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1 Introduction

In Computational Materials Science we have learned a lot friolecular dynamics (MD)
simulations that allows us to follow the dynamics of molegyrocesses in great detail.
In particular, the combination of MD simulations with degsiunctional theory (DFT)
calculations of the electronic structure, as pioneeredentioan thirty years ago by the
work of R. Car and M. Parrinelfg has brought us a great step further: Since DFT enables
us to describe a wide class of chemical bonds with good acgLitdhas become possible
to model the microscopic dynamics behind many technolbdgicportant processes in
materials processing or chemistry. It is important to msathat the knowledge we gain
by interpreting the outcome of a simulation can be only asbéd as the theory at its
basis that solves the quantum-mechanical problem of thersysf electrons and nuclei
for us. Hence any simulation that aims at predictive poweugh start from the sub-
atomic scale of the electronic many-particle problem. Hawvefor many questions of
scientific or technological relevance, the phenomena efést take place on much larger
length and time scales. Moreover, temperature may play eatrole, for example in
phase transitions. Problems of this type have been hangl&datistical Mechanics, and
special techniques such as Monte Carlo methods have beeloged to be able to tackle
with complex many-particle systefnd However, in the last decade it has been realized
that also for those problems that require statistics forop@rtreatment, a 'solid basis’ is
indispensable, i.e. an understanding of the underlyingemaér processes, as provided
by DFT or quantum-chemical methods. This has raised irttéréechniques to combine
Monte Carlo methods with a realistic first-principles dgstoon of processes in condensed
matter*

I'd like to illustrate these general remarks with examptest my own field of research,
the theory of epitaxial growth. The term epitaxy means thatdrystalline substrate im-
poses its structure onto some deposited material, whichforaya smooth film or many
small islands, depending on growth conditions. Clearlydalimg the deposition requires
a sample area of at least mesoscopic size, gsay?l involving tens of thousands of atoms.
The time scale one would like to cover by the simulation stidnd of the same order as
the actual time used to deposit one atomic layer, i.e. of thercof seconds. However,
the microscopic, atomistic processes that govern the physid chemistry of deposition,
adsorption, and diffusion operate in the length and timeaosof 0.1 to 1 nm, and femto-
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Figure 1. Molecular modeling on the basis of first-principdectronic structure calculations requires to cover the
length and time scales from the electronic to the mesosar@een macroscopic regime. On the electronic level,
density functional theory (DFT) is frequently employed. Iktular dynamics (MD) simulations can be carried

out either in combination with DFT, or by using classicaldes, which allow one to extend the simulations

to bigger length and time scales. The kinetic Monte Carlohmétmay reach out to very large scales (much
depending on the rate constants of the processes relevansgecific problem), while being able to use input

from DFT or MD simulations.

to pico-seconds. Hence incorporating information aboornit processes into modeling
of film growth poses the challenge to cover huge length and sioales: froni0~1°m to
10~%m and from10~15s to 10" s (cf. Fig. 1). While smaller length scales, comprising a
few hundred atoms, are typically sufficient to gain insight). about the atomic structure
of a step on a surface and its role for chemical reactions #ord diffusion, the gap be-
tween the atomic and the practically relevéinte scalesnd the crucial role of Statistical
Mechanics constitute major obstacles for reliable mokcodeling.

An additional challenge arises due to the complexity of therqmena to be investi-
gated: One of the fascinating features of epitaxy isittterplay of various atomic pro-
cesses. For example, atoms deposited on an island may b&oahtercome the island
edge ('step down to the substrate’) for specific edge orilms. Thus, while the island
changes its shape (and thus the structure of its edges)gdyminvth, this will enable (or
disable) material transport between the island top andutbstsate, resulting in a transition
from two-dimensional to three-dimensional island growgh\(ice versa). The possibility
that processes may 'trigger’ other processes during thieren of structures can hardly be
foreseen or incorporatedpriori in analytical modeling, but calls for computer simulations
using statistical methods.

In epitaxial growth, lattice methods exploiting the twavdinsional periodicity of the
substrate lattice are often — but not always — appropriato i other fields of Solid State
Physics, mathematical models defined on lattices have ksshfar a long time. A well-
known example is the Ising model in the study of magnetisnde#icribes the interaction
between magnetic moments (spins) sitting on a lattice gratake on two states only ('up’
or 'down’, represented by variables= +1). The Hamiltonian of the Ising model is given
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by

H(s) = —qu Z 885 — ,uBBZSi (1)
i jen(i) i

wheren (i) denotes the set of spins interacting with spidj is the strength of the interac-
tion between sping; is the number of interacting neighbotg/; = const = kgT,, where
the last equality is valid in the mean-field approximatiamd B is an external magnetic
field .

In surface physics and epitaxy, a mathematically equitatesdel is used under the
name ’lattice Hamiltonian'. It describes fixed sites on &datthat can be either empty or
occupied by a particle (e.g., a deposited atom). The intieresbetween these particles are
assumed to have finite range. The lattice-gas interpretafithe 1sing model is obtained
by the transformation; = 2¢; — 1, ¢; = 0,1,

H=-4J,> > cic;+2(¢Jy— psB) Y ¢i — N(gJy — uB). )
i jen(i) i
For studies of epitaxy, one wishes to describe not only neyresk of atoms, but films
that are several atomic layers thick. These layers may natysl be complete, and islands
and steps may occur on the growing surface. For a close-paukstal structure, the
atoms at a step are chemically less coordinated, i.e., theg fewer partners to form a
chemical bond than atoms sitting in flat parts of the surfacee(races), or atoms in the
bulk. Hence, it costs additional energy to create stepsjnikskin the steps. Inspired by
these considerations, one can define the so-called sol&blich (SOS) model, in which
each lattice site is associated with an integer variabke)dbal surface height;. In the
SOS model, an energy 'penalty’ must be paid whenever twohteigring lattice sites

differ in surface height,
H=K;» > |hi—hyl. 3)
i jen(d)

This reflects the energetic cost of creating steps and kiftke. SOS model allows for a
somewhat idealized, but still useful description of the piarogy of a growing surface, in
which the surface can be described mathematically by aesiveglied functiorh defined
on a lattice, i.e., no voids or overhangs in the depositectrizdtare allowed. In the fol-
lowing, we will sometimes refer to one of these three modeiflustrate certain features
of Monte Carlo simulations. More details about these andratipdels of epitaxial growth
can be found in books emphasizing the statistical-mecbkaspects of epitaxy, e.g. in the
textbook by Stanley and Barabasi

In studies of epitaxial growth, model systems defined thhoagimple Hamiltonian,
such as the lattice-gas or the SOS model, have a long histedynumerous phenomena
could be described using kinetic Monte Carlo simulationseldeon these models, dating
back to early work by G. H. Gilméy later extended by D. D. Vvedenskand others.
For the reader interested in the wealth of structures obseirvthe evolution of surface
morphology, | recommend the book by T. Michely and J. Krugespite the rich physics
that could be derived from simple models, research in thiedesade has revealed that
such models are still too narrow a basis for the processegitaxél growth. Thanks to
more refined experimental techniques, in particular seaphinneling microscoply but
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also thanks to atomistic insights provided by DFT calcoladi® 1%, we have learned in

the last ten years that the processes on the atomic scaleyare means simple. For
example, the numerous ways how atoms may attach to an istatttecsubstrate display
a stunning complexity. However, kinetic Monte Carlo methade flexible enough so that
the multitude of possible atomic processes can be codedimwation program easily,

and their macroscopic consequences can be explored.

