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The addition of suitable volume forces to the Navier-Sta@sation allows to simulate flows in
the presence of a homogeneous shear. Because of the eipliciof the driving the flows are
accessible to rigorous mathematical treatment and to ateciquantitative modelling in their
global properties. The statistics of the fluctuations mevinsight into generic behaviour of
non-equilibrium systems and into the presistence of amip@s at small scales. Correlation
functions can be used to identify dominant large scale dycelnprocesses that are relevant
for most of the momentum transport across the shear. Thenuahstudies of homogeneous
shear flows complement analytical and experimental inyatitins and contribute to bridging
the gap between ideal homogeneous isotropic turbulencéhentore realistic heterogeneous
turbulence.

1 Introduction

The turbulent flow of a fluid is a paradigmatic example for a-eguilibrium, nonlinear,
and self-organizing system. The flow has to be driven contisly to compensate the
viscous friction due to shearing; the advection of the flowdfi®y itself introduces a char-
acteristic nonlinearity; and the flow shows a hierarchiegbaization of smaller whirls on
top of larger on€’s It is one of the aims of turbulence theory to derive from thaations
of motion the laws that govern this self-organization incgpand time. Partial progress has
been made for the theoretically most appealing case of henems, isotropic turbulence,
where we have the Karman-Horwath equation for third ordemenats, a mean field the-
ory?, and a variety of models’, but for the most part an analytical theory is not within
reach. In the absence of such a formalism numerical sinomigiprovide both access to
the properties of the equations as well as guidance in dpwegantuition.

The power laws that describe the distribution of energy anwhrious scales quite
well can be obtained by dimensional arguments, followingnkagorov, Onsager, V.
Weizsacker, Heisenberg and RichardsoFhese power laws are truncated on large scales
by the forces that stir the fluid and on small scales by the toofseiscous dissipation.
Therefore, one would like to study huge systems with infgiiteal viscosity in order to
obtain as large a scaling range as possible. In terms of the &xale Reynolds number

Re=UL/v 1)

formed by an external velocity scalg an external length scale and the viscosity of the
fluid v, this is the limit of Re — oco. Phenomenological arguments show that the ratio
between the externally imposed lendttand the large eddy turnover tirffie= L /U to the
smallest scales andr that appear in the dynamics scale with Reynolds numbet like

n/L ~ Re™3/4 7/T ~ Re~ /2, 2

Thus, the number of modes that are needed in order to repieSed flow field increases
like Re/%. Since the maximal time step in the integration is not deteech by the time
scale of the flow, but by stability considerations followifigm the spatial discretization,
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the number of time steps increases like*/#, so that the total operation count increases
like Re3! As a consequence, the largest simulations run to date, e&anth simulator
with 40963 modes, achieve a Reynolds number of about 230.000 onlyddliowfthe flow
field for just one large scale time uhitHowever, the comparison of data by Sreenivdsan
suggests that already with a resolution of atZif® or 5123 one can reach into the iner-
tial range behaviour and thus begin to study the dominatisttal behaviour of turbulent
flows. This then opens up the possibility to study flows moediséc but also more com-
plicated than homogeneous isotropic turbulence.

In contrast to the theorists ideal, realistic flows are drilsg anisotropic forcings (e.g.
a uni-directional winds), influenced by boundary layersafnealls) and are in many other
respects far from the case of homogeneous, isotropic ®mbel A flow that is interme-
diate between realisitic flows and the ideal cases, and #rabe used to bridge the gap
is turbulence with a homogeneous, linear shear profile smpesed. It mimicks the situ-
ation that one expects to find, at least locally. An investigaof such flows then allows
to study the interaction between the turbulence and therstiearange over which the
anisotropies affect the scaling behaviour, and the coresemps of the shear for dynamical
transport processes in the flow.

The problem with homogeneous shear flows is that it is notais/how to maintain
the shear. Driving the fluid from the boundaries, e.g. by Gjtpty moving side walls, will
produce the familiar boundary layers with large gradient$ @ bulk region with reduced
ones. Rogallbthus suggested to drive the fluid by continuously sheariagémputational
grid. Obviously, after a while, the grid will be extremelystbrted and a remeshing will
be necessary in order to restore the initial resolution. We appropriate terms are
introduced into the Navier-Stokes equation, this amowunésgieriodic driving of the fluid,
and thus a temporally inhomogeneous situation.

