Particular cal-

culations in the present paper have been done for the condi-

tions of MGI experiments because they are good

documented due to significant interest to this method of dis-

ruption mitigation in tokamak devices. Nonetheless, our

approach is not intended to modeling of all stages of the

plasma shutdown, such as spreading of impurity cloud, ther-

mal and current quenches, but only the initial stage of the

edge cooling. This phenomenon is of interest for other appli-

cations of impurity injection, in particular, for the questions

under which conditions (i) diagnostic impurity beams start to

influence the plasma and (ii) plasma cooling can be provoked

by impurity seeding done for the purpose of confinement

improvement.
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