Apart from simulations of epitaxial growth, thermodynaragwell as kinetic Monte
Carlo simulations are a valuable tool in many other areasoafputational physics or
chemistry. In polymer physics, the ability of Monte Carlothwds to bridge time and
length scales makes them very attractive: For example,dileng properties of polymer
dynamics on long time scales (often described by power laarspe investigated by Monte
Carlo simulationg? Another important field of applications is in surface cherngisind
catalysid® 14 Here, Monte Carlo methods come with the bargain that thiewalis to
study the interplay of a large number of chemical reactionseneasily and reliably than
the traditional method of rate equations. Moreover, alsthiig field, feeding information
about the individual molecular processes, as obtainedremm. DFT calculations, into the
simulations is a modern trend pursued by a growing numbezsearch group® 6

2 Monte Carlo Methods in Statistical Physics

The term 'Monte Carlo’ (MC) is used for a wide variety of metisan theoretical physics,
chemistry, and engineering where random numbers play am#sisrole. Obviously, the
name alludes to the famous casino in Monte Carlo, where randonbers are generated
by the croupiers (for exclusively non-scientific purposds)the computational sciences,
we generally refer to 'random’ numbers generated by a coenpsi-called quasi-random
numberé,

A widely known application of random numbers is the numedealuation of integrals
in a high-dimensional space. There, the integral is replayea sum over function evalua-
tions at discrete support points. These support pointsraserdfrom a random distribution
in some compaci-dimensional suppog. If the central limit theorem of statistics is ap-
plicable, the sum converges, in the statistical sense rtsithe value of the integral. The
error decreases proportional to the inverse square rodteohtimber of support points,
independent of the number of space dimensions. Hence, Moarie integration is an
attractive method in particular for integration in highvdinsional spaces.

In Statistical Physics, a central task is the evaluatiorhefgartition function of the
canonical ensemble for an interacting system, describeal lHgmiltonianH. The con-
tribution of the kinetic energy téf is simple, since it is a sum over single-particle terms.
However, calculating the potential energy teiz) for an interacting many-particle sys-
tem involves the evaluation of a high-dimensional integfahe type

2= [[aroen (01, “

Here,z stands for a high-dimensional variable specifying theesystonfiguration (e.g.,
position of all particles). Evaluating this integral by a Me Carlo method requires special

aConcerning the question how a deterministic machine, sach @mputer, could possibly generate random’
numbers, the reader is referred to the numerical mathesniticature, e.g. Réf’.
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care: Only regions in space where the potentials small contribute strongly. Hence,
using auniformlydistributed set of support points would waste a lot of coraprgsources.
Instead, one employs a technique cali@gortance sampling We re-write the partition
function

7 = /Cd,u(ac) (5)

with the Gibbs measuréu(z) = exp(—U(z)/(ksT)) dz. The expectation value for an
observable is evaluated as the sum aveampling points in the limit of very dense sam-

pling,

1 2 Oz ()
O:—/Oxdux:hm =1 .
0)=~ . () dp(x) = Tim ST i)
When we generate the sampling points in configuration space according to theirieq
librium distribution, Poy(z) = + exp(—U(z)/(ksT)) ~ p(x;)/ > 1, p(z;), we are in
position to calculate the thermodynamic average of anyrehbée using

(6)

1 n
(0) =~ ;om). )

The remaining challenge is to generate the support poirtsrding to the equilibrium
distribution. Instead of giving an explicit descriptiontbe equilibrium distribution, it is
often easier to think of a stochastic process that tells ustbduild up the list of support
points for the Gibbs measure. If an algorithm can be judilypdesigned in such a way as
to retrieve the equilibrium distribution as its limitingstiiibution, knowing this algorithm
(how to add support points) is as good as knowing the finalawa& This 'philosophy’ is
behind many applications of Monte Carlo methods, both irrtfaém of quantum physics
(Quantum Monte Carlo) and in classical Statistical Physics

To be more precise, we have to introduce the notion Bfaakov process Consider
that the system is in a generalized statat some time,. (Here,z; could be a pointin &-
dimensional configuration space.) A specific evolution efglistem may be characterized
by a probabilityP,, (x1,t1; . .. ; xn, tn) to visit all the pointse; at timest,;. For example,
Py (z;t) is just the probability of finding the system in configuratioat time¢. Moreover,
we need to introduce conditional probabilitigs, (., tn|Tn—1,tn—1; ... x1,t1) The sig-
nificance of these quantities is the probability of finding #ystem at«,,, ¢,,) provided
that it has visited already all the space-time coordingigs 1,¢,—1) ... (z1,t1). The
characteristic feature of a Markov process is the fact tizausitions depend on thgevi-
ousstep in the chain of eventnly. Hence it is sufficient to consider onbneconditional
probability p;|; for transitions between subsequent points in time. Thé prtzbability
can then be calculated from the preceeding ones,

Pn(ml, tl; ce ;mn,tn) = P1\1($mfn|$n—1, tn_l)Pn_l(ml, tl; o3 Tn—1, tn—l) (8)

In discrete time, we call such a process a Markov chain. Tinelitonal probabilities of
Markov processes obey tiEhapman-Kolmogorovequation

p1j1(ws, talz, t1) :/d$2p1\1(1’37ﬁ3|$27f2)P1|1($2,t2|$1,tl) 9)
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If the Markov process istationary we can write for its two defining functions
P (z,t) = Pog(x);
P11 (2, talrr, t1) = pe(w2|rr); t=1t2—11.

Here P is the distribution in thermal equilibrium, apd denotes the transition probability
within the time intervat from a stater; to a stater,.
Using the Chapman-Kolmogorov equation fgr we get

Prvro (w3lr) = / 03 pro (23lz2)pe @2l (10)

When we consider a discrete probability spacerdgithe time evolution of the probability
proceeds by matrix multiplication, the being matrices transforming one discrete state
into another. We now want to derive the differential form loé tChapman-Kolmogorov
equation for stationary Markov processes. Therefore weidenthe case of small time
intervalst, and write the transition probability in the following way,

Pro(@3]z2) & (1 — wiot(22)t0)d (x5 — @2) + tow(ws|w2) + . . ., (11)

up to to terms that vanish faster than lineatjn This equation defines(z3|z2) as the
transition rate (transition probability per unit time) to fom x5 to x3. In the first term,
the factor(1 — wyot (z2)to) signifies the probability to remain in statg up to timet,.
That means thatby(z2) is the total probability to leave the statg, defined as

Wiot (T2) = /dx3 w(xs|zsa). (12)
Inserting this into the Chapman-Kolmogorov equation ressul

Pt (T3|71) = (1 — wior (w3)to)pe(w3|z1) + tO/d$2 w(zs|w2)pr(r221);  (13)

and hence we obtain

I3|T — Xr3|T
Pesto (7] 12 pels|z1) Z/dxzw($3|$2)l?t(ff2|xl)—/dﬂfzw(l’2|$3)pt($3|$1),
0
(14)
in which we have used the definition ef,;. In the limittyg — 0 we arrive at thenaster
equation, that is the differential version of the Chapman-Kolmogogquation,

sypaslon) = [ doz waaleo)pi(oalin) — [ dezutoalenpi(aaler).  @9)
It is an integro-differential equation for the transitioropabilities of a stationary Markov
process. In the following we do not assume stationarity drubse aP; (x1,t) # Peq(2),
but keep the assumption of time-homogeneity of the tramsiprobabilities, i.e., it is as-
sumed that they only depend on time differences. Then, werzdtiply this equation by
Py (z1,t) and integrate over; to get a master equation for the probability density itself:

%Pl(lg,f) = /dl‘Q ’LU(.I'3|$2)P1(J]2J) —/dl‘g’LU(JJ2|JJ3)P1(.I’3,ﬁ) (16)

56



One way to fulfill this equation is to requidetailed balance i.e., the net probability flux
between every pair of states in equilibrium is zero,

w(z|z) _ Peg(®)

- : 17

w(z!|z)  Peg(z') 17)