In 1999 we started a research programme based on a noveldneithovhich we can
simulate homogeneous shear flows with prescribed forchgrs and residual turbulence.
The essential idea is to employ a body force that can be tunétithe appropriate re-
guirements. It is a numerical tool, not realizable in expents, that is fairly versatile and
amenable to mathematical analysis and provides insightessible to obtain otherwise.

The outline of the article is as follows. We begin in sectiowith a description of
the numerical methods used. We then turn in section 3 to arigésa of the global
properties of the flow, the connection to rigorous matherahtboounds and to a model
for the relaxation of the turbulent energy. The fluctuatiansund the mean properties,
their probability distributions and their scaling with Rejds number are discussed in
section 4. The dynamical properties as reflected in dyndroaraelation functions and
their significance for large scale momentum transport aseudised in section 5. A brief
outlook concludes the article.

2 Simulating Homogeneous Shear Flows

The Navier-Stokes equation for an incompressible fluidadrivy a divergence free volume
forceF is, in dimensionless form,

0 1
—u—i—(u-V)u:—Vp—i—EVQu—i—F, 3)

ot
V-u=0, (4)

354



with p(x, t) the pressure, andl(x, t) the velocity field that satisfi€g -u = 0. The difficult
and time-consuming part of the integration is the evaluedifdhe nonlinear advection term
(u- V)u. High Reynolds number simulations therefore prefer Fougpresentations for
the velocity field, so that Fast Fourier Algorithms can bedugseobtain the gradients as a
local multiplication in wave number space. The aliasinggbem is handled with the 2/3
rule’. In order to break the inherent periodicity of the Fourierd@s, which implies that
to every region with positive shear there will be one with atage shear shifted by half
a period, we bound the domain by free-slip walls in the sh@&aiction: these boundary
conditions are then compatible with a Fourier represemmaif the velocity field.

The coordinates are chosen such thatoints downstreamny in the direction of the
shear, and in spanwise direction. I andz we take periodic boundary conditions, and
in they direction free-slip conditions, i.e.,

e _ 9 ©
dy Oy
at top and bottom surfaces. The size of the domdj, ] x [0, L,] x [0, 27]. The length
L, is taken to bel or 7. The typical Fourier resolution 56 x 129 x 256. As a rule of
thumb the spectral resolution is considered sufficient wherargest wave numbeét,, ..
and the smallest turbulent scalesatisfy k.,,..n7 > 1, although for quantities sensitive
to gradients the fluctuations ip may have to be taken into account, so that even more
restrictive conditions have to be satisfied (SchumacheBaeenivasan, work in progress).
Because of the dealiasing the largest wave number is givar2dy/3 for N modes.

For turbulent flows it has become customary to use not theredt®eynolds number
Re but an easily computable and measurable intrinsic ReymaldsherRy = U,.,sA/v.
It is based on the root mean square veloéity,, ;s and the Taylor length scalk obtained
from the gradients of the velocity field,

uy =0, and

{(Ous/02)°)
(uf)

In isotropic turbulence the relation between the largeesBaynolds numbeRe and the
Taylor-Reynolds numbeR,, is given by

A= (6)

Re ~ 0.15R3 . (7)

Our simulations reach up t&, ~ 150 on a5123 grid for the bounded flow domains, the
earth simulatdrmanagesk, ~ 1200 for isotropic turbulence.

The flow is naturally homogeneous.inandz, so that for statistical purposes we can
form averages over plangs= const, henceforth denoted. .) 4. It cannot be fully homo-
geneous in thg-direction because of the vanishing gradients at top animogurfaces,
but the simulations show that the widths of these free slipnidary layers is small and
decreases with increasing Reynolds number (see the ink&j.cf and Ref. 7).

