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xc [n↑, n↓] = ∫ d3r n(r)εLSDA

xc (n↑(r), n↓(r))
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√
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k = √
E ϕk(r) =

eik⋅r

ϕinc
k (r)

ϕinc
k (r) = eik⋅r = ∑
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r

∂

∂r2
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r2
+ V (r) −E]Rl(r;E) = 0

Rl(r;E) r → ∞ V = 0

Rl(r;E) → Al√
Er

sin [√Er − lπ

2
+ δl(E)]

Al δl
r > rmax Rl(r;E)

Rl(r;E) = Bljl(√Er) +Clnl(√Er)
Bl Cl

jl(r) nl(r) r →∞
jl(r) ∼ 1

r
sin(r − lπ

2
)

nl(r) ∼ −1
r
cos(r − lπ

2
)

Rl(r;E) = Al [jl(√Er) cos δl − nl(√Er) sin δl] r > rmax

Rl(r;E) = jl(√Er) + ∫ rmax

0
r′2dr′ gl(r, r′;E)V (r′)Rl(r′;E)

r > rmax

Rl(r;E) = jl(√Er) − i
√
Ehl(√Er)∫ rmax

0
r′2dr′ jl(√Er′)V (r′)Rl(r′;E)



t

tl(E) = ∫ rmax

0
r′2dr′ jl(√Er′)V (r′)Rl(r′;E)

Rl(r;E) = jl(√Er) − i
√
Etl(E)hl(√Er) r > rmax

δl(E)
tl(E) = − 1√

E
sin δl(E)eiδl(E)

Rl r → 0 Hl r → 0
¨

G(r, r′;E) = −i√E∑
L
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= −i√E∑

L

Gl(r, r′;E)YL(r)YL(r′)
Rl

Hl

Hl(r;E) = hl(√Er) + ∫ rmax

0
r′2dr′ gl(r, r′;E)V (r′)Hl(r′;E)

Hl Gl = gl+gltlgl gl

Hl(r;E) = hl(√Er) r > rmax

¨ r = rmax Rl

r = rmax t tl
Hl r =

rmax r = rmax



V (r +Rn) = V n(r)
¨

(−∇2
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L
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L(r>;E)δnn′ + ∑
LL′

Rn
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LL′(E) k
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gLL′(k;E) = ∑

n′
gnn

′

LL′(E)e−ik⋅(Rn−Rn′)

n eik⋅(R
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n′ G(k;E)
GLL′(k;E) = ∑

n′
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LL′(E)e−ik⋅(Rn−Rn′)

GLL′(k;E) = gLL′(k;E) +∑
L′′

gLL′′(k;E)tl′′(E)GL′′L′(k;E)
l = lmax t

lmax = 3 4
GLL′(k;E) Gnn′

LL′(E)
Gnn′

LL′(E) = 1

VBZ
∫
BZ

d3k eik⋅(R
n−Rn′) [(1 − g(k;E)t(E))−1g(k;E)]
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g(k;E) t(E) L L′

VBZ
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LL′(E)
Gnn′

LL′(E)
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LL′(E) = G̊nn′

LL′(E) + ∑
n′′L′′

G̊nn′′

LL′′(E)Δtn
′′

l′′ (E)Gn′′n′

L′′L′(E)
Δtnl (E) = tnl (E) − t̊nl (E) t

N ⋅ (lmax + 1)2 N (lmax + 1)2
l ml

lmax = 3

Δtnl (E) = tnl (E) − t̊nl (E) Δtnl (E) =
∫ r2drR0,n

l (r;E)ΔV n(r)Rn
l (r;E) t ΔtLL′)



V (r) r
L

L′

RL(r;E) = jl(√Er)YL(r̂) + ∫ d3r′ g(r, r′;E)V (r′)RL(r′;E)
RL(r;E) V (r)

RL(r;E) = ∑
L′

RL′L(r;E)YL′(r̂)
V (r) = ∑

L

VL(r)YL(r̂) = ∑
LL′

VLL′(r)YL(r̂)YL′(r̂)
RL′L(r;E)

RL′L(r;E) = jl′(√Er)δLL′ + ∫ rmax

0
r′2dr′ gl′(r, r′;E)∑

L′′
VL′L′′(r′)RL′′L(r′;E)

VLL′(r)
VLL′(r) = ∑

L′′
CLL′L′′VL′′(r)

CLL′L′′

∑
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[(−1
r

∂

∂r2
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√
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L′
HL′L(r;E)YL′(r̂)

Vl=0 Rsph
l (r;E)

Hsph
l (r;E)

Gsph
l (r, r′;E) = −i√ERsph
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∑
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L

c̃
(n′)
kL jL(r′;E)

jL(r;E) = jl(√Er)YL(r̂)
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∑
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∑
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∑
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∑
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c
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det [δLL′ −∑
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EtLL′(E)hl(√Er))YL′(r̂)

ψk(r +Rn) = ∑
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∑
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∑
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∑
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∑
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∑
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∑
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∑
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∑
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= ∑
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= ∑
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= ∑
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= ∑
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¨ ¨
cn,μkL

Tkk′

k′ k
Tkk′

ψimp
k (r+Rn;E)
ψk(r +Rn;E)

ψimp
k (r +Rn;E) = ψk(r +Rn;E)
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t Δtnl (E) = timp,n

l (E) − tnl (E)
cimp,n
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= ∑
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ET †T t

1/2(t⋆L′L−tLL′) = i√E∑L′′ t
⋆
L′′LtL′′L′ t tLL′

L = L′



Tkk′ = ∑
L1L2L3L4

cn⋆kL1
α−1L3L2

α⋆L2L1
ΔtL3L4c

imp,n
k′L4

αL1L2 = δL1L2 ∣αL1L2 ∣ eiδl1
ΔtL1L2 = δL1L2Δtl1

tD

tD = 2
dδl
dE

δl

tD

τk

Tkk′

Pkk′

Pkk′ = 2π

h̵
Nc ∣Tkk′ ∣2 δ(Ek −Ek′)

N c –
Nc

k
k k′

τ−1k = ∑
k′
Pk′k = 2π

h̵
Nc∑

k′
∣Tk′k∣2 δ(Ek −Ek′)

k′

∑
k′

= V(2π)3 ∫ d3k′



V d3k′

Ek′ = const. k′


∑
k′

= V(2π)3 ∫ Emax

0
dEk′ ∫

S(Ek′)

dSk′

h̵vk′

τ−1k = 1

VBZ

2πNc

h̵2 ∫
S(EF)

dSk′

vk′
∣Tk′k∣2

(2π)3 /V VBZ

dEk′ Ek = EF

EF

1

VBZ
∫
S(EF)

dSk′

h̵vk′
∣Tkk′ ∣2 = − 1

π
ImTkk

τ−1k = −2
h̵
Nc ImTkk

Λk k

Λk = vkτ̃k

vk τ̃k
τ̃k

τk

τ̃kvk
Nc Vn
4π2 ∫

S(EF)

dSk′

h̵vk′
∣Tkk′ ∣2 = vk + Nc Vn

4π2 ∫
S(EF)

dSk′

h̵vk′
τ̃k′

vk ⋅ vk′

vk
∣Tkk′ ∣2

Nc Vn
n τ̃k

cρ

1

cρ
= 1

3

e2

4π3h̵ ∫
S(EF)

dSk vkτ̃k

1/3
2

1/2
cρ = [ e2

8π3h̵ ∫
S(EF)

dSk vkτ̃k]−1



k

k′ k

k
τ−1k

–
– Tkk′





t

E
B ∼ v×E

¨



¨
σ L

V (r)
A(r)

HΨ(r) = ih̵
∂

∂t
Ψ(r) = EΨ(r)

H = −eV (r) + βmc2 +α ⋅ [cp + eA(r)]
−e m

α 4 × 4

α = (0 σ

σ 0
)

σx = (0 1

1 0
) σy = (0 −i

i 0
) σz = (1 0

0 −1)
β 2 × 2 I2

β = (I2 0

0 −I2)
Ψ(r)

Ψ(r) = (ψ(r)
ξ(r))

ψ(r) ξ(r)

(E − 2mc2 + eV (r))ψ(r) = α ⋅ (cp + eA(r)) ξ(r)(E + 2mc2 + eV (r)) ξ(r) = α ⋅ (cp + eA(r))ψ(r)

A(r) = 0 v ≪ c
¨

eh̵

4 (M(r)c)2σ ⋅ (∇V (r) × p)



E×p
M(r) m M(r)

σ ⋅ (∇V (r) × p) = 1

r

dV (r)
dr

σ ⋅ (r × p)
= 1

r

dV (r)
dr

σ ⋅L
L S = σ/2

VSOC = eh̵

2 (M(r)c)2 1r dV (r)dr
L ⋅ S

V (r) = V (r)
HSRA

HSOC

1/r dV /dr ∼ −Z ∣e∣/r3
Z

L = r ×p
s

L ⋅ S
L p

d f p
l ∼ rl

1/r3

VSOC

ξ(r) = eh̵

2M(r)2c2 1r dV (r)dr



L ⋅ S
ξ(r) L ⋅ S

VSOC

(V ↑↑SOC(r) V ↑↓SOC(r)
V ↓↑SOC(r) V ↓↓SOC(r)) = ξ(r)⎛⎝(L ⋅ S)↑↑ (L ⋅ S)↑↓(L ⋅ S)↓↑ (L ⋅ S)↓↓⎞⎠

↑ ↓
ξ(r) L ⋅ S

⎛⎝(L ⋅ S)↑↑LL′ (L ⋅ S)↑↓LL′(L ⋅ S)↓↑LL′ (L ⋅ S)↓↓LL′
⎞⎠ = 1

2
⟨YL(r̂) ∣(Lz L−

L+ −Lz)∣YL′(r̂)⟩
ξ(r)

V (r)

dV (r)/dr r

V (r) = V (r)e−e + V (r)Z−e
V (r)Z−e

ṼZ−e(r) = ⎧⎪⎪⎨⎪⎪⎩
−2Z

r r ≥ RN− 3Z
RN

+ Zr2

R3
N

r < RN

RN

RN ≈ 1.2 ⋅A1/3 10−15Å ≈ 1.2

0.529177
⋅A1/3 10−5

A

Ṽ (r)
e Ṽ (r) = V (r)/e

dṼZ−e(r)
dr

= ⎧⎪⎪⎨⎪⎪⎩
2Z
r2 r ≥ RN

2Zr
R3

N
r < RN



r

dVe−e(ri)
dr

= 1

2
(V (ri+1) − V (ri)

ri+1 − ri
+ V (ri) − V (ri−1)

ri − ri−1
)

ri

r
ξ(r) M(r)

M(r)
M(r) =m + 1

2c2
(E − Ṽe−e(r) + 2

Z

r
)

e2/2 = 2me = h̵ = 1

ξ(r) = 1

M(r)2c2 1r dṼ (r)dr

L ⋅ S
L ⋅ S

L ⋅ S = LxSx +LySy +LzSz

L± = Lx ± iLy

S± = Sx ± iSy

L ⋅ S = 1

2
(L+S− +L−S+) +LzSz

z

Sz ∣↑⟩ = +1
2
∣↑⟩

Sz ∣↓⟩ = −1
2
∣↓⟩

∣↑⟩ ∣↓⟩
Sz S+ S−

S− ∣↑⟩ = ∣↓⟩ S− ∣↓⟩ = 0

S+ ∣↓⟩ = ∣↑⟩ S+ ∣↑⟩ = 0



⎛⎝(L ⋅ S)↑↑ (L ⋅ S)↑↓(L ⋅ S)↓↑ (L ⋅ S)↓↓⎞⎠ = 1

2
[( 0 0

L+ 0
) + ( 0 L−

0 0
)] + 1

2
( Lz 0

0 −Lz )
= 1

2
( Lz L−
L+ −Lz )

L+ L− Lz 2l + 1
YL(r̂)

⎛⎝(L ⋅ S)↑↑LL′ (L ⋅ S)↑↓LL′(L ⋅ S)↓↑LL′ (L ⋅ S)↓↓LL′
⎞⎠ = 1

2
⟨YL(r̂) ∣(Lz L−

L+ −Lz)∣YL′(r̂)⟩
L ⋅ SYL(r̂) = Ylm(r̂) Lz

⟨Ylm∣Lz ∣Yl′m′⟩ ⟨Ylm∣Lz ∣Yl′m′⟩ = δll′δmm′m

⟨Ylm∣Lz ∣Ylm′⟩ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−l 0 ⋯ 0

0 −l + 1 ⋯⋱⋮ 0 ⋮⋱⋯ l − 1 0

0 ⋯ 0 l

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
L+ L− m z

L± ∣Ylm⟩ = √l(l + 1) −m(m ± 1) ∣Ylm±1⟩

⟨Ylm∣L+∣Ylm′⟩ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 ⋯ 0√
2l 0

0
√
4l − 2 ⋱ ⋱⋮ √

l(l + 1) ⋮⋱ √
4l − 2 0

0 ⋯ 0
√
2l 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠



⟨Ylm∣L−∣Ylm′⟩ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
√
2l 0 ⋯ 0

0 0
√
4l + 2 ⋱ ⋱⋮ √

l(l + 1) ⋮⋱ ⋱ √
4l + 2 0

0
√
2l

0 ⋯ 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Lz L+ L−

m > 0

Yl,−m = i√
2
[Yl,−m − (−1)mYlm]