For thermodynamic averages in the canonical ensemble wee Hay(z) =
+ exp(—H(z)/(kgT)), and hence

ZEz—er; = exp (—(H(z) — H(@"))/(ksT)) - (18)

When we use transition probabilities in our Monte Carlo datian that fulfill detailed
balance with the desired equilibrium distribution, we areeto have

Pi(z,t — 00) = Peg(z) . (29)

Since the detailed balance condition can be fulfilled in maays, the choice of transition
rates is therefore not unique. Common choices for thess aage

e theMetropolis rate
w('|z) = wo(a'|x)min([1; exp (= (H (2) — H(z))/(ksT))]

e theGlauber rate
w(@'|x) = wo(a'x)5 {1 — tanh [exp (—(H (2') — H(z))/(kT))]}

Both choices obey the detailed balance condition. Withegitthoice, we still have the
freedom to select a factar, (x’|z) = wo(x|2’). This can be interpreted as the probability
to choose a pair of states =’ which are connected through the specified move. In an Ising
model simulation, each statecorresponds to one particular arrangement of all spins on
all the lattice sites. The statesandz’ may, for instance, just differ in the spin orientation
on one lattice site. Then, the freedomuin(z’|x) corresponds to the freedom to select any
single spin (with a probability of our choice), and then tp fti(or not to flip it) according
to the prescription of the rate law.

Let's illustrate the general considerations by an exanfplgpose we want to calculate
the magnetization of an Ising spin model at a given tempegatdence we have to simulate
the canonical ensemble using tilente Carlo algorithm . The steps are:

e generate a starting configuratisg

select a sping;, at random,

calculate the energy change upon spin reveiddl,

e calculate the probability(T, |) for this spin-flip to happen, using the chosen form of
transition probability (Metropolis or Glauber),

generate a uniformly distributed random numlfie; p < 1; if w > p, flip the spin,
otherwise retain the old configuration.
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When the Metropolis rate law has been chosen, proposed grafe either accepted with
probabilityw, or discarded with probability — w. After some transient time, the system
will come close to thermodynamic equilibrium. Then we cartdb record time averages
of some observabl® we are interested in, e.g., the magnetization. Due to tHwuilt-
properties of the rate law, this time average will conveigdhe statistical sense, to the
thermodynamic ensemble avera@® of the observable®.

The prescription for the Monte Carlo method given so far eggpio non-conserved
observables (e.g., the magnetization). For a conservettiguée.g., the concentration of
particles), one usdsawasaki dynamics

e choose a pair of (neighboring) spiF\s
e exchange the spins subject to the Metropolis acceptanegior

Since this algorithm guarantees particle number congenjat recommends itself for the
lattice-gas interpretation of the Ising model. In simwas of epitaxial growth, one may
work with either conserved or non-conserved particle nuirhe latter case mimicking
desorption or adsorption events of particles.

25521255212545362262126225521

Figure 2. lllustration of theV-fold way algorithm for a one-dimensional Ising chain ofrspi A particular
configuration for one moment in time is shown. The local envinents of all spins fall in one of six classes,
indicated by the numbers. Periodic boundary conditionsasemed.

Table 1. Classification on spins in a 6-fold way for a periodging chain.  The leftmost col-
umn gives the numbern; of spins in each class for the particular configuration shown
Fig. 2. The rates can be normalised to unity by settng = {[niexp(—2up/(ksT)) +
ngexp(2up/(ksT))] exp(—4Jq/(kgT)) + mnoexp(—2up/(ksT)) + nsexp(2up/(ksT)) +
[ns exp(—2up /(kBT)) + 1 exp(2up /(kT))] exp(4Jq/(ksT))} .

class| central | neighbors rate class
spin w; membersy;
1 T 1 wo exp(—(4Jq +2,uBB)/(kBT)) 4
2 T 1 wo exp(—QMBB/(kBT)) 12
3 7 1,1 wo exp((4Jy — 2upB)/(ksT)) 1
4 l 11 wo exp(—(4Jq —QMBB)/(kBT)) 1
5 1l 1 wo eXp(QMBB/(kBT)) 8
6 1l 1 wo exp((4Jq —|—2,uBB)/(kBT)) 3

bThis meansug (s’|s) = 1/(2dn), i.e. we first choose a spin at random, and then a neighborletiraensional
simple cubic lattice with sites at random.
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3 From MC to kMC: The NN-Fold Way

The step forward from the Metropolis algorithm to the alguris used for kinetic Monte
Carlo (KMC) simulations originally resulted from a propdspeed-up of MC simulations:
In the Metropolis algorithm, trial steps are sometimesalided, in particular if the tem-
perature is low compared to typical interaction energias. this case, Bortz, Kalos and
Lebowitz suggested in 1975 thé-fold way algorithni® that avoids discarded attempts.
The basic idea is the following: In an Ising model or similandels, the interaction en-
ergy, and thus the rate of spin-flipping, only depends on dagest-neighbor configuration
of each spin. Since the interaction is short-ranged, treeamly a small number of local
environments (here: spin triples), each with a certain#gtior flipping the 'central’ spin
of the triple. For example, in one dimension, i.e. in an Isifgin, an 'up’ spin may
have both neighbors pointing 'up’ as well, or both neighhmyting 'down’, or alternate
neighbors, one 'up’, one 'down’. An analogous classificatiolds if the selected (central)
spin points 'down’. All local environments fall into one dfdse six classes, and there are
six 'types’ of spin flipping with six different rate constantFor a given configuration of
a spin chain, one can enumerate how frequently each classiobement occurs, say;
times,i = 1,...6. Thisisillustrated in Table 1 for the configuration showrrig. 2. Now
theN-fold way algorithm works like this:

1. firstselect a clagswith a probability given by:;w;/ >, win; using a random number
P1;

2. then, select one process (i.e., one spin to be flipped)axfass type, choosing with
equal probability among the representatives of that clagsjsing another random
numberp,;

3. execute the process, i.e. flip the spin;
4. update the list ofi; according to the new configuration.

The algorithm cycles through this loop many times, withoanihg to discard any trials,

thereby reaching thermal equilibrium in the spin systeme Phescription can easily be
generalized to more dimensions; e.g., to a two-dimensiemare lattice, where we have
ten process types.

To go all the way from MC to kMC, what is still missing is the aspoftemporal evo-
lution. In a MC simulation, we may count the simulation steps. Havethe foundation
of the method lies irquilibriumstatistical physics. Once equilibrium is reached, time has
no physical meaning. Therefore no physical basis exist&dmtifying simulation steps
with physical time steps in the conventional Monte Carlo mods. In order to address
kinetics i.e. to make a statement how fast a system reaches equitibvve need to go
beyond that, and take into account for the role of time. Hsoee basic remarks are in
place. In order to be able to interpret the outcome of our Ktians, we have to refer to
some assumptions about theparation of time scale3he shortest time scale in the prob-
lem is given by the time it takes for an elementary process,(a.spin flip) to proceed.
This time scale should be clearly separated from the timervat between two processes

CEach 'central’ spin has four neighbors, and the number afhi®irs aligned with the 'central’ spin may vary
between 0 and 4. Taking into account that the central spilddmiup or down, we end up with ten process types.
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taking place at the same spin, or within the local environnoémmne spin. This second
time scale is called the waiting time between two subseqgermts. If the condition of
time scale separation is not met, the remaining altern&iaesimulation using (possibly
accelerated) molecular dynamics (see Section 4.2). If Soade separation applies, one
of the basic requirements for carrying out a kKMC simulat®fuifilled. The advantage is
that KMC simulations can be run to simulate much longer patdime intervals at even
lower computational cost than molecular dynamics simoeti(see Fig. 1). Moreover,
one can show that the waiting time, under quite general gssons, follows a Poissonian
distribution'®. For the Ising chain, each process type has a differentivggitner; = wi_l
that is proportional to some powerefp(.J/(kgT)). For other applications of interest, the
waiting times of various process types may be vastly differn epitaxial growth, for in-
stance, the time scale between two adsorption or desomptiamts is usually much longer
than the time scale for surface diffusion between two adjesites. For macromolecules
in the condensed phase, vibrational motion of a molecuthr group may be fast, while
a rotation of the whole molecule in a densely packed enviemtmay be very slow, due
to steric hindrance. In a kinetic simulation, we would liketake all these aspects into
account. We need a simulation method that allows uwrige time scalesover several
orders of magnitude.