Two forms of driving are typically used: we can fix a force fi#ldand study the flow
that results, or we can prescribe the mean profile and adjasforce so that this mean
profile is maintained. In the latter case, the force comptessae contributions that would
result from the nonlinear term and the pressure, in ordeegphkhe amplitudes of a set of
preselected Fourier components constant.
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The mean profiles and the statistical properties of this fl@wewcompared to experi-
ment and other simulations in Ref. 9. Itturns out that thehmeéeasily yields a statistically
stationary state and that the dynamics of the flow is muchviedsnt than in the case of

the Rogallo remeshing, i.e. the bursts in energy and ersgrypically found ther&: 1!
are absent.

3 Globally Averaged Properties

A quantity that is amenable to rigorous mathematics wittemgplementary hypothesis

and additional models is the total dissipation in the meam, the turbulent dissipation

averaged over the flow domain and over time,
e=v(Vul®)yr.

(8)

The optimal bound theories of Buségthe variational approaches of Constantin and Do-
ering'3, Kerswelf* and Nicodemus et & and their recent extension to volume driven

flows'® 17 show that this dissipation is rigorously bounded from aldmyan expression of
the form

U? U3

2?277,5 + CQ Téﬂ,s (9)
with numerical coefficientg; andc,. The velocity scald/,.,,; is set by the root mean
square of the velocity and is the length scale of the external driving. If a Reynolds
number is formed wittl,..,., i.e. Re = U,..,s¢/v, then this bound is consistent with the
expectation that ~ Re? for large Re.

e < cv

10" fx

10" ’ L TTesATTzass

rms

0.5

eliu®

B=

10 ¢

H
Mean profile
o
A
D
\
\
\
\
e
S e
-

10"

1

10

2 3

Re=U__Iiv
rms

Figure 1. Dimensionless dissipation rati#), vs. Reynolds number for a flow driven by a constant sheaeforc
The results of the direct numerical simulations are inéiddty diamonds with error bars from the statistics of the
fluctuations. The straight dotted line indicates lower fitoi the dissipation, obtained for a laminar shear flow.
The three other lines are analytically derived and suceBsimproved bounds. The inset shows the mean flow
profiles (u,) 4, 7 vsy for two different Reynolds numbers.
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For the specific case of a sinusoidal driving the bounds aedrésults from a
numerical simulation are shown in Fig. 1. The coefficientrrthe upper bound is
Cco = w2/¢m ~ 0.67, whereas the numerical simulations indicate ~ 0.2, about a
factor 3 lower. It is interesting to note that the differermdween the bounds and the
numerical simulations is much smaller than in the case ofdvalen shear flow®, where
the difference is about a factor 10, and that in contrast & ¢hse the dissipation does
not tend to decrease with increasing Reynolds number. Tigigests that volume forces
provide a more efficient stirring than moving boundaries.

The instantaneous dissipatie(t), energy contenk(t) = (u?)y /2, and energy uptake
I(t) = (u-F)y are not constant but fluctuate fairly irregularly. An eqaatfor their
dynamics can be derived with less mathematical rigor blitdstectly from the Navier-
Stokes equations with minimal assumptions. Multiply theidaStokes equation (3) once
with u and once withF and average over the fluid volume. Then:

dE
o = —e(t) + I(t), (10)
(;_i = —(F-[(u-V)u))y +v(u- AF)y + (F?)y . 11)

In case the force field is an eigenfunction of the Laplaciha,term(u - AF)y becomes
proportional tol(¢). The equations can then be closed by relating the energipaliss
tion and the term quadratic in the velocity in the second #qndo the energy content,
€ = cqFB3/2, and(F - [(u - V)u])y = c¢;E. Then

?j_f = —caBPP(t) + I(t), (12)
% = —¢;E(t) — vAI(t) + F, (13)

where the last term contains the norm of the force profiles (F?)y,. The model con-
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Figure 2. Comparison of the energy model with direct nunaérsimulations of a shear flow. The left panels
show time traces of the energy content (top) and energy etadttom). The panel on the right shows a typical
trajectory from the DNS, superimposed on the color contadithe probability density from the model in the

presence of additive white noise.
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stantscy andcy can be determined from turbulent flow simulations. Theseaggus have

a stationary state, corresponding to the time average gremtent and energy uptake.
Interestingly, the relaxation to this stationary statessiltatory. Fig. 2 shows a typical
trajectory from a numerical simulation: the fluctuationsttare superimposed on the mean
values always drive the system away from the stationarg statt the relaxation towards
the stationary state is not unlike the dynamics in the mo#¢hen the fluctuations are
modelled as additive white noise the colored probabilitygiy results. The intensity of
the noise was determined from the requirement that the sev@ments of the measured
fluctuations be reproduced.