Yl,0 = Yl,0
Yl,m = 1√

2
[Yl,−m + (−1)mYlm] m > 0

Yl,−m = 1√
2
[Yl,m − iYl,−m]

Yl,0 = Yl,0

Yl,m = (−1)m√
2

[Yl,m + iYl,−m] m > 0

Lz L+ L−

L ⋅ S
L ⋅ S

κ μ

κ = { l j = l − 1
2−l − 1 j = l + 1
2

μ = Lz + Sz

j(j+1)
L ⋅S

κ μ



(ψ↑(r;E), ψ↓(r;E))T
ψ↑0(r;E) ψ↓0(r;E) G↑↑0 (r, r′;E)

G↓↓0 (r, r′;E)
(ψ↑(r)
ψ↓(r)) = (ψ

↑
0(r)

ψ↓0(r))
+ ∫ d3r′ (G↑↑0 (r, r′) 0

0 G↓↓0 (r, r′))(VSOC(r′)↑↑ VSOC(r′)↑↓
VSOC(r′)↓↑ VSOC(r′)↓↓)(ψ

↑(r′)
ψ↓(r′))

E
VSOC

ΔV ↑↑non−sph.(r) ΔV ↓↓non−sph.(r)
VSOC

ΔV

(ΔV (r)↑↑ ΔV (r)↑↓
ΔV (r)↓↑ ΔV (r)↓↓) =

(VSOC(r)↑↑ VSOC(r)↑↓
VSOC(r)↓↑ VSOC(r)↓↓) + (ΔV ↑↑non−sph.(r) 0

0 ΔV ↓↓non−sph.(r))
ΔV ↑↑non−sph.(r) = ΔV ↓↓non−sph.(r)

(ψ↑0(r)
ψ↓0(r)) = (ψ

↑
0(r)
0

)
(ψ↑0(r)
ψ↓0(r)) = ( 0

ψ↓0(r))

(ψ↑↑(r)
ψ↓↑(r))

ψ↑0(r;E) ψ↓0(r;E) G↑↑0 (r, r′;E) G↓↓0 (r, r′;E)



(ψ↑↓(r)
ψ↓↓(r))

(ψ↑↑(r)
ψ↓↑(r)) = (ψ

↑
0(r)
0

)
+ ∫ d3r′ (G↑↑0 (r, r′) 0

0 0
)(ΔV ↑↑(r′) ΔV ↑↓(r′)

ΔV ↓↑(r′) ΔV ↓↓(r′))(ψ↑↑(r′)ψ↓↑(r′))

(ψ↑↓(r)
ψ↓↓(r)) = ( 0

ψ↓0(r))
+ ∫ d3r′ (0 0

0 G↓↓0 (r, r′))(ΔV ↑↑(r′) ΔV ↑↓(r′)
ΔV ↓↑(r′) ΔV ↓↓(r′))(ψ↑↓(r′)ψ↓↓(r′))

(ψ↑↑(r), ψ↓↑(r))T(ψ↑↓(r), ψ↓↓(r))T
¨ R↑nL (r) R↓nL (r)

(R↑↑L (r) R↑↓L (r)
R↓↑L (r) R↓↓L (r)) = (

R0,↑
L (r) 0

0 R0,↓
L (r))

+ ∫ d3r′ (G↑↑0 (r, r′) 0

0 G↓↓0 (r, r′))(ΔV ↑↑(r′) ΔV ↑↓(r′)
ΔV ↓↑(r′) ΔV ↓↓(r′))(R

↑↑
L (r′) R↑↓L (r′)

R↓↑L (r′) R↓↓L (r′))
Gσσ

0 (r, r′) ΔV σσ′(r)
Rσσ′

L (r) YL(r̂)
Gσσ

0 (r, r′) = ∑
L′

YL′(r̂)Gσσ
0,l′(r, r′)YL′(r̂′)

ΔV σσ′(r) = ∑
L

ΔV σσ′(r)YL(r̂)
Rσσ′

L (r) = ∑
L′

Rσσ′

L′L(r)YL′(r̂)
R

0,↑(↓)
L (r) = ∑

L′
R

0,↑(↓)
L′L (r)YL′δL′L(r̂)

Gσσ
0,L′(r, r′) = Gσσ

0,l′(r, r′)
R

0,↑(↓)
L′L (r) L



∑
L′

YL′(r̂)(R↑↑L′L(r) R↑↓L′L(r)
R↓↑L′L(r) R↓↓L′L(r)) = ∑L′ YL′(r̂) [(

R0,↑
L′L(r)δL′L 0

0 R0,↓
L′L(r)δL′L)+

∫ d3r′ (G↑↑0,l′(r, r′) 0

0 G↓↓0,l′(r, r′))YL′(r̂′)∑L′′ YL′′(r̂′)(ΔV ↑↑L′′(r′) ΔV ↑↓L′′(r′)
ΔV ↓↑L′′(r′) ΔV ↓↓L′′(r′))

∑
L′′′

YL′′′(r̂′)(R↑↑L′′′L(r′) R↑↓L′′′L(r′)
R↓↑L′′′L(r′) R↓↓L′′′L(r′))]

YL′(r̂)
L′

(R↑↑L′L(r) R↑↓L′L(r)
R↓↑L′L(r) R↓↓L′L(r)) = (

R0,↑
L′L(r)δL′L 0

0 R0,↓
L′L(r)δL′L)+ ∑

L′′L′′′
∫ dΩ′YL′(r̂′)YL′′(r̂′)YL′′′(r̂′)∫ r′2dr′

(G↑↑0,l′(r, r′) 0

0 G↓↓0,l′(r, r′))(ΔV ↑↑L′′(r′) ΔV ↑↓L′′(r′)
ΔV ↓↑L′′(r′) ΔV ↓↓L′′(r′))(

R↑↑L′′′L(r′) R↑↓L′′′L(r′)
R↓↑L′′′L(r′) R↓↓L′′′L(r′))

∫ dΩ′ YL′(r̂′)YL′′(r̂′)YL′′′(r̂′)
CL′L′′′L′′

∑
L′′

CL′L′′′L′′ΔV σσ′

L′′ (r′) =ΔV σσ′

L′L′′′(r′)

(R↑↑L′L(r) R↑↓L′L(r)
R↓↑L′L(r) R↓↓L′L(r)) = (

R0,↑
L′L(r)δL′L 0

0 R0,↓
L′L(r)δL′L)

+ ∫ r′2dr′ (G↑↑0,l′(r, r′) 0

0 G↓↓0,l′(r, r′))
∑
L′′′

(ΔV ↑↑L′L′′′(r′) ΔV ↑↓L′L′′′(r′)
ΔV ↓↑L′L′′′(r′) ΔV ↓↓L′L′′′(r′))(

R↑↑L′′′L(r′) R↑↓L′′′L(r′)
R↓↑L′′′L(r′) R↓↓L′′′L(r′))

r′



G
↑↑(↓↓)
0,l (r, r′)

R0
l (r) H0

l (r)
G
↑↑(↓↓)
0,l (r, r′) = −i√ER

0,↑(↓)
l (r<)H0,↑(↓)

l (r>)
r> =max(r, r′) r< =min(r, r′)

(R↑↑L′L(r) R↑↓L′L(r)
R↓↑L′L(r) R↓↓L′L(r)) = (

A↑↑L′L(r) A↑↓L′L(r)
A↓↑L′L(r) A↓↓L′L(r))(

R0,↑
L′L(r)δL′L 0

0 R0,↓
L′L(r)δL′L)

+ (B↑↑L′L(r) B↑↓L′L(r)
B↓↑L′L(r) B↓↓L′L(r))(

H0,↑
L′L(r)δL′L 0

0 H0,↓
L′L(r)δL′L)

(A↑↑L′L(r) A↑↓L′L(r)
A↓↑L′L(r) A↓↓L′L(r)) = (

δL′L 0

0 δL′L
)−i√E ∫ rmax

r
r′2dr′ (H0,↑

L′L(r′)δL′L 0

0 H0,↓
L′L(r′)δL′L)

∑
L′′′

(ΔV ↑↑L′L′′′(r′) ΔV ↑↓L′L′′′(r′)
ΔV ↓↑L′L′′′(r′) ΔV ↓↓L′L′′′(r′))(

R↑↑L′′′L(r′) R↑↓L′′′L(r′)
R↓↑L′′′L(r′) R↓↓L′′′L(r′))

(B↑↑L′L(r) B↑↓L′L(r)
B↓↑L′L(r) B↓↓L′L(r)) = −i

√
E ∫ r

0
r′2dr′ (R0,↑

L′L(r′)δL′L 0

0 R0,↓
L′L(r′)δL′L) ⋅

∑
L′′′

(ΔV ↑↑L′L′′′(r′) ΔV ↑↓L′L′′′(r′)
ΔV ↓↑L′L′′′(r′) ΔV ↓↓L′L′′′(r′))(

R↑↑L′′′L(r′) R↑↓L′′′L(r′)
R↓↑L′′′L(r′) R↓↓L′′′L(r′))

(R↑↑L′L(r) R↑↓L′L(r)
R↓↑L′L(r) R↓↓L′L(r)) = (

R0,↑
L′L(r)δL′L 0

0 R0,↓
L′L(r)δL′L)

Δt A B
Δtσσ

′

Δt A B
r > rmax

(A↑↑L′L(r) A↑↓L′L(r)
A↓↑L′L(r) A↓↓L′L(r)) = (

δL′L 0

0 δL′L
)



(R↑↑L′L(r) R↑↓L′L(r)
R↓↑L′L(r) R↓↓L′L(r)) = (

R0,↑
L′L(r)δL′L 0

0 R0,↓
L′L(r)δL′L)

+ (B↑↑L′L(S) B↑↓L′L(S)
B↓↑L′L(S) B↓↓L′L(S))(

H0,↑
L′L(r)δL′L 0

0 H0,↓
L′L(r)δL′L)

Δt
Δt

(Δt↑↑L′L(E) Δt↑↓L′L(E)
Δt↓↑L′L(E) Δt↓↓L′L(E)) = i√

E
(B↑↑L′L(S) B↑↓L′L(S)
B↓↑L′L(S) B↓↓L′L(S))

Δt

(Δt↑↑L′L(E) Δt↑↓L′L(E)
Δt↓↑L′L(E) Δt↓↓L′L(E)) = ∫

rmax

0
r′2dr′ (R0,↑

L′L(r′)δL′L 0

0 R0,↓
L′L(r′)δL′L)

∑
L′′′

(ΔV ↑↑L′L′′′(r′) ΔV ↑↓L′L′′′(r′)
ΔV ↓↑L′L′′′(r′) ΔV ↓↓L′L′′′(r′))(

R↑↑L′′′L(r′) R↑↓L′′′L(r′)
R↓↑L′′′L(r′) R↓↓L′′′L(r′))

k

(ψ↑k(r +Rn;E)
ψ↓k(r +Rn;E)) = ∑L c↑nkL (R↑↑nL (r;E)

R↓↑nL (r;E)) +∑L c↓nkL (R↑↓nL (r;E)
R↓↓nL (r;E))

ψ↑k(r +Rn;E) ψ↓k(r +Rn;E)

R↑nL (r;E) = (R↑↑nL (r;E)
R↓↑nL (r;E))

(jL(r;E)
0

) = jL(√Er)YL(r̂)(1
0
)

R↓nL (r;E) = (R↑↓nL (r;E)
R↓↓nL (r;E))



cn,↑kL cn,↓kL

( 0

jL(r;E)) = jL(√Er)YL(r̂)(0
1
)

Rσσ′n
L (r;E)

(ψ↑k(r +Rn;E)
ψ↓k(r +Rn;E)) = ∑

LL′
[c↑nkL (R↑↑nL′L(r;E)R↓↑nL′L(r;E)) + c↓nkL (R↑↓nL′L(r;E)R↓↓nL′L(r;E))]YL′(r̂)

(ψ↑k(r +Rn;E)
ψ↓k(r +Rn;E)) = ∑

LL′
[(R↑↑nL′L(r;E) R↑↓nL′L(r;E)

R↓↑nL′L(r;E) R↓↓nL′L(r;E))(
c↑nkL
c↓nkL

)]YL′(r̂)
L

L′

cn,↑
kL

cn,↓
kL

(ψ↑k(r)
ψ↓k(r)) = ∑L c↑nkL (R↑↑nL (r)