Following the N-fold way for the Ising model, it is easy to calculate to&al rate R,
i.e., the probability that some event will occur in the wheystem per unit time. It is the
sum of all rates of individual processd8= >, n;w;. The average waiting time between
any two events occurring in the system as a whole is give®by. This allows us to
associate a time step of (on average)= R~! with one step in the simulation. Note that
the actual length of this time step may change (and in geweed so) during the simu-
lation, since the total rate of all processes accessiblecerin stage of the simulation
may change. Therefore, this variant of the kMC method is siones also called the 'vari-
able step size’ method in the literature. More realisticdle time stepAt should not be
identified with its average value, but should should be dréam a Poissonian distribu-
tion. This is practically realised by using the expressiagn= —R~! log p; with a random
number0 < p3 < 1. For a two-dimensional problem (e.g., a lattice-gas Hami#n), the
N-fold way algorithm is explained in the flowchart of Fig. 4.

The distinction between MC and kMC simulations is best usied by considering
the following points: In kMC, the possible configurationstbé system, i.e. the micro-
states contributing to the macro-state of a statisticatrde, need to be enumerable, in
order to be able to build up a list of process types, as in Thble a MC simulation, on the
other hand, there is no limit on the number of micro-statdsey even need not be known
to start the simulation. For this reason, the MC algorithmloa applied to problems with
a huge configuration space, e.g. to protein folding, wher®& lsimulation would not
be feasible. In advantage over MC, a kMC simulation allowsouassign the meaning
of a physical time to the simulation steps. Of course, in ptdenake use of this advan-
tage, we need to provide as input the rates of all relevantithaal processes. Obtaining
information about all these rates is a difficult task; thisvisy kMC simulations are less
common than MC simulations. The best way for getting valwesHe individual rates
is by performing molecular dynamics simulations, possiith first-principles electronic
structure methods such as DFT. This will be explained in ndetail in Section 4.2.
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Figure 3. Principle of process-type list algorithm. Theme eertain types of processes, indicated by colors in the
figure: diffusion on the substrate, diffusion along a stegiachment from a step, ... (left scheme). Each type is
described by its specific rate constant, but processes afaime type have the same rate constant. Hence, the
list of all processes can be built up as a nested sum, first ugnorer processes of a given type, then over the
various types. The selection of a process by a random nungmerator (right scheme) is realised in two steps,
as indicated by the thick horizontal arrows, where the sé@e selects among equal probabilities.

| calculate R =), w;n;
determine all possible pro-
——| cesses for the given configu-

ration and build process list | random numbers p1, p2, p3 |
delete obsolete processes ﬁn](cl class k such that -
from the list Doiowing > prR >3 wing

update clock execute process int(ngpz) from
t>t, t—t— R 'logps class k

Figure 4. Flow chart for the process-type list algorithm.

Finally, we note that a kMC simulation provides a particidatution of the master
equation in a stochastic sense; by averaging over many kMEwe obtain probabilities
(for the system being in a specific micro-state) that evaivinne according to Eq. (15).
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3.1 Algorithms for kMC

In the kMC algorithm outlined above, the process list is oedeaccording to the process
type; therefore | refer to it as thgrocess-type listalgorithm. In the practical imple-
mentation of kMC algorithms, there are two main concernsdlfffact the computational
efficiency: First, the selection of a suitable algorithm eiegls on the questiodmow many
process types are typically active at each moment in time Sgtond concern is to find
an efficient scheme of representing and updating the datarfefficient simulation, it is
essential to realise that the updating of the process tegh, 4 of the algorithm described
in the previous Section, only modifies those entries tha¢ leanged due to the preceding
simulation step. A complete re-build of the list after eathuwdation step would be too
time-consuming. As the interactions are short-ranged¢al l@presentation of the partial
rates associated with lattice sites is most efficient. Orother hand, the process-type list
groups together processes having the same local envirandieregarding where the rep-
resentatives of this class of processes (the spins or ammmaktually located on the lattice.
Hence, updating the process list requires replacementiafussentries that originate from
a small spatial region, but are scattered throughout thegssolist. To handle this task, a
subtle system of referencing the entries is required in tdtec This is best realised in a
computer language such @sby means of pointers. An example of a kMC code treating
the SOS model is available from the author upon request.

The two-step selection of the next event, as illustratedign & makes the process-
type list advantageous for simulation with a moderate nur(dsy, N < 100) of process
types. This situation is encountered in many simulationspataxial crystal growth using
an SOS modé&) but the process-list algorithm also works well for morerefi models
of crystal growtR% 2% In the first selection step, we need to compare the randonbaum
p1 to at mostN partial sums, namely the expressiofféC nsw; fork = 1,...N. The
second selection step chooses among equally probableatltexs, and requires no further
comparing of numbers. Thus, the total number of numericalparisons needed for the
selection is at mosWV, assuring that this selection scheme is computationdilyiexft.

In some applications, the kMC algorithm needs to cope witast mumber of different
process types. For example, such a situation is encouriteepitaxy when the interaction
is fairly long-range&, or when rates depend on a continuous variable, such asdak lo
strain in an elastically deformed lattice. Having to choas®ng a huge number of process
types makes the selection based on the process-type ffitiget. Instead, one may prefer
to work directly with a local data representation, and to lue $election of a process in
real space. One may construct a suitable multi-step sefesttheme by grouping the
processes in real space, as suggested by MaRsyfimen, one will first draw a random
numberp; to select a region in space, then use a second random numbterselect a
particular processes that may take place in this regioniddily, such a selection scheme
is independent of the number of process types, and hence adnefficiently even if a
huge number of process types is accessible. Moreover, ibeaeneralized further: It is
always possible to select one event outNdof= 2* possibilities by making: alternative
decisions. This comes with the additional effort of haviogdtaw & random numbers
pi,t = 1,...k, but has the advantage that one needs to compate=tolog, N partial
sums only. The most efficient way of doing the selection isrtarege the partial sums of
individual rates on dinary tree. This allows for a fast hierarchical update of the partial
sums associated with each branch point of the tree afteragsdas been executed.

62



Finally, I'd like to introduce a third possible algorithmrfkMC simulations that aban-
dons the idea of thév-fold way. Instead, it emphasizes the aspect that eachithdiV
event, in as far as it is independent from the others, ocdtes @ random waiting time
according to a Poissonian distribution. | refer to that dthon as thetime-ordered list
algorithm, but frequently it is also called the *first reacti method* 2% It proceeds as
follows:

1. Attimet, assign a prospective execution time ¢; to each individual event, drawing
the random waiting time; from a Poissonian distribution;

2. sort all processes according to prospective executios (T his requires onljog, N
comparisons, if done in a 'binary tree’);

3. always select thiérst process of the time-ordered list and execute it;

4. advance the clock to the execution time, and update thadisording to the new
configuration.