The model provides a promising starting point for the arialytrelaxational behaviour
in excited turbulent flows (previously observed in Ref. 13,dnd for the response dynam-
ics of periodically driven flow&" 2L In view of the exact results that could obtained for the
stationary situation it will also be interesting to see wieetsimilar results can be obtained
for periodically driven flows.

4 Local Fluctuations

Simulations and model in the previous section show thatggnéissipation and energy
uptake in a turbulent flow are fluctuating quantities, anchéteugh they are equal in the
mean, they can be different for short times. The distributibsuch fluctuations is a matter
of debate, with experiments by Pintehal 2> showing strongly non-Gaussian fluctuations,
whereas the data of Cadet al?® are compatible with a Gaussian distribution. Since
difference may be related to the size of the domains overtwihie flow field was averaged
we studied the local energy uptake. This also shows cleaasiges for the presence of
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Figure 3. Statistics of energy uptake for different vettigasitions in the shear layer. The probability density
functions (PDF) normalized by the mean values are showneiriet panel. They are based on more than 100
turbulent snapshots separated in time by 1.5 large eddgvarriimes with a total of about x 108 data points.
The PDF's are shown for three different Reynolds numb&es,= 270 (red), 360 (blue) and390 (green) and
two different positiongyg in the normal direction (thin lines for 0.27 and thick lines ©.02). The right panel
shows the ratio of the probability for positive and negagnergy dissipations.

358



negative energy uptake, indicating a reverse flow in enexgy the turbulent fluid to the
stirrer. Such events are very rare, and if the average oeefiiuld volume is taken, they
essentially never happen. However, locally the fluctuatiohenergy uptake rates can
take on both signs, and quite frequently become negatiagisits of the instantaneous,
pointwise energy injection ratg, (x, t) = u(x, t)-F(x) were analyzed in Ref. 24. Since
the system is invariant under translation in downstreamspaghwise direction, but not in
the normal direction, we study the distributions for plapagallel to the bounding free-slip
surfaces separately. The probability density functionthefenergy input rate in units of
its ensemble averagé,,)v,7, and for different positions between the plates are shown in
Fig. 3.

The probability density functions for different Reynoldsmbers collapse nicely when
normalized by the mean, but the distributions vary consiblgracross the layer. Negative
values, i.e. transfer of energy to the stirrer, occur fairgquently, and are more likely
further away from the center. The relative frequency betwsssitive and negative energy
uptake shows an exponential relation. Such exponentéatioak have recently been found
in many non-equilibrium systems where they could be cormict fundamental symmetry
properties of non-equilibrium invariant measufegor hydrodynamic systems these ideas
do not strictly apply, since the Navier-Stokes equationasraversible. But the study of
Faraga® shows that even in the absence of that symmetry, as e.g. fovenBan particle,
similar relations can be justified analytically.

Since homogeneous shear flows are in a sense the first steffrawaigleal isotropic
turbulence, one can ask how the statistical propertieeariallest scales of the turbulent
flow are affected by the shear. In a pioneering paper Lufijenedicted a rapiaR;1 decay
of such anisotropies with Reynolds number. Recent systemeasurements in simple
shear flow&3! for Taylor microscale Reynolds numbers up Ry ~ 103 show clear
deviations from the predicted decay. Moreover, direct miraésimulations (DNS) for
moderate Reynolds numbers confirm a persistent anisotrapyeaeal a relation to typical
large-scale flow structures, so-called streamwise stt&8k 33 While the anisotropies
stillltend to become smaller with increasing Reynolds numthee decay is slower than
R,".