R↓↑nL (r)) +∑L c↓nkL (R↑↓nL (r)
R↓↓nL (r))

cn,↑kL cn,↓kL

(ψ↑(r)
ψ↓(r)) = ∫ d3r′ (G↑↑0 (r, r′) 0

0 G↓↓0 (r, r′))(ΔV ↑↑(r′) ΔV ↑↓(r′)
ΔV ↓↑(r′) ΔV ↓↓(r′))(ψ↑(r′)ψ↓(r′))



∑
LL′

[c↑nkL′ (R↑↑nLL′(r)R↓↑nLL′(r)) + c↓nkL′ (R↑↓nLL′(r)R↓↓nLL′(r))]YL(r̂) = ∑L YL(r̂)[
∫ d3r′ (G↑↑0,l(r, r′) 0

0 G↓↓0,l(r, r′))YL(r̂′)∑L′ YL′(r̂′)(ΔV ↑↑L′ (r′) ΔV ↑↓L′ (r′)
ΔV ↓↑L′ (r′) ΔV ↓↓L′ (r′))

∑
L′′L′′′

[c↑nkL′′ (R↑↑nL′′′L′′(r′)R↓↑nL′′′L′′(r′)) + c↓nkL′′ (R↑↓nL′′′L′′(r′)R↓↓nL′′′L′′(r′))]YL′′′(r̂′)
+∫ d3r′∑

L′′′′
(R↑l (r)G↑↑0,LL′′′′R↑l′′′′(r′) 0

0 R↓l (r)G↓↓0,LL′′′′R↓l′′′′(r′))YL′′′′(r̂′)
∑
L′

YL′(r̂′)(ΔV ↑↑L′ (r′) ΔV ↑↓L′ (r′)
ΔV ↓↑L′ (r′) ΔV ↓↓L′ (r′))

∑
L′′L′′′

[c↑nkL′′ (R↑↑nL′′′L′′(r′)R↓↑nL′′′L′′(r′)) + c↓nkL′′ (R↑↓nL′′′L′′(r′)R↓↓nL′′′L′′(r′))]YL′′′(r̂′)]

Gσσ′

LL′

L

∑
L′
[c↑nkL′ (R↑↑nLL′(r)R↓↑nLL′(r)) + c↓nkL′ (R↑↓nLL′(r)R↓↓nLL′(r))] =
∫ r′2dr′ (G↑↑0,l(r, r′) 0

0 G↓↓0,l(r, r′)) ∑
L′′′L′′

(ΔV ↑↑LL′′′(r′) ΔV ↑↓LL′′′(r′)
ΔV ↓↑LL′′′(r′) ΔV ↓↓LL′′′(r′))

[c↑nkL′′ (R↑↑nL′′′L′′(r′)R↓↑nL′′′L′′(r′)) + c↓nkL′′ (R↑↓nL′′′L′′(r′)R↓↓nL′′′L′′(r′))]
+∫ r′2dr′ ∑

L′′′′
(R0↑

l (r)G↑↑0,LL′′′′R0↑
l′′′′(r′) 0

0 R0↓
l (r)G↓↓LL′′′′R0↓

l′′′′(r′))
∑
L′′L′′′

(ΔV ↑↑L′′′′L′′′(r′) ΔV ↑↓L′′′′L′′′(r′)
ΔV ↓↑L′′′′L′′′(r′) ΔV ↓↓L′′′′L′′′(r′))

[c↑nkL′′ (R↑↑nL′′′L′′(r′)R↓↑nL′′′L′′(r′)) + c↓nkL′′ (R↑↓nL′′′L′′(r′)R↓↓nL′′′L′′(r′))]



cn,↑kL cn,↓kL

(Rn,↑↑(↑↓)
LL′ (r),Rn,↓↑(↓↓)

LL′ (r))T
(R↑↑L′L(r)
R↓↑L′L(r)) = (R

0,↑
L′L(r)δL′L

0
) + ∫ r′2dr′ (G↑↑0,l′(r, r′) 0

0 G↓↓0,l′(r, r′)) ⋅
∑
L′′′

(ΔV ↑↑L′L′′′(r′) ΔV ↑↓L′L′′′(r′)
ΔV ↓↑L′L′′′(r′) ΔV ↓↓L′L′′′(r′))(

R↑↑L′′′L(r′)
R↓↑L′′′L(r′))

(R↑↓L′L(r)
R↓↓L′L(r)) = (

0

R0,↓
L′L(r)δL′L) + ∫ r′2dr′ (G↑↑0,l′(r, r′) 0

0 G↓↓0,l′(r, r′)) ⋅
∑
L′′′

(ΔV ↑↑L′L′′′(r′) ΔV ↑↓L′L′′′(r′)
ΔV ↓↑L′L′′′(r′) ΔV ↓↓L′L′′′(r′))(

R↑↓L′′′L(r′)
R↓↓L′′′L(r′))

∑
L′
[c↑nkL′ (R0,↑n

LL′ (r)δLL′
0

) + c↓nkL′ ( 0

R0,↓n
LL′ (r)δLL′)] =

∫ r′2dr′∑
L′′′′

(R0↑
l (r)G↑↑0,LL′′′′R↑l′′′′(r′) 0

0 R0↓
l (r)G↓↓0,LL′′′′R↓l′′′′(r′)) ⋅

∑
L′′L′′′

(ΔV ↑↑L′′′′L′′′(r′) ΔV ↑↓L′′′′L′′′(r′)
ΔV ↓↑L′′′′L′′′(r′) ΔV ↓↓L′′′′L′′′(r′))[c↑nkL′′ (

R↑↑nL′′′L′′(r′)
R↓↑nL′′′L′′(r′)) + c↓nkL′′ (R↑↓nL′′′L′′(r′)R↓↓nL′′′L′′(r′))]

Δt

(R0↑
l (r) 0

0 R0↓
l (r))(

c↑nkL
c↓nkL

) = ∑
L′′L′′′′

(R0↑
l (r) 0

0 R0↓
l (r))(

G↑↑0,LL′′′′ 0

0 G↓↓0,LL′′′′
) ⋅

[c↑nkL′′ (Δt↑↑nL′′′′L′′(E)
Δt↓↑nL′′′′L′′(E)) + c↓nkL′′ (Δt↑↓nL′′′′L′′(E)

Δt↓↓nL′′′′L′′(E))]

(c↑nkL
c↓nkL

) = ∑
L′′L′′′′

(G↑↑0,LL′′′′ 0

0 G↓↓0,LL′′′′
)(Δt↑↑nL′′′′L′′(E) Δt↑↓nL′′′′L′′(E)

Δt↓↑nL′′′′L′′(E) Δt↓↓nL′′′′L′′(E))(
c↑nkL′′

c↓nkL′′
)

(c↑nkL′′ , c↓nkL′′)T
∑
L′L′′

[(δLL′δL′L′′ 0

0 δLL′δL′L′′
) − (G↑↑0,LL′ 0

0 G↓↓0,LL′
)(Δt↑↑nL′L′′(E) Δt↑↓nL′L′′(E)

Δt↓↑nL′L′′(E) Δt↓↓nL′L′′(E))] ⋅
(c↑nkL′′
c↓nkL′′

) = 0



k EF(c↑nkL′′ , c↓nkL′′)T
cn↑kL cn↓kL

(ψ↑
k
(r +χμ),ψ↓

k
(r +χμ))

T

cμ↑kL
cμ↓kL

Nat∑
μ=1

∫
Vμ

d3r (∣ψ↑k(r + χμ)∣2 + ∣ψ↓k(r + χμ)∣2) = 1

k (cμ↑kL, cμ↓kL)T
n μ

Nat

Θ(r)
Nat∑
μ=1

∫ d3rΘμ(r) (∣ψ↑k(r +χμ)∣2 + ∣ψ↓k(r +χμ)∣2) = 1

∣ψ↑k(r +χμ)∣2 ∣ψ↓k(r +χμ)∣2
∣ψ↑k(r +χμ)∣2 + ∣ψ↓k(r +χμ)∣2

= (ψ↑k(r +χμ)
ψ↓k(r +χμ))

† (ψ↑k(r +χμ)
ψ↓k(r +χμ))

= ∑
L′1L1

⎡⎢⎢⎢⎢⎣(c↑μ⋆kL1
c↓μ⋆kL1

)⎛⎝R
↑↑μ⋆
L′1L1

(r) R↓↑μ⋆L′1L1
(r)

R↑↓μ⋆L′1L1
(r) R↓↓μ⋆L′1L1

(r)⎞⎠
⎤⎥⎥⎥⎥⎦Y ⋆L′1(r̂)

∑
L′2L2

⎡⎢⎢⎢⎢⎣
⎛⎝R

↑↑μ
L′2L2

(r) R↑↓μL′2L2
(r)

R↓↑μL′2L2
(r) R↓↓μL′2L2

(r)⎞⎠(c
↑μ
kL2

c↓μkL2

)⎤⎥⎥⎥⎥⎦YL′2(r̂)= ∑
L1L2

∑
L′1L

′

2

Y ⋆L′1(r̂)YL′2(r̂)
∑
σσ′

[cσμ⋆kL′1
cσ
′μ

kL′2
(R↑σμ⋆L1L

′

1
(r)R↑σ′μL2L

′

2
(r) +R↓σμ⋆L1L

′

1
(r)R↓σ′μL2L

′

2
(r))]



ρμσσ
′

L1L2
= ∫ rmax

0
r2dr ∑

L′1L
′

2L3

Θμ
L3
(r)CL′1L′2L3

∑
σ′′

Rμ⋆σ′′σ
L′1L1

(r)Rμσ′′σ′

L′2L2
(r)

Nat∑
μ=1

∫ d3rΘμ(r) (∣ψ↑k(r +χμ)∣2 + ∣ψ↓k(r +χμ)∣2) = ∑
μ
∑
σσ′

∑
L1L2

cμ⋆σkL1
cμσ

′

kL2
ρμσσ

′

L1L2

= 1

ρμσσ
′

L1L2
ρμL1L2

cμ↑kL cμ↓kL

cμσkL → [∑
μ
∑
σσ′

∑
L1L2

cμ⋆σkL1
cμσ

′

kL2
ρμσσ

′

L1L2
]− 1

2

cμσkL

Sxk Syk
Szk Si i = x, y, z k

c↑μkL
c↓μkL

k
S = 1/2h̵ σ h̵ = 1

Sxk = 1

2
⟨ψk∣σx∣ψk⟩

Syk = 1

2
⟨ψk∣σy ∣ψk⟩

Szk = 1

2
⟨ψk∣σz ∣ψk⟩

σx σy σz

Sxk Syk Szk

Sx,μk = 1

2 ∫Vμ d3r (ψ
↑
k(r +χμ)

ψ↓k(r +χμ))
† (0 1

1 0
)(ψ↑k(r +χμ)

ψ↓k(r +χμ))= 1

2 ∫Vμ d3r [ψ↑⋆k (r +χμ)ψ↓k(r +χμ) +ψ↓⋆k (r +χμ)ψ↑k(r +χμ)]



Sy,μk = 1

2 ∫Vμ d3r (ψ
↑
k(r +χμ)

ψ↓k(r +χμ))
† (0 −i

i 0
)(ψ↑k(r +χμ)

ψ↓k(r +χμ))= 1

2 ∫Vμ d3r [(−i)ψ↑⋆k (r +χμ)ψ↓k(r +χμ) + iψ↓⋆k (r +χμ)ψ↑k(r +χμ)]

Sz,μk = 1

2 ∫Vμ d3r (ψ
↑⋆
k (r +χμ)

ψ↓⋆k (r +χμ))
† (1 0

0 1
)(ψ↑k(r +χμ)

ψ↓k(r +χμ))= 1

2 ∫Vμ d3r [∣ψ↑k(r +χμ)∣2 − ∣ψ↓k(r +χμ)∣2]

Si,μk = 1

2 ∫Vμ d3r ∑L,L′ [(R
↑↑μ
L (r) R↑↓μL (r)

R↓↑μL (r) R↓↓μL (r))(c
↑μ
kL

c↓μkL
)]†

(σi11 σi12
σi21 σi22

)(R↑↑μL′ (r) R↑↓μL′ (r)
R↓↑μL′ (r) R↓↓μL′ (r))(

c↑μkL′

c↓μkL′
)

Si,μk = 1

2
∑
L,L′

(c↑μkL c↓μkL)⋆ (Σ↑↑μ,iLL′ Σ↑↓μ,iLL′

Σ↓↑μ,iLL′ Σ↓↓μ,iLL′

)(c↑μkL′
c↓μkL′

) i = x, y, z

(Σ↑↑μ,iLL′ Σ↑↓μ,iLL′

Σ↓↑μ,iLL′ Σ↓↓μ,iLL′

) = ∫
Vμ

d3r (R↑↑μL (r) R↑↓μL (r)
R↓↑μL (r) R↓↓μL (r))

† (σi11 σi12
σi21 σi22

)(R↑↑μL′ (r) R↑↓μL′ (r)
R↓↑μL′ (r) R↓↓μL′ (r))

Sxk = Nat∑
μ=1

Sx,μk

Syk = Nat∑
μ=1

Sy,μk

Szk = Nat∑
μ=1

Sz,μk

Stot
k = √(Sxk)2 + (Syk)2 + (Szk)2
ck

(kF,EF)



ck

ψ1
k(r) ψ2

k(r)
⟨ψ1

k∣σi∣ψ1
k⟩ = − ⟨ψ2

k∣σi∣ψ2
k⟩ i = x, y, z

c1,2kL

ψ1
k(r) ψ2

k(r)