This algorithm requires the; to be Poissonian random numbers, i.e. to be distributed
betweern) andoo according to an exponentially decaying distribution fumrect Hence it
may be advisable to use a specially designed random numberager that yields such
a distribution. The time-ordered-list algorithm differsin the two others in the fact that
the selection step is deterministic, as always the top estsglected. Yet, its results are
completely equivalent to the two other algorithms, prodidee common assumption of
Poissonian processes holds: In a Poissonian processesaitiey times are distributed
exponentially:® In the time-ordered list algorithm, this is warranted egiply for each
event by assigning its time of execution in advance. In thewalgorithms, the clock, i.e.,
the 'global’ time for all events, advances according to asBamian process. The individual
events are picked at random from a list; however, it is knomwmfprobability theory that
drawing a low-probability event from a long list results ifPaissonian distribution of the
time until this event gets selected. Hence, not only thealtiime variable, but also the
waiting time for an individual event follows a Poissoniastdbution, as it should be.

The time-ordered list algorithm appears to be the most géraerd straightforward
of the three algorithms discussed here. But again, careflihg is required: As for the
process-type list, updating the time-ordered list requdeletion or insertion of entries
scattered all over the list. Suggestions how this can beegetj together with a useful
discussion of algorithmic efficiency and some more variafitkMC algorithms can be
found in Ref.?4,

In principle, kMC is an inherently serial algorithm, sincedne cycle of the loop only
one process can be executed, no matter how large the sionukatéa is. Nonetheless,
there have been a number of attempts to depiyallel KMC algorithms , with mixed
success. All these parallel versions are based on a pantitjoin one way or another, of
the total simulation area among parallel processors. Hewele existence of a global
'clock’ in the kMC algorithm would prevent the parallel pexsors from working inde-
pendently. In practice, most parallel kKMC algorithms latfeprocessor run independently
for some time interval small on the scale of the whole simaitgtbut still long enough to
comprise of a large number of events. After each time inteéheaprocessors are synchro-
nised and exchange data about the actual configuration®frteighbours. Typically,
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this communication among processors must be done verydrelyuduring program ex-
ecution. Hence the parallel efficiency strongly dependsatency and bandwidth of the
communication network. There are a number of problems tocovee in parallel kMC:
Like in any parallel simulation of discrete events, the #ifrorizon’ of the processors may
proceed quite inhomogeneously, and processors withwitilé to do may wait a long time
until other, more busy processors have caught up. Even @&bpggblem may arise from
events near the boundary of processors: Such events magutita be impossible after
the synchronisation has been done, because the neightmmassor may have modified
the boundary region prior to the execution of the event instjoe. Knowing the actual
state of the neighbouring processor, the event should letered with a different rate, or
maybe not at all. In this case, a roll-back’ is required, itke simulation must be set back
to the last valid event before the conflicting boundary eeestrred, and the later simula-
tion steps must be discarded. While such roll-backs are geside in principle, they may
lead to a dramatic decrease in the efficiency of a parallel ldforithm. Yet, one may
hope that the problems can be kept under control by choossuifable synchronisation
interval. This is essentially the idea behind the 'optimistynchronous relaxation algo-
rithm?8:27. Several variants have been suggested that sacrifice fessrafy, but pay the
price of a somewhat sloppy treatment of the basic simulatites. In the semi-rigorous
synchronous sublattice algoritBfnthe first, coarse partitioning of the simulation area is
further divided into sublattices, e.g. like the black andte/ffields on the checkerboard.
Then, in each time interval between synchronisations,te\ae alternately simulatehly
within one of the sublattices ('black or 'white’). This imiuces an arbitrary rule addition-
ally restricting the possible processes, and thus may comige the validity of the results
obtained, but it allows one to minimise or even completeimilate conflicting boundary
events. Consequently, 'roll backs’ that are detrimentahtoparallel efficiency can be re-
duced or avoided. However, even when playing such triclesstialability of parallel kMC
simulations for typical tasks is practically limited to foor eight parallel processors with
the currently available parallel algorithms.

4 From Molecular Dynamics to kMC: The Bottom-up Approach

So far, we have been considering model systems. In orderke tha formalism developed
so far useful for chemistry or materials science, we needesxiibe how the relevant
processes and their rate constants can be determined isibleemay for a certain system
or material. This implies bridging between the level of a ewollar dynamics description,
where the system is described by the positions and momemtaprticles, and the level
of symbolic dynamics characteristic of kKMC. For a completgneral case, this may be a
daunting task. For the special case of surface diffusioregitdxial growth, it is typically
a complex, but manageable problem. On the atomistic ldvelytotion of an adatom on a
substrate is governed by the potential-energy surface)(R#fich is the potential energy
experienced by the diffusing adatom

pPES (Xada Y. ) = in{lg[} U(Xad, Yad, Zad, {R[}) . (20)
HereU (X.aq, Yad, Zad, {R1}) is the potential energy of the atomic configuration specified
by the coordinate€X.q, Yad, Zad, {R1}). According to Eq. (20), the PES is the minimum
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of the potential energy with respect to both the adsorptieight, denoted by, 4, and
all coordinates of the substrate atoms, denotedRy}. The potential energy/ can in
principle be calculated from any theory of the underlyingragcopic physics. Presently,
calculations of the electronic structure using densitycfiomal theory (DFT) are the most
practical means of obtaining an accurate PES. Within DFF ,ehergylU in Eq. (20) is
referred to as the total energy (of the combined system ofreles and nuclei). The above
expression is valid at zero temperature. At realistic tenajpees, the free energy should
be considered instead bf. If we assume for the moment that the vibrational contriimsi
to the free energy do not change the topology of the PES signify, the minima of the
PES represent the stable and metastable sites of the adatom.

Next, we need to distinguish between crystalline solidstendne hand, and amor-
phous solids or liquids on the other hand. For a crystallitessate, one will frequently
(but not always) encounter the situation that the minim&aeRES can be mapped in some
way onto (possibly a subset of) lattice sites. The lattitessinay fall into several different
classes, but it is crucial that all lattice sites belongimgte class are always connected in
the same way to neighbouring sites. Then the dynamics ofytsters can be considered
as a sequence of discrete transitions, starting and entliatjiee sites (lattice approxima-
tion). The sites belonging to one class all have the same auafltonnections, and each
connection, i.e. each possible transition, is associaifdawate constant. Methods for
amorphous materials going beyond this framework will beused later in Section 4.2.

Figure 5. Mapping of the diffusive Brownian motion of a pelei on a substrate onto hopping between lattice
sites. The particle’s trajectory spends most of its time tlea minima. In the blow-up of the small piece of the
trajectory that crosses a saddle point between two miniheaghergy profile along the reaction path is shown.
Along the path, the saddle point appears as a maximum of #rgeassociated with the energy barreF that
must be overcome by the hopping particle.

In surface diffusion, a widely used approximation for cédtimg the rate constants for
the transitions between lattice sites is the so-calledditian State Theory (TST). As thisis
the 'workhorse’ of the field, we will describe it first. The neaefined techniques presented
later can be divided into two classes: techniques allowargafiditional complexity but
building on TST for the individual rates, and attempts to ggdnd TST in the evaluation
of rate constants.
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4.1 Determining rate constants from microscopic physics

In order to go from a microscopic description (typical of aletnlar dynamics simulation)
to a meso- or macroscopic description by kinetic theoriesstart by dividing the phase
space of the system into a 'more important’ and a ’less ingotpart. In the important
part, we’'ll persist to follow the motion of individual degre of freedom. One such degree
of freedom is the so-called reaction coordinate’ that axsta the initial state with a par-
ticular final stater’ (both minima of the PES) we are interested in. The reactiondinate
may be a single atomic coordinate, a linear combination ofét degrees of freedom,
or, most generally, even a curved path in configuration sp@be degrees of freedom in
the 'less important’ part of the system are no more consdierdividually, but lumped
together in a 'heat bath’, a thermal ensemble charactebigealtemperature. In surface
diffusion, the mentioned division of the system into 'mamgiortant’ and ’less important’
parts could (but need not) coincide with the above distimcbetween the coordinates of
the adsorbate aton{X.q, Yad, Zaa), and the substrate atom@R ;}. Here, as in most
cases, the distinction between the two parts is not uniduesetis some arbitrariness, but
retaining a sufficiently large part whose dynamics is tre@&beplicitly should yield results
that are independent of the exact way the division is madeoOfse, the two parts of the
system are still coupled: The motion along the reaction paly dissipate energy to the
heat bath, an effect that is usually described by a frictionstant\. Likewise, thermal
fluctuations in the heat bath give rise to a fluctuating forcting on the reaction coordi-
nate.d