5 Dynamical Correlations

Various kinds of structures in shear flows such as vorticiesaks or waves have been
identified and considerable efforts have gone into ideimtifyheir dynamical origins and
evolution. The isosurfaces of the downstream componerteflow field in Fig. 4 show
that even though the driving is homogeneous in spanwisetdirethe flow organizes
into large regions with very high positive (red) or negatfie) downstream velocity.
Such structures are called streaks. They induce strondegtacand shear instabilities
and play an important role in a turbulent recycling processcdbed by Waleff¢ that
consists of three steps: i) downstream vortices mix fluichenrtormal direction and drive
modulations in the downstream velocity, forming strealjstreaks undergo an instability
to the formation of vortices pointing in the normal directidii) the mean shear profile
now turns these vortices again in downstream directiors tosing the loop. Of these
processes the ones in step iii) and ii) are reasonably fadstrems the one in i) is fairly
slow, since it is connected with a non-normal amplificatiod &us only linear in time.
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Streamwise velocity R;L:170

Figure 4. Isosurface plot of a turbulent streamwise vejamitapshot for a DNS of homogeneous shear turbulence
at Ry = 170. Level atv, = 2 is coloured red, level at, = —2 blue. The elongated structures can be identified
as streaks.

The indicator for non-normal amplification that we focus a@méhis a temporal cross-
correlation functiof®. Since the vortex drives the streak a cross-correlatiowdsn the
vortex and the streak should be asymmetric in time: if theadtis probed after the vortex
then there might be a correlation, if it is probed before ttheme should not be a correla-
tion. For the fluctuations in a linearization around a lirgegar profile this can be analyzed
analytically?®.

In order to see this in turbulent flows we study Eulerian spatnd temporal cross-
correlation functions between the downstream and normlatitg components at fixed
heightsy, i.e.,

Cmy(A-Ta At7 yO) = <Uy('ra Yo, <, t)’Uz(ZE + AZE, Yo, =, t+ At))z,z,t . (14)

The correlation function has elongated oval like isocorgdbat are not aligned with the
axes (Fig. 5). The angle by which it is tilted gives a velodhgat seems to differ a bit
from the mean velocity of the flow (indicated by the green)lin@ne-dimensional cuts,
such as the one along the red line at fixed position, suppoatsgmmetry, indicative of
the non-normal amplification procé&sThe cut along the line given by the mean velocity
(green) is what would be expected in a hot-wire anemometar fated position using
Taylors-hypothesi¥.

6 Outlook

The investigations on homogeneous shear flows presentedhbee helped to understand
the dynamics of energy and dissipation, of the behaviouheffiuctuations and the dy-
namical process that are active. There are several dinsciiowhich one can proceed:
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Figure 5. Spatio-temporal cross-correlation function ofraulent shear flow evaluated at a fixed normal position
yo between the free-slip boundaries. The left panel showsdahtoar plots ofCyy (Az, At; yo) as defined in
(14). The right panel shows one-dimensional cuts in timeafired position (red) and along a position moving
with the mean velocityAz = (uz)(yo)At (green). The green correlation function is one to be expecte
on the basis of Taylor's frozen flow hypothe¥is The inset shows the asymmetry paramefer= (C(t) —
C(=1)/(C(t) + C(—t)).

one option is to add tracers in order to study the dynamicdweeted Lagrangian frames,
expecially the relative dynamics of three or more partisiese it should contain informa-
tion about the statistically conserved quantities in thecadé®, and since it connects to
the experiments of Bodenschatz eéfallong similar lines, it should be interesting to add
scalar fields in order to study their mixing dynantftsActive particles, like long flexible
polymers, will be stretched by the flow fiéfdand will interact with the flow and will inter-
fere with the large scale dynamics, so as to reduce turbdtegtin the fluid. The insights
gained in the homogeneous shear flow studies will be extsewadiable in understanding
the properties of these added fields.

Acknowledgements

We thank C. R. Doering, H. H. Fernholz, W. I. Goldburg, M. Abek, R. Pandit, W.
Schroder, K. R. Sreenivasan, and P. K. Yeung for stimuatiiscussions. Most of the
simulations were done on the Cray T90 and Cray SVl1ex supqratars at the John von
Neumann-Institut fur Computing at the Forschungszentiulich and we are grateful for
their steady support. The work was also supported by theddbhatForschungsgemein-
schaft, by the European Network HPRN-CT-2000-00162 on Meai turbulence, by the
Alexander von Humboldt-Foundation within the Feodor Lyrestiowship Program, and
by Yale University.