(c̃2,↑k
c̃2,↓k

) = (c2,↑k
c2,↓k

) − [(c1,↑k c1,↓k )⋆ ⋅ (c2,↑k
c2,↓k

)]
[(c1,↑k c1,↓k )⋆ ⋅ (c1,↑k

c1,↓k
)] (

c1,↑k
c1,↓k

)

(c̃2,↑k
c̃2,↓k

) = (c2,↑k
c2,↓k

) − [(c1,↑k c1,↓k )⋆ ⋅ (c2,↑k
c2,↓k

)](c1,↑k
c1,↓k

)
(c1,↑k , c1,↓k )T(c̃2,↑k , c̃2,↓k )T (c1,↑⋆k , c1,↓⋆k )(c̃2,↑k , c̃2,↓k )T

ψ1
k(r) ψ2

k(r)

Szk Sxk = Syk = 0 k

B z
z

c1k c2k

ψ1,2
k = R ⋅ c1,2k

(ψ1,2↑
k (r +χμ)

ψ1,2↓
k (r +χμ)) = ∑μ ∑

L

[(R↑↑μL (r) R↑↓μL (r)
R↓↑μL (r) R↓↓μL (r))(c

1,2↑μ
kL

c1,2↓μkL

)]
Si,1,2k = 1

2
⟨ψ1,2

k ∣σi∣ψ1,2
k ⟩ = c1,2†k Σic1,2k i = x, y, z



Σi = 1

2 ∫ d3r R†σiR

d1,2
k = f 1,2

k c1k + g1,2k c2k

f 1,2
k , g1,2k ∈ C ∣f 1,2

k ∣2 + ∣g1,2k ∣2 = 1

d1,2
k f 1,2

k , g1,2k f 1
k

f 1
k = cos

αk

2

g1k = sin
αk

2
eiβk

d1
k = cos

αk

2
c1k + sin

αk

2
eiβkc2k

c1,2k d1,2
k

dm†
k ⋅ dnk = δmn m,n = 1,2

d2
k = − sin αk

2
c1k + cos

αk

2
eiβkc2k

k
k

Sid1 = d1†
k Σid1

k

Sid1 = (cos α
2
)2 Sic1 + (sin α

2
)2 Sic2 + (sin α

2
)(cos α

2
) [eiβc1†Σic2 + e−iβc2†Σic1]

= (cos α
2
)2 Sic1 + (sin α

2
)2 Sic2 + (sin α

2
)(cos α

2
)2Re[eiβc1†Σic2]

= cosα Sic1 + sinα Re [eiβc1†Σic2]

Sic1,c2 = c1†Σic2 i = x, y, z

Sid1 = cosαSic1 + sinα Re [eiβSic1,c2] i = x, y, z



ck

Stot
k

Stot
k

k

ck z Szk

z

Szd1 =
Sxd1 = Syd1 = 0

Szd1 α β

∂Szd1
∂α

= 0

∂Szd1
∂β

= 0

− sinαSzc1 + cosα Re [eiβSzc1,c2] = 0

sinα Im [eiβSzc1,c2] = 0



α β

β = −argSzc1,c2
α = tan−1

⎡⎢⎢⎢⎢⎣
Re [eiβSzc1,c2]

Szc1

⎤⎥⎥⎥⎥⎦

β = 1

2i
ln [−Sxc1Sy⋆c1,c2 − Syc1S

x⋆
c1,c2

Sxc1S
y
c1,c2 − Syc1S

x
c1,c2

]
α = − tan−1 ⎡⎢⎢⎢⎢⎣

Sxc1
Re [eiβSxc1,c2]

⎤⎥⎥⎥⎥⎦ = − tan−1 [
Syc1

Re [eiβSyc1,c2]]
Stot
k

Stot
c ck

Stot
d Sx = Sy = 0 Sz = max.

Stot

c1k
c2k Sz = max. Sx = Sy = 0

Sz = max. Sx Sy

1
Sx Sy 1%

Stot

Sz Stot

Sx = Sy = 0



ck

Sz =max. Sx = Sy = 0 Sz =max. Sx = Sy = 0

Sx 2.5 ⋅ 10−4 0 2.2 ⋅ 10−4 0
Sy 3.6 ⋅ 10−4 0 2.8 ⋅ 10−4 0
Sz 0.4988682 0.4988679 0.49901815 0.4990179
Stot 0.4988685 0.4988679 0.49901835 0.4990179

Sx 1.3 ⋅ 10−2 0 0.6 ⋅ 10−2 0
Sy 1.3 ⋅ 10−2 0 1.0 ⋅ 10−2 0
Sz 0.4678345 0.4673311 0.4782259 0.4779915
Stot 0.4684714 0.4673311 0.47846055 0.4779915

S = ⟨Sk⟩FS Sk = 1/2 ⟨ψk∣σ∣ψk⟩ Stot =⟨Stot
k ⟩

FS
Sz = max. Sx = Sy = 0 Stot

Sz
x y

1%

ak bk

∣ak∣2 = Nat∑
μ=1

∫
Vμ

d3r ψ↑⋆k (r +χμ)ψ↑k(r +χμ)
∣bk∣2 = Nat∑

μ=1
∫
Vμ

d3r ψ↓⋆k (r +χμ)ψ↓k(r +χμ)
∣bk∣2 ∣ak∣2 ∣bk∣2

Szk

∣ak∣2 + ∣bk∣2 = 1∣ak∣2 − ∣bk∣2 = 2Szk

∣ak∣2 = 1

2
+ Szk

∣bk∣2 = 1

2
− Szk



∣bk∣2
c1k c2k Sx =

Sy = 0
∣bk∣2

Szk = 1/2−∣bk∣2
Sz

ρ↑↓

ρ↑↓ = ⟨1 − 2∣Szk∣⟩FS
bk∣ak∣2 ∣bk∣2

⟨∣ak∣2⟩FS = 1 − ρ↑↓

2⟨∣bk∣2⟩FS = ρ↑↓

2

bk∣bk∣2

⟨∣bk∣2⟩FS = ρ↑↓/2



ck

Sz =max. Sx = Sy = 0 Sz =max. Sx = Sy = 0

1.13 ⋅ 10−3 1.13 ⋅ 10−3 9.81 ⋅ 10−4 9.82 ⋅ 10−4
1.5 ⋅ 10−3

3.16 ⋅ 10−2 3.27 ⋅ 10−2 2.15 ⋅ 10−2 2.20 ⋅ 10−2
3.0 ⋅ 10−2

⟨∣bk∣2⟩FS = ρ↑↓/2
ρ↑↓

Sz = max. Sx = Sy = 0

E>(k) E<(k)
k

s s0 p φx φy φz
k

∣ψ0⟩ = aψφx + bψφy + cψφz + dψs0

∣χ0⟩ = aχφx + bχφy + cχφz + dχs0

∣χ+⟩ = (∣χ0⟩ + λ
2ΔE ⟨ψ0∣Lz ∣χ0⟩ ∣ψ0⟩

λ
2ΔE ⟨ψ0∣Lx + iLy ∣χ0⟩ ∣ψ0⟩)

∣χ−⟩ = (− λ
2ΔE ⟨ψ0∣Lx − iLy ∣χ0⟩ ∣ψ0⟩∣χ0⟩ − λ

2ΔE ⟨ψ0∣Lz ∣χ0⟩ ∣ψ0⟩ )
ρ↑↓



ΔE(k) = E>(k) −E<(k) ∣ψ0⟩∣χ0⟩ Lx Ly Lz

∣χ+⟩ = (∣χ0⟩ + λ
2ΔE iγ ∣ψ0⟩

λ
2ΔE (η + iζ) ∣ψ0⟩)

∣χ−⟩ = ( λ
2ΔE (−η + iζ) ∣ψ0⟩∣χ0⟩ − λ

2ΔE iγ ∣ψ0⟩ )
η = a⋆ψcχ − c⋆ψaχ
ζ = b⋆ψcχ − c⋆ψbχ
γ = b⋆ψaχ − a⋆ψbχ

∣ψ+⟩ ∣ψ−⟩ χ ψ∣χ+⟩ ∣χ−⟩ ∣ψ+⟩ ∣ψ−⟩ 1

⟨χ+∣χ+⟩ = ⟨χ−∣χ−⟩⟨χ+∣χ−⟩ = ⟨χ−∣χ+⟩ = 0

∣χ+⟩ ∣χ−⟩
∣χ̃+⟩ = + cos α

2
∣χ+⟩ + sin

α

2
eiβ ∣χ−⟩

∣χ̃−⟩ = − sin α

2
∣χ+⟩ + cos

α

2
eiβ ∣χ−⟩

α β ∣χ̃⟩
Sz

β = argSzχ+,χ−

α = tan−1
⎡⎢⎢⎢⎢⎣
Re [eiβSzχ+,χ−]

Szχ+

⎤⎥⎥⎥⎥⎦

Siχ± = ⟨χ±∣σi∣χ±⟩
Siχ+,χ− = ⟨χ+∣σi∣χ−⟩ i = x, y, z

Sxχ+ + tanα Re [eiβSxχ+,χ−] = 0



ck

Sx = Sy = 0

eiβ =PQQRSz⋆χ+,χ−

Szχ+,χ−

tanα = Re [eiβSzχ+,χ−]
Szχ+

= Re [√Sz⋆
χ+,χ−

Sz
χ+,χ−

Szχ+,χ−]
Szχ+

0 = Sxχ+ + Re [√Sz⋆χ+,χ− ⋅ Szχ+,χ−]
Szχ+

Re

⎡⎢⎢⎢⎢⎣
PQQRSz⋆χ+,χ−

Szχ+,χ−
Sxχ+,χ−

⎤⎥⎥⎥⎥⎦
Szχ+

0 = Sxχ+S
z
χ+ + ∣Szχ+,χ− ∣ 12

⎡⎢⎢⎢⎢⎢⎣
PQQRSz⋆χ+,χ−

Szχ+,χ−
Sxχ+,χ− + ⎛⎝

PQQRSz⋆χ+,χ−

Szχ+,χ−

⎞⎠
⋆

Sx⋆χ+,χ−

⎤⎥⎥⎥⎥⎥⎦= Sxχ+S
z
χ+ + 1

2
[Sz⋆χ+,χ−Sxχ+,χ− + Szχ+,χ−S

x⋆
χ+,χ−]

Szχ+,χ− = ⟨χ+∣σz ∣χ−⟩ Szχ+ = ⟨χ+∣σz ∣χ+⟩ Sxχ+,χ− = ⟨χ+∣σx∣χ−⟩ Sxχ+ = ⟨χ+∣σx∣χ+⟩
η ζ γ

Szχ+,χ− = ⟨χ+∣σz ∣χ−⟩ = χ+↑⋆χ−↑ − χ+↓⋆χ−↓

= ( λ

2ΔE
)2 [2 Re [γ⋆ζ] + 2i Re [ηγ⋆]]

Szχ+,χ+ = ⟨χ+∣σz ∣χ+⟩ = χ+↑⋆χ+↑ − χ+↓⋆χ+↓

= 1 + ( λ

2ΔE
)2 [∣γ∣2 − ∣η∣2 − ∣ζ ∣2]

= − ⟨χ−∣σz ∣χ−⟩
Sxχ+,χ− = ⟨χ+∣σx∣χ−⟩ = χ+↑⋆χ−↓ + χ+↓⋆χ−↑

= 1 − ( λ

2ΔE
)2 [∣γ∣2 + ∣η∣2 − ∣ζ ∣2 − 2i Re [η⋆ζ]]



Sxχ+,χ+ = ⟨χ+∣σx∣χ+⟩ = χ+↑⋆χ+↓ + χ+↓⋆χ+↑

= ( λ

2ΔE
)2 [2 Re [ζ⋆γ] − 2 Im [η⋆γ]]

= ( λ

2ΔE
)2 [2 Re [ζ⋆γ]]

= − ⟨χ−∣σx∣χ−⟩
Im [η⋆γ] = 0 η γ

lx lz

Sxχ+S
z
χ+ + 1

2
[Sz⋆χ+,χ−Sxχ+,χ− + Szχ+,χ−S

x⋆
χ+,χ−] = ( λ

2ΔE
)2 4 Re [γ⋆ζ]

aχ, bχ, cχ aψ, bψ, cψ

( λ

2ΔE
)2 4 Re [γ⋆ζ] =

( λ

2ΔE
)2 4 Re [∣bψ ∣2a⋆χcχ + ∣bχ∣2a⋆ψcψ − bψbχa

⋆
χc
⋆
ψ − b⋆ψb

⋆
χaχcψ]

λ ≠ 0

Sx = Sy = 0 Sz =max

(ψimp↑
k (r +Rn;E)

ψimp↓
k (r +Rn;E)) = ∑L [cimp↑n

kL (Rimp↑↑n
L (r;E)