Now we want to calculate the rate for the system to pass franiritial to the final
state, at a given temperature of the heat bath. For the cade&edést, the two states are
separated by an energy barrier (or, at least, by a barribeifrée energy). For this reason,
the average waiting time for the transition is much longantkypical microscopic time
scales, e.g. the period of vibrational motion of a particl@iminimum of the potential.
In other words, the transition is an infrequent event; agoh¢y to observe it in a molec-
ular dynamics simulation that treats the whole system woel@&xtremely cumbersome.
Therefore, we turn to rate theory to treat such rare eventthifthe setting outlined so
far, there is still room for markedly different behaviour different systems, depending
on the coupling between the system and the heat bath, eegrbgshe friction constant
A, being 'strong’ or 'weak’. For a general discussion, thedegas referred to a review
article?. In the simplest case, if the value of the friction constantithin some upper and
lower bounds, one can show that the result for the rate isieni@ent of the value of.
This is the regime where Transition State Theory is Viid If the condition is met, one
can derive a form of the rate law

w; = kBTT exp(—AF;/(ksgT)), (21)

for the ratew; of a molecular process Here,i is a shorthand notation for the pair of
statesz, z’, i.e., w; = w(z'|x). In this expressionAF; is the difference in the free
energy between the maximum (saddle point) and the minimuaitiali geometry) of the
potential-energy surface along the reaction path of thequs. T is the temperaturé;s

dThe friction force and the fluctuations of the random therfoae are interrelated, as required by the fluctuation-
dissipation theorem.

66



the Boltzmann constant, arfdthe Planck constant. Somewhat oversimplifying, one can
understand the expression for the rate as consisting ofaetorfs: The first factor describes
the inverse of the time it takes for a particle with thermdbedy to traverse the barrier
region. The second factor accounts for the (small) protigidiiat a sufficient amount of
energy to overcome the barrier is present in the reactiondioate, i.e., various portions
of energy usually scattered among the many degrees of freefithe heat bath happen
by chance to be collected for a short moment in the motiongatba reaction coordinate.
The probability for this (rather unlikely) distribution dfie energy can be described by
the Boltzmann factor in Eq. (21). The assumptions for theliealpility of TST imply
that the free energy barrigx F; should be considerably higher thagT. Speaking in a
sloppy way, one could say that for such high barriers 'gétigghe energy to overcome the
barrier’ and 'crossing the barrier’ are two independemdgsi reflected in the two factors
in the TST expression of the rate.

The free energy of activatioA F; needed by the system to move from the initial posi-
tion to the saddle point may be expressed in two ways: Usiaddtt that the free energy
is the thermodynamic potential of the canonical ensemblg, may be expressed by the
ratio of partition functions,

7
AF; = kg log ﬁ . (22)

whererO) is the partition function for then 'important’ degrees of freedom of the sys-

tem in its initial state, and’ S is the partition function for a system with — 1 degrees of

freedom located at the transition state (saddle point)s phrtition function must be eval-

uated with the constraint that only motion in the hyperplpesendicular to the reaction

coordinate are permitted; hence the number of degreeseafdra is reduced by one.
Alternatively, one may use the decomposition

AF; = AE; — TAS™. (23)

Here AF; is the difference of the internal energy (the (static) tetaérgy and the vibra-
tional energy) of the system at the saddle point and at thénmim, andAS; is the
analogous difference in the vibrational entropy. The rdtthe process can be cast as
follows,

w; = wEO) GXp(—AEi/k/’BT) s (24)

Wherewl(o) = (kpT/h) exp(ASY® /kg) is called the attempt frequency.
The two basic quantities in Eq. (24),1(0) andAF;, can both be obtained from DFT
calculations. If we restrict ourselves to single-partitifusion and neglect the contribu-
tion of thermal vibrational energy\ F; can be read off directly from the PES. To obtain
the value of the attempt frequency, one may perform moleayaamics simulations of
the canonical ensemble, sampling the partition functiﬁﬁ’% andZ . For a computa-
tionally simpler, but less accurate approach, one may ekgi@PES in a quadratic form
around the minimum and the saddle point. In this approxiomatihe partition functions
in Eq. (22), which then equal those of harmonic oscillatoray be evaluated analytically,
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and one arrives at the frequently used expression

n (0)
_1 Wy
w(O) o kal ki . (25)

i n—1 T§
[Ti=: Wi

Herew,(fi) andw($ are the frequencies of the normal modes at the initial mininamd at
the transition state of processrespectively. Note that the attempt frequency, within the
harmonic approximation, is independent of temperature.

Finally, we will briefly comment on the validity of TST for pcesses in epitax-
ial growth. For surface diffusion of single adatoms, it haei shown for the case of
Cu/Cu(111) that TST with thermodynamic sampling of theigart functions gives good
results (i.e. in agreement with molecular dynamics sinnotesf) for the temperature regime
of interest in epitaxial growth experiments. The harmomipraximation is less satisfac-
tory, but still yields the correct order of magnitude of theface hopping rafé. For
systems with low energy barriers:(3kgT’), or for collective diffusion processes, it is
generally difficult to judge the validity of TST. In the lattease, even locating all saddle
points that can be reached from a given initial state is dehgé. For this task, algorithms
that allow for locating saddle points without prior knowtgdof the final state have been
developed. The 'dimer’ methddlis an example for such a method. It is well suited for
being used together with DFT calculations, as it requirdg first (spatial) derivatives of
the PES, and is robust against numerical errors in the forces

4.2 Accelerated molecular dynamics

In this Section, I'll briefly introduce methods that are abie if the lattice approximation
cannot be made, or if one needs to go beyond transition $tateyt These methods em-
ploy some refinement of molecular dynamics that allows orspaed up the simulations,
such that so-called 'rare’ events can be observed duringuttime of a simulation. In
this context, 'rare’ event means an event whose rate is muettier than the frequencies
of vibrational modes. Keeping the TST estimate of rate @ntstin mind, any process
that requires to overcome a barrier of sevéngll’ is a 'rare’ event. Still it could take
place millions of times on an experimental time scale, sa)iwone second. Therefore
rare’ events could be very relevant for example for simiolas of epitaxial growth. Ref®
provides a more detailed overview of this field.

Obviously, running simulations in parallel is one possiviey to access longer time
scales. In thearallel replica method®, one initiates several parallel simulations of the
canonical ensemble starting in the same initial minimumhef PES, and observes if the
system makes a transition to any other minimum. Each replina independently and
evolves differently due to different fluctuating forces.ofr the abundances of various
transitions observed during the parallel run, one can eséirthe rate constants of these
transitions, and give upper bounds for the rates of possithler transitions that did not
occur during the finite runtime. The method is computatiynetry heavy, but has the
advantage of being unbiased towards any (possibly wronggaations how the relevant
processes may look like.