References
risch,Turbulence Cambridge University Press, Cambridge 1995.

1. U.F
2. H. Effinger and S. Grossmann, Z. Phys6® 289 (1987).
3. S. B. PopeTurbulent flow Cambridge University Press, Cambridge 2000.

361



N

37.

38.
39.

40.
41.

Y. Kaneda, T. Ishihara, M. Yokokawa, K. Itakura and A. URbys. Fluids.15, L21
(2003).

. K.R. Sreenivasan, Phys. Flui@g, 1048 (1984); Phys. Fluids0, 528 (1998).
. R. S. Rogallo,Numerical experiments in homogeneous turbulen¢&SA Tech.

Mem. 81315 (1981).

. G.S. Patterson and S.A. Orszag, Phys. FlL#2538 (1971).

. B. Eckhardt and J. Schumacher, Phys. Re&4B16314 (2001).

. J. Schumacher and B. Eckhardt, Europhys. 15&t627 (2000).

. A. Pumir, Phys. Fluid8, 3112 (1996).

. V. Yakhot, Phys. Fluid5, L17 (2003).

. F. H. Busse, Adv. Appl. Mecii8, 77 (1978).

. C.R. Doering and P. Constantin, Phys. Re49r4087 (1994).

. R.R. Kerswell, Physica D21, 175 (1998).

. R. Nicodemus, S. Grossmann and M. Holthaus, Physica0D 178 (1997);

J. Fluid Mech.363 281 (1998).

. C.R. Doering and C. Foias, J. Fluid Med%.7, 289 (2000).

. C. R. Doering, B. Eckhardt and J. Schumacher, J. Fluidhvi&@4, 275 (2003).
. A. Schmiegel and B. Eckhardt, Europhys. L&tt, 395 (2000).

. J. Schumacher and B. Eckhardt, Phys. Re&3 046307 (2001).

. 0. Cadot, J. H. Titon and D. Bonn, J. Fluid MedR5, 161 (2003).

. A.von der Heydt, S. Grossmann and D. Lohse, Phys. RéV, 846308 (2003).
. S. T. Bramwell, P. C. W. Holdsworth and J.-F. Pinton, Na896, 552 (1998).
. J. H. Titon and O. Cadot, Phys. Fluitls 625 (2003).

. J. Schumacher and B. Eckhardt, Physica D, in press (2003)

. D.J. Evans, E. G. D. Cohen and G. P. Moriss, Phys. Rev.7lle401 (1993).
. J. Farago, J. Stat. Phyi€)7, 781 (2002).

. J. L. Lumley, Phys. Fluids0, 855 (1967).

. S. Garg and Z. Warhaft, Phys. Fluitl 662 (1998).

. M. Ferchichi and S. Tavoularis, Phys. Fluids 2942 (2000).

. X. Shen and Z. Warhatft, Phys. Fluitig 2976 (2000).

. A. Staicu and W. van de Water, Phys. Rev. L@®.094501 (2003).

. J. Schumacher, J. Fluid Mectd1, 109 (2001).

. J. Schumacher, K. R. Sreenivasan and P. K. Yeung, PhyigisEb, 84 (2003).
. F. Waleffe, Phys. Fluids, 883 (1997).

. B. Eckhardt and R. Pandit, Eur. J. Phys38373 (2003).

. B. Eckhardt, A. Jachens and J. SchumacdReynolds number scaling in turbulent

flow, A.J. Smits (ed.) Kluwer Academic Publishers, 2003, pp.-255.
A.A. TownsendThe structure of turbulent shear flon&nd ed. (Cambridge Univer-
sity Press, Cambridge, 1976).

G. Falkovich, K. Gawedzki and M. Vergassola, Rev. ModysPH3, 913 (2001).
A. La Porta, G. A. Voth, A. M. Crawford, J. Alexander andBfdenschatz, Nature
409, 1017 (2001).

J. Schumacher and K.R. Sreenivasan, Phys. Rev.9%ett74501 (2003).

B. Eckhardt, J. Kronjager and J. Schumacher, Comp. .P@ysnmun. 147, 538
(2003).

362