Rimp↓↑n
L (r;E)) + cimp↓n

kL (Rimp↑↓n
L (r;E)

Rimp↓↓n
L (r;E))]

= ∑
LL′

(Rimp↑↑n
L′L (r;E) Rimp↑↓n

L′L (r;E)
Rimp↓↑n
L′L (r;E) Rimp↓↓n

L′L (r;E))(c
imp↑n
kL

cimp↓n
kL

)YL′(r̂)

(ψ↑k(r +Rn;E)
ψ↓k(r +Rn;E)) = ∑

LL′
(R↑↑nL′L(r;E) R↑↓nL′L(r;E)
R↓↑nL′L(r;E) R↓↓nL′L(r;E))(

c↑nkL
c↓nkL

)YL′(r̂)



(cimp↑n
kL , cimp↓n

kL )T(c↑nkL, c↓nkL)T
(ψimp↑

k (r +Rn;E)
ψimp↓
k (r +Rn;E)) = (ψ

↑
k(r +Rn;E)

ψ↓k(r +Rn;E))
+∑

n′
∫ d3r′ (G↑↑(r +Rn, r′ +Rn′ ;E) G↑↓(r +Rn, r′ +Rn′ ;E)

G↓↑(r +Rn, r′ +Rn′ ;E) G↓↓(r +Rn, r′ +Rn′ ;E))
⋅ (ΔV ↑↑(r′) ΔV ↑↓(r′)
ΔV ↓↑(r′) ΔV ↓↓(r′))(ψ

imp↑
k (r′ +Rn′ ;E)

ψimp↓
k (r′ +Rn′ ;E))

(Gs.s.↑↑(r +Rn, r′ +Rn′ ;E) Gs.s.↑↓(r +Rn, r′ +Rn′ ;E)
Gs.s.↓↑(r +Rn, r′ +Rn′ ;E) Gs.s.↓↓(r +Rn, r′ +Rn′ ;E))

= ∑
LL′

YL(r̂)(Gs.s.↑↑
LL′ (r, r′;E) Gs.s.↑↓

LL′ (r, r′;E)
Gs.s.↓↑
LL′ (r, r′;E) Gs.s.↓↓

LL′ (r, r′;E))YL′(r̂′)

Gs.s.σσ′

LL′ (r, r′;E) = −i√E

⎧⎪⎪⎨⎪⎪⎩
∑L′′∑σ′′ R

σσ′′

LL′′(r;E)Hσ′′σ′

L′L′′(r′;E) r ≤ r′∑L′′∑σ′′H
σσ′′

LL′′(r;E)Rσ′′σ′

L′L′′(r′;E) r > r′

(Gb.s.↑↑(r +Rn, r′ +Rn′ ;E) Gb.s.↑↓(r +Rn, r′ +Rn′ ;E)
Gb.s.↓↑(r +Rn, r′ +Rn′ ;E) Gb.s.↓↓(r +Rn, r′ +Rn′ ;E))

= ∑
LL′

∑
σσ′

⎛⎝R
↑σ
L (r)Gσσ′nn′

LL′ (E)R↑σ′L′ (r′) R↑σL (r)Gσσ′nn′

LL′ (E)R↓σ′L′ (r′)
R↓σL (r)Gσσ′nn′

LL′ (E)R↑σ′L′ (r′) R↓σL (r)Gσσ′nn′

LL′ (E)R↓σ′L′ (r′)
⎞⎠= ∑

LL′
∑
L′′L′′′

∑
σσ′

YL′′(r̂)YL′′′(r̂′)
⎛⎝R

↑σ
L′′L(r)Gσσ′nn′

LL′ (E)R↑σ′L′′′L′(r′) R↑σL′′L(r)Gσσ′nn′

LL′ (E)R↓σ′L′′′L′(r′)
R↓σL′′L(r)Gσσ′nn′

LL′ (E)R↑σ′L′′′L′(r′) R↓σL′′L(r)Gσσ′nn′

LL′ (E)R↓σ′L′′′L′(r′)
⎞⎠

∑
σσ′

⎛⎝R
↑σ
L′′L(r)Gσσ′nn′

LL′ (E)R↑σ′L′′′L′(r′) R↑σL′′L(r)Gσσ′nn′

LL′ (E)R↓σ′L′′′L′(r′)
R↓σL′′L(r)Gσσ′nn′

LL′ (E)R↑σ′L′′′L′(r′) R↓σL′′L(r)Gσσ′nn′

LL′ (E)R↓σ′L′′′L′(r′)
⎞⎠ =

(R↑↑L′′L(r) R↑↓L′′L(r)
R↓↑L′′L(r) R↓↓L′′L(r)) ⋅

⎛⎝G
↑↑nn′
LL′ (E) G↑↓nn

′
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G↓↑nn

′
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⎞⎠ ⋅ (R

↑↑
L′′′L′(r′) R↑↓L′′′L′(r′)

R↓↑L′′′L′(r′) R↓↓L′′′L′(r′))



(ΔV ↑↑(r′) ΔV ↑↓(r′)
ΔV ↓↑(r′) ΔV ↓↓(r′)) = (V ↑↑imp(r′) V ↑↓imp(r′)

V ↓↑imp(r′) V ↓↓imp(r′)) − (V ↑↑(r′) V ↑↓(r′)
V ↓↑(r′) V ↓↓(r′))

⎛⎝R
imp↑↑n
L1L

(r;E) Rimp↑↓n
L1L

(r;E)
Rimp↓↑n
L1L

(r;E) Rimp↓↓n
L1L

(r;E)⎞⎠ = (R↑↑nL1L
(r;E) R↑↓nL1L
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R↓↑nL1L

(r;E) R↓↓nL1L
(r;E))+

∫ r′2dr′ ∑
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L1L2

(r, r′;E) Gs.s.↑↓
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(r, r′;E)
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L1L2

(r, r′;E) Gs.s.↓↓
L1L2

(r, r′;E))∑L4

(ΔV ↑↑L2L4
(r′) ΔV ↑↓L2L4

(r′)
ΔV ↓↑L2L4

(r′) ΔV ↓↓L2L4
(r′))⎛⎝R
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L4L

(r′;E) Rimp↑↓n
L4L

(r′;E)
Rimp↓↑n
L4L

(r′;E) Rimp↓↓n
L4L

(r′;E)⎞⎠
Δt

⎛⎝Δtn↑↑L1L2
(E) Δtn↑↓L1L2

(E)
Δtn↓↑L1L2

(E) Δtn↓↓L1L2
(E)⎞⎠ = ∫ r2dr ∑

L3
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L3L1

(r;E) Rn↑↓
L3L1
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Rn↓↑
L3L1

(r;E) Rn↓↓n
L3L1
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∑
L5
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L3L5

(r) ΔV n↑↓
L3L5

(r)
ΔV n↓↑

L3L5
(r) ΔV n↓↓

L3L5
(r))⎛⎝R

imp↑↑n
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R↓↑nL1L

(r;E) R↓↓nL1L
(r;E))(c

imp↑n
kL

cimp↓n
kL

) =
∑
L

(R↑↑nL1L
(r;E) R↑↓nL1L

(r;E)
R↓↑nL1L

(r;E) R↓↓nL1L
(r;E))(c

↑n
kL

c↓nkL
)

+∑
n′

∑
L2L3L

(R↑↑L1L3
(r) R↑↓L1L3

(r)
R↓↑L1L3

(r) R↓↓L1L3
(r))⎛⎝G

↑↑nn′
L3L2

(E) G↑↓nn
′

L3L2
(E)

G↓↑nn
′

L3L2
(E) G↓↓nn

′

L3L2
(E)⎞⎠

⋅ (Δt↑↑L2L
(E) Δt↑↓L2L

(E)
Δt↓↑L2L

(E) Δt↓↓L2L
(E))(c

imp↑n
kL

cimp↓n
kL

)



T σσ′

kk′

(cimp↑n
kL

cimp↓n
kL

) = (c↑nkL
c↓nkL

)
+∑

n′
∑
L2L3

⎛⎝G
↑↑nn′
LL2

(E) G↑↓nn
′

LL2
(E)

G↓↑nn
′

LL2
(E) G↓↓nn

′

LL2
(E)⎞⎠(Δt↑↑L2L3

(E) Δt↑↓L2L3
(E)

Δt↓↑L2L3
(E) Δt↓↓L2L3

(E))⎛⎝c
imp↑n
kL3

cimp↓n
kL3

⎞⎠
(cimp↑n

kL

cimp↓n
kL

)
(c↑nkL
c↓nkL

)
(c↑nkL
c↓nkL

) = ∑
n′

∑
L′L′′

⎡⎢⎢⎢⎢⎣
⎛⎝δnn′δLL′δLL′′ 0

0 δnn′δLL′δLL′′

⎞⎠
−⎛⎝G

↑↑nn′
LL′ (E) G↑↓nn

′

LL′ (E)
G↓↑nn

′

LL′ (E) G↓↓nn
′

LL′ (E)
⎞⎠(Δt↑↑L′L′′ Δt↑↓L′L′′

Δt↓↑L′L′′ Δt↓↓L′L′′
)⎤⎥⎥⎥⎥⎦

⎛⎝c
imp↑n′
kL′′

cimp↓n′
kL′′

⎞⎠

(cimp↑
k

cimp↓
k

) = ⎡⎢⎢⎢⎢⎣
⎛⎝1 0

0 1

⎞⎠ − (G
↑↑(E) G↑↓(E)

G↓↑(E) G↓↓(E))(Δt↑↑ Δt↑↓

Δt↓↑ Δt↓↓
)⎤⎥⎥⎥⎥⎦
−1 (c↑k

c↓k
)

cimp
k = [1 −G(E) ⋅Δt]−1 ck

Gimp(E)
cimp
k = [1 +Gimp(E) ⋅Δt] ck

Tσσ
′

kk′

ΔV (r) 2 × 2
T σσ′

kk′

ΔV (r)



k′ σ′

k σ
k

Sx = Sy = 0 σ = (↑, ↓)
Sz > 0 Sz < 0 σ

T σσ′

kk′ σ

T σσ′

kk′

T σσ′

kk′ = ∫ d3r
⎛⎝ψ

σ′,↑
k (r;E)

ψσ
′,↓

k (r;E)⎞⎠
† (ΔV ↑↑(r) ΔV ↑↓(r)

ΔV ↓↑(r) ΔV ↓↓(r))(ψ
imp,σ,↑
k′ (r;E)

ψimp,σ,↓
k′ (r;E))

= ∑
n
∫
Vn

d3r∑
LL′

⎡⎢⎢⎢⎢⎣(
R↑↑nL′L(r;E) R↑↓nL′L(r;E)
R↓↑nL′L(r;E) R↓↓nL′L(r;E))

⎛⎝c
σ′,↑n
kL

cσ
′,↓n

kL

⎞⎠
⎤⎥⎥⎥⎥⎦

†

YL′(r̂)
∑
L′′

(ΔV n↑↑
L′′ (r) ΔV n↑↓

L′′ (r)
ΔV n↓↑

L′′ (r) ΔV n↓↓
L′′ (r))YL′′(r̂)

∑
L′′′L′′′′

(Rimp↑↑n
L′′′′L′′′(r;E) Rimp↑↓n

L′′′′L′′′(r;E)
Rimp↓↑n
L′′′′L′′′(r;E) Rimp↓↓n

L′′′′L′′′(r;E))(
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k′L′′′
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k′L′′′
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= ∑
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R∗↑↓nL′L (r;E) R∗↓↓nL′L (r;E))

(ΔV n↑↑
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αR = 0.09 eVÅ αR = 0.33 eVÅ
k – k

0.1eV

k

Ω(k)
k Ω(k) ∣Ω(k)∣

ψ t = 0



k S(0)
Ω(k) ↑ ↓

ψ(0) = a ∣↑⟩ + b ∣↓⟩ t

ψ(t) = ei
h̵k2

2m⋆
t [eiΩt

2 a ∣↑⟩ + e−i
Ωt
2 b ∣↓⟩]

ψ↑k ψ↓k δφ = Ωt
S(t) = 1/2 ⟨ψ(t) ∣σ∣ψ(t)⟩

Ω(k) Ω = ∣Ω(k)∣
h̵Ω

t1 k k′

S(t1) k′

Ω(k′) Ω(k) t
τp

τp
T2

τp
δφ t√

N = √t/τp⟨Ω⟩ τp
δφ = ⟨Ω⟩ τp √ t

τp
= ⟨Ω⟩√tτp

τp ⟨Ω⟩⟨Ω(k)⟩ k
δφ ∼ 1

T2 = 1⟨Ω⟩2 τp
T2

τp
τ−1p

Pkk′ k k′



6 layers  8 layers  10 layers  

6 layers  8 layers  10 layers  

Cu (111) 

Au (111) 