Another suggestion to speed up MD simulations goes undetetinehyperdynam-
ics®>. The 'rare event problem’ is overcome by adding an artifis@ential to the PES that
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retains the barrier region(s) but modifies the minima so andke them shallower. The
presence of such a 'boost potential’ will allow the partitdeescape from the minimum
more quickly, and hence the processes of interest (transito other minima) can be ob-
served within a shorter MD run. The method can be justifiedrogsly for simulations
where one is interested in thermodynamic equilibrium priege (e.g., partition function):
The effect of the boost potential can be corrected for byoihicing a time-dependent
weighting factor in the sampling of time averages. It hasnbagggested to extend this
approach beyond thermal equilibrium to kinetical simwalasi: While the trajectory passes
the barrier region unaffected by the boost potential, theukition time corresponds di-
rectly to physical time. While the particle stays near a mimin of the PES, and thus
under the influence of the boost potential, its effect mustdreected by making the phys-
ical time to advance faster than the simulation time. Waysttstruct the boost potential
in such a way that the method yields unchanged thermal aesrafjobservables have
been devisell. However, it has been argued that the speed-up of a simuilatiepitaxy
achievable with such a global boost potential is only moddbe system, as usually the
case, consists of many particlesThis restriction can be overcome by using a local boost
potentiaf” 3B rather than a global one. In this case it is assumed thatahsitions to be
'boosted’ are essentially single-particle hops. This,airse, curtails one strength of ac-
celerated MD methods, namely being unbiased towards tresifdg wrong) expectations
of the users what processes should be the important ones, iAis important to note
that the procedure for undoing the effect of the boost p@krdlies on assumptions of
the same type as TST. Therefore hyperdynamics cannot beasattulate rate constants
more accurately than TST.

To be able to observe more transitions and thus obtain tstttgstics within the (pre-
cious) runtime of an MD simulation, people have come up wlth simple idea of in-
creasing the simulation temperature. This approach iscpéatly attractive if one wants
to simulate a physical situation where the temperaturevis éog. low-temperature epi-
taxial growth of metals. By running at an artificially raiseanperature (For solids, the
melting temperature is an upper bound), a speed-up by s$evdeas of magnitude may be
achieved. Of course, the physics at high and low temperisithfferent, thus invalidating
a direct interpretation of the results obtained in this widgwever, combining the idea of
increased temperature MD with the principles used in kMQuéations provides us with
a powerful tool. It comes under the nameeimperature-accelerated M3, abbreviated
as TAD: First, a bunch of MD simulations is performed, stagtirom the same initial state
(as in the parallel replica method), at a temperaitigg, higher than the physical temper-
ature. The transitions observed during these runs are asebtimating their individual
rates and for building up a process list. At this stage, TSthénharmonic approximation
is used to 'downscale’ the rate constants from their highgterature value obtained from
the MD simulation to their actual value at the lower physteahperaturé,,,. If a process
is associated with an energy barri®i#;, its rate constant should be scaled with a factor
exp(AEi(T};éh —Toh)/ks). Having sampled many MD trajectories, it is also possible to
provide an upper bound for the probability that some pogsitlevant transition has not
yet occurred in the available set of trajectories. In otherds, in TAD simulations some
kind of 'safe-guarding’ can be applied not to overlook pbssimportant transitions. After
sufficiently many trajectories have been run, a pre-definedidence level is reached that
the transitions observed so far are representative fortthsipal behaviour of the system in
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the given initial state, and can be used as a process list, B&NMC step is performed by
selecting randomly one of the processes with probabilibpprtional to the (scaled) rates
in the process list. Then the selected process is executddha system’s configuration
changes to a new minimum. The loop is closed by going bacletfirtst step and perform-
ing MD simulations for the system starting from this new migim, and attempting new
transitions from there.

Some more comments may be helpful. First, we note that tHasngdactor used for
downscaling the rates is different for different processHsus, the method accounts for
the fact that the relative importance of high-barrier peses and low-barrier processes
must be different at high and low temperatures, respegtivéiis requirement of a phys-
ically meaningful kinetical simulation would be violateg Just naively running MD at a
higher temperature without applying any corrections, D Ppasses this important test.
Secondly, TAD may even provide us with information that goegond TST. For instance,
if collective diffusion processes play a role, the relatimindance with which they were
encountered in the MD runs gives us a direct estimate of thecéted attempt frequency,
without having to invoke the (sometimes questionable) axiprations of TSTE Third,
one can gain in computational efficiency by using the samasi@ds in KMC: The process
list need not be build from scratch each time, but only thagges that changed since the
last step need to be updated.

Using this strategy, TAD has been applied to simulationgpithay?°. In this context,
it should be noted that the need for starting MD simulationsdch simulation step can be
reduced further: As mentioned above, kMC is based on thetiggdhe local environment
of a patrticle, and thus the processes accessible for thiklpaican be classified. Once
the TAD simulations have established the rates for all gsee of a certain environmental
class (e.g. terrace diffusion), these rates can be re-wsedl fparticles in this class (e.g.,
all single adatoms on a terrace). This reduces the compngdtivorkload considerably.

Finally, we mention that TAD has recently been combined \wéhallel kMC simula-
tions using the semi-rigorous synchronous sublatticeratgn®.

5 Tackling with Complexity

In the early literature of the field, KMC simulations are tadly considered as a tool to
rationalize experimental findings. In this approach, onekaavith models that are as
simple as possible, i.e., comprise as few process typessaibfe while still allowing for
reproducing the experimental data. The rates of these ggesare then often treated as
parameters whose values are adjusted to fit the data. The &infind a description of the
experimental observations with a minimum number of paranset

More recently, the focus has shifted to KMC simulations bejerceived as a scale-
bridging simulation technique that enables researchedesaribe a specific material or
materials treatment as accurately as desired. The gogétorm kMC simulations where
all relevantmicroscopic processes are considered, aiming at simnfatigth predictive
power. This could mean that all distinct processes derivethfa given Hamiltonian,
e.g. an SOS model, should be included. However, for pregicimulations, a model

€The assumption that TST can be used for downscaling is a ol than assuming the applicability of TST
for the attempt frequency as such.
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Hamiltonian is often an already too narrow basis. The ultért®enchmark are (possibly
accelerated) MD simulations that allow for an unbiased sssent which processes are
relevant for a specific material, and then to match the kMQukitions to these findings.

VAR
|
N

/

Figure 6. lllustration of the local environments of a hogpjparticle (white circle, in its initial (full line) and
final (dashed line) state) in a model with nearest-neighbtaractions. The classification may depend on the
occupation of the sites adjacent to the initial or the finatest A particular occupation is indicated by the grey
circles. Since each of the ten relevant sites may be eitrerpied or empty, there can be up2t® environment
classes.

As explained in the preceding Section, the efficiency of kM@uations rests on a
classification scheme for the local environments a paréintounters during the course of
a simulation: Wherever and whenever the particle is in thm& environment, the same
process types and rate constants will be re-used over amégam. However, the number
of different process types to be considered may be ratherHing example, even for the
simple SOS model, the complete process list could have uptentried? (as explained
below). This raises the issue of complexity: Apart from aximations for calculating
rate constants (such as TST), a KMC simulation may be moressrrealistic depending
on whether the classification of local environments and ggses is very fine-grained, or
whether a more coarse classification scheme is used.

On one end of the complexity scale, we find kMC simulations tftanot rely on a
pre-defined process list. Instead, the accessible prec@ssere-determined after each
step, i.e., the process list is generated 'on the fly’ while shmulation proceeds. This
can be done for instance by temperature-accelerated ntatestgnamics (see preceding
Section). If one is willing to accept TST as a valid approximafor the calculation of rate
constants, molecular dynamics is not necessarily requinstead, it is computationally
more efficient to perform aaddle point search using a modified dynamics for climbing
'up-hill’ from a local minimum. An example for a saddle posgarch algorithm that uses
such "up-hill climbing’ is the 'dimer’ methof. The overall design of the kMC algorithm
employing the 'search on the fly’ is similar to TAD: Startingpfn an initial state, one
initiates a bunch of saddle point searches. For each saditiegncountered, TST is used
to calculate the associated rate constant. If repeatedrsesafind the known saddle points
again and again with a similar relative frequency, one cacdndident that the transitions
found so far make up the complete process list for this pdeidnitial state. Next, a kMC
step is carried out, leading to a new configuration; the sagddint search is continued
from there, etc.