∣bk∣2

∣bk∣2

∣bk∣2∣bk∣2 ∣bk∣2

∣b∣2



L
EF

k
k

z

∣ak∣2 ∣bk∣2 ∣a∣2∣b∣2 ∣bk∣2

∣bk∣2

∣bk∣2∣b∣2 ∣bk∣2

1.5∣b∣2
7



∣a∣2 ∣b∣2
0.999 1.41 ⋅ 10−3
0.999 1.49 ⋅ 10−3
0.998 1.69 ⋅ 10−3
0.997 2.94 ⋅ 10−3
0.998 2.03 ⋅ 10−3
0.968 3.23 ⋅ 10−2
0.966 3.41 ⋅ 10−2
0.964 3.59 ⋅ 10−2
0.964 3.51 ⋅ 10−2
0.722 0.278

∣a∣2 ∣b∣2 ∣ak∣2 ∣bk∣2

∣bk∣2
∣b∣2

∣b∣2

∣bk∣2
–

k ∣bk∣2
k

k ∣bk∣2



6 layers  8 layers  

6 layers  8 layers  

Cu (001) 

Au (001) 

hot spots 

∣bk∣2 ∣bk∣2

bk

∣bk∣2

∣b∣2



τbulk τ surf τ T bulk
1 T surf

1 T1

0.822 3.13 ⋅ 10−2 0.104 394.2 15.8 58.3
0.709 3.77 ⋅ 10−2 0.145 381.0 6.4 36.8
0.660 4.34 ⋅ 10−2 0.169 462.6 2.8 20.0

0.579 3.36 ⋅ 10−2 0.108 8.2 1.36 2.98
0.525 4.09 ⋅ 10−2 0.144 10.0 0.38 1.91
0.541 4.96 ⋅ 10−2 0.183 11.6 0.16 1.2

τ T1

T1

τ−1k

T −11k τk T1,k

k
T ↑↑kk′ T

↓↓
kk′ T ↑↓kk′ T

↓↑
kk′

k k′ k′

τ ↑↑k τ ↓↓k τ ↑↓k τ ↓↑k

τ−1k τ ↑↑k
τ ↓↓k

T −11,k = 1

τ ↑↓k
+ 1

τ ↓↑k

τ−1k T −11,k



T bulk
1 /τbulk T surf

1 /τ surf T1/τ
425 505 558
537 169 259
2738 65 119

14.2 40.5 27.7
19.1 9.3 13.5
21.5 3.3 6.4

T1 τ

τ−1k T −11,k

τbulk τ surf τ T bulk
1 T surf

1 T1

T1,k

T1,k

T1 τ

T1/τ
τ T1

T1/τ
T1/τ

– –

τ−1k T −11,k



6 layers 

8 layers 

τ−1k T−11,k[ps−1/at.%]

55 103

3 30



6 layers 

8 layers 

τ−1k T−11k[ps−1/at.%]
τk

T1k

T−11k

T1/τ
τk

T1,k



T−11,k ps−1

τk 1/12
1/6 T1,k

1/12
τk

τ−1k T −11,k

τk T1,k

k

∣bk∣2



6 layers 

8 layers 

hot spot 

τ−1k T−11,k

k∥



τ T1 T1/τ
0.104 58.3 558
0.145 36.8 259
0.168 20.0 119

0.097 126.7 1306
0.185 281.3 1521

0.108 2.98 27.7
0.144 1.91 13.5
0.183 1.2 6.4

0.093 2.65 28.5
0.041 0.095 2.3

τ T1

T1

τ−1k T −11,k∣T σσ′

kk′ ∣2
T1 τ

τ−1k T −11,k

τ−1k

T −11,k

τ−1k

T1



6 layers 

8 layers 

τ−1k T−11,k

k
k

T−11,k



ΔE(k)
vk

ΔE(k) = ∂Ek

∂k
⋅Δk

= h̵vkΔk

ΔE(k) Ω(k)
Ω(k)

S(k)
Ω(k)

– m = −1/2 ⟨σ⟩ ⋅ μB

Ω(k)∣Ω(k)∣
k

z
k



Ω(k)
∣Ω(k)∣

Ω(k)
k

Ω(k)
k



∣Ω(k)∣



ΔE [mRyd] ΔE [meV]
2.41 32.79
2.23 30.34
2.15 29.25

8.53 116.1
9.99 135.9
10.33 140.5

ΔE
k ky

Sx Sy kx ky
ky

kF = (0, ky)
kF ∣kF∣

110 150

30
30

ΔE =∣Ω(k)∣ k

k



z
z



Ω(k)

∣Ω(k)∣



Ω(k)

Ω(k)
k

∣Ω(k)∣∣Ω(k)∣ ∣k∣ ∣Ω(k)∣
k

40 mRyd

∣Ω(k)∣ k ∣Ω(k)∣
Ω(k)

ΔE k

kx ky
z

T2



Sx Sy
φ

ky

Sx Sy

Sz

ρμ(EF)
ρμ(EF) = ∫

Vμ
d3r ∣ψμk(r)∣2

τ
τ−1k

T surf
2 T2

T1 T2



τ [ps] Ω [mRyd] Ωsurf [mRyd] T2 [ps] T surf
2 [ps]

0.623 0.665 2.41 8.48 ⋅ 10−3 0.648 ⋅ 10−3
0.882 0.528 2.26 9.53 ⋅ 10−3 0.756 ⋅ 10−3
1.026 0.400 2.15 14.3 ⋅ 10−3 1.241 ⋅ 10−3
0.492 2.69 8.58 0.658 ⋅ 10−3 6.47 ⋅ 10−5
0.745 2.13 10.03 0.694 ⋅ 10−3 3.12 ⋅ 10−5
0.934 1.57 10.37 1.015 ⋅ 10−3 2.33 ⋅ 10−5

T2 ps
τ

Ω

Ωsurf T surf
2

T1 ∼ τ/ ∣b∣2
T1

T2

∼ τ 2 ⟨Ω⟩2∣b∣2
⟨Ω⟩ ∣b∣

c τ ∼ 1/c T1/T2 1/c2
T2

τ Ω

τ Ω

T2



τ [ps] Ω [mRyd] T2 [ps]
0.600 0.67 8.68 ⋅ 10−3
0.793 0.63 7.45 ⋅ 10−3
0.480 1.917 1.33 ⋅ 10−3
0.657 1.498 1.59 ⋅ 10−3

T2 ps
τ

Ω

Ω(k)

k ∣bk∣2∣b∣2
∣bk∣2 k

k ∣bk∣2 ≈ 0.5

∣bSF∣2 / ∣bbulk∣2 ≈ 1.5



T1

T1/τ

k

T1 τk
12 τk 6

T1,k 4 T1,k

8 τk

k
Ωk

Ωk

z

Ωk

Ωk



T2

τ−1k





k

3d 4sp 4d 5sp
5d



d
sp

d sp

d sp

d s p

d sp

104

3
30 3

–

d
1.5

3d 4sp



d
s d sp s

p

d

∣b∣2





Gnn′

LL′(E) = gnn
′

LL′(E) + ∑
n′′L′′L′′′

gnn
′′

LL′′(E)tn′′L′′L′′′Gn′′n′

L′′′L′(E)
gnn

′′

LL′′(E)
(E) = (E) + (E) (E) (E)

V (r) t(E)
V ref(r)
ref(E) = (E) + (E) ref(E) ref(E)

(E)−1 = (E)−1 − (E)
(E)−1 = ( ref(E))−1 − ref(E)

( (E))−1 = ( ref(E))−1 − ( (E) − ref(E))



(E) = ref(E) + ref(E)Δ (E) (E)
Δ (E) = (E) − ref(E)

E(k)

∑
μ′,L′L′′

[δμμ′ (Δtμ
′

LL′(E))−1 −Gr,μμ′

LL′ (k;E)]Δtμ
′

L′L′′(E)cμ′kL′′ = 0

ΔtμLL′(E)
Rn Gr,μμ′

LL′ (k;E)
Δtμ

′

LL′′(E)cμ′kL′
λ(k,Ek) = 0

(Δt−1(E) −Gr(k;E))Δt(E)ck = λ(k,Ek)Δt(E)ck
(Δt−1(E) −Gr (k;E))

E(k)
λ(k,Ek)(k,E)

[Δt−1(E) −Gr (k;E)]
k

λ(k;E)
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Re λ
Im λ
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Re λ
Re λ

extra

-0.8

-0.6

-0.4
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 0

 0.2

 0.4

 0.6

 0.8

LΓ

Im λ
Im λ

extra

k
E E = −3.83eV

x [k, k+Δk]
k ≈ 0.365 λ

t

λ



(k,E) λ(k,Ek) = 0

λ(k,E) (k,E)
E k

k (k +Δk)
(k+Δk,E) (k,E)

k (k+Δk,E)
k

x
k k +Δk Gr(k;E)

Δk k

Gr (k +Δk;E) ≈ Gr (k;E) +Δk ⋅ ∇kG
r (k;E)

(k,E)

(Δt−1(E) −Gr (k;E)) λ(k,E) = 0

(Δt−1(E) −Gr (k;E)) ∣φλ,k⟩ = 0

⟨φ̃λ,k∣ (Δt−1(E) −Gr (k;E)) = 0

ck

∣φλ,k⟩ =Δt(E)ck
Pλ,k

Pλ,k = ∣φλ,k⟩⟨φ̃λ,k∣
k +Δk λ

λ(k +Δk) ≈ λ(k) + ∣Δk∣Tr [Pλ,kdGr (k;E)
dk

]
dGr(k;E)/dk Δk

λ n n

∣φiλ,k⟩ ⟨φ̃iλ,k∣ i = 1, n

i j

Pijλ,k = ∣φiλ,k⟩⟨φ̃jλ,k∣



λk λ
′i
k

n n

Tr [Pijλ,kdGr (k;E)
dk

] i, j = 1, n

k +Δk

λ(k +Δk) ≈ λ(k) + ∣Δk∣λ′ik i = 1, n

[k,k +Δk]
k kcross λ = 0

kcross

kcross ≈ k − Imλk

Im [Tr [Pλ,k dGr (k;E)
dk ]] ⋅ Δk∣Δk∣

n
n kcross

kcross ≈ k − Imλk

Imλ
′i
k

⋅ Δk∣Δk∣ i = 1, n

Gr (k;E)
x

kcross

kcross = kF

E = EF k(Δt−1(E) −Gr(k;E))
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k

55
x 249

k kF ∣φλ=0,kF
⟩ =

ΔtμLL′(E)c0,μkL′ cn,μkL

ψk(r) RL(r;E)
¨ ¨



λ(kcross,EF) kcross[2π/a]
55 1.1 ⋅ 10−3
79 2.5 ⋅ 10−4
135 7.3 ⋅ 10−5
249 4.2 ⋅ 10−7

λ(kcross,EF)
λ(kcross,EF)

kcross

Rimp
L′L(r;E) V imp(r)

V (r)
RL′L(r;E)

ΔV (r) = V imp(r)−V (r)

Rimp
L (r;E) RL(r;E)
G(r, r′;E) ΔV (r)

Rimp
L (r;E) = RL(r;E) + ∫ d3r′ G(r, r′;E)ΔV (r′)Rimp

L (r′;E)

Rimp
L (r;E) = ∑

L′
Rimp
L′L(r;E)YL′(r̂)

RL(r;E) = ∑
L′

RL′L(r;E)YL′(r̂)
G(r, r′;E) = ∑

LL′
GLL′(r, r′;E)YL(r̂)YL′(r̂′)

ΔV (r′) = ∑
L

ΔVL(r′)YL(r̂′)



∑
L′

Rimp
L′L(r;E)YL′(r̂) = ∑

L′
RL′L(r;E)YL′(r̂)+

∫ d3r′ ∑
L′L′′

YL′(r̂)GL′L′′(r, r′;E)YL′′(r̂′)
∑
L′′′

ΔVL′′′(r′)YL′′′(r̂′) ∑
L′′′′

Rimp
L′′′′L(r′;E)YL′′′′(r̂′)

∑
L′

Rimp
L′L(r;E)YL′(r̂) = ∑

L′
RL′L(r;E)YL′(r̂)+

∫ r′2dr′ ∑
L′L′′L′′′′

YL′(r̂)GL′L′′(r, r′;E)ΔVL′′L′′′′(r′)Rimp
L′′′′L(r;E)

Rimp
L′L(r;E) = RL′L(r;E) + ∫ r′2dr′ ∑

L′′L′′′
GL′L′′(r, r′;E)ΔVL′′L′′′(r′)Rimp

L′′′L(r;E)
ΔtLL′(E)

RLL′(r;E) ΔtLL′(E)
ΔtLL′(E) = ∫ d3r RL(r)ΔV (r)Rimp

L′ (r)

ΔtLL′(E) = ∫ d3r∑
L′′

RL′′L(r)YL′′(r̂)∑
L′′′

ΔVL′′′(r)YL′′′(r̂) ∑
L′′′′

Rimp
L′′′′L′(r)YL′′′′(r̂)

= ∫ r2dr ∑
L′′L′′′′

RL′′L(r)ΔVL′′L′′′′(r)Rimp
L′′′′L′(r)

Δtn
l

Δtnl (E) = ∫ r2dr Rr,n
l (r;E)ΔV n(r)Rn

l (r;E)
tnl (E)

tr,nl (E)
Δtnl (E) = tnl (E) − tr,nl (E)



ΔV n(r) = V n(r)−V r,n(r)
Gr
l(r, r′;E) = Gr

l(r′, r;E)
Rr,n
l (r;E) = jl(r;E) + ∫ r′2dr′ Gr

l(r, r′;E)V r,n(r′)Rr,n
l (r′;E)

= jl(r;E) + ∫ r′2dr′ Rr,n
l (r′;E)V r,n(r′)Gr

l(r′, r;E)
Rn
l (r;E) = jl(r;E) + ∫ r′2dr′ Gr

l(r, r′;E)V n(r′)Rn
l (r′;E)

Δtnl (E) =
∫ r2dr [jl(r;E) + ∫ r′2dr′ Rr,n

l (r′;E)V r,n(r′)Gr
l(r′, r;E)]V n(r)Rn

l (r;E)
−∫ r2dr Rr,n

l (r;E)V r,n(r) [jl(r;E) + ∫ r′2dr′ Gr
l(r, r′;E)V n(r′)Rn

l (r′;E)]

Δtnl (E) =∫ r2dr jl(r;E)V n(r)Rn
l (r;E)

+ ∫ r2dr ∫ r′2dr′ Rr,n
l (r′;E)V r,n(r′)Gr

l(r′, r;E)V n(r)Rn
l (r;E)

− ∫ r2dr jl(r;E)V r,n(r)Rr,n
l (r;E)

− ∫ r2dr ∫ r′2dr′ Rr,n
l (r;E)V r,n(r)Gr

l(r, r′;E)V n(r′)Rn
l (r′;E)

tnl (E) tr,nl (E)
Δtnl (E) = ∫ r2dr jl(r;E)V n(r)Rn

l (r;E) − ∫ r2dr jl(r;E)V r,n(r)Rr,n
l (r;E)= tnl (E) − tr,nl (E)

cimp,n
kL

cnkL

ψimp
k (r +Rn;E) =
ψk(r +Rn;E) +∑

n′
∫ d3r′ G(r +Rn, r′ +Rn′ ;E)ΔV n′(r′)ψimp

k (r′ +Rn′)



YL(r̂)

ψimp
k (r +Rn;E) = ∑

L

cimp,n
kL Rimp,n

l (r;E)YL(r̂)

G(r +Rn, r′ +Rn′ ;E) =∑
L

Gs,nn
l (r, r′;E)YL(r̂)YL(r̂′)δnn′ + ∑

LL′
Rn
L(r;E)Gnn′

LL′(E)Rn′

L′(r′;E)

Gs
l(r, r′;E) = ⎧⎪⎪⎨⎪⎪⎩

−i√ERl(r;E)Hl(r′;E) r ≤ r′−i√ERl(r′;E)Hl(r;E) r > r′

ΔV n(r) =ΔV n(r) = V imp,n(r) − V n(r)

∑
L

cimp,n
kL Rimp,n

l (r;E)YL(r̂) = ∑
L

cnkLR
n
l (r;E)YL(r̂)

+∑
n′
∫ d3r′ [∑

L

Gs,nn
l (r, r′;E)YL(r̂)YL(r̂′)δnn′ΔV n′(r′)∑

L′
cimp,n′

kL′ Rimp,n′

l′ (r′;E)YL′(r̂′)
+∑
LL′

Rn
l (r;E)YL(r̂)Gnn′

LL′(E)Rn′

l′ (r′;E)YL′(r̂′)ΔV n′(r′)∑
L′′

cimp,n′

kL′′ Rimp,n′

l′′ (r′;E)YL′′(r̂′)]
dΩ′

∑
L

cimp,n
kL Rimp,n

l (r;E)YL(r̂) = ∑
L

cnkLR
n
l (r;E)YL(r̂)

+∑
n′
∫ r′2dr′ [∑

L

Gs,nn
l (r, r′;E)YL(r̂)δnn′ΔV n′(r′)cimp,n′

kL Rimp,n′

l (r′;E)
+∑
LL′

Rn
l (r;E)YL(r̂)Gnn′

LL′(E)Rn′

l′ (r′;E)ΔV n′(r′)cimp,n′

kL′ Rimp,n′

l′ (r′;E)]



∑
L

cimp,n
kL [Rimp,n

l (r;E) − ∫ r′2dr′ Gs,nn
l (r, r′;E)ΔV n(r′)Rimp,n

l (r′;E)]YL(r̂)
=∑

L

cnkLR
n
l (r;E)YL(r̂)

+∑
n′
∑
LL′

Rn
l (r;E)YL(r̂)Gnn′

LL′(E)cimp,n′

kL′

∫ r′2dr′Rn′

l′ (r′;E)ΔV n′(r′)Rimp,n′

l′ (r′;E)

Rn
l (r;E) = Rimp,n

l (r;E) − ∫ r′2dr′ G,nn
l (r, r′;E)ΔV n(r′)Rimp,n

l (r′;E)
Rn
l (r;E)

∑
L

cimp,n
kL Rn

l (r;E)YL(r̂) = ∑
L

cnkLR
n
l (r;E)YL(r̂)

+∑
n′
∑
LL′

Rn
l (r;E)YL(r̂)Gnn′

LL′(E)cimp,n′

kL′ ∫ r′2dr′Rn′

l′ (r′;E)ΔV n′(r′)Rimp,n′

l′ (r′;E)
Δt

∑
L

cimp,n
kL Rn

l (r;E)YL(r̂) =
∑
L

cnkLR
n
l (r;E)YL(r̂) +∑

n′
∑
LL′

Rn
l (r;E)YL(r̂)Gnn′

LL′(E)Δtn
′

l′ (E)cimp,n′

kL′

cimp,n
kL = cnkL +∑

n′
∑
L′

Gnn′

LL′(E)Δtn
′

l′ (E)cimp,n′

kL′

∑
n′
∑
L′
(δLL′δnn′ −Gnn′

LL′(E)Δtn
′

l′ (E)) cimp,n′

kL′ = cnkL

cimp,n
kL = [ ∑

n′,L′
(δLL′δnn′ −Gnn′

LL′(E)Δtn
′

l′ (E))]−1 cn′kL′



cimp,n
kL cnkL

L L′

t tLL′
L L′ VLL′(r)

ψk(r +Rn) = ∑
LL′

cnkLR
n
L′L(r;E)YL′(r̂)

ΔV n′(r′) = ∑
L

ΔV n′

L (r′)YL(r̂)
G(r+Rn, r′ +Rn′ ;E)= −i√E∑

L

Rn
L(r<;E)Hn

L(r>;E) +∑
n′
∑
LL′

Rn
L(r;E)Gnn′

LL′(E)Rn′

L′(r′;E)
= −i√E ∑

LL′L′′
Rn
L′L(r<;E)YL′(r̂>)Hn

L′′L(r>;E)YL′′(r̂>)
+∑

n′
∑

LL′L′′L′′′
YL′′(r̂)Rn

L′′L(r;E)Gnn′

LL′(E)Rn′

L′′′L′(r′;E)YL′′′(r̂′)

ψimp
k (r +Rn;E) = ψk(r +Rn;E)

+∑
n′
∫ d3r′ G(r +Rn, r′ +Rn′ ;E)ΔV n′(r′)ψimp

k (r′ +Rn′)

∑
LL′

cimp,n
kL Rimp,n

L′L (r;E)YL′(r̂) = ∑
LL′

cnkLR
n
L′L(r;E)YL′(r̂)

+∫ d3r′ ∑
L′L′′

YL′(r̂)Gs,nn
L′L′′(r, r′;E)YL′′(r̂′)∑

L′′′
ΔV n

L′′′(r′)YL′′′(r̂′)
∑
L′′′′L

cimp,n
kL Rimp,n

L′′′′L (r′;E)YL′′′′(r̂′)
+∑

n′
∫ d3r′ ∑

L′L′′′
∑

L′′L′′′′
Rn
L′L′′(r;E)YL′(r̂)Gnn′

L′′L′′′′(E)Rn′

L′′′L′′′′(r′;E)YL′′′(r̂′)
∑
L′′′′′

ΔV n′

L′′′′′(r′)YL′′′′′(r̂′) ∑
LL′′′′′′

cimp,n′

kL Rimp,n′

L′′′′′′L(r′;E)YL′′′′′′(r̂′)



Gs,nn′

L′L′′(r, r′;E) = −i√E∑
L

RL′L(r<;E)HL′′L(r>;E)
dΩ′ YL′′(r̂′) YL′′′(r̂′)
YL′′′′(r̂′) YL′′′(r̂′) YL′′′′′(r̂′) YL′′′′′′(r̂′)

CL′′L′′′L′′′′ CL′′′L′′′′′L′′′′′′
ΔV n

L (r) ΔV n
LL′(r)

∑
L′′

CLL′L′′ΔV n
L′′(r′) =ΔV n

LL′(r′)

∑
L′
YL′(r̂)∑

L

cimp,n
kL Rimp,n

L′L (r;E) = ∑
L′

YL′(r̂)∑
L

cnkLR
n
L′L(r;E)

+∑
L′

YL′(r̂)∫ r′2dr′ ∑
LL′′L′′′′

Gs,nn
L′L′′(r, r′;E)ΔV n

L′′L′′′′(r′)cimp,n
kL Rimp,n

L′′′′L (r′;E)
+∑

L′
YL′(r̂)∑

n′
∫ r′2dr′ ∑

LL′′L′′′L′′′′
Rn
L′L′′(r;E)Gnn′

L′′L′′′′(E)Rn′

L′′′L′′′′(r′;E)
∑
L′′′′′′

ΔV n′

L′′′L′′′′′′(r′)cimp,n′

kL Rimp,n′

L′′′′′′L(r′;E)
L′

YL′(r̂)
∑
L

cimp,n
kL Rimp,n

L′L (r;E) = ∑
L

cnkLR
n
L′L(r;E)

+ ∫ r′2dr′ ∑
LL′′L′′′′

Gs,nn
L′L′′(r, r′;E)ΔV n

L′′L′′′′(r′)cimp,n
kL Rimp,n

L′′′′L (r′;E)
+ ∑

n′
∫ r′2dr′ ∑

LL′′L′′′L′′′′
Rn
L′L′′(r;E)Gnn′

L′′L′′′′(E)Rn′

L′′′L′′′′(r′;E)
∑
L′′′′′′

ΔV n′

L′′′L′′′′′′(r′)cimp,n′

kL Rimp,n′

L′′′′′′L(r′;E)
Rimp,n
L′L (r;E) ¨

Rn
L′L(r;E) = Rimp,n

L′L (r;E) − ∫ r′2dr′ ∑
L′′L′′′′

Gs,nn
L′L′′(r, r′;E)ΔV n

L′′L′′′′(r′)Rimp,n
L′′′′L (r′;E)



∑
L

cimp,n
kL Rn

L′L(r;E) = ∑
L

cnkLR
n
L′L(r;E)

+ ∑
n′
∫ r′2dr′ ∑

LL′′L′′′L′′′′
Rn
L′L′′(r;E)Gnn′

L′′L′′′′(E)Rn′

L′′′L′′′′(r′;E)
∑
L′′′′′′

ΔV n′

L′′′L′′′′′′(r′)cimp,n′

kL Rimp,n′

L′′′′′′L(r′;E)

ΔtnL′′′′L = ∫ r′2dr′ ∑
L′′′L′′′′′′

Rn
L′′′L′′′′(r′;E)ΔV n

L′′′L′′′′′′(r′)Rimp,n
L′′′′′′L(r′;E)

∑
L

cimp,n
kL Rn

L′L(r;E) = ∑
L

cnkLR
n
L′L(r;E)

+∑
n′
∑
L

∑
L′′L′′′′

Rn
L′L′′(r;E)Gnn′

L′′L′′′′(E)Δtn
′

L′′′′Lc
imp,n′

kL

L

cimp,n
kL = cnkL +∑

n′
∑
L′L′′

Gnn′

LL′(E)Δtn
′

L′L′′c
imp,n′

kL′′

Gimp,nn′

LL′
EF

Gimp,nn′

LL′ EF

EF

Gimp(EF) ≈ Gimp(EF + iΓ) + (−iΓ)Gimp′(EF + iΓ) + 1

2
(−iΓ)2Gimp′′(EF + iΓ)

G
EF + iΓ

Gimp′(EF + iΓ) ≈ Gimp(EF + iΓ + z) −Gimp(EF + iΓ − z)
2z

cimp
kL Tkk′ τk



Gimp,nn′

LL′ EF

Gimp′′(EF + iΓ) ≈ Gimp(EF + iΓ + z) − 2Gimp(EF + iΓ) +G(EF + iΓ − z)
z2

z z

EF + iΓ EF + iΓ + z EF + iΓ − z





L ⋅ S

L+ L− Lz
YL(r̂) YL(r̂)