List-free kKMC has been used to study metal epitaxy. For alumi, for instance, these
studies have revealed the importance of collective motignaups of atoms for the surface
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mass transpdit. We note that the lattice approximation is not essentiatHisr approach.
Thus, it could even be applied to investigate kinetics in grhous systems. While the
saddle point search is considerably faster than MD, the ode) however, still orders of
magnitude more expensive than list-directed KMC, in paldicif used in conjunction with
DFT to obtain the potential energy surface and the forcesthiar the saddle point search.

The above method becomes computationally more affordatiie lattice approxima-
tion is imposed. The constraint that particles must sit ttickasites reduces the possibility
of collective motions, and thus invoking the lattice appnoation makes the method less
general. On the other hand, using a lattice makes it easierusee rate constants calculated
previously for processes taking place in the 'same’ locairenment. A variant of kMC
called 'self-learning** “>also belongs into this context: Here, one starts with a fidd
process list, but the algorithm is equipped with the abilityadd new processes to this
list if it encounters during the simulation a local enviroemhfor which no processes have
been defined so far. In this case, additional saddle pointises have to be performed in
order to obtain the rate constants to be added to the list.

At a lower level of complexity, we find kMC simulations that ploy, in addition to the
lattice approximation, a finite-range model for the int¢iats between particles. For the
local minima of the PES, this implies that the depths of theima can be described by a
lattice Hamiltonian. For each minimum, there is an on-sitergy term. If adjacent sites
are occupied, the energy will be modified by pair interactjdriple interactions, etc. In
materials science, this way of representing an observabdems of the local environments
of the atoms is called cluster expansion method (see theilootion by S. Miller in this
book).

The usage of a lattice Hamiltonian or cluster expansion giimciple an attractive tool
for tackling with the complexity in a kMC simulation of crydline materials. However,
for calculating rate constants, we need (in TST) the endiffgrencedetween the transi-
tion state and the initial minimum the particle is sitting iFhis complicates the situation
considerably. To discuss the issue, let's assume that teegtions between particles are
limited to nearest neighbors. Then, both the initial staie the final state of the particle
can be characterized completely by specifying which ofrtheighbors are occupied. On
a 2D square lattice, a particle moving from one site to a Jfnegghboring site has a shell
of ten adjacent sites that could be either occupied or free F&g. 6). Thus, the move is
completely specified (within the nearest-neighbor modgkte out 0f2'° possible local
environment®. f One way to specify the input for a kMC simulation is to specifyate
constant for each of thes2'° process types. This is in principle possible if an automated
algorithm is used to determine the energy barrier and attéeguency for each case. For
practical purposes, one may specify only a selected subsie¢ ®'° rate constants, and
assume that the rest takes on one of these specified valuieds Elquivalent to assuming
that, at least for some environments, the occupation of sifitie ten sites doesn’t matter.
This approach has been used by the author to describe theorstants for epitaxy on a
semiconductor surface, GaAs(081)A process list with about 30 entries was employed
to describe the most relevant process types.

Another way of tackling with the complexity is the assumptibat A ¥ does not de-
pend on the occupation of sites, but only onghergiesf the initial and final minima. The

fTo be precise, the actual number is somewhat smaller duartmsyry considerations.
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technical advantage of this approach lies in the fact theaettergies of the minima may be
represented via a lattice Hamiltonian (or, equivalentlythe cluster expansion method).
Thus, these energies can be retrieved easily from the clegpansion. However, there is
no rigorous foundation for such an assumption, and its egtatin could introduce uncon-
trolled approximations. For a pair of initial and final s@te= (ini, fin), one could, for
example, assume th&tF = AF, + %(Eﬁn — Eini). This assumption has been employed
for diffusion of Ag adatoms on the Ag(111) surface in the pres of interactiorf$, and
test calculations using DFT for selected configurationsdaftams have confirmed its va-
lidity. Note that the dependence on the sum of the initial famal state energy assures that
the forward and backward rate fulfill detailed balance, BE@)(as required for a physically
meaningful simulation.

In a large part of the literature on KMC, an even simpler aggion is made, and the
rate constants are assumed to depend on the energy of iaestste only. In other word,
the transition states fall processes are assumed to be at the same absolute energy. This
assumption facilitates the simulations, but clearly is very realistic. At this point, we
have reached the opposite end on the scale of complexityenthe goal is no longer a
realistic modeling of materials, but a compact descriptibexperimental trends.

| would like to conclude this Section with a word of cautiom épitaxial growth,
fine details of the molecular processes may have drasticeqolesices on the results of
the simulations. Often, the details that make a differemeébayond the description by a
lattice Hamiltonian. One example is the mass transport &etvadjacent terraces by par-
ticles hopping across a surface step. In many metals, thgbarrier for this process is
somewhat higher than the barrier for conventional hoppiffggion on the terraces. This
so-called Schwobel-Ehrlich effect is crucial for the siiomss or roughness of epitaxi-
ally grown films, but is not accounted for by the SOS model. SThhe rate for hopping
across steps needs to be added 'by hand’ to the process tis¢ &GOS model to obtain
sensible simulation results. Another example concernsliape of epitaxial islands on
close-packed metal surfaces, for instance Al(111) andlBj(1Here, either triangular or
hexagonal islands can be observed, depending on the tetumgeagwhich an experiment
of epitaxial growth is carried out. A detailed analysis skahat the occurrence of triangu-
lar islands is governed by the process of corner diffusiomafom sitting at the corner of
a hexagonal island, having an island atom as its only neighias different probabilities
for hopping to either of the two island edg®s® For this reason, there is a tendency to fill
up one particular edge of a hexagonal island, and the isleatlLiglly evolves to a triangu-
lar shape. Only at higher temperatures, the differencedmivthe two rates becomes less
pronounced, and the hexagonal equilibrium shape of thedslavolves. Only with the
help of DFT calculations it has been possible to detect tfierdnce of the energy barriers
for the two processes of corner diffusion. Simplified modelsed on neighbor counting,
however, cannot detect such subtle differences, in péatidionly the initial state is taken
into account. Therefore, kinetic Monte Carlo studies assirey morphological evolution
should always be preceded by careful investigations ofdlevant microscopic processes
using high-level methods such as DFT for calculating thepidl energy profiles.

73



6 Summary

With this tutorial | intended to familiarise the readerstwihe various tools to carry out
scale-bridging simulations. These tools range from acatdd molecular dynamics sim-
ulations that extend the idea of Car-Parrinello molecularashics to longer time scales,
to abstract models such as the lattice-gas Hamiltonian sTieatist interested in applying
one of these tools should decide whether she/he wants tohewis intuition and start
from an educated guess of a suitable kinetic model, such &dQimilar. Else, she/he
may prefer to 'play it safe’, i.e. avoid as much as possibéertbk of overlooking rare, but
possibly important events. In the latter case, kMC simafegiin combination with saddle
point searches (that build up the rate list 'on the fly’) arecadjchoice. However, this
methods could be computationally too expensive if slow glearin a system very close
to equilibrium should be studied, or if vastly different pesses play a role whose rates
span several orders of magnitude. In this case, considasabf numerical efficiency may
demand from the user to make a pre-selection of processewithbe important for the
evolution of the system towards the non-equilibrium stoes one is interested in. Us-
ing the N-fold way kinetic Monte Carlo algorithm with a pre-definestlof process types
could be a viable solution for these requirements. In surgnMonte Carlo methods al-
low one to go in either direction, to be as accurate as de¢ingdncluding sufficiently
many many details in the simulation), or to find a descriptibnature that is as simple as
possible.
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