∣Ylm⟩ = ∑
m′

Umm′ ∣Ylm′⟩
∣Ylm⟩ = ∑

m′
U †
mm′ ∣Ylm′⟩

U U †

U =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

i√
2

0 ⋯ 0 ⋯ 0 − (−1)li√
2

0 i√
2

⋯ 0 ⋯ − (−1)l−1i√
2

0

⋮ ⋮ ⋱ ⋮ . .
. ⋮ ⋮

0 0 ⋯ 1 ⋯ 0 0

⋮ ⋮ . .
. ⋮ ⋱ ⋮ ⋮

0 1√
2

⋯ 0 ⋯ (−1)l−1√
2

0

1√
2

0 ⋯ 0 ⋯ 0 (−1)l√
2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠



L ⋅ S

U † =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1√
2i

0 ⋯ 0 ⋯ 0 1√
2

0 1√
2i

⋯ 0 ⋯ 1√
2

0

⋮ ⋮ ⋱ ⋮ . .
. ⋮ ⋮

0 0 ⋯ 1 ⋯ 0 0

⋮ ⋮ . .
. ⋮ ⋱ ⋮ ⋮

0 (−1)l−1i√
2

⋯ 0 ⋯ (−1)l−1√
2

0
(−1)li√

2
0 ⋯ 0 ⋯ 0 (−1)l√

2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
M̂

MC
mm′ MR

mm′

MR
mm′ = ⟨Ylm∣ M̂ ∣Ylm′⟩ = ∑

m1,m2

⟨Ylm∣ Ylm1 ⟩ ⟨Ylm1 ∣ M̂ ∣Ylm2⟩ ⟨Ylm2 ∣Ylm′ ⟩
= ∑

m1,m2

U †
m1mM

C
m1m2

Um′m2

= ∑
m1,m2

(U †)
m1m

MC
m1m2

(UT )
m2m′

Lz L+ L−
Lz

LzYl,−m = i√
2
[LzYl,−m − (−1)mLzYlm]

= i√
2
[−mYl,−m −m(−1)mYlm]

= −mi
1√
2
[Yl,−m + (−1)mYlm]

= −mi Yl,m

LzYl,m = 1√
2
[LzYl,−m + (−1)mLzYlm]

= 1√
2
[−mYl,−m +m(−1)mYlm]

= −m
i

i√
2
[Yl,−m − (−1)mYlm]

= mi Yl,−m

⟨Ylm∣Lz ∣Yl′m′⟩
⟨Ylm∣Lz ∣Yl′m′⟩ = −im δll′δm,−m′



⟨Ylm∣Lz ∣Ylm′⟩ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 ⋯ 0 il

i(l − 1) 0

⋱ . .
.

⋮ 0 ⋮
. .
. ⋱

0 −i(l − 1)−il 0 ⋯ 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
m ≥ 2

L+Yl,−m = i√
2
[L+Yl,−m − (−1)mL+Ylm]

= i√
2
[√l(l + 1) +m(−m + 1)Yl,−m+1 − (−1)m√l(l + 1) −m(m + 1)Yl,m+1]

= i√
2
[√l(l + 1) +m(−m + 1)( 1√

2i
Yl,−m+1 + 1√

2
Yl,m−1)

−(−1)m√l(l + 1) −m(m + 1)((−1)m+1√
2

Yl,m+1 + (−1)−(m+1)i√
2

Yl,−(m+1))]
= √

l(l + 1) +m(−m + 1) [1
2
Yl,−m+1 + i

2
Yl,m−1] +√

l(l + 1) −m(m + 1) [ i
2
Yl,m+1 − 1

2
Yl,−(m+1)]

m = −1
L+Yl,−1 = i√

2
[L+Yl,1 +L+Yl,−1]

= i√
2

√
l(l + 1)Yl,0 +√l(l + 1) − 2 [ i

2
Yl,2 − 1

2
Yl,−2]

m = 0

L+Yl,0 = L+Yl,0= √
l(l + 1)Yl,1

= √
l(l + 1) [ −1√

2
(Yl,1 + iYl,−1)]

m = 1

L+Yl,1 = 1√
2
[L+Yl,−1 −L+Yl,1]

= √
l(l + 1)Yl,0√

2
+√l(l + 1) − 2 [−1

2
Yl,2 − i

2
Yl,−2]



L ⋅ S
m ≥ 2

L+Yl,m = 1√
2
[L+Yl,−m + (−1)mL+Ylm]

= 1√
2
[√l(l + 1) +m(−m + 1)Yl,−m+1 + (−1)m√l(l + 1) −m(m + 1)Yl,m+1]

= 1√
2
[√l(l + 1) +m(−m + 1)( 1√

2i
Yl,−m+1 + 1√

2
Yl,m−1)

+(−1)m√l(l + 1) −m(m + 1)((−1)m+1√
2

Yl,m+1 + (−1)−(m+1)i√
2

Yl,−(m+1))]
= √

l(l + 1) +m(−m + 1) [ 1
2i
Yl,−m+1 + 1

2
Yl,m−1] +√

l(l + 1) −m(m + 1) [−1
2
Yl,m+1 − i

2
Yl,−(m+1)]

⟨Ylm∣L+∣Ylm′⟩ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 −√2l
2 0 ⋯ 0 − i√2l

2 0
√
2l
2 0 −√4l−2

2 − i√4l−2
2 0 − i√2l

2

0 ⋱ ⋱ ⋱ . .
.

. .
.

. .
.

0

0 − i√l(l+1)√
2

0

⋮ i
√
l(l+1)√
2

0
√
l(l+1)√

2
⋮

0 −√l(l+1)√
2

0

0 . .
.

. .
.

. .
. ⋱ ⋱ ⋱ 0

i
√
2l
2 0 i

√
4l−2
2 −√4l−2

2 0
√
2l
2

0 i
√
2l
2 0 ⋯ 0 −√2l

2 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠



m ≥ 2

L−Yl,−m = i√
2
[L−Yl,−m − (−1)mL−Ylm]

= i√
2
[√l(l + 1) +m(−m − 1)Yl,−m−1 − (−1)m√l(l + 1) −m(m − 1)Yl,m−1]

= i√
2
[√l(l + 1) +m(−m − 1)( 1√

2i
Yl,−m−1 + 1√

2
Yl,m+1)

−(−1)m√l(l + 1) −m(m − 1)((−1)m−1√
2

Yl,m−1 + (−1)−(m−1)i√
2

Yl,−m+1)]
= √

l(l + 1) −m(m + 1) [1
2
Yl,−m−1 + i

2
yl,m+1] +√

l(l + 1) −m(m − 1) [ i
2
Yl,m−1 − 1

2
Yl,−m+1]

L−Yl,−1 = i√
2
[L−Yl,1 −L−Yl,−1]

= i√
2

√
l(l + 1)Yl,0 +√l(l + 1) − 2 [ i

2
Yl,2 + 1

2
Yl,−2]

L−Yl,0 = L−Yl,0= √
l(l + 1)Yl,−1

= √
l(l + 1) [ 1√

2
(Yl,1 − iYl,−1)]

L−Yl,+1 = 1√
2
[L−Yl,−1 −L−Yl,1]

= −1√
2

√
l(l + 1)Yl,0 +√l(l + 1) − 2 [1

2
Yl,2 − i

2
Yl,−2]

L−Yl,m = 1√
2
[L−Yl,−m + (−1)mL−Ylm]

= 1√
2
[√l(l + 1) +m(−m − 1)Yl,−m−1 + (−1)m√l(l + 1) −m(m − 1)Yl,m−1]

= 1√
2
[√l(l + 1) +m(−m − 1)( 1√

2i
Yl,−m−1 + 1√

2
Yl,m+1)

+(−1)m√l(l + 1) −m(m − 1)((−1)m−1√
2

Yl,m−1 + (−1)−(−m+1)i√
2

Yl,−m+1)]
= √

l(l + 1) −m(m + 1) [ 1
2i
Yl,−(m+1) + 1

2
Yl,m+1] +√

l(l + 1) −m(m − 1) [−1
2
Yl,m−1 − i

2
Yl,−m+1]
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⟨Ylm∣L−∣Yl′m′⟩

⟨Ylm∣L−∣Ylm′⟩ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
√
2l
2 0 ⋯ 0 − i√2l

2 0−√2l
2 0

√
4l−2
2 − i√4l−2

2 0 − i√2l
2

0 ⋱ ⋱ ⋱ . .
.

. .
.

. .
.

0

0 − i√l(l+1)√
2

0

⋮ i
√
l(l+1)√
2

0 −√l(l+1)√
2

⋮
0

√
l(l+1)√

2
0

0 . .
.

. .
.

. .
. ⋱ ⋱ ⋱ 0

i
√
2l
2 0 i

√
4l−2
2

√
4l−2
2 0 −√2l

2

0 i
√
2l
2 0 ⋯ 0

√
2l
2 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
⟨Ylm∣L−∣Ylm′⟩

L†
+ = L−

L†
− = L+

⟨Ylm∣L−∣Ylm′⟩ = ⟨Ylm′ ∣L+∣Ylm⟩⋆



τσσ
′

k τ−σ−σ
′

−k

τσσ
′

k

∣σLR⟩ σ
R L

s p L ∈ (s, px, py, pz)
Hat Hhop

H =Hat +Hhop



R

Hat(R) =∑
Lσ

∣σLR⟩ ⟨σLR∣ εL
+ 1

2
∑

LL′σσ′
(ξLL′σσ′ ∣σLR⟩ ⟨σ′L′R∣ + ξLL′σσ′ ∣σ′L′R⟩ ⟨σLR∣)

ξLL′σσ′ ∶= ξ (L ⋅ S)LL′σσ′
ξ

Hhop = δσσ′∑
RL

∑
R′L′

tLL′ ∣σLR⟩ ⟨σ′L′R′∣
R′ tLL′

L R L′

R′

k

∣σLk⟩ = 1√
N
∑
R

eik⋅R ∣σLR⟩
N

⟨σLk ∣σ′L′k′⟩ = δLL′δσσ′δkk′
k

Hσσ′kk′

LL′ = ⟨σLk∣H ∣σ′L′k′⟩ =Hσσ′

LL′(k)δkk′

Hσσ′

LL′(k) ∶= ⟨σLk∣H ∣σ′L′k⟩ =Hσσ′

at,LL′ + δσσ′ ∑
R′∈NN

eik⋅R
′

tL
0
L′
R′

ψk = ∑
Lσ

cLσ(k) ⟨σLk)⟩
= 1√

N
∑
Lσ

cLσ(k)∑
R

eik⋅R ∣σLR⟩
= ∑

R

eik⋅R
1√
N
∑
Lσ

cLσ(k) ∣σLR⟩

H(k)ψk = εkψk



cLσ(k)
∑
L′σ′

Hσσ′

LL′(k)cL′σ′(k) = εkcLσ(k)
G(k; z)

G(k; z) = (z −H(k))−1
= ∑

n

∣ψnk⟩ ⟨ψnk∣
z − εk z ∈ C

G(k; z)
G(R,R′; z) = 1

VBZ
∫ d3k G(k; z)eik⋅(R−R′)

Gσσ′

LL′(R,R′; z) = 1

VBZ
∫ d3k ⟨σ′L′R′∣G(k; z) ∣σLR⟩

T

ρ(R; z) = − 1
π
Im Tr G(R,R; z)

Gσσ′

LL′(R,R; z)

ΔH =H imp −H =H imp
at −Hat

ΔH ξ
εL L ∈ (s, px, py, pz)

Gimp

Gimp = G +GΔH Gimp

= [1 −GΔH ]−1 ⋅G
G

Gimp

ΔH Gimp



εs εp ξLS tss tspσ tppσ tppπ
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Gimp T

ψscat
nk H

ψimp
nk = ψnk +ψscat

nk= ψnk +GΔH ψimp
nk= ψnk +GΔH(1 +GimpΔH) ψnk≡ ψnk +G T ψnk

T =ΔH +ΔH Gimp ΔH

T σσ′

kk′

T σσ′

kk′ = ⟨ψσnk∣T ∣ψσ′n′k′⟩= ∑
RLσ

∑
R′L′σ′

c⋆RLσ(k)T σσ′

LL′cRL′σ′(k′)
τσσ

′

k σ,σ′ ∈ (↑, ↓)
T σσ′

kk′

τσσ
′

k = ∫ d3k′ ∣T σσ′

kk′ ∣2
= ∫ dSk′

vk′
∣T σσ′

kk′ ∣2

t tLL′

ξ = 0.5
ξ ξ = 0.5
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ξ = 0.5

T σσ′

kk

E = −6.0 k

R1 =
⎛
⎜⎜
⎝

0

0

0

⎞
⎟⎟
⎠

τσσ
′

k = τσσ
′

−k

τσσ
′

k = τσ
′σ
−k

τσσ
′

k = τσ
′σ

k



σ −σ k −k

R1 = ⎛⎜⎜⎝
0

0

0

⎞⎟⎟⎠ R2 = ⎛⎜⎜⎝
1

0

0

⎞⎟⎟⎠

τσσ
′

k = τσσ′−k
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